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INTRODUCTION

This volume is intended to make £-adic cohomology easier to use for the nonexpert. I hope
that it will often enable the reader to avoid consulting the dense Exposés of SGA 4 and SGA 5. It
also contains several new results.

The first Exposé, written by J.F. Boutot, surveys SGA 4. It gives the main results—at a
minimal level of generality, often insufficient for applications—and an indication of their proofs.
For complete statements or detailed proofs, SGA 4 remains indispensable.

The “Report on the trace formula” contains a complete proof of the trace formula for the
Frobenius endomorphism. It is Grothendieck’s proof from SGA 5, stripped of all unnecessary
detail. This report should allow the reader to dispense with SGA 5, which may then be regarded as
a series of digressions, some of them very interesting. Its existence will make it possible to publish
SGA 5 shortly in its present form. The report is supplemented by the Exposé “Applications of
the trace formula to trigonometric sums,” which explains how the trace formula can be used to
study trigonometric sums and gives examples.

The remaining Exposés are intended for a more restricted audience, and their style reflects this.
The Exposé “L-functions modulo ¢" and modulo p” is a “modular” generalization of the report,
based on the study of symmetric powers in SGA 4 XVII 5.5. The Exposé “The cohomology
class associated with a cycle” defines the relevant classes in various settings and proves the
compatibility of intersections with cup products. The Exposé “Duality” collects several known
results for which no reference was available, together with several compatibility statements. The
Exposé “Finiteness theorems in £-adic cohomology” is new. In particular, it proves finiteness
theorems for cohomology without supports analogous to those already known for cohomology
with compact supports.

For further details on the Exposés, I refer to their respective introductions.

Finally, I thank J.L. Verdier for allowing me to reproduce his notes “Derived categories” here.
I believe that they remain very useful, and they had become unobtainable.

In internal references within this volume, the Exposés are cited by the abbreviated titles given
in square brackets in the table of contents.

Bures-sur-Yvette, September 20, 1976

Pierre Deligne
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CHAPTER 1

ETALE COHOMOLOGY: STARTING POINTS

1. Grothendieck Topologies

Grothendieck topologies first arose in connection with his theory of descent (cf. SGA 1 VI,
VIII); the corresponding cohomology theories came into use later. We follow the same course
here. By formalizing the classical notions of localization, local property, and gluing (1.1, 1.2,
1.3), we arrive at the general concept of a Grothendieck topology (1.6). To justify its introduction
into algebraic geometry, we prove a faithfully flat descent theorem (1.4), generalizing the classical
theorem of Hilbert (1.5).

The reader will find a more complete, though concise, account of the formalism in Giraud
[19]. M. Artin’s notes, “Grothendieck Topologies” [1], Chapters I-III, also remain useful. The
866 pages comprising Exposés I-V of SGA 4 are valuable when one considers exotic topologies,
such as the one giving rise to crystalline cohomology. For the use of the étale topology, which is
so close to classical intuition, reading them is not indispensable.

1.1. Sieves. — Let X be a topological space and let f : X — R be a real-valued function on X.
Continuity of f is a local property: if f is continuous on every sufficiently small open subset of
X, then it is continuous on all of X. To formalize the notion of a “local property,” we introduce
several definitions.

A collection U of open subsets of X is called a sieve if U €e U andV c Uimply V € U. A
sieve is called covering if the union of all its members is X.

Given a family {U;} of open subsets of X, the sieve generated by {U;} is, by definition, the set
of open subsets U of X that are contained in one of the U;.

A property P(U) defined for every open subset U of X is called local if, for every covering
sieve U of every open subset U of X, the property P(U) holds if and only if P(V) holds for
every V € U. For example, given f : X — R, the property “f is continuous on U” is local.

1.2. Sheaves. — We now make precise the notion of a function given locally on X.

1.2.1. The sieve viewpoint. — Let U be a sieve of open subsets of X. A function given U-locally
on X consists of a function fiy on each U € U such that fy = fy|V whenever V C U.

1.2.2. The Cech viewpoint. — If the sieve U is generated by a family of open subsets U;
of X, giving a function U-locally amounts to giving a function f; on each U; such that
filUl‘ﬂUj :fj|UiﬂUj.

Oby P. Deligne, notes by J.F. Boutot



Equivalently, if Z = [[ U;, giving a function U-locally amounts to giving a function on Z that
is constant on the fibers of the natural projection Z — X.

1.2.3. — Continuous functions form a sheaf. This means that, for every covering sieve U of an
open subset V of X and every function { fiy} given U-locally such that each fi; is continuous on
U, there is a unique continuous function f on V satisfying f|U = fy for every U € U.

1.3. Stacks. — We next make precise the notion of a vector bundle given locally on X.

1.3.1. The sieve viewpoint. — Let U be a sieve of open subsets of X. A vector bundle given
U-locally on X consists of

a) a vector bundle E;; on each U € U,
b) for V c U, an isomorphism pyy : Ey N Ey|V;
c) for W c V c U, the commutativity of the diagram

PUW

Ew —% Ey|W

w
pm Tpu,vl

Ey|W
that is, pUw = (pU,VlW) o pV.W-

1.3.2. The Cech viewpoint. — If the sieve U is generated by a family of open subsets U; of X,
giving a vector bundle U-locally amounts to giving

a) a vector bundle E; on each Uj;;
b) for U;; = U; N U; = U; Xx U;, an isomorphism p;; : E;|U;; — E;|U;j;
¢) for U;jx = U; Xx U; Xx Uy, the commutativity of the diagram

pkilUijk
Ei|Uijx — Ei|U;jx

\ ]PkﬂUi.ik
p;ilUijk

Ej|Uijk
that is, px; = pxj o pji on Ujj.

Equivalently, if Z = [[U; and 7 : Z — X is the natural projection, giving a vector bundle
U-locally amounts to giving

a) a vector bundle E on Z;

b) whenever x and y are points of Z with 7(x) = n(y), an isomorphism py, : E, > E,
between the fibers of E at x and y, depending continuously on (x, y);

c) whenever x, y, z are points of Z with 7(x) = 7(y) = n(z), the equality p.x = p;, © pyx.

1.3.3. — A vector bundle E on X defines a vector bundle Eq; given U-locally, namely the
system of restrictions Ey of E to the members of U. The fact that the notion of vector bundle is
local can be expressed as follows: for every covering sieve U of X, the functor E +— Eq; from
vector bundles on X to vector bundles given U-locally is an equivalence of categories.

1.3.4. — If in 1 one replaces “open subset of X by “subset of X,” one obtains the notion of a
sieve of subspaces of X. Gluing theorems are also available in this setting. For example, let X be
a space and let C be a sieve of subspaces of X generated by a locally finite closed covering of
X. Then the functor E +— E¢ from vector bundles on X to vector bundles given C-locally is an
equivalence of categories.



In algebraic geometry it is also useful to consider “sieves of spaces over X’; this is the subject
of the next subsection.

1.4. Faithfully flat descent. —

1.4.1. — For schemes, the Zariski topology is not fine enough for the study of nonlinear
problems, and in the preceding definitions one is led to replace open immersions by more general
morphisms. From this viewpoint, descent techniques appear as localization techniques. Thus the
following descent statement says that the properties under consideration are local for the faithfully
flat topology. Recall that a morphism of schemes is faithfully flat if it is flat and surjective.
Proposition 1.4.2. — Let A be a ring and let B be a faithfully flat A-algebra. Then:

(i) A sequence L = (M’ — M — M") of A-modules is exact whenever the sequence Xp)
obtained from it by extension of scalars to B is exact.

(ii) An A-module M is finitely generated (respectively, finitely presented, flat, locally free of
finite rank, or invertible, that is, locally free of rank one) whenever the B-module M p) has
the corresponding property.

Proof. — (i) Since the functor M +— M gp) is exact by flatness of B, it is enough to show that
N(p) # 0 whenever an A-module N is nonzero. Such an N contains a nonzero cyclic submodule
A/a. Consequently N(p) contains the cyclic submodule (A/a)p) = B/aB, which is nonzero
because the structural morphism ¢ : Spec(B) — Spec(A) is surjective: if V(a) is nonempty,
then ¢~!(V(a)) = V(aB) is nonempty.

(ii) For every family (x;) of elements of Mg, there is a finitely generated submodule M" of
M such that M ( B) contains all the x;. If M(p) is finitely generated and the x; generate it, then

M z B = M py. Hence M’ = M by (i), and M is finitely generated. O

If M p) is finitely presented, the preceding argument provides a surjection A" — M. If N is
its kernel, then the B-module Np) is finitely generated, and hence so is N; thus M is finitely
presented. The assertion for flatness follows immediately from (i). To be locally free of finite

rank is to be flat and finitely presented, and the rank can be tested after extension of scalars to
fields.

1.4.3. — Let X be a scheme and let S be a class of X-schemes stable under fiber products over X.
A subclass U c S is a sieve on X relative to § if, for every morphism ¢ : V — U of X-schemes
with U,V € S and U € U, one has V € U. The sieve generated by a family {U;} of X-schemes
in S is the class of all V € S for which there exists an X-morphism from V to one of the U;.

1.4.4. — Let U be a sieve on X. A quasi-coherent module given U-locally on X consists of

a) a quasi-coherent module Ey on each U € U

b) for every U € U and every morphism ¢ : V — U of X-schemes in S, an isomorphism
py: Ev = ¢*Ey;

c¢) for every morphism ¢ : W — V of X-schemes in S, the commutativity of the diagram

P ooy P
Ew —=y*¢"Ey

k ]lp*ﬁ’cp

V*Ey

that is, pyoy = (¥ py) © py-



If E is a quasi-coherent module on X, we denote by E¢; the module given U-locally whose
value on ¢y : U — X is ¢, E, and for which the restriction isomorphism py, attached to every
morphism ¢ : V — U is the canonical isomorphism Ey = (¢y o ¥)*E > Yo E =y Ey.
Theorem 1.4.5. — Let {U;} C S be a finite family of X-schemes flat over X such that X is
the union of the images of the U;, and let U be the sieve generated by {U;}. Then the functor
E — Eqq is an equivalence from the category of quasi-coherent modules on X to the category of
quasi-coherent modules given U-locally.

Proof. — We shall treat only the case in which X is affine and U is generated by an affine
X-scheme U faithfully flat over X. The reduction to this case is formal. Put X = Spec(A) and
U = Spec(B).

If the morphism U — X has a section, then X belongs to the sieve U and the assertion is clear.
We shall reduce to this case.

A quasi-coherent module given U-locally determines modules M’, M”,and M"" on U, U xx U,
and U Xy U Xx U, together with isomorphisms p : p*M*® =~ M* for every projection morphism
p between these spaces; this is a Cartesian diagram

MM —=—=M'=M"
over
U*ZU:UXXUEUXXUXXU.
Conversely, M* determines the module given U-locally: for V € U, thereisa ¢ : V — U,
and one sets My = ¢*M’; for ¢, : V — U, there is a natural identification go’i‘M’ ~
(g1 X @2)*M"” ~ ¢IM’. Using M"”, one sees that these identifications are compatible, so the
definition is legitimate. In short, giving a module U -locally is the same as giving a Cartesian
diagram M™* over U...
In algebraic terms, giving M* amounts to giving a Cartesian diagram of modules
M’ :3?3 M Eg(%)_z) M

over the diagram of rings

B:?ZB®AB§Z§B®AB®AB

(more precisely, d;(bm) = 0;(b) - 0;(m), the usual identities such as dyd; = 9ydy hold, and
“Cartesian” means that the morphisms 0; : M’ ®p 4, (B ®4 B) — M"” and M” ®pg .5, (B ®a
B ®4 B) — M’ are isomorphisms).
The functor E — Eq; becomes the functor that assigns to an A-module M the diagram
M =(M® B—=M®, B B—=M ®4, B®4 B®4 B).
Its right adjoint is the functor
(Ml _— M/I —_— M//I) ker(M/ —_— Mll/).
We must prove that the adjunction morphisms
M — ker(M ®4 B =3 M ®4 B®4 B)
et
ker(M' =3 M")®4 B —> M’
are isomorphisms. By (1.4.2.1), it is enough to prove this after a faithfully flat base change

A — A’ (with B replaced by B = B®4 A’). Taking A’ = B reduces us to the case in which
U — X has a section. O



1.5. A special case: Hilbert’s Theorem 90. —

1.5.1. — Let k be a field, let £’ be a Galois extension of k, and put G = Gal(k’/k). Then the
homomorphism

k' @ k' = &gk’
x®y = {x-0(y)}rec
is bijective.
It follows that giving a module locally for the sieve generated by Spec(k’) over Spec(k) is the
same as giving a k’-vector space endowed with a semilinear action of G, that is:

a) a k’-vector space V’;

b) for every o € G, an endomorphism ¢, of the underlying group of V’ such that ¢, (1v) =
o (), (v) forevery A € k" and v € V’, subject to the condition

c) forevery o, 7 € G, one has ¢ = ¢; © @.

Let V = V'O be the group of invariants under this action of G it is a k-vector space, and
Theorem 1.4.5 gives:
Proposition 1.5.2. — The inclusion of V in V' induces an isomorphism V & k' — V'.

In particular, if V/ has dimension 1 and v’ € V’ is nonzero, ¢, is determined by the constant
c(o) € kK’ such that ¢, (v') = ¢(o)Vv’, and condition ¢) becomes

c(to) =c(r) - 1(c(0)).

By the proposition, there is a nonzero invariant vector v = uv’, with y € k’*. Thus, for every
oed,

c(o)=p-o(u™).
In other words, every 1-cocycle of G with values in k&’ is a coboundary:
Corollary 1.5.3. — One has H' (G, k") = 0.

1.6. Grothendieck topologies. — We now recast the definitions of the preceding subsections
in an abstract framework that encompasses both topological spaces and schemes.

1.6.1. — Let S be a category and U an object of S. A sieve on U is a subset U of Ob(S/U)
such thatif ¢ : V — U belongs to U and ¢ : W — V is amorphism in S, then g oy : W — U
belongs to U.

If {¢; : U; — U} is a family of morphisms, the sieve generated by the U; is, by definition, the
set of morphisms ¢ : V — U that factor through one of the ¢;.

If U is a sieve on U and ¢ : V — U is a morphism, the restriction Uy of U to V is, by
definition, the sieve on V consisting of the morphisms ¢ : W — V suchthat g oy : W — U
belongs to U.

1.6.2. — To give a Grothendieck topology on § is to give, for every object U of S, a set C(U)
of sieves on U, called covering sieves, such that the following axioms hold:

a) The sieve generated by the identity of U is covering.

b) If U is a covering sieve on U and V — U is a morphism, then the sieve Uy is covering.

¢) A locally covering sieve is covering. In other words, if U is a covering sieve on U and U’
is a sieve on U such that, for every V' — U belonging to U, the sieve U, is covering, then
U’ is covering.

A category endowed with a Grothendieck topology is called a sife.



1.6.3. — Given a site S, a presheaf on § is a contravariant functor &# from S to the category of
sets. For every object U of S, the elements of & (U) are called sections of & over U. For every
morphism V — U and every s € #F (U), the image of s in % (V) is denoted by s|V (s restricted
to V).

If U is a sieve on U, a section given U-locally consists, for every V. — U belonging to U, of a
section sy € F (V) such that, for every morphism W — V, one has sy|W = sy. The presheaf F
is a sheaf if, for every object U of S, every covering sieve U on U, and every section {sy} given
U-locally, there is a unique section s € & (U) such that s|V = sy for every V — U belonging to
Uu.

One defines abelian sheaves similarly by replacing the category of sets by the category of
abelian groups. The category of abelian sheaves on S is an abelian category with enough

injectives. A sequence F L © %5 9 of sheaves is exact if, for every object U of § and every
s € &(U) such that g(s) = 0, there is locally a ¢ such that f(¢) = s; that is, if there is a covering
sieve U on U and, for every V € U, a section ty of F over V such that f(ty) = s|V.

1.6.4. Examples. — We have already seen two examples above.

a) Let X be a topological space and S the category whose objects are the open subsets of
X and whose morphisms are the natural inclusions. The Grothendieck topology on S
corresponding to the usual topology of X is the one for which a sieve U on an open subset
U of X is covering if the union of the open subsets belonging to that sieve is U. It is clear
that the category of sheaves on S is equivalent to the category of sheaves on X in the usual
sense.

b) Let X be a scheme and S the category of schemes over X. The fpqc (faithfully flat
and quasi-compact) topology on S is the Grothendieck topology for which a sieve on an
X-scheme U is covering if it is generated by a finite family of flat morphisms whose images
cover U.

1.6.5. Cohomology. — We shall always assume that the category S has a final object X. The
group F (X) is then called the group of global sections of an abelian sheaf % and is denoted
I'F or HY(X, %). The functor & — I'F is a left exact functor from the category of abelian
sheaves on S to the category of abelian groups; its derived functors (or satellites) are denoted
H'(X, —). These cohomology groups represent the obstructions to passing from local to global.
By definition, if 0 - & — & — # — 0 is an exact sequence of abelian sheaves, there is a long
exact cohomology sequence:

0—H'X,%) —H(X,9) —H’X, %) —H' (X, %) —— - -

.. —H"(X,¥%) —H"(X,%) —=H"(X, %) _>Hn+1(x,g;) ...

1.6.6. — Given an abelian sheaf % on S, an F -torsor is a sheaf & endowed with an action
F x& — & of F such that locally (after restriction to all the objects of a sieve covering the
final object X), & with its F-action is isomorphic to & with the canonical translation action
FXF - F.

One can show that H! (X, %) is identified with the set of isomorphism classes of & -torsors.



2. The étale topology

We specialize the definitions of the preceding section to the étale topology of a scheme X (2.1,
2.2,2.3). When X is the spectrum of a field K, the resulting cohomology agrees with the Galois
cohomology of K (2.4).

2.1. The étale topology. — We begin by recalling a few facts about étale morphisms.
Definition 2.1.1. — Let A be a (commutative) ring. An A-algebra B is said to be étale if B is an
A-algebra of finite presentation and the following equivalent conditions hold:

a) For every A-algebra C and every square-zero ideal J of C, the canonical map
homA-alg(B, C) - homA-alg(B, C/J)

is a bijection.
b) B isaflat A-module and Qg4 = 0 (where Qg 5 denotes the module of relative differentials).
c) Let B= A[Xi,...,X,]/I be a presentation of B. For every prime ideal p of A[ X1, ..., X,]
containing 1, there are polynomials Py, ..., P, € I such that I, is generated by the images
of Pi,...,P,and det(0P;/0X;) & p.
(cf. [23, 1] or [30, V])
A morphism of schemes f : X — S is said to be érale if, for every x € X, there is an affine
open neighborhood U = Spec(A) of f(x) and an affine open neighborhood V = Spec(B) of x in
X Xg U such that B is an étale A-algebra.

2.1.2. Examples. —

a) If A is a field, an A-algebra B is étale if and only if it is a finite product of separable
extensions of A.

b) If X and S are schemes of finite type over C, a morphism f : X — § is étale if and only if
its analytification /" : X* — $%" is a local isomorphism.

2.1.3. Elementary properties. —

a) (Base change) If f : X — S is an étale morphism, then so is fg : X Xg §" — S’ for every
morphism S’ — S.

b) If f: X — Sand g : Y — S are two étale morphisms, every S-morphism from X to Y is
étale.

c) (Descent) Let f : X — S be a morphism. If there is a faithfully flat morphism §” — S such
that fg : X Xg 8" — §' is étale, then f is étale.

2.1.4. — Let X be a scheme, and let S be the category of étale X-schemes; by (2.1.3.c), every
morphism in S is étale. The érale topology on S is the topology for which a sieve on U is
covering if it is generated by a finite family of morphisms ¢; : U; — U whose images cover U.
The site defined by S with the étale topology is called the érale site of X and is denoted X.

2.2. Examples of sheaves. —

2.2.1. The constant sheaf. — Let C be an abelian group, and, for simplicity, suppose that X is
Noetherian. We denote by C (or simply C when there is no ambiguity) the sheaf defined by
U — C™W where 7o(U) is the (finite) set of connected components of U. The most important
case will be C = Z/n. Thus, by definition,

HO(X,Z/n) = (Z/n)™X)



Moreover, H' (X, Z/n) is the set of isomorphism classes of Z/n-torsors (1.6.6), in other words,
of Galois étale coverings of X with group Z/n. In particular, if X is connected and 71 (X) is its
fundamental group for a chosen base point, then

H'(X,Z/n) = hom(r|(X),Z/n).
2.2.2. The multiplicative group. — We denote by G,, x (or G,, when there is no ambiguity) the
sheaf defined by U + T'(U, Oy)); it is indeed a sheaf by the faithfully flat descent theorem (1.4.5).
By definition,
H’(X,Gw) = H(X, 00
in particular, if X is reduced, connected, and proper over an algebraically closed field &, then
H(X,G,,) = k*.
Proposition 2.2.3. — There is an isomorphism

H'(X,G,,) = Pic(X),

where Pic(X) is the group of classes of invertible sheaves on X.
Proof. — Let  be the functor that assigns to an invertible sheaf & on X the following presheaf
&L on Xe: for ¢ : U — X étale,

Z*(U) =Isomy (Oy, ¢*Z).

By (1.4.2.1) and (1.4.5) (full faithfulness), this presheaf is a sheaf; it is in fact a G,,-torsor. One
immediately checks that

a) the functor = is compatible with (étale) localization;
b) it induces an equivalence from the category of trivial invertible sheaves (i.e. isomorphic to
Ox) to the category of trivial G,,-torsors: Z is trivial if and only if £~ is trivial.

Moreover, by (1.4.2.i1) and (1.4.5),
¢) the notion of an invertible sheaf is local for the étale topology.

It follows formally from a), b), and c) that * is an equivalence between the category of invertible
sheaves on X and the category of G,,-torsors on X; it induces the desired isomorphism. The
inverse equivalence is constructed as follows. If I is a G,,-torsor, there is a finite étale covering
{U;} of X such that the torsors J |U; are trivial; then I is trivial on every V étale over X that
belongs to the sieve U C X generated by {U;}. On every V € U, T |V corresponds to an
invertible sheaf #y (by b)), and the &y form an invertible sheaf £, given U-locally (by a)).
By c¢), the latter comes from an invertible sheaf £ (J) on X, and & +— Z(9) is the desired
inverse of . ]

2.2.4. Roots of unity. — For every integer n > 0, the kernel of the nth-power map on G,, is
called the sheaf of nth roots of unity and is denoted u,,. If X is a scheme over a separably closed
field k£ and n is invertible in k, the choice of a primitive nth root of unity { € k defines an
isomorphism i > (' from Z/n to .

The relation between cohomology with coefficients in p,, and cohomology with coefficients in
G,y 1s given by the cohomology exact sequence deduced from the
Theorem 2.2.5 (Kummer theory). — If n is invertible on X, the nth-power map on Gy, is an
epimorphism of sheaves. Thus there is an exact sequence

0—-pu,—» G, -G, —0.



Proof. — LetU — X be an étale morphismandleta € G, (U) = I'(U, O0}). Since nis invertible
on U, the equation 7" — a = 0 is separable; in other words, U’ = Spec (@U[ 1/(T" — a)) is étale
over U. Moreover, U" — U is surjective and a has an nth root on U’, which proves the result. O

2.3. Stalks and direct images. —

2.3.1. — A geometric point of X is a morphism X — X, where X is the spectrum of a separably
closed field k(x). By abuse of notation we denote it by X, with the morphism ¥ — X understood.
If x is the image of X in X, one says that ¥ is centered at x. If k(X) is an algebraic extension of
the residue field k(x), one says that X is an algebraic geometric point of X.

An étale neighborhood of x is a commutative diagram

U
x—X,
where U — X is an étale morphism.

The strict localization of X at X is the ring Ox ; = li_r)nF(U , Oy), where the direct limit is
over the étale neighborhoods of x. It is a strictly Henselian local ring whose residue field is the

separable closure in k(X) of the residue field k(x) of X at x. It plays the role of the local ring for
the étale topology.

2.3.2. — Given a sheaf # on X, the stalk of F at X is the set (respectively, group, etc.)
Fi = h_r)n F (U), where the direct limit is again taken over the étale neighborhoods of x.

A homomorphism of sheaves & — & is a monomorphism, epimorphism, or isomorphism if
and only if the induced morphisms on stalks #; — €& have the corresponding property at every
geometric point of X. If X is of finite type over an algebraically closed field, it is enough to check
this at the rational points of X.

23.3. — If f : X — Y is a morphism of schemes and & is a sheaf on X, the direct image f.F
of & by f is the sheaf on Y defined by f.F (V) = F(X Xy V) for every V étale over Y. The
functor f. : Sh(Xe) — Sh(Y) is left exact. Its right derived functors R? f, are called higher
direct images. If y is a geometric point of Y, then

9¢f ZFV- =i q F

where the direct limit is taken over the étale neighborhoods V' of y.

Let Oy 5 be the strict localization of Y at y, put Y = Spec(Oy 5), and put X = X xy Y. One can
extend & to Xet (this is a spemal case of the general notion of inverse image) as follows. Let U
be a scheme étale over X. There are an étale neighborhood V of y and a scheme U étale over
XXYVsuchthatﬁ: UXV?; set

F(U) =limF (Uxy V),
where the direct limit is taken over the étale neighborhoods V’ of y that dominate V. With this
definition,
(R?f.F)5 = H!(X, F).
The functor f. has a left adjoint f*, the “inverse image” functor. If X is a geometric point
of X and f(X) is its image in Y, then (f*% )z = F(z). This formula shows that f* is exact.

Consequently f. takes injective sheaves to injective sheaves, and the spectral sequence for the
composite functor I' o f, (respectively, g. f.) gives the



Theorem 2.3.4 (Leray spectral sequence). — Let & be an abelian sheaf on X and let

f : X = Y be a morphism of schemes (respectively, let X L Y35 Z be morphisms of schemes).
There is a spectral sequence

E}' =HP(Y,R1f.F) = H'* (X, F)
(resp. E})? =RPg,RIf.F = R (g ).F).

Corollary 2.3.5. — IfR1f.F =0 for every q > 0, then H (Y, f.F) = H? (X, F) (respectively,
RPg.(fiF) = RP(gf)«F) for every p = 0.
This applies in particular in the following case.
Proposition 2.3.6. — Let f : X — Y be a finite morphism (or even, by passage to the limit, an
integral morphism), and let ¥ be an abelian sheaf on X. Then R1f.% = 0 for every g > Q.
Indeed, let y be a geometric point of Y, let Y be the spectrum of the strict localization of Y at y,
and put X=XxyY. By the preceding discussion, it is enough to show that HY(X, %) = 0 for
every g > 0. But X is the spectrum of a product of strictly Henselian local rings (cf. [30, I]), and
the functor I'(X, —) is exact because every surjective étale X-scheme has a section. This proves
the assertion.

2.4. Galois cohomology. — For X = Spec(K), the spectrum of a field, we shall see that étale
cohomology is identified with Galois cohomology.

2.4.1. — Let us begin with a topological analogy. If K is the function field of an integral affine
algebraic variety Y = Spec(A) over C, then K = li_n}feA A[1/f].

In other words, X = @ U, where U ranges over the open subsets of Y. It is known that
there are arbitrarily small Zariski open subsets that are K (, 1)’s for the classical topology. It is
therefore natural to regard Spec(K) itself as a K (7, 1), where 7 is the fundamental group of X
(in the algebraic sense), namely the Galois group of K/K, with K a separable closure of K.

2.4.2. — More precisely, let K be a field, let K be a separable closure of K, andlet G = Gal(K /K)
be the topological Galois group. To every finite étale K-algebra A (a finite product of separable
extensions of K), associate the finite set homg (A, K). The Galois group G acts on this set
through a discrete (hence finite) quotient. If A = K[T]/(F), this set is identified with the set of
roots of F in K. Galois theory, in the form given to it by Grothendieck, says the following.
Proposition 2.4.3. — The functor

finite étale R finite sets on which
K-algebras G acts continuously

that assigns homg (A, K) to an étale algebra A is an anti-equivalence of categories.
One deduces an analogous description of sheaves for the étale topology on Spec(K).
Proposition 2.4.4. — The functor

étale sheaves R sets on which
on Spec(K) G acts continuously

that assigns to a sheaf F its stalk F¢ at the geometric point Spec(K) is an equivalence of
categories.

One says that G acts continuously on a set E if the stabilizer of every element of E is an open
subgroup of G. The functor in the opposite direction is described in the evident way: let A be
a finite étale K-algebra, let U = Spec(A), and let U(K) = homg (A, K) be the corresponding
G-set; then F (U) = homg.ens(U(K), Fg).
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In particular, if X = Spec(K), then F(X) = 9‘7[? . Restricting to abelian sheaves and passing
to derived functors gives canonical isomorphisms

Hq(Xet’ '97) = Hq(G’ '971%)
2.4.5. Examples. —

a) The constant sheaf Z/n corresponds to Z/n with the trivial action of G.

b) The sheaf p,, of nth roots of unity corresponds to the group g,,(K) of nth roots of unity in
K, with its natural G-action.

c) The sheaf G,, corresponds to the group K* with its natural G-action.

3. Cohomology of curves

For topological spaces, dévissages using the Kiinneth formula and simplicial decompositions
reduce the calculation of cohomology to the interval I = [0, 1], for which H(1,Z) = Z and
H?(1,Z) = 0 for g > 0.

In our case the dévissages lead to more complicated objects, namely curves over an algebraically
closed field; we shall calculate their cohomology in this section. The situation is more complex
than in the topological case, since the cohomology groups vanish only for g > 2. The essential
ingredient in the calculations is the vanishing of the Brauer group of the function field of such a
curve (Tsen’s theorem, 3.2).

3.1. The Brauer group. — We first recall its classical definition.
Definition 3.1.1. — Let K be a field and A a finite-dimensional K-algebra. The algebra A is
said to be central simple over K if the following equivalent conditions hold:

a) A has no nontrivial two-sided ideal and its center is K.

b) There is a finite Galois extension K’ /K such that Ax: = A ®g K’ is isomorphic to a full
matrix algebra over K’.

c) A is K-isomorphic to a full matrix algebra over a division algebra with center K.

Two such algebras are said to be equivalent if the division algebras associated with them in
c) are K-isomorphic. If the two algebras have the same dimension, this is equivalent to their
being K-isomorphic. The tensor product induces, after passage to the quotient, an abelian group
structure on the set of equivalence classes. This group is classically called the Brauer group of K
and is denoted Br(K).

3.1.2. — Let Br(n, K) denote the set of K-isomorphism classes of K-algebras A for which there
is a finite Galois extension K’ of K such that Ag- is isomorphic to the algebra M,,(K’) of n X n
matrices over K’. By definition, Br(K) is the union of the subsets Br(n, K) for n € N. Let K
be an algebraic closure of K and put G = Gal(K/K). The set Br(n, K) is the set of “forms” of
M, (K) and is therefore canonically isomorphic to H' (G, Aut(M,(K))).

Every automorphism of M, (K) is inner. Consequently Aut(M,(K)) is identified with the
projective linear group PGL(n, K), and there is a canonical bijection

0, : Br(n,K) — H' (G,PGL(n, K)) .
On the other hand, the exact sequence

(3.1.2.1) 1 - K*— GL(n,K) - PGL(n,K) — 1,

11



defines a coboundary map
A, : H' (G,PGL(n,K)) — H*(G,K*).
Composing 6, and A, gives a map
S, : Br(n, K) — H*(G,K>).

It is easy to check that the maps ¢, are compatible with one another and define a group
homomorphism
§ : Br(K) — H2(G, k).
Proposition 3.1.3. — The homomorphism 6 : Br(K) — H2(G, K*) is bijective.
This follows from the next two lemmas.
Lemma 3.1.4. — The map A, : H' (G,PGL(n, K)) — H*(G, K*) is injective.

By [36, Corollary to Proposition I-44], it is enough to check that, whenever the exact sequence

(3.1.2.1) is twisted by an element of H! (G, PGL(n, K)), the H' of the middle group is trivial.
This middle group is the group of K-points of the multiplicative group of a central simple algebra
A of rank n? over K. To prove that H' (G, A;g) = 0, interpret A* as the automorphism group of
the free A-module L of rank 1, and H' as the set of “forms” of L—A-modules of rank n2 over K,
which are automatically free.
Lemma 3.1.5. — Let & € H*(G,KX), let K’ be a finite extension of K contained in K, put
n=[K": K], and put G’ = Gal(K/K’). If the image of & in H>(G’, K*) is zero, then « belongs
to the image of A,,.

First observe that

H*(G',K*) ~ H* (G, (K ®x K')¥).
(From a geometric viewpoint, if x = Spec(K), x” = Spec(K’), and 7 : x" — x is the canonical
morphism, then RY7,.(G,, ) = 0 for g > 0, and consequently HY (x", G, »») ~ H?(x, 7. Gy, »)
forg > 0.)
Moreover, the choice of a basis of K’ as a vector space over K defines a homomorphism

(R ® K')* — GL(n, K)

which assigns to an element x the endomorphism of K ®x K’ given by multiplication by x. One
then has a commutative diagram with exact rows:

| — R* —— (K 9k K')* — (K @k K')*/R* — 1

| |

1 Kx GL(n, K) PGL(n, K) 1

The lemma follows from the commutative diagram obtained by passing to cohomology:

H' (G, (K ® K')*/K*) — H*(G,K*) — H* (G, (K ® K')X)

| |

H! (G, PGL(n, K)) —— H2(G, k).

Proposition 3.1.6. — Let K be afield, let K be an algebraic closure of K, and put G = Gal(K/K).
Suppose that Br(K’) = 0 for every finite extension K’ of K. Then:

i) H1(G,K*) = 0 for every g > 0.
ii) H1(G, %) = 0 for every torsion G-module F and every q > 2.

12



(For the proof, cf. [36].)

3.2. Tsen’s theorem. —

Definition 3.2.1. — A field K is said to be C| if every nonconstant homogeneous polynomial
f(x1,...,x,) of degree d < n has a nontrivial zero.

Proposition 3.2.2. — If a field K is Cy, then Br(K) = 0.

It is enough to show that every division algebra D with center K and finite over K is equal to
K. Let 7 be the degree of D over K and let Nrd : D — K be the reduced norm.

(Locally for the étale topology on K, D is isomorphic—noncanonically— to a matrix algebra
M, and the reduced norm agrees with the determinant. The latter is well defined independently
of the chosen isomorphism between D and M,, because every automorphism of M, is inner and
similar matrices have the same determinant. This map, defined locally for the étale topology,
descends, by its local uniqueness, to a map Nrd : D — K.)

The only zero of Nrd is the zero element of D, since, if x # 0, then Nrd(x) - Nrd(x™!) = 1.
On the other hand, if {ey,...,e,2} is a basis of D over K and x = }; x;e;, the function Nrd(x)
is a homogeneous polynomial Nrd(xy, ..., x,2) of degree r (this is clear locally for the étale
topology). Since K is C;, one has > < r,hence r = l and D = K.

Theorem 3.2.3 (Tsen). — Let k be an algebraically closed field and let K be an extension of
transcendence degree 1 over k. Then K is Cj.

First suppose that K = k(X). Let

f(T) = Z ail,...inTlil ST

be a homogeneous polynomial of degree d < n with coeflicients in k(X). After multiplying
the coefficients by a common denominator, we may suppose that they belong to k[ X]. Put
0 = supdeg(a;, ;). We seek a nontrivial zero in k[X] by the method of undetermined
coefficients, writing each 7; (i = 1,...,n) as a polynomial of degree N in X. The equation
f(T) = 0 then becomes a system of homogeneous equations in the n(/N + 1) coefficients of the
polynomials 7;(X), expressing the vanishing of the coefficients of the polynomial in X obtained
by substituting 7;(X) for 7;. This polynomial has degree at most 6 + Nd, so there are 6 + Nd + 1
equations in n(N + 1) variables. Since k is algebraically closed, this system has a nontrivial
solution if n(N + 1) > Nd + ¢ + 1, which holds for sufficiently large N when d < n.

To prove the theorem in general, it is clearly enough to treat the case in which K is a finite
extension of the purely transcendental extension k(X) of k. Let f(T) = f(Ty,...,T,) be a
homogeneous polynomial of degree d < n with coefficients in K. Put s = [K : k(X)], and let
e1,...,es be abasis of K over k(X). Introduce sn new variables U;; such that 7; = Zj Uije;.
For f(T') to have a nontrivial zero in K, it is enough that the polynomial g(U;;) = Nk k(x)(f(T))
have a nontrivial zero in k(X). But g is a polynomial of degree sd in sn variables, and the result
follows.

Corollary 3.2.4. — Let k be an algebraically closed field and let K be an extension of
transcendence degree 1 over k. Then the étale cohomology groups H4(Spec(K), G,,) vanish for
every g > 0.

3.3. Cohomology of smooth curves. — From now on, unless expressly stated otherwise, all
cohomology groups are étale cohomology groups.

13



Proposition 3.3.1. — Let k be an algebraically closed field and let X be a connected smooth
projective curve over k. Then

H(X,G,,) = k%,
H!(X,G,,) = Pic(X),
HY(X,G,,) =0 forq > 2.
Let n be the generic point of X, let j :  — X be the canonical morphism, and let G,, ;, be the
multiplicative group of the fraction field K(X). For every closed point x of X, let iy : x — X be
the canonical immersion and let Z, be the constant sheaf with value Z on x. Thus j.G,, , is the

sheaf of nonzero meromorphic functions on X, and € _y ix+Z, is the sheaf of divisors. Hence
there is an exact sequence of sheaves

div

(3.3.1.1) 00— Gy — j:Guy

P iz 0.
xeX
Lemma 3.3.2. — One has RYj.G,,; = 0 for every g > 0.
It is enough to show that the stalk of this sheaf at every closed point x of X is zero. If Oy is
the strict Henselization of X at x and K is the fraction field of @},x, then

Spec(K) =n Xx Spec(@x,x),

and hence (R?j.G,, ;) = H/(Spec(K), G,).

But K is an algebraic extension of k(X), hence an extension of transcendence degree 1 over k;
the lemma follows from (3.2.4).
Lemma 3.3.3. — One has H1(X, j.G,, ;) = 0 for every g > 0.

Indeed, (3.3.2) and the Leray spectral sequence for j give

HY(X, j*Gm,n) = Hq(ﬂ, Gm,n)

for every g > 0, and the right-hand side is zero for g > 0 by (3.2.4).
Lemma 3.3.4. — One has H? (X, @y ix+Zy) = 0 for every g > 0.

Indeed, for every closed point x of X, one has RY%i,.Z, = 0 for g > 0, because i, is a finite
morphism (2.3.6), and

HY (X, ixZy) = H(x, Zy).
The right-hand side is zero for every g > 0, since x is the spectrum of an algebraically closed

field. (Thus the lemma holds more generally for every “skyscraper” sheaf on X.)
The preceding lemmas and the exact sequence (3.3.1.1) give

HY(X,G,) =0for g > 2,

and a low-degree exact cohomology sequence

1 - H(X,G,,) — H(X, j.Gp,) — H° — H'(X,G,) — 1

X, P inZ

xeX

which is precisely the exact sequence
1 - k* — k(X)* — Div(X) — Pic(X) — 1.

Proposition 3.3.1 yields the expected values for the cohomology groups of X with coeflicients in
Z/n, when n is prime to the characteristic of k.
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Corollary 3.3.5. — If X has genus g and n is invertible in k, the groups H1(X,Z/n) vanish for
q > 2 and are free over Z/n of ranks 1,2g, 1 for g = 0, 1,2, respectively. Replacing Z/n by the
isomorphic group p,, there are canonical isomorphisms

HO(X, ) = i
H'(X, pn) = Pic®(X),
H*(X, ) = Z/n.
Since k is algebraically closed, Z/n is isomorphic (noncanonically) to p,,. From the Kummer
exact sequence
O-u, -G, -G, =0,
and Proposition 3.3.1, one obtains
HY(X,Z/n) = 0 for g > 2,

and, in low degrees, exact sequences

0 — HO(X, ) kX —Ls kX 0

0 — H'(X, pn) — Pic(X) —= H*(X, p) —= 0.

Moreover, there is an exact sequence
d
0 — Pic®(X) — Pic(X) —=Z —— 0,

and Pic’(X) is identified with the group of k-rational points of an abelian variety of dimension
g, the Jacobian of X. In such a group, multiplication by 7 is surjective and its kernel is a free
Z/nZ-module of rank 2g (because n is invertible in k); the corollary follows.
A clever dévissage using the “trace method” gives, as a consequence, the

Proposition 3.3.6 ([2, IX 5.7]). — Let k be an algebraically closed field, let X be an algebraic
curve over k, and let F be a torsion sheaf on X. Then:

i) One has H1(X, %) = 0 for g > 2.

ii) If X is affine, one even has H1(X, %) = 0 for g > 1.

For the proof, as well as for an account of the “trace method,” we refer to [2, IX 5].

3.4. Dévissages. — To calculate the cohomology of varieties of dimension > 1, one uses
fibrations by curves, thereby reducing to the study of morphisms whose fibers have dimension
< 1. This principle has several variants; we mention a few of them.

3.4.1. — Let A be a finitely generated k-algebra and let ay, ..., a, be generators of A. Put
Xo = Spec(k), X; = Spec(klai,...,a;]), and X,, = Spec(A). The canonical inclusions
klai,...,a;] — klai,...,a;,a;+1] define morphisms X,, — X,,_; — --- — X; — Xy whose
fibers have dimension < 1.

3.4.2. — For a smooth morphism, one can be more precise. An elementary fibration is a
morphism of schemes f : X — S that can be embedded in a commutative diagram

Xg)'((i_)y

satisfying the following conditions:
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i) j is an open immersion dense in every fiber, and X = X \ Y.
ii) f is smooth and projective, with geometrically irreducible fibers of dimension 1.
iii) g is an étale covering and none of its fibers is empty.

A good neighborhood relative to S is an S-scheme X for which there are S-schemes X =
X, ..., Xo = S and elementary fibrations f; : X; — X;_1,i = 1,...,n. One can show [2, XI 3.3]
that if X is a smooth scheme over an algebraically closed field &, then every rational point of X
has an open neighborhood that is a good neighborhood (relative to Spec(k)).

3.4.3. — A proper morphism f : X — § can be broken down as follows. By Chow’s lemma,
there is a commutative diagram

where 7 and f are projective morphisms and 7 is moreover an isomorphism over a dense open
subset of X. Locally on S, X is a closed subscheme of a projective space Pe.

The latter is broken down by considering the projection ¢ : P --> Pé that sends the point
with homogeneous coordinates (xg, Xy, . . ., X;) to (xg,x1). This is a rational map defined away
from the closed subset ¥ =~ Pg_z of P¢ given by the homogeneous equations xo = x; = 0. Let
u:P— Pg be the blow-up with center Y; the fibers of u have dimension < 1. Moreover, there
is a natural morphismv : P — Pg extending the rational map ¢, and v makes P a Pé-scheme
locally isomorphic to the standard projective space P"~!, which can in turn be projected onto a
P!, and so on.

3.4.4. — A smooth projective variety X can be swept out by a Lefschetz pencil. The blow-up X
of the intersection of the axis of the pencil with X maps to P!, and the fibers of this map are the
hyperplane sections of X cut out by the hyperplanes in the pencil.

4. The base change theorem for a proper morphism

4.1. Introduction. — This section is devoted to the proof and applications of the following
theorem.

Theorem 4.1.1. — Let f : X — S be a proper morphism of schemes and let F be an abelian
torsion sheaf on X. For every q > 0, the stalk of R1 f.F at a geometric point s of S is isomorphic
to the cohomology H1 (X, F) of the fiber X; = X ®g Spec k(s) of f at s.

For a proper separated continuous map f : X — § between topological spaces (separated
means that the diagonal in X Xg X is closed), and an abelian sheaf & on X, the analogous result is
well known and elementary. Since f is closed, the sets £~!(V), for V a neighborhood of s, form
a fundamental system of neighborhoods of Xy, and one checks that H* (X, #) = h_r)nU H*(U, %),
where U ranges over the neighborhoods of X;. In practice, X even has a fundamental system
U of neighborhoods U of which it is a deformation retract, and for constant & one thus has
H*(X,, #) = H*(U, ). Figuratively speaking, the special fiber swallows the general fiber.

For schemes the proof is more delicate, and it is essential to assume that & is torsion ([2,
XIIL.2]). In view of the description of the stalks of R? f, % (2.3.3), Theorem (4.1.1) is essentially
equivalent to the following theorem.
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Theorem 4.1.2. — Let A be a strictly Henselian local ring and put S = Spec(A). Let f : X — S
be a proper morphism and let X be the closed fiber of f. Then, for every abelian torsion sheaf
F on X and every g > 0, one has H (X, F) — H4(Xo, F).

By passage to the limit, it is enough to prove the theorem when A is the strict Henselization of
a finitely generated Z-algebra at a prime ideal. We first treat the case ¢ = Oor 1 and # = Z/n
(4.2). An argument based on the notion of a constructible sheaf (4.3) moreover shows that it is
enough to consider the case in which & is constant. On the other hand, the dévissage (3.4.3)
allows us to suppose that Xy is a curve; in that case it remains only to prove the theorem for g = 2
(4.4).

Among other applications (4.6), the theorem permits the definition of cohomology with proper
support (4.5).

4.2. Proof for g =0or 1 and & = Z/n. — The result for ¢ = 0 and constant & is equivalent
to the following proposition (Zariski’s connectedness theorem).

Proposition 4.2.1. — Let A be a Noetherian Henselian local ring and put S = Spec(A). Let
f X — S be a proper morphism and let Xo be its closed fiber. Then the sets of connected
components no(X) and o(Xo) are in bijection.

Equivalently, it is enough to show that the sets Of(X) and Of(Xj) of subsets that are both
open and closed are in bijection. The set Of (X) is in bijection with the set of idempotents of
I'(X, Ox), and similarly Of(Xy) is in bijection with the set of idempotents of I'(Xy, Ox,). Thus
we must show that the canonical map

IdemI'(X, Ox) — IdemI'(Xj, Ox,)
is bijective.
Let m denote the maximal ideal of A, let I'(X, Ox)" be the completion of I'(X, Ox) for the
m-adic topology, and, for every integer n > 0, put X, = X ®4 A/m"*!. By the finiteness theorem

for proper morphisms [20, I11.3.2], I'(X, Ox) is a finite A-algebra; since A is Henselian, it follows
that the canonical map

IdemI'(X, Ox) — IdemI'(X, Ox)"
is bijective. In particular, the canonical map
IdemI'(X, 0x)" — liLnIdem (X, Ox,)
is bijective. But since X, and Xy have the same underlying topological space, the canonical map
IdemI'(X,, Ox,) — IdemI'(Xo, Ox,)

is bijective for every n, which completes the proof.

Since H' (X, Z/n) is in bijection with the set of isomorphism classes of Galois étale coverings
of X with group Z/n, the theorem for ¢ = 1 and & = Z/n follows from the next proposition.
Proposition 4.2.2. — Let A be a Noetherian Henselian local ring and put S = Spec(A). Let
f : X — S be a proper morphism and let X be its closed fiber. Then the restriction functor

Rev.et(X) — Rev.et(Xp)

is an equivalence of categories.
(If Xo 1s connected and a geometric point of X has been chosen as base point, this amounts to
saying that the canonical map 71 (Xp) — m1(X) on (profinite) fundamental groups is bijective.)
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Proposition (4.2.1) shows that this functor is fully faithful. Indeed, if X’ and X” are two
étale coverings of X, an X-morphism from X’ to X” is determined by its graph, which is an
open-and-closed subset of X’ xx X”.

It remains to show that every étale covering X|| of X, extends to an €tale covering of X. Etale
coverings are insensitive to nilpotent elements [23, ch.1]; consequently X lifts uniquely to an
étale covering X, of X,, for every n > 0, that is, to an €tale covering X’ of the formal scheme
X obtained by completing X along X,. By Grothendieck’s algebraization theorem for formal
coherent sheaves (the existence theorem, [20, II1.5]), X’ is the formal completion of an étale
covering X’ of X = X ®4 A.

By passage to the limit, it is enough to prove the proposition when A is the Henselization of a
finitely generated Z-algebra. We can then apply Artin’s approximation theorem to the functor
F : (A-algebras) — (sets) that assigns to an A-algebra B the set of isomorphism classes of étale
coverings of X ®4 B. Indeed, this functor is locally of finite presentation: if (B;) is a filtered
direct system of A-algebras and B = h_n)l B;, then #(B) = 11_1’1)1 F (B;). By Artin’s theorem, given
an element & € % (A), here the isomorphism class of X’, there is an element & € % (A) having
the same image as & in % (A/m). In other words, there is an étale covering X’ of X whose
restriction to Xj is isomorphic to X).

4.3. Constructible sheaves. — In this subsection, X is a Noetherian scheme, and by a sheaf on
X we mean an abelian sheaf on Xe.

Definition 4.3.1. — A sheaf F on X is said to be locally constant constructible (abbreviated
l.c.c.) if it is represented by an étale covering of X.

Definition 4.3.2. — A sheaf F on X is said to be constructible if it satisfies the following
equivalent conditions:

(i) There is a finite surjective family of subschemes X; of X such that the restriction of  to
each X; is l.c.c.

(ii) There are a finite family of finite morphisms p; : X! — X, for each i a constructible con-
stant sheaf C; (that is, one defined by a finite abelian group) on X!, and a monomorphism
F = [l piCi.

It is easy to check that the category of constructible sheaves on X is an abelian category.
Moreover, if u : & — € is a homomorphism of sheaves and F is constructible, then the sheaf
im(u) is constructible.

Lemma 4.3.3. — Every torsion sheaf F is a filtered direct limit of constructible sheaves.

Indeed, if j : U — X is an étale scheme of finite type over X, an element ¢ € F (U) such that
né = 0 defines a homomorphism of sheaves j,Z/n — % whose image (the smallest subsheaf of
F of which ¢ is a local section) is a constructible subsheaf of %. It is clear that & is the direct
limit of such subsheaves.

Definition 4.3.4. — Let C be an abelian category and let T be a functor from C to the category
of abelian groups. The functor T is said to be effaceable in C if, for every object A of C and
every @ € T(A), there is a monomorphismu : A — M in C such that T (u)a = 0.

Lemma 4.3.5. — The functors H1 (X, —) for g > 0 are effaceable in the category of constructible
sheaves on X.

It is enough to observe that, if & is a constructible sheaf, there is necessarily an integer n > 0
such that & is a sheaf of Z/n-modules. There is then a monomorphism F — &, where & is
a sheaf of Z/n-modules and H?(X, &) = 0 for every ¢ > 0. For example, one may take for &
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the Godement resolution [[,cx ix«F%, Where x ranges over the points of X and i, : ¥ — X is a
geometric point centered at x. By (4.3.3), & is a direct limit of constructible sheaves. The lemma
follows, since the functors H? (X, —) commute with direct limits.

Lemma 4.3.6. — Let ¢* : T* — T'* be a morphism of cohomological functors from an abelian
category C to the category of abelian groups. Suppose that T is effaceable for g > 0, and let &
be a collection of objects of C such that every object of C is contained in an object of &. Then
the following conditions are equivalent:

(i) ¢9(A) is bijective for every q > 0 and every A € Ob C.
(ii) O(M) is bijective and ¢4 (M) is surjective for every g > 0 and every M € &.
(iii) ¢°(A) is bijective for every A € ObC, and T'? is effaceable for every q > 0.

The proof is by induction on g and presents no difficulty.
Proposition 4.3.7. — Let Xy be a subscheme of X. Suppose that, for every n > 0 and every
scheme X' finite over X, the canonical map

HY(X',Z/n) — HY(X,,Z/n),

where X; = X' Xx Xo, is bijective for ¢ = 0 and surjective for q > 0. Then, for every torsion
sheaf F on X and every q > 0, the canonical map

HY(X, %) — HY(Xo, F)

is bijective.

By passage to the limit, it is enough to prove the assertion for constructible . Apply Lemma
(4.3.6) with C the category of constructible sheaves on X, 77 = HY(X, —), T’Y = H?(X,, —), and
& the collection of constructible sheaves of the form [] p;.C;, where p; : X! — X is a finite
morphism and C; is a finite constant sheaf on X'.

4.4. Completion of the proof. — By the method of fibration by curves (3.4.3), the theorem
is reduced to relative dimension < 1. By the preceding subsection, it is enough to show the
following: if § is the spectrum of a strictly Henselian Noetherian local ring, f : X — Sis a
proper morphism whose closed fiber X has dimension < 1, and 7 is an integer > 0, then the
canonical homomorphism

HY(X,Z/n) — H%(Xy, Z/n)

is bijective for g = 0 and surjective for g > 0.

The cases g = 0 and 1 were treated above, and H?(Xy,Z/n) = 0 for g > 3; it is therefore
enough to treat the case ¢ = 2. We may clearly suppose that n is a power of a prime. If
n = p", where p is the characteristic of the residue field of S, Artin—Schreier theory shows that
H%(Xo,Z/p") = 0. If n = ¢", with £ # p, Kummer theory gives a commutative diagram

Pic(X) —— H?*(X,Z/¢")

| |

Pic(Xo) —— H2(Xo, Z/(")

where f is surjective. (This was shown in Section 3 for a smooth curve over an algebraically
closed field, but similar arguments apply to any curve over a separably closed field.)
To conclude, it is therefore enough to prove the following proposition.

19



Proposition 4.4.1. — Let S be the spectrum of a Henselian Noetherian local ring, and let
f : X — § be a proper morphism whose closed fiber Xy has dimension < 1. Then the canonical
restriction map

Pic(X) — Pic(Xo)

is surjective. (It is in fact enough for f to be separated and of finite type.)

To simplify the proof, we shall suppose that X is integral, although this is not necessary.
Every invertible sheaf on Xy is associated with a Cartier divisor (because Xy is a curve and
hence quasi-projective), so it is enough to show that the canonical map Div(X) — Div(Xj) is
surjective.

Every divisor on Xj is a linear combination of divisors whose support is concentrated at a
single nonisolated closed point of Xy. Let x be such a point, let ¢y € Ox, , be a regular nonunit
of Ox, x, and let D¢ be the divisor concentrated at x with local equation #9. Let U be an open
neighborhood of x in X on which there is a section ¢ € I'(U, Op) lifting ty. Let Y be the closed
subset of U defined by ¢ = 0; after shrinking U, we may suppose that x is the only point of ¥ N Xj.
Then Y is quasi-finite over S at x. Since S is the spectrum of a Henselian local ring, it follows that
Y =Y, II'Y,, where Y] is finite over S and Y, does not meet Xy. Moreover, since X is separated
over S, Y; is closed in X.

After replacing U by a smaller open neighborhood of x, we may suppose that Y = Y1, in other
words, that Y is closed in X. We then define a divisor D on X lifting D by setting D|X \Y =0
and D|U = div(t); this makes sense because ¢ is invertible on U \ Y.

4.4.2. Remark. — When f is proper, one could also give a proof in the same style as that of
Proposition (4.2.2). Indeed, since X is a curve, there is no obstruction to lifting an invertible
sheaf on X to the infinitesimal neighborhoods X,, of Xy, and hence to the formal completion X
of X along Xy. One then concludes by applying successively Grothendieck’s existence theorem
and Artin’s approximation theorem.

4.5. Cohomology with proper support. —

Definition 4.5.1. — Let X be a separated scheme of finite type over a field k. By a theorem of
Nagata, there are a scheme X proper over k and an open immersion j : X — X. For every
torsion sheaf F on X, let j|\F denote the extension by zero of F to X, and define the groups of
cohomology with proper support by

HI(X, %) = HY(X, ) F).

Let us show that this definition is independent of the chosen compactification j : X — X. Let
j1:X — Xy and j, : X — X, be two compactifications. The scheme X maps to X; X X, by
x — (j1(x), j2(x)), and the closure X3 of the image of X under this map is a compactification of
X. Thus there is a commutative diagram

VX

J1.J2)

N
X,
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where p; and p», the restrictions to X3 of the natural projections, are proper morphisms. It is
therefore enough to treat the case of a commutative diagram

x 2. %

\ Lp
J1
Xi
with p proper.
Lemma 4.5.2. — One has p.(juF) = juF and Rip.(jorF) = 0 for g > 0.

This lemma immediately gives the conclusion. Using the Leray spectral sequence for p, one
deduces that, for every g > 0,

HY (X5, jn%F) = HI(Xy, juF).

To prove the lemma, argue fiber by fiber using the base change theorem (4.1.1) for p. The
result is immediate: over a point of X, p is an isomorphism, while over a point of X; \ X, the
sheaf j) & is zero on the fiber of p.

4.5.3. — Similarly, if f : X — § is a separated morphism of finite type between Noetherian
schemes, there are a proper morphism f : X — S and an open immersion j : X — X. For every
torsion sheaf # on X, define the higher direct images with proper support R? f, by

RIAF = R1£.(J1F).
As before, one checks that this definition is independent of the chosen compactification.
Theorem 4.5.4. — Let f : X — S be a separated morphism of finite type between Noetherian
schemes, and let F be a torsion sheaf on X. Then the stalk of RY f\F at a geometric point s of S
is isomorphic to the cohomology with proper support Hl (X, F) of the fiber X, of f at s.

This is a straightforward variant of the base change theorem for a proper morphism (4.1.1).
More generally, if

X< _x

ol

S——9

is a Cartesian diagram, there is a canonical isomorphism

(4.5.4.1) g (RIfF) =RIfl (g F).

4.6. Applications. —

Theorem 4.6.1 (Vanishing theorem). — Ler f : X — S be a separated morphism of finite
type whose fibers have dimension < n, and let F be a torsion sheaf on X. Then R fiF = 0 for
q > 2n.

By the base change theorem, we may suppose that S is the spectrum of a separably closed
field. If dim X = n, there is an affine open subset U of X such that dim(X \ U) < n; there is then
an exact sequence 0 — Fy — F — Fx.y — 0, and induction on n reduces the theorem to the
case X = U affine. The method of fibration by curves (3.4.1) and the base change theorem then
reduce matters to a curve over a separably closed field, for which the desired result follows from
Tsen’s theorem (3.3.6).

Theorem 4.6.2 (Finiteness theorem). — Let f : X — S be a separated morphism of finite type
and let F be a constructible sheaf on X. Then the sheaves R fiF are constructible.
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We consider only the case in which & is annihilated by an integer invertible on X.

To prove the theorem, one reduces to the case in which & is the constant sheaf Z/n and
f : X — § is a smooth proper morphism whose fibers are geometrically connected curves of
genus g. When 7 is invertible on X, the sheaves R? f, & are then locally free of finite rank and
vanish for ¢ > 2 (4.6.1). Replacing Z/n by the sheaf p,,, which is locally isomorphic to it (on ),
one has canonically

Rof*l«lfn = Hn
(4.6.2.1) R! fupt, = Pic(X/S),
R2 f.pt, = Z/n.
Theorem 4.6.3 (Comparison with classical cohomology). — Ler f : X — S be a separated

morphism of schemes of finite type over C, and let F be a torsion sheaf on X. Denote by a
superscript (=)*" the functor of passage to the usual topological spaces, and by R? S the derived
functors of direct image with proper support under f*". Then

(Rqﬁg)an ~ qu!ang;an'
In particular, when S is a point and F is the constant sheaf Z/n,
H{(X,Z/n) =~ HI(X™, Z/n).

Dévissages using the base change theorem reduce us to the case in which X is a smooth proper
curve, S is a point, and # = Z/n. The cohomology groups under consideration then vanish
for g # 0, 1,2, and one invokes [32]. Indeed, if X is proper over C, then 7o(X) = mo(X*") and
71(X) is the profinite completion of 1 (X*"), which gives the assertion for ¢ = 0, 1. For g = 2,
one uses the Kummer exact sequence and the fact, again from [32], that Pic(X) = Pic(X®").
Theorem 4.6.4 (Cohomological dimension of affine schemes). — Let X be an affine scheme of
finite type over a separably closed field and let F be a torsion sheaf on X. Then H4(X, %) =0
for g > dim(X).

For the very elegant proof, we refer to [2, XIV, §§2-3].

4.6.5. Remark. — This theorem is, in a sense, a substitute for Morse theory. Indeed, consider
the classical case in which X is smooth and affine over C, embedded in the standard affine space
CN. For almost every point p € CV, the “distance from p” function on X is a Morse function, and
the indices of its critical points are less than dim(X). Thus X is obtained by attaching handles of
index less than dim(X), giving the classical analogue of (4.6.4).

5. Local acyclicity of smooth morphisms

Let X be a complex analytic variety and let f : X — D be a morphism from X to the disk.
Let [0, ¢] denote the closed line segment in D with endpoints 0 and ¢, and let (0, 7] denote the
half-open segment. If f is smooth, the inclusion

J o F7H0,1]) = ([0, 1])

is a homotopy equivalence; one can push the special fiber Xo = £~!(0) inside f~'([0,]).
In practice, for sufficiently small z, f=1((0, ¢]) will be a fiber bundle over (0, ¢], so the inclusion

X, =11 = f71(0,1])
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will also be a homotopy equivalence. The homotopy class of maps
cosp: Xo = 7 ([0,1]) & f7' ((0,1]) < X..

is then called the cospecialization morphism. Figuratively speaking, for a smooth morphism the
general fiber swallows the special fiber.

No longer suppose that f is necessarily smooth (but suppose that £~1((0, ¢]) is a fiber bundle
over (0,7]). A morphism cosp® in cohomology can still be defined as soon as j.Z = Z and
R?j.Z = 0 for ¢ > 0. Under these hypotheses, the Leray spectral sequence for j shows that

B (£ ([0.1]).2) S 1 (£ ((0.1)).2)
and cosp® is the composite morphism
cosp - H'(X,, Z) < H* (71 ((0,1),Z) < H* (£7 ([0,1]), Z) - H*(X0,2)

The stalk of RYj,Z at a point x € Xy is calculated as follows. In an ambient space, take
a ball B, centered at x with sufficiently small radius &, and, for sufficiently small n, put
E = X N B, N f~(nt); this is the vanishing cycle variety at x. One has

(R1}.Z), <& HY (X A B.N £ (0, nt]) ,z) = HY(E, Z)

and the cospecialization morphism is defined in cohomology whenever the vanishing cycle
varieties are acyclic (H'(E,Z) = Z and HY(E, Z) = 0 for g > 0); this is expressed by saying that
f is locally acyclic.

This section is devoted to the analogue of this situation for a smooth morphism of schemes in
étale cohomology. Here, however, it is essential to restrict to torsion coefficients whose orders
are prime to the residue characteristics. Subsection 5.1 gives general facts about locally acyclic
morphisms and cospecialization maps. In Subsection 5.2 we prove that a smooth morphism is
locally acyclic. In Subsection 5.3 we combine this with the results of the preceding section to
deduce two applications: a specialization theorem for cohomology groups (the cohomology of
the geometric fibers of a smooth proper morphism is locally constant) and a base change theorem
for a smooth morphism.

Throughout what follows, an integer # is fixed, and “scheme” means a “scheme on which
n is invertible.” A “geometric point” will always mean an “algebraic geometric point” (2.3.1)
x : Spec(k) — X, with k algebraically closed.

5.1. Locally acyclic morphisms. —

S.1.1. Notation. — Given a scheme S and a geometric point s of S, let S* denote the spectrum
of the strict localization of S at s.
Definition 5.1.2. — A geometric point t of S is called a generization of s if it is defined by an
algebraic closure of the residue field of a point of SS. One also says that s is a specialization of t,
and the S-morphism t — S% is called a specialization map.
Definition 5.1.3. — Let f : X — S be a morphism of schemes. Let s be a geometric point of S,
let t be a generization of s, let x be a geometric point of X over s, and put )A(;X = X" Xz 1. The
scheme )?f is called a vanishing cycle variety of f at x.

The morphism f is said to be locally acyclic if the reduced cohomology of every vanishing
cycle variety )?;‘ vanishes:

(5.1.3.1) a°(x*,z/n) =0,
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that is, H° ()?f,Z/n) =Z/n and Hq(ff,Z/n) =0 for g > 0.
Lemma 5.1.4. — Let f : X — S be a locally acyclic morphism and let g : S — S be a
quasi-finite morphism (or an inverse limit of quasi-finite morphisms). Then the morphism
[’ X" — § obtained from f by base change is locally acyclic.

Indeed, every vanishing cycle variety of f’ is a vanishing cycle variety of f.
Lemma 5.1.5. — Let f : X — S be a locally acyclic morphism. For every geometric point t of
S, giving rise to a Cartesian diagram

X, -2~ x
|, )
t—2—=38
one has . Z/n = f*e.Z/nand Rie,Z/n = 0 for g > 0.
Let S be the closure of £(¢), let S’ be the normalization of S in k(¢), and consider the Cartesian
diagram
I ’

X, — X 1> X
)
f— 8 2
The local rings of S are normal with separably closed fraction fields. They are therefore strictly

Henselian, and the local acyclicity of f” (5.1.4) gives f/Z/n = Z/n and R%i,Z/n = 0 for g > 0.
Since « is integral, one then has

Rie’Z/n = «.RY.Z/n = o, f*R%i.Z/n = f*a.R%.Z/n = f*RYe.Z/n,

which proves the lemma.

5.1.6. — Given a locally acyclic morphism f : X — § and a specialization map t — S5, we
shall define canonical homomorphisms, called cospecialization maps,

cosp® : H*(X;,Z/n) — H*(Xy, Z/n),

relating the cohomology of the general fiber X; = X Xg 7 to that of the special fiber X; = X Xg s.
Consider the Cartesian diagram

X,Lf<—Xs

L]

t—2 -85 S

obtained from f by base change. By (5.1.4), f’ is again locally acyclic. The definition of local
acyclicity immediately shows that the restriction to X of the sheaves R?e.,Z/n is Z/n for g = 0
and O for ¢ > 0. By (5.1.5), one even knows that R7&,Z/n = 0 for g > 0. Define cosp® to be the
composite map

(5.1.6.1) H*(X,,Z/n) ~ H* (X, £.Z/n) — H*(X,,Z/n).

Variant. — Let S be the closure of &(¢) in %, let S’ be the normalization of § in k(t), and let
X'/S’ be obtained from X /S by base change. The map (5.1.6.1) can also be written

H*(X;,Z/n) ~H* (X', Z/n) — H*(X,,Z/n).
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Theorem 5.1.7. — Let S be a locally Noetherian scheme, let s be a geometric point of S, and let
f : X — § be a morphism. Suppose that

a) the morphism f is locally acyclic;
b) for every specialization map t — S* and every q > 0, the cospecialization maps
HY(X;,Z/n) — H1(Xy,Z/n) are bijective.

Then the canonical homomorphism (R4 f,Z/n)y — H4(X,Z/n) is bijective for every q > 0.

To prove the theorem, we may clearly suppose that § = S°. We shall in fact show that, for
every sheaf of Z/nZ-modules & on S, the canonical homomorphism ¢9(F) : (R f. f*F); —
HY(Xy, f*F) is bijective.

Every sheaf of Z/nZ-modules is a filtered direct limit of constructible sheaves of Z/nZ-modules
(4.3.3). Moreover, every constructible sheaf of Z/nZ-modules embeds in a sheaf of the form
[1i1.Ca, where the iy : t; — S form a finite family of generizations of s, and C, is a free
Z/nZ-module of finite rank on #,. By the definition of cospecialization maps, condition b) says
that the homomorphisms ¢? (%) are bijective when F is of this form.

We conclude using the following variant of Lemma (4.3.6).

Lemma 5.1.8. — Let C be an abelian category in which filtered direct limits exist. Let
@* : T* — T’* be a morphism of cohomological functors from C to the category of abelian
groups, both commuting with filtered direct limits. Suppose there are two collections D and & of
objects of C such that:

a) every object of C is a filtered direct limit of objects belonging to D;
b) every object belonging to D is contained in an object belonging to &.

Then the following conditions are equivalent:

(i) ¢9(A) is bijective for every q > 0 and every A € ObC.
(ii) 9(M) is bijective for every q > 0 and every M € &.

The lemma is proved by passage to the direct limit, induction on ¢, and repeated application of
the five lemma to the diagram of exact cohomology sequences arising from an exact sequence
0>A—>M-—->A —>0,withAe D, Me&E and A’ € ObC.

Corollary 5.1.9. — Let S be the spectrum of a strictly Henselian Noetherian local ring and let
f : X — S be alocally acyclic morphism. Suppose that, for every geometric point t of S, one
has H°(X,,Z/n) = Z/n and H4(X,,Z/n) = 0 for g > 0 (in other words, the geometric fibers of f
are acyclic). Then f,.Z/n = Z/n and R4 f,Z/n = 0 for g > 0.

Corollary 5.1.10. — Let f : X — Y and g : Y — Z be morphisms of locally Noetherian
schemes. If f and g are locally acyclic, then so is g o f.

We may suppose that X, Y, and Z are strictly local and that f and g are local morphisms. It is
then enough to show that, if z is an algebraic geometric point of Z, one has H*(X.,Z/n) = Z/n
and HY(X,,Z/n) = 0 for g > 0.

Since g is locally acyclic, one has HO(Y,, Z/n) = Z/nand H4(Y,, Z/n) = 0 for g > 0. Moreover,
the morphism f; : X; — Y is locally acyclic (5.1.4), and its geometric fibers are acyclic because
they are vanishing cycle varieties of f. By (5.1.9), one therefore has R?f,,Z/n = 0 for g > 0.
Furthermore, f.,Z/n is constant with fiber Z/n on Y. The conclusion follows from the Leray
spectral sequence for f..

5.2. Local acyclicity of a smooth morphism. —
Theorem 5.2.1. — A smooth morphism is locally acyclic.
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Let f : X — S be a smooth morphism. The assertion is local for the étale topology on X and
S, so we may suppose that X is the standard affine space of dimension d over S. By passage to
the limit, we may suppose that S is Noetherian, and the transitivity of local acyclicity (5.1.10)
shows that it is enough to treat the case d = 1.

Let s be a geometric point of S and let x be a geometric point of X centered at a closed point
of X;. We must show that the geometric fibers of X* — S5 are acyclic. From now on put
S=8= Spec(A) and X = X*. One has X =~ Spec A{T}, where A{T} is the Henselization of
A|[T] at the point T = 0 over s.

If ¢ is a geometric point of S, the fiber X; is an inverse limit of smooth affine curves over
t. Thus H4(X;,Z/n) = 0 for ¢ > 2, and it is enough to show that H(X;,Z/n) = Z/n and
H'(X,,Z/n) = 0 when n is prime to the residue characteristic of S. This follows from the next
two propositions.

Proposition 5.2.2. — Let A be a strictly Henselian local ring, put S = Spec(A), and put
X = Spec A{T}. Then the geometric fibers of X — S are connected.

By passage to the limit, we may reduce to the case in which A is the strict Henselization of a
finitely generated Z-algebra.

Let 7 be a geometric point of S centered at ¢, and let k£’ be a finite separable extension of k(7)
in k(7). Putt’ = Spec(k’) and X = X Xg Spec(k’). We must check that, for all 7 and ¢/, X,
is connected (by which we mean connected and nonempty). Let A’ be the normalization of A
in k’, that is, the ring of elements of k£’ that are integral over the image of A in k(¢). One has
A{T} ®4 A’ = A’{T}: the left-hand side is indeed Henselian local (because A’ is finite over
A and local) and is a limit of local étale algebras over A’{T} = A{T} ®4 A’. Thus X, is again
the fiber at t' of X" = Spec(A’{T}) over §" = Spec(A’). The local scheme X’ is normal, hence
integral; its localization X, is still integral and is therefore connected.

Proposition 5.2.3. — Let A be a strictly Henselian local ring, put S = Spec(A), and put
X = Spec(A{T}). Let t be a geometric point of S and let X; be the corresponding geometric fiber.
Then every Galois étale covering of X; whose order is prime to the characteristic of the residue
field of A is trivial.
Lemma 5.2.4 (Zariski—-Nagata purity theorem in dimension 2)

Let C be a regular local ring of dimension 2, and let C’ be a finite normal C-algebra that is
étale over the open complement of the closed point of Spec(C). Then C’ is étale over C.

Indeed, C’ is normal of dimension 2, hence depth(C”) = 2. Since depth(C’) + pd(C’) =
dim(C) = 2, it follows that C” is free over C. The set of points of C at which C’ is ramified is
then defined by one equation, the discriminant; since it contains no point of height 1, it is empty.
Lemma 5.2.5 (A special case of Abhyankar’s lemma). — Let S = Spec(V) be a trait, let n
be a uniformizer, let n be the generic point of S, let X be irreducible, smooth over S, and of
relative dimension 1, let )?,7 be a Galois étale covering of X;, of degree n invertible on S, and

put S1 = Spec (V[ﬂl/”]). Use a subscript () to denote base change from S to S|. Then )?1,7
extends to an étale covering of Xj.

Let X 1 be the normalization of Xj in X 15 In view of the structure of the tame inertia groups of
the discrete valuation rings obtained by localizing X at the generic points of the special fiber X,
X is étale over X; on the generic fiber and at the generic points of the special fiber. By (5.2.4), it
is étale everywhere.
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5.2.6. — Let ¢ be the point at which 7 is centered. We may replace A by its normalization in
a finite separable extension k(¢') of k(¢) contained in k(%) (cf. 5.2.2). This, together with a
preliminary passage to the limit, allows us to suppose that

a) A is normal and Noetherian, and ¢ is the generic point of S.

b) The étale covering of X7 under consideration comes from an étale covering of X;.

c¢) It comes from an étale covering Xy of the inverse image Xy of a nonempty open subset U
of S (this follows from b), since ¢ is the limit of the U).

d) The complement of U has codimension > 2 (after enlarging k(t), by applying (5.2.5) to the
discrete valuation rings obtained by localizing S at the points of S \ U of codimension 1 in
S; there are only finitely many such points).

e) The covering Xy is trivial over the subscheme 7' = 0 (after enlarging k(t) once more).

Under these conditions, we shall show that the covering )?U is trivial.
Lemma 5.2.7. — Let A be a normal, Noetherian, strictly Henselian local ring, let U be an
open subset of Spec(A) whose complement has codimension > 2, let V be its inverse image in

= Spec(A{T}), and let V' be an étale covering of V. If V' is trivial over T = 0, then V' is
trivial.

Let B=T(V’,0). Since V' is the inverse image of V in Spec(B), it is enough to see that B is
finite étale over A{T'} (and hence split, since A{T'} is strictly Henselian). Put X = Spec A[[T],
and use (—)” to denote base change from X to X. The scheme X is faithfully flat over X. Thus
r'(V,0)=B ®a(ry A[T], and it is enough to see that this ring B is finite étale over A[[T].

Let V,, (respectively, V; ) be the subscheme of % (respectively, V') defined by 7"*! = 0. By
hypothesis, V/ is a trivial covering of Vp, a disjoint union of n copies of Vy. The same is true of
V, |V, since étale coverings are insensitive to nilpotents. It follows that

¢ :T(V',0) - lim[(V;,,0) = (yLnr(v, @)) .

m m

By hypothesis, the complement of U has depth > 2, so I'(V,,, 0) = A[T ]/(Tm+1) and @i is a

homomorphism from Bto A[T]". Over U, it provides n distinct sections of V’/V; hence V' is

trivial, a disjoint union of n copies of V. Since the complement of V in X still has codimension
> 2 (and hence depth > 2), one deduces that B = A[T]", proving the lemma.

5.3. Applications. —
Theorem 5.3.1 (Specialization of cohomology groups). — Let f : X — S be a proper locally
acyclic morphism, for example a smooth proper morphism. Then the sheaves R1f.Z/n are
locally constant constructible, and for every specialization map t — S8, the cospecialization
maps H4(X;,Z/n) — H4(X;,Z/n) are bijective.

This follows immediately from the definition of cospecialization maps and the finiteness and
proper base change theorems.
Theorem 5.3.2 (Base change by a smooth morphism). — Let

’

X f.x

b

YA
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be a Cartesian diagram with g smooth. For every torsion sheaf F on X whose order is prime to
the residue characteristics of S, one has

§RILF = RIfl(g"F).

Taking an open covering of X reduces us to the case in which X is affine, and passage to the
limit then reduces us to the case in which X is of finite type over S. The morphism f then factors
as an open immersion j : X — X followed by a proper morphism f : X — S. From the Leray
spectral sequence for f o j and the proper base change theorem, one deduces that it is enough to
prove the theorem when X — S is an open immersion.

In this case, if # has the form €,C, where € : t — X is a geometric point of X, the theorem

follows from (5.1.5). The general case follows from Lemma (5.1.8).
Corollary 5.3.3. — Let K/k be an extension of separably closed fields, let X be a k-scheme,
and let n be an integer prime to the characteristic of k. Then the canonical map H4(X,Z/n) —
HY(Xg,Z/n) is bijective for every g = 0.

It is enough to observe that K is a direct limit of smooth k-algebras.

Theorem 5.3.4 (Relative purity). — Let

(5.3.4.1) vl x oy

be a commutative diagram in which f is smooth and purely of relative dimension N, h is smooth
and purely of relative dimension N — 1, i is a closed immersion, and U = X \'Y. If n is prime to
the residue characteristics of S, then

J«Z[n =7Z/n
R'j.Z/n = Z/n(-1)y
R, Z/n=0  forqg>?2
In these formulas, Z/n(—1) denotes the Z/n-dual of p,. If ¢ is a local equation for Y, the
isomorphism R!j,Z/n ~ Z/n(-1)y is defined by the map a : Z/n — R!j.u, that sends 1 to the

class of the p,-torsor of nth roots of z.
The question is local. Thus one may replace (X, Y) by a locally isomorphic pair, for example

A;C_J.>P; Y

N

T

withT = Ag_l and i the section at infinity. Corollary (5.1.9) applies to g and gives RYg.Z/n = Z/n
for g = 0 and O for ¢ > 0. For f, on also has (4.6.2.1)

Rif.Z/n =2Z/n,0,Z/n(-1),0 for g > 2.
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It is easy to check that j.Z/n = Z/n, and that the sheaves R?j,.Z/n are supported on i(T) for
g > 0. The Leray spectral sequence E;? = R? f,R?j,Z/n = RP*9g,Z/n therefore reduces to

i*R7j,Z/n 0

i*R'j.Z/n 0

T

Z/n 0 Z[/n(-1) 0

RY;.Z/n = 0 for ¢ > 2, and R!},Z/n is the extension by zero of a locally free sheaf of rank one
on T (isomorphic, via d, to Z/n(—1)). The map a defined above is injective, as one checks fiber
by fiber; hence it is an isomorphism, proving (5.3.4).

5.3.5. — We refer to [2, XVI.4,5] for the proof of the following applications of the acyclicity
theorem (5.2.1).

Theorem 5.3.6. — Let f : X — S be a morphism of schemes of finite type over C, and let F be
a constructible sheaf on X. Then

(RYLF)™ ~ R1L(F™)

(cf. 4.6.3: for ordinary cohomology it is necessary to suppose that F is constructible, and not
merely torsion).
Theorem 5.3.7. — Let f : X — S be a morphism of schemes of finite type over a field k of
characteristic 0, and let F be a constructible sheaf on X. Then the R f.F are also constructible.
The proof uses resolution of singularities and (5.3.4). It is generalized to morphisms of finite
type between excellent schemes of characteristic O in [2, XIX.5]. Another proof, independent of
resolution, is given in this volume (Finiteness theorems in ¢-adic cohomology, 1.1) and applies
to a morphism of schemes of finite type over a field or over a Dedekind ring.

6. Poincaré duality

6.1. Introduction. — Let X be an oriented topological manifold purely of dimension N, and
suppose that X has a finite open covering U = (U;)i<i<x such that every nonempty intersection
of the open sets U; is homeomorphic to a ball. For such a manifold, Poincaré duality can be
presented as follows.

A The cohomology of X is the Cech cohomology associated with the covering U. It is the
cohomology of the complex

(1) 0> 7% 574 - ...

where Ay = {(ip,...,ix) tip <+ <iyand Ui, N---NU; # @}.
B Fora € Ak, a = (io, ..., i), put U, = U;y N --- N U, and let j, be the inclusion of U, in
X. The constant sheaf Z on X has the (left) resolution

2) - — Pz — Pijaz—0

acA acAy

l

Z.
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The compactly supported cohomology H (X, j,1Z) is just the cohomology with proper
support of the (oriented) ball U,:

0 ifi#N

zZ ifi=N

The hypercohomology spectral sequence for the complex (2), with cohomology with proper

support, therefore says that H.(X) is the (i — N)th cohomology group of the complex
(3) oozt 5 7% 0,

This complex is dual to the complex (1), which gives Poincaré duality.
The essential points of this construction are

a) the existence of a theory of cohomology with proper support;
b) the fact that every point x of a manifold X purely of dimension N has a fundamental system
of open neighborhoods U for which
. 0 fori#N,
4 H.(U) =
@ ) {z fori = N.

Poincaré duality in étale cohomology can be constructed on this model. Let X be smooth and
purely of dimension N over an algebraically closed field &, let n be invertible on X, and let x be a
closed point of X. The key point is to calculate the inverse limit over the étale neighborhoods U

of x:
. 0  ifi#2N
(5) limH (U, Z/n) = o
o= Z/n ifi=2N.

Just as for topological manifolds one must first treat directly the case of an open ball (or even
simply the interval (0, 1)), here one must first treat the case of curves directly (6.2). The local
acyclicity theorem for smooth morphisms then reduces (5) to this special case (6.3).

The isomorphisms (4) and (5) are not canonical: they depend on the choice of an orientation
of X. If n is invertible on a scheme X, u, is a sheaf of free Z/n-modules of rank one. Its Nth
tensor power (N € Z) is denoted Z/n(N). The intrinsic form of the second line of (5) is

(6) LimHZY (U, Z/n(N)) = Z/n,

and Z/n(N) is called the orientation sheaf of X. Since the sheaf Z/n(N) is constant and
isomorphic to Z/n, it may be taken outside the inverse-limit sign, and one may instead write

(7 limHY (U, Z/n) = Z/n(~N),

and Poincaré duality takes the form of a perfect duality, with values in Z/n(—N), between
H!(X,Z/n) and H2N=((X,Z/n).

6.2. The case of curves. —

6.2.1. — Let X be a smooth projective curve over an algebraically closed field k, and let n be
invertible on X. For connected X, the proof of (3.3.5) gives a canonical isomorphism

_ _ _d
H2(X, py) = Pic(X)/n Pic(X) —= Z/n
Let D be a reduced divisor on X, and put X = X \ D:

X;j>)_(<i—7D.
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The exact sequence 0 — jipt, — fb, — ixpt, — 0 and the fact that H (X, i u,) = H(D, ) =0
for i > 0 give an isomorphism

H2(X, 1) = HA(X, jipen) —— H2(X, ) — Z/n.
For disconnected X, one similarly has
H2(X, pt) = (Z/n)™)

and the trace morphism is defined to be the sum
tr: H2(X, pp) = (Z/n)™X) == 7/n.

Theorem 6.2.2. — The pairing tr(a - b) identifies each of the two groups H (X, Z/n) and
H27(X, w,,) with the dual of the other (with values in Z/n).

Transcendental proof. Suppose that X is a smooth projective curve over a trait S, and that
j : X — X is the inclusion of the complement of a divisor D étale over S. The cohomology
(respectively, cohomology with proper support) of the special and generic geometric fibers of
X /S are “the same,” that is, they are stalks of locally constant sheaves on S. This follows from
the analogous facts for X and D, using the exact sequence 0 — jiZ/n — Z/n — Z/n;, — 0 (for
cohomology with proper support) and the formulas j.Z/n = Z/n, R'j.Z/n ~ Z/np(-1), and
Rij.Z/n = 0 for i > 2 (for ordinary cohomology) (5.3.4).

This specialization principle reduces (6.2.2) to the case in which k has characteristic 0. By
(5.3.3), that case reduces to k = C. Finally, when k = C, the groups H*(X,Z/n) and H? (X, pt,,)
agree with the groups of the same name calculated for the classical topological space X.;. Under

2mix

the isomorphism Z/n — p, : x +— exp (T) the trace morphism is identified with “integration

over the fundamental class.” Thus (6.2.2) follows from Poincaré duality for X.

6.2.3. Algebraic proof. — For a very economical proof, see (Duality, §2). Here is another,
related to the self-duality of the Jacobian.

Retain the notation of (6.2.1). We may and do suppose that X is connected. Since the cases
i = 0and i = 2 are trivial, we also suppose that i = 1. Define pG,, by the exact sequence
0 - pG, — G, — i.G,, — 0(sections of G, congruent to 1 mod D). The group HI(X, pGn)
classifies invertible sheaves on X trivialized on D. It is the group of points of Picp(X), an
extension of Z (the degree) by the group of points of a generalized Jacobian of Rosenlicht
(corresponding to conductor 1 at each point of D), Pic% (X); the latter is itself an extension of
the abelian variety Pic’(X) by the torus GP /(diagonal G,,).

a) The exact sequence 0 — jiu,, — pGy, N pG,,, — 0 gives an isomorphism
(6.2.3.1) HL(X, pn) = Pic) (X),.

b) The map that assigns to x € X (k) the class of the invertible sheaf ©(x) on X, trivialized by
1 on D, comes from a morphism

f : X — Picp(X).

For what follows, fix a base point 0 and put fy(x) = f(x) — f(0). For every homomorphism
v Picd(X), — Z/n, let v € H! (PicOD()?),Z/n) be the image under v of the class in

H! (Pic% (X), Pic) (X )n) of the torsor defined by the extension

0 — Pic%) (X), — Pic% (X) —— Pic) (X) —0
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Geometric class field theory (as presented by Serre in [33]) shows that the map v — f;(V)

(6.2.3.2) hom (Pic%()‘()n, Z/n) — H'(X,Z/n)

is an isomorphism. To deduce (6.2.2) from (6.2.3.1) and (6.2.3.2), it remains to know that
(6.2.2.3) tr(u~ f5(¥) =—-v(u).

6.3. The general case. — Let X be a smooth algebraic variety purely of dimension N over an

algebraically closed field k. To state Poincaré duality, one must first define the trace morphism
tr: H2V (X, Z/n(N)) — Z/n.

The definition is a laborious dévissage starting from the case of curves [2, XVIII, §2]. One then
has the following theorem.
Theorem 6.3.1. — The pairing tr(a - b) identifies each of the groups H. (X,Z/n(N)) and
H?N=I(X,Z/n) with the dual of the other.

Letx € X be a closed point and let X, be the strict localization of X at x. As U ranges over the
étale neighborhoods of x, put

(6.3.1.1) H} (X, Z/n) = limH (U, Z/n).

It would be preferable to consider the pro-object “ 121 ”H? (U, Z/n) instead, but since the groups
involved are finite, the difference is inessential. As we tried to explain in the introduction, (6.3.1)
follows from the facts that

H'(X,,Z/n) = 0 fori # 2N, and

(6.3.1.2) - N
tr: HZ" (Xy,Z/n(N)) — Z/n is an isomorphism.

The case N = O s trivial. If N > 0, let ¥y, be the strict localization at a closed point of a smooth
scheme Y purely of dimension N — 1, and let f : X, — Y) be an essentially smooth morphism
(of relative dimension one). The proof uses the Leray spectral sequence for cohomology with
proper support under f to reduce to the case of curves. Since the “cohomology with proper
support” groups under consideration are defined as limits (6.3.1.1), the existence of such a
spectral sequence raises various passage-to-the-limit issues, treated in excessive detail in [2,
XVIII]. For every geometric point z of ¥y, one has

(R'AZ/n), = HL(f'(2),Z/n).

The geometric fiber £~!(z) is an inverse limit of smooth curves over an algebraically closed field.
It satisfies Poincaré duality. Its ordinary cohomology is given by the local acyclicity theorem for

smooth morphisms:
: Z/n fori=0
H (£ (2).Z/n) =
(F @) Z/n) {O fori > 0.
By duality,
, Z/n(-1) fori=2
H. “1(2),Z/n) =
(F (@) Z/n) {O fori # 2.

and the Leray spectral sequence gives
H. (X,Z/n(N)) = H: % (Y,,Z/n(N - 1)) .

The conclusion follows by induction on N.
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6.4. Variants and applications. — In étale cohomology one can construct a “duality formalism”
(that is, functors Rfi, Rf., and Rf' satisfying various compatibility and adjunction formulas)
parallel to the one in coherent cohomology. In this language, the results of the preceding
subsection are expressed as follows: if f : X — S is smooth and purely of relative dimension N,
and S = Spec(k) with k algebraically closed, then

Rf'Z/n = Z/n[2N](N).

This result holds without any hypothesis on S. It has the following corollary.
Corollary 6.4.1. — If f is smooth and purely of relative dimension N, and the sheaves R' f,Z/n
are locally constant, then the sheaves R f.Z/n are also locally constant, and

R £.Z/n = hom (RzN‘iﬁZ/n(N), Z/n) .

In particular, under the hypotheses of the corollary, the sheaves R’ f,Z/n are constructible.
Starting from this, one can show that, if S is of finite type over the spectrum of a field or of a
Dedekind ring, then, for every morphism of finite type f : X — § and every constructible sheaf
F on X, the sheaves R! [+ are constructible (Finiteness theorems in £-adic cohomology, 1.1).
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CHAPTER 2

REPORT ON THE TRACE FORMULA

In this text I have tried to present Grothendieck’s cohomological theory of L-functions as
directly as possible. I follow very closely certain lectures given by Grothendieck at the IHES
in the spring of 1966. In the spirit of this volume, SGA 5 will not be invoked, apart from two
references to passages of Exposé XI, which is otherwise independent of that seminar.

In §10 (pp. 81-90) of [13], the reader will find a summary of the theory in the crucial case of
curves.

1. Some reminders

1.1. Notation. — p, g, F,F,: p isaprime number, g = p/ is a power of p, and F is an algebraic
closure of the prime field F,. For every power p” of p, let F,» denote the subfield of F with p"
elements.

Xo, X: An object over F, will often be denoted by a symbol with a subscript 0. The same
symbol without the O then denotes the object obtained by extension of scalars to [F. For example,
if % is a sheaf on a scheme Xy over F,, then & denotes its inverse image on X = X, ®r , F-

F: If Xy is a scheme over F,, the endomorphism of X, that “sends the point with coordinates
x to the point with coordinates x9” is called the Frobenius morphism and is denoted F. It is the
identity on the underlying topological space, and, for x a local section of the structure sheaf,
F*x =x1.

The endomorphism of X obtained from it by extension of scalars is also denoted F. On the
set X(FF) = Xo(F) of rational points of X, F acts as the Frobenius substitution ¢ € Gal(F/F,)
defined by ¢(x) = x4. In particular, X' = X (F,).

When there is a risk of ambiguity, we write F,) instead of F.

1.2. The Frobenius correspondence. — Let X, be a scheme over IF, and let # be a sheaf on
Xp. Ilike to view the Frobenius correspondence (an F-endomorphism of F) as follows:

(1.2.1) F*: F*%y — %o

View F as the sheaf of local sections of a space [F] étale over X, ([Fo] is an algebraic
space in the sense of M. Artin). Functoriality of F' gives a commutative diagram

F

[Fo] — [Fo]
b



Because [ %] is étale over Xy, this diagram is Cartesian; it gives an isomorphism [ %] — F*[%]
whose inverse is (1.2.1). We also use F* to denote the correspondences or morphisms deduced
from F by extension of scalars or by functoriality, such as F* : HX (X, #) — HJ(X, F).

For a formal definition, I refer to [21, XI.1,2]. Only the case ¢ = p is considered there, but the
general case is treated in the same way.

1.3. — The Frobenius correspondence is functorial in ( Xy, F9). Let fy : Xo — Y, be amorphism
of F,-schemes, let ) be a sheaf on Xy, let &, be a sheaf on Y}, and let u € hom( fo %o () be an
fo-morphism from & to . There is a commutative diagram of spaces expressing foF = F fo,
and above it a commutative diagram of sheaves:

XOL‘YO Fo~——%
o |~ -]
XOLYO Fo=~—)

In particular, the correspondence on fy.%y deduced from the Frobenius correspondence of
(Xo, Fo) is the Frobenius correspondence of (Yo, fo.%0).

1.4. — The natural morphism Y — Yj is a limit of étale morphisms. It follows that, for every
abelian sheaf ) on X, the inverse images on Y of the R’ fy.F are the R f. .
On R . one has

a) the correspondence F*R f,% — R f,F £, R’ f.% deduced by functoriality from the
Frobenius correspondence;

b) the correspondence F*R! f,.% — R f,F that is the inverse image on Y of the Frobenius
correspondence on R’ fy, F.

It follows from (1.3) that these correspondences coincide. They induce the initial term of a
Frobenius action on the entire spectral sequence

HP (Y,R1f.F) —» HP* (X, F).
The same holds for cohomology with proper support and for the spectral sequence

H?(Y,RIf.F) — HY(X, F)

1.5. Change of finite field. — Let (Xo, %9) be over F,, let n be an integer, and let (X1, %)
over Fy» be obtained from (Xo, %9) by extension of scalars. On the one hand there is the
Frobenius correspondence F(,) : Xo — Xo, F[ | : F (*q) Fo — Fo, and on the other hand there is

(q)
Figm : X1 — Xy, F/ ,\ : F/ %1 — . Itis easy to check that F(,n) is obtained from the nth

power of F(,) by ex(t‘ér)lsion( qo% scalars from [, to Fn. After extension of scalars to F, the same
identity Fn) = F, (”q) holds between endomorphisms of X and correspondences on X.

If x is a closed point of Xo, with [k(x) : F,;] = n, and X € Xo(F) = X(F) is centered at x,
then X is fixed by Fyn) = F| (”q). Let F denote the endomorphism of F; induced by F’ (*qn). Up to
isomorphism, (F}, %;) is independent of the choice of X. The trace, etc., of F; is denoted by

notation such as tr(F;, F).
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1.6. The L-function. — Let X, be a scheme of finite type over F,. Let | Xo| denote its set of
closed points and, for x € | X[, put deg(x) = [k(x) : F,]. If o is a Q¢-sheaf on X, (for this
notion, see below), or a constructible flat sheaf of modules over a commutative Noetherian ring
A, let L(Xo, o) denote the formal power series with constant term 1 in Q[ 7] or A[[¢] given by

-1
LX0.%) = || det(l—F;tdeg(x),F/T) .

x€[Xo|

1.7. Remark. — In Definition (1.6), deg(x) = [k(x) : F,] is the absolute degree, not deg(x) =
[k(x) : Fy], the degree relative to F,. Consequently L(Xp, %) depends only on the scheme Xy
and the sheaf F, not on g or on the structural morphism Xy — Spec(F,). The indeterminate ¢
is an avatar of p~°.

1.8. The Galois viewpoint. — This subsection will not be used in the rest of the report. If F
is an abelian sheaf on Xy, the Galois group Gal(F/F,) acts on FF and, by transport of structure,
on H.(X,%). In particular, the Frobenius substitution ¢ (1.1) induces an automorphism,
still denoted ¢, of HQ(X , F). The Frobenius correspondence, on the other hand, defines an
endomorphism F* of H.(X, ). One has

(1.8.1) FFl=¢  (onH.(X,%)).

To see this, apply (1.4) when Y is a point, ¥y = Spec(F,). One finds that H.(X, &)
is the stalk at the geometric point Spec(F) of Yy of R fi%, and that F* is the stalk of
the Frobenius correspondence of R fi%,. Let [R'fi%] have the meaning of (1.2). Then
H.(X, %) = [R/i%] (F), and

a) ¢ acts by transport of structure through its action on F;

b) F*is the inverse of F : [R' f1%0](F) — [R fi%o](F).

The conclusion follows from the identity F' = ¢ of (1.1).

One advantage of the Galois viewpoint is that it permits arguments by transport of structure.

2. Qy-sheaves

The notion of a Q,-sheaf is developed in detail in [21, V,VI]. We shall use only the definitions
and results below.
Definition 2.1. — Let X be a Noetherian scheme. A Zg-sheaf F on X is an inverse system of
sheaves F, (n = 0), where F, is a constructible sheaf of Z/ £ modules [2, 1X.2], such that the
transition morphism %, — F,_1 factors through an isomorphism

Fn @z jpnnt LI = Fop_y.

The sheaf F is said to be lisse if the &, are locally constant.
The terminology of [21] is different: it uses “constructible Z,-sheaf” for “Z,-sheaf,” and
“constructible twisted constant” for “lisse.” The same applies below to Q-sheaves.

2.2. — If k is a separably closed field, a sheaf of Z/¢"-modules on Spec(k) is identified with a
Z/€"*-module, and the functor # +— lin F, identifies the Z,-sheaves on Spec(k) with finitely
generated Zy,-modules. This justifies the following definition: the stalk of a Z,-sheaf # at a
geometric point x of X is the Z,-module li;n(g%)x.
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2.3. — Suppose that X is connected, and let x be a geometric point of X. The “stalk at x” functor
is an equivalence from the category of locally constant constructible sheaves of Z/£"-modules to
the category of finitely generated Z/¢"-modules endowed with a continuous action of 7 (X, x).
Passing to the limit gives the following proposition.

Proposition 2.4. — Under the hypotheses above, the “stalk at x” functor is an equivalence from
the category of lisse Z¢-sheaves on X to the category of finitely generated Z,-modules endowed
with a continuous action of w1 (X, x).

Proposition 2.5. — Let F be a Z¢-sheaf on a Noetherian scheme X. There is a finite partition
of X into locally closed subsets X; such that the F |X; are lisse.

Put gry F = 0" Fo [ Fy for m > n, and put gr, F = & gry . This is a sheaf of modules
over the Noetherian ring gr, Z = Z/{[t], the associated graded ring of Z for the ¢-adic filtration.
It is a quotient of grg F ®zy¢ Z/L[t], hence a constructible sheaf of gr, Z-modules [2, IX.2].
There is therefore a finite partition of X into locally closed subsets X; such that gr, #|X; is locally
constant. Each sheaf gry |X; is then locally constant, as are the | X;, which are successive
extensions of them.

2.6. — If # and @ are two Z,-sheaves on X, put hom(F, %) = ylnhom(gn, &,); this is a
Z¢-module. Since hom(%,, %,) = hom(%#,,, &,) for m > n, one also has

hom(#,¥) = 1i£11i_n>1hom(gm, G,
n m

so the functor # — “liLn”P/Tn is fully faithful from the category of Z,-sheaves to that of
pro-sheaves on X (that is, pro-objects in the category of sheaves on X). We shall use this to
identify Z,-sheaves with certain pro-sheaves, namely those for which every %, = F /"' F is a
sheaf and & — « liLn”F/Tn. It is easy to check that, if # = “ lln S, wWith &, a constructible
sheaf of Z/¢"-modules, then F is a Z,-sheaf if and only if the inverse systems (in n) %, /¢ %,
are essentially constant. The inverse system of & = gnn Fn [ €¥*1 F, then satisfies the conditions
of (2.1),and ¥ = “liLn”t%é.

In what follows, we abandon the notation &, of (2.1). If & is a Z,-sheaf, the sheaf &, of (2.1)
will be denoted F ® Z/¢"*!.

2.7. — In the abelian category of pro-sheaves, the subcategory of Z,-sheaves is stable under
kernels, cokernels, and extensions. This is clear for cokernels. For kernels, if f : & — @ isa
morphism of Z,-sheaves, it follows readily from (2.4, 2.5) and Artin—Rees that the inverse system
of ker(f : F QZ/{" — & @ Z/{") satisfies the criterion given in (2.6) above. There is even an
integer r such that, for every n,

ker(f) @ Z/(" =ker(f : F QZ/" - CRZ/") @ Z/(".
The case of extensions is left to the reader.
2.8. — A Z,-sheaf & is torsion-free if ker(€ : & — F) = 0. Each & ® Z/{" is then flat over
Z /" (that is, its stalks are finitely generated free Z/¢"-modules). It follows from (2.4, 2.5) that,

for every Z,-sheaf &, there is an integer n such that & /ker(£") is torsion-free.

2.9. — The abelian category of Q,-sheaves on X is the quotient of the category of Z,-sheaves
by the subcategory of torsion Z,-sheaves. Equivalently, its objects are Z,-sheaves and, if # ® Qy
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denotes the Z,-sheaf & viewed as an object of the category of Q-sheaves, then
hom(# ® Q¢, ¥ ® Q¢) = hom(F, %) ®z, Q.

The stalk of a Q¢-sheaf F ® Q at a geometric point x of X is the finite-dimensional Q-vector
space F, ®z, Q.

2.10. — Let X be a separated scheme of finite type over an algebraically closed field k, and let
F be a constructible Q,-sheaf on X. Let #’ be a constructible Z,-sheaf such that # ~ F’ ®z, Q.
We shall see in (4.11) that

(yLn HY (X, F ® Z/f”)) ®z, Q¢

is a finite-dimensional Q-vector space. It depends only on & and is denoted HY (X, %). The
proof does not use the assumption that ¢ is prime to the characteristic, but only that case concerns
us.

2.11. — In this exposé, all important calculations will be made at the level of Z/¢{"-sheaves,
and passage to Q¢-sheaves will occur only at the very end. In practice, however, it is often
convenient to work systematically with Q¢-sheaves. In Exposés V and VI of [21], Jouanolou
gives the formalism that makes this possible. One essential result (VI 2.2) is that, if f : X —» Y
is a separated morphism of finite type between Noetherian schemes and & is a Z,-sheaf on X,
then, for every ¢, the pro-sheaf “ @”Rq SiI(F ®Z/L") is a Ze-sheaf on Y. He proves an even
stronger regularity property (of Artin—Rees type) for the inverse system of the R? fi(F ® Z/{").

Jouanolou in fact works in a more general framework that includes the very useful case of
E,-sheaves, where E is a finite extension of Q,. They are defined as Q-sheaves were, with
Q¢ replaced by E,, Z, by the valuation ring 0,, and Z/¢" by O, /7", where & is a uniformizer.
Equivalently, an E,-sheaf can be defined as a Q-sheaf & endowed with a homomorphism
E/l — El’ld(g)

3. The trace formula and L-functions

We use the notation of §1, and € is a prime number different from p.

Let Xj be a separated scheme of finite type over F, (¢ = p!), and let % be a constructible
Q¢-sheaf on Xp. Grothendieck’s cohomological interpretation of L-functions is the following
theorem.

Theorem 3.1. — L(Xo, Fo) = [1;det (1 — F*t/,H.(X, %))

It is obtained as a consequence of the trace formula.
Theorem 3.2. — For every integer n, Y, .cxrn tt (F"*, %) = Y,;(=1) tr (F"*,H.(X, F)).

Let us briefly recall the classical method for deducing (3.1) from (3.2). Put T = t/; both sides
are formal power series in 7 with constant term 1. Since Q, has characteristic 0, it is enough to

(_1)i+1

prove that the logarithmic derivatives T% log of the two sides are equal.
To calculate these logarithmic derivatives, we use the formula

d
T logdet(1 - )7 = Ztr(f”)T”,

n>0
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whose proof (in a slightly more general setting) is recalled below. For the first side one finds

d n o n- X):
T log L(Xo, %o) = Z Z[k(x) L F, ] tr (FI, &) T ) Fd]

X€|Xo| n

:ZT” Z tr (F", F)

n>0 xeXF"

and for the second side
ZT"Z(-nftr (F™ H.(X, F)) :
n>0
the terms are compared one by one.
Proposition 3.3. — Let A be a commutative ring, let M be a finitely generated projective
A-module, and let f be an endomorphism of M. For every invertible formal power series Q, put

L 1ogQ = Q'LQ. Then

d - n n
(3.3.1) T logdet(1 ~ fT) 1 Ztr(f )T™.

n>0

Let M’ be an A-module such that M @ M’ is free of finite rank. Replacing (M, f) by
(M & M’, f & 0) does not change either side of (3.3), and reduces us to the case in which M is
free. For M = A%, (3.3.1) is an algebraic identity in the coefficients fl.j of f. By the principle of
extension of algebraic identities, it is enough to verify it when A is an algebraically closed field of
characteristic 0. Since both sides are additive in M in an extension0 - M’ — M — M"” — 0,
it is even enough to treat the case in which M has rank 1. If f is multiplication by a, (3.3.1)
reduces to the formula

Ta;iT log ((1 - aT)_l) = Za”T”.

n>0

Corollary 3.4. — Let n be an integer, and let f™ be the endomorphism (x1,...,x,) +>
(f(xl’l)’xla . e ,xn—l) Oan Then

(3.4.1) det(1 = fT7) = det(1 — F7).

As in (3.3), one reduces to the case in which A has characteristic 0. It is then enough to check
that the logarithmic derivatives —TdiT log of the two sides are equal.

d d
T logdet(1 — f17) = ~nT"—— logdet(1 = f1") = n Z t( f™T™,

m>0

d
—Td—T log det (1 - f(”)T) = Z tr (f(”)’") ",
m>0

and one observes that
te(f™) =0 ifntm
tr( ") = nir(f").
3.5. Remark. — For A = Qy, (3.4.1) is the special case Xy = Spec(F,») of (3.1). Using this

identity, it is easy to check directly that the right-hand side of (3.1) is independent of g and of the
structural morphism X — Spec(F,).

39



3.6. Remark. — If j : Xy — X is a compactification of X, then L(Xo, %) = L(Xo, j1F0)
and H.(X, F) = H (X, j1F). This reduces (3.1) to the proper case and explains the use of
cohomology with proper support. When X is proper, (3.2) has the form of a Lefschetz trace
formula. Notice that the local terms tr(F™*, %) (x € X¥ ) depend only on the stalk of F at x
and carry no multiplicity. When X and & are smooth and lisse, respectively, this corresponds to
the fact that the graph of F is transverse to the diagonal (since dF = 0).

3.7. Remark. — Assuming the formalism of Q-sheaves (cf. 2.11; one needs the Leray spectral
sequence and the base change theorem for the higher direct images R? f)), it is easy to reduce the
proof of (3.1, 3.2) to the case in which X/ is a smooth curve and % is lisse. This is explained
clearly in [22, §5] (for 3.1; 3.2 is treated in the same way).

3.8. — There are two methods for proving (3.2).

Lefschetz-Verdier. — If X is proper (cf. 3.6), the general Lefschetz—Verdier trace formula
expresses the right-hand side of (3.2) as a sum of local terms, one for each point of X", In the
original version of [21], this formula was proved only assuming resolution of singularities. The
reader will find an unconditional proof in the definitive version. In the case of curves, to which
one can reduce (3.7), all the ingredients of the proof were in fact already available.

To deduce (3.2) from the Lefschetz—Verdier formula, one must be able to calculate its local
terms. For a curve and the Frobenius endomorphism, this had been done by Artin and Verdier
[40].

Nielsen—Wecken. — A method inspired by the work of Nielsen and Wecken reduces (3.2) to a
special case proved by Weil; this is explained in the following sections.

4. Reduction to theorems in Z/{"-cohomology

We shall prove (3.2) by passage to the limit from an analogous theorem in Z/{"-cohomology.
Stating it presents the following difficulty. Let X, be a separated scheme of finite type over F,
and let F be a flat constructible sheaf of Z/¢"-modules. Its stalks are finitely generated free
Z/€"-modules, so the left-hand side of (3.2) makes sense (it is an element of Z/£"). On the other
hand, the H’C (X, #) will not in general be free, so the right-hand side is not defined. Overcoming
this difficulty is one of Grothendieck’s essential uses of the theory of derived categories.

4.1. — For the definition of the derived category D(:A) of an abelian category (A, and of the
subcategories D*(A), D™ (A), and D?(A), I refer to Verdier’s text in this volume. For a ring A,
we write D(A) instead of D(category of left A-modules); for a site X, we write D(X, A) instead
of D(category of sheaves of left A-modules). Likewise for D7, etc.

The symbol R (respectively, L) indicates a right (respectively, left) derived functor. For

L
example, ® denotes the derived tensor product. For K in D™(A°) and L in D™ (A) (where A° is

L
the opposite ring), K®L is calculated as follows: take quasi-isomorphisms K* — K and L" — L,
with K’ and L’ bounded above and one of them having flat components, and form the total
complex s(K’ ®, L’) associated with the double complex K’ ® L’.

40



4.2. — Evento treat only Z/¢"-cohomology, we shall need the theory of traces of endomorphisms
of modules over rings that need not be commutative (finite-group algebras Z/¢"[G]). These
traces were introduced by Stallings and Hattori [3].

Let A be a ring (with identity, but not necessarily commutative). Let A" be the quotient of
the additive group of A by the subgroup generated by the commutators ab — ba. If f is an
endomorphism of the free left A-module A", with matrix fl.j, let tr( f) be the image of }; fl.i in A%,
If f and g are homomorphisms f : A" & A™ : g, one immediately checks that tr(fg) = tr(gf).

Let f be an endomorphism of a finitely generated projective A-module P. Write P as a direct
summand of a finite free module A”: this means choosing a module P’ and an isomorphism
a: P &P — A" or equivalently choosing a homomorphism a : P — A” and a retraction
b : A" — P (with P’ = ker(b)). Put f' = a(f ® 0)a~' = afb, and define tr( f) = tr(f’). This
element of A depends only on f: if another choice ¢ : P < A™ : d is made, then a = a(dc)(ba),
and hence

tr(afb) = tr(adcbafb) = tr(chafbad) = tr(cfd).

If f is an endomorphism of a Z/2-graded finitely generated projective A-module, with

components f : P/ — P', put

tw(f) = tr(fy) — w(f).

When there is a risk of ambiguity, we write tr( f; P). If the homomorphisms f : P & Q : g are
homogeneous, reduction to the free case immediately gives

4.2.1) tr(fg) = tr((—l)degfdegggf).

If f is an endomorphism of a filtered Z/2-graded A-module (P, F'), with a finite filtration
compatible with the grading, and the gr;(P) are finitely generated projective, then P is finitely
generated projective and

4.2.2) tr(f; P) = Z tr (f; gr-(P))

(split the filtration to reduce to the case of a direct sum).

4.3. — A Z-graded module will be regarded as Z/2-graded by parity of degree. In particular, if
f 1s an endomorphism of a bounded complex of finitely generated projective A-modules, put

4.3.1) tr(f) = > (=1 ().
By (4.2.1), if f is homotopic to zero, then tr(f) = 0:
(4.3.2) f=dH+ Hd — tr(f) = 0.

Let Kyarf(A) be the category whose objects are bounded complexes of finitely generated
projective A-modules and whose morphisms are complex morphisms modulo homotopy. The
functor Kyarf(A) — D(A) is fully faithful. Denote its essential image by Dpqrr(A). Formulas
(4.3.1) and (4.3.2) define tr(f) for an endomorphism f of K € Ob Dpyt(A), and this trace
depends only on the isomorphism class of (K, f).

4.4. — Recall that the filtered derived category DF(A) of an abelian category A is obtained
from the category of complexes of finitely filtered objects of A by inverting filtered quasi-
isomorphisms (that is, morphisms of filtered complexes inducing a quasi-isomorphism on the
associated graded). There are functors “underlying complex” DF(A) — D(A) : (K, F) —» K
and “pth graded component” DF(A) — D(A) : (K, F) — gr’;(K).
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Let KFparr(A) be the category whose objects are bounded complexes (K, F') with finite filtrations
and with the gr‘; (K7) finitely generated projective, and whose morphisms are filtration-preserving
complex morphisms modulo filtration-preserving homotopy. The functor KFpa(A) — DF(A)
is fully faithful; denote its essential image by DFpa(A). If (K, F) belongs to DFa£(A), then K
belongs to Dparf(A).

By (4.2.2), if f is an endomorphism of (K, F) € Ob DFp,¢(A), then

(4.4.1) tr(f,K) = Z tr(f, grh(K)).
p

4.5. — Let A be aring and let K € ObD~(A). The complex K is said to have tor-dimension

< r if, for every right A-module N, the hyper-Tor groups H' (N <§I§> AK) vanish for i < —r. It is said
to have finite tor-dimension if this condition holds for some r.

The same terminology is used for a complex of sheaves K € ObD™ (X, A).
Lemma 4.5.1. — Let A be a left Noetherian ring and let K € ObD™(A). Then K belongs to
Dparf(A) if and only if it has finite tor-dimension and the H!(K) are finitely generated.

After replacing K by an isomorphic complex (in D™(A)), we may suppose that K is bounded
above and has finitely generated free components (cf. 4.7 below). If K has tor-dimension < r,
then the H(K) vanish for i < —r, and K" /im(d) has the free resolution

(- > K" 'S5 K7y - K7 /im(d),

and, for every right A-module N, H_’_k(NQI%)AK) =H" "N ®x K) = Torg (N, K" /im d) for
k> 1.

By hypothesis, these groups vanish; hence K~ /im d is flat and of finite presentation, that is,
finitely generated projective. The quotient

0> K"/im(d) > K™ 5 K72 > ...

of K is quasi-isomorphic to K, which shows that K € Ob Dpy(A).

Proposition—-Definition 4.6. — Let X be a Noetherian scheme and let A be a left Noetherian ring.
Denote by Di’tf(X , \) the subcategory of D™ (X, A) consisting of the complexes K satisfying the
Jollowing equivalent conditions:

i) K is isomorphic (in D™ (X, A)) to a bounded complex of flat constructible sheaves of
A-modules.
ii) K has finite tor-dimension and the sheaves H (X) are constructible.

The same argument as in (4.5) applies, starting from the following lemma.
Lemma 4.7. — If a complex K of sheaves of A-modules has constructible H (X)) that vanish
for sufficiently large i, there is a quasi-isomorphism &' — K, with &' bounded above and
having flat constructible components.

Construct %’ from right to left. For an m such that the H (%) vanish for i > m, take %' = 0
for i > m. Suppose next that the %' have already been constructed for i > n:

“ﬁ_‘%n—l H %n+l_>_'..

|

%/n+1 - ...

’
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with H (#’) — H!(X) fori > n + 1, and with ker(d) — H"*'(¥) surjective in degree n + 1.
Define sheaves &/ and & by the Cartesian diagram

H" —— K" [im(d) — ker(d)

L |

oA - B ker(d).

Then % is constructible and u is surjective. To advance one step, it is enough to construct a flat
constructible K" and a map v : K" — & such that uv is surjective. The next lemma guarantees
that this is possible.

Lemma 4.8. — Let v : o — 9B be an epimorphism of sheaves of A-modules, with 9B
constructible. Then there is amap u : X — o, with & flat and constructible, such that vu is an
epimorphism.

The sheaf &/ is a quotient of a sum of sheaves of the form ¢ A, for ¢ : U — X étale. Since A
is Noetherian ([2, [X.2.10]), a finite sum of these already maps onto 9, which proves the lemma.
Theorem 4.9. — Let f : X — Y be a separated morphism of finite type between Noetherian
schemes. If % € ObD? (X, A), then RfiH € ObDP (Y, A).

Recall thatif j : X — X i) Y is a relative compactification of X /Y, then by definition
Rfi = Rf. o ji, where R, is the derived functor of f,. This formula reduces the proof of (4.9) to
the case in which f is proper. When f is proper, f. has finite cohomological dimension; this
permits the definition of Rf, on the entire derived category, and also as a functor

Rfi : D7 (X,A) > D (Y,A).
By composition, one similarly defines in general
Rfi: D (X,A) - D (Y,A).

For every right A-module N, one has (the proof is given below)

L ~ L
(4.9.1) N®RfAFH — RIINQ®K).
Let us deduce (4.9) from (4.9.1).

a) The spectral sequence
E} =RPfiHY(Z) - HP*YRAK .
and the finiteness theorem for R f; show that RAi.% € ObD’(Y, A) and has constructible
cohomology. It remains to prove finite tor-dimension (4.6).
oL
b) If & has finite tor-dimension, then so does Rfi%: one has H (N®RfiH) =

, L L
H' (Rfi(N®%)), and the spectral sequence above for N %, together with the fi-
nite cohomological dimension of fi, gives a uniform lower bound for the degrees in which
these groups can be nonzero.

We prove (4.9.1) at the level of complexes.

a) Using the defining formula Rf; = Rf, o ji, we reduce to the case in which f is proper.

b) Represent # by a bounded-above complex whose components are acyclic for f,.: R? f,Z 1 =
0 for p > 0. Then Rf, & ~ f. % . Working in this way with bounded-above complexes is
possible because f. has finite cohomological dimension.
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c¢) If L is a free right A-module, then R? f,(L ® #1) = L ® R? f, % 9: this is immediate when
L is free of finite rank, and the general case follows by passage to the limit. The sheaf
L ® 1 is acyclic for f., and fi(L® 1) = L Q f.K1.

L
d) Let N, be a free resolution of N. One has N # ~ s(N,® '), the total complex associated
with the double complex N, ® % . By c¢),

RE(NOF) ~ RE(s(N. ® ) ~ fu(s(N. ® F)) ~ s(N. ® fo %) ~ NOR L. H.

which is the asserted formula.
When Y is the spectrum of a separably closed field, the functor R f; is identified with a functor
denoted RT, : D? (X,A) — Dparf(A).

ctf
Theorem 4.10. — With the notation of §1, let X be a separated scheme of finite type over F,, and

let A be a Noetherian torsion ring annihilated by an integer prime to p. Let Zy € Ob Dgtf(Xo, A).
With the definition of traces in (4.3), one has, for every n,

DT (P H) = e (F™ R(X, %))
xeXF"

In the remainder of this section, we shall deduce 3.2 from 4.10 and prove 2.10.

4.11. Proof of 2.10. — Let X be a separated scheme of finite type over an algebraically closed
field k, and let € be a Q/-sheaf on X. By 2.8, it can be written & = F ® Q,, with & a torsion-free
Z¢-sheaf. Put

K, = R[.(X,% @ Z/""") e D(Z/")).
By 4.9, one has K, € Ob Dp(Z/ £"*1), and it follows from (4.9.1) that the natural map (for

nz1l)

L
(4.11.1) Kn®Z/5n+1Z/€" — K1,

is an isomorphism. The issue of defining this map is discussed in 4.12.

We can now invoke [21, X1.3.3] (p. 31, lines 1-2 from the bottom; this passage is independent
of the rest of [21]) to represent each K, by a bounded complex of finitely generated free
Z/€""1-modules, and the maps (4.11.1) by isomorphisms of complexes

K,®Z/" — n—1-

Let K be the complex gn K. Itis abounded complex of free Z,-modules, and K,, ~ K ®z,Z/ any
One has

H'(K) = limH'(K,,),

(indeed, every inverse system of finite groups satisfies the Mittag—Leffler condition), and H' (K)
is a finitely generated Z,-module. Thus

HL(X,9) = (limH'(K,)) @z, Q:

is a finite-dimensional Q,-vector space.
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4.12. The map (4.11.1). — To define the map (4.11.1), one cannot proceed as in 4.9, that is,
resolve Z/{" by a complex of free Z/£"*!-modules, since one wants to construct an isomorphism
in Dparf(Z/€"). The desired map is a special case of the following extension-of-scalars map.
(*) Let A — A’ be a homomorphism of Noetherian torsion rings. For X a separated scheme of
finite type over an algebraically closed field k, and # € Ob D (X, A), there is an isomorphism

L L
RI (X, Z)OANN — RI (X, ZR\N).
More general maps are constructed in [2, XVII 4.2.12]. The method is as follows.

a) The definition of RI'; and the formula j ) (FZ ®x A’) = (j1Z) ®x A’ for an open immersion
reduce us to the case in which X is proper.

b) For proper X, one replaces % by a bounded complex whose components are acyclic for
I' and whose stalk at every geometric point (or merely every closed point) is homotopy
equivalent to a complex of flat A-modules. For such a complex, I'(X, #) ~ R['(X, %)

L
and # @ A ~ H@xN’; the map (4.11.1) is defined as the composite

L ~ L
RIO(X, )N - T(X, ) oA N > T(X,H @ N) «— R['(X, ZN).

¢) Itremains to show that # can be replaced by a complex of the desired kind [2, XVII1.4.2.10].
First replace % by a bounded complex with flat components (4.6), then take a truncated
canonical flasque resolution. This does not change the homotopy type of the stalk complexes,
and one truncates far enough for the acyclicity condition for I" to hold, that is, beyond the
cohomological dimension of I".

4.13. Proof of (3.2). — To simplify notation, we treat only the case n = 1 of (3.2). The general
case follows by replacing F below by F™.

Let Xy therefore be separated and of finite type over F,, and let &, be a Q-sheaf on X. One
has €y = Fo ® Q; for a suitable torsion-free Z,-sheaf %. Put K,, = R[.(X, F @ Z/¢"*!). The
Frobenius morphisms induce morphisms

F*:K,— K,  (in Dpue(Z/"*")),

which are obtained from one another via the isomorphisms (4.11.1).

As in (4.11), represent the K, and the isomorphisms (4.11.1) at the level of complexes. The
already cited passage [21, XI.3.3] permits the morphisms F* to be represented by endomorphisms
of complexes, still denoted F*, that reduce to one another. Their inverse limit and the induced
endomorphisms are again denoted F*. Since H.(X, %) = H (K) ® Q; = H (K ® Q¢), one has,
with the sign convention of (4.3.1),

e (F*, H (X, 9)) = (F', K* © Q) = limtr (F', K7) = limr (F', RTL(X, F @ Z/0™)).

n n
Apply (4.10) to Fo ® Z/£"*!, viewed as a complex concentrated in degree 0, with A = Z/¢"*!.
One finds

tr (F*, R[.(X,F ® Z/f””)) =Y u (F&T ® zm“)
xeXF
= Z r (F*,€,) mod ",
xeXF

and (3.2) follows by passage to the limit.
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5. The Nielsen—Wecken method

In this section we prove two special cases of (4.10). The general case will be considered in the
next section.
Lemma 5.1. — Theorem (4.10) holds when X has dimension 0.

In dimension 0, formula (4.10) holds for every correspondence, not only for iterates of a
Frobenius. It is a special case of the following statement (applied to X (F), K, and the F*").

(*) Let X be a finite set, let F : X — X, let & € ObDpyurr(X,A), and let F* : F*H — K.
Then

Z tr (F*, %) = tr (F*,T(X,K)) .
XF

Onehas I'(X, #) = @B,y Hx and the formula follows from the fact that, for every morphism
u: P cx Fx = B cx Fix with matrix u}, one has tr(u) = Y ey tr(ut).
Lemma 5.2. — Let A be a Noetherian torsion ring annihilated by a power of the prime € # p,
let Xy be a smooth connected projective curve over Fy, let j : Uy < X be a dense open subset,
and let Gy be a locally constant sheaf of projective A-modules on Uy. Then

Z tr (F*,%,) = tr (F*,RT.(U, %)).
xeUF

More precisely, we shall deduce (5.2) from the following theorem.
Theorem 5.3. — Let X be a smooth projective curve over an algebraically closed field k, let f
be an endomorphism of X with isolated fixed points, and let v( f) be the number of fixed points
of f, each counted with its multiplicity; v(f) is the intersection number of the graph of f with
the diagonal of X X X. If € is prime to the characteristic exponent of k, then

v(f) = D (=D (£ H (X, Q).

This theorem is due to Weil ([41], nos. 43, 66, and 68), and Weil’s proof is reproduced in Lang
[26] (VI §3 combined with VII §2, Theorem 3). It can also be deduced from the formalism of the
cohomology class associated with a cycle (The cohomology class associated with a cycle, 3.7).
Corollary 5.4. — Let j : U < X be a dense open subset such that f~'(U) = U. If the fixed
points of f in X \ U have multiplicity one, then the number vy ( f) of fixed points of f in U (each
counted with its multiplicity) is

vu(f) = D (=Dt (£ HL(U, Q).

Let F be the finite set X \ U. The cohomology exact sequence defined by the short exact
sequence 0 — j1Qr = Qr — Qpp — O:

3 ; ; ; d
— H.(U,Q;) — H'(X, Q) —H'(F,Q¢) —
gives, with the sign convention of (3.1),

w (fHI(U, Q) = tr (f*,H (X, Qp)) - tr (f*,H"(F, Q) = v(f) —te(f*,Qp).

The trace of f* on Qf is the number vy (f) of fixed points of f in F; the multiplicity-one
hypothesis therefore ensures that

tr (f*, H (U, Qp)) = vu(f),

as asserted.
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The proof of (5.2) uses a few lemmas, which we now develop, about a special case of
noncommutative traces (4.2). For brevity, we shall say projective to mean finitely generated
projective.

5.5. — Let A be aring and let H be a finite group. The map from the group algebra A[H] to A"
that sends ) a,h to the class of a, vanishes on the commutators ab — ba of A[H]. It therefore
factors through
e: A[H]® = AL
If F is an endomorphism of a projective A[ H]-module P, put
trf(F) = ErA[H] (F)

where the trace on the right is the one from (4.2). To avoid ambiguity, we shall sometimes write
this trace as trf (F,P).
Proposition 5.6. — trp(F) = |H| trf(F).

The formal properties of traces reduce us to the case P = A[H]. The endomorphism F'is then
right multiplication by an element ) anh of A[H], and trp (F) = |H|a,., while trf(F) =d,.

5.7. — Let A be a commutative ring and let A be an A-algebra. Multiplication by an element of
A descends to the quotient and defines an A-module structure on A", If H is a finite group, P is a
projective A[H]-module, and M is a A[ H]|-module projective as a A-module, then the A-module
P ®4 M, endowed with the diagonal action of H, is a projective A[H]-module. Indeed:

a) It is enough to check this for P = A[H].

b) The A-module P ®4 M, endowed with the H-action on the first factor, is clearly a projective
A[H]-module; denote it by (P ®4 M)'.

¢) The map 7 ® m +— h ® h~'m induces an isomorphism

(5.7.1) A[H] ®4a M = (A[H] @4 M)'.

Proposition 5.8. — With the preceding notation, if u is an endomorphism of P and v an
endomorphism of M, then
trf(u V) = trg(u) tra(v).
One reduces to P = A[H]; the endomorphism u is then right multiplication m, by an element
x = Y aph of A[H]. The isomorphism (5.7.1) transforms u ® v into Y, apm; ® h™'v, whose
trace is a, - tra(v).

5.9. — Let G be an extension of Z by a finite group H,

1 H—->G—->Z-—>1,

and let G* be the inverse image of N. Let A be aring and let P be a A[G*]-module projective
as a A[H]-module. If g € G, let Z, be the centralizer of g in H; multiplication by g is an
endomorphism of P, viewed as a A[Z,]-module. Since P is projective over A[Z,], a trace

tri”' (g) is defined. By 5.6,

(5.9.1) tra(g) = 1Z,| -tr,Zf’(g)-

Suppose that A is an algebra over a commutative ring A. If P is an A[G*]-module projective as
an A[H]-module and M is a A[G*]-module projective as a A-module, then the A[G*]-module
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P ®4 M, with the diagonal G*-action, is projective as a A[H]-module and, by 5.8, for every
g € G* one has

(5.9.2) trlz\g (8, P®s M) = ‘[rig (g, P) -tra(g, M).

5.10. — Let P be a A[G*]-module projective as a A[H]-module, and let Py be the H-
coinvariants of P. This is a projective A-module. The action of g € G* descends to the quotient
and defines an endomorphism of Py depending only on the image of g in N. Denote by F the
action of the elements g € G* with image 1.
Proposition 5.11. — trpy(F, Py) = Zig»—& trig(g,P), where Z;,,_)l denotes a sum over the
H-conjugacy classes of elements of G* with image 1 in N.

After multiplication by |H]|, this formula can be verified as follows:

|H|

: : Zy
HI - (F,Prp) = | 8. P = 3 o tia(e, P = D 1HI 0 (s P).
8

g—1 g1 g1

Choose an element g € G* with image 1 in N, and let o be the automorphism of A[H] induced
by the automorphism ad g of H. Giving a A[G*]-module is equivalent to giving a A[ H]-module
endowed with a o-linear endomorphism y: let g"h act as y"h. In this language, formula 5.11
takes the following form: for P a projective A[H|-module and y a o-linear endomorphism of P,

: Z
tra(y, Pu) = )t (hy, P),
h

where Y, is a sum over the ad g-conjugacy classes in H (the orbits of H acting on itself by
x — hxadg(h)™h).

In this form, the properties of traces immediately reduce us to the case P = A[H]. The
endomorphism 7y then has the form x — o (x)a, witha = } aphin A[H]. Itis enough to treat the
universal case in which the aj, are indeterminates. In that case, A = Z{ay)sey (noncommutative
polynomials) and A is torsion-free: 5.11 follows from the preceding argument by division by
|H|. One can also calculate directly.

5.11.1. Remark. — Everything said above applies equally to Z/2-graded modules and to
complexes of modules (cf. 4.2, 4.3).

5.12. — Retain the notation of 5.2, and let A = Z/¢£", with n large enough that A is an A-algebra.
Let f : Vo — Uy be a connected finite étale covering of Uy, Galois with group H, such that the
sheaf f*%, is constant. Let M = H°(V;, f*%,) be its constant value; this is a A[H]-module
projective as a A-module.

The sheaf f.A on Uy, endowed with the natural action of H, is a locally free sheaf of rank one
of A[H]-modules. Thus the complex RI'.(U, f.A) is an object of Dpa(A[H]). It is endowed
with a Frobenius endomorphism F*.

For the natural action of H on f, f*%, the trace morphism f. f*%y — &, factors through an
isomorphism

(fif"%)y — %o.
Moreover, f. f*&y = fiA ®4 M, with diagonal H-action. The isomorphism

Go<— (fid ®a M) = (LA ®4 M) ®p[m A
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derives (4.12) to an isomorphism
RI.(U,%) ~ (R[.(U, f:A) ®4 M) @511 A

The endomorphism F* of the left-hand side is deduced from the endomorphism F* of
RI. (U, f.A). The complex of A[H]-modules RI'.(U, f.A), endowed with F*, can be viewed
as a complex of A[G*]-modules, for the extension G* = H = N. Formulas 5.10 and (5.9.2),
extended by 5.11.1, therefore give

tr (F*,R[.(U, %)) = Ztrfg (hF*,RT.(U, £.A)) - trp(h, M)
h

where )" is a sum over the conjugacy classes in H. Moreover,
1Za] - 65 (RF*,RL(U, £,A)) = tea ((FR™'),REL(V, 4)).
This formula remains true for A = Z/{™ as m increases. Passing to the limit, one finds that
7" (hF*,RT.(U, f.A)) is
1 . .
e (=D (PR HE(V, @)
1Z| Z ‘

(an element of Z;), and

’

(5.12.1)  tr (F*,RT.(U,%)) = Z
h

1

ﬁ (Z(—l)iﬂ' ((Fh_l)*,Hi(V, Q[))) -tra(h, M).

5.13. — It remains to apply 5.4. Notice that, if V is the smooth projective completion of V, all
fixed points of Fh~! have multiplicity one. This can be done without any calculation:

A. IfUF = @, then tr (F*,RI.(U, %)) = 0.
Indeed, Fi~! has no fixed point on V; 5.4 shows that Y, (—1)" tr ((FA~1)*, HL(V,Qy)) = 0, and
one applies (5.12.1).
B. In general, let j : U’ = U \ U' < U. The filtration j,j*%y C &, of &, induces a filtration
of RI[".(U, €) with successive quotients RT".(U’, €) and R[.(U", %). By (4.4.1) and 5.1,
tr (F*,RT.(U, %)) = tr (F*,RT.(U’, %)) + Z tr(F*, %),
xeUr

and, since U ko @, the first term on the right is 0.

6. Completion of the proof of 4.10

We prove 4.10 under the additional hypotheses that the ring A is annihilated by a power
of a prime ¢ # p and that n = 1. The general case follows: decompose A into its {-primary
components (as ¢ ranges over the primes), and replace F, by F;» and X by Xo ®g, Fyn.

For X separated and of finite type over F,, and # € Ob D¢(Xo, A), put

T' (X, Fp) = Z tr(F*, Hy)
xexFt
and
T”(X(), Ko) = tI‘(F*, RI.(X,%)).
We must prove the identity

(15 Xo, Fo) T'(Xo, o) = T" (X0, X0).
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We begin by observing that 7" and 7" (denoted generically by 7') obey the same formalism.
(A)If j : Uy — Xj is an open subset with closed complement Y, then
T (Xo, #o) = T(Uo, Fo|Uo) + T (Yo, Ho|Yo).

This is clear for 7’. For T”, observe that the filtration 0 C j,j* %, C Ky of H( induces a filtration
of RI".(X, &) with successive quotients RI'. (U, #) and RI'.(Y, %), and invoke (4.4.1). More
precisely, %, endowed with this filtration, defines an object of DF (X, A); applying RI,. gives an
object of DF,4(A) whose underlying object is RI'. (X, %) and whose associated graded is as
stated.

(B) If #) is a bounded complex with flat constructible components, then

T(Xo, Fo) = Y (=1)'T(Xo, %").
This is clear for 7’. For T”, apply the preceding argument to the stupid filtration of % to obtain
T (Xo, Ho) = Y T"(Xo, Hil=i)) = ) (=D'T" (Xo, 7).
(C) For a morphism f : Xy — Y, one has
T" (Xo, #o) = T" (Yo, RfiFp)
and the same identity holds for 7’ if the fibers of f at the rational points of Yy satisfy
(1; /7' (), Hol £~ ()); one uses
T'(Xo. %) = . T (17 0. ol )
yeYF
and
RI.(Y,RAZ) = RI(X,X).
Using this formalism and 4.7, the proof of 4.10 reduces to the two special cases 5.1 and 5.2.
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CHAPTER 3

L-FUNCTIONS MODULO ¢* AND MODULO p

In this exposé, I prove a formula analogous to the theorem in the report on the trace formula
(in this volume; cited below as “Report”) for a coefficient ring A that is either of torsion prime to
p, or a field of characteristic p. We shall make essential use of [2, XVII 5.5].

1. Symmetric tensors

1.1. — Let A be acommutative ring. For a list of properties of the functors I : (A-modules) —
(A-modules), I refer to [2, XVII 5.5.1 and 2]. We recall only that, for M flat (in fact, we shall
only need the case in which M is finitely generated projective), one has

"M = (M ®”)S" (symmetric tensors of degree n).

1.2. — Let X be an S-scheme, let X"/ S be the n-fold fiber power of X, and let 7 be the projection
from X" /S onto (X"/S)/S, = Sym’s(X) (assumed to exist). If & is a sheaf of A-modules on X,
the external tensor product of n copies of &, denoted £€*", is an S,-equivariant sheaf on X"/S.
We shall use the external functor I'" of [2, XVII 5.5.7-9]. We recall only that, for & a sheaf of
flat A-modules (in fact, only the constructible flat case will concern us), one has

ngt(?) = (ﬂ-*fgIZIH)Sn .

Lemma 1.3. — Let S = Spec(k), where k is algebraically closed, let X be a finite disjoint union
of copies of S, and let € be a flat sheaf of A-modules on X. Then

T (Sym’(X),T",(€)) = I"T(X, ©).
Indeed,
[ (Sym}(X), Th (%)) =T (Sym(X), 7, g=")""
=T (x"/S,2%")% = ([(X,%)®")"" = T"T'(X, %).

1.4. — We shall need the derived functors of the nonadditive functors I'* and I, .
The theory of such derived functors is due to Dold and Puppe [17]. For a fuller review than
the one given below, I refer to [2, XVII 5.5.3].
Let A be an abelian category (or even an additive category in which every idempotent

endomorphism is the projection onto a direct summand). Let N denote the normalization functor

N : (cosimplicial complexes of objects of A) —> (cochain complexes of objects of A, with K' = 0 for i < 0)



Itis an equivalence of categories. Both it and its inverse carry homotopic morphisms to homotopic
morphisms. If T is a functor A — B, and if K is a complex of objects of A concentrated in
nonnegative degrees (K’ = 0 for i < 0), put TK = NTN~'K.

1.5. Example. — If K is concentrated in degree 0, with value M, then 7K is concentrated in
degree 0, with value TM.

1.6. — If K is a bounded complex in nonnegative degrees of finitely generated projective
A-modules, the complex of A-modules ["'K has the same properties.

Let D;?rf(A) denote the subcategory of Dpa(A) (Report, 4.3) consisting of complexes of
Tor-dimension < 0. One sees that [ induces a functor

LI : D;?rf(A) - D;?rf(A).

For the analogous, but more complicated, definition of LI, ., I refer to [2, XVII 5.5.14].

ext’

1.7. — Let K be a bounded complex of finitely generated projective A-modules, and let u be an
endomorphism of K. We denote by det(1 — ut, K) the formal power series with constant term 1

det(1 — ut,K) = ]—[ det(1 — ut, K)CV".
i

We leave verification of the following properties to the reader.

1.7.1. — Let F be a finite filtration stable under u, such that the gr?(K ) are finitely generated
projective. Then

det(1 — ut, K) = ]_[ det(1 — ut, grl.(K)).
14

1.7.2. — If K is shifted g places to the left, then
det(1 — ut, K[q]) = det(1 — ur, K)V*.

Proposition 1.8. — Let u be an endomorphism of a bounded complex in nonnegative degrees of
finitely generated projective A-modules. Then
(1.8.1) det(1 — ut,K)™" = Z tr(u, T"K)t".

n

Let D(u, K) denote the right-hand side of (1.8.1).
Lemma 1.9. — Let u be an endomorphism of a short exact sequence of bounded complexes in
degrees > 0 of finitely generated projective A-modules

0K - K—>K'—DO0.

Then D(u,K) = D(u,K’) - D(u, K”).

If0 - M — M — M” — 0is a split short exact sequence of A-modules, I"*M has a natural
filtration whose successive quotients are the "M’ ® IV M” (i + j = n). Consequently, ["K
has a natural filtration whose successive quotients are the complexes N (N~ 'T"K’ ® N~'TVK")
(i + j = n), canonically homotopic to the total complexes s(I"K’ ® I/ K”") associated with the
double complexes 'K’ ® I'VK”, and

tr(u, I"K) = Z tr(u, T'K’) - tr(u, TV K",
i+j=n

which proves the lemma. By induction, 1.9 gives the following.
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Lemma 1.10. — Let F be a finite u-stable filtration of K, such that the gr’;(Kq ) are finitely
generated projective. Then

D@, K) = | | D (u, e (K)).
p

Lemma 1.11. — Let u be an endomorphism of a finitely generated projective A-module M, and
let M[—q] be the complex concentrated in degree g, with value M. Then

(-4
D (u, M[=q]) = (D (" M)r") (q>0)
By 1.5, this is true for g = 0. Proceeding by induction, it remains to show that
D (u,M[-q]) - D (u,M[-(g +1)]) = L.
This formula follows from 1.9, applied to the complex K equal to M in degrees g and g + 1 (with
d = id), and to its stupid filtration:

Indeed, K is homotopic to 0. Thus, in the derived category, I (K) = I'"(0): this is O for n > 0
and A for n = 0; hence D(u, K) = 1.

1.12. — Letus prove 1.8. By 1.10, applied to the “stupid” filtration of K by the subcomplexes

0_)..._)0_)Kq_)Kq+1_)...

b

one has

D) = [0 0K =gl =0 [ | (Dir e rckn )~
4 q

It remains to prove that, for # an endomorphism of a finitely generated projective module M, one
has

(1.12.1) det (1 —ut, M)™" = Ztr(u,F”M)t”.

If u = 0, both sides equal 1. By adjoining to M a module N on which u = 0, and applying 1.9,
we reduce to the case in which M is free. Choose a basis. It is then enough to prove algebraic
identities among the coordinates of u. The principle of extension of algebraic identities reduces
us to the case in which A is an algebraically closed field. The module M then has a u-stable
filtration with successive quotients of rank 1, and 1.10 reduces us to the case in which M has
rank 1. Formula (1.12.1) then reduces to the identity

1
1—at - Zaﬂt".

Corollary 1.13. — Let u and u’ be endomorphisms of bounded complexes K and K’ of finitely
generated projective A-modules. If, in the derived category, K, equipped with u, is isomorphic to
K’, equipped with u’, then

det(1 — ut, K) = det(1 —u't, K’).

Applying 1.7.2, we reduce to the case in which K and K’ are concentrated in nonnegative
degrees. The right-hand side of 1.8 then plainly has the required invariance property.

1.14. — This corollary makes it possible to define det(1 — ut, K) for u an endomorphism of
K € Ob Dpyr(A). This construction is ad hoc; in fact, for v an automorphism of L € Ob Dyarf(A),
one can define det(v) € A, and det(1 — ut, K) is obtained by taking v = 1 — ut, A = A[[¢], and
L=K®4A.
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2. The theorem

2.1. — We retain the notation of (Report, §1). For A a commutative Noetherian torsion ring, Xy
a separated scheme of finite type over F,, and #y € Ob D¢(Xo; A), put

L(X0. %) = [ ] det(l —thdeg("),%)_]

x€[Xo|

(1.7, 1.13, and Report, 1.5, 1.6).
Theorem 2.2. — In each of the following two cases:

a) A is of torsion prime to p;
b) A is reduced and of characteristic p;

one has

(2.2.1) L(Xo, Ho) = det (1 — F*t,RT.(X, %))"".

2.3. Remark. — In case a), the method of Report, §3, applied to the trace formula (Report,
4.10), shows that the logarithmic derivatives of the two sides of (2.2.1) are equal. Since the ring
A is a torsion ring, this does not suffice to prove 2.2.

2.4. Remark. — If A is a field, then

L(Xo, %) = HL (Xo,ﬂi(t%o))(_l)i

and the spectral sequence EJ? = HY (X, H%(%)) = HI™ (X, %) shows that
det (1 - F*t,RT[(X, %)) = 1—[ det (1 - F 1, H'(X, )"

n
= [ [ et (1 - Fre.H2(x. B9 (3x))) V"
p.q

This reduces 2.2 (for A a field) to the following special case.

2.4.1. — If Gy is a constructible sheaf of A-vector spaces, then

L(XO, ?0) = 1—[ det (1 _ F*t, H;Z(X’ g))(_1)l1+1 .

2.5. Remark. — It is easy to reduce case b) to the case in which A is a field (or even a finite
field) of characteristic p; cf. 4.2.

2.6. Remark. — The special case of b) in which A = Z/p and % is the constant sheaf Z/p,
concentrated in degree 0,

-1 n+l

z(Xo.n = [ (1 - zdeg(ﬂ)_l =[] et (1 - F*tf,Hz(X,Z/p)) (mod p)

x€|Xo|

was proved by N. Katz [16, XXII 3.1]. His method, entirely different from the one followed here,
starts from Dwork’s p-adic theory of Z(Xy, 7).

2.7. Remark. — Contrary to what I had rashly told some friends, in b) one cannot omit the
hypothesis “A reduced.” For a counterexample, see 4.5.
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2.8. Outline of the proof of 2.2. — A shift in degrees 1.7.2 reduces us to the case in which
Ko is a bounded complex, in nonnegative degrees, of constructible flat sheaves of A-modules.
Then RI. (X, #) € Ob D;?rf(A) (Report, proof of 4.9, b). We shall use 1.8 to expand both
sides of (2.2.1) as power series in T = ¢. Equality of the coefficients of 7" will follow from
[2, XVII 5.5.21] and a trace formula on Sym”(X): in case a), the formula of Report, 4.10, and
in case b), a formula to be proved in the next section. First, one must reduce to the case in
which the symmetric powers of X exist (for example, to the case in which X is affine), using
the multiplicativity in X, of both sides of (2.2.1): if Uy is an open subscheme of X, with closed
complement Yy, then L(Xy, #y) = L(Uy, o) - L(Yy, #p), and the analogous formula for the
right-hand side follows from 1.7.1 by the method of (Report, §6A).

2.9. The case in which X is finite. — The multiplicativity in X of both sides of (2.2.1)
reduces this case to Xo = Spec(F«). Returning to the definitions, one sees that (2.2.1) is then
equivalent to Report, 3.4.

2.10. The left-hand side. — By 1.8, one has
L(Xo, %) = ]_[ Ztr (F T3, 1)
X€|Xo| n

The coefficient of 7" is therefore the sum, over all formal linear combinations )¢ x,| 72 - x of
elements of | Xo| (n, > 0, with almost all n, zero) such that 3’ n,[k(x) : F,] = n, of the products

(2.10.1) [ | (Fr o5
X

For x € |Xol, let (x) denote the 0-cycle consisting of the [k(x) : F,] points of X above x (an
orbit of F'). The map }’ ny - x — Y n, - (x) identifies the formal linear combinations above, with
2. ne[k(x) : Fy] = n, with the effective 0-cycles of degree n on X fixed by F, that is, with the
fixed points of F in Sym”(X). Thus the coefficient of 7" in L(Xy, ) appears as a sum of the
products (2.10.1), indexed by Sym” (X)”. More precisely'

Lemma 2.11. — L(Xo, %0) = X Syesym (x)F tt (Fr, LTS F) T".

As the finite subscheme Y of X|y increases, one has

L(Xo, Zo) = lim L(Yy, %)),

that is, for every m there is a finite subscheme Z, C X such that, if Yy O Z, then L(Xy, #o) and
L(Yy, #y|Yp) are congruent modulo 7. It suffices that Z, contain the closed points of degree
< m. The same assertion holds for the right-hand side, so it is enough to prove 2.11 for finite X.
In that case,

L(Xo, %) =29 det (1 - F*T,T(X, %))
S Ztr(F*,F”F(X, F))T"

=13 Ztr F ,[(Sym" (X)), Fxt(‘%))

= Z Z tr ( ext('%))

n xeSym"(X)F

(by the trace formula in the trivial case of a finite set).
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2.12. The right-hand side. — By 1.8 and [2, XVII 5.5.12], one has

det (1 - F*T,R[.(X, %)) = Ztr (F*,LT"RT.(X, %)) T"
n

- Z tr (F*, RT,(Sym"™(X), T, %)) T".

2.13. — The theorem is therefore equivalent to the trace formulas

tr (F*, RT(Sym" (X), T H)) = > tr (FL,TAH) .

x>t ext
xeSym" (X)F

In case a), they follow from Report, 4.10. The analogous formula in case b) will be proved in §4.

3. Artin—Schreier theory

3.1. — In what follows, a coherent sheaf on a scheme S will always be regarded as a sheaf on Sg;.
Let S be a scheme of characteristic p > 0. If G is a locally constant sheaf of finite-dimensional
Z[ p-vector spaces, then & = G ®z,,, O is a locally free coherent sheaf on §. We use @ to denote
both the endomorphism f + f? of 0 and its tensor product with the identity of G, ® : & — &.
Artin—Schreier theory [2, IX 3.5] asserts that the sequence

o1

0 Z/p ) ) 0

is exact. Tensoring with G gives an exact sequence

0 G g

3.2. — Suppose that S is an open subscheme of a Noetherian scheme S. Let j : S < S be the
inclusion, and let 7 be a sheaf of ideals defining the closed complement S \ S. We again denote
by ® the functorially induced extension of ® to j.&.

Lemma 3.3. — There exist coherent extensions € C j.& of € such that

(3.3.1) d(E)cl-g.

If € is such an extension, the sequence

(Wi

(3.3.2) 0 NG

Is exact.

a) Existence: Let &' C j.% be a coherent extension of € to S. For every n, one has
O(I"€’) c IP"D(Z’). Choose n large enough that ["P~D-1d(€’") c €', and put € = I'¢".
Then ®(%) c IP"®(E) =1-1"-"P~ D ld(€) c1-1"e = IC.

b) Kernel of ® — 1: On S, the assertion follows from 3.1; it remains to check that a section x of
ker(® — 1) over U étale over S vanishes in a neighborhood of the inverse image of S\ S. Since
x = ®(x), (3.3.1) indeed gives x € IZ; moreover, x € I"C = x = ®(x) € D(["E) c I'PE.
Thus x lies in every [ "€ and hence vanishes near S \ S.
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¢) Surjectivity of ® — 1: We may assume that S is affine and write & as a quotient of 0"; ® then
lifts to a p-linear map @ : 6" — O", and it suffices to check the surjectivity of ® — 1:

or 2L on

b

e 2l ¢

The sheaf 0" is the sheaf of local sections of the group scheme G/, and @ — 1 is induced
by a homomorphism G}, — GJ,. This homomorphism is étale. To check that it is surjective,
it suffices to do so after every base change Spec(k) — S with k algebraically closed; over
an algebraically closed field, every étale homomorphism between connected groups of the
same dimension is surjective. Finally, a surjective étale morphism of S-schemes induces an
epimorphism between the corresponding sheaves on S.

3.4. Frobenius and Frobenius. — The absolute Frobenius morphism Fyps : S — S is the
identity on the underlying topological space of S, and is f + f7 on the structure sheaf. For U/S
étale, there is a canonical isomorphism F,; U = U: the diagram

is Cartesian. The endomorphism of ringed sites (Sei, ©) — (S, ©) defined by Fyps can therefore
be described as follows:

F, . is the identity on Se; the homomorphism F;, 6 = 0 — O is ®.

With this description, for every étale sheaf & on S, the Frobenius correspondence F, & — & is
the identity.
Giving a p-linear morphism of quasi-coherent sheaves u : /# — ./ on S is equivalent to giving
a linear morphism u” : F;bsﬂ — . In particular, with the notation of 3.5, the homomorphism
®:% — G corresponds to @' : F) & — G,
Lemma 3.5. — With the notation of 3.4, the diagram
F: G—G

abs

|,

* @’
F,g—%

is commutative.

It suffices to check this locally. We may therefore assume that G is constant, in which case the
lemma is clear.

The same theory applies to powers of Fypg.

3.6. — Now suppose that S is a scheme over Fy (g = p’), and, in accordance with the conventions
of Report, §1, write S, So, Go, €0, €o in place of S,.... Lemma 3.5, applied to F;;S 2 So — So,
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gives a commutative diagram

F'Go—— Gy and then F*(jiGy) — j1Gy ,

l (<I>f>’l J (@) l

F*?() —= %) F*?O o

Then, after extending scalars from F, to F and passing to cohomology, one obtains

FF(hG) =i and  H'(S, iG) L= H*(S, /1G) ,

| J |

F*€ < H*(S, %) H*(S,9)

where the second row is obtained by extending scalars from IF,, to FF in the F,-linear endomorphism
q)f of H.(S(), ?0).
Artin—Schreier theory gives a long exact sequence

. —=H(S,jiG) —= HI(5,2) 2L HI(5, ) — - -

where ® is the p-linear extension to H*(S, ©) = H*(S, o) ®rF, F of the p-linear endomorphism

O of H'(S‘o, ?0)

3.7. — If S is proper over Fy, the Hi(S, €) are finite-dimensional and ® — 1 is surjective (cf.
3.3c). Hence

H'.(S,G) = ker (®-1: H/(S,%) — H'(S, 9)),

and F* is induced by the F-linear extension to H'(S,%) = H'(So, %) ®g, F of the F,-linear
endomorphism ®/ of H (S, €).
Applying Lemma 3.8 below, we obtain the identity

G3.7.1) tr (F*,H.(S,G)) = tr (CI)f, Hi (S, ?0)) .

Lemma 3.8. — Let ® be a p-linear endomorphism of a vector space V over F,;: ®(Ax) = AP D(x).
Put F = ®/ (so F is linear), and again denote by ® and F their respective p-linear and linear
extensions to V &g, F. Then F stabilizes ker(® — 1) c V &g, F, and

tr (F, ker(® — 1)) = te(F, V) = tr (F, V g, IF) .

OnV Qg . F, one has F® = ®F: the p-linear endomorphism F® — ®F vanishes on V, hence
everywhere. Write V = V' @ V”, with F invertible on V’ and nilpotent on V”. The theory of
p-linear endomorphisms ensures that

ker(® - 1) ®, F > V' &, F.
Since tr(F, V") = 0, it follows that
tr (F,ker(® — 1)) =tr (F, ker(® - 1) ®, F) =tr (F, V' ®F, IF)

=tr (F, V ®, IF') =tr(F,V).

58



4. The trace formula modulo p

Theorem 4.1. — Let Xy be a separated scheme of finite type over Fy, let A be a reduced
commutative Noetherian ring of characteristic p, and let Zy € Ob De(Xo, A). Then

4.1.1) Z tr (F¥, %) = tr (F*,R[e(X, %))
xext
4.2. Reduction to the case in which A is a finite field. — A standard limit argument reduces

us to the case in which A is of finite type over Z/p. For each maximal ideal m of A, the
image of either side of (4.1.1) in A/m is given by the same formula, with % replaced by

L
Fo®4A/m € Ob D(Xo, A/m) (for the right-hand side, cf. Report, 4.12). Since the A/m are
finite, and the intersection of the maximal ideals of A is zero, this gives the stated reduction.

4.3. Reduction to the case A = Z/p. — Suppose that A is a finite field, and denote the two
sides of (4.1.1) by T, (Z) and T (F)p). If, by restriction of scalars, we regard Z as a complex
of sheaves of Z/p-modules, then

T;,,(Ko) = ttayzp) Ty (Ho)
and similarly for 7”. If (4.1.1) holds for A = Z/p, then

4.3.1) tra/z/p) TA(.%()) =1tra/(z/p) TX(.%()).
I claim that, for every A € A, one even has
(43.2) trajz/p) (A Th(F0)) = trayzjp) (A - T} (H0))

and hence T (#o) = T} (#o). This is clear for 4 = 0. For A invertible, let A(1) be the inverse
image on X of the free rank-one sheaf of A-modules on Spec(F,) for which F* = A. Formula
(4.3.2) is simply (4.3.1) applied to A(1) ®4 FK).

Theorem 4.4. — Let Sy be a smooth projective curve, let j : So < So be a dense open subscheme,
and let G be a locally constant sheaf of finite-dimensional Z ] p-vector spaces on Sy. Then

(4.4.1) Z tr (F!,G,) = Z(—l)"tr (F*,H.(S,G)).
xeSF i

Proof. — Apply 3.3 to (So,So, Gg). The coherent extension €, of €, whose existence is
guaranteed by 3.3 is locally free: it is torsion-free (because €y C j.%p), and Sy is regular of
dimension one. The g-linear endomorphism ®/ of €, may be interpreted as a morphism

u:F *?() — ?0.

It factors through 7 €y, where I defines the closed subset Sy \ So. Let v : J1Gy — %, be the
unique extension of the natural map Gy — % = Go ®z,/, 0. The diagram

(4.4.2) F*j,Go —2~ jiGg
)
F*€) —— %,

is commutative. Finally, denote by uF™ the composite map

H*(S, %) L~ H*(S, F*€) —“~ H*(S, ©),
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Then, by (3.7.1),
(4.4.3) tr (F*,H.(S,G)) = tr (uF*,H'(S,9)) .

For each closed point i, : x = S of §, put &, = i*&. The Lefschetz trace formula in coherent
cohomology (the “Woods Hole fixed-point formula”), applied to F' and u, says that

(4.4.4) 2D (wF H (S, 9)) = Z dzgx—’i; )

On the right-hand side:

a) since dF = 0, the denominators equal 1;
b) for x € SF < S¥, the endomorphism u, of €. is zero, and so is tr(uy, ?x);
c) for x € SF, (4.4.4) gives the contribution

tr(uy, &) = tr(FF, Gy).
Thus (4.4.1) follows from (4.4.3) and (4.4.4).
O

4.5. A counterexample. — The following example shows that the hypothesis that A be reduced
cannot be omitted from 4.1.

Let Y, be the elliptic curve over F, for which the eigenvalues of Frobenius are +V—-2. It has 3
rational points and is supersingular. The involution o : x — —x therefore has only one fixed
point, namely 0. The quotient of Yy by o is a projective line; the quotient of Yy \ 0 by o is
consequently an affine line A, and ¥; \ 0 is an unramified double covering of A(l):

7r:Y0\O—>A(1) T =To.

The sheaf 7,.Z/2 is a free module of rank one over the group algebra A of the two-element
group {1, 0} over Z/2. This algebra is isomorphic to the algebra of dual numbers over Z/2.
The sheaf of A-modules 7,Z/2 is our example:

a) One has H2(A!, 7,Z/2) = H2(Y \ 0,Z/2). Since Y, is supersingular, H' (Y, Z/2) = 0 for
i > 0, and the long exact sequence
.- = H.(Y\0,Z/2) — H(Y,Z/2) — H ({0},Z/2) —
shows that H2(Y \ 0,Z/2) = 0. Hence H:(A!, 7,.Z/2) = 0, and
g (F RI.(A, ﬂ*Z/2)) -

b) Since Yy \ 0 has two rational points, the Frobenius substitution is the identity at one of the
rational points of Al andis o at the other. Thus

Z tr (F*,m.2/2) = 1 + o,
xeAlf
and 1 + o # 0.

The equation of the covering 7 is y> — y = x°.
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CHAPTER 4

THE COHOMOLOGY CLASS ASSOCIATED WITH A
CYCLE

This exposé is inspired by notes of Grothendieck that formed a preliminary version of [21, IV].
We define the cohomology class of a cycle in a separated smooth scheme of finite type over a
field, and prove that intersection corresponds to the cup product.

Chapter 1 contains some general formalities. In Chapter 2, the class of a cycle is defined in
several situations more general than the one just mentioned. The principal compatibility not
considered is that between the direct image of a cycle and the trace morphism in cohomology. In
Chapter 3, this formalism is used to deduce the Lefschetz trace formula for an endomorphism
with isolated fixed points of a proper smooth scheme over an algebraically closed field, and for a
Frobenius endomorphism of a curve.

We impose the following conventions:

1) “scheme” means separated Noetherian scheme (this is largely a hypothesis of convenience).

2) In Chapter 2, an integer n is fixed, and » is invertible on every scheme considered.

3) In Chapter 3, a prime number ¢ is fixed, and ¢ is invertible on every scheme considered.
The cohomology used is always ¢-adic cohomology:

H*(X) = Q &, limH* (X, Z/¢").

Cohomology classes of cycles, trace morphisms, and so forth are defined by passage to the limit
from the case of finite coefficients Z/£" (cf. [21, VI]).

1. Cohomology with support and cup products
This section contains reminders from general topology, which the reader is invited to consult

only as the need arises.

1.1. H! and torsors. —

1.1.1. — Let & be an abelian sheaf on a site X. It is known that H' (X, %) classifies the
F -torsors on X. We normalize (that is, choose the sign of) the isomorphism

(set of isomorphism classes of % -torsors) — H! (X, %)

so that, for every exact sequence 0 — F 5w E) F — 0 and every h € H'(X, %), the
F -torsor B~ (h) € &, on which & acts by (f,x) — a(f) + x, has class dh.

Oby A. Grothendieck, written up by P. Deligne



1.1.2. — Let & be an F-torsor. If (U;) is an open covering of X, and p; is a section of & over
U;, the Cech cocycle associated with & is

pij=p;i—-pi  (pij € B°(U; x U;, F)).

If, according to the usual convention, the map PVI.(X ,F) — H*(X, %) is defined so as to
be a morphism of ¢-functors, the image of (p;;) € I:II(X, F) in H' (X, %) is the class of 2,
normalized as in 1.1.1.

1.1.3. — The definition of H*(X, %) is as follows: for a resolution & * of ¥ with acyclic terms,
H (X, %) = H T'(X, #*). The §-functor structure is obtained by associating with a short exact
sequence of sheaves a short exact sequence of resolutions that remains exact after applying I'. If
F* is a resolution of &, the connecting homomorphism 9 associated with

0 F F0 L. ker(d) —=0

induces the negative of the defining isomorphism H' (X, %) = I" (X, ker(d)) /dT'(X, F°).

1.1.4. — Let U be an open part of X (a subsheaf of the final sheaf), and let D be the “closed
complement.” It is known that Hb (X, &) classifies the F -torsors on X trivialized on U. For

every short exact sequence 0 — F N i #A — 0, and every section h € H% (X, 7)
supported in D, the torsor B‘l (h), trivialized on U by the section 0, has class dh.
The long exact sequence of cohomology with support

.._f’>HiD(X’9;)_>Hi(X,9)—>H"(U,97)—a>--~

is defined from the sequence of functors

0 I'p r ruy,-)—0
(which is exact on injective sheaves). For every section f € H*(U, %), df € H}) (X, F) is the
class of the trivial torsor &, trivialized on U by the section f.
1.1.5. — Letj : U — X. If ¥ injects into j.j*F, the exact sequence
0—F —juj’F — juJ'F|F —=0

gives 3 : HY(j,j*F | F) = H%(j*j*?/g) — H})(X, F ). The composite map

HO(U, %) = (X, juj*F) —= HO(X, j.j*F |F) == HL (X, )

is the negative of the map considered in 1.1.4.

1.1.6. — Recall that if & is an invertible sheaf on a scheme X, the corresponding G,,-torsor is
the sheaf Isom(0, &Z), on which G,, acts by (4, f) — f o (1-) = Af. Recall also that if D is a
Cartier divisor on X, and j : U < X is the inclusion of the complementary open subscheme, the
invertible sheaf O (D) is the subsheaf of j.Oy consisting of local sections s such that s f lies in
Ox, where f 1s a local equation for D.

1.2. Cup products. — In this subsection we develop some observations on cup products in

cohomology with support that will be used again in [Duality] to relate Poincaré duality for curves
to the autoduality of the Jacobian.
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1.2.1. — Let X be asite, Y a closed part of X, and &, & two abelian sheaves on X. For example,
X may be a scheme, Y a closed subscheme, and &, & sheaves on X¢;. Define a product

(1.2.1.1) (X, F)®T(Y,%) - [y (X,F ®%).

The product of a section s of F supported in ¥ with a section ¢ of & on Y is obtained as follows:
locally on X, ¢ is the restriction to Y of a section ¢’ of &€ on X, and one forms s ® ¢’. It is supported
in Y and does not depend on the choice of ¢/, which makes the definition legitimate and allows it
to be globalized.

Leti :Y < X be the inclusion. The local analogue of (1.2.1.1) is the product

(1.2.1.2) i'FRI'¢ > i'(F oY),

from which (1.2.1.1) follows by applying I'(Y, —).

1.2.2. — Let us derive these maps. Let #, &, and ./ be in the derived category, and let
(%Qlég — J/ be a bilinear map. Deriving (1.2.1.1) gives

L
(1.2.2.1) Ry (X, %)®RI(Y, %) — RIy(X, .4)
which induces
(1.2.2.2) HL (X, %) @ H/ (Y, &) — HY (X, M)

(the cup product). The local map (1.2.1.2) gives

L
(1.2.2.3) RI'#Z®i"¥ — Ri' M,

from which (1.2.2.1) follows by applying RI'(Y, —-).

1.2.3. — Above, I have passed over the conflicts caused by using right-derived functors (RI")
L

and left-derived functors (®) in the same formula.

a) In the next subsection, all the right-derived functors considered will have finite cohomolog-
ical dimension. This makes it possible to work systematically in the derived categories
D~. To obtain complexes that are both flat and flasque, one uses the canonical flasque
resolutions as in [2, X VII].

b) For a more general theory, one must cease to interpret bilinear maps from % and & to ./

L L
as morphisms # % — . For example, RI'y (X, #)®RI'(Y, Z) is not defined if both
factors lie in D*. One solution is to work in D* and define

Bil(#, Z; M) = limhom(%" ® &', M),

where the limit is taken over the quasi-isomorphisms %"’ SH LS LM S M
(with &', &', M’ bounded below), and where hom means “morphism of complexes, up to
homotopy”’; one then systematically uses such bilinear maps without ever mentioning ®.

1.2.4. Second theme. — Let U be an open part of X, and let j : U < X be the inclusion. For
F in the derived category on U, put RI'/(U, %) = R['(X, j)#). Given #, <, and 4 on U,

L
and a bilinear map # ®% — ., we wish to define

L
(1.2.4.1) RI(U, %)®RT\(U, ¥) — RTW(U, 4).
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At the level of sheaves and their global sections, such a product follows from the isomorphism
J+F ® ))& — J1(F ® &), but one must remember that R} is not, in general, the derived functor
of '(X, ji—).

One begins by defining

L - L
R FE)L <— jU QL) — jIM.
Applying RI'(X, —) gives

L L
RI(U, #)QRIN(U,<) = RI['(X,Rj.%)®RI'(X, 1¥) — RI'(X, j1/).
Here again, the conflict between left and right will be resolved in the next subsection by
working in D™.

1.2.5. Coda. — Let j : U — X be an open part, and leti : Y < U be a closed part of U. Let
Y be a closed part of X such that Y N U =Y (for example, the complement of U \ Y), and let %
be on U. Put Ry (U, %) = RT\(Y, Ri' %), where RI is relative to the inclusion of Y in Y. For
every open V of U containing Y, there is a map RI'y, (U, #) — RI\(V, %): if i also denotes the
inclusion of Y in X, j that of Y in ¥, and k that of V in X, then Ri'% = j*Ri'k,(k* %), whence
a morphism j|Ri'% — Ri'k,(k*%). Applying R[(Y, —) gives

RIy(U, %) — ROy (kik* %) — R (kik* %) = RTV(V, ).

L
For % ,<Z, # on U, and a bilinear map # ®% — ., we wish to define
(1.2.5.1) H"(U, %) ® H'(Y, %) —>H’}T’"(U,ﬂ)

(the latter group itself mapping to H{"*" (V, ./ )). In the derived category, this amounts to defining

L
(1.2.5.2) RIy(U, Z)QRIW(Y,Z) — Ry (U, 4).
We identify RI'y with R['(Y, Ri*.%). The desired product is then of type (1.2.4.1), relative to the
L
local product (1.2.2.3)onY: Ri'#®% — Ri'/.

1.2.6. — Above we have unfolded the absolute formalism. There is a parallel relative formalism,
with I" replaced by f. for a morphism f : X — S.

1.3. The Koszul rule. — Let A be a commutative ring, and let (V;);c; be a finite family of
graded (or Z/2-graded) A-modules. Recall the definition of the graded tensor product ®i€ Vi
according to the Koszul rule (cf. [2, XVII 1.1]). For each total ordering a on I, define a module
V(a). We also define a transitive system of isomorphisms ¢, : V(b) — V(a), and the graded
tensor product of the V; will be the “common value” lln V(a) of this system of modules. Set

a) V(a) = (X),.; Vil (the ordinary tensor product of the ungraded modules underlying the V;);
b) if the x; € V; are homogeneous, set ¢.;(®x;) = (=1)Y ® x;, where N is the sum of the
deg(x;) deg(x;) over the pairs (i, j) such thati <, jandi > j.

Example 1. — Take I = {1, 2}, let a be the ordering in which 1 < 2, and let b be the ordering
in which 1 > 2. Let v; € V; be homogeneous, and denote by v{ ® v, (respectively, v, ® v;) the
image in the graded tensor product of the product of the v; in V(a) (respectively, V(b)). Then

(the Koszul rule).
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Example 2. — 1f all the V; are in degree 1, there is a canonical isomorphism, relating the module
underlying the graded tensor product to the ordinary tensor product of the modules |V;| underlying

the V;:
1|
Qv =@ miez )\ 2"

Example 3. — For A a field and (X;) a finite family of spaces, the Kiinneth formula reads
H* (T X, A) = QH(X;, A).
Let VY be the graded dual of V. The canonical map

(1.3.1) VVev=veV' - A

sV ®@v i v(v).

Now suppose that A is a field, and consider only finite-dimensional vector spaces. The
canonical isomorphism
(1.3.2) W®VY — hom(V, W)

isw®Vv' +— (v — w-v'(v)). Viathis isomorphism, the composition hom(Y, Z) ®hom(X,Y) —
hom(X, Z) is identified with the morphism induced by (1.3.1): Z®Y' QY ® X' - Z® X".
The trace of f : V — V (zero when f is homogeneous of degree # 0) is the image of f under

(1.3.4) tr: hom(V,V)e—q3V @ VY =V ®V -3 A.
It is readily checked that, for f of degree 0,

(1.3.5) t(f,V) = Z(—l)ftr(f, V).

Expressing the fact that the two composites of maps (1.3.1), V¥ @ Ve WY ® W — k, agree,
one finds that, for homogeneous f : V — Wandg: W — V,

(1.3.6) tr(fg) = (—1)deN)del®) (g f).

2. The cohomology class associated with a cycle

2.1. The class of a divisor. —

2.1.1. — Let D be a Cartier divisor in a scheme X. Away from D, the invertible sheaf O(D) is
trivialized by the section 1. The class cI(D) of D in HID (X, Gyy) is the class of the corresponding
Gy,-torsor trivialized on X \ D (1.1.6 and 1.1.4).

Let 9 : H(X \ D,G,,) — H}) (X, G,,) be the map of 1.1.4. If D has a global equation f,
multiplication by f is an isomorphism from @ (D), trivialized by 1 on X \ D, to O, trivialized by
fon X X\ D. By 1.1.4, therefore,

2.1.1) (D) = of.

For every morphism « : X’ — X such that u*D is again a Cartier divisor (that is, u~'D is
disjoint from Ass(X’)), one has cl(u*D) = u*cl(D). To obtain such functoriality for every
morphism u, one would have to consider, more generally, invertible sheaves equipped with a
section rather than merely Cartier divisors.

Recall that the integer n is henceforth assumed invertible on all schemes considered. Let
0 : H’b (X,G,) — H"D+ Y(X, pn) be the connecting map for the Kummer exact sequence

O—)un—>Gm.—>Gm—>O.

Definition 2.1.2. — The class cl,,(D) of D in H%)(X, ) is dcl(D).
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When there is no risk of confusion, the subscript n will be omitted.
2.1.3. — The diagram
H(X \ D,G,,) ——H. (X, G,,)

| |
H' (X \ D, ) —= H3, (X, 1)

is anticommutative. If D has a global equation f, then cl,,(D) is the negative of the image under
d of the class in H' (X \ D, ) of the p,-torsor of nth roots of f.
Proposition 2.1.4. — Let i be the inclusion of D in X. If D and X are regular, the cohomology
sheaves with support RPi' p,, vanish for p = 0, 1, and R%i* u,, = Z/n, generated by cl, (D).

It is enough to prove that, when X is strictly local and D is defined by a regular parameter,
H’;) (X, p,) =0 for p =0,1, and H%)(X, in) = Z/n, generated by cl(D). Denoting reduced

cohomology by a tilde, one has ﬁp_l (X\ D, i) — Hg (X, py,). For p = 0, 1 the assertion says

that D does not disconnect X, and for p = 2 it follows, via 2.1.3, from Abhyankar’s lemma.
This is a partial analogue of the relative theorem (Etale cohomology, 5.3.4). Grothendieck

conjectures that the R”i' u,, vanish for p # 2, at least when X is excellent (the purity conjecture),

but this is known only in characteristic 0 ([2, XIX]).

Theorem 2.1.5 (Fundamental compatibility). — Ler X be a smooth curve over an algebraically

closed field k, let P be a closed point of X, and let tr be the composite H?,(X ) — H2(X, ) LN
Z/n. Then

trcl(P) = 1.
Let X be the smooth projective curve completing X. The formula expresses the fact that the
invertible sheaf O(P) on X has degree 1.

2.2. The cohomological method. —

2.2.1. — Let X be a (Noetherian) scheme. Recall that a subscheme Y of X is called a local
complete intersection of codimension c if, locally on Y, it is defined in X by a regular sequence
of ¢ equations. If X is the spectrum of a local ring A with maximal ideal m, and Y has ideal a,
this means that Ext'(A/a, A) = 0 for i < dim(a/ma) = ¢, and every sequence of elements of a
whose image in a/ma is a basis is a regular sequence of equations for Y.

2.2.2. — Leti: Y — X be alocal complete intersection of codimension ¢. We wish to define
a local fundamental class cl(Y) that is a global section of the cohomology sheaf with support
R2¢i'Z/n(c) (recall that Z/n(c) = u®°).

Locally, Y is the intersection of a sequence of ¢ divisors D;, and we define cl(Y) as the cup
product of the cl(D;). Each cl(D;) is supported in D;, and their product is supported in Y. The
fact that, locally, this product does not depend on the choice of the D; follows from 2.2.3 below
and the following invariance properties:

a) compatibility with localization;

b) independence of the order of the D; (the cl(D;) have the even degree 2, so the cup product

is commutative);

c¢) the product depends only on the “flag” D D DyN Dy D ---DY.

To prove c), note the existence of a product (a variant of 1.2.1)

Hy, (X) ® H}, 1, (D1) ® - @ Hy(D1 N+~ N De_y) — HY(X);
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the product of the cl(D;) is also the product of cl(D;) restricted to Dy N --- N D;_y, that is, of
cd(Din---NDj))inD;N---ND;_y.

Lemma 2.2.3. — Let A be a local ring with maximal ideal m, and let u = (uy,...,u.) and
v =(vi,...,v.) be two regular sequences generating the same ideal a. There is then a sequence
w; (1 < i < N) of such sequences joining them, such that wiy, is obtained from w; by a
permutation or by changing only the last element.

Because permutations are available, it is equivalent to allow the change of any one element
rather than only the last. By 2.2.1, it remains to check that in the vector space a/ma one can pass
from one basis to another by a sequence of permutations and basis changes modifying only one
vector. Indeed, the linear group is generated by diagonal, elementary, and permutation matrices.

2.2.4. — The same methods define a local fundamental class for every Y C X locally definable
by ¢ equations (where fewer equations suffice, the class is zero).

2.2.5. — One can pass from such a local fundamental class in H(Y, R*i'Z/n(c)) to a global
fundamental class in H%"(X ,Z/n(c)) when semipurity results are available:
Proposition 2.2.6. — (i) IfRPi'Z/n = 0 for p < 2c, then

H2 (X, Z/n(c)) = H (Y, chi!Z/n(c)) .

(ii) Let Z be a closed part of Y, with complement V in Y, and let k be the inclusion of Z in X. If
RPi'Z/n = 0 for p < 2c, then
H (X, Z/n(c)) = Hif (X, Z/n(c)).
IfRPi'Z/n = 0 for p < 2¢ + 1, this map is an isomorphism.
The hypothesis R?i'Z/n = 0 is equivalent to RPi'Z/n(c) = 0. With this understood, (i) follows
from the spectral sequence H” (Y, R%i') = HIP,H’ (X, -). If k; is the inclusion of Z in Y, then

k = iky, whence Rk'Z/n = RkiRi!Z/n, and the long exact cohomology sequence for Z C Y
gives a long exact sequence

-+ —H' (Z,Rk'Z/n(c)) — H}, (X, Z/n(c)) —= Hy, (X, Z/n(c)) — -+~
from which (ii) follows.

2.2.7. Generalization. — Proposition 2.2.6 remains valid for any separated morphism i of
finite type, and for any integer 2¢ (positive or negative), provided H%C(X ,Z[n(c)) is replaced by
H%(Y,Ri'Z/n(c)), and similarly for Hy.

The following semipurity results follow from [24, 1.8, 1.10, 1.15]. We recall their proof.
Theorem 2.2.8. — Let there be a morphism of finite-type S-schemes

Y - X

RN

S
Assume that X is smooth and purely of relative dimension N, and that Y has fiber dimension < d.
Putc =N —d.

(i) One has RPi'Z/n = 0 for p < 2¢; the same holds with Z/n replaced by a sheaf g*F.

(ii) If. over a dense open U of S, Y has fiber dimension < d, then RPi*Z/n = 0 for p < 2c. If.
moreover, the complement Z of U does not locally disconnect S, then RPi'Z/n = 0 for
p<2c+1.
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Since Rg'F = g*F(N)[2N], the transitivity formula Ri'Rg' = Rf' shows that
RX*j'(¢*F) = 0 & R4 (F) = 0. This reduces us to studying f, that is, to
assuming that X = S. Assertion (i) is then [2, XVIII 3.17].

Let Y’ be the inverse image of Z in Y:

Y.y

C
S

- X

u
_—

N

By (i), the R” f'Z/n are supported in Y’ for p < —2d + 1; and the spectral sequence R*v'R? f' =
R**?(fv)' shows that they coincide with the R”(fv)'Z/n = RP(uf)'Z/n. Applying (i) to
Y’/Z and to the spectral sequence R* f'RPu’ = R+’ (uf)', one finds that (ii) follows from the
vanishing of R?u'Z/n for b = 0, or for b = 0 and 1, respectively.

2.2.9. — Grothendieck conjectures the following absolute analogue of 2.2.8 (the semipurity
conjecture, a consequence of the purity conjecture): if ¥ has codimension > ¢ in a regular X,
then H}, (X, Z/n) = 0 for i < 2c, at least when X is excellent.

2.2.10. — We are now in a position to define the class of a cycle Y of codimension ¢ in X,
where X is smooth over a field k. Write Y = )’ d,Y;, with the Y; reduced and irreducible. An
open U; C Y; whose complement has codimension > ¢ in X is then a local complete intersection
in X. This defines the local fundamental class of U;. By 2.2.6 and 2.2.8, it comes from a unique
fundamental class cl(Y;) € H%,f(X, Z/n(c)), and we put

cl(Y) = Y dicl(¥;) € HY| (X, Z/n(c)).

2.2.11. — In complex analytic geometry, a construction of Baum, Fulton, and MacPherson
[4] defines without restriction the cohomology class of a local complete intersection ¥ C X.
Suppose that Y is purely of codimension ¢, and let ./ be the normal vector bundle of ¥ in X. Its
local sections are those of (.7 /.72)V, where .7 is the ideal sheaf of Y. Recall that the sheaf of
C* functions on X is defined locally, in terms of local embeddings of X in C”", as the restriction
to X of the quotient of the sheaf of C* functions on C" by the ideal generated by the real and
imaginary parts of the equations defining X. The bundle ./ extends to a complex C* vector
bundle N on a neighborhood U of Y in X, and, for U sufficiently small, there are sections f of N
whose zero locus is Y and such that df : #/* — N|y is the identity. Two choices of N and f are
homotopic after shrinking U about Y.

The cohomology class cl(U) of the zero section of N (denoted z : U — N) is defined: U is a
local complete intersection in N, and Riz'Z = 0 for i # 2c, while R%*z'Z = Z. There is a map
f*:H}(N,Z) — H} (X, Z), and we put

cl(Y) = f*cl(U).

The same construction works whenever an analytic subspace Y of X is equipped with the
following normal structure: a locally free sheaf € of rank ¢ on Y4, and an epimorphism
€ —J / J - =]red~

2.3. The homological method. —
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23.1. — Let f : Y — X be a flat morphism of finite type whose fibers have dimension < d. In
[2, XVIII 2.9], we defined a trace morphism

(2.3.1.1) try: R*AZ/n(d) — Z/n.

One has R’ fiZ/n(d) = 0 fori > 2d, and R f'Z/n = 0 for i < —2d. These facts, together with
the adjunction between Rf; and Rf", give isomorphisms

hom (de ﬁZ/n(d),Z/n) — hom (RAZ/n(d), Z/n[-2d])
(2.1.3.2) — hom (Z/n, R f’Z/n(—d)[—zd])
— H (Y, R-2 f’Z/n) .

At least when S is a point, the image of try in the last two groups deserves the name fundamental
class of Y (in homology).

We again denote by try the image of try in the second group, and the morphisms obtained from
it by functoriality. For example, when Y/S is proper, one obtains the morphism

(2.3.1.3) H (Y,Z/n(d)) = H (S, RfiZ/n(d)) — H%¢(S,Z/n).

Suppose that Y is contained in X, with X smooth over S and purely of relative dimension N,
andputc =N —d.

vyl x

N

S

One has Rf' = Ri'Rg', and Rg'Z/n = Z/n(N)[2N]. The fundamental class of Y is identified
with an element of H*(Y, Ri'Z/n(c)[2¢]) = H%"(X, Z/n(c)), the class cl(Y) of Y in X. We shall
see below that it depends only on Y C X, not on the projection of X to S, and that, when Y is a
local complete intersection, it induces the local class of the preceding subsection.

Let us make explicit the isomorphism

H2 (X, Z/n(c)) <> hom (RM ﬁZ/n(d),Z/n)
that carries cI(Y) to tr;. Via the isomorphisms
H2 (X, Z/n(c)) = HX (Ri!Z/n(c))
= homy (Z/n(d) [2d], Ri'Z/n(N) [2N])
= homy (Z/n(d)[2d]y,Z/n(N)[2N]),
it is the top row of

H2 — hom (RAZ/n(d)[2d]. RARI'Z/n(N)[2n]) ——— hom (RAZ/n(d)[2d). Z/n)

T,
hom (Rg\Z/n(d)[2d]y, Rg:1Z/n(N)[2N]) —>h0m(Rg;Z/n(d) [2d]y,Z/n),

where (1) is the adjunction map RfiRf' — id. The commutativity of (2) expresses that the
isomorphism Rf' = Ri'Rg’ is defined by adjunction. Finally, the map deduced from (3),

H} (X.Z/n(c)) ® R*gZ/n(d) — R*Ng\Z/n(N)
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is interpreted as a cup product (cf. 1.2).
Definition 2.3.2. — The class cl(Y) € H%C(X ,Z[n(c)) is characterized by the fact that, for
every local section u of R** AZ/n(d),

tre(u) =trg (cl(Y) - u).

Because cl(Y) already has an image try in hom(RfiZ/n(d)[2d],Z/n), formula 2.3.2 holds
for the maps deduced from try by functoriality. For example, when X is proper over S and
u € H*(Y,Z/n), the formula holds in H*(S,Z/n(-d)). Forv € H*(X,Z/n), it gives

tre(i*v) = trg (cl(Y) - v),

where the cup product may be computed in H*(X,Z/n).

2.3.3. — We shall define the trace morphisms, and hence the class cl(Y), under more general
hypotheses. Consider a diagram

Y—X

RN

S

where g is smooth and purely of relative dimension N, and Y is closed in X, with fiber dimension
< d. In addition, equip Y with a “weight” % of the following kind: & € Dgarf’  1s a bounded
complex of sheaves of ®-modules on X, of finite Tor-dimension over S (equivalently, over X),
whose cohomology sheaves are coherent and supported in Y. We wish to define a morphism
tre o : R% fiZ/n(d) — Z/n. WhenY is flat over S and ¥ = Oy, this will be the preceding
trace morphism. In general, it depends only on the lengths of % at the generic points y of the
irreducible components of Y: 1g,(#) = (=1 1gH (% )y. Finally, denote by cl(Y, %) the
class supported in Y such that

(2.3.3.1) trg (cl(Y, H) - u) = trp o (u).

2.3.4. — The construction of try g parallels that of [2, XVIIL.2]; we shall give only the main
outlines.

A. —d = 0 (f quasi-finite). Let x be a geometric point of Y, let s be its image in S, let () be

L
the inverse image of % on the strict localization of X at x, and let #y), = .%(x)@)@g k(s) be its
inverse image on the geometric fiber at s. Put n(x) = 3(-1)’ dimyy) Hi(%(x) ). The function
x — n(x) is a weighting of f, and we take the corresponding trace morphism [2, XVIIL.6.2.5].
Formation of the weighting n(x) and of try % is compatible with every base change.

B. — The general case. If u : X — Ag’ is such that ui is quasi-finite, put try o = tr ad © Wui 7.
This trace morphism is plainly compatible with every base change S’/S. To prove that it does not
depend on u, we may therefore assume that § is the spectrum of an algebraically closed field k.
Let ¥; be the irreducible components of ¥, and let Ig; be the length of # at the generic point of
Y;. If @; is the inclusion of (Y;)q in Y, then

(2.3.4) trrgr = ) g try, s @f

(this follows from the analogous and elementary formula for tr,;).
This defines try g locally on Y'; one then proceeds as in [2, XVIIL.2.9].
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Lemma 2.3.5. — Suppose that g = g'g" + X LN N S, where g’ and g" are smooth and
purely of relative dimensions N’ and N”, and that over S’ the fiberwise codimension of Y is still
> c. Then the class c\(Y, K) is the same whether computed in terms of g or of g”.

Put f" = g”iand d’ = d — N’. The formula try = tr trg» ([2, XVIIL2.9], Var. 3) ensures the
commutativity of

Hy (X, Z/n(c))
homg (RAZ/n(d")[2d"), Rg}Z/n(N")[2N"]) — homg (R** f/Z/n,Z/n)
l Rg;(N") ltrg/ oR?N' gt

homy (RAZ/n(d)[2d], Rg|Z/n(N)[2N])

homg (R%? £iZ/n,Z/n)

while the analogous and easily checked formula try o = tre tryr o ensures that the image of
trp g is try . The assertion follows.
Lemma 2.3.6. — IfY is a divisor in X, the class of 2.3.2 coincides with the class of 2.1.2.

By semipurity (2.2.6(i) and 2.2.8(1)), the question is local on Y’; using 2.3.5 to replace S by a
suitable S’ allows us to assume that N = 1. Using semipurity again (2.2.6(ii) and 2.2.8(ii)), it
is enough to prove 2.3.6 over the generic points of S. An étale localization then reduces us to
the case in which S is the spectrum of an algebraically closed field k. Since the classes of 2.3.2
and 2.1.2 are each additive in Y, this reduces us to the case in which Y is a closed point on a
smooth curve over k. The assertion that the characterizing property 2.3.2 holds is then precisely
the fundamental compatibility 2.1.5.

Lemma 2.3.7. — Formation of cI(Y, %) is compatible with every base change S’/S.

This follows from the same assertion for the trace morphisms.

Theorem 2.3.8. — (i) The class cI(Y, %) depends only on'Y C X and on the lengths of # at
the generic points of Y. It is additive in . For & = Oy and Y a local complete intersection, it
induces the local class of 2.2.2.

(ii) Let there be a commutative diagram

X s X

L

S —S
with X' smooth over S'. If u='(Y) still has fiberwise codimension > c, then
cl (u—l(Y), Lu*%) = u* (Y, ),

(iii) Let Y’ C X have fiberwise codimension > c’, let &' be a weight on'Y’, and suppose that
Y NY’ has fiberwise codimension > ¢ + ¢’. Then

L
cl (Y ny’, %’&%") =cl(Y,H) - cl(Y',F").

(A). — Given Y C X/S as above, semipurity (2.2.6, 2.2.8) shows that, to check that two classes
in H%"(X ,Z/n(c)) coincide, it is enough to check this locally at the generic points of Y, or even
after any base change s — S, with s a geometric generic point of S, at the generic points of Y.
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(B) Proof of (ii) for S = S" and u a closed immersion. — By localization (A), we may assume
that X’ is the inverse image of the zero section under a smooth morphism v : X — A]SV E

X —L-X

b

0 N o7
S aAN T

Apply 2.3.5 to g = mv and 2.3.7 to the base change S — A]SV'.

(C) In a product situation: —If X = X' Xg X", Y =Y XgY”, and & = %’és%”, then
(Y, &) = cl(Y, &) - cl(Y”,Z") (the external cup product, that is, prjcl(Y’,#’) -
pr; cl(Y”, Z")).

The functorial properties of try [2, XVIIL.2.12] imply the commutativity of

H @ H2 — homs (Rf/Z/n(d’)[2d"], Rg|Z/n(N")[2N"]) & - - — homg (RM FZn, Z/n) ® -

| | |

HX homg (RfAiZ/n(d)[2d], RgiZ/n(N)[2N]) homg (R fiZ/n,Z/n)

and one checks that tr is the image of try ® try», which proves the assertion.

Proof of (ii). — By 2.3.7 and a preliminary base change, we may assume that S = §’. Factor u
through its graph:

x 1 oy x P2 x
This leads us to treat pr, and (id, u) separately. The first is covered by (C), taking ¥’ = X’ and
K’ = Oy (with cl(Y’) = 1 € H(X’,Z/n)), and the second by (B).
Proof of (iii). — Let ¢ : X — X Xg X be the diagonal immersion. The formula §* (Y| Xs Y>) =
Y1 N'Y; reduces the assertion to (B) and (C).

Proof of (i). — The base change S;.q — S replaces X by Xi.q; this reduces us to the case
in which X and § are reduced. Localization near the generic points of Y then reduces us to
the case in which Y4 is irreducible and is the complete intersection of ¢ divisors D;. The
same localization, together with the definition of tr in the quasi-finite case, then shows that
cl(Y, #) = lgcl(Yred, Oy,,), where lg is the length of & at the generic point of Y. By (iii),
therefore,

cl(Y, %) =1g l—[ cl(D;, Op,)
i

and the conclusion follows from 2.3.6.

2.3.9. Remark. — When S is the spectrum of a field and the class of a cycle is defined as in
2.2.10, assertion (iii) says that, if two cycles Y and Y intersect in the expected dimension, then

(Y nY”) =cl(Y') - cl(Y”),
provided the multiplicities of the components of Y’ N Y” are computed as alternating sums of Tor.

2.3.10. Remark. — Let X /Spec(k), with k algebraically closed. If two cycles of codimension ¢
in X are algebraically equivalent, the existence of the relative theory above shows that the images of
their classes in H* (X, Z/n(c)) are the fibers, at two points of a suitable connected S, of a section
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over S of the constant sheaf H* (X, Z/n(c)) (the sheaf R* f,Z/n(c) for f = pry : X xS — 9).
Thus algebraically equivalent cycles have the same class in H> (X, Z/n(c)).

3. Application: the Lefschetz trace formula in the proper smooth case

3.1. — Let X and Y be proper smooth algebraic varieties over an algebraically closed field &,
purely of dimensions N and M. Via the Kiinneth isomorphism H*(X xY) = H*(X) @ H*(Y), the
trace morphism H*(X x Y)(M) — H*(X) is simply H*(X) tensored with the trace morphism
H*(Y)(M) — Q. Since the morphism is homogeneous of even degree, there is no sign issue.
We denote it by fY

3.2. — Aclassn € H%4(XxY)(q) defines amorphism of degree 2(¢g—N), nxy : H*(Y)(N—g) —
H*(X), by the formula

,3'—>/77'Pr§/3’~
Y

Proposition 3.3. — Let p and q be integers with p + ¢ = N + M, and let ¢ € H? (X X Y)(p)
and n € H* (X x Y)(q). Interpreting the trace of nxyeyx : H'(X) — H*(X) in the sense of 1.3,
one has

trxxy (17 - &) = tr (nxyeyx, H (X)).

To exorcise the signs, it is useful to retain only the underlying Z/2-grading of H*. To
avoid carrying Tate twists throughout, also fix an isomorphism Q;(1) = Q,. Let ay be the
homomorphism H*(Y) — H*(Y)" (an isomorphism) making the diagram

H*(Y) ® H*(Y) — H*(Y) — Q

l(ly@] ‘

H*(Y)" ® H*(Y) @D Q.

commute. The map nxy is the image of r7 under

H* (X X ¥) = H'(X) @ H*(Y) -2~ H*(X) @ H* (¥)" =22

horn (H*(Y),H* (X)),

and similarly for £. The definition 1.3.4 of the trace then reduces 3.3 to the formula tryxy =
try ® try.

3.4. Remark. — The proof of 3.3 does not use the fact that @y and @y are isomorphisms. It
remains valid without assuming X and Y smooth. Outside the smooth case, however, it is difficult
to find cohomology classes to which one would want to apply 3.3.

3.5. Remark. — If g, n are the cohomology classes of algebraic cycles A and B on X X Y,
of codimensions p and ¢, and if A N B has dimension 0, then tryxy(ne) is the intersection
multiplicity A - B, computed as an alternating sum of Tor (2.3.9).

Proposition 3.6. — For g = M, with n = cl(B) the class of a subscheme B C X XY finite over
X, the map nxy is the composite

trp/x

nxy : H*(Y) — H*(B) — H*(X).
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Indeed, by 3.2 and (2.3.3.1) for # = Op,

nxy (B) = trxxy/x (c1(B) - pry B) = trgx (pr; B) .

The most important case is that in which B is the graph of amap f : X — Y. In this case, 3.6
shows that nxy = f*.

Corollary 3.7. — Let f be an endomorphism of X, where X is proper and smooth over an
algebraically closed field k. Suppose that the fixed points of f are isolated. Then the trace
S(=Ditr(f*, H (X)) is the number of fixed points of f, each counted with its multiplicity.

In 3.5, take A to be the graph of the identity and B the graph of f, and apply 3.3 and 3.6.
Corollary 3.8. — Let X be a curve over an algebraically closed field k, obtained from Xy over
F, by extension of scalars, and let f be the Frobenius morphism. Then Y,(—1)" tr( f*, H.(X)) is
the number of fixed points of f.

We may replace X by Xeq, and thus assume that X is reduced. Let U be the open subset of X
on which X is smooth of dimension 1, and let U be the smooth projective completion of U. The
long exact cohomology sequences for (X, U) and (U, U) give

tr (fHA(X)) =tr (fHL(U)) +tr (f*, HL(X \U))
and
tr (f*, H(0)) = tr (f*,HL(U)) +tr (f,HL(UNU)).
The same formulas hold for the numbers of fixed points. Since 3.8 is clear for a zero-dimensional

scheme, this reduces the proof of 3.8 to U. That case follows from 3.7. The fact that df = 0
ensures that all fixed points have multiplicity one.

3.9. Remark. — For X of dimension < 1 over an algebraically closed field k, and f : X — X
such that df = 0, it is not difficult to check that 3.8 remains valid.
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CHAPTER 5

DUALITY

This exposé contains several theorems and compatibility results, all concerning Poincaré duality.
Section 1 gives the local biduality theorem in dimension 1 [21, I.5.1] and some calculations of
duals. Section 2 gives a very economical proof of Poincaré duality for curves that I learned from
M. Artin. Section 3 establishes a compatibility linking two definitions of the pairing that gives
Poincaré duality for curves: one by cup product, the other by autoduality of the Jacobian. Finally,
Section 4 proves the compatibility named in its title.

Throughout the exposé, schemes are Noetherian and separated, and # is an integer invertible
on every scheme considered.

1. Local biduality in dimension 1

1.1. — Let S be a regular scheme purely of dimension 1. We shall show that the complex
consisting of Z/n in degree 0 is dualizing: namely, for % € ObD’(S,Z/n) (where the subscript
¢ means constructible), if D# = RHom (% ,7Z/n), then DX is again constructible with bounded
cohomology, and the canonical morphism « : & — DD is an isomorphism.

For # in D™ and arbitrary &, one has

L
hom(Z®Z,Z/n) = hom(Z, Hom(*,Z/n)).
L
The morphism & — DD is defined assuming that D.# liesin D7;if 8 : DA QK — Z/nis
L L
the canonical pairing, it is defined by the pairing DK = DI QK LR Z/n.

1.2. — Let f : X — S be a separated morphism of finite type. Put #x = Rf'Z/n. For
K € ObD~(X,Z/n), put DK = RHom (K, Hx). The adjunction between Rf; and Rf" gives

Rf*%éLbe*D% — Rﬁ(.%@LaD%) —— RARf'Z/n —=Z/n.
The symmetry of this description shows that, for f proper, the diagram
(1.2.1) RfiZ —— DDRf.Z
J |
Rf.DDX — DRf.DH

is commutative.
If f is the inclusion of a closed point, then Rf'Z/n = Z/n(-1)[-2], that is, up to twist
and shift, Z/n. Over the spectrum of a field this complex is dualizing (Pontryagin duality for



Z/n-modules). By (1.2.1), therefore, # = DD for X of the form R f1Z, and hence whenever
the support of H* (%) is finite.

Theorem 1.3. — Let j : U — S be a dense open subscheme, and let & be a constructible
locally constant sheaf of Z/n-modules on U. Then D j.F = j.DZF, that is, Hom(j.F,Z/n) =
j. Hom(F,Z/n) and Et'(j.F,Z/n) = 0 fori > 0.

On U, &t (j.F,Z/n) = 0 fori > 0, because F is locally constant (and Z/n is injective as a
Z/n-module), while for i = 0 it is the dual #" of &. One checks that hom(j.F,Z/n) = j.F ",
and it remains to verify the vanishing of the &t' (i > 0) at the points of S \ U. The question is
local at these points. We may thus assume that S is a strictly local trait and that U consists of its
generic point 57. Let / = Gal(77/n). The sheaf # is identified with the Galois module 3, and
the special stalk of j,.& with P/f'nl .

Let i be the inclusion of the closed point s, and apply D to the exact sequences

0 IF o F iF] ——0
. 1 . 1
0 I ] i.F] —0.

This gives a morphism of triangles

\Y%
b ('Gj) (-1)[-2] — Dj.F —= Rj.F"

y |

i, (gﬁ)v (=1)[-2] — (z{)v —RLF].

The long exact sequence deduced from the first row gives the vanishing of &t for i > 2, and,
taking the stalk at s, gives

0— (H'(Dj.F)

N

— . H (1, 97_V) 9. (97,7’)V (-1) — (H2Dj.F), — 0

l H
(

%I)V) 9. (9!)V (=1) ———0.

7
\
Since (.97 1 ) = (?ﬁv) , putting M = ', it remains to verify that
I

HI(I’M) ;HI(I9MI)

If p is the residual characteristic exponent, [ is an extension of a group isomorphic to Z,/ =
liin(m )1 Z/m by a p-group P. Since the order of M is prime to p, one has H' (P, M) = 0 for

i > 0and (M;)? = (M");. This permits us to replace M by M* and I by I/P. Finally, there is a
functorial isomorphism

H! (Zp/, M) = (coinvariants of i,,, in M),

which proves the theorem.
Theorem 1.4. — For % € ObD’(S,Z/n), one has ¥ — DDX.
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By dévissage, we reduce to the case in which J# consists of a constructible sheaf & in degree
0, and & either has finite support (1.2) or is of the form j.%; as in 1.3. In the latter case, 1.3
reduces us to local biduality for &% locally constant on U.

2. Poincaré duality for curves, after M. Artin

2.1. — Let X be a smooth projective curve over an algebraically closed field k. Put #Zx =
Z/n(1)[2] and, for % € ObD2(X,Z/n), put DK = RHom(¥, Hyx). For a Z/n-module M,
also put DM = hom(M,Z/n), and similarly for complexes of modules. The trace morphism

H(X, Hx) — Z/n, or R (X, Hx) — Z/n, defines a pairing R['(X, %)éRF(X, DX) — Z/n.
Poincaré duality between the cohomology and the cohomology with proper support of an open
subscheme j : U < X says that, for & = j,Z/n, this pairing identifies each factor with the dual
of the other.

I give below a proof, communicated to me by M. Artin, that for every % € ObD’(X,Z/n)
this pairing is perfect, that is, defines an isomorphism

(2.1.1) RI'(X, %) — DRI'(X,DX%).
For every constructible sheaf &, put
"H (X, F) = the Z/n-dual of H (X, DF).

The assertion that (2.1.1) is an isomorphism is equivalent to the following theorem.
Theorem 2.2. — For every constructible sheaf F of Z/n-modules, one has

(2.2.1) H (X, ¥) —"H(X, F).

Lemma 2.3. — Let f : X — Y be a generically étale morphism between smooth curves over k.
Then Hx = f*Hy = Rf' Hy, with try as the adjunction map R f Rf'Hy — Hy.

It is enough to check that, for f finite, f,Rf'#y = RHom( f,Z/n, Ky) is f.Z/n, with try as
the adjunction map. The vanishing of the &t’ for i > 0 follows from 1.3, and the assertion
follows.

More explicitly, Rf" is the derived functor of f': f'% (U) = hom( fiZy, %), and 1.3 implies
the vanishing of R f'Z/n for i > 0.

Corollary 2.4. — Let f : X’ — X be a generically étale morphism of smooth projective curves
over k. Then’H (X, [ F) = H (X', F); this isomorphism is functorial, and the diagram

H (X, £F) —"H (X, £F)

H (X', F) ——"H(X', F)

is commutative.
The isomorphism is given by 1.2: Df.%F = f.DF.

2.5. — Let us prove 2.2. If & is Z/n at one point and extended by zero, then H*(D%) =
Ext*(#, x) = Z/nin degree 0, and in the pairing H*(#) H*(D%) — Z/nonehas 1®1 +— 1
(Cycles, 2.1.5); thus the duality is perfect. The case in which F has finite support is treated in
the same way.
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For arbitrary constructible &, let & be the subsheaf of sections with finite support, and put
g = F /o . The exact sequence

(2.5.1) 0 A F g 0

gives a diagram
(2.5.2)

0 H'(X, o) — H(X, %) — H"(X, %) — 0

e ! !

0—'HYX,%)—'H'(X,%) —"H" (X, o) —"H(X,#) —"H (X, %) —0

and compatible isomorphisms H' (X, ) — H(X, €) and’ H/(X, %) = H/(X, %) fori # 0, 1.
If j : U — X is an open subscheme on which & is locally constant, there is an exact sequence

(2.5.3) 0—%— jj'F—=B—=0

with % of finite support. By 1.3, "H'(X, j.j*%) = DH* (X, j.(j*%)V(1)); hence this ' H’
vanishes for i < 0, and (2.5.2), together with the long exact sequence defined by (2.5.3), shows
that ' H' always vanishes for i < 0.

If & = Z/n, the theorem is true for i = 0 and 2. This expresses the fact that, for connected X,
the trace morphism H?(X, p,,) = Z/nis an isomorphism. By 2.4, the theorem remains true for
i=0and & = f.Z/n.

For arbitrary & again, and & as above, there is an f : X’ — X as in 2.4 such that & embeds in
fiZ|n:

0—9% — f.Z/n — Q@ — 0.

Replacing X’ by a suitable X” over X’, we may assume that H(X, %) — H(X, f.Z/n) =
H!(X’,Z/n) is zero for i > 0. Consider then

0 — H(X, %) — H(X’,Z/n) — H(X, 0) — H'(X, %) > H' (X", Z/n) — H' (X, Q) — - - -
V v V V Y V
0-'HX,%) - 'H%X’,Z/n) - 'H"(X,0) - 'H' (X,%) - 'H (X', Z/n) - 'H (X, Q) - - -

The isomorphism at H’(X’) gives HY(X,%) —’ H(X,¥), and (2.5.2) gives the same
injectivity for #. Applied to @, this gives H' (X, %) —’ H' (X, %). Apply the same argument
to H'(X’,Z/n). Since this group has the same order as’ H' (X', Z/n) = D(H'(X’,Z/n)(1)), the
injection is an isomorphism, and consequently H' (X, ) BARTY (X, %). The same holds for &.

For i = 2, one already knows that H>(X’, Z/n) =’ H?(X’,Z/n), and one argues in the same way;
there are no further cases.

3. Poincaré duality for curves

In this section, we prove the compatibility (Arcata 6.2.2.3).
3.1. — We use the notation of (Arcata 6.2.3): X is a smooth connected projective curve over an
algebraically closed field k, D is a reduced divisor on X, and 0 is a point of X = X \ D:

X;J>)_(<i—D

b
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and Picp(X) = H'(X, pG,,), where pG,, is the sheaf of sections of G,, congruent to 1
modulo D. Recall that H' (X, ) = Pic% (X),, and that x — O(x) defines a canonical map
f: X — Picp(X). Put fo(x) = f(x) — £(0) : X — Pic) (X).

Again denote by j the inclusion of X x X in X x X. The diagonal A of X x X is closed in X X X
it defines a class in H} (X x X, p,) = H(X X X, jips,). Denote its image in H*(X x X, jit,)
by c.

The Kiinneth formula gives

H* (X x X, ip,) = H'(X,Z/n) @ H* (X, jip,) = H*(X,Z/n) @ HA(X, wy,).
We shall compute the (1, 1)-component of c:
cl’l € HI(X,Z/I’Z) ® HE(X’ Nn) = HI(X9 Hi(X’ Nn)) = Hl (Xa PIC%(X)I’!) .
The exact sequence
0 — PicY (X), — Pic% (X) —— Pic),(X) —=0

makes Pic%(:)_() a Pic)) (X),-torsor over Pic},(X). Let u denote, in H'(X,H.(X, py)) =
H!(X, PicOD (X)n), the class of its inverse image under f;.

L=y,

Proposition 3.2. — With the preceding notation, ¢
Let e be the difference between the images in H?(X x X, jiu,,) of the cohomology classes of
A and X x {0}. Since the latter is of Kiinneth type (0, 2), one has ¢! = ¢!'!. Consider the Leray

spectral sequence for pr; : X X X — X and the sheaf jjp,:
EP? = HP (X, R7pry, jiptn) = HP (X, HL(X, pa)) = HPM(X x X, jipay).

It degenerates: it is the tensor product of H*(X) with the (trivial) Leray spectral sequence for
X — Spec(k) and the sheaf jiu,. The divisor A — X x {0} has degree zero on every fiber, so the
image of e in E? is zero. We may therefore speak of its image ¢ in E>!, and must prove that
e =—u.

Let & on X x X be the subsheaf of G,, consisting of local sections whose restriction to the
subscheme X x D is 1. There is again an exact sequence

(3.2.1) 0 —— jipp g g 0

and e is the image under 0 of the class e; € H' (X x X, €) of the invertible sheaf O(A — X x {0}),
trivialized by 1 on X X D.

The direct image under Rpr,, of the distinguished triangle defined by (3.2.1) is a distinguished
triangle

(3.2.2) —. Rpr,, jiptn — Rpr,,& — Rpr,, & —~
and the diagram
H' (X x X,€) —2~ H2(X x X, jip1n)
n H
H' (X, Rpr;, &) —~ H>(X, Rpr,, jis)

is commutative. Our problem is now to identify the image in E'' = H'(X,H! (X, u,))) (the
image in E? being zero) of the image under d(3.2.) : H!(X,Rpr,,¢) — H?(X,Rpry,jip,) of
the class, again denoted e, corresponding to e under (1).
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The sheaf R'pr,, % is represented by the group scheme over X obtained by pulling back the alge-
braic group Picp (X) over Spec(k), and the image of e; in HO(X, R'pr,,%) = hom(X, Picp (X))
is fo.

Represent the triangle (3.2.2) by a short exact sequence of complexes of sheaves:

0 ko4 B € 0.

Let &’ be the subcomplex of
7B B> ker(d) > 0- -

obtained by replacing %’' = ker(d) by the inverse image of Pic%()_( ) under ker(d) — H' (%) =
Picp(X) over X. Let &/’ = of N B’ and let €’ be the image of %’. One has o’ = 1< (/), and
¢’ is obtained from € in the same way as %’ from A, giving a commutative diagram of short
exact sequences

(3.2.3) 0 o B @ 0
0 T B’ &’ 0

| | |

0 — H! (X, p)[-1] — Pic% (X)[-1] — Pic) (X)[-1] —=0

where the last row is to be viewed as an exact sequence of complexes of sheaves concentrated in

degree 1 on X.

a) The element ¢ € H*(X, /) comes from ¢ € H*(X, 7<;9/) (because its image in E%? is zero).
We seek the image € of ¢ in H*(X, H! (X, p,)[-1]) = H'(X,H! (X, i,,)).

b) The element e; € H'(X,%) comes from ¢; € H'(X,%’), because its image fp in
H°(X, Picp (X)) lies in H(X, Pic% (X)). We may take & = de;.

c) Thus ¢ = 0dfy, where J is defined by (3.2.2), and where the usual isomorphisms
H>(X,%[-1]) = H'(X, %) are used. These isomorphisms anticommute with 9, so that
e = —0 fp, where 0 is defined by the exact sequence

0 — HX(X, pt,) — Pic) (X) — Pic%(X) — 0

The conclusion follows from (Cycles, 1.1.1).
3.3. — For every homomorphism ¢ : H! (X, u,) — Z/n, let ¢(u) € H'(X,Z/n) be the image
of u under ¢ : H' (X, H!(X, u,)) — H'(X,Z/n). If x € H.(X, w,,), the cup product ¢(u) - x
lies in H2(X, p,,). We shall prove:

Proposition 3.4. — tr(p(u) - x) = ¢(x).
This identity follows, on applying ¢, from

(3.4.1) tr(u — x) =x
where this time tr is the map

tr: H2(X,H (X, pn) ® pn) — HU(X, ),
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so that x > tr(u ~ x) is the composite map
3.4.2)
u®x

H.(X, pu,) —= H'(X,H.(X, ) ® HL.(X, p,) =<— HY(X,Z/n) @ HL(X, ) @ HL(X, 1)

(1) tr@id
— H2(X, pn) @ HL(X, pn) —> HL(X, ,,)

where (1) is givenbya® b® c +— (a - ¢) ® b.

Express this morphism in terms of the trace morphism tr : Hg(X X X, u®?) — Hg(X s Mn)
relative to the second projection. For x € H?, tr(x) is computed as follows: retain only the
Kiinneth component of type (2, 1) and apply tr : H2(X, ) — Z/n.

Let u’ be the image of # under the map

H' (X, Hy (X, ) = H' (X, Z/n) @ H{(X, ) = H'(X, Z/n) @ H' (X, jipen)

— H (X x X, Z/n® jipy).
By the relation between Kiinneth and cup product,
tr(u - x) = —tr(u’ - prix).
The second cup product is that of (Cycles, 1.2.4):
H>(X x X,Z/n R jip,) @ HY (X X X, jiptn 8 Z/n) —= H> (X X X, jiptn R jiftn).
The minus sign comes from interchanging two symbols of degree 1 in (1). Since ¢ - prjx and
cbl - prix have the same (2, 1) Kiinneth component, and since u” = —c!1 by 3.2, one has
tr(u — x) = tr(c - pryx).
The cup product on the right may now be interpreted as the cup product (Cycles, 1.2.5) of
cl(A) € H (X X X, p,) with prix € H(A, p,,). On A one has pr; = pr,, whence

tr(c — prix) = tr(cl(A) - prix) = tr(cl(A) - pryx) = tr(cl(A)) - x = x.

4. Compatibility with SGA 4, XVIII 3.1.10.3

In [2, XVIII], overcome by discouragement, I did not verify the compatibility named in the
title. Although it turns out to be no more than smoke, I feel obliged to repair the omission here.
For a separated morphism of finite type f : X — S, the point was to verify that the adjunction
morphism RARf'Z — £ is compatible with every étale localization k : V — S. Denoting
several arrows by k and f, as in the diagrams below, we must verify commutativity:

k . L KGad)
Xy — x KRARS Y —L ke
V—k>S 17, % adj *
RARSK* S —2u k2,

At the level of complexes, the required commutativity is written (loc. cit.)

k*f;f,’sz — k&

L(l)

s — k2.
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It is checked component by component, reducing to a compatibility for £ a sheaf and for each
pair of adjoint functors ( fl.!, ff), denoted simply by f' and fi. Arrow (1) is defined from the
isomorphism (2) : k* fi = fik* and a morphism (3) : k* f' — f'k* deduced from it. In loc. cit.,
one first introduces a morphism (4) : ki fi — fiki, obtained from (2) by adjunction for k* = k'
and k:
kifi = ki fik*ky — kik” fiky — fiky,

and then deduces (3) from (4) by adjunction. Equivalently, (3) may be deduced from (2) by
adjunction for f and f*:

Writing k for k* and omitting £, the desired commutativity is that of the outer boundary of

kfif' — ik f' — fif fik = SR A
|| ||

kfif' L kAL
J J
k fif'k.

In the first row, one finds a homomorphism & fi f' — fif'k fif', defined because k fi ' is of the
form £, X (with X = k f'); the adjunction morphism in the second row is a retraction of it, and
commutativity of the lower square is the functoriality of this adjunction morphism.
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CHAPTER 6

APPLICATIONS OF THE TRACE FORMULA TO
TRIGONOMETRIC SUMS

In this exposé, I explain how the trace formula can be used to calculate or study various
trigonometric sums and how, together with the Weil conjecture, it can be used to bound them.

The first two sections provide a “user’s guide” to these tools. Section 3 presents Weil’s results
on one-variable sums in cohomological language. Sections 4 through 6 give a detailed study
of Gauss and Jacobi sums, including Weil’s older and more recent results on Hecke characters
defined by Jacobi sums. In Section 7 we study a multivariable generalization of Kloosterman
sums. Finally, Section 8 gives some indications of other uses that have been, or can be, made of
these methods.

Notations

0.1. — We use the notation of Report, Section 1. We shall often consider a finite extension
F4n» C F of F,. A subscript 0 denotes an object over F,, and a subscript 1 an object over Fyn.
Replacing a subscript 0 by a subscript 1 (respectively, omitting the subscript) means extending
scalars to Fgn (respectively, to F).

0.2. — Let ¢ denote a prime number different from p. We freely use the language of Q,-sheaves,
as well as that of E-sheaves, where E is a finite extension of Q; (cf. Report, Section 2, especially
2.11).

0.3. — Let H*® be a graded vector space. If T is an endomorphism of H*, put (cf. Cycles, 1.3.5)
(T, H*) = Z(—nftr(T, H).

1. Principles

1.1. — Let X, be a separated scheme of finite type over I, let E,; be a finite extension of Qy,
and let % be an E,-sheaf on Xj. The trace formula says that

(1.1.1) Z w(Fr, F) = Z(—l)"tr (F*,H.(X, %)).
xexF
With the notation of 0.3, the right-hand side is simply tr(F*, H2 (X, %)).
This trace formula for E,-sheaves may either be deduced from Report, 4.10, by passage to

the limit (cf. Report, 4.11-4.13), or from the trace formula for Q,-sheaves (Report, 3.2) by the
method of (L-functions mod. ¢", 4.3).



We shall interpret various trigonometric sums as the left-hand side of (1.1.1), for suitable X
and .

1.2. — Let A be a finite group. An A-forsor on a scheme X is a sheaf T on X, equipped with a
right action of A, which locally on X for the étale topology is isomorphic to the constant sheaf A
on which A acts by right translation.

If 7 : A — Bis a homomorphism and 7T is an A-torsor, there is, up to unique isomorphism, a
unique B-torsor 7(7') equipped with a morphism of sheaves 7 : T — 7(T) such that

(1.2.1) 7(ta) = v(t)7(a).

If T is an A-torsor on X, and p is a linear representation of A, p : A — GL(V), with V
a finite-dimensional vector space over E,, there is, up to unique isomorphism, a unique lisse
E-sheaf & of rank dim(V) equipped with a morphism of sheaves

(1.2.2) p: T — Isom(V,F).

such that p(ta) = p(t)p(a). Itis denoted by p(T'). For 7 : A — B and p a representation of B,
there is a canonical isomorphism p(7(T)) = (p7)(T).

In this section (except for the appendix), we consider only the case in which A is commutative
and V = E,: thus p is a character A — E7, and p(T) is a lisse E,-sheaf of rank one. The
morphism (1.2.2) is interpreted as an everywhere nonzero morphism

(1.2.3) 0T = p(T)

such that p(ta) = p(a)p(t).

1.3. — Let S be a scheme, G a commutative group scheme over S, and G’ an extension of
commutative group schemes over S:

Ve

0 A G’ G 0.

The sheaf T of local sections of 7 is then an A-torsor on G.
If X is a scheme over S, and f, g are two S-morphisms from X to G, the fact that 7' is defined
by an extension gives a canonical isomorphism

(1.3.1) (f +8)'T = f*T + g'T.

On the left, f + g is the sum of f and g for the group law of G; on the right, + denotes the sum
of torsors.

If f: X — G factors through G’, then f*T is trivial (and a factorization gives a trivializa-
tion). Up to nonunique isomorphism, the A-torsor f*7T depends only on the image of f in
homg (X, G)/mhomg(X,G’): itis given by the morphism 4 in the exact sequence

hom(X, G') — hom(X, G) —2~ H!(X, A).

We shall apply these constructions to the Kummer exact sequences 0 — u, —» G,, —» G,, — 0,
and to Lang torsors.
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1.4. The Lang torsor. — Let G be a connected commutative algebraic group over I, (for the
noncommutative case, see the appendix). The group law is written multiplicatively. The Lang
isogeny

L:Gyp—>Gp:x Fx-x7!
1s étale; its image, being an open subgroup of Gy, can only be Gy itself, and its kernel is the finite
group Go(F,). The Lang torsor L is the Go(F,)-torsor on G defined by the exact sequence

(14.1) 0 — Go(F,) —= Gy ——= Gg — 0.

Notation. — We again denote by L and £ (or by L, and £,)) the objects deduced from L and
L by extension of the base field. When necessary, a subscript O or 1 will be specified.

Examples. — For Gy = G, or G,,, the sequences (1.4.1) become

x9—x

(1.4.2) 0 F, Gy Gq 0

x4~

(1.4.3) 00— py1 Gm Gm 0

1.5. — Letus calculate the endomorphlsm F* of the fiber of the Lang torsor aty € G = G (Fy).
Ifge 8 !(y) c G, then Fg = Fg-g~! - g = yg. Hence (Report, 1.2)

(1.5.1) on Lo(Go)y = 87 (y), Frisg +> gy~

1.6. — Over Fyn, the identity F( ) = F( )

Ly oI5, IF’ On Go(Fyn), F(q) acts as the element x — x9 of Gal(F,/F,). Hence
on Go(Fgyn), HF ) is the composite of the norm Go(F;n) — Go(F,;) and the inclusion
Go(F,;) € Go(Fyn): the diagram

between endomorphisms of G| implies £, =

Lgm
(1.6.1) 0 —= Go(Fyn) G G 0
jN lnnlqm
L)
0 _— GO(FQ) G] G] O

is commutative. In the language of torsors, this gives a canonical isomorphism of G (F,)-torsors
on Gy:

(1.6.2) NL4n = Lg).

Definition 1.7. — Let fy : Xo — Go be a morphism and x : Go(F,) — E7 a character. Put
F(x. fo) = x (S5 (Lo(Go))) = fix ' (Lo(Go)).

The following functoriality properties hold:
a) F (x, fo) is multiplicative in both y and fy:
(1.7.1) FW o f0) =F ) @ F (v fi)s
(1.7.2) Fx" o) =F ' o) @ F (X", fo)-

This follows from the definition of y (T') for a torsor 7', together with (1.3.1) for (1.7.1).
b) For a morphism gg : Yo — Xo, one has

(1.7.3) F (X, fo ° 8o) = &oF (X, fo)-
In particular, # (x, fo) = fj F (x), where F (y) denotes F (x, idg,)-
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¢) For a morphism ug : Go — Hy and a character y : Ho(F,) — E7, one has

(1.7.4) F (x,uofo) = F (xuo, fo)-

d) For Gy = [];¢/ Gf), with y having components y; (i € I) and fy having components fé, it
follows from (1.7.1)—(1.7.4) that

(1.7.5) F (. fo) = R) F (xis f3).
iel
Note the y~! in Definition 1.7. It ensures that, for x € X*, on % (v, f). one has

(1.7.6) F = x fo(x)
(use the fact that the stalk at x of the morphism (1.2.2), for p = )(‘1, commutes with F}, and use
(1.5.1)).

If F(x, fo)1 is the sheaf deduced from & (y, fo) by extending the base field to F «, then
(1.6.2) gives

(1.7.7) F(x, fo)1r=F(xoN, f1).

1.8. Abuse of notation. — (i) If Z denotes the composite map x fp : Xo(F,) — E7, we shall
sometimes write & (E) in place of F (v, fo). In view of (1.7.1)—(1.7.5), there is little risk of
ambiguity. For example:

a) we write F (y) for # (x,idg,) (notation already used in 1.7b);

b) we write F (x fo) for F (x, fo);

¢) with the notation of 1.7d), we write & (][] x; fé) for F (x, fo).

With this notation, (1.7.4) says that & (yuo fp) is unambiguous; (1.7.1), (1.7.2), and (1.7.5)
express multiplicativity of % (&) in E; and (1.7.6) becomes F; = E(x) on F (E),.

(i) If X is a scheme over an extension k of Fy, and f is a morphism from X to Gy ®g, k, we
again denote by F (v, f), F(xf), or F(x) (when f is an inclusion) the inverse image under
f of the E,-sheaf deduced from y~!(Lo(G)) by extending scalars from F, to k. If fy is the
composite X — Gy ®F, k — Gy, this is again the & (y, fy) of 1.7. If k is a finite extension of
IF,, then

Fxf)=F(xoNg, )

Applying (1.1.1) to (1.7.6) and (1.7.7), we obtain:

Theorem 1.9. — Let Sy be a separated scheme of finite type over Fy, let Go be a connected
commutative algebraic group over Fy, let fy : So — Go be a morphism, and let x : Go(Fy) — E*
be a character. Then

(1.9.1) D, XJols) = w(F* HI(S, F (x. /o))

SESO(Fq)

and, for every integer n > 1,

(1.9.2) D, X0 Neus, fols) = w(F" HL (S, F (x. o).
S€S()(Fqn)

1.9.3. Remark. — Take G to be a product. With the notation of 1.7d) and 1.8c), formula (1.9.2)

becomes
Z l_[)(i o N, (f3(s)) = tr (F*n, HE (S’ 9‘7( nXifé)))~

s€So (Fqn) i
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1.9.4. Remark. — Take G = {e}. Formula (1.9.1) becomes
[SoF| = > 1=t(F"HI(S,Q)).

SESQ(F([)
It is rare that the right-hand side of (1.9.1) can be calculated explicitly. Here is an amusing
example with G = {e}.

1.10. Example. — A nonsingular projective quadric of odd dimension over F, has the same
number of rational points as projective space of the same dimension over F,,.

If, over C, X is a nonsingular quadric hypersurface in projective space P> and Y is a hyperplane,
then for i < 2dim(X) = 2dim(Y) the inclusions X < P?" «- Y induce isomorphisms in
ordinary cohomology:

H' (X,Q) —— H/(P?M,Q) — H/(Y, Q).

By specialization, it follows that if X is a nonsingular quadric hypersurface in projective space
P3N over Fy, and Y} is a hyperplane, then the inclusions X, < P3 « ¥/ induce isomorphisms

H (X', Qp) =—— H'(P*N,Qp) — H'(Y’, Q).
These isomorphisms commute with ™, and one applies the trace formula.

1.11. — The trace formula can also be used to understand the classical formulas giving the
number of rational points of linear groups over finite fields, and of certain homogeneous spaces
(see Section 8).

1.12. — There is a dictionary that translates various kinds of classical manipulations of
trigonometric sums into cohomological terms. This dictionary will be given in Section 2. Since
the cohomological statement is more “geometric,” it can sometimes apply in situations where the
classical argument applies only after extending the finite base field. Here is an example, a special
case of a theorem of Kazhdan.

Theorem 1.13 (Kazhdan). — Let X, be a scheme over F,. Suppose there is an action p of G,
on X, and a morphism f : X — Y of schemes over F, making X a G,-torsor over Y. Then the
number of rational points of Xy is divisible by q.

First suppose that p, Y, and f are defined over F,,.

Classical argument. — Every fiber of f : Xo(F;) — Yo(F,) has g elements: |Xo(F,)| =
q - |Yo(Fy)l, proving the divisibility.

Cohomological translation. — The higher direct image sheaves R’ fiQy are
, Qe(-1) ifi=2
R’ =
S {o ifi#2

The Leray spectral sequence for f therefore degenerates to an isomorphism
HL(X, Q) = H? (Y, Qo) (D).

To understand the effect of a Tate twist on the eigenvalues of Frobenius, it is most convenient to
use the Galois viewpoint (Report, 1.8) and note that the Frobenius substitution ¢ acts on Q(1)
by multiplication by g. The eigenvalues of F* on H.(X, Q) are therefore g times the eigenvalues
of F* on Hi‘Z(Y , Q¢). The latter are known to be algebraic integers [16, XXI 5.2.2]; hence

87



the eigenvalues of F* acting on H'.(X, Q;) are
(%) D L e
algebraic integers divisible by g.
Descent. — Return to the hypotheses of the theorem. For a suitable n, we may assume that p, Y,
and f are defined over F ». Since the Frobenius morphism relative to Fy» is the nth power of
the one relative to [F,, statement (x) for the scheme over F,» obtained from X, by extension of
scalars gives:

the nth powers of the eigenvalues of F* acting on

() H'.(X, Q) are algebraic integers divisible by ¢".

This assertion implies (x). The number of rational points of Xo, namely " (—1)" tr( F*, H.(X, Q¢)),
is therefore an algebraic integer divisible by g. Since it is a rational integer, it is divisible by g in
Z.

1.14. — Formula 1.9.3 controls the dependence on n of the trigonometric sum on the left. It
implies identities between a trigonometric sum and those deduced from it by “extension of
scalars.” The most famous of these is the Hasse-Davenport identity. Let y : F; — C* and
¥ : F, — C* be characters, with ¢ nontrivial, and define the Gauss sum 7(y, ¢) by

(1.14.1) TO6Y) == ) wlx ™ ().

X
x€eFg

Theorem 1.15 (Hasse-Davenport). — One has

(1.15.1) T ()( © Ng_u /R, ¥ © trFqn/Fq) =7(x, ¥)".

Let E c C be a number field containing the values of y and ¢, and let £, be the completion of
E at a place of residual characteristic £ # p. Identity (1.15.1) is an identity in E. It is equivalent
to prove it in C or in E,. We prove it in E,, regarding y and ¢ as taking values in E’}.

Apply 1.9.3 with Xy = G,, over F, and G = G, X G,. The groups H.(G,,, # (y"'¢)) vanish
for i # 1, and H! has dimension 1 (4.2). By 1.9.3, 7(y o N, /F,» ¥ © tF . /F,) is the unique
eigenvalue of (F*)" on H!, and (1.15.1) follows.

Analogous examples are given by Weil [43, App. V].

1.16. — An E,-sheaf Fy on Xj is said to be pointwise of weight n if, for every closed point
x € |Xpl|, the eigenvalues of F; (Report, 1.2) are algebraic numbers all of whose complex
conjugates have absolute value qﬁ/ 2
will be proved in [15].

Theorem 1.17. — If F is pointwise of weight n, then for every eigenvalue a of the endomorphism

F* of H.(X, F), there is an integer m < n+i such that all complex conjugates of a have absolute
m/2

, where g, is the cardinality of k(x). The following theorem

value q
The sheaves considered in 1.9 have weight 0. The theorem therefore gives, for the sum 1.9.1
(or rather, for all its complex conjugates), the bound

(1.17.1) S [Tt < ZdimHﬁ. (S,% (l_[)(ifi)) e

seSo(Fy) i
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1.18. Remarks. —
a) If dim S = n, then for every E,-sheaf & on S,

H.(S,%)=0  fori¢[0,2n].

b) The group H(C)(S , F) is the group of global sections of # on § whose support is proper. If S
is connected and nonproper and & is lisse, or if S is connected and F is a nonconstant lisse
sheaf of rank one, this group is zero.

c) If S is smooth and purely of dimension n, and & is lisse, Poincaré duality says that the vector
spaces H.(S, %) and H*"7/(S, %" (n)) are dual to one another (for the effect of a Tate twist
on Frobenius eigenvalues, cf. the second part of the proof of 1.13).

d) If dim S = n, Poincaré duality permits the following computation of H%”(S, ). Choose an
open U of S;eq whose complement has dimension < n, such that U is smooth and purely of
dimension »n and & is lisse on U. Then H%”(U ,F) = H?”(S, F), since in the long exact
cohomology sequence H.(S \ U, %) = 0 for i = 2n,2n — 1. By Poincaré duality,

H2'(S, F) = (HO(U, 9V)(n))v.
Suppose that U is connected, and let u be a geometric point of U. The “local system”

F corresponds to a representation of 1(U,u) on %,, and HO(U, ") is (F,/)" U =

((Zw)r (uw)", the dual of the coinvariants. Hence

H%n(S» 97) = (9u)n1(U,u)(_n)-

e) These remarks often permit the calculation of by and b,,. Calculating the other b; can be
difficult. If b5, = 0 and by,—1 = 0, the bound (1.17.1) is of Lang—Weil type, with, for large ¢,
a gain of /g over the trivial O(g") bound. One should nevertheless note that (1.17.1) does
not formally imply the trivial bound

Do PaFsn| < [SoEy)l

s€So(Fy) i
so it can be useful to take the latter into account (cf. the proof of 3.8).

I explain below a method for proving that b; = 0 for i # n. When it applies, it gives an
O(g"'?) estimate. The implicit constant is b, = (=1)"x (S, Z ([] xi f*)), and it can be difficult
to calculate.

Proposition 1.19. — Let X be a proper scheme over an algebraically closed field k, let
j : X — X be an open subscheme of X, and let F be an E -sheaf on X. Suppose that

a) (joF)y=0forx e X\ X, ie. )\F > j.F;
b) R j,F =0fori>0.
Then the maps
H.(X,%) — H(X, %)
are isomorphisms.
Hypotheses a) and b) say that /% — Rj,%, whence

H.(X,%) = H(X, )F) —» H(X,Rj.%F) = H (X, F).
In other words, the Leray spectral sequence for j,

EYY = HP(X,R%j.F) = H'*(X, F)
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degenerates, by b), to isomorphisms

H (X, j.F) - H (X, %),
while, by a),

H.,(X,F) = H'(X, j)F) - H'(X, j.F).

1.19.1. Example. — If X is a curve, or if X is smooth, X is the complement of a normal-
crossings divisor, and & is tamely ramified, then hypothesis a) of 1.19 (no invariants under local
monodromy) implies hypothesis b).
Proposition 1.20. — Let X be a smooth affine scheme purely of dimension n over F,, and let %
be a lisse E-sheaf pointwise of weight m on Xo. Suppose that the maps H.(X, F) — H/(X, F)
are isomorphisms (cf. 1.19). Then H.(X, F) = 0 for i # n, and the complex conjugates of the
eigenvalues of F* on H* (X, &) have absolute value q"*"/2.

Poincaré duality pairs H.(X, %) (respectively, H.(X, ")) with H**7{(X, %V (n)) (respec-
tively, H*"7/(X, % (n))). By [2, XIV 3.2], the cohomology groups without support vanish for
i > n. By duality, the H’C vanish for i < n; since HQ(X, F) N Hi(X, F), these groups vanish for
i # n. Apply 1.17 to % and to #,’(n), which has weight —m — 2n. One finds that the complex
conjugates « of the eigenvalues of F* on H? (X, %) = HX(X, F"(n))" satisfy

la| < q(m+n)/2 et

_1| ((=m=2n)+n)/2 _ q—(m+n)/2

la™'| < g

which proves the assertion.

1.21. Remark. — The last argument shows that, if X is a separated smooth scheme over F,, %
is a lisse E-sheaf pointwise of weight m on X, and Hi(X, F) — H/(X, F), then the complex
conjugates of the eigenvalues of F* on H.(X, %) have absolute value g2,

Appendix. The Lang isogeny in the noncommutative case. —

1.22. — Let G be a connected algebraic group over F,, and let £ be the morphism x — Fx x!

from Gy to itself. It is a morphism of homogeneous Gg-spaces if G acts on the source by left
translation, x — (y > xy), and on the target by x — (y — Fx-y-x~!). One has £(xy) = £(x)
for y € Go(F,), and £ induces an isomorphism G(/G(F,) > Go.

As in the commutative case, £ therefore makes G into a Go(F,)-torsor over Gy, the Lang
torsor L. 1If p : Go(F;) — GL(n, E,) is a linear representation of Go(F,), we denote the
E-sheaf p(L) by F(p) (1.2).

1.23. — Lety € G = G((F,), and calculate the endomorphism F* of F (p),. Choose g € G
such that £(g) = vy, giving a frame p(g) € Isom(E", # (p),). For e € E”, one has

F(p(g)(e)) = p(Fg)(e) = p(yg)(e) = p(g - g~ yg)(e).
We shall see that g~'yg € Go(F,), whence

F(p(g)(e)) = p(g)p(g " vg)(e)

et

(1.23.1) p(8) ' (F) ' p(g) = p(g”'ye):
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Thus p(g) identifies the inverse of F* at y with the automorphism p(g~'yg) of E 1. It remains to
understand g™ 'yg.
Lemma 1.24. — (i) If Fg-g™' € Go(F,), theng™'(Fg-g7 g = g7 'Fg € Go(F,).
(ii) Let y € Go(F,), and let g satisfy Fg - g~ ! = y. The conjugacy class of y' = g"'Fg in
Go(F,) depends only on that of y.
(iii) The map induced by y +— 7y’ on the set G()(IF‘q)h of conjugacy classes of Go(F,) in itself is
bijective. Its inverse is the corresponding map for the opposite group.

() If y = Fg-g' € Go(F,), the identities Fg = yg and Fy = y give F(g"'Fg) =
(Fg) 'FFg =g 'y 'F(yg) =g 'y 'FyFg = g7'Fg,s0 g7'Fg € Go(F,).

(ii) For a, y € Go(F,), the elements g such that F'g - g~! =y form a right coset under Gy (Fy);
andif Fg-g~! = v, then F(aga™")(aga~!)~! = aya~'. Asy runs through a conjugacy class in
Go(F,), the corresponding g therefore run through a double coset under Go(F,), and y’ = g 'Fg
runs through a conjugacy class.

(iii) Finally, the inverse of Fg -g~! + ¢7'Fgis g 'Fgr— Fg-g7l.

1.25. — Formula (1.23.1) may be read briefly as follows: F* aty is p(y’)~!. If y belongs to the
identity component of its centralizer, one may take g in Z(7y), and then y = y’. If this condition
is not satisfied, y and ¥’ need not be conjugate.

1.26. An example. — For Gy = SL(2), with g odd, @ € F} \ ng, and ¥ the conjugacy class
of —1(1 + N) with N2 = 0, the class ¥ is the conjugacy class of =1 - (1 + @N); hence ¥’ # ¥ if
N #0.

2. Dictionary

An elementary manipulation of trigonometric sums can often be viewed, via the trace formula,
as the reflection of a cohomological statement. In this section I list such statements and their
reflections; they carry the same number, with a * appended to the cohomological statement.

2.1. — “A sum of algebraic integers is an algebraic integer” has the following cohomological
analogue, proved in [16, XXI 5.2.2] (cf. the use of 2.1* in 1.13).

Theorem (2.1%). — Let X be a separated scheme of finite type over F,, and let % be an
E,-sheaf on Xy. If, for every x € |Xy|, the eigenvalues of F on F¢ are algebraic integers, then
the eigenvalues of F* on H.(X, %) are algebraic integers.

2.2. — Other integrality results are proved in [16, XXI, 5.2.2 and 5.4]: if dim(Xp) < n, and «

is an eigenvalue of F* on HQ(X, F), then:

a) under the hypotheses of 2.1%, if i > n, then qi‘” divides a;

b) if the inverses of the eigenvalues of F are algebraic integers, then o~
p. More precisely, g™ )~ is an algebraic integer.

I'is integral away from

For the sheaves considered in 1.9, the eigenvalues of the F are roots of unity, so the hypotheses
of the theorem and of b) above are satisfied.

2.3. — Let f : A — B be a map between finite sets, and let & be a function on A. Then
(2.3.1) Zs(a) = Z Z g(a).
acA beB f(a)=b
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2.3*%. — Let f : X — Y be a morphism of separated schemes of finite type over an algebraically
closed field k, and let # be an E-sheaf on X. The Leray spectral sequence for f in cohomology
with proper support is
(2.3.1%) EM =HI(Y,RIAF) = HIM(X, F).

Let fo : Xo — Yo be a morphism of separated schemes of finite type over FF,, and let %\ be an
E,-sheaf on Xj. The following compatibility holds between (2.3.1) and (2.3.1%).

a) The sheaf R? fiF is obtained from the sheaf R? f; %o on Y, by extending scalars from FF, to
F. It is therefore equipped with a Frobenius correspondence F* : F*R? % — R1f\%. By
functoriality of R fi, it is deduced from the Frobenius correspondence of & it is the composite

F*RINF —=RIfiIF*F —= RIAF.
b) The trace formula for %, reads

(1) D, w(FLFo) = u(FHU(X, F));
XGXO(Fq)

that for R? fi % reads

2,) > u(FLRUAF) = w(F HL(Y, RIAF)).
yEYO(Fq)

For y € Y(F) one has (RYAF), = HI(f~1(y), ), and if y € Yo(F,),
tw(Fy, RIAF) = w(F* HI(f~' (), %)),
so the trace formula on the fiber gives

Z tr(F!, Fo) = Z(—l)qtr(F;, R/ F).

xEX()(Fq)
f)=y
Taking the alternating sum of the identities (2,), one gets
2) Z Z tr(FF, Fo) = tr(F*, H (Y, R iF)).
er()(Fq) XGXO(Fq)
f(x)=y

Equality of the left-hand sides of (1) and (2) follows from (2.3.1); equality of the right-hand
sides follows from (2.3.1%*), taking into account that F™* is an endomorphism of the entire spectral
sequence.

2.4. — Let (A;);es be a finite family of finite sets, let A = [];c; A;, let & be a function on A;,
and let £ be the function a — [] &;(a;) on A. Then

(2.4.1) Ze(a) - ]—[ Z ei(a).

acA i€l a;eA;

2.4%, — Let (X;);es be a finite family of separated schemes of finite type over an algebraically
closed field k, let X = [];c; Xi, let #; be an E,-sheaf on X;, and let # be their external tensor
product R;c; i = X);c; Pri (%). Then the Kiinneth formula is

(2.4.1%) HI(X. F) = (QHI(X:, 7).
iel
To make (2.4.1*) canonical and independent of a choice of total ordering on /, the right-hand
side must be the graded tensor product in the sense of the Koszul rule (Cycles, 1.3).
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2.5. — Let A be a finite set, B a subset of A, and & a function on A. Then

(2.5.1) Z g(a) = Z e(a) + Z g(a).

acA acA\B acB

2.5%, — Let X be a separated scheme of finite type over an algebraically closed field k, let Y be
a closed subscheme, and let & be an E,-sheaf on X. There is a long exact cohomology sequence

(2.5.1%) = HL(X\Y,F) —= HL(X, F) —= HL(Y,F) —~ -

More generally, starting with a finite filtration of X by closed parts X, (p € Z), where
X, O Xp41, X, = X for p sufficiently small, and X, = @ for p sufficiently large, there is a
spectral sequence

(2.5.2%) EPT = HIM(X) \ Xpi1, F) = HEYU(X, F).

2.6. — Let A be a finite set, let (A;);c; be a finite covering of A, and let £ be a function on A.
For J C I, let A; be the intersection of the A; for j € J. Then

(2.6.1) Z(—1)”' Z e(a) = 0.

Jcli acAy

2.6*. — Let X be a separated scheme of finite type over an algebraically closed field k, let
(X;)ier be a finite closed (respectively, open) covering of X by subschemes, and let ¥ be an
E,-sheaf on X. For J C I, let X; be the intersection of the X; for j € J. There are respective
Leray spectral sequences

(2.6.1%) EM= P HIX,.F) e N7 = HM(X F)
[J|=p+1>0

(2.6.2%) E = @ HY(X;, F) &z NV Z/ = B (X, F)
|J|=1-p>0

If J = @ were not excluded, there would similarly be spectral sequences converging to 0. The
factors A Z/ avoid the need to choose a total ordering on 1.

2.7. — Let A be a finite commutative group, and let y : A — E7 be a nontrivial character. Then
2.7.1) Z/\((a) =0.
acA

We prove the cohomological analogue of (2.7.1) by transposing the following proof: if x € A,
then a — xa is a permutation of A, and

Dox(@) =) x(xa) = x(x) D x(@)  whence
acA acA acA
(x(x) -1, =0,
acA

by hypothesis, there is an x such that y(x) — 1 # 0.
Theorem (2.7%). — Let G be a connected commutative algebraic group over F,, and let
x : Go(F,) — E% be a nontrivial character. Then

(2.7.1%) H:(G, F(x)) = 0.
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For a rational point x of G, let #, denote the translation #,(g) = xg of G. The formula

L1, = tgx) L says that (ty, fg(y)) is an automorphism of the diagram G LA G, with G equipped
with the Lang torsor. Let p(g) be the induced automorphism of (G, #(x)). For g € Go(F,),
that is, for £(g) = e, it is the identity on G and multiplication by y(g)~! on F(y).

Let py(g) denote the automorphism of H? (G, # (x)) induced by p(g). A homotopy argument
(Lemma 2.8 below) shows that py(g) = pr(e), hence that it is the identity. On the other hand,
for g € Go(F,), pu(g) is multiplication by ¥~ '(g). Thus multiplication by y~'(g) — 1 on
H: (G, #F(x)) is zero. Taking g such that y(g) # 1 proves 2.7.

Lemma 2.8. — Let X and'Y be schemes over an algebraically closed field k, with X separated of
finite type and Y connected. Let F be a sheaf on X, and let (p, €) be a family of endomorphisms
of (X, F) parametrized by Y :

oYX X Y xp X is a Y-morphism, and

£ p'PLF — prF is a morphism of sheaves.

Assume that p is proper. Fory € Y (k), let py(y)* be the endomorphism of H? (X, F) induced
by py : X — X and &y : pyF — F. Then py(y)” is independent of y.

Indeed, RPpry,prjF is the constant sheaf on ¥ with value HY (X, %), and py(y)* is the stalk
at y of the endomorphism

p*
RPpry,pry# —— RPpry p*pr; F — RPpry pry #

of this sheaf.

2.9. Remark. — Let G be a connected algebraic group over F,, and let p : Go(F,) — GL(V)
be a linear representation such that V60(F«) = 0. Then again H2(G, p(L)) = 0.

3. One-variable sums

3.1. — Weil was the first to apply “cohomological” methods to the study of one-variable
trigonometric sums. Since he had proved the analogue of the Riemann hypothesis for Artin
L-functions over function fields, these methods gave him excellent estimates, of order the square
root of the number of terms, as well as the behavior of these sums under extension of the base
field.

The main purpose of this section is to present his results in cohomological language.

3.2. — Here the cohomological methods lead to the calculation of the groups H.(X, ), where
Fo is an E,-sheaf on a curve X, over F,. These groups vanish for i # 0, 1,2, and fori = 0,2
they have a simple interpretation (1.18a,b,c). Moreover, the Euler—Poincaré characteristic
Xe(F) = 3 (-1) dimH. (X, %), which is also equal to y (%) = 3.(=1)' dimH (X, %), can be
calculated in terms of X, the rank of & at the generic points of X, and the ramification properties
of &#. The essential result is the following.

Let X be a smooth connected projective curve of genus g over an algebraically closed field &,
let X be the dense open complement in X of a finite set S of points, and let F be a lisse E,-sheaf
on X. Let y(X) =2 — 2g — #S be the Euler—Poincaré characteristic of X, and let rg(¥) be the
rank of #. For each s € S, one defines an integer Sw,(% ), the Swan conductor, measuring the
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wild ramification of %, and

(3.2.1) Xe(F) =12(F) - x(X) = ) SWy(F)

sesS

[29].

33. — Let X, : X — X, and & be as in 3.2. Poincaré duality takes the particularly convenient
form that H (X, j,%) and H>(X, j.(%"(1))) are dual to one another (Duality, 1.3).

3.4. — Take k = F, and suppose that X, X, and F come from Xy, Xy, and F over F,. If
Fo becomes trivial on a finite covering of Xy, Weil proved that the complex conjugates of the
eigenvalues of F* on H' (X, j.%) have absolute value ¢'/%. Such sheaves % correspond to Artin
L-functions over the function field of Xj.

3.5. — Under the same hypotheses, or more generally if E, is the completion at a place A of a
number field E and F belongs to an infinite compatible system of v-adic representations, with v
ranging over the places of E, one can calculate

]—[ det(—F*, HI (X, F))V'

from local information on . This is explained in [13]. When F is trivial on a finite covering
of Xy, this expresses the constant in the functional equation of an Artin L-function as a product
of local constants.

3.5. Example. — Let ¢ be the character exp (% trg, /Fp) of F,; then y(a? —a) = 1. Let X
be an absolutely irreducible smooth projective curve of genus g over F,, and let f be a rational
function on Xy, that is, a morphism f : Xy — P! not identically equal to co. We consider the sum

Sp= > w(f().
XEX()(F,I)
f(x)#00

This sum vanishes when f is of the form g” — g. This suggests modifying S;, as follows:

a) for every closed point x of Xy, let v, (f) be the order of the pole of f at x if f(x) = co, and
set v (f) = 0 otherwise; set vi(f) = infy v (f + g” — g);

b) if vi(f) =0,x € Xo(F,), and f + gP — g isregular atx, set(f(x)) =y ((f +g” —g)(x)).
Finally, put

(3.5.1) Sp= >, (),
JCEX()(F,I)

where the prime indicates that the sum is over the x such that vi(f) = 0.

One has Sy = Srygr_o. We shall verify that if f is not of the form g” — g + ¢, with ¢ constant,
then

(3.5.2) ISpl< {28 =2+ ) [k(x) i FJ(1+vi(f) ]q"2.
V(D%
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First pass from complex to £-adic coefficients, replacing ¢ by a character of the form ¢ otrg, /g,
with ¢ : F), — Ejf If j : Uy < X is the inclusion of the open subset on which f # co, one
then proves that

(3.5.3) Sy = > (=D w(F H (X, juF (W £)))-
The trace formula reduces this assertion to the following statements, for x € Xo(F,):

a) if vi(f) = 0, then F} on juF (y f) is y(f (x);

b) if vi(f) # 0, then j.F (¢ f) is ramified at x: (j.F (¥ f))z = 0.

Statement a) follows from (1.7.6) if v, (f) = 0, and one reduces to this case by replacing f by
f + gP — g: up to isomorphism, this does not change & (i ) on the open set where f and g are
regular (1.3).

Statement b) follows from

(3.5.4) Swy F(f, ) =vi(f).

After reduction to the case v, (f) = vi(f), whence p 1 vi(f), and extension of scalars to F, this
formula is [34, 4.4].

Finally, the sheaf & (¢ f) on U is nonconstant if f is not of the form g” — g + ¢ with ¢ constant.
Indeed, since v is injective, triviality of F (¢ f) = F (Yo f) (1.8.i1)) would imply that the
corresponding [F,-torsor is pulled back from a torsor over Spec(F,) with equation 77 —T — A = 0.
The torsor on Uy with equation 77 — T — (f — A) = 0 would then be trivial, so f = g — g + A.
Thus the groups H (X, j,.% (¢ f)) vanish for i # 1, and (3.5.3) reduces to

(3.5.5) Sy =-uw(F H (X, . FW[)))

By (3.2.1) and (3.5.4), this H' has dimension 2g — 2 + 2vi(psolk(x) 1 Fgl(1+vi(f)), and =S¢

is the sum of that many eigenvalues of F*, each of whose complex conjugates has absolute value
1/2
q'”.

3.6. — Suppose that, for an automorphism o of Xy, one has

flox) = =f(x).

Then the sum Sy is real. If o is an involution, Poincaré duality gives a little more. Put
Fo = J«F W f)and & = j.F (Y (-f)). Then:

a) Fo and & are dual,

b) c*Fy — &y and 0¥y — Fp, by natural isomorphisms such that the composite F, =

(02 *Fy — o€y — Fy is the identity;

¢) the pairing %) ® &y — E satisfies c*(f - g) = c*(f) - " (g).

Passing to cohomology, one finds that H!' (X, %) and H! (X, €) are in perfect duality with
values in E,(1), and that the bilinear form « - c*8 on H' (X, %) is alternating: o* acts trivially
on E,(1), and

a-c'B=c"(a-0c"B)=0c"a-p=-B -0

It follows that H' (X, %) has even dimension (one also readily checks that every nonzero v’ ( f)
is odd) and that the eigenvalues of F* on H' (X, %) occur in pairs « and ¢/ .
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3.7. Example. — This applies to the Kloosterman sums erpg W (x + a/x): take Xy = P!,

f =x+a/x,and ox = —x. The poles of f are 0 and co, and at each one v:( f) = 1; thus H! has
dimension -2 + 2 + 2 = 2. Consequently, for a # 0,

i
Z exp (ﬂ g, /5, (x + ) | = (" +a") with aa = q.
xy=a p
X,yEFqn
This result is due to L. Carlitz [9].
Here is an application of a Lang—Weil method.
Proposition 3.8. — Let P € F,[Xy, ..., X,] be a polynomial in n variables of degree d, assumed

not to be of the form QP — Q + C with C constant. Again put (x) = exp (% tre, /v, (x)) Then

Z YP(x1,...,xp)| < (d + l)q”‘%.

X EFq

The left-hand side has the trivial bound ¢”. It is therefore enough to prove 3.8 when d —1 < ¢'/2.
Assume merely that d < g + 1, and let P; be the homogeneous part of degree d of P. Recall the
following.

Lemma 3.9. — A hypersurface of degree d in P", with r > 1, cannot pass through all the
IF,-rational points unless d > q + 1.

Proceed by induction. If there is a rational hyperplane not wholly contained in the hypersurface
(which is automatic for r = 1), apply the induction hypothesis to the trace of the hypersurface on
that hyperplane. Otherwise, the degree d is at least the number of rational hyperplanes, hence at
least g + 1.

We now distinguish two cases.

Case 1: p 1 d. — Applying the lemma to P;, and making a linear change of variables if

necessary, we may assume that P;(1,0,...,0) # 0, that is, that the coefficient of X f in P is
nonzero. A polynomial in one variable
d .
S(X) = Z a;x',
i=0

with a; # 0 and p 1 d is never of the form Q” — Q + C with C constant, and estimate (3.5.2)
becomes

D) < (@-1g"”.
Applying this estimate to the partial sums obtained by varying only x; gives

Z Z://P(xl, ey X))

X2,..0Xn X]

<q"N(d-1)q"?

)Z YP(xy,...,Xx,)

as claimed.

Case 2: p | d (d > 0). —If P, is a pth power, replacing P by P — (P; — le/p) does not
change the sum and lowers the degree; this case is eliminated by induction on d. Otherwise, the
differential of P, is not identically zero. Applying 3.9, and making a linear change of variables if
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necessary, we may assume that it is nonzero at (1,0, ...,0). Write

d
P, = Z XS Xa, Ly X)),
i=0
This means that the linear form S is not identically zero.
The form Sy is constant, and by replacing P with P — (Sode — S(l)/ P Xf/ Py, we may assume it is
zero. Finally, let —A be the coeflicient of X ld‘l in P. For fixed x», . . ., x,, one has

P(Xi,x0,...,x,) = (S1(x2,...,x,) — /l)Xf_1 + terms of lower degree in X

and if S1(x2,...,x,) # A, then

ZIIIP()Q, x| < (d=2)g'

Altogether,

< .

S(Xase Xp)#A

ZwP(xl,...,xn)

X1

‘Z YP(x1,...,x,)

ZzﬁP(xl, e Xp)
S=1

<q"'+ (" = q")(d-2)q"?
< (d=2)g" V2 4 ¢!
< (d-1)q"'2.

Another result of this kind is due to R. A. Smith [37].

4. Gauss sums and Jacobi sums

4.1. — Let k be a finite field of characteristic p, let y be a character of k*, and let  be a
nontrivial character of the additive group of k. We take as our definition of the Gauss sums:

(4.1.1) TO6Y) == ) wx T ()

xek>
(note the sign). Classically, y and ¢ are complex-valued. We shall take them to have values in
E7 (cf. the proof of 1.15). Regard —7(y, ) as a sum over the rational points of the scheme G,
over k. By Section 1,
~7(x,¥) = te(F*, Hy (G, F (W x 1))

Moreover:
Proposition 4.2. — The cohomology of G,, with coefficients in F (Y x ') satisfies:

(i) H. = 0 fori # 1, and dimH! = 1.

(ii) On H., F* acts as multiplication by t(x, ).
(iii) If x is nontrivial, then H. = H".
Proof. — For every n prime to p, let K,, denote the p,-torsor on G,, defined by the Kummer

exact sequence 0 — u,, — G, , Gy, — 0. If & has g elements, then over k one has p,—1 = k*,
and the Lang torsor on Gy, /k is K,—1. Hence F (y ™) = x(K,-1). Assertion 4.2(ii) follows from
(1) and (iii), which themselves are contained in the following geometric statement. Here & ()
denotes the sheaf on G,,/F obtained from % () on G,,/k by extension of scalars from k to F
(1.8.b). O
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Proposition4.3. — Let x : p, — E*. The cohomology of G, with coefficients in F () ® x (K,)
satisfies:
(i) H. = 0 fori # 1, and dimH} = 1.
(ii) If x is nontrivial, then H?, S He.
Proof. — The sheaf % () is the restriction to G,, of a locally constant sheaf on G, wildly
ramified at infinity, with Swan conductor 1. The sheaf y (K,) is constant if y = 1;if y # 1, itis
tamely ramified at O and at infinity.
Thus F () ® y(K,) is ramified at infinity. Applying 1.18(b,c), we find that H.(G,,, (/) ®
x(K,)) =0fori# 1. If y # 1, it is ramified at 0 and at infinity, and (ii) follows from 1.19.a.
The Swan conductors are 0 at 0 and 1 at infinity. By (3.2.1), the Euler—Poincaré characteristic
is therefore —1, which completes the proof. O

4.4. Remark. — If y is nontrivial, 4.2(iii) and Poincaré duality show that H!(G,,, # (¢ x ')
and H!(G,,,, # (¢! x)) are dual (with values in E;(~1)). Consequently 7(x,¥)t(x "', ¢~ = q,

ie It(x, )l = ¢'/%.

4.5. — If k is an extension of degree N of F,, we may also regard (4.1.1) as a sum in N variables
over IF,. More generally, let k be an €tale algebra over F,, of degree N over F,. It is a product of
fields k; of degrees N;, and we set

4.5.1) e(k) = (_I)Z(Ni“'l)-

This is the sign of the permutation of § = homg, (k, F) induced by the Frobenius substitution
¢ € Gal(F/F,).
Lety : F, — E7 be anontrivial character, and let y : k* — E¥. We set

(4.5.2) 7, () = (=Y > wtnge, (x) - x 7 ().

xekx

If the components of y are the characters y; : k; — E7, then one has the immediate identity

(4.5.3) e, O 0) = e(k) | | 70w 0 triy ).

After some preliminaries, in 4.10 we shall give a cohomological interpretation of the
sums (4.5.2). In 4.12, we shall interpret the Hasse—Davenport identity as a twisted form
(cf. 1.12) of the following special case of (4.5.3): for k = F]qv and y a character of F, one has

TFq(X oNk/Fq’ W) = T(X’ lﬁ)N

4.6. — Recall that if M is a finite-type projective module over a ring A, the functor Spec(B) —
M ®,4 B, from affine schemes over Spec(A) to Sets, is represented by the affine scheme V(M)
(EGA notation), the spectrum of Sym’ (M"). If M = A", this is the standard affine space of
dimension 7.

Suppose that M is a unital A-algebra, and set V = V(M"). By definition, for every A-algebra
B, the set V(B) of B-valued points of V is M ®4 B. Since the functor B — M ®4 B takes values
in unital rings, V is a unital ring scheme over Spec(A). The norm and trace maps M ®4 B — B
are functorial in B; they therefore correspond to scheme morphisms N and 7 from V to G,. We
shall need the following schemes derived from V:

a) V™ is the open subscheme of invertible elements of V (a group scheme for multiplication);
b) W is the hyperplane defined by 7 = 0, and W* = W N V*;
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c) P =(V\{0})/G,, is the projective space at infinity of the affine space V over Spec(A). If
Q is the hyperplane at infinity of W, then W*/G,, and V*/G,, are open subschemes of the
projective spaces Q and P over Spec(A).

(4.6.1) Wre— v c W {0} —= V \ {0}
W* /G —— V* /G, 0 - P

If M = A, where I is a finite set, then V ~ G/, V* = G/, and V*/G,, is the torus
G! /(diagonal G,,); the maps N and T are respectively []x; and ¥ x;, and Q is therefore the
projective hyperplane in P defined by )’ x; = 0.

The case of interest to us is that in which M is finite étale over A. The preceding description
then holds locally on Spec(A) for the étale topology, and one may write V* = G/, where I is
a locally constant sheaf of finite sets on Spec(A). For example, if A is a field with algebraic
closure A, and M is a separable A-algebra, set I = homy (M, A). Over A one then has V ~ Gé.

Under this isomorphism, N and T are respectively [] x; and }’ x;.

4.7. Kummer torsor. — Let S be a scheme, let n be an integer invertible on S, and let G be a
commutative group scheme with connected fibers over S, written multiplicatively. The sequence

xn

0 G, G G 0

is exact. It defines a G ,-torsor K,,(G) (or simply K,,) on G. For a homomorphism y : G, — E;

from the étale S-sheaf G, to the constant sheaf EY, denote by %, () the E;-sheaf v UK.
The torsors K, form an inverse system of torsors under the inverse system of groups G,

(transition maps x — x4 : Gpg — G,). This expresses the commutativity of the diagrams

0—— G,y G G 0
EE
0 G, G -G 0

Thus Z,(x) = Fna(x oxd)-

4.8. — Apply the construction of 4.6 with A = F, and M = k, an étale algebra over F,. In
accordance with our general conventions, the IF,-schemes denoted by V,V*, ... in 4.6 will here
be written with a subscript 0. The same letters without a subscript denote the schemes over F
obtained from them by extension of scalars.

Set I = hom(k,F). Thus V ~ G/, and T is (x;) — 3 x;.

(4.8.1) FWotryz,) =T"F W) = (X) priF (v).

Since V* =~ G!,, a character y of V; =~ u! with values in E’ may be written as an /-indexed
family (y;)ies of characters of p,. It is defined over F, if, for every o € Gal(F/F,), one has
Yoi = xi o o~ L. It then defines an E,-sheaf %, ((x;)ic;) on Vi 1f the product of the y; is
trivial, y factors through a character of (V;;/Gy,)n, and #,((x:)ier) is the inverse image of a
sheaf, denoted by the same symbol, on V;J/G,,. This construction is related to the Lang torsor as
follows.
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Lemma 4.9. — (i) For n sufficiently divisible, there is a commutative diagram

0 — (V) — V] == V; ——0
.
0 K Vi Vi —— 0;

if x is a character x : k* — E, then F (x) = H,(x o 7).

(ii) For n sufficiently divisible, T identifies k* with the coinvariants of Gal(F/F,) acting on
Vi =

(iii) If k is a field, N = [k : F;], w € I is an embedding of k into F, and n = gV — 1, then the
component of y o T indexed by w is y o w™\.

(iv) If x is nontrivial on every factor of k, then all the (y o T); are nontrivial.

It is enough to prove the lemma when k is a field of degree N over F,. In this case, n is
“sufficiently divisible” if g™ — 1 | n. Choose an embedding w of k into F; then [ is identified with

Z|N, withi € Z/N corresponding to w; = w?" . Under the isomorphism V{j (F) = <!, one has

a) x € k™ corresponds to (w;(x)) € et
b) F((xiez/n) = (x]))iez/n-

A character y = (y;) of V;i = p! is defined over F, if y_;(x) = Xo(xqi) fori € Z. If gV -1 | n,
there are ¢V — 1 such characters: yq factors through tgv_y and determines the y;. To prove
(i1), it is therefore enough to verify (i) and (iii) (or its consequence (iv)), which ensures that
X — X o T isinjective.

We prove (i) and (iii) for n = ¢" — 1. Write the group of endomorphisms of V* ~ G/,
additively; in particular, write n for the operator x — x". If « is the cyclic permutation operator
(x;) = (xi—1), then ¢ = 1 = (ga)Y =1 = (g = 1)((ga)V~' + - - - + 1). This determines 7:

(=[] =,

0<j<N

The induced map from (Vg )n to k* is, in the notation of a) above, (x;) — [] x‘_li.; (iii) follows.
Proposition 4.10. — The cohomology of V* with coefficients in F (xy ™' - y try /E,) satisfies:
(i) H. = 0 fori # N, and diimHY = 1.
(ii) On HY, F* acts as multiplication by 75, (X ¥)-

(iii) If x is nontrivial on every factor of k, then H, = H-".

Apply 4.9(i): over F, if y o7 = (xi)ier, then F (x) = F,((xi)ier). Assertions (i) and (iii)
therefore follow from the following more geometric statement (for (iii), apply 4.9(iv)), and (ii)
then follows from the trace formula.

Proposition 4.11. — Let (x;)ic1 be a family of characters of p,(F). The cohomology of V* ~ G,
with coefficients in Z,((xi)ier) ® F (Y tryp,) satisfies:

(i) H. =0fori # N, and dimHY = 1.

(ii) If all the y; are nontrivial, then H, = H-".

One has V* = Gj, #((x) = Q,;prixi(Ki(Gn)), and F (¥ o trgm,) = T*F () =
X ; priF (¥). The Kiinneth formula therefore applies, and 4.11 follows from 4.3.
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4.12. — It also follows from 2.4* and (Cycle, 1.3, Example 2) that the group of permutations o
of I such that y; = y, fori € I acts on HY by multiplication by the sign £(c"). We shall deduce
from this a second proof of the Hasse—Davenport identity.

If y is a character of FY, the fact that over F the norm N is (x;) — []x; gives F(y o N) =
N*F (x) = ), pri F (x), and the Kiinneth formula gives

H (V. F (x ' oN)® F(yotr) = Hi (G, F (x'y)®,

where the tensor product on the right is taken in the sense of 2.4*. Since Hg, (G, F(Wx™h)) is
one-dimensional, its ordinary /-indexed tensor power depends only on the cardinality N of .
Applying (Cycle, 1.3, Example 2), one obtains a canonical isomorphism

4.12.1) HY (v*, Fx'oN)® T*g(t//)) ~ H (G, F (™)) @2 AV ZI.

To compute the action of F*, it is most convenient to adopt the Galois viewpoint: since the
isomorphism (4.12.1) is canonical, it is compatible with the action of Gal(F/F,) by transport of
structure. If (k) is the sign of the permutation ¢ of /, one finds

75, (v © Nige, ) = tr (¢ LY (VN F () @ T°F (1))

N
= S(k) tr (QO_I, Hl(Gma 97()(_]'10)))
= e(k)T(x,9)",
that is,

(“.122) 7, (X 0 Nije,o ) = 2070 ).

If k is a field, ¢ is a cyclic permutation of I, £(k) = (=1)V*!, and one recovers the
Hasse—Davenport identity:

T ()( o Nijg,» ¥ © trk/Fq) = (=DM, (X o Ni/g,» w) =10V,

Lemma 4.13. — For y o T = (x;)ier as in 4.9(i), the following conditions are equivalent:
(i) )(lF; is trivial;
(ii) the product of the y; is trivial;
(iii) F (x) = Z,((x:)) is the inverse image of a unique sheaf on V*|Gy,;
(iv) the inverse image of F (x) on G,, (mapped into V* by the structural morphism F, — k)
is trivial.
(i)=(ii). Regard y as a character of (V*/G,,)(F,) = k*/F}, and take & (x) on V*/G,,.
(ii)=(iii). Similarly, regard (y;) as a character of (V*/G,,),. Uniqueness in (iii) follows
because V* is a bundle with connected fibers over V*/G,,, and (iii)=(iv) is immediate.
(iv)=(), (ii). This inverse image is both & ( XlF:;) and Z, (I 1 x:).

4.14. — Let k be an étale algebra over F, of dimension N + 1, and let y be a nontrivial character
of k* whose restriction to Fy is trivial. The Jacobi sum J(y) is defined by

(4.14.1) Jo =DV T ).
xek> /Fy
tr(x)=0

Gauss sums and Jacobi sums are related by the following identity.
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Proposition 4.15. — For x as above and  a nontrivial additive character of F,, one has

qJ (x) = 5, (x> ¥).

In the special case k = Ff]\’ *+1 this formula may be rewritten, using (4.5.3), as

(4.15.1) 29I = | |70 w),

i

or, in the more customary form,

Xo(—l)J(X)=(—1)N1 > ]_[)(, () = (x5 W) 1]—[r<xl,w>

XN EFX i=1

le
N
) = nXi
i=1

Proof of4.15. —

,Oe) = CDM Y @ e = GOV YT x@T Y ).

xekX xek* [Fy A€Fy

The sum Zﬂng Y(Atrx)is g — Liftr(x) =0, and —1 if tr(x) # 0. Hence

5, (x.¥) = (DM [ ¢ Z x(x)™ - Z x@™.

xek™[Fy xek> [Fy
tr(x)=0

The second term on the right is zero, since it is the sum of the values of a nontrivial character,
and 4.15 follows. m]

Proposition 4.15 has the following cohomological counterpart.
Proposition 4.16. — The cohomology of W* |G, (4.6, 4.8) with coefficients in F (y~') satisfies:
(i) H. = 0 fori # N — 1, and dimHY~! =1,
(ii) On HY=Y, F* acts as multiplication by J(x).
(iii) HY=1 is canonically isomorphic to HY*1 (V*, Fxy L yo trk/]pq)) (1).
Assertion (ii) follows from (i) and the trace formula; (i) and (iii) follow from 4.11 and the
following more geometric statement.

Proposition 4.17. — Let (x;)ics be a family of nontrivial characters of p,,(F) whose product is
1. Then H=Y (W* /G, Hn((xi)icr)) is canonically isomorphic to

HE (Ve Fa(Orien) © F (9 tris,)) (1.
The first line in the proof of 4.15 becomes, with  as in (4.6.1),

4.17.1) Rim (T (xier)  F (0 trige,)) = Tl (riier) © R (0 trie,)
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(on V*/G,y,). Let us compute the sheaves R'm F (y try/p,) = R'mT*F (). Let vy : Vo — Vp be
the blowup of V; at {0}. In the diagram

4.17.2) Vo N {0} — V) —V,
Py

7 is a fibration whose fibers are punctured lines, Vp is the corresponding line bundle, and
Zy = val (0) is its zero section. The sheaf 7*F () on Vj \ {0} extends to (Tvy)*F (¥) on Vo,
and the restriction of this sheaf to Z; is the constant sheaf E,, since Tyvg vanishes on Zj. The
long exact sequence of cohomology with proper support is therefore

(4.173) —— RmT*F () — Ra(Tv)*F () — (E, fori = 0, 0 otherwise) —
The inverse image ﬁ_l(Qo) is the blowup WO of Wy at 0; Tyvg vanishes on Wo. Thus
(Tv)*F () = E, on 7' (Qy), and since 7 is a line bundle,

. 0 fori # 2
4.174 RadvyFwle = ,
( ) m(Tv) F ()0 {Eg(—l) fori = 2.

If x € Pand x ¢ Q, the line D = 7! (x) is mapped isomorphically onto G, by Tv; therefore,
by 2.7%,

Ho(D, (Tv)*F (¢)) = H*(Go, F(¥)) =0 et
, 0 fori # 2,
(4.17.5) R (Tv)" F (y) = ort?
E/l(—l)Q fori =2
Combining (4.17.3) and (4.17.5), we finally obtain
0 fori #1,2,
(4.17.6) RmT*F(y) = E, fori =1,

Ey(-1)p fori=2.

4.18. — Compute the cohomology with proper support of %, ((x;)) ® T*F (¢) on V* using the

Leray spectral sequence for 7 : V* — V*/G,,. Applying (4.17.1) and (4.17.6), the initial terms are

EY' = HL(V* /G, Ha((1))) = O (because (x;) # 0) and EY = HE (W* /G, Fo (1)) (1),
The spectral sequence reduces to an isomorphism, and 4.17 follows.

4.19. — The sheaves %, ((x;)ic;) make sense over any field, and even over any base scheme.

This will allow us to generalize 4.16(i). With the notation of 4.6, suppose that M is everywhere

finite étale of rank N over A, and let n be an integer invertible in A. Denote by a the projection

from W*/G,, to Spec(A). Let y also be a character (a morphism of sheaves) x : (V*/Gp), — E7,

and let %,,(x) be the corresponding sheaf. Locally for the étale topology, y may be regarded as

a family (y;);e; of characters of p,, whose product is trivial.

Proposition 4.20. — (i) If x is nontrivial at every point, then Rla\(H,(x)) = 0fori #+ N — 1,
and RN=Ya\ (K, (x)) is lisse of rank 1.

(ii) An automorphism o of M that preserves x acts on this RN~'a, by multiplication by the sign

e(o) of o, viewed as a permutation of I.

(iii) If all the y; are nontrivial, then Ra, — Ra,.
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Proof. — The scheme W*/G,), is the complement of a relative normal-crossings divisor in Q,
which is proper and smooth over Spec(A), and %, (x) is locally constant on W*/G,, and tamely
ramified at infinity. It follows that the R'a, and R’a. are lisse and that their formation commutes
with every base change. A standard argument then reduces us to the case in which A is a finite
field, and (i) follows from 4.17 and 4.11(i). For (ii), use the compatibility of the action of o~ with
the isomorphism of 4.17, together with 4.12. For (iii), observe that if all the y; are nontrivial,
then %, (x) on W*/G,, C Q is ramified along every divisor at infinity, and apply 1.19.1. m]

5. Hecke characters

5.1. — Let F be a number field (of finite degree over Q), and let k be a field of characteristic
0. The following are several equivalent ways of specifying what it means for a homomorphism
a : F* — k* to be algebraic.

(i) Let {e;} be a basis of F over Q. The homomorphism « is algebraic if it is given by a
formula a () x;e;) = A(x;), with A € k(X;).

This means that on F*, « agrees with a rational map defined over k from Rrq(G,,) to G,,.
By the Zariski density of F*, and the fact that a rational homomorphism is everywhere defined,
such a map is a homomorphism of group schemes:

(ii) a is induced by a homomorphism of k-group schemes
Rr/0(Gn) ®g k — Gy,.

If k is a number field, the adjunction property of restriction of scalars shows that this is
equivalent to:

(iii) (for k a number field) @ is induced by a homomorphism of Q-group schemes Rr/q(G,,) —
Ri/o(Gm).

Let k be an algebraic closure of k, and let I = hom(F, k). Over k, the character group of
Rr/o(Gyy) is Z!, with basis the embeddings of F into k. The characters defined over k are those
invariant under Gal(k/k). They may be described either as those mapping F* into kX C k, or in
terms of the orbits of Gal(k/k) on I, which correspond to the factors of F ® k.

(iv) a has the form @ = [[,c; @". The permitted families of exponents (n,,) are those for
which n,, = n,, whenever w and «’ lie in the same Gal(k/k)-orbit. Equivalently, they are
those for which [], w(x)" € k for every x € F.

(v) Write F ® k = [];¢; Fj, with the F} fields. Then « has the form a = [] N;nf'/k.
J

In the special case in which k contains a normal closure of F, these expressions become
@ = [] ", where w runs through the [F : Q] embeddings of F into k.

5.2. — Suppose that k is a number field, and let @ be an algebraic homomorphism from F* to
k*. There is then a unique homomorphism, again denoted a, from the group I(F) of fractional
ideals of F to that of k, such that a((x)) = (a(x)). Uniqueness follows because every ideal has
a power that is principal and (k) is torsion-free. For existence, one may use 5.1(v): one has

a(a) = [IN;/, (o).
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5.3. — Recall the definition of algebraic Hecke characters, called by Weil Hecke characters (or
Grossencharaktere) of type Ag. Let F be a number field, let m be an ideal of F (that is, of its
ring of integers), let I, be the group of fractional ideals of F' prime to m, and let k be a field of
characteristic 0. A homomorphism y : Iy, — k* is an algebraic Hecke character (of conductor
< m) if there is an algebraic homomorphism e : F* — k* satisfying

For x € F* prime to m, totally positive, and congruent to 1 modulo m, one has
X (%)) = Xatg (x).

By density of the set of x occurring in (*), yag is completely determined by y. It is the
algebraic part of y. If y((x)) = yag(x) for totally positive x congruent to 1 modulo m’, then
x extends to a Hecke character of conductor < inf(m, m’): Iy — k*. We identify Hecke
characters that agree on their common domain of definition, and call the conductor of y the

smallest m’ for which y has conductor < m’.

(*)

5.4. Remark. — If an algebraic Hecke character y takes its values in a subfield k’ of &, it is
already a Hecke character with values in k’. It is enough to see that y,, : Rr/g(G) — Gy, is
already defined over k’, and this follows from the Zariski density in Rrg(G,,) of the totally
positive elements x congruent to 1 modulo m. One may always take £’ to be a subfield of k of
finite degree over Q.

5.5. — If g is a totally positive unit congruent to 1 modulo m, then y,.(e) = x((g)) = 1. Thus
Xalg factors through the quotient Ty, of Rr/q(G,,) by the Zariski closure of the group Ey, € F*
of totally positive units congruent to 1 modulo m.

According to Serre [35, I1.3], if k is an algebraic closure of Q and m is sufficiently large, the
characters [[ w"* of Rr;q(Gy,) that occur as yq, are characterized as follows: there must be an
integer N, the weight of x (or of ya), such that for every element o of Gal(k/Q) conjugate to
complex conjugation, one has n,, + ns,, = N. If F] is the largest subfield of F that is a totally
imaginary quadratic extension of a totally real field F7, this is equivalent to saying that y;|; has
the form y1 o Ng/r, and that y; |F1’X = (NFI//Q)N.

If y has weight N, then for every ideal a of F, y(a) is an algebraic number all of whose
conjugates have absolute value N (a)"/? [35, 113, Prop. 2].

5.6. — For a fixed number field k, further conditions are imposed on y,.. Indeed, for every
ideal a of F prime to the conductor, one has
(5.6.1) )(alg(a) = (x(a)),

so that y,ig(a) is principal. Since the group of fractional ideals of k is torsion-free, it suffices to
prove a suitable nonzero nth power of (5.6.1). This allows us to replace a by a”, and hence to
suppose that a = (x) with x totally positive and congruent to 1 modulo m. The assertion then
follows directly from the definitions.

Together with 5.5, this shows that y., determines the absolute value of y(a) at every place of
k.

5.7. — Serre’s group Sy, may be characterized as the group of multiplicative type whose

character group (over any field) is the group of algebraic Hecke characters of conductor < m (cf.
[35, I1.2.1 and I1.2.2]). Its relation with £-adic representations is explained in [35, 11.2.3].
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Theorem 5.8 ([35]). — Let x be an algebraic Hecke character of F with values in E,, where E
is a finite extension of Qg. There is then a unique homomorphism y, : Gal(F/F)*® — E such
that:

(i) xa is unramified outside the conductor § of xy and the primes above {;
(ii) for a prime ideal p of F prime to | and €, and F, € Gal(F/F)® the geometric Frobenius
at p, one has

X1(Fp) = x(p).

5.9. — In the remainder of this section we shall give a criterion for a A-adic representation to
arise in this way from a Hecke character, and in the next section we shall apply it to Jacobi sums.
In this way we shall recover, in slightly generalized form, results of Weil [42, 44], replacing the
second part of Weil’s proof by an argument using £-adic cohomology.

Theorem 5.10. — Let F and k be number fields, let A be a place of k of residue characteristic €,
and let y; : Gal(F/F)® — k; be a homomorphism unramified outside € and a finite set S of
places. Suppose that there exist a set T of places, containing S and the places above {, of density
0, and an algebraic homomorphism yq : F* — k*, such that:

(i) for an algebraic closure k of k, the homomorphism yq : FX — k* < kX is of the type
considered in 5.5, of weight N;

(ii) for every prime p ¢ T, xa(Fy) lies in k*, one has (xa(Fp)) = xo(p), and every complex
conjugate of x1(Fy) has absolute value (Np)N/2,

Then y, is defined, in the sense of 5.8, by an algebraic Hecke character of F with values in k
and algebraic part .

Let x’ be an algebraic Hecke character with values in a finite Galois extension k” of k, and with
algebraic part yq (5.5). After enlarging 7', we may suppose that the conductor of y’ is supported
in T. Let A’ be a place of k£’ above 4, let y,» be the composite

Gal(F/F)™ — k5 — k%,

and let x/, : Gal(F/F)*® — k’%, be the character defined by x’ (5.8). Set & = y (x" ).

Hypothesis (ii), together with 5.5, 5.6, and 5.8, ensures that for p ¢ T one has &(Fy) € k',
and that this number has absolute value 1 in every completion of k’. It follows that &(F})
belongs to the finite group u of roots of unity in k’. By the Chebotarev density theorem and the
density hypothesis on T, the elements F,, for p ¢ T are dense in Gal(F/F )2, Thus &(o) € u
for every o € Gal(F/F)™: & is a finite-order character Gal(F/F)® — u. By class field theory,
it corresponds to a finite-order character of the idele class group of F, that is, to an algebraic
Hecke character with trivial algebraic part. Correcting y’ by this character, we reduce to the case
X = x)y- It remains to show that x’, which a priori takes values in k’, actually takes values in k.
If o € Gal(k’/k), the characters y” and x’? agree on every prime ideal p ¢ T, since

X' (0) = x4 (Fy) = xw(Fp) € k™.

The characters x’, and (x},)” agree on a dense subset of Gal(F/F )2, hence are equal. Thus
x' = (x")7, so y’ takes values in k.
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6. Hecke characters defined by Jacobi sums

The idea of this section is as follows. Consider a Gauss sum 75, (x, ). Both it and the
corresponding sheaf % (y ') are tied in two ways to the characteristic p and to the base field
Fy:

a) the additive character ¢ and the sheaf & () occur in their definition;

b) F(x) is defined from the Lang exact sequence

0 k* Vv Vv 0.

These give two difficulties if one wants to lift the corresponding cohomological constructions to
a number field F and find ¢-adic representations of Gal(F /F) whose Frobenius eigenvalues are
Gauss sums.

If y is trivial on IFZ;, the sum 75, (x, ) is independent of ¢ and is g times a Jacobi sum. The
latter is related to the cohomology of W*/G,, with values in a sheaf derived from y: ¢, and
hence difficulty a), has disappeared. To resolve b), it is enough to describe the sheaves used by
means of Kummer exact sequences, which make sense in every characteristic. This is possible by
4.9.

Once the ¢-adic representations have been found, we use 5.10 and the Stickelberger theorem to
show that they arise from algebraic Hecke characters.

6.1. — If E is a field with algebraic closure E, and A is a character of finite order dividing d,
then for every multiple n of d we denote by ,A the character of u,(E) that induces the same
character as A on Z(1); = &n 1, (E). We use the same notation when A is itself a finite-order

character of Z( Dg.

Let F and k be number fields, let F be an algebraic closure of F, let I be a finite set endowed
with an action of Gal(F/F), and let A = (A;);c; be a family of characters A; : i(l)p — k*.
Suppose that A; # 1 for every i € I, that the product of the A; is trivial, and that the family A is
defined over F, that is, for every o € Gal(F/F), A5¢) = 4; © ol

The Galois set [ is the set of homomorphisms into F of a separable F-algebra E. If C is the
set of Gal(F/F)-orbits in I, then E decomposes as a product of fields E = [],cc Eq, Where a is
identified with the set of embeddings of E,, into F. If the characters A; for i € a have order d,,,
then E, contains the d,th roots of unity and there is a character A, : g, (Ey) < k™ such that,

if i € a corresponds to the embedding o; : E, < F, then dodi = Ag © 0'1._1.

6.2. — Letn > 0 be a multiple of the d,, let X be the set of places of F' at which E /F ramifies or
which divide n, let u be a place of k of residue characteristic £, and let A be the ring of elements
of F integral outside £ and ¢. The integral closure M of A in E is finite étale of rank N = |/|
over A. With the notation of 4.6 and 4.8, the ,A; define

nd s (V[Gp)n — k™ C k.

Let a be the projection from W*/G,, to Spec(A). By 4.20, the sheaf RV 2a,.%,,(,1) is lisse of
rank one; it defines an ¢-adic representation

Juld] : Gal(F/F)*™ — ki

(or simply j,), unramified outside X and ¢.
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6.3. — Let us compute j,(Fy). By 4.20, it is enough to do so after reduction modulo p. Set
f=A/pande = M/pM, and let f be the algebraic closure of f determined by a place of F
above p. We still have / = hom¢ (e, f). After reduction, ,A again has a description as in 6.1:

a) Let D be the set of Gal( f/f)-orbits in I. The decomposition of e as a product of fields is
e = [lgep €p, where the o; for i € § are identified with the embeddings of eg into f. For
B € D, let a(B) be the element of C containing S, and put dg = d(g). Define

~ Aa(p)
At pag(ep) = paz(Eq(p) — k™.

b) If i € I corresponds to the embedding o7 of eg into f, then the reduction dﬁ/i,- D Mg (f) = k*
of dﬁ/li is /lﬁ o 0'1._1.
Let g be the number of elements of eg, set xp = 4,-145, and let y : e* — k* have components
xg. On the affine space over A/p defined by e (4.6), or more precisely on the torus e;, there are

isomorphisms
Hn((id)iep) = Hay((Ag 0 07 icp)
= Fqp-1((xp o o7 Diep) = F (xp)
by 4.9. Thus on e* one has %, ((,1i)ic1) = F(x), and this isomorphism descends to the
reduction modulo p of V*/G,,. Consequently:

Proposition 6.4. — With the notation of 6.2 and 6.3, j,(Fy) is the Jacobi sum J ().
Let us rewrite the formulas relating (4;);er to (xg)gep. Fori € g C «,

dodi = Ag © 0','_1 Aot Md, (Ey) — k>,
Az = the reduction of 1, D pa, (ep) — kX,
XB = qp-14p 1 X F— /lﬁ(x(qﬁ_l)/d") : eE — k.
Theorem 6.5. — The representation j, is defined by an algebraic Hecke character of F with

values in k™.
We shall verify this using 5.10. At this point we rejoin Weil’s proof [42, 44], through the use
of the Stickelberger theorem, and I shall give only a few indications.

6.6. — Given j : Gal(F/F) — k% and a finite extension F’/F, one checks using 5.10 that j is
defined by a Hecke character if and only if its restriction to Gal(F /F’) is. This observation allows
us in 6.5 to reduce to the case in which Galois acts trivially on 7 and F contains the nth roots of
unity. We may then reduce to F = Q(*/1) and take k = F. In this case each ,; is specified by
an element a; € Z/n: itis the map x — x% : u, — k*. One has },a; = 0inZ/n, and a; # 0.

6.7. — In a number field, the places of degree greater than 1 always form a set of density 0. In
applying 5.10, we may therefore disregard them and use Stickelberger only over a prime field.
Let p be prime, let 0 < a < p — 1, let x : Fj — Q7 be the Teichmiiller (“multiplicative lift”)
character, and set
=3 T e g0,
x€eFy

where £ is a pth root of unity. Also write x for the integer in [0, p — 1] lifting x, put £ = 1 + 7,
and expand ¢* = (1 + n)* by the binomial formula. We obtain g = — Zf:_ol A;r', where
A; € Z,, and the reduction of A; modulo p is ZXeF; x (’f) If b is not divisible by p — 1, then

109



2rers xb = 0. If i < a, (}) is a polynomial in x of degree i < a, whence A; = 0 (mod p).
Likewise A, = (p — 1)/a! (mod p), and g ~ 1%/a!. Thus the valuation of g is given by

Wg) _ a

vip) p-1

6.8. — Let oy, fori € (Z/n)*, be the element of Gal(Q(¥/1)/Q) such that o5 (¢) = ¢ for " =1,
and write the group of algebraic homomorphisms Q(¥/1)* — Q(¥/1)* additively. For A as in
6.6, defined by a family (a j) jer of nonzero integers modulo n whose sum is zero, 5.10, (4.15.1),
and 6.7 show that j,[A] is defined by an algebraic Hecke character j[a] and that, if N denotes
the norm, its algebraic part is given by

(6.8.1) (NjlaDag= Y. D] <%> ol

ie(Z/n)* jel

where ( - ) denotes the fractional part.

6.9. — The most interesting case is that in which F ¢ Q(*/1) and the family of ,4; is constructed
as follows:

a) Take a finite family (A;) e of orbits in Z/n under Gal(Q(V1)/F) = H c (Z/n)*. Suppose
that A; # {0} and 2} jcj 2uea, @ = 0inZ/n.

b) Take I =[]y A;; Galois acts on each A;.

c) Take F > Q(W), k= Q(VT), and, if i € I corresponds toa € A; C Z/n, set ,4;(x) = x“.

Using 4.20, one checks that a general j, relative to F is obtained from a j,, as above, for
F c Q(¥/1) and F; /F finite, by restriction to Gal(¥/F;) and multiplication by a character of
order two.

An element a € Gal(k/Q) = (Z/n)* transforms the family (A;) into (aA;). If a € H, the
family (A;) is therefore preserved, and the values j,(F}) are invariant under H.

Proposition 6.10. — Under the hypotheses of 6.9, j, is defined by an algebraic Hecke character
of F with values in F.

Return to F = Q(¥/1), and consider the Hecke characters j[a] defined by a family (a;);e; with
a; € Z/n, a; # 0, and ) a; = 0. The following theorem was obtained independently by Vishik.
Theorem 6.11. — Every algebraic Hecke character of Q(/1) has a nonzero power in the group
generated by the j|a] and the norm.

Since we are working up to torsion, only the algebraic part of the Hecke characters under
consideration matters. Applying (6.8.1) to the j[a], with a an element of Z/n repeated n times,
reduces the assertion to the following lemma.

Lemma 6.12. — Write the elements of the group algebra Q[(Z/n)*] as },x;o;, and let X be
the subspace of those for which x; + x_; is constant. Then X is generated over Q by N = 3’ ; o
and by

ia\ _;
ga = —>0'. (a €Z/n, a+0).

1

(%
ie(Z/n)
Both X and Y = (N, (g,)) are ideals of the group algebra, and it is enough to verify that they

are annihilated by the same complex characters y of (Z/n)*. This amounts to saying that an odd
character, for which y(—j) = —x (), never annihilates all the g,. If y is primitive, then

l —_— .
x(g1) = E —x'(i) = =L(x,0) # 0.
ie(Zin)*
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In general, if y is induced by a primitive character modulo d, then x(g,/4) reduces to the
analogous sum over (Z/d)*. This proves the lemma.

7. Generalized Kloosterman sums

7.1. — Let I, be a finite field with g elements, and let iy be a nontrivial additive character. In
this section we make a cohomological study of the generalized Kloosterman sums

(7.1.1) Kna = Z U(xi++xy) (m>1).

For a = 0, this sum is elementary (cf. 7.7):

(7.1.2) Ko = (-1)"1
The interesting case is a # 0. The x; then belong to F?j In this case we shall prove the bound
(7.1.3) K, a| < ng"T.
Our essential tools will be cohomological statements reflecting the following identities:

(7.1.4) Kua= D W) >, dlxa+-+x)

X1 X2 Xp=da/xy

= Y UWKporay  (@#0,n>2)

x€lFy

(7.1.5) S Kiaz=y, Y z//(le-) =y l//(in) )
a a Xi-Xp=a X1booXn

For y a nontrivial character of F,

(7.1.6) Y@K = > ([ ) v (D)%) = <)

Toeees Xn

(a Gauss sum).

7.2. — Let k be an étale algebra of degree n over F,, and let (k) be as in (4.5.1). Set
Kia= Y, ¢t

Ni/r, (x)=a
One again has
(7.2.1) Kio= (=1)"" - e(k)
(7.2.2) D Kia=0
(7.2.3) D X (@Ky = (=)', (X_l © Ni/Ey» ‘ﬁ) :
a

Fourier inversion on F7 gives an expression for Ky , in terms of Gauss sums:

Kia = ﬁ ZX(CI) Z x 1 (D)Kip
X

beFy

1
(7.2.4) (=1)"Kpq = o e(k) +;X(a)ﬂpq (X o Nk/Fq,lﬂ) :
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The Hasse—Davenport identity now allows us to compare Ky , with K, ; = Kgz 4
(7.2.5) Ko = e(k)Kpa.

I know no cohomological interpretation of (7.2.4), but I shall give one for (7.2.5). Let us
return to the sums K, 4.

7.3. — Let F be an algebraic closure of F,, and for a € F let V=1 or simply V,, be the
hypersurface in A" defined by x; ---x, = a. As usual, we regard ¢ as {-adic-valued rather
than complex-valued. With the notation of 1.8(ii), the bound (7.1.3) follows from the following
theorem.
Theorem 7.4. — The cohomology of V'~ with coefficients in F (y (3. x;)) satisfies:
(i) H. = 0fori #n—1;

(i) H. = H*;

(iii) fora # 0, dimH?‘1 =n;

(iv) fora =0, HZ_I is canonically isomorphic to E),.

7.5. — As usual, this theorem also controls the dependence of K, , on g: foreach a € Fg, there

are n Frobenius eigenvalues a1, . . ., @,, each of complex absolute value q("‘l)/ 2 such that
Y otr (in) = (-)! (@' +---+a))).
X1 Xp=a
x,—qum

For even n, x — —x is an involution of V,, that transforms % (o) into its dual. Arguing as in
3.6, we obtain a canonical nondegenerate alternating form on H~!(V,, % () with values in
Q¢(—(n — 1)), and hence the following corollary.

Corollary 7.6. — With the notation of 7.5, if n is even, the «; fall into n/2 pairs a, @ whose
product is ¢" .

7.7. — Let us verify the case a = 0 of 7.4. The hypersurface Vj is the union of the coordinate
hyperplanes x; = 0. Consider the Leray spectral sequence (2.6.1%) for this covering of Vj,
for cohomology either with or without support and with coefficients in & (¥ o). By 2.7%, all
the initial terms vanish except the cohomology of the intersection {0} of all the coordinate
hyperplanes. What remains is an isomorphism Hg — H" = E,, which proves this case of 7.4.
We shall prove 7.4 and 7.8 below by simultaneous induction on n, using the spectral sequence
reflected by (7.1.4). This requires control of the dependence of K,, , on a.
Let 7 : A" — A! be the coordinate-product map, and let o be the sum of the coordinates. The
hypersurfaces V, are the fibers of .
Theorem 7.8. — (i) The sheaf R""\m\F (y o) is lisse of rank n on A' \ {0}.
(ii) Its extension by zero to P! equals the direct image of its restriction to A' \ {0}.
(iii) At O, the monodromy is unipotent with a single Jordan block.
(iv) At oo, wild inertia has no nonzero fixed vector, and the Swan conductor is 1.
(v) One has RmF (yo) — Rn.F (o ); these sheaves vanish fori + n — 1.
Proof. — We first prove that 7.4 for a given value of n implies 7.8 for the same value of n.
The stalk of Rim F (o) at a is H.(V,, F (¥0c)). On the dense open subset on which the
Rim% (y~'o) are locally constant, the stalk of Rix,F (yo) is H (V,, % (yo)) (Finiteness
Theorem, 2.1). Hypothesis 7.4(n) therefore gives the following lemma.
Lemma7.9. — (i) Rm%F (yo)=0fori#n-1.
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(ii) Fori = n — 1, the stalk of this sheaf at every point a # 0 has constant rank n. At 0, it has
rank 1.
(iii) On a dense open subset U, one has R'm\F (yo) — R, F (yo).

7.10. — We now use the Leray spectral sequence for r, for cohomology with or without support
and with coefficients in & (o). Its abutmentis known: H} (A", # (y o)) = H* (A", #F(y0)) =0
(2.7*). For cohomology with proper support, 7.9(i) ensures that Eé’ 7=0forq #n—1. All the
E>-terms therefore vanish:

(7.10.1) HY (AL, R !'mF (yo)) = 0.

For p = 0, this means that R"~!7,% (o) has no section with point support. In view of the
constancy of rank in 7.9(ii), it follows that
The sheaf R*~'7 % (o) on Al is lisse on A! \ {0} and is

(7.10.2) a subsheaf of the direct image % of its restriction to A! \ {0}.

The long exact cohomology sequence of

0— R"ImZF(yo) g Q 0.
where the support of @ is concentrated at 0, gives
HY(A!,©) — @y — HL(A',R"I'mF (y0)).
The two outer terms vanish, so @ = 0, and
(7.10.3) R, % (o) is the direct image of its restriction to A! \ {0}.

Let j be the inclusion of A! into P!. The derived-category form of the Leray spectral sequences
is
H* (B!, jRmTF (yo)) = HY(A',RmF (o)) = HY(A", F (y0)) = 0
H* (P!, Rj.Rm.F (yo)) = H' (A, Rr.F (yor)) = H (A", F (yo)) = 0.

Let A be the mapping cone of j,RmF (yo) — Rj.Rn.F (¥ o). By 7.9(iii), the cohomology
sheaves of this complex have finite support. On the other hand, the long exact cohomology
sequence of the triangle (j,Rm% (yo), Rj.Rm.ZF (o), A) shows that H*(P', A) = 0. Since
H* (P!, A) = HO(P!, #°*(A)), it follows that A = 0:

JRmZF (yo) — Rj.Rm.ZF (yo).

In particular, Rm % (W o) — Rr,.F (yo); and since these complexes have only one nonzero
cohomology sheaf,

(7.10.4) jiBRmF (o) — j.RmF (yo).
This completes the proof of (i), (ii), and (v).

7.11. — Let Swy and Sw., be the Swan conductors at 0 and co of R"~!'m % (o). By (7.10.1),
ye(R™'mF (yo)) =0, and the Euler—Poincaré formula (3.2.1) reduces to

(7.11.1) Swo +Swe = 1:

one of these conductors is O (tame ramification), and the other is 1.
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7.12. — Let & be a nonconstant rank-one sheaf on G,,, of Kummer type 4.7, say & = %, (x)
with y # 1. The sheaf  (yo) ® 7% on V* = 771(G,,) = A" \ 771(0) is then of the type
encountered in the study of Gauss sums, and 4.11(ii1) gives

(7.12.1) H. (V7' @ F(yo)) —= H(V*, 7*°C ® F (y)).
The Leray spectral sequence for & transforms this statement into
(7.12.2) H: (G, € @ R !ImF (yo)) — H* (G, € @ RV ' F (y0)).
Let i be the inclusion of G,, into P!, and let A be the mapping cone of
§: i ($@R"ImF (yo)) — Ri.(¢ @ R 'mF (yo)),
where R"~!7, = R""x,. Arguing as in 7.10, we deduce from (7.12.2) that A = 0. In particular,
(7.12.3) At 0 and oo, inertia has no nonzero fixed vector on € ® R 'm & (yo).

At oo, this holds even when & is trivial, by (7.10.4); varying the tame Kummer twist shows
that wild inertia has no fixed vector. In particular the ramification is wild. By 7.11, one has
Swe = 1, and the ramification at O is tame.

At 0, (7.12.3) forces the tame ramification of R"~!7, % (¢0-) to be unipotent. By (7.10.3) and
7.9(i1), there is a single Jordan block. This completes the proof of 7.8(n).

7.13. — Forn =1, 7.4 is immediate. To complete the proof of 7.4 and 7.8, it remains to prove
that 7.8 for a given n implies 7.4 for n + 1. The case a = 0 was treated in 7.7, so assume a # 0.
Write xo, . . ., X, for the coordinates of A"*!. Let g =xo :V, — Gy, let T be the involution
x — ax ! of Gy, and, as above, let 7 : A" — A! be the product of the coordinates xi, . . ., X,
with o their sum. We use & (o) to denote the sheaf F (¢ (3 x;)) on both A"*! and A”, as the
context dictates.

7.14. — Write down the Leray spectral sequence for g. Since % (o) on A™*! is the external
tensor product of F () on Al and F (y0) on A", one obtains (cf. (7.1.4))

'EY! = HL (G, F (1) ® TRIMF (yr)) = HEY (V, F (y )

"EY? = HP (G, F () @ T'RInF (yo)) = H(V,, F (y0)).
By hypothesis, Rim % (yo) — Rin,F (o), and this sheaf vanishes for ¢ # n — 1. The sheaf
F (Y) on Gy, is wildly ramified at co and unramified at 0, whereas 7*R9m\F (Y o) is wildly

ramified at 0, with no wild-inertia invariants and Swan conductor 1, and is tamely ramified at co.
Their tensor product is therefore:

a) wildly ramified at O and co, with no wild-inertia invariants;
b) of Swan conductor 1 at 0 and n, the rank of R?m & (y0), at co.

Thus 'E}? = "E??, and"E}? = 0 except for p = 1 and ¢ = n — 1. Finally, the Euler—Poincaré
formula gives

dim’E}" ™ =1 +n.

This completes the proof. m|
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7.15. Remark. — The isomorphism obtained in 7.14,
(7.15.1) H (Vi F (o)) = Hy(Gp, F () ® TR mF (y 7))

allows one, with the notation of 7.5, to compute the product det(F) of the Frobenius eigenvalues
;. The formalism of [13] applies, since F () and R"~'7,% (yo) belong to infinite compatible
systems of {-adic representations. This reduces the calculation to local questions, which may be
simplified by observing that (cf. [13, 9.5]):
a) the global constants for % () and T*R""!m % (y o) are easy to compute, since the
cohomology of these sheaves is of a trivial nature;
b) atevery point, for either sheaf, the corresponding ¢-adic representation of the decomposition
group has unramified semisimplification.

For the sum in » variables, the result is

n(n-1)

(7.15.2) det (F,H';—l(v,;“—l, g(w))) = ¢"

7.16. Remark. — For p = 2, the sheaf & () is orthogonal. For a # 0 and odd n, 7.4(ii) and
Poincaré duality therefore give a symmetric bilinear form on H’C"1 (Vg"1 , F (Yo)) with values
in Q¢(1 — n). Relative to this form, F is an orthogonal similitude with multiplier ¢"~!, and
g1""/2F belongs to the special orthogonal group by (7.15.2). One of the eigenvalues of F is
therefore ¢"~1/2, and the others fall into pairs @, @ whose product is ¢g"!.

For n = 3, L. Carlitz [8] obtained a more precise result, equivalent to the following proposition.
Proposition 7.17. — For p = 2 and Y (x) = (=1)"Fa/"2 @) there is an isomorphism

HZ(V,, Z (yo)) = Sym> HL(V,, F (y o).

The tensor square of HL.(V!, # (y0)) is H3(V! x V!, # (yo) ® F (o)) by Kiinneth. The
symmetry x ® y — y ® x is represented geometrically by —7*, where 7 is the automorphism
(x,y) = (v,x) of VI x V1. Let X’ be the quotient of V! x V! by {id, 7}, and let & be the
projection onto X’. The group Sym? H.(V!, & (o)) is therefore identified with the cohomology
of X’ with coefficients in the T-anti-invariant part of 7.(F (Y0 ) R F (¥ 0)). Let s be the function
on X’ such that sw = opr; + opr,. One has

FWo)»F (o) = F(Y(opry +opry)) = F(Ysn) =1 F (§s),

compatibly with 7. On the image 7(A) of the diagonal, the desired anti-invariant sheaf is therefore
zero. On the complement X = X’ \ 7(A), itis F (¢¥s) @ €(P), where ¢ is the unique character of
order 2 of {1, 7} and P is the {1, 7}-torsor on X given by the induced double cover V! x V! — X’
Thus

(7.17.1) Sym* HL(V!, # (v o)) = H2(X, F (yo) ® &(P)).

Let us compute X, s, and £(P). On Vt} X Vt}, write x1,x, for the coordinates pulled back
from the first factor and x/, x), for those pulled back from the second. Thus x;x; = x|x} = a.
Identify functions on X’ with 7-invariant functions on Va1 X V;. Put s; = x; + x’l, Sy =X + x’2,
p1 = x1x}, and py = x2x}. One has s;p> = asy and sp; = asy, while X is defined in X’ by
s1 # 0 and s, # 0. Hence on X, p; = as;s;', and (s, 52) identifies X with G,, X G,,. On X,
the cover P has equation T2 — 5T + aslsg1 =0, with 7 = x;. On putting 7' = s1t, this becomes

2 —t+ asl_lsg1 = 0. Consequently (P) = %(w(asl_lsgl)). Since s = s1 + 57, one has

FWs)®e(P)=F (Y(s1+s2+ asflsgl)),
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and the right-hand side of (7.17.1) is identified with the left-hand side of 7.17.

Remark. — H.(V}, F (o)) is also the first cohomology group of the elliptic curve obtained by
completing the affine curve with equations
Y -y=x+x
X1X2 = a,
its modular invariant is j = a2
7.18. Remark. — For a multiplicative character y of IF;; and a # 0, the method of 7.14 applies
to the study of the sum
S= D x(xo)(xo+++x,)
X0 Xp=d

(replace the sheaf # (¢) on G,, by F(x - ¢)). One again obtains a cohomology group of
dimension n + 1, and |S| < (n + 1)¢"/2. Such sums were considered by Salié and Mordell [28].

One may hope that our methods can be used to study the sums

Staa= ). XX tr(x)
N(x)=a
where k is an étale algebra over Fy, a € ]FZ;, and y is a character of k*. The analogue of 7.4 for
a # 0 should hold.

7.19. — The symmetric group S, acts on A", preserving V, and the map o, and hence also the
sheaf # (yo), the inverse image under o of % () on G,,. It therefore acts on H' =1 (V,,, & (y o).
Formula (7.2.5) has the following cohomological interpretation.

Proposition 7.20. — The action of S, on H'\(V,, F (y0o)) is multiplication by the sign
character.

It is enough to show that a transposition 7 acts as multiplication by —1. Since 7> = 1, its
only possible eigenvalues are +1. Let V,, /7 be the quotient of V, by {id, 7}. The map o, and
hence the sheaf & (y0), descends to the quotient. The 7-fixed subspace of H*"1(V,,, F (y0)) is
H"Y(V, /7, F (o). We must show that this cohomology group vanishes.

Assume a # 0. For 7 = (1,2), the quotient V, /7 is identified with G, x G2 by

(x17x2’x3’ .. 'axl’l) — (xl +x2’x3’ .. 'axn)'

Indeed, x| and x; are determined up to order by x| + x; and x;x; = a/(x3 - - - x,). In the resulting
coordinates (7, x3, ..., X,), the sheaf is

FWA+xs+-+x) =F W) @FW(x3+ - +xp)).

The Kiinneth formula and H; (G,, & (¥)) = 0 give the required vanishing.
For a = 0, Proposition 7.20 follows from the calculation in 7.7.

7.21. — The sums K, , in this section were studied by S. Sperber, in his thesis and in [38], by
p-adic methods inspired by Dwork and Bombieri’s paper [6]. For p # 2, these methods give
him the dependence on ¢ described in 7.5, the functional equation a; = ¢! ,81.‘1 between the
Frobenius eigenvalues for K, , and K,, , when b = (—1)"a (cf. 7.6), and the value in 7.15 of the
product of the roots. For p > n + 3, he also determines their p-adic valuations. The result is
striking: if the roots are ordered suitably as «y, . . ., @,_1, then aiq_i is a unit. The restrictions
on p are probably not essential.
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8. Other applications

8.1. — Identity 1.9.4 can sometimes be used to calculate the number of rational points of
an algebraic variety over F,. In most cases in which an exact result has been obtained, the
cohomology can be expressed in terms of algebraic cycles. This is so for rational surfaces,
quadrics, smooth intersections of two quadrics of odd dimension, flag varieties, and so forth. It
is not always so, however: algebraic cycles do not appear in Lusztig’s beautiful paper [27].

8.2. — For reductive groups, the cohomology may be calculated by lifting to characteristic 0.
If B is a Borel subgroup of G, then G — G/B is a B-torsor. The cohomology of the smooth
projective variety G /B is invariant under specialization, and the Leray spectral sequence for
G — G/B is used to prove the same result for G. This cohomology is conveniently expressed in
terms of a maximal torus 7" of G and the action of its Weyl group W on T (for the definition of the
maximal torus, cf. [7, VIIL, §2, Rem. 2] or [10, p. 105]). It is the exterior algebra on its primitive
part, which, up to a shift, coincides with the quotient /(H*(BG, Q¢)) of the cohomology of BG
formed by the indecomposable elements; moreover H*(BG, Q;) = H*(BT,Q,)V. If X is the
character group of T, altogether one has

H'(G.Q0) = A\ (1 (Sym* (X @ Que(=1)") [-11).

If G is defined over a finite field F,, then Gal(F/F,) acts on X, and this isomorphism is Galois
compatible. Passing to cohomology with proper support gives the classical formulas for the
number of rational points of G. If F* : X — X is defined by the Frobenius morphism F : T — T,
and deg; (F) is the degree ¢™% of F : G — G, then

8.2.1) |Go(F,)| = degg (F) - det (1 _FI(Sym* (X ® Q)W)) .

The same formula holds for the Ree and Suzuki groups. These groups are of the form G,
with G reductive and F? a Frobenius, and it is enough to verify that the Lefschetz trace formula
holds for F acting on G. If B is an F-stable Borel subgroup, this is checked directly for F' acting
on B; for the action on the proper smooth variety G /B, the general theorems apply.

8.3. — The trace formula was used by Deligne-Lusztig [10], Kazhdan [25], and Springer [39]
in the study of the complex representations of the finite groups G (F,), for G reductive over
IF4. The work of Kazhdan and Springer contains admirable examples of how the trace formula
permits “analytic continuation” from a split situation to a nonsplit one (cf. 1.13).
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CHAPTER 7

FINITENESS THEOREMS IN ¢-ADIC COHOMOLOGY

1. Statements of the theorems

Throughout this exposé, S is a noetherian scheme and A is a left noetherian torsion ring
annihilated by an integer invertible on S. Our main result is the following.
Theorem 1.1. — Suppose that S is regular of dimension O or 1. Let f : X — Y be a morphism
of finite-type S-schemes, and let F be a constructible sheaf of left A-modules on X. Then the
sheaves R! f.F are constructible.

The proof will be given in Section 2 and in 3.10.

1.2. Remark. — In characteristic 0, this result is less general than [2, XIX, §5], which proves the
conclusion of the theorem for every finite-type morphism of excellent schemes of characteristic
0. The proof in [2, XIX] uses both resolution of singularities and the fact that the schemes are
equicharacteristic, in order to deduce the purity theorem from resolution.

1.3. Remark. — We call a complex K € ObD(X, A) constructible if its cohomology sheaves
are constructible, and use a subscript ¢ for the subcategory of D(X, A) (or of D*, D™, or D?)
consisting of constructible complexes. In the language of derived categories, which we shall use
freely, 1.1 says that Rf, : D*(X,A) — D*(Y, A) maps D} into D. More explicitly:
a) if K is a sheaf & concentrated in degree 0, then Z'Rf,K = R f.%; thus the derived
statement implies the theorem;
b) conversely, one uses the spectral sequence

EP = RILHP(K) = HPIRLK.

The advantage of the language of derived categories is that the Leray spectral sequence
EJ? = RPf,R1g, = RP*I( fg). is replaced by the simple transitivity formula R(fg). = Rf.Rg..

Under the hypotheses of 1.1, it follows from [2] that R f. has finite cohomological dimension.
Thus D* above may be replaced by D, D=, or D”.

1.4. Ideas of the proof. —

a) Poincaré duality handles the case in which X is smooth, & is locally constant, and ¥ = §.
The dimension hypothesis enters through the calculation of RHom on S.

b) Factor f as gj, with g proper and j an open immersion. One has R f, = Rg.Rj., and the
finiteness theorem for proper morphisms controls Rg.. By dévissage, one reduces to the
case in which X is smooth, & is locally constant, f is an open immersion, and Y is proper
over S.



¢) Induction on dim X, allowing a change of S, makes it possible, roughly speaking, to suppose
the theorem true away from a part of Y finite over S. If a : X — Sand b : Y — S are
the structural morphisms, one then shows that if the theorem were false for # and Rf,, it
would also be false for # and Rb.Rf. = Ra., a contradiction.

Corollary 1.5. — Under the hypotheses of the theorem, the four operations R f., Rf,, f*, and
Rf' preserve the constructible derived categories D.(X, A) and D (Y, A).
The case of R f. was treated above, that of R f; in [2, XVII, 5.3], and the case of f* is clear. It

remains to consider Rf". The question is local, so we may suppose that f factors as X Sz8y ,
where i is a closed immersion and g is smooth and purely of relative dimension n. Poincaré
duality, Rg'K = K(n)[2n], and transitivity, Rf' = Ri'Rg", reduce us to proving 1.5 for i. For
every L € D(Z, A), if j is the inclusion in Z of U = Z \ X, then i,Ri'L is the mapping cone,
shifted by —1, of L — Rj,j*L. Thus 1.5 for i follows from 1.1 for j.
Corollary 1.6. — Let X be as in the theorem, and suppose that A is commutative. If ¥ and &
are constructible sheaves of A-modules on X, then the sheaves 8Xti‘ (F,&) are constructible;
more generally, RHom maps D (X, A) x DI (X, A) into D} (X, A).

By dévissage of #, one reduces to the case # = j1 %, where j : Y — X is a locally closed
immersion and & is locally constant on Y. One then has

RHom( /1%, €) = Rj, Hom(F, Rj'E):

By 1.3, we are reduced to the case in which & is locally constant, and even constant since the
question is local. For constructible locally constant &, one has Hom(%, &), = hom(%,, &),
and similarly for RHom. When & is constant, the &t' may therefore be computed using a
finite-type projective resolution of its constant value. They are constructible when & is, which
proves the corollary.

1.7. Remark. — Since R f, has finite cohomological dimension, it maps complexes of finite
Tor-dimension (respectively, Tor-dimension < d) to complexes with the same property [2, XVII,
5.2.11]. [2, XVII, 5.2.10] and the proof of 1.5 then show that finite Tor-dimension is stable under
the four operations Rf,, Rfi, f*, and Rf'. A variant of the proof of 1.6—use a partition of X
to reduce to locally constant cohomology sheaves, then work locally to replace K by a finite
complex of finite-type locally free sheaves—shows that, for commutative A, RHom induces

R7Hom : D?

ctf

(X,A) x DE(X, A) — D(X, A)

(t.f. means finite Tor-dimension).

1.8. — Under the hypotheses of the theorem, the same method allows us to prove a local biduality
theorem K — DDK (Section 4). We also prove a finiteness theorem for vanishing-cycle sheaves.
For arbitrary S, one still obtains a generic theorem:

Theorem 1.9. — Let f : X — Y be a morphism of finite-type S-schemes, and let F be a
constructible sheaf of A-modules on X. There exists a dense open subset U of S such that:

(i) over U, the R f,F are constructible, and all but finitely many vanish;
(ii) the formation of the R f.F commutes with every base change S’ — U C S.

If S 1s the spectrum of a field, one may take U = S.
When S is the spectrum of a field, a limit argument gives compatibility of the R’ f, with S-base
change for every quasi-compact, quasi-separated morphism of S-schemes and every sheaf & .
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Corollary 1.10. — Let X be a finite-type scheme over a separably closed field k, and let F be a
constructible sheaf of A-modules. Then the H (X, F) are of finite type.

This is the special case S = Spec(k) and Y = S.
Corollary 1.11. — Let X and Y be finite-type schemes over a separably closed field k, and let
K € ObD™(X,A°) and L € ObD™ (Y, A) be complexes of sheaves of right and left modules,
respectively. The Kiinneth map

L L
RI'(X, K)®RI'(Y,L) — RI'(X x Y, priK®pr;L)

is an isomorphism.
Proceed as in [2, XVII, 5.4.3]:

XxY —2L o x

-l

y —2 o Spec(k)

base change by b shows that Rpr, ,prjK = b*RI'(X, K). Hence (cf. [2, XVII, 5.2.11] and its
proof)

RI'(X xY, pri‘KtIE_@pr;L) = RI'(Y, Rpr, (pr”{K(IZ_OprZL))
=RI'(Y, (Rprz,*pr’fK)éL)
= RI(Y,b"RI'(X, K)<§I§>L)
= RI(X, K)®RT(Y, L)

1.12. — Finally, as a local counterpart of 1.9(ii), we shall prove a generic local acyclicity
theorem (2.13).

2. Generic theorems

In this section we prove 1.9 and the generic local acyclicity theorem 2.13. To prove 1.9, we
immediately reduce to the case in which S is integral. Let 7 be its generic point.

2.1. — We first prove 1.9 under the following additional hypotheses: X is smooth over S, purely
of relative dimension n, A = Z/m, & is locally constant, and Y = S. Put ' = Hom(F,Z/m).
We shall show that if the R’ ;% are locally constant, then the conclusions of 1.9 hold with U = .
Recall that if & is a constructible locally constant sheaf, then the &t (£, &) are computed stalk
by stalk and are constructible if & is. Also recall that Z/m is an injective Z/m-module and is the
dualizing module, so that ¥ = RHom(#’,Z/m). Poincaré duality,

Rf. RHom(K,Rf'L) = RHom(RfiK, L),
with K = #', L = Z/m, and Rf'L = Z/m[2n](n), therefore gives
R¥7f.F = Hom(R' AF', Z/m)(~n).

The sheaf on the right is locally constant and its formation commutes with every base change,
proving the assertion.
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2.2. — We prove 1.9 under the additional hypotheses that X is smooth over S, & is locally
constant, and Y = S.

a) Decomposing X into connected components, we reduce to the case in which it is purely of
relative dimension n over S.

b) Decomposing A as a product, we reduce to the case £ A = 0, where ¢ is a prime invertible on
S. Filter # by the £¥F; the corresponding spectral sequence reduces us to £F = 0. We may
then replace A by A/CA and suppose A = 0.

c¢) Replacing S by a suitable U, we may suppose that there is a finite étale Galois covering X;/X,
with Galois group G, such that the inverse image % of & on X; is a constant sheaf with
value F. If f; denotes the projection from X to S, then

R'f1.%1 = (RIA1.Z/€) ®z¢ F.

There is also the Hochschild—Serre spectral sequence (equivalently, the Leray spectral sequence
for the covering X;/X)
H?(G,Rfi,%1) = R f.F.

By 2.1, after shrinking U we may suppose that the R f;,Z/¢ are locally constant and that their
formation commutes with every base change. The same property then holds for the R f, .
Finally, if 77 is a geometric point over the generic point 17 of S, all but finitely many R’ £, &
vanish, because the same is true of their stalks (R . F); = H (X7, F).

2.3. — We prove by induction on n that

The conclusions of 1.9 hold when dim X, < n
and f is an open immersion with dense image.

(n)

For n = 0, after shrinking S one has X =Y, so (xq) is clear. Assume (*,_1) and prove (x,). In
(*,-1), “open immersion” may be replaced by “immersion”, as is seen by factoring an immersion
into an open immersion followed by a closed immersion.

Lemma 2.4. — After shrinking S, the conclusions of 1.9 hold over an open subset Y’ C Y whose
complement Y| is finite over S.

The assertion is local on ¥, which we may suppose affine, with ¥ ¢ A}, The induction

hypothesis (x,_1) applies to

X—f>Y

N

1
Ag
For each i there is therefore a dense open subset U; of A}q such that the conclusions of 1.9 hold
over prl._l (U;). They hold over the union of the pI’i_l (U;), and 2.4 follows.

2.6. — We prove (x,) when X is smooth over § and & is locally constant on X. Since the
question is local on Y, we may suppose that Y is affine and then make it projective by replacing it
with its closure in a projective space. Leti:Y; <> Y and j : Y' — Y be as in 2.4.

X —y<'_vy

N
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After shrinking S, we know that j*R f. % is constructible and its formation commutes with every
base change on S. We also know that Ra.% = Rb.Rf.% is constructible and has the same
base-change property.

Apply Rb. to the triangle defined by the exact sequence

(1) 0 — jij*"RfiF — RfF — i RLF — O
One obtains a triangle
2) — Rb.j1j*"RfiF — Ra.F — b "R F —

in which the first two terms are constructible and their formation commutes with every base
change on §; for the first, this follows from the finiteness theorem for the proper morphism b.
The same is therefore true of the third. Since b is finite, it follows that i*R f.F is constructible
and has the base-change property. By (1), the same holds for Rf, .

2.7. — We prove (*,) in general. First reduce to the case in which X contains a dense open
subset V smooth over S. If S is the spectrum of a perfect field, it is enough to replace X by
Xied and Y by Yieq. In general, one must shrink S, make a finite, radicial, surjective base change
S” — §, and replace X and Y by their reductions. Since the étale topology is insensitive to finite,
radicial, surjective morphisms, this causes no problem. After shrinking V, we may suppose that
F 1is locally constant on V:

vl x Ly
Define A by the triangle
(1) —% —Rj.JF —A—.

The cohomology sheaves of A are supported on X \ V, and dim(X \ V), < n. The induction
hypothesis therefore allows us to suppose that R f, A is constructible. Applying R, to the triangle
(1) gives a triangle

— RAF —R(f)J'F — RAA —

in which two of the vertices are constructible and their formation commutes with every base
change on S. The same is therefore true of the third.

2.8. — We prove 1.9. The question is local on Y, which we may suppose affine. Taking an
affine covering of X and using the Leray spectral sequence reduces us to the case in which X
is also affine. This ensures that f can be factored as an open immersion followed by a proper
morphism: f = gj, whence Rf. = Rg.Rj.. The open immersion is covered by (x,), and the
proper morphism by the finiteness theorem.

The following corollaries are proved as in Section 1.
Corollary 2.9. — Under the hypotheses of the theorem, for K in D(X, A) or D2(Y, A) as
appropriate, there exists a nonempty open subset U of S over which Rf.K, RfiK, f*K, and
Rf'K belong to D°(Y, A) or D?(X, A) as appropriate, and their formation commutes with every
base change S’ — U C 8.
Corollary 2.10. — Let X be as in the theorem, and suppose A commutative. If F and &
are constructible sheaves of A-modules on X, then over some dense open subset U of S, the
sheaves 8Xti‘ (F,8) are constructible and their formation commutes with every base change
S —>UcS.
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2.11. — If x is a geometric point of a scheme X, denote by X, the strict henselization of X at x.
For f : X — § and a geometric point ¢ of S, denote by X; the geometric fiber of X at ¢. Finally,
for a geometric point x of X and a geometric point 7 of S7(y), (X); is the fiber at  of X, — Sy(y).
Definition 2.12. — Let f : X — S and K € ObD*(X, A). We say that f is locally acyclic at x
relative to K if, for every geometric point t of S s (x), one has K, = RI'(Xy, K) = RO((Xy):, K).
We say that f is locally acyclic relative to K if this holds for every x, and universally locally
acyclic relative to K if it remains true after every base change S’ — S.

Theorem 2.13. — Let f : X — S be a finite-type morphism and let F be constructible on X.
There exists a dense open subset U of S over which f is universally locally acyclic relative to F.

We use the following result, proved in the appendix.

Lemma 2.14. — Let X L S LR S». If g is smooth and f is universally locally acyclic relative
to K, then g f is also.

We reduce to the case in which S is integral, with generic point 77, and proceed by induction on
dim X,,. First, the induction hypothesis implies that

After shrinking S, there exists 7 C X, finite over S, such that f

(&) is universally locally acyclic outside 7'.

Since the question is local, work locally on X and factor f as X 5 Aé — §. The induction
hypothesis applies to u, and 2.14, together with the usual arguments, gives (A).

To prove the theorem, we may suppose X proper, since the question is local. Shrink S so that
the R’ £, are locally constant and (A) applies, and use the following lemma.

Lemma 2.15. — Let f : X — S be proper and let F be constructible. Suppose that the R f.F
are locally constant and that, outside a subset T C X finite over S, f is locally acyclic relative to
F. Then f is locally acyclic relative to F.

Let s be a geometric point of S, let S be the strict localization of S at s, and let 7 be a geometric
point of S;. Let X, be the inverse image of X over S, let ji X — X(s)» and let i : Xs — X(y).
Still denoting by & its inverse image on Xy or X;, we must prove that i* & - i*Rj,F. Let A
be the mapping cone of this map. Its cohomology sheaves are supported on 7. Thus, to prove
A = 0, it is enough to prove RI'(Xy, A) = 0. This is the mapping cone of

(Rf.F)s = R[(X,, F) — RT(X,,i"Rj.F)
= R['(X(5), Rj.F) = R[(X,, F) = (RL.F);.

By hypothesis this specialization morphism is an isomorphism, so A = 0.
Corollary 2.16. — If S is the spectrum of a field, every S-scheme X is universally locally acyclic
relative to every K € ObD*(X, A).

This follows from 2.13 by passage to the limit, which is possible because the U of 2.13 is
always equal to S.

3. Proof of 1.1 and constructibility of vanishing-cycle sheaves

3.1. — Let S be a strictly local trait, the spectrum of a henselian discrete valuation ring with
separably closed residue field. Denote its closed and generic points by s and 7, and let 77 be a
geometric point over 7, corresponding to a separable closure of k(7). Let X be an S-scheme
and & a sheaf on X;,. Recall the definition of the vanishing-cycle sheaves R ¥, (F): these are
sheaves on X, endowed with an action of Gal(77/n). Leti : X; < X, j : X;, <> X, and let j be
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the composite X; — X, < X. Then
RY,(F) =i*"Rj.(J*F).

The main theorem of this section is the following. It improves [16, XIII, 2.3.1 and 2.4.2].
Theorem 3.2. — Suppose that X is of finite type over S and F is constructible. Then the
vanishing-cycle sheaves R’ V¥, () are constructible.

We proceed by induction on the dimension 7 of X;. We may and do suppose that X;; is dense
in X: replacing X by the closure X_,, does not change the R'W, which are supported on X_,7
Lemma 3.3. — If 3.2 holds when dim X,, < n, and if dim X,, = n, then there exist constructible
subsheaves &; of R"Y,,(F) such that the local sections of R"Y,,(F)/E; have finite support.

Let s” be a geometric generic point of the affine line over s, and let S’ be the strict localization
at s’ of the affine line Aé. This is again a strictly local trait, and a uniformizer for § is also a
uniformizer for S’.

Spec(k’) ———— = (8,1, 5")
\ ‘T? e
S (S,7,5)

Put &’ = k(77) ®r(y k(7). If S is the normalization of S in 77, then k’ is the fraction field of the
strict localization of Aé at s”. It is therefore a field, and Gal(77/n) = Gal(k’/n’). Let 7’ be the
spectrum of an algebraic closure of k”. The Galois group P = Gal(77’/k’) is a pro-p group, where
p is the characteristic exponent of k().
Lemma 3.4. — For every scheme X' over S” and every sheaf F on X}, = X,;,, the vanishing-cycle
sheaves for X' /S’ and for X' |S are related by Ri‘Pn(%) = R"‘P,,r(.%”)P.

The following diagram compares the morphisms used to define R¥ for X’/S” and X’/S:

—y Aé

ﬁ(

Xy

j / X7,7' \ /S’
X,y X,y Spec(k’) /X\
X5 S

The lemma follows from the Hochschild—Serre spectral sequence, since P is a pro-p group and p
is invertible in A.

We prove 3.3. The question is local, so we may suppose X affine, with X c A%. Let f be one of
the coordinate projections X C A — A}g, let X' = X X AL S’ be the corresponding “localization”,

X

and let '’ be the inverse image of # on X":

F onX —= Y

[,k

FonX Aé S.
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On X = X;,, one has

VR, (F) = RY,(F') = R, (F)":
This sheaf is constructible because the induction hypothesis applies to X’/S’. We then use the
following lemma, applied to X; C A7 and to the vanishing-cycle sheaves.

Lemma 3.5. — Let A" be standard affine n-space over a field k, let X C A", let F be a sheaf of
A-modules on X, and let 7] be a geometric generic point of A'. Let Xi,i be the geometric generic

fiber of X C A" LN Al, and let F; be the restriction of F to Xj;. If the Fy; are constructible,
then there is a constructible subsheaf ' C F such that the local sections of F | F' have finite
support.

By passage to the limit, for each i:

a) there is an étale neighborhood U of 77 and a constructible sheaf 7 on Xy ; = X X Al pr, U
whose restriction to Xj; is F;;

b) for suitable U, the isomorphism 77 ; > F5; comes from a morphism u : # — Fy,,
where Fy ; is the inverse image of % on Xy ;. Let ¢ : Xy; — X. The morphism u defines
vi i e\ — F;letits image be F/. Then (¥ /F/);,; = 0, and one takes for ' the sum of
the /.

3.6. — We prove 3.2 in dimension n. We may suppose X affine, since the question is local on
X, and then projective over S by taking its closure in a projective embedding. There is then a
spectral sequence [16, I, 2.2.3]: the Leray spectral sequence for j, together with the base-change
theorem for the proper morphism X — §,

(1) ED? = HP (X, R1Y,(F)) = HPY (X5, F).

Let ©9 c R1Y¥,(#) be as in 3.3, and let Z'? be the quotient sheaf. One has H (X,,%%) =0
for i # 0. For 7%, and hence R, (), to be constructible, it is enough that HO(XS, 1) be of
finite type.

Compute (1) modulo finite-type modules, that is, in the quotient of the category of A-modules
by the thick subcategory of finite-type A-modules. The long exact cohomology sequence
associated with 0 — ¥4 — RIY,(¥) — #9 — 0, together with 1.10 applied to &9, gives
E}? ~ HP (X, 77). In particular, E}? ~ 0 for p # 0, while qu ~ HY(Xz, %) ~ 0. This
completes the proof.

Parallel arguments give the following result, improving [16, XIII, 2.1.12 and 2.4.2].
Proposition 3.7. — The formation of vanishing-cycle sheaves commutes with change of traits.

Letg : (8,7n,s") — (S,n,s) be a surjective morphism of strictly local traits, let X /S, let #
on X, be of torsion prime to the residue characteristic, and let (X’, #”) be their inverse images
over §’. Still writing g for the morphisms parallel to g, such as X, — X, we must prove that

(3.7.1) g*RY,(F) — RY, (F').

This morphism is defined by the commutative diagram
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A limit argument reduces us to the case in which X is of finite type over S, and we proceed by
induction on dim Xj,. Since the question is local, we may suppose X affine, and then projective.
Suppose (3.7.1) known for dim X;, < n. For dim X;, = n, it follows from the following two
assertions, where A is the mapping cone of (3.7.1).

(A) The local sections of the cohomology sheaves of A have finite support.
(B) RI'(Xs,A) =0, hence A = 0 by (A).

3.8. — The proof of (A) is parallel to that of 3.3. Work locally on X and consider maps X — AIS.
If S(x) denotes the strict henselization of Aé at the generic point of the special fiber, apply the
induction hypothesis to X;/S(x), where X; = X X,1 S(x), and to S’(x). Taking invariants under
a pro-p group, one finds that A vanishes on the geometric generic fiber of X;; — Al. Since this
holds locally on X and for every projection, (A) follows.

3.9. — For (B), properness of X over S ensures that
RI(X,,,RY, (F)) = RF(X,%, F')

et
RI(X,, RY, (%)) = R[(X;, F).

One has RI'(X;, RY, (%)) > RI'(X;,, g"RY, (%)) by invariance under change of separably
closed base field. Thus RI"(X},, A) is the mapping cone of RI'(Xj;, ) — RF(X,%, F'), which is
an isomorphism by the same invariance theorem.

3.10. — We prove 1.1. We may suppose S connected, hence integral. If dim § = 0, so that § is
the spectrum of a field, apply 1.9 and 1.10. If dim S = 1, Theorem 1.9 shows that the R’ £, F are
constructible over the complement of a finite set 7" of points of S. It remains to show that their
restrictions to Y;, for ¢ € T, are constructible. It is enough to do this after localization at ¢, so we
may suppose that S is a strictly local trait. The essential case is the following.
Lemma 3.11. — Let X be of finite type over S, let j : X;; — X and i : X; — X, and let F be
constructible on X;,. Then i*Rj. is constructible.

Let I = Gal(77/n) be the inertia group. It is an extension of Zp/(l) by a pro-p group P, where
p is the characteristic exponent of the residue field. The Hochschild—Serre spectral sequence
gives

EN =7 (1,R1Y,(F)) = i"RP*j,F.

Let R] = Rq‘Pn(?)P, where ¢ stands for tame. If o is a generator of i,,,(l), then qu =
ker(o — 1, R}), E2lq = coker(o- — 1,R/) and EJ? = 0 for p # 0,1. These sheaves are
constructible because the vanishing-cycle sheaves are, and 3.11 follows.

3.12. — We treat the general case, with § still a strictly henselian trait. If X = X, then f is
the composite X — ¥, — Y, and we apply 1.9 and 3.11. In general, let j : X;, — X, and let A
be the mapping cone of & — Rj,j*%. Its cohomology sheaves are supported on X;. By 1.9,
applied to X; — Y;, Rf.A is therefore constructible. The complex Rf.Rj.j*F = R(fj).j*F is
constructible as well, and the conclusion follows from the triangle

— Rf.¥ — Rf.R).]’F — Rf.A —.
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4. Local biduality

4.1. — Let S be regular of dimension O or 1, and put Ks = A, the constant sheaf with value A.
For K € Ob thf(S, A), set DK = RHom(K, Kg) € ObD* (S, A°), a complex of sheaves of right
A-modules. One again has DK € Ob Dé’tf(S ,A°), and an explicit calculation, possible because S

has dimension at most 1, shows that K — DDK ; for A = Z/n, see Duality, 1.4.

4.2. — We suppose A commutative, an assumption that is probably unnecessary. Fora : X — S
of finite type over S, put Kx = Ra'Ks. For K € ObD? (X, A), set DK = RHom(K, Kx) €

ctf
Ob Df:’tf(X, A). Our main result is:

Theorem 4.3. — One has K — DDK for K € ObD? (X, A).

ctf
Lemma 4.4. — If a is proper, then Ra,K — Ra,.DDK.

Poincaré duality,
Ra, RHom(K, Ra'Ks) = RHom(Ra K, Ks)
gives an isomorphism Ra.D = DRa; = DRa.. The lemma follows from the commutativity of
the diagram (Duality, 1.2)
Ra.K Ra.DDK
| |

DDRa.K — DRa.DK.

4.5. — By localization, it is enough to treat the cases in which § is the spectrum of a field or a
trait. When S is the spectrum of a field, proceed by induction on dim X. Since the question is
local, we may suppose X proper. The induction hypothesis and the usual arguments show that
the mapping cone A of K — D DK has skyscraper cohomology sheaves. The lemma then gives
Ra.A =0, hence A = 0.

4.6. — When S is a trait, 4.3 is already known on the generic fiber by 4.5. We may again
suppose X proper over S and proceed by induction on dim X;. The mapping cone A again has
skyscraper cohomology sheaves, now on X, and we conclude as above.

4.7. — Suppose A = Z/m. There is then a variant of the preceding theory for arbitrary
K € Df (X,A). The complex Ra'Z/m has finite injective dimension [2, XVIII, 3.1.7], which
ensures that DK still belongs to D?(X, A). To prove local biduality on S, use the fact that Z/m is
the dualizing Z/m-module, and then proceed as above.

5. Appendix, by L. Illusie

In this appendix, which draws on parts of the former [21, II] and on a letter from P. Deligne to
the author, we prove 2.14, as well as several generalizations and variants of the specialization
theorems [2, XVI, 2.1] and (Etale cohomology, 5.1.7).

All schemes and morphisms considered are assumed quasi-compact and quasi-separated. If X
is a scheme and x a geometric point of X, write X (x) for the strict localization of X at x.

Fix a base scheme S and a sheaf of rings A on §, not necessarily commutative or noetherian.
If X is an S-scheme, write D(X) for D(X, Ay).
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5.1. Cohomological properness. —
Proposition 5.1.1. — Let f : X — Y be an S-morphism and E € ObD*(X). The following
conditions are equivalent:

(i) The formation of Rf.E commutes with every finite base change S — S.

(ii) The formation of R f.E commutes with every quasi-finite base change, or inverse limit of
quasi-finite morphisms, S’ — S.

(iii) For every specialization map i : t — S(s) (Etale cohomology, 5.1.2), let S be the
normalization in k(t) of the integral scheme given by the closure of i(t) in S(s). By [20,
IV, 6.15.5, 18.6.11, 18.8.16], S is thus integral and local, with closed point radicial over
s. Let f : X — Y be obtained from f by the base change S — S, and let f; : X; — Y, be
the fiber of f at s. Then the base-change map

(RE(EIXDIYs = Rf.(EIX,)

is an isomorphism.

The equivalence of (i) and (ii) follows from Zariski’s Main Theorem, and it is clear that
(ii) implies (iii). We prove that (iii) implies (ii). For every S — S that is an inverse limit
of quasi-finite morphisms, and every geometric point s of S’, let C(S’, s) be the cone of the
base-change map

(RA(EIX))Ys — Rf. (E|X,),

where ' : X’ — Y’ is obtained from f by the base change S — S, and f; : X; — Y; is the
fiber of f at s. We must prove that C(S’,s) is acyclic for every such ($’,s). We show by
induction on N that H C(S’, s) = 0 for i < N. By the Main Theorem, passage to the limit, and
elimination of radicial morphisms, we may suppose that S and S’ are strictly local, that S” is
integral with closed point s, and that S” — S is finite. Let # be a geometric generic point of S,
and let S be the normalization of " in k(¢). Let S, be the simplicial coskeleton of S — S, so
that So = S,...,S, = (§/8")"!, ..., and put X, = X x5 S,. Let g, : X, — X’ be the canonical
projection, and write E’ for the inverse image of £ on X’. The bicomplex g.,g.E’, whose
columns are g,.g,E’, is a resolution of E’ [2, VIII, 8]. Thus C(S’, s) can be represented by a
bicomplex whose columns are the C(S,, s). By (iii), C(So, s) = C(S, s) is acyclic. For n > 0,
the induction hypothesis gives H' C(S,, s) = 0 for i < N. It follows that H C(S’,s) = 0 for
i < N + 1, completing the proof.

5.1.2. Remark. — Suppose (f, E) satisfies condition (i) of 5.1.1.

a) IfE € ObD? (X) and f; has finite cohomological dimension, then for every F' € ObD~ (S, A°),
the canonical map

L L
() Rf(E)®aq"F — Rf(E®@ap™F),
where p : X — Sand g : Y — § are the structural morphisms, is an isomorphism. The same
conclusion holds with E € Ob D™ (X).

By dévissage, it is enough to verify the assertion for F = ijAg/, withi : S — S quasi-finite. By
the Main Theorem, one reduces to the case in which i is finite; the conclusion is then equivalent
to commutation of R f, (E) with base change by i.

b) Suppose A is noetherian and constructible. Then for every constructible F € Ob D’ (S, A°) of
finite Tor-dimension, the map () above is an isomorphism.
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Indeed, dévissage reduces to the case F' = iyM, where i : " — § is locally closed, A is locally
constant on §’, and M is constructible, of finite Tor-dimension, with locally constant cohomology
on §’. After base change from S to S’, we are reduced to the case in which F is perfect [5, 1], and
finally, by localization and dévissage, to F' = A, for which the conclusion is immediate.

5.1.3. — Let f : X — Y be an S-morphism and E € ObD*(X). We say that (f, E) is
cohomologically proper relative to S if the formation of Rf.E commutes with every base
change §” — S. Equivalently, after every base change S — §, the formation of Rf/E’, where
f' = f x5 8 and E’ is the inverse image of E on X Xg §’, commutes with every finite base
change S” — §’ (cf. [2, XII, 6.1]). Here are some examples of cohomological properness. For
the analogous notion for sheaves of sets or noncommutative groups, see [23, XIII].

1. Suppose A is torsion and f is proper. Then for every E € ObD*(X), (f, E) is cohomolog-
ically proper relative to S by the proper base-change theorem [2, XII, 5.1].

2. Suppose S is finite, X and Y are of finite type over S, and A is annihilated by an integer
invertible on S. Then for every E € ObD*(X), (f, E) is cohomologically proper relative
to S by 1.9.

3. Suppose A is constant and noetherian, annihilated by an integer n invertible on S, and
f X =Y\ D — Y is the inclusion of the complement of a divisor D on Y with normal
crossings relative to S [23, XIII, 2.1]. Let E be a sheaf of A-modules on X satisfying one
of the following conditions:

(1) E is constructible locally constant and tamely ramified along D;

(1) étale-locally on Y and on S, E is the inverse image of a sheaf of A-modules on S.
Then (f, E) is cohomologically proper relative to S, and R f. E is constructible (compare
[23, XIII, 2.4]).

We sketch the proof in case (i). The question is local near a point y of Y. We may suppose that
D is a sum of smooth divisors, D = Z;’i | Di. By the relative Abhyankar lemma [23, XIII, 5.5],
near y one can trivialize E by a finite covering ¥ — Y of the form

Y=Y[T,....T.]/(T]" —t1,....T" —t,),

where the #; are local equations for the smooth divisors passing through y, and the n; are prime
to the characteristic of k(y). The inverse image D of D inY still has normal crossings relative
toS,andif g: X =Y \ D — X is the projection, then g*E is constant. Since E injects into
g-g"E and the quotient is tamely ramified, an easy dévissage reduces us to the case in which E
is constant. Let p : X — S and g : Y — S be the structural morphisms, and for 1 < i < m let
fi : Y N\ D; — Y be the canonical inclusion. The relative purity theorem [2, X VI, 3.7] readily
implies, by induction on m, that for every locally constant A-module M on S, the canonical map

L
(5.1.3.1) Rf(Z/n)®g"M — Rf.(p*M)
is an isomorphism, and moreover:

(5.1.3.2) f(Z/n) = Z/n,
R'£.(Z/n) = (Z/n)(-1)p,,
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a canonical isomorphism being given by the fundamental class cl(D;) (Cycle, 2.1.4), and

Rif;.(Z/n) =0 forq > 1,

L
Rf.(Z/n) = ® Rf.(Z/n), ie.

R'£.(Z/n) = P E/n)(-1)p,,
i=1

A°R!£.(Z/n) > R*f(Z/n).

The conclusion of Example 3 in case (i) follows from (5.1.3.1) and (5.1.3.2). In case (i1), passage
to the limit reduces to E = p*M with M constructible; dévissage and base change, using (i), then
reduce to the already treated case in which M is constant.

The preceding proof shows that (5.1.3.1) is an isomorphism for every M € Ob D*(S).

Compare (5.1.3.2) with the analogous formulas in integral cohomology when § = Spec(C)
(see, for example, [12, 3.1]). Those formulas follow from the fact that, locally for the classical
topology, the complement of D has the homotopy type of a torus.

Passing to the limit in (5.1.3.2) gives similar formulas in £-adic cohomology, with Z/n replaced
by Z¢, where € is a prime invertible on S. Suppose g : Y — S is proper and smooth. The Weil
conjectures [14, 15] then imply that the Leray spectral sequence

EJ =R'q.R/ £.7; = R*p.Z
degenerates at £3 modulo torsion [11, §6]. The same phenomenon occurs in integral cohomology
when S = Spec(C); see the reference just cited and [12, 3.2.13].
5.2. Specialization and cospecialization. — Let f : X — S and E € ObD*(X).

5.2.1. — Suppose that the formation of Rf.E commutes with every finite base change. For
every specialization u : t — S(s) of geometric points of S, define a map, called the specialization
map,

(5.2.1.1) sp(u) : R[(X,, E|X,) — RT(X, E|X),

as follows. As in 5.1.1(iii), let S be the normalization in k() of the closure of u(¢) in S(s), and
let f : X — S be obtained from f by the base change S — S. By the immediate implication
(i)=(iii) of 5.1.1, the base-change map

(5.2.1.2) RI'(X, E|X) = Rf.(E|X), — RT'(Xy, E|X;)

is an isomorphism. Define (5.2.1.1) as the composite of the inverse of (5.2.1.2) with the restriction
map

(5.2.1.3) RI(X, E|X) — RT(X,, E|X,).

5.2.2. — Suppose that f is locally acyclic relative to E (2.12). For every specialization
u:t — S(s) of geometric points of S, define a map, called the cospecialization map,

(5.2.2.1) cosp(u) : R['(X;, E|X;) — RI'(Xy, E|X;),

as follows. Let g : X, — X and g’ : X — X be the canonical maps. The local acyclicity
hypothesis implies that the canonical map

(5.2.2.2) Re’(E|X) — Re.(E|X))
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is an isomorphism. Indeed, we may suppose S strictly local and integral, with closed point s, and
t a geometric generic point. Compute the stalk of (5.2.2.2) at a geometric point x of X, with
image y in S. Replacing S by its strict localization at y, we may suppose y = s. Since § — S is
an inverse limit of finite morphisms and is radicial at s, one finds Rg’.(E|X), = E,, and the stalk
of (5.2.2.2) at x is identified with the restriction map

E, = RI'(X(x), E) — RI(X(x);, E|X (x),),

which is an isomorphism by hypothesis. Applying RI'(X, —) to (5.2.2.2), we deduce that the
restriction map (5.2.1.3) is an isomorphism. Define (5.2.2.1) as the composite of the inverse of
(5.2.1.3) and the base-change map (5.2.1.2).

523. — Ifs” 5 s’ 5 sare specialization maps of geometric points of S, one checks that

sp(u’) sp(u) = sp(uu’),
cosp(u) cosp(u’) = cosp(uu’),

whenever both sides are defined.

5.2.4. — Suppose that the formation of Rf.E commutes with every finite base change and that
f is locally acyclic relative to E. It follows from the definitions that, for every specialization
u:t — S(s) of geometric points of S, the maps sp(«) and cosp(u) are isomorphisms inverse to
one another.

These hypotheses hold in particular when A is noetherian and annihilated by an integer n
invertible on S, when f is proper and smooth, and when E has locally constant cohomology
(cohomological properness of proper morphisms (5.1.3) and local acyclicity of smooth morphisms
[2, XV]). This recovers the “specialization theorem” [2, XVI 2.1].

On the other hand, 5.1.1 has the following consequence.

Proposition 5.2.5. — Suppose that f is locally acyclic relative to E, and that for every
specialization u : t — S(s) the cospecialization map cosp(u) is an isomorphism. Then the
formation of Rf.E commutes with every finite base change.

In view of 5.2.4, 5.2.5 generalizes (Etale cohomology 5.1.7).

Corollary 5.2.6. — Suppose that f is locally acyclic relative to E. Let x be a geometric point
of X, with image s in S, and let f(,) : X(x) — S(s) be the morphism induced by f. Then the
formation of Rf(y),(E|X (x)) commutes with every finite base change S — S(s).

By 5.2.5, it suffices to check that the cospecialization maps for (f(y), E|X(x)) are iso-

morphisms. By transitivity of cospecialization maps (5.2.3), it is enough to show that, if
u :t — S(s) is a specialization, then cosp(u) : R['(X(x);, E|X(x);) — RI'(X(x)s, E|X(x)s)
is an isomorphism. Since s is closed in S(s), however, X (x), is strictly local with closed
point x, R['(X (x),, E|X (x)s) = E,, and cosp(u) is an isomorphism, inverse to the restriction
isomorphism E, — RI'(X(x);, E|X(x),).
Corollary 5.2.7. — Let f : X — Y be an S-morphism, let p : X — Sand q : Y — S be the
projections, and let E € Ob D" (X). Suppose that A is locally constant, that f is locally acyclic
relative to E, and that q is locally acyclic at every geometric point y of Y relative to every sheaf
that is locally constant in a neighborhood of y. Then p is locally acyclic relative to E.

Let x be a geometric point of X, with images y and s inY and S, let — S(s) be a specialization,
and let f(y) : X(x) — Y(y) be the morphism induced by f. We must show that the restriction
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map
(*) E, — RI[(X(x);, E|X(x);)

1s an isomorphism. We may suppose that A is constant. By 5.2.4 and 5.2.5, for every specialization
7z — Y (y), the specialization map

E; = (Rfi,(EIX(x))), — (Rf(),(EIX(x))), = R[(X(x), E|X(x))

is an isomorphism. In other words, Rf(y), (E|X(x)) is constant with value E,. The acyclicity
hypothesis on g therefore implies that the restriction map

E; — RT(Y(y)i, Ex) = RT (Y (»)r, Rf(w), (EIX ()Y ();)

is an isomorphism. This map identifies with (x), which proves the assertion.

The hypothesis of 5.2.7 on g holds in particular when ¢ is smooth and A is annihilated by

an integer n invertible on S [2, XV]. Moreover, if the hypotheses of 5.2.7 hold after every base
change §” — §, then p is universally locally acyclic relative to E. In particular, assertion 2.14
follows from these remarks.
Corollary 5.2.8. — Let f : X — S and E € ObD*(X). Suppose that f is universally locally
acyclic relative to E, that the formation of Rf.E commutes with every finite base change, and
that for every morphism s’ — s, where s is a geometric point of S and s’ is the spectrum of a
separably closed field, the base-change map RI'( Xy, E|X;) — RI'(Xy, E|Xy) is an isomorphism.
Then (f, E) is cohomologically proper (5.1.3).

Let f/ : X’ — § be obtained from f by a base change $* — S. We must show that the
formation of Rf/(E|X”) commutes with every finite base change. By 5.2.5, it suffices to show
that, for every specialization u” : ' — S’(s’), the cospecialization map

cosp(u’) : R['(X;,, E|X;) — RI(X}, E|X})

is an isomorphism. Let s (respectively ¢) be the geometric point that is the image of s” (respectively
t')in S, and let u : t — S(s) be the specialization defined by u’. There is plainly a commutative
square

cosp(u)
RF(XM E|Xl‘) - RF(XY, E|XY)

L cosp(u’) l

RI(X,, E|X!,) 2~ RT(X,, E|X/,)

whose vertical arrows are the base-change maps. By hypothesis they are isomorphisms. Moreover,
by 5.2.4, cosp(u) is an isomorphism; hence cosp(u’) is an isomorphism, which completes the
proof.

Here is an application of 5.2.8. Suppose that A is annihilated by an integer n invertible on S,
and that f is locally of finite type and universally locally acyclic. Let x be a geometric point of
X, with image s in S, and let f{,) : X(x) — S(s) be the morphism induced by f. It follows from
5.2.6 and 1.9 (by passage to the limit) that the hypotheses of 5.2.8 hold for the pair ( ), E|X(x)),
which is therefore cohomologically proper.

5.2.9. — Suppose that A is constant. Let f : X — S, and let E € ObD*(X) be a complex of
finite Tor-dimension. We shall say that f is strongly locally acyclic relative to E if, for every
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geometric point x of X, with image s in S, every specialization t — S(s), and every A°-module
M, the restriction map

Ex®4M — RT(X(x),. (E|X(x),)®4M)

is an isomorphism. I do not know whether “locally acyclic” implies “strongly locally acyclic.”
Proposition 5.2.10. — Under the hypotheses of 5.2.9, suppose that A is noetherian and torsion,
that S is noetherian, and that f is strongly locally acyclic relative to E. Then, for every diagram
with cartesian squares

X;XI_LX//

ol

S<Z—S,<i—S”,

in which i is quasi-finite and i’ is an open immersion, and for every F € ObD*(S”, A°), the
canonical map

L ES o/ ./ Y AN L 1%
(%) JE®f"RILF — Rj((jj) EQfF)
is an isomorphism.
Compare this statement with [2, XV 1.17].
We prove 5.2.10. Itis easy to reduce to the case S = ', with S strictly local and F constructible
and concentrated in degree 0. Resolve F on the right by finite sums of sheaves of the form u.M,

where u : t — S is a geometric point and M is an A°-module. The hypothesis implies that (x) is
an isomorphism for ¥ = u,. M, and the result follows.
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CHAPTER 8

DERIVED CATEGORIES

1. Triangulated categories: definitions and examples
1.1. Definition of triangulated categories. —

1.1.0. — Let A be an additive category and 7 an additive automorphism of A. For two objects
X and Y of A, set

hom'(X,Y) = homa(X,T'(Y)) i€Z

Let X, Y, and Z be three objects of A, with @ € hom'(X,Y) and 8 € hom’ (Y, Z). Define their
composite 8 o @ € hom™™/ (X, Z) by

Boa=T(p)oa.

One checks that this gives a new category whose morphism groups are graded. By abuse of
language, this new category will be called the category A graded by the translation functor 7.
Let A be a category graded by a translation functor 7. Whenever a morphism is named or
denoted without specifying its degree, it will always mean a morphism of degree zero.
Let A and A’ be two additive categories graded by the functors 7 and 77, and let F' : A — A’
be an additive functor. We say that F is graded if an isomorphism of functors has been given‘!

FoT=ToF

The definition of morphisms of graded functors is given in 4.1.1.

Let A be an additive category graded by the functor 7. A triangle consists of three objects
X,Y,Z and three morphisms u : X - Y, v:Y —» Z, andw : Z — T(X) (degw = 1). We
denote a triangle by (X, Y, Z, u, v, w) or by the diagram

Z deg(w) =1

For two triangles (X,Y,Z,u,v,w) and (X',Y’,Z",u’,v',w’) of A, a morphism from the first
triangle to the second is a triple of morphisms f: X — X', ¢g:Y - Y’ ,and h : Z — Z’ such

Oby Jean-Louis Verdier
(DText modified in 1976: the original text required an equality F o T = T’ o F. The case of functors in several
variables is discussed in [2, X VIII 0.2]; it presents a sign problem.



that the following diagram commutes:

X—-Yy—"-7-"-T(X)
jf lg Lh lT( )
X ey Yoz rx)
1.1.1. — A triangulated category is an additive category graded by a translation functor, together

with a family of triangles called the family of distinguished triangles. This family must satisfy
the following axioms.

TR1. — Every triangle isomorphic to a distinguished triangle is distinguished. Every morphism
u : X — Y belongs to a distinguished triangle (X, Y, Z, u, v, w). The triangle (X, X, 0, idy, 0, 0)
is distinguished.

TR2. — The triangle (X,Y, Z,u, v, w) is distinguished if and only if (Y, Z, T(X),v,w, =T (u))
is distinguished.

TR3. —If (X,Y,Z,u,v,w)and (X', Y’,Z’',u’,v’',w’) are distinguished, then for every morphism
(f,g) : u — u’ there is a morphism & : Z — Z’ such that ( f, g, ) is a morphism of triangles.
TR4. —

Y/

X/
deg=1 de =1 deg=1
/g ;(]( ) /g

Y Y zZ xX—r .7

If these are three distinguished triangles such that w = v ou, there are two morphisms f : Z’ — Y’
and g : Y — X’ such that

1. (idy, v, f) is a morphism of triangles;
2. (u,idz, g) is a morphism of triangles;
3. (Z2,Y', X', f,g,T(i)j) is a distinguished triangle.

For two triangulated categories C and C’, an exact functor from C to C’ is an additive graded
functor that takes distinguished triangles to distinguished triangles. Morphisms of exact functors
are morphisms of graded functors.

Axioms TR1, TR2, and TR3 immediately imply the following property.

Proposition 1.1.2. — Let (X,Y,Z,u,v,w) be a distinguished triangle and M an object of a
triangulated category. Then the following sequences are exact:

. hom(M, . hom(M, . M, .
-+ — hom' (M, X) OLuilom’(M, Y) (&Vilom’(M, Z?OLW om ' (M, X) — - -

, hom (v, M . hom (u,M . hom(w,M) .
-+ — hom'(Z, M)mimom’(Y, M)O& llom‘(X, M)Oﬂ om™(Z,M) — - --

This proposition then yields statements such as the following:

- If (f, g, h) is a morphism of distinguished triangles and f and g are isomorphisms, then &
is an isomorphism.

— The distinguished triangles constructed on a given morphism (TR1) are all isomorphic (but
the isomorphisms are not in general uniquely determined).
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— If, in a distinguished triangle, one of the morphisms has a kernel or a cokernel, the triangle
splits; that is, it has the form

Z+T(X)

TN

X+Y Y+Z7

— The direct sum of two distinguished triangles is distinguished. (One uses axiom TR4.)

1.2. Examples. —
1.2.1. — We first fix some notation. For an additive category A, let C(:A) denote the following
category:
— the objects of C(A) are complexes in A, unbounded in either direction, whose differential
has degree +1;

— the morphisms of C(A) are degree-preserving morphisms of complexes (that is, morphisms
commuting with the differential).

Let T be the following functor: for every object X* of C(A),

T(X®); = (X*)i1
di(T(X")) = —di+1(X°).

On morphisms, T acts as follows: for every morphism f : X* — Y*, the morphism T(f) :
T(X*) — T(Y*) is defined by

T(f)i = fi+1-

It is immediate that 7 is an additive automorphism of C(A). Morphisms of degree n, as defined
by this translation functor, are then precisely the morphisms that increase degree by n and
commute or anticommute with the differential according to the parity of n. Thus we recover the
usual definition.

Let € denote the following family of triangles. A triangle (X*,Y*, Z°®, u, v, w) belongs to this
family if(?)

— Z° is the total complex associated with the double complex

u

0 X* Y* 0

in which the objects of Y* have first degree zero and those of X* have first degree —1;
— v is the image, under the functor from double complexes to total complexes, of the following
morphism of double complexes:

1]

() Text modified in 1976 to ensure the validity of 1.2.4.
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— w is the negative of the image, under the same functor, of the following morphism of double

complexes:
0 X* 0 0
0 X* Y* 0
1.2.2. — The null-homotopic morphisms form a two-sided ideal (if f and g are composable and

either f or g is null-homotopic, their composite is null-homotopic; if f and g are null-homotopic,
then so is f @ g). For each pair of objects X*,Y*, let Htp(X*,Y*) denote the subgroup of
homg(#)(X*®,Y*) consisting of null-homotopic morphisms. Define K(A) to be the category
whose objects are those of C(:A) and in which the group of morphisms from X* to Y* is

homg ) (X, Y*) /Htp(X®,Y*).

Composition in K(A) is induced from composition in C(A) by passing to the quotient. The
category K(A) is additive. The translation functor 7" on C(A) passes to the quotient (the translate
of a null-homotopic morphism is null-homotopic). The resulting additive automorphism of K(:A)
will again be denoted by 7. By abuse of notation, K(A) will henceforth denote the category
K(A) graded by T

A distinguished triangle in K(A) is any triangle isomorphic to one arising from €. The family
of distinguished triangles satisfies axioms TR1, TR2, TR3, and TR4. By abuse of notation,
K(A) will also denote K(.A) equipped with this triangulated structure.

1.2.3. — We shall also use the following collection of subcategories:

— A complex is bounded below if all but finitely many of its objects in negative degrees
vanish. Bounded-above and bounded complexes are defined similarly. Let K* (A), K™ (A),
and K?(A) denote the full subcategories of K(A) on these respective families of objects.
These are “triangulated subcategories” of K(A): every distinguished triangle two of whose
objects belong to the subcategory is isomorphic to a triangle all three of whose objects
belong to it.

— Suppose that A is abelian. A complex is cohomologically bounded below if all but
finitely many of its cohomology objects in negative degrees vanish. Cohomologically
bounded-above, cohomologically bounded, and acyclic complexes are defined similarly.
Let K+ (A), K™ (A), K>P(A), and K2 (A) denote the full subcategories on these
families of objects. They are triangulated subcategories.

We likewise have triangulated subcategories K*?(A), K2 (A), and so on (the first
superscript describes the objects of the complexes, and the second their cohomology
objects).

— Without assuming that A is abelian, let O be a collection of objects of A stable under
isomorphisms and direct sums. Let O (A) denote the full subcategory of C(:A) consisting
of complexes whose object in every degree belongs to O, and let O(A) denote the
corresponding triangulated subcategory of K(A). When A is abelian, one may take for O
the collection I of injective objects or the collection P of projective objects.

1.2.4. — The category K(A) is uniquely determined by C(A) and the family €. More precisely,
every additive graded functor from C(A) to a triangulated category that sends each triangle in €
to a distinguished triangle factors uniquely through K(:A), and the resulting functor is exact.
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For every complex X* of C(A), let X* denote the complex obtained from X* by setting its
differential equal to zero. A three-term sequence

0 X Y* z° 0
is called degreewise split if the sequence

0 X* Y* A 0

is split; that is, if it is isomorphic to the sequence
0—=X"—=X"+72"—=27"——0.

Let0 — X* = Y* — Z°* — 0 be a degreewise split sequence. Choose a splitting, that is, for
each n an isomorphism

(Y.)n ~ (Xo)n + (ZO)i’l.

With respect to the direct-sum decomposition above, the matrix of the differential of Y* has the

form
dxs ¢y
0 dge

where ¢,, is a morphism from (Z*)" to (X*)"*!. The ¢, determine a morphism of complexes
p:Z° > T(X*).

Changing the splitting does not change the homotopy class of ¢. Moreover, if u, v, and ¢ denote
the images in K(A) of u, v, and ¢, then the triangle (X*,Y*,Z*%, u, v, ¢) is distinguis}Ted. Let
SSS(A) denote the category of degreewise split sequences in C(A), and let TrK(A) denote the
category of distinguished triangles in K(:A). The preceding construction defines a functor

0 : SSS(A) — TK(A).

This functor is essentially surjective.

1.3. Examples of cohomological and exact functors. —

Definition 1.3.1. — Let ‘A be a triangulated category and 8B an abelian category. An additive
functor F : A — B is called a cohomological functor if, for every distinguished triangle
(X,Y,Z,u,v,w), the sequence

Fx) 2 pivy 2 p(2)

is exact.
The functor F o T' will often be denoted by F'. By axiom TR2 for triangulated categories,
there is an unbounded exact sequence

== F{(X) —= F'(Y) —= F{(Z) — F"'(X) — -
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1.3.2. Examples. —

1. Let A be a triangulated category. For every object X of (A, the functor hom# (X, —) is
cohomological. The functor hom #(—, X) is a cohomological functor A° — Ab.

2. Let A be an abelian category and C(A) its category of complexes. Define a functor
HC : C(A) — A as follows. For an object X* of C(A), set

H°(X*) = kerd’/imd™".
The functor H° annihilates null-homotopic morphisms and hence factors uniquely through
K(A). The resulting functor K(A) — A will again be denoted by H°.
1.3.3. An example of an exact bifunctor. — Let A, A’, and A” be three additive categories,
and let
P:AxXA - A"
be a bilinear functor (that is, additive in each argument separately). It induces a bilinear functor
P*: C(A) x C(A') — C(A")
as follows.
For X* € C(A) and Y* € C(A’), P(X*,Y*) is a double complex in A”. Define P*(X*,Y*) to
be its associated total complex.
If f is a null-homotopic morphism in C(A) (respectively C(A’)) and Z* is an object of C(.A”)

(respectively C(A)), then P*(f, Z*) (respectively P*(Z*, f)) is null-homotopic. It follows that
P* uniquely defines a functor

P*  K(A) x K(A') — K(A").

P* is an exact bifunctor.
In particular, for an additive category A, one may take for P the functor

A°X A — Ab
(X,Y) —» hom(X,Y)

The preceding construction then gives a functor
hom* : K(A)° x K(A) — K(Ab)

which, when composed with H? : K(Ab) — Ab, plainly recovers the functor homg ).

2. Quotient categories

2.1. Thick subcategories. Multiplicative systems of morphisms. — We begin with two
definitions.
Definition 2.1.1. — A subcategory B of a triangulated category A is thick if it is a full
triangulated subcategory of ‘A and also has the following property: whenever a morphism
[+ X — Y factors through an object of B and belongs to a distinguished triangle (X,Y, Z, f, g, h)
with Z in B, both the source and the target of f belong to B.

The set of thick subcategories of A will be denoted by /.

The intersection of any family of thick subcategories is thick.
Definition 2.1.2. — Let A be a triangulated category. A set S of morphisms of A is called a
multiplicative system of morphisms if it has the following five properties.
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FRI. —If f,g € S are composable, then f o g € S. For every object X of A, the identity
morphism of X belongs to S.

FR2. — In A, every diagram

Y
lseS
Z—f>X

can be completed to a commutative diagram

J UL ¢
l,es lses
VA —f> X
The symmetric property also holds.
FR3. — For morphisms f and g, the following conditions are equivalent:

i) thereisan s € S suchthatso f =sog;
ii) thereisat € S suchthat fot =got.

FR4. — Let T be the translation functor of A. For every s € S, one has T(s) € S.

FR5. —If (X,Y,Z,u,v,w)and (X',Y',Z',u’,v',w") are two distinguished triangles and f, g €
S are such that (f, g) is a morphism from u to u’, then there is a morphism h € S such that
(f, g, h) is a morphism of triangles.

A multiplicative system of morphisms is saturated if it has the following property:

a morphism f belongs to S if and only if there are morphisms g and g’ such that g o f € S and
fog €8.

The intersection of any family of saturated multiplicative systems is a saturated multiplicative
system.

The set of saturated multiplicative systems will be denoted by &.

For a thick subcategory 8B, let ¢(8B) be the set of morphisms f belonging to a distinguished
triangle (X,Y, Z, f, g, h) in which Z is an object of 8. Then ¢(8) is a saturated multiplicative
system.

For a saturated multiplicative system S, let i/(S) be the full subcategory on the objects Z
belonging to a distinguished triangle (X, Y, Z, f, g, h) in which f € S. The subcategory ¥ (S) is
thick.

The main result of this subsection is that ¢ is an order-preserving isomorphism from .4/ onto
&', where the order is defined by inclusion. Its inverse is .

2.2. Universal problems. — Let A and A’ be two triangulated categories and F : A — A’
an exact functor. Let S(F) be the set of morphisms of A that F takes to isomorphisms, and let
B(F) be the full subcategory on the objects of A that F takes to zero objects of A’. Then S(F)
is a saturated multiplicative system, B (F') is a thick subcategory, and S(F) = ¢(B(F)). Now let
A be a triangulated category, B a thick subcategory, and S = ¢(8) the corresponding saturated
multiplicative system. The following two universal problems are equivalent.

Problem 1. — Find a triangulated category A/$ and an exact functor Q : A — A/B such that
every exact functor from (A to a triangulated category (A’ that takes the objects of B to zero
objects of (A’ admits a unique factorization of the form G o Q, where G is exact.
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Problem 2. — Find a triangulated category Ag and an exact functor Q : A — Ag such that
every exact functor from A to a triangulated category A’ that takes the morphisms of § to
isomorphisms of A" admits a unique factorization of the form G o Q, where G is exact.

(The editor asks the reader’s indulgence for this antiquated and reactionary language.) In the
next subsection we shall show that Problem 2 has a solution. The corresponding Problem 1
therefore has the same solution.

2.3. Calculus of fractions. —

2.3.1. — Let A be a triangulated category and S a saturated multiplicative system. Let A[S™!]
denote the category of fractions of A with respect to S, and let Q : A — A[S~!] be the
canonical functor. The pair (A[S~!], Q) solves the following problem: every functor from A to
an arbitrary category (not necessarily additive) that takes the morphisms of S to isomorphisms
factors uniquely through (A[S~'], Q). Such a pair always exists, with no hypothesis on the set S
of morphisms [18, 1.1]®). Because S is a saturated multiplicative system, however, it satisfies
FR1, FR2, and FR3. Consequently, by [18], the category A[S~'] can be obtained by a right or
left calculus of fractions. We recall the right calculus of fractions. (The left calculus is obtained
by reversing the arrows.)

2.3.2. — The objects of A[S~'] are the objects of A.

— For each object X of A, let Sx denote the category of arrows in S with target X. To every
object Y of A we associate, functorially in Y, the following set-valued functor on S5 (where
§% denotes the opposite category):

Hy : s — hom(source(s),Y).

Set

hom z5-11(X,Y) = h_ro)nHy.

Sx

For all facts about direct limits, we refer to [1].

Using FR1, FR2, and FR3, one checks with pleasure that § ;’( has properties L1, L2, and
L3. Thus these direct limits have all the good properties of direct limits over filtered ordered
sets.

— Let X, Y, Z be three objects of A, let a € hom g s-171(X,Y), and let b € hom »g-1;(Y, Z).
Choose an object s of Sy and an element a € hom(source(s),Y) whose image is a, and
choose an object ¢ of Sy and an element b € hom(source(?), Z) whose image is b. We then
have a diagram

(D

NN

()The original text references [C.G.G] here. Most likely this is the lost work Catégories et foncteurs by Chevalley,
Gabriel, and Grothendieck, referenced in [31].
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which, by FR2, can be completed to a diagram

N
NN
X Y zZ
Let b o a be the image in hom g[s-1)(X, Z) of the morphism b o c. Properties FR1, FR2,

and FR3 show that b o a is independent of the chosen representatives a and b and of the
way in which (1) is completed. They also show that this defines a category A[S~!].

Let Q : A — A[S~!] denote the evident functor.
Since A is additive, A[S~!] is additive. Using FR4, one also proves that there is a unique
translation functor on A[S~!], denoted by T, satisfying

QoT=ToQ.

Finally, using FRS, one proves that A[S~!] has a unique triangulated structure for which Q is
exact. Its distinguished triangles are precisely the triangles isomorphic to the images under Q of
distinguished triangles of A. If Ag denotes A[S~'] with this triangulated structure, then it is
straightforward to prove that (Ag, Q) is a solution to Problem 2.

Definition 2.3.3. — Let A be a triangulated category, B a thick subcategory of A, and
(Q, A/ B) the solution to Problem 1 (§2.2). The category A|B is called the quotient category of
A by B, and Q is called the canonical quotient functor. More generally, let N be a triangulated
subcategory of A, and let N be the smallest thick subcategory containing N. The quotient
category of A by N is, by definition, A/N = A|/N.

2.4. Properties of quotient categories. —

2.4.1. — Let A be a triangulated category and H a cohomological functor with values in an
abelian category G. Let By be the full subcategory on the objects all of whose translates are taken
by H to zero objects of G, and let Sy be the set of morphisms all of whose translates are taken by
H to isomorphisms in G. Then By is a thick subcategory of A, Sy is a saturated multiplicative
system, and Sy = ¢(Bg) (§2.1). The functor H factors uniquely through (Q, A/ By).
Theorem 2.4.2. — Let A be a triangulated category, B a triangulated subcategory, N a thick
subcategory of A, and S = ¢(N) the corresponding saturated multiplicative system.
(a) The category N N B is a thick subcategory of B. Its corresponding multiplicative system is
SN8&.
(b) The following two properties are equivalent:
(i) For every object X of B and every morphism s : R — X with s € S, there is a morphism
s R — Rsuchthatsos’ € SN Band R’ € Ob B.
(ii) Every morphism from an object X of B to an object Y of N factors through an object of
N N B.
(c) The properties (i)’ and (ii)’ obtained from (i) and (ii) by reversing the arrows are equivalent.
(d) If (i) and (ii) hold, or if (i)’ and (ii)’ hold, the canonical functor

BINNB — AN
is faithful.
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Since this functor is injective on objects, it identifies B /(N N B) with a subcategory of
AIN.
(e) If, in addition, B is a full subcategory of ‘A, then B/ (N N B) is a full subcategory of A/N.
Corollary 2.4.3. — Let A C B C C be three triangulated categories, with ‘A a thick subcategory
of B and B a thick subcategory of C. Then A is a thick subcategory of C, and B|A is a thick
subcategory of C|A. The canonical functor C|B — (C/A)[(B/A) is an isomorphism.

2.5. Properties of the quotient functor. — Let A be a triangulated category, 8 a thick

subcategory, S the corresponding multiplicative system, and Q : A — A/B the canonical

quotient functor.

Proposition 2.5.1. — For objects X and Y of A, the following assertions are equivalent:

(a) Every morphism f : X — Y for which there is a morphism s : Z — X in S satisfying
fos=0is zero.

(b) Every morphism f : X — Y for which there is a morphism s : Y — Z in S satisfying
so f =0is zero.

(c) Every morphism f : X — Y that factors through an object of B is zero.

(d) The canonical map

hom#(X,Y) — homg,8(Q(X), Q(Y))
is injective.

Proposition 2.5.2. — Let X and Y be two objects of A. The following assertions are equivalent:

X/ZXY

can be completed to a diagram (s,t € S)

(a) Every diagram (s € S)

Zl
|
Z
RN
X Y
in which f ot factors through (X, s o t).
(b) The assertion obtained by reversing the arrows in (a) and interchanging X and Y.
(c) Every diagram
x—Lontoy
in which g o f =0 and N is an object of B can be completed to a diagram

Nl

St

x1.nS.y

in which f =iohandgoi=0.
(d) The assertion obtained by reversing the arrows in (c) and interchanging X and Y.
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(e) The canonical map

0
homgz(X,Y) — homg,8(Q(X),0(Y))
is surjective.

Proposition 2.5.3. — Let X be an object of A. The following assertions are equivalent:

(a) For every objectY of A, the canonical map

hom#(X,Y) L. homg,5(Q(X),0(Y))

is an isomorphism.
(b) Every morphism from X to an object of B is zero.

Likewise, the following two assertions are equivalent:

(a)’ For every object Y of A, the canonical map

hom (Y, X) —— hom5(Q(Y), (X))

is an isomorphism.
(b)’ Every morphism from an object of B to X is zero.

Definition 2.5.4. — An object satisfying the equivalent conditions (a) and (b) of the preceding
proposition is called an object left-free over A/ B, or a left Q-free object. Similarly, an object
satisfying the equivalent conditions (a)’ and (b)’ is called an object right-free over A/ B, or a
right Q-free object. It is determined up to isomorphism by Q(X) € Ob(A/B).

2.6. Functors adjoint to the quotient functor. —
Definition 2.6.1. — Two triangulated subcategories N and N’ of a triangulated category A
are called orthogonal if, for every object X of N and every object Y of N’, one has

hom#(X,Y) =0

In this case N’ is said to be right orthogonal to N, and N left orthogonal to N’.
Proposition 2.6.2. — Let N be a triangulated subcategory of a triangulated category ‘A. The full
category N+ (respectively N ) on the objects X of A such that homg (Y, X) = 0 (respectively
hom4(X,Y) = 0) for every object Y of N is a thick subcategory of A. By abuse of language,
N is called the right orthogonal of N.
This proposition lets us reformulate Proposition 2.5.3.
Proposition 2.6.3. — Let B C A be a thick subcategory of a triangulated category ‘A. The
full category on the objects right-free over A |B (respectively left-free) is precisely the right
orthogonal (respectively left orthogonal) of B.
Proposition 2.6.4. — Let ‘A be a triangulated category, B a thick subcategory of A, B the
right orthogonal of B, S(B) and S(B*) the corresponding multiplicative systems, and Q and
Q% the canonical quotient functors. For an object X of A, consider the following properties:
(i) There is a morphism in S(B) from X to an object of B*.
(ii) There is a morphism in S(B*) from an object of B to X.
(iii) The category Sx(B) of arrows in S(B) with source X has a final object.
(iv) The category SX (B*) of arrows in S(B*) with target X has an initial object.
(v) The category B|X of objects of B over X has a final object.
(vi) The category B+ | X of objects of B+ under X has an initial object.
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Then
(iv)

(i) = (ii) <= (iii) = (v)

(vi)

If, in addition, +(B*) = B, then all these properties are equivalent.
Let B be a thick subcategory of a triangulated category A, leti : 8 — A be the inclusion
functor, let Q : A — A/ B be the quotient functor, let B+ be the right orthogonal of B, and let
L and Q* be the corresponding functors. Proposition 2.6.4 immediately gives the following
propositions.
Proposition 2.6.5. — The following two properties are equivalent:

(i) The functor i has a right adjoint.
(ii) The functor Q has a right adjoint.
The proposition remains true when “right” is replaced by “left.”
Proposition 2.6.6. — The following two properties are equivalent:

(i) The functor i has a right adjoint.
(ii) The functor i+ has a left adjoint, and the left orthogonal of B* is equal to B.

Proposition 2.6.7. — Suppose that the properties of Propositions 2.6.5 and 2.6.6 hold. Let i*
and Q* be the right adjoints of i and Q, and let *i*+ and *Q* be the left adjoints of i+ and Q= .
All these functors are exact. Moreover:

there is a functorial isomorphism Q* o Q — i* o *i* such that the following diagram commutes:

id

N

Q*OQ -~ iJ_O*iJ_

(the oblique arrows are defined by the adjunction properties).
Likewise, there is an isomorphism*Q~ o Q' — ioi* such that the following diagram commutes:

*Q+ o Q* ioi*

Finally, there is a functorial morphism of degree 1, 0 : i+ o *i* — i oi*, such that the following

triangle is distinguished (degd = 1):

Such a morphism 0 is unique and satisfies 0(TX) = =Td(X) (X an object of A, T the
translation).
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3. Derived categories of an abelian category

3.1. The derived categories. — We use the notation of 1.2.3, together with the following.

3.1.1. Notation. — Let A be an abelian category. Set

D(A) = K™ (A) /K™ (A)
D (A) = KPP (A) /K2 (A)
D*(A) = K" (A) /KH?(A)
D™(A) = K™ (A) /K2 (A).

Proposition 3.1.2. — The natural functors in the following diagram

D(A)

PN

D*(A) D™ (A)

~ 7

Db (A)

are fully faithful.
The natural functors

D?(A) = KPP (A) /K2 (A) — KPP (A) /K2 (A)
D?(A) = KPP (A) [KP2(A) — K™ (A) /K2 (A)

are equivalences of categories.
Since the functors in the diagram

are injective on objects, they realize DY (A), D*(A), and D™ (A) as full subcategories of D(A).
The proof is contained in Theorem 2.4.2.

Definition 3.1.3. — The category D(A) is called the derived category of A. Objects of D(A)

isomorphic to objects of D? (A) are called bounded; those isomorphic to objects of D*(A) are

called bounded below, and those isomorphic to objects of D™ ((A) are called bounded above.
Let D denote the canonical functor

D :C(A) — D(A).

The “restriction” of D to the full subcategory A of C(A) will again be denoted by D. The
restricted functor D| 4 is fully faithful, and D factors uniquely through K(A). Let X and Y be
two objects of A.

It is easy to check that, for every m > 0, the groups

homp ) (D(X), T""D(Y))
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vanish (where T is the translation functor). The cohomological dimension of A is the least
integer n such that, for every m > n,

homp ) (D(X), T"D(Y)) =0 for every pair of objects X, Y of A.

If no such integer exists, the cohomological dimension of (A is said to be infinite.

Let I"(A) (respectively I(A)) be the full triangulated subcategory of K*(A) (respectively
K(A)) consisting of complexes whose objects are injective in every degree.
Proposition 3.1.4. — Suppose that A has enough injectives. The natural functor

0" :K*(A) - D*(A)
induces an equivalence of categories
I*(A) — DY (A).

The quasi-inverse is a right adjoint of Q*.

If, in addition, A has finite cohomological dimension, the preceding assertion remains true
after deleting the superscripts +.

There is an analogous statement for projectives.

The proof of Proposition 3.1.4 rests on 2.6.4.

The next proposition describes the triangulated structure of D(A) more precisely.

Let E(A) be the category of short exact sequences in C(A). The category SSS(A) of
degreewise split exact sequences (§1.2.4) is a full subcategory of E(A). In the cited subsection
we defined a functor

p 1 SSS(A) — TrK(A)
where TrK(.A) denotes the category of distinguished triangles of K(:A). It induces a functor
o : SSS(A) — TrD(A)

where TrD(A) denotes the category of distinguished triangles of D(A).
Proposition 3.1.5. — There is a unique functor

IT: E(A) — TriD(A)
of the following form (deg 6(S) = 1):
S=0-X">5Y" >5Z">50) D(Z*)

o
D (u)

D(X*) D(Y*)

whose restriction to SSS(A) is o. This functor is essentially surjective.
Proposition 3.1.6. — The canonical cohomological functor

H’ : K(A) - A
factors uniquely through a functor, again denoted by H°,
H’: D(A) — A.

On D(A), the functor BY and its translates H' form a conservative family; that is, a morphism
f: X* = Y* is an isomorphism if and only if, for every integer i,

Hi(f) : H(X) — H(Y)

is an isomorphism.

147



Definition 3.1.7. — A morphism f : X* — Y* of C(A) (respectively of K(A)) is called a
quasi-isomorphism if, for every integer i,

H'(f) : H(X) - H'(Y)

is an isomorphism.
By the preceding proposition, the quasi-isomorphisms are precisely the morphisms that become
isomorphisms in D(A).
Definition 3.1.8. — Let o be a collection of objects of ‘A, and let X* be an object of C(A)
(respectively K((A)). A right (respectively left) resolution of X* of type o is a quasi-isomorphism
X* — V* (respectively V* — X*), where every object of the complex V* belongs to o. We say
injective resolution (respectively projective resolution) for a right (respectively left) resolution of
injective (respectively projective) type.
In general, the words “right” and “left” will be omitted when no ambiguity can result.
Proposition 3.1.9. — 1. Suppose that every object of A embeds into an object of o (respec-
tively is a quotient of an object of o). Then every object of C*(A) (respectively C™(A))
has a right (respectively left) resolution of type o in C* (A) (respectively C™(A)).
2. Suppose in addition that there is an integer n such that, for every exact sequence

YVsyls. syl S5y 50
(resp. 0 > Y" - Y"1 ... 5yl 5 y9)

of objects of A in which Y' belongs to o for every 0 < i < n— 1, the object Y" also belongs
to . Then every object of C(A) has a right (respectively left) resolution of type o.

3.2. Study of Ext. — Let X* and Y* be two objects of C(:A) (respectively K(A)), and let
D : C(A) — D(A) (respectively Q : K(A) — D(A)) be the canonical functor.
Definition 3.2.1. — The i-th hyper-Ext, denoted by

(X*,Y*) — Ext'(X*,Y")
is the functor homp ) (D (X*), T'D(Y*)) (respectively homp(#)(Q(X*), T!Q(Y*))).
Proposition 3.2.2. — Let0 — X* — Y* — Z* — 0 be an exact sequence in C(A), and let V*
be an object of C(A). Then there are unbounded exact sequences

.. — Ext/(V*, X*) — Ext!(V*,Y*) — Ext/(V*, Z*) - Ext™*! (V*, X*) — - --

.. — Ext/(Z*,V*) — Ext/(Y*,V*) — Ext(X*, V*) == Ext*!(Z*,V*) — - -.

Let X* and Y* be two objects of K(A). Let Qis/X* (respectively Qis™/X*®, Qis™/X*, or
Qis”/X*) denote the category of quasi-isomorphisms with target X* and source in K(A)
(respectively K*(A), K~ (A), or KX (A)). Similarly define the categories Y*/Qis, Y*/Qis*, and
so on (quasi-isomorphisms with source Y*).

The following proposition summarizes the various equivalent descriptions of Ext'.

Proposition 3.2.3. — There are isomorphisms of functors
0 . o\ __ . . ~ : ° ~
Ext"(X*,Y*®) = homp(a)(Q(X*), Q(Y*)) —>h_f)n(Qis/X.)o homg () (=,Y*) ———
i, . i POMK (1) (X*,-) B qisx+)oxrs s "OMK(A) (=)
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If X* is an object of K~ (A), then
0 ° ° ~ . °
Ext"(X*,Y*) — h_r)n homK(ﬂ)(—,Y )
(Qis™/X*)°
IfY* is an object of K* (A), then
0 . o\ ~ . .
Ext'(X*,Y*) — h_r)n homy(#)(X*, -)
Y*/Qis*
If X* is an object of K (A) and Y* an object of KP (A), then
0 . o ~ . .
Ext"(X*,Y*) — h_r)n homga)(X*, —)
Y*/Qis”
If X* is an object of KP(A) and Y* an object of K* (A), then
0 . o\ - .
Ext'(X*,Y*) — h_r)n homg () (=, Y*)
(Qis?/x*)°
If A has enough injectives and Y* is an object of K* (A), then Y* has an injective resolution,
unique up to isomorphism in K*(A),

Y — I(Y*)
and
Ext’(X*,Y*) — homga) (X", [(Y*)).

There is an analogous statement for projectives. If A has enough injectives and has finite
cohomological dimension, then every object Y* of K(A) has a unique injective resolution

Y* — I(Y*)
and
Ext’(X*,Y*) — homga)(X*, [(Y*))
There is an analogous statement for projectives.

Remark. — Writing out the isomorphism in Proposition 3.2.3(3) recovers Yoneda’s definition.

4. Derived functors

4.1. Definition of derived functors. —

Definition 4.1.1. — Let C and C’ be two graded categories (write T for the translation functor
of both C and C’), and let F and G be two graded functors from C to C’. A morphism of graded
functors is a morphism of functors

u:F—->aG

with the following property:
for every object X of C, the following diagram commutes:

Frx) X G rx)

.
Tu(X)

TF(X) —= TG(X)
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Let C and C’ be two triangulated categories. Denote by Fex(C, C’) the category of exact
functors from C to C’, with morphisms of graded functors as its morphisms.

Let A and B be two abelian categories, and let @ : K*(A) — K*'(B) be an exact functor
(where * and #” each denote one of +, —, b, or the empty symbol). Composition with the canonical
functor Q : K*(A) — D*(A) gives a functor

Fex(D*(A), D* (8)) — Fex(K*(A), D" (B))

Thus, if Q’ also denotes the canonical functor K*'(8) — D*(8), we obtain a functor %
(respectively %) from Fex(D*(A), D*' (B)) to Ab:

¥ - hom(Q’ o ®,¥ o Q)
(resp. ¥ - hom(¥ 0 Q,Q" o @) ).

Definition 4.1.2. — We say that ® has a right (respectively left) total derived functor if the
functor % (respectively %’) is representable. An object representing %o (respectively %9’) is called
the right (respectively left) total derived functor of ® and is denoted by R® (respectively L®).(*)

4.1.3. Notation. — Let A and B be two abelian categories and f : A — B an additive functor.
The right total derived functor of K*(f) : K* (A) — K*(B) is denoted by R* f. The functors
R™f,Rf,L*f,L™f, and Lf are defined similarly.

Likewise, let F' : K*(A) — B be a cohomological functor. Composition with the canonical
quotient functor Q : K*(A) — D*(A) defines a functor

Foco(D*(A), B) — Foco(K*(A), B)

(where Foco(—, —) denotes the category of cohomological functors). Hence there is a functor
% (respectively %’) Foco(D*(:A),B) — Ab given by G +— hom(F,G o Q) (respectively
G — hom(G o Q, F)).

Definition 4.1.4. — We say that F has a right (respectively left) cohomological derived functor
if % (respectively %) is representable. An object representing %o (respectively %’) is called the
right (respectively left) cohomological derived functor of F and is denoted by RF (respectively
LF).

4.1.5. Notation. — Let A and B be two abelian categories and f : A — B an additive functor.
The right cohomological derived functor of

H® oKYf: KY(A) > B

is denoted by R* f. When no confusion can result, the functor R* f o T* (where T is the translation
functor) is denoted by R f. The right cohomological derived functor of H’ oK f is denoted by
Rf. When no confusion can result, Rf o T is denoted by R f.

The functors L™ f, Lf, and L’ f are defined similarly.

4.1.6. Remarks. — As we shall see in the next subsection, these definitions include the classical
definition of derived functors when the categories have enough injectives or projectives and the
complexes are suitably bounded. They are more general, but without further hypotheses they are
difficult to use. For example, let f : A — B be an additive functor between abelian categories.
Suppose that the total derived functors R* f and Rf exist. I do not know how to prove that R f
induces R* f on D*(A). Suppose in addition that the cohomological derived functor R* f exists.

() A more manageable definition, equivalent in practice, is given in [2, XVII 1.2].
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I do not know how to prove that H’ oR* f is isomorphic to that R* . In practice, however, these
properties will hold.

4.2. Existence of derived functors. —
Proposition 4.2.1. — Retain the hypotheses of Definition 4.1.4. Suppose in addition that ‘A is a
U-category, where U is a universe containing the set Z of rational integers, and that the set of
objects of A belongs to %. Suppose also that B is the category of abelian 2 -groups or, more
generally, the category of sheaves of abelian U -groups on an arbitrary % -site. (A U-site is a
U -category whose set of objects belongs to %, equipped with a topology.) Then F has a right
cohomological derived functor, computed as follows.

Let X be an object of D*(A) and X the object of K*(A) lying over X. There is a functorial
isomorphism

RF(X) = h_r)n F(-).
X/Qis*

In particular, let f : A — B be an additive functor. The functors Rf and R* f exist and are
computed as above. The restriction of Rf to D*(A) is R* f. Since no confusion can then result,
we shall use the notation R’ f.

4.2.2. Remarks. — Proposition 4.2.1 can be stated more generally for triangulated categories.
The hypotheses needed on B are the existence and exactness of direct limits indexed by
pseudofiltered % -categories whose sets of objects belong to 7. At least in practice, Proposition
4.2.1 introduces an asymmetry between right and left derived functors.

Theorem 4.2.3. — Retain the data of Definition 4.1.2. Let C also be a full triangulated
subcategory of K*(A), and let N be the full triangulated subcategory of acyclic objects of C.
Suppose that

(1) @ takes every object of N to an acyclic object of K¥ (B).
(2) Every object X of K*(A) is the source (respectively target) of a quasi-isomorphism whose
target (respectively source) is an object of C.

a) Then ® has a right (respectively left) total derived functor.
b) The functor R® (respectively L®) is obtained as follows.

The restriction to C of Q' o ® : K*(A) — D*(B) vanishes on the objects of N, and
therefore factors through C/N. This gives a functor @ : C/N — D* (B). The natural
Sfunctor C/N — D*(A) is an equivalence of categories (Theorem 2.4.2); composing @ with
its quasi-inverse gives R® (respectively L®D).

c) Let X be an object of K*(A), let Y be an object of C, and let X — Y (respectivelyY — X) be
a quasi-isomorphism. Then R® o Q(X) (respectively L® o Q (X)) is isomorphic to Q' o ®(Y).

d) The functor X — R® o Q(X) (respectively X +— L® o Q(X)) is isomorphic to X +—
li_r)nX/QiS* Q' o ®(—) (respectively X > li_r)nQiS*/X Q o ®d(-)).

e) The functor H o® : K*(A) — B has a right (respectively left) cohomological derived functor,
namely H® oR® (respectively HY oL®).

Corollary 4.2.4. — In the hypotheses of the preceding theorem, suppose that = = + (respectively

* = —) and that A has enough injectives (respectively projectives). Then Theorem 4.2.3 applies

with C the category of complexes of injectives (respectively projectives). If, in addition, ‘A has

finite cohomological dimension, the theorem applies without restriction on %, again taking C to

be the category of complexes of injectives (respectively projectives).
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Definition 4.2.5. — Let A and B be two abelian categories and f : A — B an additive functor.
We say that f has finite right (respectively left) cohomological dimension if R* f (respectively
L™ f) exists and there is an integer m > 0 such that, for every n > m, R" f (respectively L™ f)
vanishes on the objects coming from A under D. The right (respectively left) cohomological
dimension of f is the least such integer m. If R* f (respectively L™ f) exists but f does not have
finite cohomological dimension, then f is said to have infinite cohomological dimension.
An object X of A is called right (respectively left) f-acyclic if, for every integer n > 0,
R"f(D(X)) = 0 (respectively L™" f(D(X)) = 0).
Corollary 4.2.6. — Retain the data of Definition 4.2.5. Suppose that there is a collection o of
objects of A, stable under direct sums, with the following properties:

1. Every acyclic complex in Ob K*(A) (respectively in Ob K™ (A)) whose objects belong to
o is taken by f to an acyclic complex.

2. Every object X of A embeds into (respectively is a quotient of) an object of o. The
hypotheses of Theorem 4.2.3 hold with * = + (respectively * = —) and with C the category
of complexes whose objects in every degree belong to o. The elements of o are right
(respectively left) f-acyclic objects.

If, in addition, f has finite right (respectively left) cohomological dimension, the collection
of right (respectively left) f-acyclic objects has, in addition to properties (1) and (2) above,
property (2) of Proposition 3.1.9. Theorem 4.2.3 then applies to Kf with C the category of
complexes whose objects in every degree are right (respectively left) f-acyclic. The functor Rf
(respectively Lf) exists and induces R* f (respectively L* f) on D* (A) and R™ f (respectively
L™ f)on D™ (A).

4.3. Product. Composition. — Let A be an abelian category, let F : D(AA) — Ab be a
cohomological functor, and let X* and Y* be two objects of C(A). The functor F defines a map

Ext’(X*,Y*) — homay(F(D(X")), F(D(Y")))
and hence a pairing F(D(X*)) x Ext’(X*,Y*) — F(D(Y*)).

Applying translations gives pairings
F'(D(X*)) x Ext/ (X*,Y*) = F'*/(D(Y")).

For cohomological derived functors, these pairings are, by definition, the Yoneda products. Their
properties follow immediately from this definition, and we shall not develop them here.

Let A, A’, and A” be three abelian categories, and let f : A — A’ and g : A" — A” be
additive functors. Suppose that R* f and R*g exist. I do not know how to deduce that R*(g o f)
exists; and even if it does, the formula

R*(go f) —=R"goR*f

is probably not true in general. We do, however, have the following proposition.

Proposition 4.3.1. — Suppose that A’ has enough right g-acyclic objects and that ‘A has
enough right f-acyclic objects which f takes to right g-acyclic objects. Then R* (g o f) exists
and there is an isomorphism

R*(go f) —=R*goR*f.

There are analogous statements for left derived functors.
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5. Examples

5.1. The functor Rhom®. — Let A be an abelian category with enough injectives.

For X* € K(A) and Y* € K*(A), the functor Y* +— hom*(X*,Y*) (1.3) has a right total
derived functor (Corollary 4.2.4), denoted by Rhom*(X*, —). For an object Y of D*(A), the
functor

K(A) — D(Ab)
X* — Rhom*(X*,Y)
is exact and vanishes on acyclic complexes, and hence gives an exact bifunctor
D(A)° x D*(A) —— D(Ab)

which we denote by Rhom®.
When A has finite cohomological dimension, Rhom® extends to D(:A)° x D(A) (loc. cit.).
If A also has enough projectives, one can derive hom in its first argument. The two definitions
agree on their common domain of validity.

5.2. Tor of sheaves. — Let E be a ringed site (in particular, a ringed topological space), let o/
be its sheaf of rings, and let Mod(E) be the category of &/-modules. An object X of Mod(E) is
o -flat if, for every exact sequence

0 Y’ Y Y” 0

the sequence 0 - V' @y X - Y ®y X — Y’ ®y X — 0 is exact. There are enough & -flat
objects: direct sums of objects &y, where U is an object of E and &y is the sheaf o extended
by zero outside U. Thus Theorem 4.2.3 applies and defines the functor

D~ (E, o) x D™ (E, o) — D™ (E, o)

L
(X,Y) > XY

the total tensor product, which is the left derived functor of the tensor product. Passing to
cohomology defines the local hyper-Tor sheaves Torl“.‘” (X,Y).

Since Mod(E) has enough injectives, one can derive the functor hom*(X,Y), the complex of
local homomorphisms, thereby obtaining Rhom(X,Y) for X € Dand Y € D*.

For X,Y e D™(E, &) and Z € D*(E, &), there is a functorial isomorphism

L ~
hOl’l’lD(Evd) (X®Y,7Z) — hOIIlD(E’M) (X,Rhom(Y, 2)).

5.3. Left derived functor of inverse image. — Let f : E — E’ be a map of ringed topological
spaces. The inverse-image functor
f* :Mod(E") — Mod(E)

need not be exact. One can nevertheless define f*-flat objects, and there are enough of them.
Thus the functor L™ f* is defined. There is also the following adjunction formula.
For X e D7(E’, ") and Y € D*(E, &), there is a functorial isomorphism

homp (g o) (L™ f*(X),Y) — homp(gr o (X, R* £ (Y)).
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APPENDIX A

ERRATUM FOR SGA 4, VOLUME 3

X1V p.18 1.14. — Read (XIX 6) instead of (XX 6).
XVI 2.2. — One must assume that F is locally constant!

XVI 5.2. — The proof given is incomplete. After stating the induction hypothesis, one must
first reduce to the case in which F is constant (F' becomes constant on an étale Galois covering
n: X" — X of X, with Galois group G, and one invokes the Hochschild—Serre spectral sequence
E)? =HP(G,HY(X’,n*F)) = HP*9(X, F)). The arguments that follow are then correct.

XVII 1.1.8. — The sign in (1.1.8.1) is incorrect when F is contravariant in some variables. It
should read:

k _ A(k) . . kig(D)e(y (i)
(1.1.8.1) pk = (=1)*® : automorphism of F o (G) (Kt. (e )
where
A= D kit ) DL kaky
== ez @y (b=
a<

XVII 2.1.3. — The proof contains obvious errors. Delete the third line (p. 34, 1. 9) and replace
the sixth and seventh lines (p. 34, 1. 12—13) by:
The arrows in diagram (2.1.3.2) induce maps

homy (F, F) — homyg (¢"F, f.F) = homy (fg""F,&" f.F),
XVIII 2.14.4. — Read XVII 6.2.7.2 instead of XVII 6.2.4.
XVIII p.99 1-1. — Read u instead of U, and 3.1.16.1 instead of 3.1.11.1.
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