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Introduction

In this article, we propose a proof of certain conjectures of Langlands, Shelstad, and Wald-
spurger, better known as the fundamental lemma for Lie algebras and the nonstandard funda-
mental lemma. For further details in the following statements, we refer to Sections m and
1.12.7
Theorem 1. — Let k be a finite field with q elements, O a complete discrete valuation ring with
residue field k, and F its fraction field. Let G be a reductive group scheme over O whose Weyl
group order is not divisible by the characteristic of k. Let (k, pi) be an endoscopic datum for G
over O, and let H be the associated endoscopic group scheme.

Then one has the equality between the k-orbital integral and the stable orbital integral

A (a)Oy(14,dt) = Ag(ap)SOq, (1y, dr)

attached to the corresponding regular semisimple stable conjugacy classes a in §(F) and ay in
b(F), to the characteristic functions 14 and 1y of the compact subsets g(O) and h(0) in §(F)
and Y(F) respectively, and where we have set

Ag(a) = q—val(EG(a))/Z and Ay(ay) = q—val(DH(aH))/Z,

with DG and Dy denoting the discriminant functions of G and H.

Theorem 2. — Let G| and G, be two reductive group schemes over O having isogenous root
data and whose Weyl group orders are not divisible by the characteristic of k. Then, one has
the following equality between the stable orbital integrals

SO, (14,,dt) = SO, (14,,dr)

attached to the corresponding regular semisimple stable conjugacy classes ay in g1(F) and a,
in §2(F), and to the characteristic functions 14, and 14, of the compact sets g1(0) and g2(0) in
a1(F) and g>(F) respectively.

We prove these theorems in the equal-characteristic case. According to Waldspurger, the case
of mixed characteristic follows (see [82]]).

The main applications of the fundamental lemma are found in the realization of certain
particular cases of Langlands’ functoriality principle via the comparison of trace formulas
and in the construction of Galois representations attached to automorphic forms through the
computation of the cohomology of Shimura varieties. For applications to the comparison of
trace formulas, we refer to the work of Arthur [2], and for those to Shimura varieties, to Kottwitz
[45] and to Harris’s forthcoming book.

Known Cases and Reductions. — The fundamental lemma has been established in a great
number of particular cases. Its archimedean analogue was completely solved by Shelstad in [[71]].
This case inspired Langlands and Shelstad to formulate their conjecture for a nonarchimedean
field. The case of the group SL(2) was treated by Labesse and Langlands in [48]. The case of
the three-variable unitary group was resolved by Rogawski in [65]. Cases related to the twisted
Sp(4) and GL(4) have been solved by Hales, Schroder, and Weissauer via explicit computations
(see [31], [68] and [84]). More recently, Whitehouse continued these computations to prove the
weighted twisted fundamental lemma in this case (see [85]]).

The fundamental lemma for stable base change was established by Clozel [14] and Labesse
[47], starting from the case of the unit element of the Hecke algebra proved by Kottwitz [43].
Previously, the case of GL(2) was established by Saito and Shintani ¢f. [67]] and by Langlands
cf. [49], and the case of GL(3) by Kottwitz cf. [39].

Another important case is that of SL(n), which was resolved by Waldspurger in [79]. The
case of SL(3) with an elliptic torus was established earlier by Kottwitz (see [40]) and the case
of SL(n) with an elliptic torus by Kazhdan (see [35])).
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Recently, together with Laumon, we proved the fundamental lemma for the Lie algebras of
unitary groups in the equal-characteristic case. Our method is geometric and applies only to
local fields of equal characteristic. As already mentioned, the mixed-characteristic case then
follows from Waldspurger’s work [82]]. The change of characteristic was also established by
Cluckers and Loeser [15] in a more general framework but with less precision regarding the
bound on the residual characteristic.

In a series of works, notably [80] and [83]], Waldspurger showed that the fundamental lemma
for groups as well as the transfer is deduced from the ordinary fundamental lemma for Lie
algebras. Similarly, the twisted fundamental lemma is deduced from the combination of the
ordinary lemma for Lie algebras and what he calls the nonstandard lemma. In the remainder
of this article, we restrict ourselves to the ordinary fundamental lemma for Lie algebras and its
nonstandard variant over a local field of equal characteristic.

Local Geometric Approach. — Kazhdan and Lusztig introduced in [36] the affine Springer
fibers, which are geometric incarnations of orbital integrals. That work provides basic infor-
mation on the geometry of affine Springer fibers, which we recall in Chapter 3| of the present
article.

In the appendix to [36], Bernstein and Kazhdan constructed an affine Springer fiber for the
group Sp(6) whose point count is not a polynomial in g. In fact, the associated motive of this
affine Springer fiber contains the motive of a hyperelliptic curve. This example suggests that it
is unlikely that one can obtain an explicit formula for the orbital integrals.

The interpretation of the x-orbital integrals in terms of the quotients of affine Springer fibers
was established in the work of Goresky, Kottwitz, and MacPherson [26]]. They also introduced
in [26] the use of equivariant cohomology in the study of affine Springer fibers. This strategy
is very well adapted to the particular case of elements belonging to an unramified torus since
in that case one has an action of a large torus on the affine Springer fiber with only isolated
fixed points. They also discovered a remarkable relation between the equivariant cohomology
of an affine Springer fiber for G and the corresponding fiber for the endoscopic group H in this
unramified setting. This relation also depends on a purity conjecture for the cohomology of
these affine Springer fibers. This conjecture was verified for elements with equal root valuations
in [27].

In [51] and [S2]], Laumon introduced a method of deforming Springer fibers in the case of
unitary groups based on the deformation theory of plane curves. His strategy is to introduce
a plane curve of geometric genus zero having a singularity prescribed by the local situation
and then to deform this plane curve. He also observed that in the unitary case, there exists a
one-dimensional torus acting on the affine Springer fibers of U(n) associated with a stable class
coming from U(ny) X U(n;), whose fixed point set is the corresponding affine Springer fiber for
U(ny) X U(ny). By computing the equivariant cohomology in family, he was able to prove the
fundamental lemma in the unitary case, even for possibly ramified elements. His proof again
relies on the purity conjecture for affine Springer fibers formulated by Goresky, Kottwitz, and
MacPherson.

This purity conjecture seemed to me to be the main obstacle in the local geometric approach.
It plays an essential role in degenerating certain spectral sequences and allows one to apply the
Atiyah-Borel-Segal localization theorem.

In fact, there is another obstacle, at least as serious, to using equivariant cohomology for
general affine Springer fibers. For very ramified elements of groups other than the unitary
groups, there is no torus action on the corresponding affine Springer fiber. In this case, even if
one has the purity conjecture, it is not clear that the strategies of [26] and [52]] can be applied.

Global Geometric Approach. — In [34], Hitchin showed that the cotangent bundle of the moduli
space of stable bundles over a compact Riemann surface is a completely integrable Hamiltonian
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system. To do this, he interpreted this cotangent bundle as the moduli space of principal
bundles equipped with a Higgs field. The Hamiltonians are then given by the coefficients of
the characteristic polynomial of the Higgs field. In this way, he defined the famous Hitchin
fibration f : M — &, where ./ is the aforementioned cotangent bundle, </ is the affine
space parametrizing the characteristic polynomials with coefficients in the global sections of
suitable powers of the canonical bundle of X, and where f is a morphism whose generic fiber
is essentially an abelian variety.

From our point of view, the Hitchin bundles are global analogues of affine Springer fibers.
Moreover, it is important in our approach to allow the Higgs bundles to have values in an arbitrary
line bundle of sufficiently large degree instead of the canonical bundle. In this generality, the
moduli space of Higgs bundles .Z is no longer endowed with a symplectic form but still admits
a Hitchin fibration f : /4 — .

We observed in [57] that a formal point count of .#Z over a finite field yields an expression
nearly identical to the geometric side of the trace formula for the Lie algebra. In [S7], we
proposed to interpret the stabilization process of the Langlands-Kottwitz trace formula in terms
of the {-adic cohomology of the Hitchin fibration. This interpretation leads to a formulation of
a global variant of the fundamental lemma in terms of the £-adic cohomology of the Hitchin
fibration (see [16/] and [S8]). The geometric interpretation of the stabilization process with the
Hitchin fibration, as well as the formulation of this global variant of the fundamental lemma, is
more complex than the local analogue with affine Springer fibers. On the other hand, one enjoys
a much richer geometry.

The geometric interpretation of the stabilization process is based on the action of a Picard
stack & — & on ., which is in some sense the stack of natural symmetries of the Hitchin
fibration. The point count with the help of &, carried out in Section 9 of [57], is revisited in a
more systematic way in the final Chapter [8of the present article. The construction of & is based
on that of the regular centralizer, which we recall in Chapter[2] An important observation in the
point count is that for every a € ./ (k), the quotient [.#,]/<,] can be expressed as a product
of local quotients of the affine Springer fibers .#, (a) by their natural symmetry groups %, (J,)
(see and [57, 4.6]). This product formula appears implicitly throughout the article.

The algebraic stack .# is not of finite type. However, there exists an anisotropic open subset
™ of of . constructed in Chapter@ over which the restricted fibration f ani . grani _, ggani jq 4
proper morphism. It is known that .#" is smooth over the base field k. According to Deligne
(18], the derived direct image ff“iQK is a pure complex - that is, the perverse cohomology
sheaves

PH" (f*aniﬁf)

are pure perverse sheaves. By the decomposition theorem, these become semisimple after base
change to & ani @ k. In order to prove the fundamental lemma, it is essential to understand the
geometrically simple factors in this decomposition.

The action of % on . induces an action of 72" on the perverse sheaves ”H"( ffni@ﬁ and
decomposes them into isotypic components

PH(f21) = €D PR (S Qo).
(]

Here the index [«] runs over the set of semisimple conjugacy classes in the dual group G, only
finitely many of which have a non-trivial contribution. We denote by 7H"( ffni@ﬁs{ the direct
factor corresponding to k = 1. The appearance of the dual group here is a consequence of the
computation of the sheaf of connected components of the fibers of & via the Tate-Nakayama
isomorphism, which was initiated in [57, 6] and completed in Sections and [5.5] of the
present article. In [57] and [58], we showed that this decomposition exactly corresponds to the
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endoscopic decomposition on the geometric side of the trace formula established by Langlands
and Kottwitz (cf. [50] and [44]).

In this work we change our point of view slightly. Instead of working over &/, we pass to
an étale cover &/*™ depending on the choice of a point co € X, just as in [54]]. Over this étale
open set we have a finer decomposition

PH'(FQ) = @D PH (£ Q)

K

where « runs over a finite subset of the maximal torus T' of the dual group G. We no longer stick
exactly to the trace formula, but in return we rid ourselves of a number of incidental difficulties.
Our geometric stabilization theorem consists in expressing the piece PH"( ﬂam@ﬁk in
terms of endoscopic groups. In fact one expresses it as a direct sum of the stable pieces — that
is, those corresponding to k = 1 — but for the groups H associated with pointed endoscopic
data cf. [1.8.2] There is an arithmetic variant[6.4.2] of [6.4.1] of which the fundamental lemma of
Langlands-Shelstad is a consequence.

In [57] we showed that PH" f*a“i@[),( is supported on the union of the images of the morphisms
o zni — /™ or rather a variant of this. We take up those arguments again in As we
observed in [57] and [54], this statement can replace the purity conjecture of Goresky, Kottwitz
and MacPherson in the context of the Hitchin fibration. Moreover, it is very tempting to
conjecture that all the simple factors of PH"( f2"©),), have as support the image of one of the
closed immersions ,Q?I'“}Ini — g™ Note that the geometric stabilization theorem follows from
this support conjecture, since in fact it is not difficult to establish it over a dense open subset of
Ay

In the unitary case, Laumon and I used the Atiyah-Borel-Segal exact sequence in equivariant
cohomology to prove an ad hoc variant of the support statement above. My later attempts to
generalize this equivariant method to other groups were hampered by the absence of a torus
action on certain Hitchin fibers associated to highly ramified elements.

In this work we prove, for all groups, a weak form of this support conjecture. In Chapter
we show that one can determine all the supports in the case of a d-regular abelian fibration cf.
Since it is not possible at present to prove that the Hitchin fibration is 6-regular — see
however [60, p. 4] — we use certain intermediate statements [7.2.2] and [7.2.3] combined with
what is available in positive characteristic in the direction of d-regularity and an intensive
point count in Chapter 8] to conclude the proof of

The delta inequality whose proof occupies Chapter|[/| allows one to bound from below
the codimension of the supports in the case of an abelian fibration. It is in fact an elaborate
variant of the inequality on the codimension of supports due to Goresky and MacPherson, which
we recall in[Z.3l

Let us now review the organization of the article. The first chapter contains the statement of
the fundamental lemma for Lie algebras and its nonstandard variant. The heart of the article is
the next-to-last chapter[7] where we prove the inequalities[7.2.2]and [7.2.3] from which a support
theorem will be deduced. The final chapter [§| contains the point counting argument that
allows one to deduce the fundamental lemma from the support theorem([7.8.5] The other chapters
are of a preparatory nature. Chapter [3|contains a study of the geometry of affine Springer fibers.
The following chapter 4] presents a parallel study of the geometry of the Hitchin fibration. Our
favorite tool in these studies is the action of the natural symmetries based on the construction of
the regular centralizer recalled in Chapter 2] In Chapter [3] various stratifications of the Hitchin
base are defined. In the next chapter[f] the anisotropic open subset of the Hitchin base is defined
over which the fibration has all the good properties so that one may formulate the geometric
stabilization theorem [6.4.2] which will be proved in the final two chapters [7] and [§] At the
beginning of each chapter, the reader will find a summary of its content and the notations used.
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1. The Langlands-Shelstad and Waldspurger Conjectures

In this chapter, we recall the statement of the fundamental lemma for Lie algebras conjectured
by Langlands and Shelstad (see [I.I1.T)), as well as the nonstandard variant conjectured by
Waldspurger (see[I.12.7)). In the final paragraph of this chapter, we recall where the Langlands-
Shelstad fundamental lemma enters in the stabilization process on the geometric side of the
trace formula. Our study of the Hitchin fibration, which will be carried out later in this article,
is directly inspired by this stabilization process. We have tried to keep the presentation in this
chapter as elementary as possible.

1.1. Chevalley Morphism. — Let k£ be a field and G a split reductive group over k. Our
definition is that of [21]: reductive implies affine, smooth and connected. We fix a split maximal
torus T and a Borel subgroup B containing T. Let Ng(T) be the normalizer of T and
W = Ng(T)/T be the Weyl group. We denote by g the Lie algebra of G and k [g] the algebra
of regular functions on g. Similarly, we denote by ¢ = Spec(k[t]) the Lie algebra of T. Let r
be the rank of (&, which by definition is the dimension of the maximal torus T'.

The action of T on the Lie algebra g defines a set of roots @, on which the Weyl group W
acts. The choice of the Borel subgroup B defines a set A of simple roots. Every root can be
written uniquely in the form .4 no@ with n, € 7; the integer . ,ca 1o is then called the height
of that root. We write 4 — 1 for the maximal height of a root; if the root system is simple, 4 is
its Coxeter number. Throughout this work we shall assume that the characteristic p is either
zero or greater than 2h. Since the order of the Weyl group is a product of natural numbers not
exceeding A, this hypothesis implies in particular that p does not divide the order of the Weyl
group. It also implies that p is a good prime in the sense of [12, 1.14], and hence that the Killing
form is non-degenerate in the semisimple case.

The group G acts on its Lie algebra via the adjoint action. The algebra of (G-invariant
functions on g is identified by the restriction from g to ¢ with the algebra of W-invariant
functions on t.

Here is the statement of the Chevalley restriction theorem, a proof of which may be found,
in the semisimple adjoint case, in [75, 3.17]. The general case is deduced from it under the
hypothesis p > 2 cf. [S5, 0.8].

Theorem 1.1.1. — By restriction from g to t, we have an algebra isomorphism k[g]C = k[t]W.

We denote ¢ = Spec(k[t]W) = Spec(k[g]T). The action of G,, by homothety on g
commutes with the adjoint action of (5, and therefore induces an action on c.

The inclusion k[t]W c k[¢] defines a morphism 7 : t — ¢. It is a finite and flat morphism
that realizes ¢ as the quotient in the sense of invariants of ¢ by the action of W. Moreover, there
exists a non-empty open subset ¢ of ¢ above which 7 is a finite étale Galois morphism with
Galois group W. This morphism is compatible with the action of (5,, by homothety on ¢ and
the action of (5,, on ¢ by exponents.

We denote y : g — c the characteristic Chevalley morphism which is deduced from the
inclusion of algebras k[g]¥ c k[g]. This morphism is compatible with the action of G,, by
homothety on g and the action of (5,, on ¢ by exponents. By analogy with the case of matrices,
we will call y (x) the characteristic polynomial of x and c the space of characteristic polynomials.

In addition to the (G,,-equivariance property, y is (G-invariant by construction. This gives
rise to morphisms between algebraic stacks

x]:[8/G] = ¢ and [x/Gu] : [8/G X Gl = [¢/Gnl.

1.2. Kostant Section. — The morphism y : g — ¢ admits sections. In [38]], Kostant con-
structed such a section in a uniform way. Although he assumes that the base field has charac-
teristic zero, his construction generalizes to positive characteristic p > 2h. In [78], Veldkamp
sought to construct the Kostant section under the weaker hypothesis that p does not divide the
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order of the Weyl group; but, as Deligne pointed out to me, Veldkamp’s argument appears to be
incomplete.

Fix a pinning of G which consists of the choice of a maximal split torus T, a Borel subgroup
B containing T with unipotent radical U and a vector x; € Lie(U) of the form x; = },cp Xq
where A is the set of simple roots and where x, is a non-zero vector of the eigenspace Lie(U),
of Lie(U) corresponding to the eigenvalue « for the action of T".

There then exists a unique slp-triple (4, x4,x_) in g with the semi-simple element i €
t N Lie(G9"). Indeed, arguing on the height of the roots, one shows that ad(x,)?"~! = 0, as in
[12, 5.5.2]. One then has a theorem of Jacobson-Morozov type [12], 5.3.2] under the hypothesis
p > 2h. One even knows that the principal representation of sl, on g is completely reducible
under the hypothesis p > 2h, by [12} 5.4.8].

The following statement was proved by Kostant in characteristic zero [38, Theorem 0.10].
Lemma 1.2.1. — Let g™+ be the centralizer of x4 in @. The restriction of the characteristic
morphism y : g — ¢ to the affine subspace x_ + g™+ of the vector space g is an isomorphism.

He first observes that Lie(B) = [x_, Lie(U)] @ g*+. This equality follows from the complete
reducibility of the principal representation of sl, in g, which is valid under the hypothesis
p > 2h. His argument [38, Prop. 19] for deducing the lemma from this observation is in fact
independent of the characteristic. It has also been presented on the last page of [6].

The inverse of this isomorphism

X+

(1.2.2) €E:COX_+g T og

defines a section of the Chevalley morphism y : g — c called the Kostant section. In fact,
Kostant constructed an entire family of sections of the Chevalley morphism. For classical
groups, it is also possible to construct explicit sections ¢ — g using linear algebra without using
the pinning cf. [39]. These sections, which generalize the companion matrix in the linear case,
are probably more adapted to explicit calculations of affine Springer fibers and Hitchin fibers.

Let us return to the section constructed by Kostant. It follows from[I.2.T]that ¢ is isomorphic to
an affine space. The action of G,, on GG induces an action on ¢. Using the complete reducibility
of the principal sl,-representation in g, one may choose coordinates ay, . . ., a, of ¢ so that this
action is written

t(ay,...,a,) = (t"ay,...,ta,).

The integers e; — 1, ..., e, — 1 are the exponents of the root system, see [11]].

Let g™ be the open subset of g consisting of the points x € g whose centralizer I, has
dimension r. It was shown in [38, Lemma 10] that the image of the Kostant section is contained
in the open subset @™, Kostant proves that if x,x’ € g™2(k) have the same characteristic
polynomial y(x) = y(x’), then they are conjugate cf. [38, Th. 2]. Combining this with the
existence of the section, he obtains the following statement.

Lemma 1.2.3. — The restriction of y to g'¢ is a smooth morphism. Its geometric fibers are
homogeneous spaces under the action of G.

1.3. Outer Twisting. — For arithmetic applications, it is necessary to consider the quasi-split
forms of the group G. Fix an pinning (T, B, x4) of G, as in[I.2] Let Out((G) denote the group
of automorphisms of G that fix this pinning. This is a discrete group which may possibly be
infinite. It acts on the set of roots @, leaving the subset of simple roots stable. It also acts
on the Weyl group W in a compatible way-that is, there is an action of the semidirect product
W > Out((=) on T and on the set ® of roots.

Definition 1.3.1. — A quasi-split form of G over a k-scheme X is the data of an Out((z)-torsor
oG over X (with respect to the étale topology).

1.3.2. — The datum of pg allows one to twist GG to obtain a smooth reductive X-group
G = pg AO"E) G which is equipped with a pinning defined over X, that is, a triple (T, B, X,.),
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where B is a closed smooth subgroup scheme of G over X, T is a subtorus of B, and x; is
a global section of Lie(B) such that, fiber by fiber, (T, B,x;) is isomorphic to the pinning
(T, B, x4). Conversely, any smooth reductive X-group equipped with a pinning (7, B, x,.) and
locally isomorphic to (s for the étale topology defines a torsor under the group Out((G). We will
abuse language by saying that G is a quasi-split form, omitting mention of the attached pinning.
1.3.3. — Let pg be an Out(G)-torsor over X, and let G be the corresponding quasi-split form
with pinning (7, B, x;). The structures discussed in the previous two paragraphs carry over to
the quasi-split form. Let ¢ = Lie(G) and t = Lie(7’). The action of W > Out((G) on ¢ induces
an action of Out((3) on ¢ = t/W. Thus, we define the space of characteristic polynomials of
g = Lie(G) as the X-scheme

Out(G) C.

c=pG A

It is equipped with a morphism
X:g—c

which is deduced from the Chevalley morphism y : g — ¢. Since Out((5) fixes the sl-triple
(h,x4,x_), the Kostant section € : ¢ — g is Out((5)-equivariant. By twisting, we obtain an
X-morphism
(1.3.4) €E:c—g
which is a section of the Chevalley morphism y : ¢ — ¢, and which we will also call the Kostant
section. Moreover, there is a finite flat morphism

m:t—¢
obtained from 7 : t — ¢. The finite étale X-group scheme

acts on t. Since c is the invariant quotient of ¢ by W, ¢ is also the invariant quotient of t by W.
Over the open subset

¢S = 06 /\Out(([}) c,
the morphism 7 : t** — ¢'* is a W-torsor under the finite étale group scheme.
1.3.5. — To study endoscopic groups, it is necessary to consider reductions of the Out((G)-

torsor pg. A reduction of p¢ is a torsor p : X, — X under a discrete group ©,, together with a
homomorphism og; : ®, — Out(&) such that

o A% Out(@) = pg.

Then one has t = X, A® tand ¢ = X, A® ¢, and a cartesian diagram

X, Xt —=X,xc

|

t ¢

/e

in which both vertical arrows are © ,-torsors. The semidirect product W = ®, acts on X, X ¢
and acts freely on the open subset X, X t™. The diagonal arrow in the above diagram,

o Xp Xt — ¢,

is then a finite flat W = ©,-invariant morphism that realizes ¢ as the invariant quotient of X, X ¢
by W > ©,. Over the open subset ¢**, 7, is a finite étale Galois morphism with Galois group
W > 0,. Itis often convenient in calculations to replace the W-torsor t** — ¢™ by the torsor
X, X t" — ¢" under the constant group W = ©,,.
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1.3.6. — In what follows we shall assume that X is connected and normal. It is often con-
venient to pass from the language of torsors to the more concrete language of representations
of the profinite fundamental group. Let x be a geometric point of X and 7;(X,x) the pointed
fundamental group of X. Let xou be a geometric point of pg above x. The choice of this point
defines a homomorphism

pg i mi(X,x) — Out(G).

A pointed reduction p A® Out(G) = pg (see i is given by a geometric point x, of X,
lying above xoy. This is equivalent to giving a homomorphism p°® : 71(X,x) — 0, in the
commutative diagram

.

m1(X,x) P CP
T
Out(G)

where og : ©, — Out((G) is the reduction homomorphism.

1.4. Regular Semisimple Centralizer. — Let g™ denote the inverse image of the open subset
™ under the morphism y : ¢ — ¢. For any a € ¢"*(k), it is well known that the fiber y~!(a)
consists of a single orbit under the adjoint action of G. For any y € g™(k), the centralizer I, of
v is a maximal torus of G ®; k.

1.4.1. — Leta € ¢™(k) and let y,y’ € y~'(a). Then there exists an element g € G (k) which
transports y to y’, i.e. such that ad(g)y = y’. The inner automorphism ad(g) then defines an
isomorphism ad(g) : 1, = I,,. Moreover, if g and g’ are two elements of G (k) transporting y
to y’, then g and g’ differ by an element of /,. Since I, is a torus, hence commutative, the two
isomorphisms

ad(g) and ad(g):1I, = I,

are identical. This shows that the tori I, and I, are canonically isomorphic. This therefore
defines a torus that depends only on a and is canonically isomorphic to /1, for every y € ¥ (a).
This torus can be described directly in terms of a with arbitrary coefficients as follows.

Let S be an X-scheme and a € ¢"(S) an S-point of ¢"*. We call the cameral cover associated
to a the W-torsor 7, : S, — S obtained by forming the cartesian diagram

Sa — {1

§—= "

Set
(1.4.2) Jo=n, A\VT.

The following lemma is a particular case of a result of Donagi and Gaitsgory that was probably
well known. We shall recall the general statement in paragraph

Lemma 1.4.3. — Let S be an X-scheme and a € ¢ (S) an S-point of ¢"*. Let x be an S-point
of §°(S) such that xy(x) = a, and let I, be the pullback of the centralizer over §. Then there is a
canonical isomorphism J, = I,.
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1.4.4. — Let us consider a pointed variant of the construction above. Choose a geometric point
s of S lying over x, and § of S, lying over s. As in|1.3.6, we have a commutative diagram

W > Out((3)

=

m1(S,s) Out(G3)

The torus J, is then obtained by twisting the constant torus T by the action of 71(S,s) on T
deduced from the homomorphism

ns (S, s) > W< Out(Q),
that is to say
(1.4.5) J, =S AT1(S:9).7 T,

where (S,, s.) is the universal pro-finite étale Galois cover of (S, s).

1.5. Conjugacy Classes within a Stable Class. — In this paragraph, G will be a quasi-split
form of (G over a field F containing k. By a stable semisimple regular conjugacy class in g over
F, we mean an element a € ¢"*(F). Langlands’s original definition of stable conjugacy classes
is more complicated, but once restricted to semisimple regular elements in the Lie algebra, it
coincides with ours. Since we restrict ourselves to stable semisimple regular classes, henceforth
by a stable conjugacy class we mean semisimple regular, unless explicitly mentioned otherwise.
1.5.1. — Let a € ¢"(F) be a stable conjugacy class. Let yop = €(a) € g(F) be the image of
a under the Kostant section. The centralizer 1,,, of y¢ is a torus defined over F, canonically
isomorphic to the torus J,, defined in the previous paragraph (see[I.4.3)). Lety be another F-point
in y!'(a). Since, as elements of g(F), vy and y are conjugate (i.e. there exists g € G (F) such
that y = ad(g)yo), it follows that for every o € Gal(F/F), one has g 'o(g) € I, (F). The map
o — g~ 'o(g) then defines an element

inv(yo,y) € H'(F, L)

which depends only on the G (F)-conjugacy class of y and not on the choice of the transporting
element g. Its image in H' (F, G) is trivial by construction. According to Langlands, the map
v — inv(yp, y) establishes a bijection between the set of G (F)-conjugacy classes in the set of
F-points of y~!'(a) and the fiber of the map

H'(F,I,,) — H'(F,G)
over the neutral element (see [50]). This fiber will be denoted
ker(H'(F, I,,) — H'(F, G)).

1.5.2. — Instead of g(F), it is often necessary to consider the groupoid [g/G](F) of pairs
(E, ¢) consisting of a G-torsor E over F and an F-point ¢ of ad(E) = E A g. The Chevalley
morphism defines a functor [y] from [g/G](F) to the set ¢(F). Let a € ¢"(F). Consider
the groupoid of F-points of [y]~'(a). The objects of [y]~!(a)(F) are locally isomorphic for
the étale topology. Moreover, there is a base point (Ey, yo) of the groupoid, where Ej is the
trivial G-torsor and yy € g(F) is the element yy = €(a) defined by the Kostant section. For any
F-point (E, ¢) of [y]~!(a), one obtains an invariant

iIlV((Eo, 70)7 (E’ ¢)) € HI(F’ 170)'

The map (E, ¢) +— inv((Eo, yo0), (E, ¢)) defines a bijection from the set of isomorphism classes
of [x]~'(a)(F) onto H'(F, Ly,).
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For a given F-point (E, ¢) of [x] '(a) and its invariant inv((Eo, o), (E, ¢)), the isomor-
phism class of E corresponds to the image of this invariant in H' (F, G) under the map

H!(F,1,,) — H'(F,G).

Thus, we recover the bijection mentioned above between the G (F)-conjugacy classes in
y~!(a)(F) and the subset of H' (F, I,,) consisting of the elements whose image in H!(F,G) is
trivial.

1.6. The Tate-Nakayama Duality. — The discussion in the previous paragraph takes a very
explicit form in the case of a non-archimedean local field thanks to the Tate-Nakayama duality.
Let F), be a non-archimedean local field, 0, its ring of integers, and v the valuation. Let FvSep be
a separable closure of F,. Denote by I, the Galois group Gal(F,"/F,). Write X = Spec(F,)
and let x be the chosen geometric point.
1.6.1. — Let G be the quasi-split form over F, of (; associated to a homomorphism p¢, : T, —
Out(@G). Let G be the dual complex of G. By definition, it is equipped with a pinning (T, I3, )
whose associated root datum is obtained from that of G by interchanging roots and coroots. In
particular, Out(G) = Out((). Thus, we have an action pg of I'; on (& that fixes the pinning.
According to Kottwitz (see [41] and [44]), Hl(F ,G) is finite and carries a natural abelian
group structure. Moreover, its Pontryagin dual is given by

H'(F,G)* = mo((Zg) s ™))

where (Z(f;)pfi(F v) is the subgroup of fixed points in the center Zg, of G under the action of
pg (). In particular, H!(F,, G)* is a finitely generated abelian group.
1.6.2. — Let us now assume the situation of In particular, we have a finite étale Galois
cover p : X, — X with Galois group ®,, and a point x, € X, above x. For every a € ¢"*(F,),
we have a W = ©-torsor 7, , : va,a — X coming from Choose a point x,, , of va,a
above x,,.

We then have a homomorphism 77 , : I, = W = 0, making the diagram

ﬂ'p’a
I —W=x=x0,

N

0,

commute.
Let yop = €(a) be the element obtained by applying the Kostant section to a. According to
Lemmaf(l.4.3] we have
Ly=Jos=mp4 AW=0, T,
By the local Tate-Nakayama duality (see [44, 1.1]), one then obtains
(1.6.3) HY(F,, J,)* = mo(TmaTv)y,

In other words, the group of complex characters of H'(F,, J,) coincides with the group of
connected components of the fixed point group T75.a(™) . Here T denotes the complex dual
torus of T', defined by 1nterchang1ng the character group with the cocharacter group.
1.6.4. — The inclusion ¢ : T < @ is I'-equivariant up to conjugation; that is, for any r € T
and any o € I}, the elements p® (o) (¢(?)) and ¢(7} (o) (¢)) are conjugate in (3. This yields the
inclusion

(ZG)/fG(Fv) c Tra(Tv)
which induces a homomorphism between the groups of connected components

10((Zgy)Ps ")) — mo(T7),
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By duality, one recovers the map H! (F,,, L,) — H!(F,,G) defined in the previous paragraph.

1.7. «x-Orbital Integrals. — Retain the notations of the previous paragraph. In addition,
assume that G is given as a quasi-split form of G over 0,. The locally compact group G (F)) is
then equipped with a maximal compact open subgroup G (0,). Let dg, denote the Haar measure
on G (F,) normalized so that G(0,) has volume one.

For a € ¢"*(F,), fix a Haar measure dt, on the torus J,(F,). Forany y € g(F),) with y(y) = a,
the canonical isomorphism J,, = I, allows one to transport the Haar measure dt, from J,(F,) to
a Haar measure on /1, (F)).

For any such 7y, and for any locally constant compactly supported function f on g(F,), one
may then define the orbital integral

1, dgy
0, (fdn) = [ f(ad(g) ) .
L(F)\G(F,) dr,
Definition 1.7.1. — Let « be an element of @) For any locally constant compactly

supported function f on g(F),), we define the k-orbital integral of f on the stable conjugacy
class a € ¢(F,) by the formula

Of(f,dt,) = > (inv(y0,7), k) Oy (£, d1,)

Y

where 'y runs over the set of G(F,)-conjugacy classes within the stable class of characteristic
a, where the base point vy = €(a) is defined by the Kostant section, and where dt, is a Haar
measure on the torus J,(F,).

Note for future reference that the definition of the x-orbital integral depends on the choice of
a geometric point x, , in Xp’a; without such a point one cannot relate the cohomology group

H!(F,,J,) with the dual torus T, and therefore express the Tate-Nakayama duality in the form
6.3l

1.8. Endoscoplc Groups. — By construction, the dual group G is equipped with a pinning
(T, B, %,). Let k be an element of the maximal torus T in this pinning. The neutral component
of the centralizer of x in G is a reductive subgroup, which we denote by H. The pinning of G
induces on I a pinning with the same maximal torus T. Let H be the split reductive group
over k equipped with a pinning whose dual complex is IH (with its pinning). Then one has
Out(H) = Out(IT).

Consider the centralizer (G = Out(G)), of « in the semidirect product (& = Out(@). There is
an exact sequence

1= H = (G = 0ut(G))c = mo(x) — 1.

where (k) is the group of connected components of (G = Out(G)),. One then has canonical
homomorphisms

/JT o(K)\
o (k) o (x)
Out(TH) Out(()

Definition 1.8.1. — Let G be a quasi-split form of G over X, given by an Out((G)-torsor pG. An
endoscopic datum for G over X is a pair (k, p,) with k as above and where p, is a my(k)-torsor
which induces pg via the change of structure groups og (k).

The endoscopic group associated with the endoscopic datum (k, p,) is the quasi-split form H
over X of H given by the Out(H)-torsor py obtained from p, by the change of structure group

OI[-I(K).
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There is a pointed variant of the notion of endoscopic datum that is useful. Let X be a scheme
with a geometric point x. Let G be a connected reductive X-group, a quasi-split form of the
constant group (5, defined by a homomorphism

pg i mi(X,x) = Out(G).

Definition 1.8.2. — A pointed endoscopic datum for G over X is a pair (k, py) where k € T
and
pp (X, x) = mo(k)
is a homomorphism lying over p..
Given a pointed endoscopic datum, one can form a commutative diagram

m1(X, x)
pil
7o ()

Out(H) Out(&)

The endoscopic group H associated with the pointed endoscopic datum (k, pg) can then be
formed using the homomorphism p3,.

Pu

1.9. Transfer of Stable Conjugacy Classes. — Let («, p,) be an endoscopic datum as in
1.8.1} and let H be the associated endoscopic group. We now define the transfer of stable
conjugacy classes from H to G by constructing a morphism v : ¢y — c.

By construction, one has a simultaneous reduction of the torsors pg and pg to the torsor

P Xy, & X

under the group mo(«). Then one may realize ¢ as the invariant quotient of X, X t under the
action of W x mo(k) (see [1.3.5). Similarly, one may realize ¢y as the invariant quotient of
X, % t under the action of Wy > m9(k). To define the morphism ¢y — ¢, it suffices to define
a homomorphism

W > (k) = W 7o (k)
compatible with the actions on X,, X t, which leads us to the following lemma.
Lemma 1.9.1. — Let Wiy = ng(k) be the semidirect product defined by oy (k) : mo(k) —
Out(H). Let W = 7o(«) be the semidirect product defined by og (k) : mo(k) — Out((). There
exists a canonical homomorphism

W = mo(k) = W > mo(k)

which induces the obvious homomorphism on the normal subgroups Wy C W, induces the
identity on the quotient (), and is compatible with the actions of Wy > mo(k) and W = (k)
on t.

Proof. — Recall that the centralizer (W > Out(()), of « in W > Out((5) is canonically
isomorphic to the semidirect product Wy = mo(«) (see [57, Lemma 10.1]). One deduces from
this an homomorphism 6 : 7y(k) — W = Out((G) such that one has a group homomorphism

Wi > mo(k) — W = 70(x),

where the latter semidirect product is formed using the action of my(x) on W defined by the
homomorphism 6 : my(k) — W = Out(() and the natural action of W = Out((G) on W. This
homomorphism is visibly compatible with the actions on t.

It remains to construct an isomorphism between the semidirect products

W =? 79 (k) = W = (),
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where the latter is formed using the homomorphism og («) : m(k) — Out(G). For every
a € my(k), the element (@) € W = Out((3) can be written uniquely as 6(@) = w(a)og (@)
with w(a) € W. This allows us to define a homomorphism

mo(k) = W > ()

by the formula @ — w(a)a. This homomorphism induces an isomorphism W = (k) —
W > 7o (k) which makes the diagram

W ¢ 79(x) W > 7o (k)

\/

W > Out((3)
commute. In particular, this isomorphism is compatible with the actions on t. O

Over the regular semisimple open ¢™ of ¢, there is a finite étale morphism

Y - cI?I—rs — 5

where we denote by cg_rs the inverse image of ¢® in ¢y. This morphism realizes the transfer of
stable conjugacy classes of H that are semisimple and G-regular to the stable conjugacy classes
of G that are semisimple regular.

Lemma 1.9.2. — Let ay € cg_rs(S) be an S-point for a scheme S, and let a € ¢*(S) be its
image. Then there is a canonical isomorphism between the torus J, defined by formula
and the torus Jy q4,, defined by the same formula applied to H.

Proof. — Taking the inverse image of by a, one obtains a W = 7o («)-torsor 7, , over S.
Similarly, one has a Wy = 7o (k)-torsor 7,, 4, over S. By the very construction of the morphism
v : ¢y — ¢, there is a morphism

ﬂ.pk,aH - JTPK,G

compatible with the actions of Wy > mo(k) and W > mo(«). Consequently, the second torsor is
obtained from the first by the change of structure groups Wy > mo(k) — W = 7o (k) (see(1.9.1).

It now suffices to apply formula[1.4.5] mi
Remark 1.9.3. — Now, let S = Spec(F,) where F, is a local field as in By choosing an
F;*-point x,, , in the torsor 7, 4,,, one obtains a homomorphism 7% . : T, = Wy = 1o ().

Then, by Tate-Nakayama duality
Hl (FV’ Ja)* = Hl (Fv’ JH,aH)* = Tﬂ;’K*“H(FV).

By construction, « € TWu =70(K) g0 that one may define the k-orbital integral O%(f,dt,) as in

IWAL

1.10. Discriminant and Resultant. — Let ® be the root system associated with the split group
(. For each root @ € @, let da € k[t] denote the derivative of the character a : T — G,,.
Form the discriminant

Dy = | | de e k[t],

which is clearly an invariant element under W in this polynomial algebra. It thus defines a
function on the space of characteristic polynomials ¢ = Spec(k[t]%W). Let D¢ be the divisor
on c¢ defined by this function. We recall the well-known statement.

Lemma 1.10.1. — The divisor Dg is a reduced divisor on ¢ which is stable under the action
of Out((3). The open complement of this divisor is the regular semisimple open c'.
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Proof. — The pullback of D is the divisor of the hyperplanes in ¢ defined by the roots, each
hyperplane occurring with multiplicity 2 since @ and —« define the same hyperplane. The group
W acts freely on the complement of this divisor in t, so that the morphism 7y : ¢ — c is étale
over this open set and clearly ramified along this divisor. Moreover, Out((3) acts on the set of
roots, hence it leaves this divisor stable.

It remains to prove that D¢ is a reduced divisor. Since it is a complete intersection, it suffices
to show that a dense open subset of D¢ is reduced. One may therefore remove from D¢ the
image of the points of ¢ belonging to more than two root hyperplanes. One then reduces to the
case of a group of semisimple rank one, where the assertion can be verified by hand. O

Let X be a k-scheme and let G be a quasi-split form of (z over X given by an Out((5)-torsor
oG- By twisting Dg by pg, one obtains a reduced divisor ©g on ¢ whose open complement is
™. Let (k, px) be an endoscopic datum (see [I.8.1)) for G. One has a divisor Dy on ¢y and by
twisting, a divisor Dy on cy.

The following statement was pointed out to me by two of the anonymous referees.

Lemma 1.10.2. — Choose a subset ¥ C ® — @y such that for every pair of opposite roots
+a € ® — Oy the cardinality of {xa} N Y equals one. Then the function [|, ey da € k[t] is
invariant under the action of Wry.

Proof. — An element w € Wy acts on @ — @y by sending a pair of opposite roots {+a} C
@ — dpy to a generally different pair of opposite roots in the same set. It follows that there is a
sign €(w) such that w([],cy da) = €(w) [[,cy da, and that this sign does not depend on the
choice of the set . It remains to show that this sign equals one.

Choose a subset Y C @ such that for every pair of opposite roots +a € ® the cardinality
of {xa} N Wg equals one, and set Yy = Y@ N ®. We may also assume that Vg = Y U W.
For every w € W there is a sign g (w) such that w([],ey, da) = €g(w) [14ew,, do, and this
sign does not depend on the choice of Wg. Taking for W the set of positive roots, one sees
that e (w) = (=1)‘@™) where £g(w) is the usual length of w in the Coxeter group Wg. If
w € W, one likewise has w([epy d@) = em(w) [Tew, do with eg(w) = (=1)0),

To show that e(w) = 1, it remains to prove the equality

(_1)€G(W) - (_l)fIH(W).

Note that both these signs may be interpreted as the determinant of the reflection representation.
The equality of signs follows from the fact that the reflection representation of Wy is obtained
from that of W by restriction. O

Let 9{% be the effective divisor of ¢y defined by the invariant function [],cy da € k[t]WH
of the preceding lemma. One then has the equality of divisors

VD = Dy + 2RG.

1.10.3. — By twisting ‘R% by p., one obtains an effective divisor %g on cy satisfying the
relation
V*b(; =Dy + 29{2

1.11. The Fundamental Lemma for Lie Algebras. — We are now in a position to state the
fundamental lemma for Lie algebras, conjectured by Langlands and Shelstad and by Waldspurger.
Let F, be a non-archimedean local field, O, its ring of integers, and let v : F* — Z be the
discrete valuation. Let IF, denote the residue field of 0,. Let X, = Spec(0,). Let F, be a
separable closure of F,. This defines a geometric point x of X,,.
Let G be a quasi-split form of G over O, defined by a homomorphism pg; : m1(Xy,x) —

Out(G). Consider a pointed endoscopic datum (k, py) consisting of an element « € T and a
homomorphism pg : m1(Xy,x) — mo(k) lying over p¢, (see|1.8.2). Then there is a reductive
group scheme H over X, and a morphism of X,-schemes ¢y — ¢.



THE FUNDAMENTAL LEMMA FOR LIE ALGEBRAS 17

Let ay € ¢y (0,) with image a € ¢(0,) N ¢"(F,). Choose a Haar measure dr, on the torus
Jo(F)). By Lemma we have an isomorphism between the tori J, and Jp 4,,, so that one
may transport the Haar measure dt, to Jy 4, (F)).

By choosing an F,"P-point x, as in [1.9.3} one can define the k-orbital integral OX of any
locally constant compactly supported function on g(F,). Let 14, be the characteristic function
of g(0,) in g(F,) and 1y, the characteristic function of h(0,) in h(F,).

Theorem 1.11.1. — With the above notations, one has the equality

0%(1y,,dt,) = ¢"1v () 8O, (1y,, dt,)

where rg Jlag) = degv(azﬂ%g).

This theorem is the Lie algebra variant of the original conjecture of Langlands and Shelstad,
which concerns Lie groups over a non-archimedean local field. This variant was formulated by
Waldspurger, who showed that it implies the original conjecture for groups. He also proved that
the case where F is a local field of positive characteristic not dividing the order of W implies
the case where F is a local field of characteristic zero with residue characteristic not dividing
the order of W (see [82]]). We restrict ourselves here to the first case.

The original Langlands-Shelstad statement is somewhat more complicated, notably due to
the presence of a sign in the transfer factor. In [46], Kottwitz established the link between
the Langlands-Shelstad transfer factor and the Kostant section, which allows us to state the
Langlands-Shelstad conjecture in this simpler form. In the case of classical groups, Waldspurger
gave a more explicit form of this conjecture in [81]. Hales also wrote an expository paper (see
[32]) on the statement of the Langlands-Shelstad conjecture.

1.11.2. — Note that the statement above extends trivially to the case where one starts with an
element ay € ¢“~™(F,) thatis not in ¢z (0,). In this case, we also have a ¢ ¢(0,). This follows
from the valuative criterion of properness applied to the finite morphism vy : ¢y — ¢. In such
cases, it is evident that the orbital integrals O% (1,4, , dt,) and SO, (1y, ,dz,) vanish.

1.11.3. — Finally, note that the equality of divisors

a. D¢ = ay Oy + ZaZERZ
which follows from [1.10.3[implies
Ar(am)Aga)™ = gtee )

with Ay (ap) = ¢~9€@u®1)/2 and Ag(a) = g~9¢8@D6)/2 This allows one to rewrite formula
L.11.1lin the more usual form

Ac(a)Og(1g,,dt,) = Ag(ag)SOqy (1y,,dt).

1.12. The Nonstandard Fundamental Lemma. — In [83]], Waldspurger formulated a variant
of the Langlands-Shelstad conjecture which he calls the nonstandard fundamental lemma. In
this paragraph, we recall this conjecture.

Let G; and (G, be two split reductive groups over k with pinnings. For each i € {1,2}, we
have in particular a maximal torus T; of GG;, the set of roots ®; ¢ X*('T;), the set of simple
roots A; C ®;, and the set of coroots <I>l.v c X, (T;). The quintuple

(X*(Tl)’ X*(Tl)’ q)l'a (I)lva Al)

is the root datum associated with the pinned group (;, which determines it up to unique
isomorphism.

Definition 1.12.1. — An isogeny of root data between (G and G, consists of a pair of isomor-
phisms of Q-vector spaces

X (T)@eQ — XY (T)e R
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and
Yo Xu(Ty) @ Q — Xiu(Th) ® Q,

which are dual to each other and such that ™ sends bijectively the ()-lines of the form Qa», for
ay € ®y, onto the Q-lines of the form Qay, for a; € @y, sending the lines of the simple roots
onto the lines of the simple roots, and similarly for . with the )-lines generated by the coroots.
Example 1.12.2. — Two semisimple groups having the same adjoint group have isogenous root
data. Indeed, in this case there is a canonical isomorphism X*(T;) ® Q — X*(T,) ® Q which
respects the set of roots and the set of simple roots, and whose dual isomorphism respects the
coroots.

Example 1.12.3. — The most interesting example is that of two reductive groups dual to each
other in the sense of Langlands. By definition, the root datum of the dual group @ is obtained
from that of GG by interchanging the character group with the cocharacter group, and the set of
roots with the set of coroots. Consider the direct sum decomposition of (J-vector spaces

X(THeR = QRQPeX(Zg) e,
X (THeR = QP eX.(Zg)oQ,

where Q@ is the subspace of X*('T;) ® @ spanned by the roots and X*(Zg) is the character
group of the center of . The linear map @ +— «" induces an isomorphism of vector spaces
Q® — Q@Y that sends the lines of the form QS for a certain root 8 onto the lines of the form
QB’" for a certain coroot 8’. The dual linear map has the same property. The interesting cases
are those of B, < C,, F4, and G;, where there exist roots of different lengths. For a more
detailed discussion, see [83, page 14].
1.12.4. — Since the reflection associated to a root @ depends only on the (Q-line spanned by
a, the isomorphisms * and ¥, induce an isomorphism between the Weyl groups Wi — W, of
the two reductive groups GG and (55 that are paired.
1.12.5. — Let G and GG be two split groups whose root data are isogenous. Let Out;, denote
the group of automorphisms of X, (T) ® @ that stabilize ®;, A; but also X*(T,), @, Ay
(viewed as subsets of X, (T) ® @), and similarly for the dual automorphisms of X, (77) ® Q.
For any k-scheme X, for any Out,-torsor pj;, one can twist (z; and (,, with their pinnings,
by p12 to obtain quasi-split forms G| and G,. The pairs of quasi-split forms obtained by this
procedure are called paired.

Since we have the isomorphism ¢* between the {-vector spaces

XH(T)eRQ=X"(Ty)eQ,

one may compare the positions of the two lattices X*(T) and X*(T;) viewed as lattices in
a common (Q-vector space. A prime number p is said to be good relative to ¢ * if p does not
divide the integers

IXH(T)/(XH(T) N XY (T2)| and  X7(T2)/(X7(T2) n X ().

If k is a field of characteristic good relative to *, then ¢* induces an isomorphism X*(T) ®
k— X*(T,) ® k.

Lemma 1.12.6. — Let G| and G, be paired groups over a base X with good residual character-
istics. Let T\ and T, be the maximal tori of the pinnings of G| and G,, and let t1,1; be their Lie
algebras. Then there exists a canonical isomorphism t| — t; and a compatible isomorphism

Vitg, — (G,

Proof. — We have
t; = Spec(Symy, (X*(T;) ® Ox)),
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where Sym, (X*(T;) ® Ox) is the symmetric Ox-algebra associated with the free Ox-module
X*(T;) ® Ox. If the residue characteristics of X are good, ¢* induces an isomorphism of free
Ox-modules
X*(T2) ® Ox — X*(T) ® Ox,

and thus an isomorphism t; — t,. We already saw that (y*,.) induces an isomorphism
Wi = W, which is clearly compatible with their actions on t; = to. This yields an isomor-
phism between

c1 = Spec(Symy, (X*(T;) ® Ox))™"!
and

¢z = Spec(Symg, (X*(T}) ® 0x))™.
By applying the outer twisting by p12, one obtains the isomorphism ¢; = ¢3, as desired. i

Now assume the situation of the previous lemma. Let X be the disk Spec(0,) where 0, =
k[[e/]] with k a finite field of characteristic good relative to y*. Let a; € ¢g,(0,) and
ax € ¢g,(0,) be such that v(a;) = ap. The isogeny T; — T given by ¥ induces, by
twisting, an isogeny of the tori J,, — J,, by Lemma Moreover, the isogeny induces an
isomorphism between the Lie algebras of these tori under the assumption that the characteristic
is good relative to ¢. One can thus transport Haar measures between J,, (F,) and J,, (F,) (and
vice versa). We will denote by the same symbol dt, these compatible Haar measures.

Theorem 1.12.7. — Suppose that the residual characteristic is greater than twice the Coxeter
number of G| and of G,. Then we have the following equality between stable orbital integrals:

SOa1 (IGI, dl‘v) = SOaz(le, dl‘v),

where 1¢, is the characteristic function of the compact subset §;(0,) in g;(F,).

This equality was conjectured by Waldspurger, who calls it the nonstandard fundamental
lemma. In [83], he showed that the combination of the standard fundamental lemma[I.11.1]and
the nonstandard lemma above implies the twisted fundamental lemma.

1.13. Global Stabilization Formula. — We now return to the Langlands-Shelstad conjecture.
The fundamental lemma consists of an identity of local orbital integrals. However, it is necessary
to place it in its original global context, namely the stabilization of the trace formula. We now
review the structure of the anisotropic part over a global field of positive characteristic. This
review will later serve as a guide to study the structure of the cohomology of the Hitchin fibration.

Let k = I, and let F be the field of rational functions on a smooth, projective, geometrically
connected curve X over k. For every closed point v € |X|, denote by F), the completion of F
with respect to the valuation defined by v, and by O, its ring of integers. For simplicity, in this
discussion we assume that G is a split semisimple group.

For each class & € H'(F, G), denote by G¢ the inner form of G defined by the image of &
in H'(F, G). We will call such a form G¢ a strongly inner form. Instead of considering the
trace formula for G, one considers the sum of the trace formulas over the strongly inner forms
that are locally trivial. The stabilization of the sum becomes simpler and, moreover, admits a
direct geometric interpretation. This stabilization process, due to Langlands and Kottwitz (see
[S0] and [44]), is presented here following the exposition in [S§]].

Consider the sum

(1.13.1) > > 0,(p),
feker! (F,G) yegsi(F)/~
where

— ker! (F, G) is the set of isomorphism classes of G-torsors over F whose image in H' (F,, G)
is trivial for all v € | X]|.
— gf is the form of g over F defined by &.
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— 7y runs over the set of conjugacy classes of semisimple regular elements in a¢ (F) whose
centralizer in g® (F ® k) is an anisotropic torus.
— O, (1p) is the global orbital integral

0,10 = [ ip(ad(e) y)de,
Gy (F\G(A)

of the function
Ip = ® Ip, 1 g(A) — C,
ve|X|
where 1p, is the characteristic function of the compact open subset e~ g(0,) of g(F,) (the
integers d, being even and zero except for finitely many places). The integral converges for the
anisotropic classes 7.
— dg is the Haar measure on G (A) normalized so that G(Op) has volume one.

Consider the Chevalley characteristic morphism y : g — ¢, as well as its twisted forms
X gt —c

for £ € H'(F, G). Note that the group of automorphisms of G acts on ¢ via the outer automor-
phism group, so that twisting by & does not affect ¢. Thus every conjugacy class y in g°(F)
defines an element a € ¢(F). Since the centralizer of a semisimple regular y depends only on
a, there exists a subset ¢ (F) of ¢(F) consisting of those elements a arising from semisimple
regular anisotropic classes in af (F ®; k). The sum can be rewritten as a sum over
a € ¢™(F):

(1.13.2) Z Z Z 0,(1p).
acci(F) geker! (F,G) y€8¢ (F)/~, x(v)=a

For each element a € ¢™(F), the Kostant section (see produces an element yy =
€(a) € g(F) with y(yo) = a. Denote by J, the centralizer I,, of yy. Since we have restricted
to the semisimple regular anisotropic part, J, is an anisotropic torus. The dual torus Ju, defined
over (Qg, is equipped with a finite action of I' = Gal(F/F) so that the group J, JT" of fixed points
is finite.

For every & € ker! (F, G), the conjugacy classes y € g¢(F) with y(y) = a are in bijection
with the cohomology classes

= inv(yo,y) € H'(F, J,)

whose i 1mage in H'(F, G) is the element &. Thus the set of pairs (&, y) in the sum ( m with
& € ker' (F, G) and y a conjugacy class in g¢ (F) mapping to a € ¢®(F), is in bijection with

ker[H!(F, J,) — @ H'(F,,G)].
ve|X|

In order for a collection of conjugacy classes (y,),¢|x| of g(F,) with y(y,) = a to come from
a pair (£,y) asin (1.13.2)), it is necessary and sufficient that y, = vy, for almost all v, and that

(1.13.3) D=0,
ve|X]|
where a, = inv,(yo,y,) (see [41]). If this holds, the number of pairs (£,7y) mapping to the
collection (y,),¢|x| equals the cardinality of the group
ker! (F,J,) = ker[H'(F, J,) — EB H(F,,J,)].
ve|X|

We now bring in the local orbital integrals. To define these, one needs a Haar measure on
the centralizer. For each a, choose an invariant volume form on the generic fiber of J,. Such a
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form exists and is unique up to a scalar. It induces at each place v a Haar measure dt, on J,(F,)
whose tensor product ®V€| X| dr, is independent of the choice of the volume form. This is the
Tamagawa measure.

Thus, the sum (1.13.2)) can be rewritten as
(1.13.4) Z [ker! (F, J,)| 7(Ja) Z ﬂ 0,,(1p,.dr,),
acci(F) (Yv)velx) Vv
where the vy, are conjugacy classes in g(F,) satisfying condition (1.13.3)) and
7(Ja) = vol (Ju (F)\Ja(4), (X) dt,)
ve|X|

is a Tamagawa number. By factoring out 7(J,), we obtain a sum of products of local orbital
integrals [[, O,, (1p,,dt,) instead of the global orbital integrals O, (1p).
Using Ono’s formula (see [62])

(1.13.5) ker! (F, J,)| 7(Ja) = |mo (T}

the sum (1.13.2)) becomes

(1.13.6) Z |70 (J1)| Z HOW(IDV,dtV),
accani(F) ()’v)ve\xl v

where the (y,) satisfy condition (1.13.3)). Note that under the assumption that J, is anisotropic,
the group J! is finite so that mo(J)) = JI.
Using Fourier transform on the finite group J F, the sum (|1.13.2)) becomes

(1.13.7) >3 05(11), X dtv)

aeci(F) gefb velX|
with
(1.13.8) 05(1o, @ dn) = [T 30 (mv(r0, 7). 0y, (I, dy).
velX| velX| yveg(Fy)/~
x(yv)=a

The next step is to exchange the sums over a and over k. By choosing an embedding of J,
into G, the element « defines a semisimple conjugacy class [«]. The intersection J. N [«] of

fg with the conjugacy class [] does not depend on the choice of embedding of J, into G. The
sum (|1.13.7) then becomes

(1.13.9) Z > Z O"(ID,@dtv)

k]€G/~ acc™(F) xejin| velX|

Recall that we assumed G is a semlslmple adjoint group. For each conjugacy class [«], choose
a representative k € G. Since G is sem1s1mple and simply connected, the centralizer G, is a
connected reductive group. Let A = G and let H be the reductive group dual to A. Since we
are only interested in the anisotropic part, we discard all H which are not semisimple. Suppose
then that H is semisimple and consider the morphism

VH dI’ll(F) SN cam(F)
An element a lies in the image of vy if and only if JF N [«] is nonempty. In general, there is a

canonical bijection between the set /1 N [«] and the set of ay € c"‘m(F ) lying over a.
Assuming the fundamental lemma, the sum (1.13.2)) becomes

(1.13.10) >N SOa(ID,(X)dtV),

H gyecmi(F) velX|
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where the first sum runs over the set of equivalence classes of elliptic endoscopic groups of G.

As we noted in [87, 1], counting the k-points (with k finite) of the moduli space of Higgs
bundles essentially yields the expression (1.13.2]). We have even proposed a geometric interpre-
tation of the stabilization process (1.13.2)) = (1.13.7)) as a decomposition of the cohomology of
the Hitchin fibration according to the action of its natural symmetries. This is a decomposition
into a direct sum of a pure complex over the base of the Hitchin fibration.

The equality (I.13.2)) = (I.13.10) may then be interpreted as an equality in a Grothendieck
group between two pure complexes. Theorem is a precise variant of this interpretation
from which we will deduce the Langlands-Shelstad fundamental lemma|l.11.1

2. Regular Centralizer and Kostant Section

In this chapter we recall the construction of the regular centralizer and the morphism from the
regular centralizer to the centralizer of [S7]. We also recall the Galois description of the regular
centralizer due to Donagi and Gaitsgory [23].

We retain the notations from|[I.3] In particular, G is a split reductive group over a field k and
G is a quasi-split form of &G over a k—scheme X. We assume that the characteristic of k does
not divide the order of W.

2.1. Regular Centralizer. — Let / be the group scheme of centralizers over g. The fiber of /
over a point x € g is the subgroup of G which centralizes x, i.e.,

I, ={g € G|ad(g)x = x}.

In general, the dimension of 7, depends on x, so that [ is not flat over g. However, the restriction
I8 of I to the open subset g"® is a smooth group scheme of relative dimension r. Since its
generic fiber is a torus, it is a smooth commutative group scheme.

The following lemma [57, 3.2] is the starting point for our study of the Hitchin fibration. For
the reader’s convenience, we briefly recall its proof.
Lemma 2.1.1. — There exists a unique smooth commutative group scheme J over ¢ endowed
with a G—equivariant isomorphism

(")l = Iges.

Moreover, this isomorphism extends to a homomorphism xy*J — 1.

Proof. Let x1,x, € g™8(k) be such that y(x;) = x(x2) = a. Denote by I,, and I, the fibers
of I at x; and x», respectively. There exists g € G(k) such that ad(g)x; = x». Conjugation
by g induces an isomorphism I, — I,, and since I,, is commutative, this isomorphism is
independent of the choice of g. This allows one to define the fiber J, of J at a.

The definition of J as an affine group scheme over ¢ is obtained by faithfully flat descent.
Denote by Iieg and I;eg the pullbacks of ™% = [|gee to g™® X, ¢"™# via the first and second
projections, respectively. The descent datum for /™® along the morphism y™® : g'® — ¢
consists of an isomorphism o3 : I;eg — I;eg satisfying a cocycle condition. We now construct
012, leaving the verification of the cocycle condition to the reader.

The construction of o, also proceeds by descent. Consider the morphism

G x g — g 8 x g%, (g, x) — (x,ad(g)x).

This morphism is smooth and surjective (hence faithfully flat). Over G X g'¢, there is a
canonical isomorphism between I, and I;* provided by the G—equivariance of 1. To descend
this isomorphism to g"& X, g"°€, one must verify an identity over the fiber product of G x g™
with itself over g™ x, g™¢. After identifying this fiber product with G x I;°®, the required
identity follows from the commutativity of the group scheme / ;eg.
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Thus we have constructed a smooth commutative group scheme J over ¢ equipped with a
G—equivariant isomorphism

(6" Dlgee = Ilgee.

This isomorphism extends to a homomorphism of group schemes y*J — I because y*J is a
smooth k—scheme, I is an affine k—scheme, and the complement y*J — y* /|4 has codimension
three in y*J. O

We call J the regular centralizer. In fact, one may take as a definition J := €*I, where €
is the Kostant section from Note that J is equipped with a (5,,—equivariant structure for
the (&,,—action on ¢ defined by the exponents. By descent, one obtains a group scheme over
[¢/G,,], which we also denote by J (see [57, 3.3]).

2.2. On the Quotient [g/G]. — Since the Chevalley morphism y : g — ¢ is G-invariant, it
factors through the quotient stack [g/G], yielding the morphism

[x]: [g/G] — c.

Recall that [g/G] assigns to every k—scheme S the groupoid of pairs (E, ¢) where E is a G—torsor
on S and ¢ is a section of the adjoint bundle ad(E) associated with the adjoint representation of
G.

Over ¢, we have defined a smooth commutative group scheme J. Let BJ denote the clas-
sifying stack of J, which assigns to every ¢—scheme S the Picard groupoid of J—torsors on S.
Lemma shows that there is an action of BJ on [g/G| over ¢. Indeed, one may twist a pair
(E, ¢) € [¢/G](S) by a J-torsor using the homomorphism y*J — [ from Lemma|2.1.1
Proposition 2.2.1. — The morphism

X1 : [67¢/G] — ¢

is a gerbe banded by the regular centralizer J. Moreover, this gerbe is neutral.

Proof. — That [ y"¢] is a gerbe follows from the fact that the restriction of the homomorphism
x*J — I to g"® is a G—equivariant isomorphism by the construction of J. The Kostant section
€ : ¢ — g™ composed with the quotient map g™¢ — [¢"€/G], neutralizes the gerbe. We
denote this section by [€] : ¢ — [¢"¢/G]. |

2.2.2. — Tt is thus natural to view [g/G] as a kind of compactification of the Picard stack
BJ. This mould can be used to construct more concrete geometric situations such as the affine
Springer fiber and the Hitchin fibration by evaluating it on different schemes S. For affine
Springer fibers, one evaluates it on the ring of formal power series (see [3). For the Hitchin
fibration, one evaluates it on a smooth projective curve (see[d)). For the latter, one must also take
into account the (5,,—action which acts by homothety on g.

2.2.3. — The regular centralizer J is equipped with a (G,,—action that lifts the (5,,—action on c.
The classitying stack BJ over [¢/G,,] acts on [g/G X G,,]. This latter stack contains the open
substack [§™8/G X G,,]. The morphism

224 X%/ Gim] = [67%/G x Gl — [¢/Gn]

1s again a gerbe banded by J. In general, this gerbe is not neutral. However, it becomes neutral
after extracting a square root of the universal line bundle on B(5,,. Consider the homomorphism
[2] : G,, — G,, defined by ¢t — ¢2. It induces a morphism B[2] : BG,, — BG,,, which
amounts to taking a square root of the universal line bundle on B(,,,. We denote by a superscript
[2] the base change by this morphism. In particular, we have a morphism

Ly /Gl [a/G x Gl — [¢/@,] 12
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Indeed, [¢/G,,]!?! is the quotient of ¢ by the G,,—action defined as the square of the usual action
by the exponents, and [g/G x G,,]!?! is the quotient of g by the adjoint action of G and the
square of the homothety. Consider the composition of the two homomorphisms

G, —=TxG,, »GxG,,,

where the first is defined by t +— (2p(7), t) with 2p being the sum of the positive coroots. The
Kostant section € : ¢ — g is equivariant with respect to this homomorphism and hence induces
a section of [ y/G]!2). We now rephrase the above in a more convenient form.

Lemma 2.2.5. — Let S be a k—scheme equipped with a line bundle D and let

hp : S - BG,
be the morphism associated to the universal line bundle on BG,,. Let
a:S— [¢/G,]

be a morphism over hp. Then the Kostant section together with the choice of a square root D’
of D defines a section

[€]” (a) : S — [§°8/G X Gp].

2.3. The Center of G and the Connected Components of /. — The content of this paragraph
is well known.

Proposition 2.3.1. — If G is a group with connected center, then the regular centralizer J has
connected fibers.
Proof. — In the case of a regular nilpotent element, this is a theorem of Springer (see [75, III,

3.7 and 1.14] and [73, Theorem 4.11]). The general case reduces to the nilpotent case by the
Jordan decomposition. Let x € g(k) be a regular element with Jordan decomposition x = s + ,
where s € g(k) is semisimple and n € g(k) is nilpotent with [s,n] = 0. According to [38, 3,
Lemmas 5 and 8], the centralizer G of s is a connected reductive subgroup of G, and moreover
its center is connected. One then applies Springer’s theorem to the regular nilpotent element n
in Lie(Gy). O

Corollary 2.3.2. — For every x € g"8(k), the canonical homomorphism
Zg — I
induces a surjective homomorphism

mo(Zg) — mo(Ly).
Proof. — Let G* be the adjoint group of G and I the centralizer of x in G*. We have the
exact sequence
1—>Zc;—>lx—>1;‘d—>1.
Since 7 is connected by the previous proposition, the canonical map 7o(Zg) — mo(I,) is
surjective. O

2.4. Galois Description of J. — Following Donagi and Gaitsgory [23], one can describe the
group scheme J over ¢ via the finite flat cover 7 : t — ¢. Our presentation will be slightly
different from theirs.

Consider the Weil restriction of the torus 7 X t from t to ¢,

I = ]—[(T xt) = 1. (T x 1).
t/c
As an abelian group scheme over ¢, we have

I1(S) = Hom¢(S % t,T x t)
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for every ¢—scheme S. This functor is representable by a commutative group scheme over ¢
because the morphism t — ¢ is finite and flat. Since the Weil restriction preserves smoothness,
IT is a smooth commutative group scheme over ¢ of relative dimension r - § W. Over the open
subset ¢'°, the cover t** — ¢" is finite étale so that the restriction of II to this open is a torus.
The finite étale group scheme W acts simultaneously on 7" and on t. The diagonal action of
W on T X t induces an action of W on II. The fixed points under W define a closed subfunctor
JUof 1.
Lemma 2.4.1. — The closed subfunctor J' of 1 is a smooth commutative group scheme over «.
Proof. — Since the order of W is prime to the characteristic, the W—fixed points in the smooth
group scheme IT form a closed subfunctor J', which is smooth over k. Let x be a geometric
point of II fixed by W, and let a be its image in ¢. Let T, be the tangent space of II at x, and
T, the tangent space of ¢ at a. Since II is smooth over ¢, the map T, — T, is surjective. The
tangent space T,J! is the subspace of T, fixed by W. Because the characteristic of k does not
divide § W, the restriction of T, — T, to the W—fixed part remains surjective. It follows that

J! is smooth over c. O
The following proposition is a strengthening of
Proposition 2.4.2. — There exists a canonical homomorphism J — J' which is an isomorphism

over the open subset ¢" of c.
Proof. — We begin by constructing a homomorphism from J into the Weil restriction 7, (T Xt).
By adjunction, this is equivalent to constructing a homomorphism

] —-Txt

of group schemes over t.

To do so, we require the simultaneous Grothendieck-Springer resolution. Let g be the scheme
of pairs (x, gB) with x € g and gB € G /B such that ad(g)~!(x) € Lie(B) (here B denotes the
Borel subgroup of the fixed pinning of G). Denote by 74 : § — g the projection on x. The
projection Lie(B) — t defines a morphism y : § — t which completes the commutative square

t
c

Moreover, when restricted to the open subset "€, one obtains a cartesian diagram

t

—_—

g

_—
X

o =<=mum

creg
greg t

reg
ﬂ'g l Lﬂ'

reg
g Xreg ¢

By [2.1.1] we have (x"®)*J = I|gee, so that to construct a homomorphism of t—group schemes

n*J — (T x t), it suffices to construct a homomorphism of group schemes over g2

(g )" (lges) = T X §%,

which is G—equivariant. We now state a lemma.
Lemma 2.4.3. — For every (x, gB) € §°2(k), we have I, C ad(g)B.
Proof. — The assertion is clear for regular semisimple elements x, since for such x the cen-
tralizer I, is a torus that acts on the fiber ngl(x), which is discrete; hence the torus must act
trivially.

Now consider the group scheme H over "¢ whose fiber over (x, gB) is the subgroup of I,
consisting of elements 4 with 4 € ad(g)B. By construction, this is a closed subgroup scheme of
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(m4 ¥)*I which agrees with (7, ©)*I|g: over the dense open set of pairs (x, gB) with x regular
semisimple. Since (ngeg)*l |gee 1s flat over §™#, it follows that this closed subgroup scheme
equals (g %) 1| gree. O

Consider the group scheme B over G/B whose fiber over gB is the subgroup ad(g)B C G.
Denote by B|g=: its base change to §"°®. The above lemma shows that over g%, we have a
homomorphism

Ilgreg —> Elgreg,

Moreover, there is a homomorphism from B into the G/B-torus T X G/B. Composing, we
obtain a G—equivariant homomorphism

I|greg — T X greg’

which is an isomorphism over the regular semisimple locus. Over the regular semisimple locus,
the W—action on /|« transfers to the diagonal action on T X g". By adjunction, we obtain a
homomorphism

I|gree = (1)« (T X §°%),

which factors through the fixed-point subfunctor under the diagonal W—action on (7r4).. (T X §"#).
By descent, one obtains a homomorphism J — J! which is an isomorphism over ¢™. i

The previous proposition admits the following variant. Consider a reduction
p A% Out(Q) = pg
of the torsor pg (see([1.3.5)). Then one has a finite flat cover
o Xp Xt —> ¢

which is generically étale Galois with Galois group W > 0, (see [1.3.5)). This gives a slightly
different description of J'.

Lemma 2.4.4. — J' is canonically isomorphic to the subfunctor of fixed points in the Weil
restriction
n (Tx X, xt)
(X,xt)/c
for the diagonal action of W < 0O, on T X X,, X t.
Proof. — Since the assertion is local for the étale topology on X, we may assume that p is
trivial. In that case, the assertion is immediate. O

Following [23], we now define a subfunctor J’ of J ! which we will show coincides with the
image of J — J'. This definition will require some preparations. The following construction is
local for the étale topology on the base X, so we may assume G is split. For every root @ € ®,
let i, be the hyperplane in t which is the kernel of the differential da : t — G,. Let s, € W be
the reflection with respect to the hyperplane h,. Let T° be the subgroup of 7' of elements fixed
by s,. Then one has the inclusion

a(T°) c {1}.

Let x be a geometric point of t such that s, (x) = x and let a be its image in ¢. Since J! is the
W—invariant part of the functor [[, (T X t), there is a canonical homomorphism from J, Vinto
the fiber T x {x}. Its image is contained in T%» X {x}. Composing with the root @ : T — G,,,
one obtains a homomorphism

ay J; — G,
whose image is contained in {+1}.

Let J° be the open subgroup scheme of J! consisting of the neutral components of the fibers.
By construction, J? is the neutral component of J), so that J is contained in the kernel of a;.
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Definition 2.4.5. — Define J' to be the subfunctor of J' as follows. For every ¢—scheme S, the
group J'(S) is the subgroup of J'(S) consisting of morphisms

f:S%Xt—>T
such that for every geometric point x of S X t with s, (x) = x for some root a, one has
a(f(x) =1.
We have inclusions of functors J° c J' c J\.
Lemma 2.4.6. — The functor J' from the category of ¢—schemes to the category of abelian
groups is representable by an open subgroup scheme of J'.
Proof. — 1t suffices to show that J’ is representable by an open subscheme of J!, since being

a subgroup functor, the representing scheme will automatically be a group scheme. Consider
the open subset U of T x t defined as the complement of the union, over all roots @ € ®, of the
closed subschemes @' (—1) x h,. The Weil restriction Res; /c(U) is then an open subscheme of
Res; (T x t). Hence,

J' = Resy(U)nJ',
so that J’ is an open subgroup scheme of J!. O

The following proposition is a variant of a theorem of Donagi and Gaitsgory [23, Theorem
11.6]. We give here a slightly different proof.
Proposition 2.4.7. — The homomorphism J — J' of Proposition factors through the
open subgroup scheme J' defined in Definition and induces an isomorphism J — J'.
Proof. — To show that J — J! factors through J’, it suffices to prove that for every a € c¢(k), the
homomorphism 7o(J,) — 7o(J}) factors through 7¢(J7,). It is enough to check, fiberwise, that
the homomorphism 7¢(J,) — mo(J}) factors through 7o(J7). Recall that the homomorphism
Zg — J, induces a surjective homomorphism 79(Zg) — mo(J,) (see2.3.2). Thus, it suffices
to verify that the homomorphism Zg — J} factors through J/. But this is evident since the
restriction of any root to Zg is trivial.

Since J and J’ are smooth affine group schemes over ¢, to show that the homomorphism
J — J’ is an isomorphism, it suffices to do so over an open subset of ¢ whose complement has
codimension two. The inverse image of D¢ in t is the union of the hyperplanes 4, for the roots.

Let SDSCi;ng be the closed subset of ©; whose inverse image consists of points belonging to at

least two hyperplanes h,. It is clear that D?;"g is a closed subset of codimension two in ¢. It
suffices to prove that the isomorphism between J and J’ on ¢ — D extends to an isomorphism

on ¢ — Dgﬂg.

Leta € (¢— Dzng) (k). It suffices to show that the homomorphism J — J’ is an isomorphism
in an étale neighborhood of a. If a ¢ D¢, there is nothing to prove because we have seen that
J =J" = J" over the open ¢ — Dg. Now suppose a € D — D;'*. Then one can find s € t(k)
mapping to a such that s is annihilated by a unique root @. Let T, be the kernel of @ : T — G,
and H, the centralizer of T,. Let n be a regular nilpotent element of the Lie algebra b, of H,
(which can be identified with a Lie subalgebra of g). Then the element x = s + n is a regular
element of g with image a € c¢. It is also a regular element of b, with image ap, in the space
of characteristic polynomials ¢y, of H,. One verifies that the morphism ¢y, — ¢ sends ay,,
to a and is étale at that point. One can also verify that in a neighborhood of ap,, the inverse
images of J, J’, and J Lto ¢ H, all coincide with the same groups (now associated to H,). Thus
the problem reduces to the special case of groups of semisimple rank one.

A group of semisimple rank one is isomorphic to a product of SL,, PGL,, or GL, with a
torus. Therefore, it suffices to restrict to these three groups. By a direct calculation, one verifies
that the centralizer J has a nonconnected fiber in the case of SL,, whereas in the other two cases
its fibers are all connected. The same holds for J’. i
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Corollary 2.4.8. — The homomorphism J — J' from induces an isomorphism on the
open subgroup schemes of the neutral components of the fibers.

2.5. The Case of Endoscopic Groups. — Consider an endoscopic datum («, p,) for G and
the associated endoscopic group H (see|1.8.1)). There is a finite flat morphism

vV.tg—¢C

between the X—schemes of characteristic polynomials of H and G (see [1.9). The regular
centralizer J on ¢ and the regular centralizer Jy of H on ¢y are related as follows.
Proposition 2.5.1. — There exists a canonical homomorphism

w:ivJ —Jy

which is an isomorphism over the open subset cg_rs =y 1(c®).

Proof. — We use the notations of In particular, there is a finite flat cover
Xp, Xt — ¢

which realizes ¢ as the invariant quotient of X, X t by W > (). Similarly, ¢ is the invariant
quotient of X, x t by Wy = mo(«). Recall that the morphism v : ¢z — ¢ was constructed in
by producing a homomorphism

W = mo(k) = W > mo(k)

compatible with the actions of these two groups on X, X t.
Consider the group scheme

J' = 1_[ (T x 1) Wmol)
(Xpxt)/c

and its analogue for H

Bh= J] @xnWeme.
(Xpxt)/cH

The obvious morphism
Xp, Xt = (X, X1)Xc ey

which is Wy > 7o (k)—equivariant, induces a homomorphism v*J! — J!. One verifies that this
homomorphism is an isomorphism over the open subset cg_rs (see .

According to Corollary we have a homomorphism J — J! which induces an isomor-
phism on the open subgroup schemes of the neutral components of the fibers. To show that the
homomorphism v*J! — J }I restricts to a homomorphism v*J — Jp, it suffices to verify that

for every ay € ¢y (k) with image a € ¢(k), the induced homomorphism
70(Ja) = 70(Jfy 4y,)

sends the subgroup 71¢(J,) C mo(J)) into the subgroup 71o(Jx.a,) C 7o(J Ili,aH)' Since the set of
roots of H is a subset of the set of roots for G, the conditions that define the subgroup 7o (Jx 4,,)
in 7o (J }1 aH) are satisfied by the elements of 7o(J,) (see . The proposition follows. |
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3. Affine Springer Fibers

By analogy with the Springer fibers in the simultaneous Grothendieck—Springer resolution,
Kazhdan and Lusztig introduced the affine Springer fibers and studied their geometric properties.
Goresky, Kottwitz, and MacPherson established the link between the affine Springer fibers and
stable orbital integrals via the point counting on a certain quotient of the affine Springer fibers. In
this chapter, we review the geometric properties of the affine Springer fibers following Kazhdan
and Lusztig and provide some complementary results. The point counting will be revisited in
Chapter

Below are the notations that will be used in this chapter. Let k be a finite field with g elements
and k a separable closure of k. Let F, be a local field of equal characteristic, 0, its ring of
integers whose residue field k, is a finite extension of k. We denote by

X, = Spec(0,)

the associated formal disc and by
Xy
the punctured formal disc. Let v be the closed point of X, and 5, its generic point.
Set
0, = 0,8k and X, = Spec(6,).
The set of connected components of X, is in bijection with the set of embeddings of the extension
k, of k into k:

Xv = le.

By choosing a geometric point 77, in the generic fiber of X;, one obtains the usual exact
sequence o
1 -1, - T, - Gal(k/k,) — 1,

where I', = 71(n,,7,) is the Galois group of F, and
I, = ﬂl()_(ﬁ, 77\/)
its inertia subgroup.

Let G be a quasi-split form of GG over X, associated to an Out(()—torsor pg. By choosing a
geometric point of 7oy, of pg lying over 77, one obtains a homomorphism

pg Ty = Out(G)

which factors through Gal({% /k,). Over X,, the torsor pg is trivial. The point in fout,y provides
a trivialization of pg over Xj.

3.1. Review of the Affine Grassmannian. — For every k—scheme S, denote by X, XS the
v—adic completion of X, x S, and by X XS the open subset obtained by removing {v} x S from
X, XS. The affine Grassmannian is the functor &, which assigns to every k—scheme the groupoid
of G-torsors E, on X, XS equipped with a trivialization on XJXS. Note that an automorphism
of E, that is trivial on X}XS is necessarily trivial; hence this groupoid is a discrete category.
One may also replace it by the set of isomorphism classes.

According to [4] and [86], €, is strictly representable by an ind-scheme over k. More
precisely, there exists an inductive system of projective k—schemes with closed immersions
whose inductive limit represents the functor &,. Since G is a smooth group scheme with
connected fibers, the set of k—points of &, can be expressed as the quotient

Gv(k) = G(F)/G(0y).

When G = GL,, this set is naturally identified with the set of O, —lattices in the F,,—vector space
Fo.
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The same definition holds when one replaces k by k and X, by XE for every embedding
v : k, — k. Then one obtains the affine Grassmannian &; defined over k. One has the formula

€ @k = ]_[ @s.

vk, —k

3.2. Affine Springer Fibers. — We retain the notations from In particular, we have a
scheme ¢ over X, obtained by outer twisting of the space of characteristic polynomials ¢ of g,
as in Chevalley’s theorem [I.T.1]

Define

CO(@V) = c(@v) N Crs(Fv)

to be the set of @,—points of ¢ whose generic fiber is regular semisimple. Recall that we have
the Kostant section € : ¢ — g™ (see|1.3.4). For every a € ¢”(0,), one obtains a Kostant point

[e](a) € [¢™¢/G],
which consists of the trivial G—torsor Ey on X, and a section
Yo € I'(Xy, ad(Ep))

whose characteristic polynomial is a.

Foreach a € ¢¥(0,), we define the affine Springer fiber .#,,(a) as follows. The functor ., (a)
assigns to every k—scheme S the groupoid of pairs (E, ¢), where E is a G—torsor on X, XS and
¢ is a section of ad(E), equipped with an isomorphism with (Ep, yp) on X$XS. In particular,

XI(E, ¢) = [x](Eo, y0) = a.

Note that by construction the G—torsor Ej is trivial, so that E determines a point of the affine
Grassmannian.

Proposition 3.2.1. — The forgetful functor (E, $) — E defines a morphism from the affine
Springer fiber M, (a) to the affine Grassmannian G, that is a closed immersion. In particular,
M, (a) is strictly representable by an ind—scheme. Moreover, the reduced subscheme M (a)
underlying M, (a) is representable by a scheme locally of finite type.

Proof. — The first assertion is immediate. The second assertion was proved by Kazhdan and
Lusztig [36]. O

Consider the set of k—points of ./, (a). Let (E, ¢) be an objectin ./, (a, k). Since the generic
fibers of E and Ej are identified, the data of E corresponds to a class g € G(F,)/G(0,). Since
¢ is identified with y( on the generic fiber, for ¢ to define a section on X,, of ad(E) ® D, it is
necessary and sufficient that ad(g) ™'y € g(6,). Hence,

M (a,k) = {g € G(F,)/G(0,) | ad(g)""y0 € 3(0))}.

We now consider a trivial variation of the above construction in the presence of a line bundle
D’ on X,. This variation will be necessary to realize the passage between affine Springer fibers
and Hitchin fibers.

Let D = D’®? and let

be the morphism to the classifying stack of G, corresponding to the line bundle D. Fix a
morphism
ha : Xy = [¢/Gpl
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which fits into the commutative diagram

X, —2 [¢/Gi

h D l

BG,,

Let [€]”'(a) be the Kostant point of a constructed as in Lemma Denote by a® and A, the
restrictions of a and &, to X¢, and denote by [€]” "(a®) the associated Kostant point.
Definition 3.2.2. — The affine Springer fiber #,(a) is defined as the functor that assigns to
every k—scheme S the set M, (a, S) of isomorphism classes of morphisms

hee @ XoXS — [6/G % G

that fit into the commutative diagram

n hE,
X, xS —=[g/G x G, ]

X Lm

[¢/Gm]

and which come equipped with an isomorphism between the restriction of hg 4 to X3 XS and the
Kostant point [€]P’ (a®). .

The same definition holds when one replaces k by k and X, by X; for every embedding
vk, > k.

3.3. Symmetries of an Affine Springer Fiber. — The regular centralizer allows one to define
the symmetry group of an affine Springer fiber. Let a € ¢¥(0,) and let i, : X, — ¢ be the
corresponding morphism. Set

Jo =R, J,
the pullback of the regular centralizer.

Consider the Picard groupoid &, (J,) over Spec(k) which assigns to every k—scheme S the
Picard groupoid 2, (J,, S) of J,~torsors on X, XS equipped with a trivialization on X}XS. One
may check that for every k—scheme S, &, (J,, S) is a discrete Picard category. Moreover, the
functor which assigns to S the group of isomorphism classes of %, (J,, S) is representable by
an ind—group scheme over k, which we denote by %, (J,). The group of k—points P, (J,) (k) is
canonically identified with the quotient

Ja(Fy)[Ja(Oy).

If the fibers of J,, are connected, then the set of k—points of &, (J,) is identified with the quotient
Ja(Fy)[Ja(6y).

Lemma allows one to define an action of &, on .#,. Indeed, for every (E, ¢) € M,(S),
there is a homomorphism of group sheaves over X, XS

Ja B A_ut(E7 ¢)

which is induced by Lemma This allows one to twist (E, ¢) by a J,~torsor on X, XS that
is trivialized on X} XS.

On the level of k—points, we can describe this action explicitly. To simplify the exposition,
assume that J, has connected fibers. The action of the group

Py(Ja) (k) = Ja(Fy) [Ja(Oy)

on the set
M, (a)(k) = {g € G(F,)/G(0,) | ad(g) 'yo € 8(6,)}
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is described as follows. By[2.1.1} there is a canonical isomorphism from J, (F,) to the centralizer
G, (F,) of yo, which we denote by j — 6(j). Then J,(F)) acts on the set of g € G(F,) such

that ad(g)~" (y0) € 6(0,) by

J-8=00())g.
In order for this to induce an action of J,(F,)/J,(0,) on #,(a)(k), it is necessary and sufficient
that for every g € /,(a)(k), we have

6(Ja(0y)) C ad(g)G(0y).
Lety = ad(g) "' (y0) € a(6,). By the isomorphism
ad(g) ' o6 :1, > Gy,
extends to a homomorphism of group schemes over X,
ad(g) ' 06 :J, — I,
which in particular implies that
0(Ja(0y)) C ad(g)(1y,(0))) € ad(g)G(Oy).

We now consider the subfunctor .#, %(a) of the affine Springer fiber .#,(a) consisting of
those morphisms hg 4 : X, — [g/G X (,,] that factor through the open substack [¢™¢/G X G, ].
Clearly, ., ®(a) is an open subset of ./, (a).

Lemma 3.3.1. — The open subset M, £ (a) is a principal homogeneous space under the action
of P, (Ja).
Proof. — This is a consequence of Lemma [2.2.1] m|

Let v : k, — k be an embedding. For every a € ¢(O;) N ¢™(F;), one has the symmetry
group P;(J,) defined over k of the affine fiber #;(a). If a € ¢(6,) N ¢™(F,), then we have the
formula

PUd k=[] Pl
vk, —k
In the rest of this chapter, we will work over k and discuss the geometric properties of %;(J,).
Recall that over X;, G is split.

3.4. Projective Quotient of an Affine Springer Fiber. — Let a € ¢(0;) whose generic fiber
lies in ¢"(F;). According to Kazhdan and Lusztig, the functor .#;(a) has an underlying
reduced scheme ./%;ed(a) which is locally of finite type (see Proposition and [36]]). They
also showed that ﬂ;ed(a), after taking a suitable quotient by a discrete group, is a projective
scheme. We now state their result more precisely.

Let A be the maximal free quotient of o(%5(J,)). Choose an arbitrary lifting

A — P5(Ja)

which induces an action of A on .#;(a) and on /%;ed(a).

Proposition 3.4.1. — The discrete group A acts freely on %éed(a), and the quotient %éed(a) /A
is a projective k—scheme.

Proof. — Proposition 1 of [36, page 138] shows that A acts freely on ﬂ;ed(a) and that by

truncating the reduced Springer fiber %;ed(a) one obtains projective schemes which surject
onto the quotient /%éed(a) /A. Tt follows that the quotient is also a projective scheme. O
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3.5. Approximation. — According to a well-known theorem of Harish-Chandra, the semisim-
ple regular orbital integrals are locally constant. In this section, we will show a geometric variant,
stronger than this theorem.

Proposition 3.5.1. — Let a € ¢(0,) N ¢™(F,), and let M ,(a) be the affine Springer fiber and
P, (J,) the symmetry group of M,(a). Then there exists an integer N such that for every finite
extension k’ of k, and for every

a € (0, ® k')

with

a=d mod eﬁv,

the affine Springer fiber M, (a’), endowed with the action of P, (J ), is isomorphic to M, (a)
k" endowed with the action of P,(J,) Q k'.

Proof. — Consider the cameral cover fa,v of X, associated to a, defined by the cartesian
diagram

X, —t

naL

X, — C.
The morphism r,, is finite, flat, and generically étale. The cameral cover ng,v is endowed with
an action of W coming from its action on t. We also associate to a’ € ¢(0, ®; k’) its cameral
cover far,v — X, ® k’.
Lemma 3.5.2. — Let a € ¢(0,) N ¢"*(F,). Then there exists an integer N such that for every
finite extension k" of k, and for every

a € (0, R k’)

with

a=d mod €,
the cameral cover iar,v of X, ®; k' endowed with the W—action is isomorphic to the cameral
cover X,y ® k' endowed with the W—action. Moreover, one may require that the isomorphism
lifts the evident isomorphism modulo €.
Proof. — This is a special case of a lemma of Artin—Hironaka [3, Lemma 3.12]. The second
assertion is implicit in Artin’s proof. m|

Assume that the cameral covers fa,v and Xva/,v of X, ®; k" are isomorphic. We now show
that /,(a) ® k', with the action of P, (J,) ® k', and ., (a’), with the action of P, (J, ), are
isomorphic. Replacing k by k’, we may assume k = k’.

To do this, we need a description of the affine Springer fiber in terms of the regular centralizer.
Let yo = €(a) : X, — g be the Kostant section associated to a. Then there is a canonical
isomorphism between J,, and the X,—group scheme 1,,, = y;I, where I is the group scheme of
centralizers over g. The obvious homomorphism 7,; — G induces an injective homomorphism
of vector bundles on X,

Lie(1,,) — g.
The following lemma shows that the affine Springer fiber .#, (a) depends only on the commu-
tative Lie subalgebra Lie(/,,) of g.
Lemma 3.5.3. — Let g € G(F,). Then ad(g)™' (o) € a(6,) if and only if ad(g)'Lie(l,,) C
3(0y).
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Proof. — Since yo € Lie(l,), if ad(g)~'Lie(I,,) C g(0,) then immediately ad(g)~'(yo) €
a(0,). Conversely, suppose g € G(F,) such that y = ad(g) ™' (yo) € g(6,). Let I, = vy*I. The
fact (see[2.1.1)) that the generic isomorphism

ad(g)'o0:1, > Iy,

extends to a homomorphism J, — I, implies, in particular, that

ad(g)™'Lie(Ly,) C 8(6,).
O
To complete the proof of Proposition [3.5.1] it suffices to prove the following lemma. m|

Lemma 3.5.4. — Leta,a’ € ¢(0,) N ™ (F,) be such that a = a’ mod €,. Suppose there exists
an isomorphism between the cameral covers )F(va,v and Xva/,v (with their W—action) that lifts the
evident isomorphism modulo €Y. Let yo = €(a) be the Kostant section for a and Y, = €(a’) the
Kostant section for a’. Let I, and Ly be the centralizer group schemes in G of yo and y. Then
there exists g € G(0,) such that
ad(g)_lly() = IV(')'

Proof. — This lemma is a consequence of a result of Donagi and Gaitsgory [23, Theorem
11.8]. For the reader’s convenience, we extract the part useful for our purpose. Since the grou
schemes I,,, and I,,é are completely determined by the cameral covers fa,v and far,v (seef2.4.7),

the isomorphism between X, , and X, , induces an isomorphism
vy, = Iy

This isomorphism transports yo € Lie(/,,) to an element ¢(yg) € Lie(Iy(r)). Since the special
fibers of ¢(yo) and |, coincide, the section (o) : X, — g factors through the regular locus g"#.
One deduces that
Ly = Iy,
as subgroup schemes of G.
We have two sections

Y0, (y0) : Xy — ¢"*
which have the same characteristic polynomial a and are congruent modulo €,. Since the
morphism
G Xy greg N greg X, greg
is smooth, there exists g € G(0,) such that g = 1 mod ¢, and such that ad(g~") (y0) = t(y0).
Hence,

ad(g)_l(lyo) = It()’o) = 176'
This is what we wanted. O

3.6. The Linear Case. — We now examine the affine Springer fibers for the linear group,
following Laumon [51]]. (See also [S9] for a similar discussion in the case of classical groups.)
Let G = GL(r) with r < p.

We retain the notations fixed at the beginning of this chapter. A point

a € c(Oy)
is represented by a monic polynomial of degree r in the variable ¢
Pla,ty=t"—ait" "+ + (-1)"a, € G;[t].
Form the finite, flat @_;—algebra of rank r
B = 0;[t]/P(a,t)
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and let
E = B ®@"7 F\—,.
The hypothesis a € ¢¥(0;) implies that E is a finite étale F;—algebra of dimension r. One may
write E as a product
E=F/ x---XE;
of s separable extensions of F; with s < r.
3.6.1. — In this situation, the affine Springer fiber may be described in terms of lattices. The
k—points of the affine Springer fiber .#;(a) are the set of B-lattices in E, i.e., the B-modules
£ contained in the F;—vector space E which are O;—lattices. The k—points of the regular part
ﬂ;eg(a) consist of the B—lattices in E that are free B—modules. The k—points of the symmetry
group &P;(J,) are given by the group E*/B*.
3.6.2. — The normalization B® of B is the ring of integers of E. Then there is an exact sequence
1 - (B")*/B* - E*/B* — EX/(B")* - 1,
where (B”)*/B* is the group of k—points of the neutral component of the group % (J,).
Consequently, the group of connected components 7o(%5(J,)) is canonically isomorphic to
E*/(B")*, which is a free abelian group equipped with a basis indexed by the set of connected

components of Spec(B").
3.6.3. — In this case, the dimension of %;(J,) equals the Serre d—invariant

§5(a) = dimg(B"/B).
Moreover, this integer can be expressed in terms of the discriminant. Let
dy(a) = valys(D(a))

be the v—adic valuation of the discriminant of a. Using [70, III.3 Proposition 5 and III.6
Corollary 1] and the hypothesis r < p, one obtains the formula

5o(a) = dy(a) ; Cv(a)’
where c;(a) =r —s.

3.7. Dimension. — In [36], Kazhdan and Lusztig showed that
dim(#5(a)) = dim(4;*(a)).

In fact, one can deduce a more precise statement from their results.

Proposition 3.7.1. — The complement of the regular open subset M. ;eg(a) in the affine Springer
fiber M5 (a) has dimension strictly less than that of M5(a).

Proof. — To discuss the dimension, one may neglect the nilpotents in the structure sheaves
of M;(a). As recalled in Section M (a) is the subvariety of the affine Grassmannian
consisting of those g € G(F;)/G(0;) such that ad(g) ! (yo) € g(6O;).

Following Kazhdan and Lusztig, consider also the subvariety 3;(a) of the affine flag variety
fixed by Yy, i.e., those g € G(F;)/Iw; such that ad(g) ™!y € Lie(Iw;), where Iw; is an Iwahori
subgroup of G(05). In [36], Kazhdan and Lusztig proved that the affine Springer fibers for
Iwahori subgroups are equidimensional. The equidimensionality of classical Springer fibers
was previously proved by Spaltenstein [72].

The morphism %5(a) — My (a) is finite over ﬂ;eg(a). The fibers over points x € 5(a) \
/%;eg(a) are nonempty and have dimension at least one. The equidimensionality of 98;(a) then
implies that the irreducible components of .#;(a) — /%éeg(a) are of strictly smaller dimension
than dim (. * (a)). O

Corollary 3.7.2. — Ifdim(./,(a)) = 0, then the dense open My £ (a) equals M, (a).
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Kazhdan and Lusztig also conjectured a formula expressing the above dimension in terms of
the discriminant and an effective defect term related to monodromy, which was later proved by
Bezrukavnikov in [8]. Let us recall this formula.

Keep the notations fixed at the beginning of this chapter. Let

a:X;—c

be a morphism whose image is not contained in the discriminant divisor Dg. By pulling back
D¢, one obtains an effective Cartier divisor on X; supported on its closed point. Its degree is a
natural number that we denote by

dy(a) := deg;(a"Dg).

By pulling back the finite étale cover 7 : t™ — ¢ via the morphisma : X; — ¢*, one obtains
a W—torsor m, over )_(5. Recall that over X; the quasi-split form splits so that, after base change
to X;, we have W = W. By choosing a geometric point of this torsor over the geometric point
777 of X;, one obtains a homomorphism

(3.7.3) a1, — W.

Since the characteristic does not divide the order of W, x} factors through the tame quotient
2™ of [, so that its image is a cyclic subgroup. Denote

(3.7.4) cy(a) := dim(t) — dim(¢™a ).

The following result was proved by Bezrukavnikov in [8]].
Proposition 3.7.5. — We have the equalities

dim (2% (a)) = dim(P5(J,)) = dvla) —evla)

2
We now set
op(a) = dim(P5(Ja))
and refer to it as the local 6—invariant.
3.8. Néron Model. — The dimension of %;(J,;) can be computed in another way using the

Néron model of J,. In fact, the Néron model allows us to fully analyze the structure of 9;(J,).
According to Bosch, Liitkebohmert, and Raynaud [10], there exists a unique smooth group
scheme of finite type JZ over X; with the same generic fiber as J, and which is maximal with
this property; that is, for every other smooth group scheme J’ of finite type over X; with the
same generic fiber, there exists a canonical homomorphism J' — Jg inducing the identity on
the generic fiber. In particular, there is a canonical homomorphism J, — J°. On the level of
points, this homomorphism defines the inclusions

Ja(Gs) € J2(Gy) € Jo(Fy),

where JZ(@_Q) is the maximal bounded subgroup of J,(F5). We call J Z the Néron model of J,.
(In the terminology of [10], J Z is called the finite type Néron model, to distinguish it from their
Néron model which is only locally of finite type.)

Replacing in the definition of %5 (J,) the group scheme J, by its Néron model J, Z, we obtain
an ind—group scheme %5 (J 2) over k. The homomorphism of group schemes J, — Jg induces
a homomorphism of ind—groups

P3(Ja) = Ps(J))

which gives a decomposition of % (J,).



THE FUNDAMENTAL LEMMA FOR LIE ALGEBRAS 37

Lemma 3.8.1. — The group 9P (JZ) is homeomorphic to a free abelian group of finite type.
The homomorphism

Py s PolJa) = PolJy)
is surjective. Its kernel R#;(a) is an affine group scheme of finite type over k.

Proof. — Since J’(0;) is the maximal bounded subgroup of the torus J,(F;), the quotient
J.(F3)) JZ(@_V) is a free abelian group of finite type. The homomorphism

Py (Ja) (k) = Ja(F3) [Ja(Gs) — Jo(F3) [12(B5) = Py(J2) (k)

is clearly surjective. .
For a sufficiently large integer N, J,(0y) contains the kernel of the homomorphism JZ (03) —
J Z (O5/ sév 0;). It follows that %;(a) is a quotient of the Weil restriction

1—[ I, ®g, (Os/£) 05),
Spec(O /e 65) /Spec(k)

which is an affine smooth k—group scheme of finite type. Hence the lemma. O

The Néron model can be explicitly constructed using the normalization of the cameral cover.
Let X, ; be the inverse image of t — ¢ via the morphisma : X; — ¢. Consider the normalization
YZ’V of )A(daj, which is a finite flat scheme over X; endowed with a W—action. Since the residue
field of X; is algebraically closed, ng’v is a complete regular one-dimensional semi-local scheme.
Proposition 3.8.2. — Let ng = Spec( 51’ ) be the normalization of Ya,\'z- Then the Néron model

J Z of J, is the subgroup of fixed points under the diagonal W—action in the Weil restriction of
the torus T Xx, Xg ; from Xg ;1o X;, that is,

Jo = l—[ (T %z, igv)w
X0 /s

Proof. — Denote by ﬂz the morphism YZ’V — X;. Asin Lemma , the subfunctor of fixed
points under the diagonal W—action on the Weil restriction

v
H (T XX\} Xa,\'/)
X0/ X;
is a smooth group scheme of finite type over X;. It is more convenient to work with the sheaf
(zr';*T)W, which represents the Weil restriction above.

According to the Galois description of the regular centralizer (see , the pullback ﬂZ*Ja
over

vbe _ b _ pe
Xus = Xap X5; X5
is canonically isomorphic to the torus 7" X ge )F(vg'ﬁ. Since the Néron model of 7' X . )F(vg'ﬁ is the

torus T Xz Xg 5» we have a canonical homomorphism
) s Txe X0
ava Xy “a,we

By adjunction, one obtains a homomorphism J, — 7’,T. The same reasoning applies to any
smooth group scheme of finite type having the same generic fiber as J,. Hence, the lemma
follows. O

Corollary 3.8.3. — We have the formula
dim(55(Ja)) = dimg (t ®g, 52/67)").
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This thus gives another formula for the local —invariant d3(a). Note that the integer cj(a)
defined in (3.7.4) is equal to the drop in the toric rank of the Néron model JZ, that is, the
difference between r and the toric rank of the special fiber of J°.

3.9. Connected Components. — In this section we describe the group of connected compo-
nents 77o( %5 (J4)).

Let a : X; — ¢ be a morphism whose image is not contained in the discriminant divisor.
Then there exists a smooth group scheme J, over X; whose generic fiber is a torus. Let JO be
the open subgroup scheme of J, consisting of the neutral components of its fibers. Over Fj,
J, is connected, so that the homomorphism JO — J, induces an isomorphism over F;. As a
homomorphism of sheaves of abelian groups, it is injective, and its cokernel is supported on the
special fiber of X; with fiber

70(Jas) = Ja(035)[T3(65).
The inclusions

J)(63) € Ja(65) C Jo(Fy)

induce an exact sequence
1= 0(Jas) = Ja(F5) [ 13(0r) = Ja(F5)[Ja(6r) — 1.
Thus, we have a surjective homomorphism
(3.9.1) P5(J9) = P3(Ja)
whose kernel is the finite group 7o (J,3). Hence, we obtain an exact sequence
70(Jas) = 70(P5(Jg) = mo(P5(Ja)) = 1.

To determine 7o (%5 (J,)), it suffices to describe the group mo(%5(J?)) and the image of the
map
70(Jaz) — 70 (P5(JD)).
As in Tate—Nakayama duality, the group of connected components y(F,) is more easily
expressed via duality. For every finitely generated abelian group A, we denote

A* = Spec(Q[A])
the diagonalizable @f—group whose group of characters is A, and conversely, for every diago-
nalizable ),—group A, we denote by A* its character group, which is a finitely generated abelian
group. .

To write exBlicit formulas, fix a trivialization of poy over X,. This allows one to identify W
and W. Let X7 ; be the inverse image of the finite étale cover r : t* — ¢ via the morphism
a : X; — ¢. By choosing a geometric point of fa,v over the geometric point 77, of X;, one
obtains a homomorphism

nh L, > W.
Proposition 3.9.2. — With the choice of a geometric point of )?a,v over the geometric point 1,
of X3, there is a canonical isomorphism of diagonalizable groups
mo(P5(Jg))" = T,
Similarly, we have an isomorphism
710(95\—,(]‘1))* = T(ﬂ;(lv)),
where T(ﬂ;(lv)) is the subgroup of T7«V) consisting of those elements xk € T such that

ﬂo(g%(Jg)) is contained in the Weyl group of the neutral component T of the centralizer of k in
G.
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Proof. — Consider the group scheme of neutral components JZ’O of the Néron model JZ of J,.
(In the terminology of [10], this is the connected Néron model.) Since Ja0 has connected fibers,
the homomorphism J9 — J? factors through 12’0.

Lemma 3.9.3. — The homomorphism P;(J%) — 9%(]2’0) induces an isomorphism

70(P5(J10)) = T, (F3) [ 120(6y).

Proof. — Sinceboth J? and JE,’O have connected fibers, the homomorphism %;(J) — %; (JZ’O)
induces an isomorphism on the groups of connected components. Topologically, % (JZ’O) is the
discrete group J,(F5)/J20(65). O

For any torus A over F;, consider the connected Néron model AP0 of A over G and the
finitely generated abelian group A(F;)/A"%(6;). One may verify (see [63]) that the functor
A — A(F;)/A0(6;) satisfies the axioms of [42, Lemma 2.2]. Following Kottwitz, one obtains
a general formula for A(F;)/A°(65); in particular, we obtain the following lemma.

Lemma 3.9.4. — With the above notation, there is an isomorphism

Ja(F3) 170 (65) = (X)re1,)-

The conjunction of the previous two lemmas yields the isomorphism

70(5(J2)) = (Xrsr,)»
which, by duality, induces the first assertion of the proposition:

770(@\7(-]2))* — r]’ivr;(lv)_

The proof of the second assertion uses the trick of z—extensions. Following [44, 7.5], there

exists an exact sequence

1G>G —>C—>1
of reductive group schemes over X obtained by outer twisting an exact sequence of split reductive
groups

1G>G, -C—-1,
where C is a torus and G is a reductive group with connected center. Its dual @ has a simply
connected derived subgroup. There exists a maximal torus T’y in (G; such that one has an exact
sequence

]1->T—->T; ->C—-1.

Replacing G by G, denote by ¢ the corresponding space of characteristic polynomials. The
homomorphism G — G induces a morphism

a:¢c— (.

Over ¢, we have the regular centralizer J;, which is a smooth group scheme with connected
fibers since the center of G| is connected. There is an exact sequence of smooth commutative
group schemes

l1-J—a'Jy—>C—1.

Leta : X; — ¢ be such that the restriction a

X has image in ¢*. Denote by a(a) : X; — ¢; the
composition of a with @. Over Xj;, we have an exact sequence
1 = Js = Ji0a > C—1,
with J, = a*J and (J1)q(a) = a(a)™Ji.
Proposition 3.9.5. — The homomorphism
70(P5(Ja)) = 70(Ps (J1.a(a))

is injective.
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Proof. — Since J — a*J; is a closed immersion (hence proper), we have
Ja(05) = Ja(F5) 0 (J1)a(a)(Or).
It follows that the homomorphism
Jata : Ja(F3) [1a(O5) = Tya(a)(F5) [ 1.a(a) (O3)
1s injective. Since C is a torus over Xj, the group
C(Fy)/C(6y)
is a free abelian group of finite type and discrete. The neutral component of

Jl,a(a) (Fi)/-]l,a/(a) (@_17)
therefore lies in the image of j, (). Consequently, j, () induces an isomorphism between the

neutral component of J,(F;)/J,(05) and that of Ji (a)(F5)/J1.0(a)(O5). Tt follows that the
homomorphism 7o (%5(J4)) — m0(P5(J1.a(a))) is injective. o

Corollary 3.9.6. — There is a canonical isomorphism between nto(P5(J,)) and the image of
the homomorphism

710(P5(JQ)) = 70(P5(J1.0())-
Proof. — In addition to the previous proposition, it suffices to invoke the surjectivity of
70(P5(J2)) = mo(P5(Ja)). o

By choosing a geometric point of 5(::5, one may identify the group 7o (%5 (J,,)) with the image
of the homomorphism
(X1, = X,
where X . = Hom(G,,, T). Note that the equality

710(Ps(N1,a(a)) = (X101,
follows from the connectedness of the fibers of J; and Lemma Dualizing, one obtains

an isomorphism between the subgroup Spec(Qg [0 (s (Ja)]) of T/ and the image of the
homomorphism

T} = Spec(@y[(X1.)1,]) = Spee(Qel (X, 1) = T

It remains now to show that the image of TI v in T is exactly the subgroup of those elements
k € T such that °(I,) is contained in the Weyl group of the neutral component H of the
centralizer of k in Gi. For every « € T and for every K| € Tl mapping to , the centralizer H;
of k1 in (3; is connected and its image in G is H. (Indeed, (3 has a simply connected derived
subgroup so that the centralizer of a semisimple element of (1 is connected.) The desired result
follows. O

We now present another, more explicit description of (9’9 (Ja)), though it is ultimately less
convenient. N
Proposition 3.9.7. — With the choice of a geometric point of X, 3 over the geometric point 1,
of X;, there is a canonical isomorphism between (Q’v (Jo)) and the cokernel of the composite
of two maps
70(Zg) — 7o(T™ ™)) — (X (1)

where the first is induced by the evident homomorphism Zg; — T7") and the second is the
canonical isomorphism of wo(T™a)) onto the torsion subgroup of (X.)zs (1,)-

Proof. — One knows that mo(Z%;(J,)) is the cokernel of the homomorphism 7¢(Jy5) —
m0(P5(J12)). By 19(Ja,5) and 7o(Zg ) have the same image in (X,) s (7,). The proposition
follows. o



THE FUNDAMENTAL LEMMA FOR LIE ALGEBRAS 41

3.10. Density of the Regular Orbit. — We refer to Sectiond.16|for an outline of the proof of
the following proposition. It will be deduced from its global analogue which will be proved in
detail later. Only the global analogue will be used in the remainder of the paper.
Proposition 3.10.1. — The open subset M, ¢(a) is dense in M, (a).

Note that we already know that the closed complement ., (a) — #, % (a) has dimension
strictly less than dim (., (a)) (see Proposition[3.7.1).
Corollary 3.10.2. — The set of irreducible components of the affine Springer fiber M,(a) is
canonically in bijection with the group of connected components of the group P, (J,).
Proof. — Indeed, one has an isomorphism 2,(J,) — /, %(a) by letting %, (J,) act on the
Kostant point. O

3.11. The Case of an Endoscopic Group. — Let H be an endoscopic group of G in the sense
of [.8] Let ay € cy(G;) with image a € ¢(G;) N ¢*(F;). There is no direct relation between
the affine Springer fibers Ay, (ay) and ., (a). However, there is an obvious relation between
their symmetry groups.

Thus, we have two X;—group schemes J, = a*J and Jp 4, = ayJu, which are related by a
homomorphism

May - Ja - JH,aHa

which is an isomorphism over the punctured disc X?. This homomorphism is constructed by
pulling back the homomorphism u constructed in[2.5.1] via ag.

Let P/'ng (ay) be the affine algebraic group over k whose group of k—points is

%f],a(aH)(lz) =JH,ay (@_ﬁ)/Ja(@_ﬁ)-
Then we have the exact sequence
(3.11.1) 1 > R (an) = P5(Ja) = Ps(Tgay) — 1.
Lemma 3.11.2. — We have
dim(@g,v(aH)) - dim(%uﬂ)) - dim(%(JH,aH)) = 1S (an),
where
ris(an) = degs (apRg),
with the resultant divisor ‘.Rf] on cy defined in|1.10.3
Proof. — By the exact sequence (3.11.T)), we have
dim(%g,v(a;[)) - dim(%(Ja)) - dim(%(JH,aH)).
Since the homomorphism Jg ,,, — J, is an isomorphism over the generic fiber, we have
ci(an) = cy(a),

where c;(ay) and cy(a) are the Galois invariants appearing in Bezrukavnikov’s dimension
formula (see Proposition [3.7.5). Applying that formula to a and ay, we find

dim(%g’v(ay)) = deg; (a"Dg) — deg, (alyDn).
It now suffices to invoke [I.10.3to conclude. O
Now let ay € ¢y (0,) with image
a € ¢(0,) N c(F).

With the same definition as above, one obtains a group %, (ay) defined over k. Then we have
the formula

R (an) & k = n Ry (a)

vk, —k
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which implies the dimension formula
dim (&Y, ,(an)) = deg(k,/k) - deg, (a;RE).

Identifying 9, (J,,) with the open subset ., (a) of .,(a) and P,(Jy 4,) With the open
subset #y ,(an), and by taking the closure of the graph of the homomorphism y,,, in ., (a) x
A\, (ap), one obtains an interesting correspondence between these two affine Springer fibers.
We will not use this correspondence in this work.

4. The Hitchin Fibration

In his seminal paper [34]], Hitchin observed that the cotangent bundle of the moduli space of
stable bundles on a curve forms a completely integrable Hamiltonian system. To achieve this,
he explicitly constructed a family of commuting functions with respect to the Poisson bracket, in
number equal to half the dimension of this cotangent bundle. These functions define a morphism
from the cotangent bundle to an affine space whose generic fiber is essentially an abelian variety.
This particularly elegant morphism is the Hitchin fibration.

We will adopt a different viewpoint by considering the fibers of the Hitchin fibration as the
global analogue of the affine Springer fibers. In particular, we replace the canonical bundle of
the curve with a line bundle of very high degree. In doing so, we lose the symplectic form while
retaining a fibration that bears the same overall appearance as the original Hitchin fibration.

As observed in [S7], the point counting over a finite field of this generalized Hitchin fibration
formally yields the geometric side of the trace formula for the Lie algebra. This continues to
serve as our guide in this chapter for studying the geometric properties of the Hitchin fibration.
The point counting will be reviewed in Chapter [§]

Our preferred tool for exploring the geometry of the Hitchin fibration

foll— o

is a Picard stack
P — o

acting on ./ . This action is based on the construction of the regular centralizer (see Section [2).
In particular, one shows that there exists an open subset .#"% of ./ (see on which &
acts simply transitively and which is dense in each fiber .#, (see 4.16.1). One can analyze
the structure of &, in detail thanks to the cameral curve and the theory of Néron models. In
particular, this allows one to define an open subset /¢ over which . is essentially an abelian
scheme.

We will also perform some useful computations for later use, such as the computation of
the dimension (see Section {.13), that of the group of connected components of %, (see
Section 4.10)), and that of the group of automorphisms of Higgs bundles (see Section 4. 11).

The key point of this chapter is the product formula (see {.15.1) which establishes the
relationship between the Hitchin fiber and the affine Springer fibers. This formula was proved
in [S7]. It plays a crucial role in the chapter on point counting (see|8) and is also implicitly used
in the proof of the support theorem in Chapter

Finally, we establish a link between the Hitchin fibration for G and that for an endoscopic
group. There exists a canonical morphism

v.:od H — oA ,
and if ay +— a, then there is a canonical homomorphism

Ui Py — PHay,-
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However, there is no direct relation between the Hitchin fibers ./#, and /g ,,, but rather a
correspondence deduced from u by schematic closure. We will not use this correspondence
further in the article, though it is likely worth exploring further.

Here are the notations that will be used in this chapter. We fix a smooth, proper, and
geometrically connected curve X of genus g over a finite field k. Let k be an algebraic closure
of k. We denote

X=X O k.

We denote by F the field of rational functions on X. Let | X| be the set of closed points of X.

Each element v € |X| defines a valuation

v:F*— 7.

We denote by F), the completion of F' with respect to this valuation, by 0, its ring of integers,
and by k, its residue field. We write X,, = Spec(0,,) for the formal disk at v, and X, = Spec(F,)
for the punctured formal disk.

Let G be a Chevalley group whose Coxeter number £ satisfies the inequality 24 < p, where p
is the characteristic of k. Let G be an X-group scheme, a quasi-split reductive form of (5, defined
by an Out(()-torsor p; over X. The group G is then equipped with a pinning (7, B, x;). We
now follow the notations of Section In particular, we have an X-scheme of characteristic
polynomials ¢, the Chevalley morphism

X:8—¢
where g = Lie(G), and a finite flat morphism
n:t— ¢,
which over the open subset ¢® is a torsor under the finite étale group scheme W, obtained by

twisting W by pg.
We fix a line bundle D on X which is the square

D — D/®2

of another line bundle D’. In general, we assume that the degree of D is greater than 2g, where
g is the genus of X (in contrast to [34] where D is the canonical bundle). We will indicate,
however, the places where this assumption is truly necessary.

Note that (5,, acts on g and t by homothety, and acts compatibly on ¢. We denote by gp, tp,
and c¢p the objects twisted by the G,,-torsor associated with the line bundle D.

4.1. Review of Bung. — We consider the stack Bung which assigns to every k-scheme S the
groupoid of G-torsors on X X §. The stack Bung is an algebraic stack in the sense of Artin cf.
[53] and [33, Prop. 1]. The groupoid of k-points of Bung can be expressed as a disjoint union

of double cosets
> G(F
Bung(k) = | | [Gg(F)\HvamGE@V;]
éeker! (F,G) Y

over the set ker' (F, G) of G-torsors over F that are locally trivial. Here, G¢ denotes the strong
inner form of G over F corresponding to the class & € ker! (F,G), and the symbol f[ denotes a
restricted product.

For every v € | X|, as in Section one has the affine Grassmannian &, and a morphism

(G, — Bung,

which consists of gluing the G-torsor on X, XS, equipped with a trivialization on X$XS, with
the trivial G-torsor on (X — v) X S. The existence of this formal gluing was proved first by
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Beauville and Laszlo in the case of vector bundles cf. [4], and in the general case by Heinloth
[33, Lem. 5]. On the level of k-points, this morphism is the obvious functor

G(Fv)]
velX|G(0,) |’

which sends an element g, € G (F,)/G(0,) to the tuple consisting of g, and the neutral elements
of G(F,)/G(0,) for all places v/ # v.

G(F)/G(6,) — [G(F)\ﬁ

4.2. Construction of the Fibration. — Recall the definition of the Hitchin moduli space.
Definition 4.2.1. — The total Hitchin space is the fibered groupoid 4 which assigns to every
k-scheme S the groupoid M (S) of pairs (E, ¢) consisting of a G-torsor E on X X S and a section

¢ e HO(X x 8, ad(E) ®p, D),

where ad(E) is the Lie algebra bundle obtained by twisting g, endowed with the adjoint action,
by the G-torsor E.

4.2.2. — Equivalently, one may say that .Z(S) is the groupoid of maps hg 4 fitting into the
commutative diagram

XXS§S— [QD/ G]
This stack is a vector bundle over the algebraic stack Bung, which classifies the G-torsors on X,

and hence it is itself an algebraic stack locally of finite type.
4.2.3. — The Chevalley characteristic morphism

X:g—¢
induces a morphism
[x]:[8p/G] — ¢p.
Thus, one obtains a morphism
[l — A,
where for any k-scheme S, &/ (S) is the groupoid of maps « fitting into the commutative diagram
a:Xx8§— cp.

Equivalently, & is the space of sections of the vector bundle ¢p over X. It follows that & is a
finite-dimensional k-vector space.
4.2.4. — Given a square root D’ of D, one obtains a section

epr A — M

of the morphism f : ./# — < using the construction of 2.2.5] This section is essentially the
same as the ones that Hitchin constructed more explicitly in the case of classical groups. It is
called the Kostant—Hitchin section.

4.2.5. — Writing D in the form D = Ox(X,¢x| dvv), the set ¢p(k) is identified with a finite
subset of ¢(F). By [57, 1.3], for a € ¢p (k) regular semisimple and anisotropic, the number of
k-points of the fiber ., is expressed in terms of sums of global orbital integrals

(4.2.6) > Y, 0,(Ip),

£cker (F,G) veg (F)/~, x(v)=a

which is part of the formula cf. [I.13.2] In [57] we constructed a geometric interpretation of the
stabilization process of this formula cf. [[.13] This process of counting and stabilization will be
examined more systematically in Chapter

In the remainder of this chapter we shall recall this geometry and study it in more detail.
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4.3. Symmetries of a Hitchin Fiber. — As with affine Springer fibers, the construction of the
natural symmetries of a Hitchin fiber is based on Lemma[2.1.1
4.3.1. — For every S-point a of &, there is a morphism

hg : X XS — [¢/Gp].

We denote by J, = h}J the pull-back of J from [¢/G,,], and we consider the Picard groupoid
P4(S) of J,-torsors over X X S. As a varies, this construction defines a Picard groupoid &
fibered over & .
4.3.2. — The homomorphism y*J — [ from Lemma 2.2.1 induces, for every S-point (E, ¢)
over a, a homomorphism

J, — AutXXS(E, ¢) = h*E,¢>I‘

Consequently, one may twist (E, ¢) by any J,-torsor. This defines an action of the Picard
groupoid &, (S) on the groupoid .#,(S). Allowing a to vary, one obtains an action of & on ./
relative to the base /.

As with the affine Springer fibers, we consider the open subset 4" of .4 whose points are
the morphisms hg 4 : X X S — [gp/G] that factor through the open subset [grDeg /G].
Proposition 4.3.3. — ¢ is an open subset of M with nonempty fibers over &f. Moreover, it
is a torsor under the action of P.

Proof. — For every a € o/ (k), the point [€]” (a) constructed in cf. lies in the regular
open subset. This shows that the morphism .#™% — &/ has nonempty fibers. It follows from

Lemma that ./, ¢ is a torsor under %,. O
4.3.4. — The Kostant—Hitchin section
ED’ d — M

factors through the open subset .#Z"™# since the Kostant section
€:¢—g

factors through g™¢.
Proposition 4.3.5. — The Picard stack P is smooth over A.

Proof. — Since J, is a smooth commutative group scheme, the obstruction to deforming a
J,-torsor lies in the group H?(X,Lie(J,)). This group vanishes because X has dimension
one. m]

4.4. The Linear Case. — We now analyze the fibers of M and ® over a point a € A° (k).
Let us begin with the case of the linear group: let G = GL(r). In this case one can describe the
Hitchin fibers using spectral curves following Hitchin [34] and Beauville—Narasimhan—Ramanan
[S]]. A similar treatment works for the classical groups (see [34] and [S9]).

4.4.1. — In the case G = GL(r), the affine space A is the vector space

)
A =PHH (X, D).
i=1

A pointa = (ay,...,a,) € A(k) determines a spectral curve Y, drawn on the total space Xp of
the line bundle D. This curve is given by the equation

" —ait” M+ 4 (=) a, =0.

We define an open subset AY ¢ A whose geometric points a € A (k) define a reduced spectral
curve. If a € A°(k), the Hitchin fiber M, is the groupoid Pic(Y,,) of torsion-free Oy, -modules
of rank one (see [5]]). The fiber P, is the groupoid Pic(Y,) of invertible Oy, -modules. The group
Pic(Y,) acts on Pic(Y,) by tensor product, and Pic(Y,) appears as an open subset in Pic(Y,).
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4.4.2. — 1If the spectral curve Y, is smooth then there is no difference between Pic(Y,) and
P_ic(Ya), i.e., P, acts simply transitively on M,. Moreover, in this case, the structure of £, is as
simple as possible. The group of connected components of $, is isomorphic to Z via the degree
map because Y, is connected. The neutral component of #, is the quotient of the Jacobian of
Y, (which is an abelian variety) by the trivial G,,-action.
4.43. — Let & : Yg — Y, be the normalization of Y,. The pull-back functor induces a
homomorphism

£ 1 Pic(Y,) — Pic(Y?)
which in turn induces an isomorphism

70(Pic(Y,)) = mo(Pic(Y2)) = Z700a),

The kernel of £* is an affine commutative group of dimension

(5 = d H (Y *O 2)
a 1m as .
Oya
4.4.4. — By COHStI‘uCtiOH, Ya is a curve drawn on a smooth surface so that in particular it has

only planar singularities. According to Altman, Iarrobino, and Kleiman [1], Pic(Y,) is then a
dense open subset of Pic(Y,).
We now generalize the discussion above to a general reductive group.

4.5. Cameral Curve. — Consider the cartesian diagram

X tp

.,

XXA——p

where the bottom morphism sends a pair (x,a) with x € X and a € A to the point a(x) € ¢p.
The left morphism, obtained by base change from n, is a finite flat morphism with an action of
W.

Taking the fiber at each point a € A(k), we obtain the cameral cover 7, : X, — X of Donagi.
In what follows, we restrict to those parameters a for which r, is generically an étale cover.
These parameters form an open subset of A described as follows.

Consider the inverse image U of crg C ¢p in X X A. Since the morphism U — A is smooth,
its image is an open subset of A which we denote by A. Its k-points are described as

A% (k) ={a € A(k) | a(X) ¢ discrimg p}.
If deg(D) > 2g, the open subset A" is nonempty. (See for a stronger statement.)
Lemma 4.5.1. — For every geometric point a € ‘A” (k), the cover
Ty - )A(;, — X @ k

is generically a W-torsor. Moreover, X, is a reduced curve.

Proof. — By definition of A", the intersection U, of U with the fiber X X {a} is a nonempty
open subset of X. By construction, r, is a W-torsor over this dense open. Since 7, is a finite flat
morphism, ﬂa*Oga is a torsion-free Oz-module. If it is generically reduced, then it is reduced
everywhere. O

4.5.2. — For every a € o/ (k) we have an injective arrow of sheaves for the étale topology
Jo = Jb = (ran(Xy xx 1)),

deduced from [2.4.2] whose kernel is a finite sheaf with finite support that is entirely explicit.
This arrow makes it possible to control J,, and hence &,, by means of the cameral curve.
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The cameral curve X,, is equipped with a natural family of finite étale covers. Consider a
reduction of the torsor pg as in cf. from which we adopt the notation. In particular, we
have a finite étale Galois cover p : X, — X with Galois group ®, which induces poy by the
change of structure groups ®, — Out(G). Then there is a cartesian diagram

(4.5.3) X, xt——=X,xc

o

t c.

T

For every a € A(k), construct the cover 7, , Yp,a — X by forming the cartesian product

(4.5.4) X,0— X, X tp
)
X 7 Cp.

Then one obtains a finite étale morphism X pa = X, which is Galois with Galois group O,.

One then has the formula

J; = Tp,a,x* (T) Wo

following

The above discussion applies also if one has a reduction p of the Out(G)-torsor oG on X.
Proposition 4.5.5. — Suppose that deg(D) > 2g. Let © denote the image of the homomorphism
pg - M (X, 00) — Out(G). Suppose that © is a finite group of order prime to the characteristic.
Then for every a € A (k) one has

HY(X.Ja) = (Zg)®

and
H’(X, Lie(J,)) = Lie(Zg)°®.

In particular, if over X the center of G contains no split torus, then P, is a Deligne-Mumford
Picard stack. _
Proof. — The key point, that the curve X, , is connected, is deferred to m let us grant it for
the moment. We then have

H(X, 7)) =TW,
which is a finite unramified group under the hypothesis that Zg contains no split tori. The group
H(X, J,) is a subgroup of it. Using the explicit description of J — J! ¢f and the fact
that the section a meets every irreducible component of the discriminant locus, one can show
that

HO(X,J,) = Z&.
Since this explicit description will not be used in the sequel, we leave to the reader the task of
reconstructing the details. O

4.5.6. — It is not difficult to introduce a rigidifier in order to benefit from representability. Let
oo € X be a fixed point and let &/ be the open subset of & consisting of the points a which
are regular semisimple at co. For every a € &/, write 9. for the Picard stack classifying
J4-torsors equipped with a trivialization at co.

Proposition 4.5.7. — The functor S is representable by a smooth group scheme locally of
finite type over 4. Foreverya € A%, the torus J, « acts on P> by modifying the rigidification,
and induces a canonical isomorphism between the quotient stack [P, [J, 0| and P,.

Proof. — The first assertion follows from the representability of the Picard scheme of the étale
cover ip,a of the cameral curve. The second assertion is immediate. O
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4.6. Connected Cameral Curve. — Under the hypothesis deg(D) > 2g one can show that
the cameral curve X, is connected. But what we shall need in the sequel is a slightly stronger
connectedness statement. Consider a connected finite étale Galois cover p : X, — X which
trivializes the torsor pg. We have then constructed a cover

Tpa: Xpa — X

as in _
Proposition 4.6.1. — Suppose that deg(D) > 2g. Then for every a € A% (k) the curves X, and
Yp,a are connected.

Proof. — After possibly replacing X by X, it suffices to prove that the cameral curve X, is
connected in the case where G is split. In that case we appeal to the following theorem, due to
Debarre [17, th. 1.4], which generalizes a theorem of Bertini.

Theorem 4.6.2. — Let M be an irreducible variety and let m : M — P be a morphism from
M into a product of projective spaces P = P™ x - .- X P". In each P" we are given a linear

subspace L; C P" such that for every subset I C {1,...,r} one has
dim(p;(m(M))) > » codim(L).
i€l

where pj is the projection of P onto [|;c; P". Suppose also that m is proper over an open
subset V of P and that L = Ly X - - - X L, is contained in V. Then m~'(L) is connected.

Here is how to apply this result to our particular case. Since G is split, ¢p, as a scheme, is a
fibered product over X of line bundles D®¢. Each of these line bundles D®¢ can be compactified
into a projective line bundle

D® = Projg (Sym, (D®™“ @ 0x,)),

which is a projective k-surface. We write Z; = D¢ — D¢ for the divisor at infinity. The invertible
bundle @ (1) attached to this Proj is very ample by the hypothesis deg(D) > 2g, and induces a
projective embedding
D®¢ — P
of this surface.
The locally closed subscheme [];_; D®¢ of I = []!_, IP" is a closed subscheme of V, where

r r
v=[]p" - (Z,- x HD'WJ‘).
i=1 i=1 j#i
The same holds for ¢p, which is a closed subscheme of []I_, D®¢. What plays the role of
the irreducible variety M in Debarre’s theorem is tp, which is finite over ¢p, so that M has
dimension r + 1 and the composite morphism m : M — V is a proper morphism.
The component a; € H°(X, D®¢) of a defines a hyperplane L; of P", since

(a;, 1) e H(P",6(1)) = H'(X, D®¢) @ H'(X, 0%),

whose intersection with the surface D®¢ does not meet the divisor at infinity Z;; in other words,
it is contained in the open surface D®¢. Since L; N Z; = 0, the product L = [1;_, Liis contained
in the open subset V.

Since X, = m~!(L), it only remains to check that for every subset I c {1,...,r} one has

dim(p;(m(M))) > Z codim(L;).
i€l
But one checks immediately that the dimension of p;(m(M)) equals §1 + 1, which completes
the proof. O
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4.7. Connected and Smooth Cameral Curve. — Let us begin by studying the open subset
A° where the fibers of M, are as simple as possible. This open set is defined as follows. A
point a € A(k) belongs to this open if the section

ha . )_( — (p

meets the divisor discrimp transversely. Here discrimp denotes the divisor in ¢p obtained by
twisting the divisor discrim C ¢ by the G,,-torsor Lp associated to the line bundle D.
Proposition 4.7.1. — If deg(D) > 2g, then the open subset A° is nonempty.

The proof is completely similar to the Bertini theorem due to Zariski. We begin by proving a
lemma.
Lemma 4.7.2. — Assume deg(D) > 2g, where g is the genus of X. For every x € X (k) defined
by a maximal ideal m,, the map

HY(X,¢) — ¢ &0, Ox/m;

is surjective. Here the vector bundle ¢ is regarded as a locally free Ox-module of rank r.
Proof. — By passing to the finite €tale cover p : X, — X, the bundle ¢ becomes isomorphic to

a direct sum
-
pe= Do,
i=1

where the e; are defined in and in particular are integers at least 1. Since ¢ is a direct
summand of p.p*¢, it suffices to prove the surjectivity of

HY(X’, p*¢c) — p*c¢ ®0y Og/m?.

It is enough to prove this surjectivity for each direct factor p*D®¢.
One may assume that X, is geometrically connected. Let g’ be its genus. Then 2g" -2 =
n(2g — 2) where n is the degree of p. The surjectivity follows from the inequality

deg(D®°) > 2ng = (2g’ —2) + 2n.
This proves the lemma. O

Proof of Proposition — In discrimg, p there is a smooth open subset

. . . . _sin
discrimp — discrim, g
sin

¢ of codimension 2 in ¢p.

which is the complement of a closed subset discrim
Consider the subscheme Z; of

(discrimG’D - discrimznf)) X A

consisting of pairs (c, a) such that the section a(X) passes through the point ¢ and intersects the
divisor discrimg at that point with multiplicity at least 2. By the lemma above,

dim(Z;) < dim(A) - 1,

so that the projection Z; — A is not surjective.
Consider the subscheme Z of discrimy;"® XA consisting of pairs (¢, a) such that the section
a(X) passes through c. Again by the lemma,

dim(Z;) < dim(A) -1,
so that the union of the images of Z; and Z; is contained in a proper closed subscheme of A.

Hence, there exists a point a € A" such that the section a(X) does not meet the singular locus

discrimSGmI% of the discriminant and meets the smooth part of this divisor transversely. m|
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Lemma 4.7.3. — A point a € A(k) belongs to the open subset A° (k) if and only if the cameral
curve )?a is smooth.

Proof. — Suppose that a € A°(k), i.e., the section a(X) C ¢p meets the divisor discrimg_p
transversely. We show that the inverse image of this section on the cover X, X tp is smooth.
Outside the divisor discrimg p, this cover is étale so that there is nothing to verify. The condition
that a(X) C ¢p meets discrimg p transversely implies in particular that it does not meet the
singular locus discrimsgjg of discrimg_p. A pair (v,x) € tp (k) consists of a point v € X (k) and
a point x in the fiber of tp over v. Over v, the group G is split so that one may speak of the root
hyperplanes in the fiber of tp over v. If (v, x) € tp (k) lies above a point where a(X) intersects
sing

discrimg p — dlscrlmGD,

then x belongs to a unique root hyperplane. One may then reduce to the case of a semisimple
group of rank one. In that case a direct calculation shows that the formal completion of X, at
(v, x) is of the form
klle1l/ (2 - &),

where €, is a uniformizer of X at the point v and m is the intersection multiplicity of a(X) with
discrimg p at that point. In the transverse case m = 1, this implies that X, is smooth at (7,x).

Now suppose that a ¢ A° (k). If a(X) meets the smooth part of discrimg_ p with multiplicity
greater than one, the calculation above shows that X, is not smooth. Now suppose that a(X)
meets the locus discrim; , atapointv € X. Assume that X, is smooth at the point (v, x) € tp (k)
above v. Then the point x belongs to at least two distinct root hyperplanes so that the local
monodromy group n; (1) (see contains two distinct involutions. This is impossible
because, under the assumption that the characteristic of k does not divide the order of W, the
local monodromy group x§ (/) is cyclic. O

Corollary 4.7.4. — Let X; — X be a connected finite étale Galois cover which splits G.
Suppose that deg(D) > 2g. Then for every a € A°(k), the curve fp,a is irreducible.

Corollary 4.7.5. — If a € d°(k), then the image of w8 is W = @.

Proof. — By Proposition fp,a is connected. Since X, is smooth, the étale cover fp,a is
also smooth. Therefore, it is irreducible. m|

Definition 4.7.6. — A k-abelian stack is the quotient of a k-abelian variety by the trivial action
of a diagonalizable group.

A typical example of an abelian stack is the stack classifying line bundles of degree zero on
a smooth, projective, geometrically connected curve. If this curve is equipped with an action of
a finite group whose order is prime to the characteristic, the associated Prym stacks are abelian
stacks.
Proposition 4.7.7. — For every a € A°(k), the regular locus My equals the whole fiber M.,
so that M, is a torsor under P,. The neutral component of P, is an abelian stack.

We refer to [S7, Proposition 4.2] for the proof of the first assertion. The proof of the second
assertion is postponed until the end of Section 4.8
4.7.8. — For every a € o/°(k) we have seen that the inertia group of P, is identified with
Zg. We shall see in that for a € o/°(k) the group of connected components 7o(%,)
is identified with Zg. One may observe that if G; and G, are dual to one another and if
a € d¢, (k) = o, (k), then the inertia group of Pg, 4 is isomorphic to the group of connected
components of %g, 4, and vice versa.

4.8. Global Néron Model. — In this section we fix a point a € A" (k) and denote by U the
inverse image of the open set ¢}j under the morphism a : X - S
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As in the local case (, the structure of the Picard stack #, of J,-torsors on X can be
analyzed using the Néron model JZ of J,. This is a smooth group scheme of finite type over
X equipped with a homomorphism J, — JZ that is an isomorphism over U. It is further
characterized by the following property: for every smooth group scheme J’ of finite type
on X with a homomorphism J, — J’ that is an isomorphism on U, there exists a unique
homomorphism J' — JZ making the obvious triangle commute. The existence of this Néron
model is a result of Bosch, Liitkebohmert and Raynaud [10] (they call it the finite type Néron
model to distinguish it from the locally finite type local Néron model).

This global Néron model is obtained from the local Néron models (see as follows. For
every v € X — U, let X, be the formal completion of X at v and let X] = X,, — {v}. Consider the
Néron model of the torus J,|g.. By gluing these Néron models at the various points v € X-U
with the torus J,|y, one obtains a smooth commutative group scheme JZ over X along with a
homomorphism J, — J°.

As in n J, b can be expressed in terms of the normalization X X" of the cameral curve X,,.
The W-action on X, induces an action on X,. X", Let 7r : X, X" — X be the projection. The following
is the global consequence of the local statement-

Corollary 4.8.1. — J 2 is identified with the subgroup of fixed points under the diagonal action

of W in
l—[ (T Xx fg)
XX
A useful variant is as follows. Consider a reduction p : X; — X of pg with Galois group
©;. For every a € A”(k), there is a finite flat cover

Tpa - Xp,a - X

defined as in (4.5.4), which is generically étale Galois with group W < ©;. Let fg’ , be the

normalization of X ,, which is also equipped with an action of W = ®;. Denote by n%ﬂ its

L= (rx X,

- o
x5 /X

projection to X. Then one has
)WN@ﬁ

Consider the Picard groupoid PZ of J Z—torsors. The homomorphism of group schemes
Jo — J° induces a homomorphism of Picard groupoids £, — P°. This homomorphism
essentially reflects the general structure of an algebraic group over an algebraically closed field
as an extension of an abelian variety by an affine algebraic group (see [66]]). The proof below is
inspired by an argument of Raynaud [64].

Proposition 4.8.2. — (1) The homomorphism P,(k) — 502 (k) is essentially surjective.

(2) The neutral component (P2)° of P° is an abelian stack.

(3) The kernel R, of Py — SDb is a product of affine algebraic groups of finite type R, (a), as
defined in Lemma|3.8.1] ﬂ These are trivial except at finitely many points v € |X|.

Proof. — (1) By the very construction of the Néron models, the homomorphism J, — J, 2
is injective as a homomorphism between sheaves of abelian groups for the étale topology on X.
Consider the short exact sequence

(4.8.3) 1> J, > I = I ], — 1,

where the quotient JZ /J, is supported on the finite closed subset X — U. The long exact
cohomology sequence shows that, since H! (X, J?/J,) = 0, the map
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is surjective.

(2) Let fa be the inverse image of the cover tp — ¢p via h, : X — ¢p. Let YZ be the
normalization of X,. By Proposition the Néron model J? depends only on the cover
YZ More precisely, Jg consists of the fixed points under the diagonal action of W in the Weil

restriction

1—[ (T X% 5(’ a).

X5/X
It follows that up to isogeny, 733 is a factor of the Picard groupoid of T-torsors on 5('3, which is
isomorphic to the product of r copies of Pic(X 2). Since X 2 is a smooth projective curve (possibly
disconnected), the neutral component of Pic(X 2) is the quotient of a product of Jacobians by a
product of G,, acting trivially.

(3) The last assertion also follows from the long exact sequence in cohomology arising from
the short exact sequence (4.8.3). Since the kernel is defined as the category of J,-torsors
equipped with a trivialization of the induced J, Z -torsor, one need not worry about the H’ in the
long exact sequence.

This completes the proof. O

Proof. — Returning now to the second assertion of Proposition Let a € A°(k). Then
the cameral curve X, is smooth, so the cokernel of the homomorphism J, — J 2 is a finite group
sheaf supported on a finite subscheme of X. It follows that £, — P! is an isogeny of Picard
groupoids (i.e., a homomorphism that is essentially surjective with finite kernel). Since Pab 1s
an abelian stack, the same holds for #,. O

Lemma 4.8.4. — Let C; be a connected component of fp,a and let W be the subgroup of
elements of W stabilizing Cg. If TV is finite and unramified, then P, is a Deligne-Mumford
abelian stack.

4.9. Invariant 6,. — .
4.9.1. — An important numerical invariant that one may attach to a € AY(k) is the delta
invariant. For every a € A" (k), consider the kernel

(4.9.2) Ry, = ker[soa s 503].

It classifies the J,-torsors on X whose induced J2-torsor is trivialized. This is an affine algebraic
group of finite type which decomposes as a product

where R, (a) is the group defined in
We define the invariant 6, as the dimension of R, that is,

5y 1= dim(R,) = Z S5o(a).
veX-U
Combining Proposition and the dimension formula for the local symmetry group (see
yields the following formula for the global invariant ¢.
4.9.3. — Recall that, on choosing a rigidifier cf. one has defined a smooth commutative
algebraic group 9 surjecting onto the neutral component 2. By Chevalley’s structure theorem
one has a canonical exact sequence

1—>5~€a—>9~°2—>Aa—>1,
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where A, is an abelian variety. Under the hypothesis of this is in fact an étale isogeny.
There follows the formula

dim(A,) =d — d,.
In this case, and in this case only, is it justified to call §, the dimension of the affine part of &,.
Corollary 4.9.4. — For every a € A°(k), the invariant &, defined above equals

ﬂg*()gg ) ) W
ﬂ'a*OX’a '

Again, there is another formula that expresses the global invariant ¢ in terms of the discriminant
corrected by local monodromy invariants, as in Bezrukavnikov’s formula.

Recall that the discriminant discrimg is a homogeneous polynomial of degree # @ on ¢, where
# @ is the number of roots in ®. Hence, for every a € A" (k), a* discrimg p is a divisor linearly
equivalent to D®#®) 5o that

deg(a” discrimg p) = § @ deg(D).

84 = dim HY (X, t @, (

Write

a*discrimg p = djvy + -+ + dyvp,
where vy, ..., v, are pairwise distinct points of X and d; is the multiplicity at v;. For every
i = 1,...,n, denote by ¢; the drop in the toric rank of Jg at the point v;. The following

proposition is an immediate consequence of
Proposition 4.9.5. — We have the equality

n n
204 = ) (di = ci) = P deg(D) - ) ci.
i=1

i=1

4.10. The Group 7y(?,). — In this paragraph we shall describe the group of connected
components of &, in the spirit of Tate-Nakayama duality. To do so it is necessary to make a
certain number of choices and to fix some notation.

Fix a point co € X (k). Consider the open subset o/ of &/ ® k consisting of the points
a € o (k) such that a(co) € ¢'>. It is an open subscheme of /% ®; k. If oo is defined over k, the
open subset &/ is also defined over k.

Fix a point a € o/ (k). Let U be the maximal open subset of X above which the cameral
cover X, — X is étale; by construction co € U. Suppose that G is defined by a continuous
homomorphism

pg i mi(X, ) = Out(G).

Having chosen a geometric point & of the cameral curve X, above co, we have, as in , a
continuous homomorphism 7, fitting into a commutative diagram

4.10.1) 71(U. 50) —n W 32 Out(G)
71(X, 00) —— Out(G3)

where @ = (a, ). We write W; for the image of m%in W = Out(@), and I; for the image of the

kernel of 711 (U, 00) — m1(X, c0). The commutativity of the diagram above implies I; € W.
Let now J be the open subgroup scheme of neutral components of J,. Consider the Picard

stack 2/, of JO-torsors on X. The homomorphism of sheaves of groups JO — J, induces a

homomorphism of Picard stacks &, — Z,.

Lemma 4.10.2. — The homomorphism P, — P, is surjective with finite kernel. The same

holds for the homomorphism no(P)) — no(P,) deduced from it.
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Proof. — We have a short exact sequence of sheaves
0—J) = Jo = m(Ja) =0,
where 719 (J,,) is a sheaf with finite support whose fiber at a point v € X is the group 7¢(J,.,,) of
connected components of the fiber J,, of J,. From it we deduce a long exact sequence
HY (X, m0(Ja) = H'(X.J)) — H'(X, Jo) = H'(X, m0(Ju)) = 0.

The vanishing of the last term results from the fact that 7o(J,) is supported on a scheme of
dimension zero. We deduce the surjectivity of %, — %,, with kernel H(X, 7¢(J,)). The
finiteness of this kernel comes from the finiteness of the fibers of my(J,). The assertion on
no(P) — mo(P,) follows immediately. O

Instead of the abelian groups 7o (%/) and mo(P,), it is more convenient to describe the dual
diagonalizable groups. Dually, one has an inclusion of diagonalizable groups

mo(Pa)* C mo(P,)",
where we have written

m0(Pa)” = Spec(Qe[mo(Fa)]),  mo(Fy)" = Spec(Qe[mo(F,)]).
We have used the exponent (_)* to denote the duality between finitely generated abelian groups
and diagonalizable groups of finite type over @f.
Proposition 4.10.3. — For every d = (a, ) as above, one has isomorphisms of diagonalizable
groups
mo(P)* =TV
and
no(Pa)" =T (12, Wa),
where T(1z, W) is the subgroup of TWa consisting of the elements k such that Wz C (W »
Out(G3)), and I; € Wyy, where Wy is the Weyl group of the neutral component of the centralizer
of k in G.
Proof. — By [57, Cor. 6.7] one has a canonical isomorphism
(Xw; — mo(Fy)

from the group of Wj-coinvariants of X, = Hom(G,,, T') onto the group of connected com-
ponents of /. This is essentially a particular case of a lemma of Kottwitz [42, Lemma 2.2].
Dually, one has an isomorphism of diagonalizable groups

mo(Py)" =T,

where T is the ©@,-dual torus of T.
Write U = a~! (¢3)- As in the proof of 4.10.2, we have an exact sequence

HY(X, m0(Ja)) = m0(P,) — mo(Pa) — 0,

where H(X, J,, /Jg) = @veX—U no(Ja.v), with mo(J,,,) the group of connected components of
the fiber of J, at v. For every v € X — U one has an analogous local exact sequence

70(Ja) = 70(P(J9) = 70(Py(Ja)) = 0
compatible with the global one. Consider the dual sequences of diagonalizable groups
0 — mo(P(Ja))" — ﬂO(g’v(JS))* - HO(Ja,v)*-

The subgroup
m0(Pa)” C mo(P,)"
is then the intersection of the inverse images of the subgroups

70(Py(Ja))* € 1o(Py(J0))*
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for all v € X — U. The proposition now follows from O

Corollary 4.10.4. — For a € d° (k) one has no(P,) = Zg,.
Proof. — For d@ = (a, %) with a € /°(k), we have seen that W; = W =~ ® and I; = W ¢f.
The corollary therefore follows from 4.10.3 O

4.10.5. — Let o/* (k) be the subset of those a € o/7 (k) for which 71o(%,) is finite. By(4.10.3]
this is equivalent to the finiteness of TWa. We shall show in that o/*™ (k) is the set of
k-points of an open subset o/*" of o/ .

4.11. Automorphisms. — Let (E, ¢) € M(k) be a point lying over a € A% (k). We now
establish bounds for the group of automorphisms Aut(E, ¢) in terms of a. Let U be the open
subset of X where a is regular semisimple.

Consider the sheaf of automorphisms Aut(E, ¢) that associates to every X-scheme S the
group Aut((E, ¢)|s). This sheaf is represented by the group scheme

Lieg) = hig sl

which is the pull-back of the centralizer I on g via the map i g 4) : X — [gp/G]. Therestriction
of I(g 4) to the open U is a torus, but over X the group scheme 1 (E,$) 18 neither smooth nor flat.
However, one may consider its smoothening in the sense of [10]. According to loc. cit., there
exists a unique smooth group scheme 7' . over X such that for every smooth X-scheme S, we

(E.¢)
have
Aut((E, ¢)ls) = Homx (S, I} ;).

The tautological morphism I?E 5 I(g,¢) 1s an isomorphism over U. Note that by this
characterization,

0 li
@.11.1) Aut(E,4) =H (X, I ¢))

Since J,, is smooth, the canonical homomorphism J, — I(g 4) induces a homomorphism
lis
Jo— 1 (E.6)"

which is an isomorphism over U. By the universal property of the Néron model, there is a
homomorphism

li b

I (12 o — Ja

which is an isomorphism on U.
Proposition 4.11.2. — For every (E,$) € M(k) lying over a point a € A°(k), we have
canonical inclusions

H(X,J,) c Aut(E, ¢) c HO(X, ).

Proof. — 1t suffices to check that the maps J, — I%‘g 9 and I%‘E 5 Jl’ are injective as
morphisms of sheaves for the étale topology. For this, it is enough to verify injectivity on the
formal neighborhoods at each point v € X — U. Denote by O, the formal completion of Oy at v
and by F, its fraction field. Then we have the inclusions

Ja(0)) C I{3 4(O,) € J2(Oy)

as subgroups of J, (F,). O

To describe explicitly the upper bound H (X, J b) choose splittings as in the previous section.
In partlcular we have a point co € X (k) with a(c0) € ¢ and choose a splitting p : X 5 — X
(see[I.3.6). Then there is a finite flat cover

7T,5,a . Xf),a b X,
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which is generically étale Galois with Galois group W =< ®;. Choosing a point &; € Xvﬁ,a above
oo defines a subgroup W; C W = ©,; and a normal subgroup I; C W; as in §4.10, Then, by
K.8.1]and[2.4.4] we have

HO(X,J.) = TV,

We thus deduce the following corollary.
Corollary 4.11.3. — For every (E,$) € M(k) lying over a point a € A°(k), Aut(E, ¢) is
identified with a subgroup of TVa.

Recent work of Frenkel and Witten suggests that this bound is not optimal. In fact, one should
have

Aut(E, ¢) € T(Iz, Wa),

where T(1;, W;) is the subgroup of T4 defined as in Proposition (with T replaced by T).
Moreover, equality is expected to be achieved at the most singular points of the fiber M.
4.11.4. — Over the open subset /" cf. the group 1% is finite. The same holds for
TWa, Assuming the order of W = © prime to the characteristic, T"# will be finite unramified.
The restriction of ./ to &/ is therefore Deligne-Mumford, by the corollary above.

4.12. Polarizable Tate Module. — Let us place ourselves under the hypothesis of SO
that & is a smooth Deligne-Mumford Picard stack over &/¥. Write ° for the Picard substack
of neutral components of &, and let g : PO — of° be the structural morphism, which is smooth
of relative dimension d. Consider the Tate module

Tg, (#°) = B (2:Qy),

which is a (3,-sheaf on &7,

The more elementary way of presenting this sheaf is to use rigidifiers. As in we have
defined over the open subset o/ smooth group schemes with connected fibers P~ and P?, with
P! affine, such that there is an exact sequence

1> P !5 P P20 - 1.
There follows an exact sequence of Q,-Tate modules
0— T@(P‘l) — T@(PO) — T@(gﬁww) — 0.

For every geometric point a € &/ (k), write A, for the maximal abelian quotient of P0. Since
P! is affine, the arrow Tg, (PY) — Tg, (Aa) factors through T@[(g’g). From this we deduce
an exact sequence

_ _ (0 _
0— TQ(,(Ra) - TQ[(@(J) - TQ((Aa) — 0,

which in fact does not depend on the choice of rigidifier. Thus, although no canonical Chevalley
decomposition is available for the Deligne-Mumford Picard stack 9, one does have a canonical
decomposition of its ©,-Tate module.

Proposition 4.12.1. — There exists an alternating form

¥ T, (P°) x Ty (27) — Q1)

such that at every geometric point a € (k) the form i, vanishes on the affine part T@ (R,)
and induces a perfect pairing on the abelian part T@( (Ap). '

The proof of this proposition is based on Weil pairing theory which we will recall for the
reader’s convenience. Let S be a strictly Henselian local scheme. Let ¢ : C — S be a proper
flat morphism with geometrically reduced fibers of dimension one.

Suppose that C is connected. Consider the Stein factorization C — §* — S where C — §’
is a proper morphism with connected non-empty fibers and S — S is a finite morphism. Since
the special fiber of c¢ is reduced, the morphism §” — S is finite and étale. Since C is connected,
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S’ is also connected. Since we assumed that S is strictly Henselian, we then have §” = S. In
other words, the fibers of ¢ : C — § are connected.

Consider the S-Artin stack Picc/s which associates to any S-scheme Y the groupoid of
invertible bundles on C Xg Y. It is smooth over S. Consider its neutral component Picg /s
any point L € Picy,/s(Y), for any y € Y, we can define the Euler-Poincaré characteristic y, (L)
of the restriction of L to Cy. If Y is connected, this integer is independent of y and we denote it

x(L). If L e Picg/s, we have y (L) = x(Oc¢).

For any pairof L, L € Picg 150 We define their Weil pairing by the formula

For

(L, L')¢ys = det(Re,(L ® L)) ® det(Re,.L)®™!
®det(Re,.L)® ™! @ det(Re.0¢)

using the determinant of cohomology. If 7 is an automorphism of L which is then a scalar, ¢ acts
on det(Rc, L) by the scalar t¥&). Using the equalities

X(L®L)=x(L)=x(L") = x(Oc)

forL,L" € Picg’( 150 We verify that for any pair of scalars (¢, ¢’) the action of 7 on L and the action
of # on L” induce the identity on (L, L’)¢/s.
If N is an invertible integer on S and L is an invertible bundle equipped with an isomorphism

i : L8N — Oc, we have an isomorphism
(L. L")¢)5 = Os.

If furthermore L’ is also equipped with an isomorphism ¢/ : L'®Y — O¢, we have another
isomorphism (L, L’)?j\’s = Os. The difference between these two isomorphisms defines an N-th
root of unity. This root depends only on the isomorphism classes of L and L’ by virtue of the
discussion on the effect of scalars.

Suppose now that C is a connected projective curve over an algebraically closed field k. The
stack Picg is then the quotient of a connected commutative algebraic k-group Jacc by G, acting
trivially. The above construction defines an alternating form

T@[ (Jace) X T©€ (Jacc) — @5(—1)

which is non-degenerate when C is smooth. To conclude this digression, we still need to consider
the behavior of the Weil pairing with respect to normalization.

Lemma 4.12.2. — Let C be a reduced projective curve over an algebraically closed field k.
Let C" be its normalization and & : C’ — C be the normalization morphism. Let L,L’ be
two invertible bundles on C. Then there exists a canonical isomorphism of one-dimensional
k-vector spaces

(L,L")c = (¢"L, &L ).
Proof. — We have an exact sequence

0— Oc — &0 — D —0

where D is an Oc-module of finite length supported on a finite collection of points {cy,...,c,}
of C. Let D; denote the direct factor of D supported on ¢; and d; its length. The multiplicativity
of the determinant then provides us with an isomorphism

det(c)6c) = det(c.£.00) = det(c.0c) ® (X) A1 D;

i=1

where ¢ : C — Spec(k) and ¢” : C" — Spec(k) denote the structural morphisms.
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Let L be an invertible bundle on C. By using the projection formula £,.6*L = (£.0) ® L, we
obtain the formula

.
det(c2¢"L) = det(c,L) & (X)(LE" @ A% D)
i=1
where L., is the fiber of L at ¢;. By applying this formulato L ® L’, L and to L’, we obtain the
lemma. =

We are now able to prove Proposition
Proof. — Recall that for any point a € &%, P, is the Picard stack of J,-torsors on X. Let
n, : X, — X be the cameral cover associated with a. According to the Galois description of
the regular centralizer, we have a homomorphism of group sheaves cf.

Jo = (T Xx Xa)
where T is the maximal torus of G in the fixed pinning. By considering a splitting X, — X

of G, we obtain a finite étale cover X,, — X, by base change. Let 7,, : X,, — X be the
composed morphism. We thus have a homomorphism

Jao = mpas(T X Xp,a).
where T is a split torus. The datum of an ¢"-torsion point of %, thus induces an ¢"*-torsion
point of Pic X ® X, (T). By choosing an invariant symmetric form on X,.(T) ® ), and using

the Weil pairing on Pic% , we obtain an alternating form
p,a

Ty, (Za) ® Tg, (24) — Qe(=1).

It remains to show that at each geometric point a, this symplectic form is zero on the affine part
of T¢(%,) and induces a non-degenerate pairing on its abelian part. This follows from Lemma

4122 O

4.13. Dimensions. — We will use the same notation ¢p to denote both the vector bundle over
X and the corresponding locally free Ox-module. If G is split, the Ox-module ¢p has the

explicit expression
-
=P
i=1

where e, . . ., e, are the natural numbers appearing in In general, ¢p has this form after a
finite €tale Galois base change p : X, — X that splits G. By definition, the vector bundle ¢p is

¢p = Spec(SymOX(cZ)),
where Sym,, (¢},) is the symmetric algebra sheaf of the dual Ox-module ¢7,.
Lemma 4.13.1. — If deg(D) > 2g — 2, then A is an affine k-space of dimension
#® deg(D)
2

where r is the rank of G and § ® is the number of its roots.
Proof. — Letp : X, — X be the finite étale Galois cover that splits G. Then p*¢p is isomorphic
to the direct sum €p’_, p*D®*. It follows that

deg(cp) = (e1 + - -+ e,) deg(D).

dim(A) = +r(l —g+deg(D)),

By the Riemann—Roch theorem, we have

dimH’(X, ¢p) —dimH' (X, ¢p) = (e1 + - - - + e,) deg(D) + r(1 — g).
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According to Kostant, the integers e; — 1 are the exponents of the root system @, so that

)
€1+"'+€r:r+7.

Thus, it remains only to prove that H' (X, ¢p) = 0. Since deg(D) > 2g — 2 and p is finite étale,
we have

deg(p*D) > deg(p”Qx/x) = deg(Qx,/k),

from which the vanishing of H! (X, p*D®¢) follows. To prove the vanishing of H!'(X, ¢p),
note that H' (X, ¢p) is a direct summand of H! (Xp, p%cp). O

Thus, if deg(D) is a fixed integer greater than 2g — 2, the dimension of the Hitchin base A
does not depend on D nor on the quasi-split form.
Proposition 4.13.2. — For every a € A(k), there is a canonical isomorphism

Lie(J,) = ¢, ® D.

In the proof below, when f : X — Y and £ is an Oy-module, we simply write £ to also
denote its pull-back f* L. This abuse of notation should not cause confusion since the scheme
on which the module lives is always clear from context.

Proof. — According to the homomorphism J, — J] induces an isomorphism Lie(J,) —
Lie(J!) on Lie algebras. By the construction of J!, Lie(J!) can be computed using the cameral
cover 7, : X, — X by the formula

| 4
Lie(J)) = ((na)*t) .
Recall that the cameral cover is defined by forming the cartesian diagram

)?a —1p

X — Cp.
Since r is finite and flat, the formation of 7.t commutes with any base change, in particular
(4)st = a*n.t. Hence, it suffices to compute (m,1)".

Since ¢p 1s the invariant quotient of tp by the action of W, the same holds for the total spaces
of the tangent bundles 73, /x and T, ,x. Thus,

(”*QtD/X)W = Q'cD/X-

Moreover, as tp is a vector bundle over X, we have Q,,/x = tp-1. Similarly, Q,/x = ¢},. We
ultimately obtain an equality of O, -modules

(ﬂ-*tD*l)W = c;)a
so that
w *
(ﬂ'*t) = CD ® D
Pulling back this equality via the section @ : X — ¢p, we obtain Lie(J,,) = ¢p ®oy D. O

In the case where G is split, the lemma allows one to express Lie(J,) in terms of D and the
exponents of the root system ®. If ey,...,e, are the degrees of the homogeneous invariant

polynomials (see[I.1.1]), then
Lie(J,) =D a...@ D™
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If G is not split, Lie(J,) becomes isomorphic to the direct sum on a finite étale Galois cover of
X that splits G. In particular,

i - ® deg(D
deg(Lie(Ja)) = ) (~e; + 1) deg(D) = _# & deg(D)
i=1 2
Corollary 4.13.3. — For every a € A°(k),
@ deg(D
dlm(?)a) = ﬁ—;g() + r(g _ 1)

Proof. — We have

dim(®,) = dimH' (X, Lie(J,)) — dimH®(X, Lie(J,,)),
so that the stated equality follows from the Riemann—Roch formula. O
4.13.4. — We shall write d = § ® deg(D)/2 +r(g — 1) for the relative dimension of & over .
Comparing with the formula

dim(A) =

liCI)d—gg(D) +r(1 - g +deg(D)),

we obtain
dim(P) = (r + § @) deg(D).

In|4.16.1{we will show that M_® is dense in M, so that one obtains the same dimension formulas
for M

@ deg(D
dim(M,) = ﬂ%‘g() +r(g-1)
and
dim(M) = (r + §®) deg(D).
4.14. Deformation Calculation. — The deformations of Higgs bundles have been studied by

Biswas and Ramanan in [9]. For the reader’s convenience we shall take up their computation
again.

Recall first the standard computation of the deformations of a torsor under a smooth group.
Let S be a k-scheme and G a smooth group scheme over S. Let BG be the classifying stack of
G. The universal G-torsor EG is then S over [S/G]. Denote

¢ : EG — BG
the tautological G-torsor. Consider the distinguished triangle of cotangent complexes
mgcLBGc/s — LeG)s — Lec/Bc — 7pgLeaysll].

Since § = EG, the cotangent complex Lgg/s is zero, while Lgg ¢ is the vector bundle g*
placed in degree 0. It follows that

Lec/Bc = mgeLeas[1].
Hence, we deduce an isomorphism
9" [-1] = mps LBG/ss
which, by descent along mgg, induces an isomorphism
(EG NG g*)[—l] = LBG/S-

Thus, the cotangent complex Lgg i of the classifying stack of G is the vector bundle obtained
by twisting g* by the torsor EG, placed in degree 1.
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Therefore, for any S-scheme X and any G-torsor E on X corresponding to a map hg : X —
BG, the obstruction to deforming E lies in

H! (X,RHom(h*ELBG/S, OX)) - H2(X,E AC g).
If this obstruction vanishes, the deformations form a torsor under
HO(X, RHom (s Lyg/s. OX)) —H'(X,E AC g),

and the group of infinitesimal automorphisms is H*(X, E AC g).

Now let V be a vector bundle on S with a G-action and consider the quotient stack [V/G].
The G-torsor ny : V. — [V/G] defines a morphism [v] : [V/G] — BG, which fits into a
cartesian diagram

V—+EG
o
[V/G] —=BG.

[v]
Consider the distinguished triangle of cotangent complexes
myLivicls — Lvis — Lvjvie) — ayLvjciell]-
Here, Ly/s is a constant vector bundle of value v*V* placed in degree 0 (with V* the dual of V)
and Ly,[v/G] = v*'Lgg,Bc is the vector bundle v*g* placed in degree 0. At each pointv € V,
the G-action yields a linear map
a,:qg—LV=V,
whose dual is the map
@, : (Lys)y =V — (Lyjvie)v = 6
This map descends to [V/G] as
@, AC mty sy APV — 1y AC g,
whose cone is isomorphic to Ly/g)/s-

Apply the above to calculate the deformations of Hitchin pairs. Recall the notations fixed at
the beginning of Section 3| In particular, G is the reductive group scheme over the curve X and
g is its Lie algebra, equipped with the adjoint action of G and with the G,,-action by homothety.
The line bundle D defines a G,,-torsor Lp. Consider the stack [gp /G| obtained by twisting g
by Lp and then taking the quotient by G. Then the cotangent complex L[4, /G]/x 18 identified
with

Lig/a1/x A°" Lp,
which is the cone of
where 7p g is the obvious G-torsor over the quotient [gp/G].
Let (E, ¢) be a Higgs bundle on X with values in k. It corresponds to a morphism

hgg: X — [gp/Gl.
The deformation of (E, ¢) is controlled by the complex
m(hz,¢(LD A L[g/G]/X), OX),
which in turn identifies with
ad(E, ¢) := [ad(E) — ad(E) ® D],

where
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— ad(E) is the vector bundle E A© g;

— ad(FE) is placed in degree —1, and ad(E) ® D is placed in degree 0;

— the differential is given by x — [x, ¢].

Recall Proposition 5.3 of [57]. (The reader will note a difference in the shift of ad(E, ¢)
relative to that reference.) We now give an alternative proof. .
Theorem 4.14.1. — Let (E, ¢) € M(k) be a point lying over a point a € A (k). Then the
group H' (X, ad(E, ¢)), in which the obstruction to deforming the pair (E, $) lies, vanishes in
either of the following cases:

— deg(D) > 2g -2, o

— deg(D) =2g — 2 and a € A*™ (k).
If either hypothesis is satisfied, then M is smooth at (E, ¢).

Proof. — Fix a nondegenerate, symmetric, invariant form on g. Then the dual of the complex
ad(E, ¢) is identified with

ad(E, ¢)* = [ad(E) ® D™! — ad(E)],

with the two nonzero terms placed in degrees —1 and 0, and with differential x — [x, ¢]. The
(—1)-st cohomology of this complex is isomorphic to

.ol -1
Lle(I(lg’(p))@D ,

where I%‘g %) is the smooth group scheme over X defined in §4.11, By Serre duality,

H!(X,ad(E, ¢)) is dual to

HO(X, Lie(/ly )@ D' @ Qx/k).

Since we have an injection Lie(/ %‘E ») = Lie(/, b), it suffices to prove that

HO(X, Lie(/)® D' ® Qx/k) - 0.
This reduces to proving the following lemma. O
Lemma 4.14.2. — For every a € A°(k), one has
HO(X, Lie(J") ® L) -0

for every line bundle L of strictly negative degree. The same conclusion holds under the
hypothesis a € A™ (k) when deg(L) < 0.
Proof. — Choose a splitting p : X; — X of G (see . Then there is a finite flat cover

X5 — X which is generically étale Galois with group W < ©. Let ng’ ., be the normalization

of fp,a, and denote by 71';3’ . its projection to X. By.8.1,

)WN@}O

Lie(J?) = (ﬂ%’a)*(();g’a ®t

so that
b N W05
Lie(J))® L = (ﬂa)*((ﬂa) L® t) )
If deg(L) < 0, then (ﬂZ)*L is a line bundle of strictly negative degree on each connected

component of 5(1’.) , and cannot have any nonzero global sections. If deg(L) = 0, then (ﬂZ)*L
has nonzero global sections if and only if it is isomorphic to Oz, . In that case,
p.a

Ho(yg,a’ (7))L ®t)W”®ﬁ) = t"a,
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where Wj is the subgroup of W = ©; defined as in - Under the hypothesis a € A (k),
the group t"a vanishes. O

4.15. Product Formula. — We now recall the link between the Hitchin fibers and the affine
Springer fibers, which are their local analogues.

Let a € AY(k), and let U be the inverse image of the regular semisimple locus ¢** under the
map a : X — ¢p. The gluing with the Kostant section defines a morphism

[ Mi(a) — M.
veX-U
Similarly, there is a group homomorphism [, c3_y Pv(Ja) — Pa. These induce a morphism

l: rl M, (a) Allvex-v Pv(Ja) P, — M,.
veX-U
According to Theorem 4.6 of [57], this morphism induces an equivalence on the category of
k-points. (Notice that, compared to [57], the notations have been changed: what was denoted
by M; , there is now M, (a), and the notation M, , does not appear here.)
Proposition 4.15.1. — For every a € A\ (k), the quotient of

[T M@ x 2
veX-U
by the diagonal action of [],cx_y Pred(J,) is a proper Deligne-Mumford stack. Moreover, the
morphism
[T M@ Albexo P00 2, — M,
veX-U

is a homeomorphism.
Proof. — The homomorphism ?,(J,) — P, induces a map 7o(P,(J,)) — mo(P,) on con-
nected components. Since a € A™ (k), mo(P,) is finite, and the kernel of this map is a subgroup
of finite index in 7o(P,(J,)). Thus, there exists a free abelian subgroup A, of finite index in
7o(Py(J,)) contained in the kernel.

Choose a lift A, — P, (J,). Since a is defined over a finite field, after possibly replacing A,
by a subgroup of finite index, we may assume that A,, is contained in the kernel of P,,(J,) — P,.

The group [T,cx_y Ay acts on [],c5_y M4 (a) x P, by acting freely on the first factor and
trivially on the second. The quotient is

[T (M=@/A) x Pas
veX-U
where each M*4(a)/A, is a projective k-scheme (by Kazhdan-Lusztig; see .
It remains to quotient by Hveg_U(Pv(Ja)/Av). For each v, the homomorphism R, (a) —

P,(J.)/A, is injective with finite kernel. Recall that we have a short exact sequence

1—>Ra—>¢’a—>¥)b—>l,

a

where Pab is a proper Deligne-Mumford stack. Thus, the quotient of

[T (M=@ia) <2,

veX-U

by the diagonal action of R, = [],R,(a) is a locally trivial fibration over " with fibers

isomorphic to ’
[T (m=@/n).

veX-U
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This quotient is then a proper Deligne-Mumford stack.

Finally, we must quotient by the finite group [[, P, (J,)/(R,(a) X A,). The final quotient is
also a proper Deligne-Mumford stack.

Since M, is a Deligne—-Mumford stack (in particular, separated), the morphism

g : 1—[ M\r}ed(a) /\HVGX*U P (Ja) Py — Ma
veX-U

is proper. Since it induces an equivalence on k-points, it is a homeomorphism. In particular,
M, is a proper Deligne—Mumford stack. O

One expects that the statement above extends to all a € A (k).
Corollary 4.15.2. — For every a € d*"(k), M, is homeomorphic to a projective scheme.
Moreover, for every m € M, (k), the stabilizer of m in P, is an affine group.

4.16. Density. — We now state and prove the global analogue of

Proposition 4.16.1. — For every geometric point a € A°(k), the fiber ML ¢ is dense in the
fiber M,.

Proof. — The product formula (Proposition|4.15.1)) implies that the closed complement of M
in M, has strictly smaller dimension than M,*. Since the total Hitchin stack M is smooth
over k (by [4.14.1)), the Hitchin fibers M, are locally complete intersections. In particular, they
cannot have irreducible components of strictly smaller dimension than themselves. This shows
that M is dense in M. O

The proof above is essentially the same as that of Altman, larrobino, and Kleiman in [1] for
the density of the Jacobian in the compactified Jacobian of a reduced, irreducible projective
curve with planar singularities.

Corollary 4.16.2. — The regular part M 8(a) of the affine Springer fiber M, (a) is dense.

One constructs a global situation from the local one as in ¢f. [8.6] Then the local assertion
follows from the global one via the product formula. (We omit further details as this corollary
will not be used later in the article.)

Corollary 4.16.3. — For every a € A°(k), M, is equidimensional of dimension

—ﬂq) d;g(D) +r(g-1).

Moreover, the set of irreducible components of M, is identified with the group my(P,).
Proof. The dimension formula follows from Corollary 4.13.3l The identification of the set
of irreducible components of M, with the group 7o(%,) is enabled by the Kostant section. O

Corollary 4.16.4. — If deg(D) > 2g — 2, the morphism f° : MY — A is flat of relative
dimension d. Its fibers are geometrically reduced.

Proof. — By both M and A” are smooth over k. To prove that f is flat, it suffices to
show that the dimensions of the fibers satisfy

dim(M,) = dim(M) — dim(A).

This follows from the equalities dim(M,) = dim(%,) and dim(M) = dim(%), and since for P
smooth over A (see[d.3.5)) we have

dim(P") = dim(A°) + dim(P,).

As in the proof of Proposition [4.16.1] the fiber M,, being locally a complete intersection and
admitting a dense smooth open subset, must be reduced. O
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4.17. The Case of Endoscopic Groups. — Let («, p,) be an endoscopic datum for G over
X (see|1.8.1). Let H be the associated endoscopic group. As in there is a morphism
v : ¢g — ¢. Twisting by D, one obtains a morphism

V:iCHDp — (.
Taking X-valued points, we obtain a morphism (still denoted by)
v: Ay — A.

It is known (see [57, 7.2]) that the restriction of this morphism to A is finite and unramified.
4.17.1. — Set

D| - |®Pyl) deg(D
1) = (21719 deg(D)

By Lemma[4.13.1] we have
dim(A) - dim(Ay) = rS(D),

so that the image of &Zlg_@ =y 1(A%) in A7 is a closed subscheme of codimension rg(D).
4.17.2. — Over Ay, there is the Hitchin fibration for the group H

fH . MH —)ﬂH.

There is also the Picard stack Py — Apy acting on Mp. There is no direct relation between
M and My, but P and Py are simply related. Let ay € Ay (k) with image a € A% (k).
The homomorphism u : v*'J — Jy frominduces a homomorphism J, — Jy 4, which is
generically an isomorphism. Thus, one obtains a surjective homomorphism

Pu - PH,aH
with kernel
_J
Rg,aH = HO(X’ I—;aH)’
a

which is an affine group of dimension
dim(Ry] , ) = dim(Py) — dim(Ppay)-
According to Corollary 4.13.3] we also have

dim(®g,) = LN ED) g )

4.17.3. — Let J}’{ a;, D€ the Néron model of J,4,,. We have homomorphisms

b
Ja - JH,aH - JH,HH’

which are isomorphisms over a nonempty open of X. Hence, JZ an 1s also the Néron model of
J,. Combining with (4.9.2)), we obtain the exact sequence

1 — Rg’aH — Ry = Ry — 1.
We deduce the dimension formula
561 - 61‘1,61[—1 = rg(D)’

where ¢, = dim(R,) and 0y 4, = dim(Rpy 4, ) are the d-invariants for G and H, respectively.
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4.18. The Case of Paired Groups. — Let G| and G, be two X-group schemes that are paired

in the sense of [1.12.4] Then there is an isomorphism ¢, = ¢g, (see(1.12.6). This yields an
isomorphism ¢, p = ¢g,,p and thus an isomorphism between the bases of the Hitchin fibrations,

A=A = A,
There is no direct relation between the fibrations
A M > A and f,: My > A

of G| and G5, but there is a relation between the associated Picard stacks $; and 5.
Proposition 4.18.1. — There exists a homomorphism between the ‘A-Picard stacks

P1 — Pa,

which induces an isogeny between their neutral components.

Proof. — As in the proof of there is an isomorphism t; = t, over the isomorphism
(G, = ¢G,. By , we deduce an isomorphism between the neutral components ng = ng of
the regular centralizers of G and G,. Since Jg, and Jg, are group schemes of finite type, by
composing the isomorphism ng = ]82 with multiplication by a sufficiently divisible integer N,
one obtains a homomorphism ng — ng which extends to a homomorphism Jg, — ng with
finite kernel and cokernel. This yields a homomorphism between the Picard stacks

Pr— Po,

which induces an isogeny between their neutral components. O

5. Stratification

In the remainder of this paper we will need two stratifications of the Hitchin base A, one
relative to the group of connected components of the fiber #, and the other relative to the invariant
04, which is, in some sense, the dimension of the affine part of ,. These stratifications exist by
general semicontinuity arguments. The purpose of this chapter is to understand how these two
invariants relate to the cameral curve and to render the construction of these stratifications more
explicit.

The basic observation is as follows: since these two invariants are completely determined
by the cameral cover )?a — X, in the case where the normalizations of the cameral curve
vary in families the invariants d, and mo(%,) are locally constant. We will therefore define
the stratification by family normalization having, over each stratum, a cameral curve which
normalizes in family after a radicial base change of the stratum. This stratification is then finer
than the stratifications relative to 6, and to mo(#,). We will begin by discussing the case of
GL(r), where one is led to the well-known problem of family normalization of curves on a
surface.

A key result of this chapter is Proposition[5.7.2]which gives a lower bound for the codimension
of the stratum Ay under a hypothesis on deg(D). In characteristic 0, one has a proof of this
inequality based on the symplectic nature of the Hitchin fibration without resorting to the
hypothesis on deg(D). We will present that argument in another paper where more emphasis
is placed on characteristic 0. In positive characteristic that argument does not work. Here
is how we will circumvent the obstacle. Goresky, Kottwitz, and MacPherson have computed
similar codimensions in the local setting (see [28]). The global calculation reduces to the local
calculation provided that deg(D) is large.

We will introduce an étale open subset A of A over which 7¢(?) becomes a quotient of a
constant sheaf. With this extra rigidity, the endoscopic decomposition that will be studied in the
next chapter will have a pleasant form over A.
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5.1. Family Normalizations of Spectral Curves. — In this chapter we introduce a stratifica-
tion of the Hitchin base A adapted to the Picard stack . The general case will be modeled on
the case of the linear group, which we now discuss.

In the case G = GL(r), one may associate to every point

a e A% (k)
areduced curve Y, drawn on the total space of the line bundle D (see.4). The symmetry group

P, is then the Picard stack Pic(Y,) of invertible Oy, -modules. The structure of Pic(Y,) can be
analyzed using the normalization of Y. Let

£:Y) >,
be the normalization of Y. The functor
L= &L,
which assigns to every invertible Oy, -module its pull-back via &, defines a homomorphism
Pic(Y,) — Pic(Y)).

The long exact sequence in cohomology associated with the short exact sequence of sheaves on
Y,
| =0, = £}, £.03/0f, 1

provides the following information. The kernel of £*, which consists of the category of invertible
Oy,-modules £ equipped with a trivialization of £* £, is an algebraic group whose set of points
is

H(Y,,£.0},,/07).

Moreover, the functor £* is essentially surjective.
One can attach two invariants to this situation:

— the set Jro(Yg ) of connected components of Yg;
— the integer

5, = dim HO(Ya,f*OYE /Oy,),
called the Serre ¢-invariant.
By taking the degree on the components of Y['f, one obtains a homomorphism

70(Pic(Y,)) — Z70(a)

which is an isomorphism. The invariant § measures the dimension of the affine group ker(£¥).
Teissier introduced in [[77] the moduli space of family normalizations of a family of plane
curves. First, recall the definition of a family normalization.
Definition 5.1.1. — Lety : Y — S be a proper, flat morphism with reduced one-dimensional
fibers. A family normalization of Y is a proper birational morphism & : Y* — Y that is an
isomorphism over an open subset U of Y, which is dense in every fiber of Y over S, and such that
the composite y o & is a proper and smooth morphism.
In a family normalization the invariants ¢ and 7 (%) remain locally constant.
Proposition 5.1.2. — (1) The direct image y.(¢.Oyy /Oy) is a finitely generated locally free
Os-module.
(2) There exists a sheaf no(Y?), locally constant for the étale topology on S, whose fiber at
each geometric point s € S is the set of connected components of Ysb .
Proof. — Let s be a geometric point of S. The restriction of £,.Oy. /Oy is supported on Y, — Uj,
which is a zero-dimensional scheme. It follows that

Hl (Ys’ f*OYb/OY) =0
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and that
dim H% (Y, £,.0y»/Oy)

is the difference between the arithmetic genus of Y and that of Ysb . This is thus a function locally
constant in s. It remains to apply the base change theorem for coherent sheaves [56, 5, Corollary
2].

The second assertion is a consequence of the fact that £,Qy is a locally constant sheaf. O

We now restrict ourselves to the case of spectral curves. Let B be the moduli space of family
normalizations of the spectral curves Y. It associates to every k-scheme S the groupoid B(S)
of triples (a, Y, 2 ,&) where a € A”(S) is an S-point of AY, where Y, 2 1s a smooth projective curve
over S, and where ¢ : Yab — Y, is a family normalization of the spectral curve Y, associated to
a. The functor 8B is representable by a k-scheme of finite type.

The forgetful morphism 8 — AY induces a bijection on k-points. Indeed, for every
a€ A IE), the normalization Yg of Y, is uniquely determined. However, 8 has more connected
components than A. In fact, the two invariants ﬂO(?a) and ¢, are locally constant by Proposi-
tion Let ¥ be the set of connected components of B ®; k. For every ¢ € P, there exists
an integer 6 () equal to §, for every a € By (k).

Teissier [77]], Diaz and Harris [22], Fantechi, Gottsche, and Van Straten [25], and Laumon
[S1] have proved the local analogue of this result. The passage from local to global currently
requires the hypothesis on deg(D). We will use this result only as a guide. From the following
section on, the letters B, ¥, and ¢ will take on slightly different meanings.

5.2. Family Normalization of Cameral Curves. — In the case of classical groups one still
has spectral curves [34], [S9]. However, with these spectral curves one is forced to work case by
case. We will in fact study the general case by examining the moduli space of normalizations
of the cameral curves endowed with the W-action. This will even lead in the case of GL(r)
to a different stratification, finer than that defined by the moduli space of normalizations of the
spectral curves.

Let S be a k-scheme. An S-point a of A" defines a morphism

a:XXxXS—¢p.

By taking the inverse image of the covering 7 : tp — ¢p, one obtains a finite flat cover X, of
X x § which in each fiber is generically a W-torsor.

Consider the functor 8 which assigns to every k-scheme S the groupoid of triples (a, )?2, &)
where:

— a € A°(S) is an S-point of A°.

- X Y is a proper smooth curve over S, endowed with a W-action and a morphism 7”, : X b
X x § that is finite, flat, and, fiberwise, generically a W-torsor.

- ¢ X 3 — X, isa W-equivariant birational morphism which is a family normalization (see
Definition over an open subset U of Y that is dense in every fiber.

Let b = (a,fg,f) € B(S) be a point of B over a connected S. Let prg : X XS — S be
the projection. By Deﬁnition the direct image (prS)*(f*O);Z / OXZ ) is a finitely generated
locally free Og-module. The same holds for

((prs).(£.05 /Ox1) ®0y )"

under the hypothesis that the order of W is prime to the characteristic of k. Since S is connected,
this locally free Og-module has a constant rank which we denote by 6(b).

For every a € ﬂ”(lz), the cameral curve )?a has a unique normalization X ab which is then
a smooth curve over k. It follows that the forgetful morphism 8 — A induces a bijection
on k-points. Moreover, it induces an injection on points over any field by the uniqueness of
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normalization. In characteristic p and over a non-perfect field, the normalization may fail to be
smooth so that the above map may not be surjective when evaluated on a non-perfect field.
Proposition 5.2.1. — The functor B defined above is representable by a k-scheme of finite type.
Proof. — Consider the functor 8’ which assigns to every scheme S the set of pairs (Xg,y)
where:

- fab is a proper smooth curve over S, endowed with a W-action and a morphism 7 : X b
X X § as above.

-y )?g — tp X § is a W-equivariant morphism such that the inverse image of the regular
semisimple locus of tp is dense in each fiber.
Let H be the functor that assigns to every scheme S the set of isomorphism classes of smooth
projective curves )?2 over S, endowed with a W-action and a morphism 7, : fg — X XS as
above. This functor is representable by a quasi-projective k-scheme. The morphism

h:8 —H

is also representable so that B’ is representable by a quasi-projective k-scheme.

Moreover, there is a morphism 8 — $B’. It sends a point b = (a,fg,f) € B(S) to the
point b’ = (522, v), where y is the composition of & : )?2 — X, with the closed immersion

X, — tp X S§. To prove the representability of B, it suffices to verify the following assertion. O

Lemma 5.2.2. — The morphism 8 — B’ is an isomorphism.

Proof. — To show that the morphism 8 — B’ is an isomorphism, we will construct an inverse.
Let b’ = (fg,y) € B’(S). Consider the W-invariant part of the push-forward (712)*055). This
is a finite Oxxs-algebra whose fiber in each S-fiber is generically isomorphic to Oy. Since X is
normal, it follows that

((72).0)" = Oxxs.

Using the equality k[t]" = ¢ (see|l.1.1), the W-equivariant morphism y : X? — tp induces a
morphism
a:XXxXS§—¢p.

Let X, be the cameral curve associated to a. The morphism y then factors through a morphism
£: Xy > Xa,
which fiberwise over S is a normalization of X,. Thus we have constructed a point
b= (a,X’,&) € B(S).
The morphism 8’ — B constructed in this way is inverse to the morphism 8 — $’. O

Let ¥ be the set of connected components of B ®; k. For every ¢ € ¥, let B, be the reduced
connected component of B ®;, k indexed by . The Galois group Gal(k/k) acts on the finite set
W¥. For every y € W, let Ay be the image of B, in A" & k. A priori, Ay is a constructible
subset by Chevalley’s theorem; in fact, it is a locally closed subset.

5.3. Stratification of the Etale Open Subset A. — In the remainder of the article we shall
not work directly on the Hitchin base A, but on an €tale open subset of it. This choice detracts
from our claim to geometrize the stabilization of the trace formula[I.13] but it rids us of a number
of incidental difficulties.
5.3.1. — Let o € X (k). Consider the étale open subset A of A ®; k whose points are the
pairs (a, ) with a € A such that the cameral cover X, — X is étale above oo, and where & is
a point of X, above oo. Note that if co € X(k), then A has an evident k-structure.

The construction above can be reformulated diagrammatically as follows. The choice of the
point co € X (k) defines a morphism A ®; k — (D., Where ¢p  1s the fiber of ¢p above
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oo, which assigns to a € A the point a(co). Let A™ denote the inverse image of the regular
semisimple open subset ¢} | of ¢p . We then in fact have a cartesian diagram

A—1p.

L

AX —— (D,

which makes A a W.-torsor over A*, where W, is the fiber above oo of the finite étale X-group
scheme W.

Lemma 5.3.2. — Suppose that deg(D) > 2g. Then A is smooth and geometrically irreducible.
Proof. — Under the hypothesis deg(D) > 2g, the linear map A — ¢p  in the diagram above
is surjective cf. We deduce that the upper arrow of the diagram is a smooth morphism with
connected fibers. Since tp o, is a vector space, A is smooth and geometrically irreducible. O

We now form the cartesian diagram
Z} =B X4 ﬁ,

where B is the moduli space of family normalizations of cameral curves cf. This morphism
defines a bijection at the level of geometric points. The image of a connected component of
B @ k in A @ k is a constructible subset. A constructible subset is by definition a finite union
of irreducible locally closed subsets. Let A’ be one of these irreducible locally closed subsets
and B’ its inverse image. The morphism 8’ — A’ induces a bijection at the level of geometric
points; in particular it is quasi-finite. Applying Zariski’s main theorem, one sees that there
exists a dense open subset A” of A’ above which the morphism 8’ — A’ is finite and radicial.
Subdividing further and proceeding by noetherian induction, one obtains a stratification into
irreducible locally closed subsets

(5.3.3) Aek=| | A

such that, if B, denotes the inverse image of Ay in B, the morphism B, — A, is a finite
radicial morphism.

Subdividing yet further if necessary, we may assume that the closure of a stratum ﬁw isa
union of other strata. This makes it possible to define a partial order relation on the set ¥ of
strata. Since A is geometrically irreducible, the set ¥ admits a maximal element, which we
shall denote by Y.

5.4. Monodromic Invariants. — We shall now construct a monodromic invariant attached to
each stratum of the stratification[3.3.3]

Recall that the form G of G is given by a homomorphism pg. : 1 (X, 00) — Out(G). Let ©
denote the image of the geometric fundamental group 71 (X, o) in Out(G), which is a subgroup
of finite order.

541. — Letd = (a, ) € A(k). Let U be the maximal open subset of X above which the
cameral cover X, — X is étale; it contains oo in particular. By|l - we have a commutative
diagram

71(U, 00) —2= W » Out(G)

| |

71(X,x) Out(G)
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Let W; denote the image of x) in W > Out(G), and let /; be the image of the kernel of the
homomorphism 71 (U, o) — 71(X, 00). By construction, W; is contained in the finite subgroup
W = 0, and /; is a normal subgroup of W; contained in Wz N'W.
5.4.2. — Let us restate the definition above in the language of covers. Let X, — X be
the connected finite étale Galois cover with Galois group ® corresponding to the surjective
homomorphism

pe : mi (X, ) — 6.

By construction it carries a point co,, above co. Form the cartesian product
Xpu = XaXx X,

of the cameral curve X, with the finite étale cover X, » — X. The curve X, ,a 18 then equipped
with an action of W > ©, and so is its normalization X , b . Let C; be the connected component

of X, X" « containing o, = (&, 00,). The group W; is then the subgroup of W > ® consisting of
the elements that leave this component stable. The group /; is then the subgroup generated by
the elements of W; admitting at least one fixed point in Cj. Since the projection of Cz onto X,
on which the group ©, acts freely, /; is contained in the kernel of the projection W; — 0. It
follows also that I; ¢ W; N'W.

Proposition 5.4.3. — Themap a — (15, Wy) is constant on each stratum f(w of the stratification
5.3.3

Proof. — By construction of the stratification . the morphism B(/, — ﬂw 1s a finite
radicial morphism. Above the connected scheme Bw, the normalization X Xb — X, of the
cameral curve goes over into families, as does the whole construction precedlng the statement
of this proposition. We therefore have a proper smooth relative curve

Xpy — By
equipped with an action of W = ® and with a section &,. As in Lemma there exists

a locally constant sheaf no(fp,l/, / Z?l/,) for the étale topology of @w which interpolates the sets

of irreducible components of the fibers of va,d/ / @¢. The group W = ® acts on this sheaf and
induces a transitive action on its fibers. The datum of the section deduced from co,, implies that

this sheaf is constant. The proposition follows. O
5.4.4. — It follows from the preceding proposition that there is a map
Y (1y, Wy)

defined on the set ¥ of strata of the stratification compatible with the map @ +— (17, Wz)
defined at the level of geometric points.
Lemma 5.4.5. — Consider the set of pairs (11, Wy) consisting of a subgroup W) of W = ® and
a normal subgroup 1| of Wi, and the partial order on it defined by (I, W1) < (I, W>) if and
only if Wi € Wy and I C I. Then the map  — (1, Ww) is an increasing map.
Proof. — Let S = Spec(R) be a formal trait with generic point n = Spec(k(n)) and geometric
closed point s = Spec(k(s)). Letd : S — A be a morphism with d(n) € ?ll/, and d(s) € ﬂd,/
We must show that

(Lyr, Wyr) < 1y, Wy).

Consider the cover X, p,a Of XX§ defined as the inverse image under a of the cover X, xXtp — ¢p.
Consider the normalization sz’a of fp,a. After possibly making a radicial base change of the
trait, we may assume that the generic fiber (fgﬂ),7 is a smooth curve over k(1) so that (1, Wy,)
can be computed from this generic fiber. By contrast, the special fiber (sz,a) s 1S not normal in
general, and one must take its normalization (YB’ a)? in order to compute (/y+, Wy).
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The point @ defines a section of (fg’a)n. Let C; be the connected component of (ng,a),]
containing this section. The group W, is then the subgroup of W >~ © formed by the elements
that leave this component stable. Let Cj(4) be the connected component of (ng’a)ﬁ containing
the point defined by d(s). The group W, is the subgroup of W = ® formed by the elements
that leave Cy(y) stable. Since Cg) is a connected component of the normalization of the special
fiber of Cg, we have the inclusion Wy, C W,,. An element of Wy having a fixed point in Cg(y)
necessarily has a fixed point in Cg, whence the second inclusion I, C 1. O

5.4.6. — For every pair (I_, W_) consisting of a subgroup W_ of W > ©® and a normal subgroup
I_ of W_ contained in W, it follows from this lemma that the union of the strata A, with
Wy € W_and I, C I_is a closed subscheme of A. Tt follows also that the union of the strata
fll/, with Wy, = W_and I, = I_ is an open subset of the closed subscheme just mentioned. We
shall write ﬁ( 1_,w_) for this locally closed subscheme of A. We then have the stratification

A = |_| A wy-
(I-,w-)

Recall that if co € X (k), then A is defined over k, but the stratification above is not necessarily
defined over k.

5.4.7. — It follows also from Lemma/|5 that the union of the strata ﬁd/ with ¢ € ¥ such that
t"» = 0 is an open subset of A. By . | apoint d = (a, o) € A(k) lies in this ~open subset
if and only if a belongs to the set ﬂam(k) deﬁned in m 4.10.5| The stratification of A induces on

A 3 stratification
gani _ "
AT = |_| Ay,
(I/E\pani

where ¥ is a subset of ¥. If co € X(k), then A is defined over k, but the stratification
above is not necessarily defined over k.
Lemma 5.4.8. — Suppose that deg(D) > 2g. Let i be the maximal element of Y. Then

Ty Wys) = (W, W > 0).

Proof. — By construction, W, C W = © and I, C W. It therefore suffices to show that this
bound is attained. We shall show that it is attained at a point @ = (a, ) with a in the open
subset A°, which we have seen is non-empty under the hypothesis deg(D) > 2g cf.

By we already know that W; = W = @ if a € A°. The subgroup I; is then a normal
subgroup of W. Since the curve )?p,a meets transversally all the walls of 4, in X, X t associated
with the roots @ of g, the group /; is a normal subgroup of W containing all the reflections s,
associated with the walls A, . It follows that I; = W. |

strata ﬁ(l_,w_) of the stratification Let us recall the definition of this sheaf. Since the
Picard stack # — A" is smooth, there exists a unique sheaf 7o(P) for the étale topology of A
whose fiber at a point a € A (k) is the group mo(P,) of connected components of P,. This is
a consequence of a theorem of Grothendieck cf. [30, 15.6.4]; see also [57, 6.2].

We shall also consider the intermediate problem of determining the sheaf 7y (#’) of connected
components of the Picard stack #’ whose fiber at each point a € A% (k) classifies the JO-
torsors on X. The surjective homomorphism £’ — % induces a surjective homomorphism
7o(P’) — 7o(P). Let P and P’ denote the restrictions of £ and P’ to A.

By 4.10.3| for every point d € A (k) the fiber of mo(#7) admits the description
mo(Py) = (TVe)",

5.5. Description of 7(o(#). — In this paragraph we shall describe the sheaf 7y(#) along the
i4
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where the exponent (_)* denotes the duality between finitely generated abelian groups and
diagonalizable groups of finite type over @g. Likewise, mo(P,) is identified with the quotient
of mo(P) dual to the subgroup T(1;, W;) defined in The following statement makes it
possible to determine the sheaves 7o(?”’) and 7o(P) completely.

Proposition 5.5.1. — The surjective arrows of Proposition

X, > ﬂO(Pé) = (X*)Wg’

defined for every d = (a, %) € A(k), interpolate into a canonical surjective homomorphism
from the constant sheaf X, onto wo(P’).
Proof. — Let @ = (a,%) € A(k). The geometric point S, = (&,00,) of fp,a makes
it possible to identify the fiber of J, at co with the fixed torus T cf. By [57, 6.8],
this identification defines a homomorphism from the constant sheaf X, into ' and hence a
homomorphism

X, X A — mo(P).

Fiber by fiber this is the surjective homomorphism of 4.10.3 O
5.5.2. — By means of this lemma one obtains an explicit description of the restrictions of

mo(P’) and of 7y(P) to A. For every étale open subset U of A, the stratification induces

on U a stratification
U= | | Usw

(1, W-)

For every pair (11, W}) consisting of a subgroup W; of W >® and a normal subgroup /; of Wy,
we say that U is a small open subset of type (11, Wy) if Uy, w,) is the unique non-empty closed
stratum in the stratification above. It is clear that the small open subsets of the various types
form a base for the étale topology of A, in the sense that every open subset can be covered by a
family of small open subsets. In order to define a sheaf for the étale topology of A, it therefore
suffices to specify its sections on the small open subsets together with the transition arrows.

Consider the sheaves I1” and I, which are quotients of the constant sheaf X,, defined as
follows. For a small open subset U; of type (11, W) we set

rw.m) = 1" = Xow,
C(U,II) =TI, W))*.

Let U be a small étale open subset of U; of type (I2, W»). Since Uy, w,) is the unique non-empty
closed stratum of U;, we have the inequality

(I1, W1) < (12, Wa).
We then have an evident inclusion of the subgroups of invariants of T under W; and W,
e 1,
whence the transition arrow
(U, I1") = T'(U,, IT').

The definition of the transition arrows of the sheaf IT follows from the lemma below.
Lemma 5.5.3. — If (11, W) < (I3, W>), then one has the inclusion

(L, Wa) € T(1, Wy).

Proof. — Let k be an element of T, let GK be its centralizer in G and let H be the neutral
component of the latter. Let (W = ©), be the centralizer of k in W = ® and let Wz be the Weyl
group of A Ifk € T‘(Iz, W), then I, ¢ Wy and W, € (W = 0®),. We deduce that I; ¢ Wy and
Wi C (W = 0),. m|

The following statement is an immediate consequence of[5.5.1]and [4.10.3]
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Corollary 5.5.4. — The surjective homomorphism induces, on passing to the quotient,
isomorphisms no(P’)| z = II" and mo(P)| 4 = IL
Above the open subset A™ of A cf. these are sheaves of finite abelian groups.

5.6. Stratification with Constant 6. — For every a € &’(”(k) we defined in an integer
8(a). This induces a function @ — 6(a) for @ = (a, &) € A(k).

Lemma 5.6.1. — The function @ — 6(a) is constant on each stratum 52@, for every y € .
Proof. — After the finite radicial base change %’l/, — ,sziw, the restriction of the cameral curve
to %(/, admits a family normalization. Write my, : X¢, — 9& for the restriction of the cameral
curve to ggw, and & : Xlz — Xw for the family normalization. By |[5.1.2] the sheaf

ﬂw,*(&@yfb/@yw)

is a locally constant @53.// -module of finite type. This module is equipped with an action of W.
Since the order of W is prime to the characteristic,

Oz, ® t)yW

is likewise locally constant. We conclude by the formula[#.9.4] i

Lemma 5.6.2. — Let ¢, ¢’ € ¥ withy > '. Then 6(y) < 6(y).

Proof. — Let S = Spec(R) be a formal trait with generic point 7 = Spec(k(n)) and special
point s = Spec(k(s)) (with k(s) algebraically closed). Leta : S — A be an S-point of A
whose generic point lies in ?L/, and whose special point lies in ﬂwr Let

Xa—>S><X

be the associated cameral cover.
After possibly replacing 17 by an inseparable extension and S by its normalization in that
extension, we may assume that the morph1sm a : n — Ay factors through B,. Then the

normalization X, X" , of the generic fiber X, a,p 18 a smooth curve.
Consider the normalization X 2 of X, in X 2’,7 and denote by & the morphism
& )?Z — X,
The R-module
HO(Xa, f*())?g /O)?a)
is finite and flat over R (since R is a discrete valuation ring, flatness is equivalent to being
torsion-free). Denote it by M, which is a finite flat R-module endowed with an action of W.

By decomposing M into irreducible representations of W (since the order of W is prime to the
characteristic), we have

dimi g (( @0, My)") = dimg s ((t @1 M)" ).

The special fiber of )F(:'; s of 5?3 is a partial normalization of X,. To compute the invariant

0(y¥’), one must take the full normalization ()?Z’ s)b of )?g,s. The k(s)[W]-module M; is then a
direct summand of

H (Oo?z,s)b/ 0,7)
We deduce that
6W) > dimyy)((t@x M),

which implies the lemma. O
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Lemma 5.6.3. — Let P — S be a smooth commutative group scheme of finite type. The function
s — T, which assigns to a geometric point s the dimension of the abelian part of Py, is lower
semi-continuous. Conversely, the function s +— &5, which assigns to a geometric point s the
dimension of the affine part of Py, is upper semi-continuous.

Proof. — We may assume that P has only connected fibers, and we may also assume that S is
strictly henselian. Choose a prime number ¢ prime to the residue characteristic of S. The kernel
P[¢] of multiplication by ¢ is representable by an étale quasi-finite subgroup scheme. For every
geometric point s of S, the length of P,[{] is given by the formula

1g(P[€]) = ust + 75L%,

where i is the dimension of the multiplicative part of P and 7y is the dimension of its abelian
part. If so denotes the geometric closed point of S and s; the geometric generic point, one has
the inequality

Ig(Ps, [€]) < 1g(Ps, [£]),
since, P[{] being étale over the henselian base S, every point in the special fiber extends to an
S-section. The inequality
sl + T < pag €+ 75, 62
holding for every prime number £ prime to the residue characteristic of S, we obtain
Tso < Tsy-
The other inequality follows, since d; + 7, = dim(Py) does not depend on the point s. O

Lemma 5.6.4. — Suppose that deg(D) > 2g. Then §(¥g) = 0, where Y is the maximal
element of V.
Proof. — This is immediate from |4.9.4 m|

For every integer 6 € N, the union

L7~(5 = |_| ﬁ,ﬁ
5(y)=6
is a closed subset of A. We then define
As = As — A,
which is then a locally closed subscheme of A. Thus, we obtain a stratification

(5.6.5) A=| |As
0eN
called the stratification with constant .

Consider the big stratum Ay, for the maximal element ¥ of W. This stratum consists of
points a € A(k) such that the cameral curve X, is smooth. In this case the invariant & equals
0. In particular, the stratum Ay in the §-constant stratification above is a nonempty open subset
of A. In general, it strictly contains the open set Ay,;, as shown by the following example.

In the case G = GL,, the description of £, in terms of the spectral curve implies that 6, = 0 if
and only if the spectral curve Y, is smooth. It may happen that the spectral curve is smooth with
a branch point y € Y, of order greater than 2. In that case the cameral curve X, is not smooth.
Thus, in the GL, case the stratification by family normalization of cameral curves strictly refines
the stratification by family normalization of spectral curves.

5.6.6. — One deduces from this a stratification of the open subset /2"

Zani __ Zani
= | |,
6eN
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Note that for every @ = (a, %) € o gni(E), by , the dimension of the affine part of 90 equals
0.

5.7. Stratification by Radicial Valuations. — Let ¥ be a geometric point of X and denote by
O; the completion of X at ¥ and by F; its field of fractions. By choosing a uniformizer &;, one
may identify Oy with the ring k[[&5]]. We choose a trivialization of the restriction of pg to Oy
that splits G and, in particular, provides an isomorphism W = W.

We now briefly review the analysis of the stratification of ¢¥(Qj) by radicial valuations as in
[28], due to Goresky, Kottwitz, and MacPherson. Their strata of radicial valuations are finer
than our strata defined by family normalization and, a fortiori, finer than the strata with constant
0.

Leta € c”((jv) and let J, = a*J be the smooth group scheme over O; associated to a. The
generic fiber of J, is a torus whose monodromy can be described using the cameral cover (see
. Let . be the separable closure of F;. Let x € t(F;™") be a F,-point of t mapping to

a € ¢(F5). The choice of this point defines a homomorphism
71'; . 1\7 — W,

where I; = Gal(Fsep/Fv). Since the characteristic of k does not divide the order of W,
n; factors through the tame quotient Iéame of I;. To follow the notations of [28], choose a
topological generator of /1™ and denote by w, the image of this generator under 7.

For every root @ € ®, define an integer

r(a) := valy(a(x)),
where val; is the unique extension of the valuation with val;(g5) = 1 on F; to Fgep. This yields
a function
r:®— Q..
The pair (w,, r) depends on the choice of x, but its W-orbit does not. We denote by [w,, r]
the W-orbit of the pair (w,, r).
We have the obvious equality
Z r(@) = deg;(a” discrimg) = dy(a).
aed
The invariant
cy(a) = dim(t) — dim(t"*)
is the drop in the toric rank of the Néron model of J,. According to Bezrukavnikov’s formula,

we have
dy(a) — cv(a)
— 5
Let ¢”(Oy)[w., be the subset of a € ¢¥(Oy) with the invariant [w, r] as above. According to
(28], this set is admissible, i.e., there exists an integer N and a locally closed subscheme Z of
c(05/ sév Oy) viewed as a k-scheme such that ¢¥(O5)1,, ] is the inverse image of Z (k) under the
natural projection

05(a) =

¢(05) — ¢(05/€Y05).
We say that ¢”(O5) [y is admissible of level N.

They then define the codimension of the stratum ¢%(Oy)[y,) as the codimension of Z in
c(05/ s’g’ Oy) (viewed as a k-scheme). This codimension clearly does not depend on the level
N chosen, provided that N is sufficiently large. We denote this codimension by codim|[w, r].
According to [28, 8.2.2] one has the explicit formula

dy(a) + cy(a)

codim[w,r] =d(w,r) + > ,
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where the integer d(w, r) is the codimension of t,,(O), in t,,(Q) (in the notations of loc. cit.).
We will be content with a coarser estimate.
Proposition 5.7.1. — If 6, > O, then

codim[w,r] >, + 1.
Proof. — It is clear that
codim[w, r] = 83(a) + c5(a) + d(w,r),

where 6;(a) = M If w is not the trivial element of W, then cy(a) > 1. If w = 1, by
the definition in [28, 8.2.2], d(w, r) is the codimension of t(Oj), in t(Oy), where t(O;), is the
admissible part of t(Oy) consisting of elements having radicial valuation r. If §;(a) > 0, then
r # 0 so that this part is of strictly positive codimension. Hence d(w, r) > 1. In either case, we
obtain the desired inequality. O

Proposition 5.7.2. — Ifthe degree of D is very large compared to 6, then the 5-constant stratum
As has codimension at least 6.
Proof. — For any partition 6, of ¢ as a sum of natural numbers 6 = §; + - - - + 9, consider the
subscheme Z;, of A” x X" consisting of tuples (a;x1, ..., x,) witha € AY(k) and xq,...,x, €
X (k) such that the local invariant 6,,(a) equals 6;. One may stratify Zs, as the union of the
strata Zj,,, ,,] of those (a;x1, . .., x,) for which the image in ¢”(O,,) lies in the radicial valuation
stratum C@(éxi)[wi,r,»]- Suppose that each such stratum is admissible of level N;. For deg(D)
very large, the linear map
n

A— c(éxi/gNiéxi)

i=1

is surjective (see4.7.2). It follows that Zj,,, .,; has codimension at least

i(fsi +1)
i=1

in A x X". Hence its image in A has codimension at least 6 = ", ;. This proves the
proposition. o

We believe that this inequality holds without the hypothesis that deg(D) is very large relative
to d. A calculation of the infinitesimal action of $, on M, shows that it is true in characteristic
zero. We will present that calculation on another occasion.

6. Cohomology over the Anisotropic Open Set

In this chapter we shall state the geometric stabilization theorems |6.4.1|and [6.4.2] They give
an endoscopic description of an isotypic component of the perverse cohomology sheaves of the
direct image

PH'(fMQ,)

with respect to the action of 7o(2*). Although the statement |6.4.2| implies the fundamental
lemma of Langlands and Shelstad the proof of [[.T1.1] forms one step of the proof of
6.4.2]
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6.1. The Anisotropic Open Set. — By varying the point co, it follows from [5.4.7 and [5.5.4]
that there exists an open subset &/*™ of &/¥ whose points are the a € &/ such that the group of
connected components 7o(P,) is finite. It follows from that for every a € o/* (k) and
(E, ¢) € My (k), the group Aut(E, ¢) is a finite reduced group, under the hypothesis that the
order of W = @ is prime to the characteristic.

6.1.1. — In [24, 11.4], Faltings proved the semi-stable reduction theorem for Higgs bundles,
which states that a semi-stable Higgs bundle on X with coefficients in the fraction field of a
discrete valuation ring can be extended to a Higgs bundle over the ring after a finite separable
extension, and furthermore, if the Higgs bundle in the special fiber is stable, this extension is
unique. We refer to [24] for the definition of semi-stable and stable Higgs bundles. Let us just
say that it is exactly the same definition as for G-torsors, except that one considers only the
parabolic reductions of E compatible with the Higgs field ¢. This suffices to prove the following
lemma.

Lemma 6.1.2. — Leta € /™ (k) and (E, ) € M™ (k). Then (E, §) is stable.

Proof. — Since a € /™ (k), E has no parabolic reduction compatible with ¢. O

We may now apply Faltings’ results in [24] to obtain the following statement.

Proposition 6.1.3. — The restriction P™ of the Picard stack P to 4™ is a separated smooth
Deligne-Mumford stack of finite type over ™. The open subset M*™ = M Xy A™ of M is
a separated smooth Deligne-Mumford stack of finite type over k.

Moreover, there exists a coarse moduli space M™ such that the morphism f* : M*™ — o™
factors as a homeomorphism M™ — M®™ followed by a projective morphism M™ — o/
Proof. — We already know that & is a smooth Picard stack over & cf. and that / is
smooth over k cf. 4

By [24] 11.4] an 2, ™ is separated; in other words the diagonal morphism of . i
universally closed. We know that it is quasi-finite with reduced fibers. We deduce that it is ﬁmte
and unramified. Consequently .4 is a separated Deligne-Mumford stack. The same holds for
P gince PN is identified with an open subset of ./ ani,

It remains to show that 2 is of finite type and that ./ is proper over &/". Having the valuative
criterion of properness at our disposal cf. [24, 11.4], it suffices to show that it is of finite type
over &/*™. We know that ./ is locally of finite type. For every a € o/* (k) one may choose
a family of open subsets of finite type of 4" covering the fiber /,. By the product formula
the fiber ., is noetherian, so that there exists a finite family of open subsets of finite
type of /™ covering /. Since f : M*™ — /™ is flat, the images of these open subsets are
open subsets of /" containing a. Writing V, for their intersection, the open subset f~'(V,)
of ./A™ can be covered by a finite family of open subsets of finite type. It remains to note that
o/ is also noetherian, so that there is a finite number of points a such that the open subsets V,
as above cover &/, The proposition follows.

The assertion on the coarse moduli space now follows from [24, 11.5] and [64]. ]

6.2. The k-decomposition on o/*, — Recall the notations A = M xy J*™, P =
P Xy d*™ and fA ;. J*™ — o™ By - this morphism is proper and its source is a
smooth Deligne-Mumford stack. By Deligne’s purity theorem [I8], /2@, is a pure complex.
By [7, 5.4.5], over &/ it is isomorphic to the direct sum of its perverse cohomology sheaves

HIQ @ pHn(f Hng) _n]

where PH"( f2"@Q,) is a pure perverse sheaf of weight 7.
6.2.1. — Since 2™ acts on ./*™ over o/*™, it acts on the direct image f2"(@,. By the homotopy
lemma cf. [54, 3.2.3], the action of 972" on the perverse cohomology sheaves PH"( f2"(),)
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factors through the sheaf of finite abelian groups 7o(2*"). By [5.5.1, we have a surjective
homomorphism

X, X dani BN n_o(g)ani)

which identifies 77o(92*) with an explicit finite quotient of ' the constant sheaf X.. In particular,
for every k € T one may define a direct factor PH"(f2"(),), on which X, acts through the

— X : . .
character « : X, — @, , so that there is a direct sum decomposition

PH(f"@Q) = D PH (F"Q)
ke
having only finitely many non-zero factors.
6.2.2. — Recall that we have a stratification o/*" = Ly epani &Zp cf. For every k € T, the

union of the strata EQZ/, with ¥ € ¥ such that x € T(Iw, W) is a closed subset of A, by m
and We write &/ = of N /™ for the trace of this closed subset on &/%",

Proposition 6.2.3. — The support of the perverse sheaf PH" ( ﬁf‘ni@»,( is contained in ™,
Proof. — 1t follows from the explicit description of 7o(9*™™) that the restriction of
PH"( ﬁf‘ni@t;),( to the open subset &/ — o/ 2" is zero. O

6.3. The Closed Immersion of </} into o/. — Let (k, p%) be a pointed endoscopic datum of
G over X, that is, a continuous homomorphism 71 (X, 00) — mo(k) as 1n_ We then have
a mo(k)-torsor p, : X, — X with a point oo, above co. Recall that one may identify ¢p with
the quotient in the sense of invariants of ka X5 tp by the action of W > my(«). We have also
constructed a homomorphism Wy = mo(k) — W = 7o (k) cf. such that the quotient in the
sense of invariants of XpK Xz tp by Wg = mo(«) is ¢y p. We have thus deduced a morphism

¢u.p — ¢p and hence a morphism v : g —  cf.
6.3.1. — For every a € 9/ (k) one forms, as in e cartesian product
Xpea = Xa Xz Xp,
This is a curve traced on X,,, X3 tp whose projection to X is generically étale Galois with Galois
group W > (k). The choice of a point & € X, above co is equivalent to the choice of a point
&, above oo, , so that it is legitimate to write @ = (a,,,) € o with a € 4> and &, as
above.

By construction of the morphlsm v:9dy — A, if ag € oy and v(ay) = a, one has
an embedding Xp ag — ka,a which realizes the former as a union of certain irreducible
components of the latter. One defines a morphism

V. :Qg H — eQi

by the recipe (ap, ,,) — (v(an),,,). Note that if the point oo, is defined over k, this
morphism is also defined over k.
Proposition 6.3.2. — The morphism v : ddy — d is a closed immersion.
Proof. — We know by [57, 10.3] that it is a finite unramified morphism. It now suffices to
check that it induces an injection at the level of geometric points.

Suppose that a point @ = (a, & °px yed (IE) lies in the image of ¥. We shall show that it comes
from a unlque point dy = (ap,,,) € dy. For this, note that ay is completely determined by

the curve ka,a - and that this curve is the smallest union of irreducible components of X Dt
which is stable under Wy > (k) and which contains the point &, . |

Proposition 6.3.3. — The closed subscheme A, of d defined in is the disjoint union of
the closed subsets V() associated with the homomorphisms py : w1(X, 00) — mo(k).
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Proof. — In we attached to a geometric point @ = (a, &) € o (k) a diagram

711(U, 00) —2s W = Out(©)

| |

w1 (X, x) Out(G)

Here U is the largest open subset of X containing co above which the cameral cover X, — X is
étale. We wrote W for the image of 7} in W = Out((G) and I; for the image of the kernel of the
homomorphism 71 (U, 00) — 71(X, 00).

By definition, (a, %) belongs to &, if and only if W; is contained in (W = Out(G)), and I;
is contained in the Weyl group Wy of the neutral component I of the centralizer of  in G.
Recall that one has an exact sequence

(6.3.4) 1 > Wy - (WxO0ut(z)), — mo(x) — 1.

By [57, Lemma 10.1] there exists a canonical splitting which allows one to identify (W >
Out((G3)), with a semi-direct product Wy > 7o («).

Let H be the endoscopic group associated with a homomorphism p? : 71 (X, 00) — mo(k).
Let @y € oy (k), and let U be the open subset of X containing co above which the cameral
cover X, , — X is étale. The homomorphism

ng, (U, 00) = Wy > Out(H)

a

induces a homomorphism

a

wge i (U, 00) — Wi = 7o (x)

over p¢ : m1(X, 00) — mo(x). By construction of @ = #(dy), the homomorphism %, is obtained
by composing ﬂ’f; with the embedding Wy = (k) — W > Out(() via the identification
(W = Out(Gz)),x = W > o (k). We therefore have W; € (W < Out(()), and I; ¢ Wy, that
is, d € o, (k).

Conversely, let d € 4,(k). Since Wz ¢ (W » Out(Q)), and I; ¢ W, the homomorphism
% induces a homomorphism

pr: m(X,0) = Wa/lz — mo(k).

Let H be the endoscopic group associated with this p;. It remains to construct a point dy €
(k) such that ¥(dy) = a. This construction is identical to the one appearing in the proof of
the preceding proposition. O

Similar arguments allow a natural interpretation of the complement of the open subset /2"
Proposition 6.3.5. — The complement of the open subset S/™ in o is the union of the images
of the closed immersions

,Qi M — ,Qi
over the set of Levi subgroups M containing the maximal torus T.
Proof. — Let d € (o — d*™) (k). By definition the group T% is not finite, and therefore
contains a torus S. The centralizer of this torus in G is a Levi subgroup M of G. The group W;
is a subgroup of the fixer of § in W > Out((). The group I; is contained in the intersection
of the fixer of M with W, hence contained in W,. The same argument as the one used in the
proof of shows that @ comes from a point dy € oy (k). O

Corollary 6.3.6. — The codimension of d° — A™ in A is greater than or equal to deg(D).
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Proof. — By the description of the complement of &/*" and the dimension formula4.13.1} we
have

dim(&/) — dim(y) = (@ — § D) deg(D)/2 > deg(D),

whence the proposition. O

6.4. Geometric Stabilization. — By the support of the perverse sheaf ?H"( f2"Q),),
is contained in /2. By the description of /%" in terms of endoscopic groups cf. 6.3.3]
this perverse sheaf decomposes as a direct sum of factors parametrized by the set of pointed
endoscopic data («, p;é), the direct factor parametrized by & being supported on the closed

subset ?g(&iyg) N /™ where H; is the endoscopic group attached to («, p;, g) and V¢ is the

closed immersion of o/ ¢ 1nto 4. Our main result is a description of each of these direct factors.
Theorem 6.4.1. — There exists an isomorphism between the graded perverse sheaves

P PH (7R [2rG (D) (75 (D))

n
EB @ Vg,*pH*(f;I;i,*@f)st,

no(kpy g)

and

where the last direct sum runs over the set of all pointed endoscopic data (k, p;, f) having the

fixed component k. Here the index st denotes the direct factor on which @Hf acts trivially, and
the integer rg(D) is the codimension of <. He In g, given by the formula

ré(D) = (§® - f ®p) deg(D)/2.

Although the statement above is over k, our proof is in part arithmetic. Suppose now that we
have a pointed endoscopic datum (k, py) defined over X, that is, p; extends to a homomorphism

71 (X, 00) = 71 (X, 00) > Gal(k/k) — 7o (x).

The associated endoscopic group H is then defined over X. We have a Hitchin fibration
fH . My — Ay for the group H and an étale cover Ay of oy. The closed immersion
Vidy — dg ofis then defined over k.

Theorem 6.4.2. — There exists an isomorphism defined over k between the semi-simplifications
of the graded perverse sheaves

P 7 PR (R 20§ (D (G (D)) = D) PH (FiQ)w
Note that, both sides of the equality being graded pure perverse sheaves, they are geometrically
semisimple cf. [7]. It follows that the graded perverse sheaves above are isomorphic over
4™ @, k. Moreover, since every endoscopic datum over X is defined over X ®; k’ for some
finite extension k’ of k, Theorem is a consequence of The proof of the latter is
not completed until paragraph We shall obtain the Langlands-Shelstad conjecture in
particular in the course of its proof.

6.5. Ordinary Cohomology of Maximal Degree. — In this paragraph we prove an elementary
variant of the geometric stabilization theorem|6.4.1] in which, instead of the perverse cohomology
sheaves, one considers the ordinary cohomology sheaf of maximal degree.

Write d for the relative dimension of the morphism f2 : /Z® — /2 By the homotopy
lemma, the action of 92" on R2? f2n (), factors through the finite sheaf 7o(%%"). Recall also
that the latter is a quotient of the constant sheaf X,. We write (R*¢ f:‘“i@g)st for the largest
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direct factor on which X, acts trivially, and (R?>¢ ﬁf‘ni@ﬁk for the one on which it acts through
the character x : X, — @gx that we have fixed.

Proposition 6.5.1. — There is an isomorphism between the stable part (R*? ﬂani@ﬂst and the
constant sheaf @5. There is also an isomorphism between (R*¢ ﬁf‘“ng)K and the direct sum

D el
(k.p% £)
extended over the set of pointed endoscopic data (k, p;, f) having the fixed component k, where
V¢ denotes the closed immersion of o ;};E into ™ with H¢ the endoscopic group attached to

(K, O3 ¢)-

£ o L
Proof. — The Hitchin-Kostant section defines an open immersion *" — #*" whose closed
complement has relative dimension < d — 1 ¢f. There follows an isomorphism

R2d g!Qg SN R2d f;ani@[

compatible with the action of 7ro(*). Here g denotes the morphism 9™ — o/,
The trace morphism allows one to identify R??g,(Q, with the sheaf associated with the presheaf

U @5
The proposition therefore follows from the explicit description of the sheaf mo(P™) given in
5.5.4L Indeed, mo(2*™) is a quotient of the constant sheaf X,.. One may replace X, by a

(P (V)

— — X
finite quotient X. Thus R??g,Q), is a quotient of the constant sheaf (3, . The isotypic parts

— — . .. . — X .
(R%?g,Q),)s and (R*g@Q,). are quotients of the corresponding isotypic parts of @3, , which
are constant sheaves of rank one. The assertions to be proved are now reduced to a fiber-by-fiber
verification, which is easy. O

7. The Support Theorem

Let S be a k-scheme of finite type and f : M — S a proper morphism whose source is

smooth. By the purity [18] and decomposition [7] theorems, the complex f.(QQ, is pure and is
isomorphic, over S ®; k, to a direct sum of geometrically simple perverse sheaves with shifts.
Their supports constitute an important topological invariant of f. In general, it is difficult to
determine this invariant explicitly.

We introduce a notion of §-regular abelian fibration cf. for which it is possible to
determine the supports cf. Since we do not know how to prove the o-regularity of the
Hitchin fibration in positive characteristic, we formulate the statements [7.2.2) and [7.2.3] which
give sufficient control for the proof of the theorems [6.4.1]and [6.4.2]. With the exception of the

last paragraph, this chapter is written in the general situation of weak abelian fibrations.

7.1. Abelian Fibration. — We are going to formalize the properties observed on the Hitchin
fibration in order to axiomatize a notion of algebraic abelian fibration. We shall in fact introduce,
on the one hand, the notion of weak abelian fibration, which gathers together those properties
that are stable under arbitrary base change, and on the other hand that of J-regular abelian
fibration, which is preserved only under flat base change. The right notion of abelian fibration
ought to lie somewhere between the two.

7.1.1. — A weak abelian fibration over a k-scheme S consists of a proper morphism f : M — §
together with a smooth commutative group scheme g : P — S equipped with an action

act: PxsM - M
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satisfying the three properties[7.1.2} [7.1.3|and [7.1.4] below.
7.1.2. — The morphisms f and g have the same relative dimension d

7.1.3. — The action of P on M has only affine stabilizers; that is, for every geometric point
m € M lying over s € S, the stabilizer of m in Pj is an affine subgroup.
7.1.4. — Let P° be the open subgroup scheme of neutral components of the fibers of P, and

write g : PO — S. Consider the sheaf of Tate modules
Tg, (P*) = B (¢/Q,) (d)

whose fiber over each geometric point s of § is the @f-Tate module T@[(P?). For every
geometric point s of S, the canonical Chevalley dévissage of P!

1—>R5—>P(S)—>As—>1,

in which A is an abelian variety and Rj is a connected commutative affine algebraic group,
induces a dévissage of Tate modules cf. [29]

0— T@x (Ry) — T@[(P(S)) — T@[ (As) — 0.

We shall say that T@ (P°) is polarizable if, locally for the étale topology on S, there exists an

alternating bilinear form
Ty, (P°) X Tg, (P%) — Q

whose fiber at each geometric point s has T@(Rs) as its kernel, that is, which annihilates
Tg, (R) and induces a perfect pairing on Tgy (Ay).

14

The three properties [7.1.2] [7.1.3] and m are preserved under arbitrary base change. In
particular, the generic fiber of a weak abelian fibration need not be an abelian variety. We now
introduce a strong restriction, called d-regularity, which will guarantee this property among
others.
7.1.5. — For every geometric point s € S, write §; = dim(R;) for the dimension of the affine
part of P;. If s € § is an arbitrary point, the Chevalley dévissage of P exists and is unique
after a radicial base change, so that the integer ¢, is well defined. The function ¢, defined on the
topological space underlying S with values in the natural numbers, is semi-continuous cf.
Assuming this function to be constructible, there exists a stratification of S into locally closed
subschemes S such that §; = ¢ for every geometric point s € Ss.

We shall say that the smooth commutative S-group scheme P is 6-regular if for every 6 € N
we have

codimg(Ss) = 6.

If S5 is empty, our convention assigns the value infinity to the codimension.

A weak abelian fibration whose component P enjoys d-regularity will be called a d-regular
abelian fibration.
7.1.6. — There is another formulation of the notion of d-regularity. Let Z be an irreducible
closed subscheme of S and let 6 be the minimal value taken by the function 6 on Z. Then P is
o-regular if and only if, for every irreducible closed subscheme Z of S, we have codim(Z) > 6.

Indeed, since the value 67 is attained on a dense open subset of Z, the subscheme Z is
contained in the closure of the stratum Ss,. If P is d-regular, then codim(Ss,) > ¢z and a
fortiori codim(Z) > 6. The other implication is equally clear.

Note that 0-regularity is preserved under flat base change. Note also that 6-regularity implies

codim(Sy) > 1,

so that Sy # 0. It follows that P is generically an abelian variety.

(DThis hypothesis is in no way necessary, but it simplifies the numerology.
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7.2. Statement of the Support Theorem. — Let S be a k-scheme of finite typeand f : M — S
a proper morphism. Suppose that the constant sheaf @g on M is self-dual, and hence pure; this
is in particular the case if M is a smooth k-scheme. By Deligne’s purity theorem, the direct
image complex f,@Q, is pure. Applying the decomposition theorem [[7], we know that over S ®; k
the complex f*@g is isomorphic to the direct sum of its perverse cohomology sheaves with the
evident shifts
£Q = P rH(£Q)[-n),
n

and moreover the perverse sheaves 7H" ( £.@Q,) are semisimple. By [77]], for every geometrically
simple perverse sheaf K on S ®; k there exist an irreducible reduced closed subscheme i : Z —
S ® k, a dense open subset j : U < Z and an irreducible local system % on U such that

K =i, jK[dim(Z)].

The closed subscheme Z is completely determined by K and will be called the support of K.
In general, the problem of determining the supports of the simple perverse sheaves occurring
in the decomposition of f.@, is a very difficult one. It can however be solved in the case of a
o-regular abelian fibration.

Theorem 7.2.1. — Let S be a geometrically irreducible k-scheme of finite type. Let f : M — S
be a projective morphism, purely of relative dimension d, equipped with an action of a smooth
group scheme g : P — S forming a 6-regular abelian fibration. Suppose that the constant sheaf
@g on M is self-dual, and hence pure.

Let K be a geometrically simple perverse sheaf occurring in the decomposition of one of the
perverse cohomology sheaves PH" ( f*@g), and let Z be its support. Then there exist an open
subset U of S ® k with U N Z non-empty, and a non-trivial local system L on U N Z, such that
i.L, where i denotes the closed immersion U N Z — U, is a direct factor of the restriction to U
of the ordinary cohomology sheaf of maximal degree H* (f,@),).

Despite its complicated appearance, this statement is in fact effective for determining the

supports, because the ordinary cohomology sheaf of maximal degree is in general known cf.
[6.5] as are its local direct factors. Note also that K and L have nothing in common except their
support. The proof of the theorem passes through the following statement.
Proposition 7.2.2. — Let S be a geometrically irreducible k-scheme of finite type, and let
f : M — S be a projective morphism, purely of relative dimension d, equipped with an action of
a smooth group scheme g : P — S forming a weak abelian fibration. Suppose that the constant
sheaf Qf on M is self-dual, and hence pure.

Let K be a geometrically simple perverse sheaf occurring in the decomposition of one of the
perverse cohomology sheaves PH" ( f*@g), and let Z be its support. Let 67 be the minimal value
taken on Z by the function ¢ attached to P. Then one has the inequality

codim(Z) < 6z.

If equality is attained, then there exist an open subset U of S ®x k with U N Z non-empty and
a non-trivial local system L on U N Z such that i.L, where i denotes the closed immersion
UNZ — U, is a direct factor of the restriction to U of the ordinary cohomology sheaf of
maximal degree H*( £,Q,).

It is clear that implies since the hypothesis of §-regularity yields the opposite
inequality codim(Z) > 67 cf.

Consider a variant of the delta inequality which takes the groups of connected compo-
nents of the fibers of P into account as well. Let m(P) be the sheaf of groups of connected
components of the fibers of P. Suppose that it is a quotient of a constant sheaf with fiber the
finite abelian group X, as for instance in[5.5.4]
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The group scheme P acts on the perverse cohomology sheaf 7H" ( f*@g) through mo(P). The
group X therefore acts on ” H"( f*@). For every character k : X — @gx we have the largest
direct factor PH" (. Q,)« of PH" ( £.QQ,) on which X acts through «. Likewise, we have the direct

factor H2?( f*@g),( of the ordinary cohomology sheaf H2?( f*@g).

In fact, there exist a natural number N and a decomposition of the bounded constructible
complex f*@f

£Q = P Q0.
keX*

such that for every @ € X the endomorphism (@ —(@)id)" vanishes on the direct factor ( f*@{),(
cf. [87, 3.2.5]. If one replaces f*@(; by ( f*@[),( in the proof of one obtains the following
variant.
Proposition 7.2.3. — In one may replace the perverse sheaf PH" ( f*@g) by its isotypic
factor PH"( f*@g) « and the ordinary sheaf H*?( f*@[) by its isotypic factor H24( f*@g) P

The reader will note that, just as in we do not assume here that P is -regular.

In the last paragraph of this chapter we shall apply to the case of the Hitchin fibration,
more precisely to the morphism [ : #Z* — /. The rest of the chapter is devoted to

proving the delta inequality

7.3. The Goresky-MacPherson Inequality. — Goresky and MacPherson observed that
Poincaré duality imposes a constraint on the codimension of the support of the simple perverse
sheaves occurring in the decomposition theorem. This is a crucial observation, of which our
delta inequality is a variant. We begin by recalling their original inequality.

Theorem 7.3.1. — Let S be a geometrically irreducible k-scheme of finite type. Let f : M — S
be a proper morphism, purely of relative dimension d. Suppose that the constant sheaf @5 on
M is self-dual, and hence pure.

Let K be an irreducible perverse sheaf on S ®; k occurring in the decomposition of one of
the perverse cohomology sheaves PH" ( f*Qg), and let Z be the support of K. Then one has the
inequality

codim(Z) < d.

Suppose that equality holds. Then there exist an open subset U of S ® k with U N Z non-empty
and a non-trivial local system L on U N Z such that i.L, where i denotes the closed immersion
UNZ — U, is a direct factor of the restriction to U of the ordinary cohomology sheaf of
maximal degree H*¢( f*Qg).

Proof. — Let Z be an irreducible closed subscheme of S ®; k. Define occ(Z) to be the set of
integers n such that there exists an irreducible direct factor of the perverse cohomology sheaf
PH"( f*@g) with support Z. By Poincaré duality, 7H" ( f*@g) is the dual of PH2dim(M)-n( ¢ *@f)’
so that the set occ(Z) is symmetric about the integer dim(M).

If occ(Z) # 0, there exists an integer n > dim(M) belonging to occ(Z). There exist an
open subset U of S ®; k and an irreducible local system L on U N Z such that i, L[dim(Z)]
is a direct factor of PH"(f,@Q,)|y. This implies that i,L[dim(Z) — n] is a direct factor of the
complex ﬁk@ﬂy, since the latter is pure. Now passing to the ordinary cohomology sheaf, i..L
becomes a direct factor of H*~4im(Z) f*@g). Since the fibers of the morphism f : M — § are
purely of dimension d, we have dim(M) = d + dim(S). On the other hand, the non-vanishing
of H'~4m(2)( £.0),) implies that

dim(M) —dim(Z) < n —-dim(Z) < 2d

by the theorem on cohomological amplitude. Combining the two pieces of information, we
obtain the desired inequality
codim(Z) < d,
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together with the necessary condition for equality to hold. O

In the more specific situation of a weak abelian fibration, it is in fact possible to improve the
Goresky-MacPherson inequality

codim(Z) <d

to the delta inequality
codim(Z) < 6.

Although the proof of the latter is appreciably more difficult, the underlying topological idea is
very simple.

The delta inequality can be reduced to the Goresky-MacPherson inequality if one grants the
existence of certain local liftings. Let s be a geometric point of Z such that 6; = 6z. Denote
by A, the maximal abelian quotient of P?. Suppose that there exists an étale neighbourhood
S’ of s in S such that, over §’, the abelian variety A extends to an abelian scheme Ay, and
that moreover there exists a homomorphism Ag: — P?, such that at the point s the composite
Ay — P? — Ay is an isogeny of A;. Over §’, the abelian scheme Ag acts on Mg with
finite stabilizers, in view of hypothesis [7.1.3] Forming the quotient [Ms//As/], one factors the
morphism Mg — §’ into a proper and smooth morphism Mg — [Mg /Ag ] followed by a
morphism [Myg /Ag] — S’ which is purely of relative dimension §5. One may then apply the
Goresky-MacPherson inequality to the second morphism.

In general these liftings do not exist. The proof of consists precisely in transposing the
geometric argument above to the cohomological level. Let Z be an irreducible closed subscheme
of S. In the proof of we introduced the set occ(Z) of occurrences of Z as the support of the
irreducible factors of the perverse cohomology sheaves ”H" ( f*@g). When this set is non-empty,
we define

amp(Z) = max(occ(Z)) — min(occ(Z)).

Proposition 7.3.2. — Place ourselves under the hypotheses of[7.2.2} in particular occ(Z) # 0.
Then one has the inequality
amp(Z) > 2(d - 6z).

We now prove[7.2.2] granting[7.3.2] Poincaré duality implies that the set occ(Z) is symmetric
about dim(M). The additional constraint amp(Z) > 2(d — 6) forces the existence of an integer
n > dim(M) + d — 6z belonging to occ(Z). The remainder of the proof of is now exactly
the same as the end of the proof of

The rest of the chapter is devoted to the proof of the amplitude inequality

7.4. Cap-Product and Freeness. — We shall develop the construction of the cap-product and
state a freeness property which implies the amplitude inequality

7.4.1. — We place ourselves in the following general situation. Let S be an arbitrary scheme,
and let g : P — S be a smooth commutative S-group scheme of finite type with connected fibers
of dimension d. Consider the homology complex of P over S, defined by the formula

Ap = g1Q,[2d](d).

This complex is concentrated in non-positive degrees. In degree 0 we have HO(Ap) = @g. The
most important part of Ap is

Tg,(P) :=H ' (Ap),

where T@ (P) is a sheaf whose fiber at each geometric point s € S is the Q,-Tate module T@ (Py)
of the fiber of P at s. More generally, the base-change theorem provides an isomorphism

H™(Ap)y = HX7'(Py)(d)
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between the fiber at s of H™(Ap) and the (2d — i)-th compactly supported cohomology group
H;(Ps) = HZ™'(P;)(d)

of the fiber of P at s.
7.4.2. — Let f : M — S be a morphism of finite type equipped with an action of P relative to
the base S

act: Pxg M — M.

Since P is smooth of relative dimension d over S, the morphism act is also smooth of the same
relative dimension. We therefore have a trace morphism

act,Q[2d](d) —

over M. Pushing this trace morphism forward by f), we obtain a morphism

(g xs QR [2d](d) - £iQ,.

Now using the Kiinneth isomorphism, we obtain a cap-product morphism

Ap® Qe = /i
7.4.3. — This construction applies in particular to f = g. It then defines a morphism of
complexes
Ap ® Ap — Ap.

From it we deduce a graded algebra structure on the cohomology sheaves of Ap
H™(Ap) @ H/ (Ap) —» H/(Ap),
which is commutative in the graded sense. In particular we deduce a morphism of sheaves
i i
A TQ[(P) — H(Ap),

which is in fact an isomorphism. To check this it suffices to do so fiber by fiber, where one
recovers the homology groups of P equipped with the Pontryagin product.

7.4.4. — Multiplication by aninteger N # 01in P induces multiplication by N on the Tate module
T— (P) of P, and hence induces multiplication by N’ on H(Ap) = /\’T (P) Lieberman’s
trlck [37, 2A11], which consists in constructing projectors from linear comblnatlons of these
endomorphisms of Ap associated with different values of N, allows one to decompose this

complex canonically as
Ap =P A Tg, (P)1i]

i>0
in a way compatible with the multiplication.
7.4.5. — We shall now study the cap-product action of Ap on ﬁ@g in the situation of [7 -
Recall that since f is assumed projective, we have f; = f.. Moreover, the constant sheaf (3, on
M being assumed pure, the direct image f- Qg is also pure and decomposes over S ®; k into a
direct sum of irreducible perverse sheaves with shifts.

For every irreducible closed subset Z of S ®; k we introduced the set occ(Z) in the proof
of Since f*@[ is a bounded constructible complex, the set occ(Z) is empty except for
finitely many irreducible closed subschemes Z of S ®; k. We index these by a finite set B, and
for every @ € B we write Z, for the corresponding irreducible closed subset. For every n we
then have the canonical decomposition

P = DK,

aeB
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where K7} is the direct sum of the irreducible perverse factors of ”H" ( ﬁ@g) having the irreducible
closed subset Z, as support. We write

K, = @K{;[—n].

nez

We assume that K, is non-zero for every a € B.
7.4.6. — In view of the decomposition|/.4.4] we have a cap-product by the Tate module [/.4.2

T, (P)® hQe — fiQ[-1].
Applying the functor 77=" to fg@[, we have a morphism
Tg, (P) ® 7" (fiQ) — fiQ[-1]
for every n. Applying the functor PH", we now obtain an arrow
PH'(Tg, (P) ® "' (fiQy) — "H'™ (fiQ).

Note now that T@[ (P) @ Pr=n-1 (ﬁ@K) € PD"I(S, @g), so that the arrow

Tg, (P) ® "' (i) — Tgg, (P) ® "H (/i) [-n]
induces an isomorphism at the level of the n-th perverse cohomology sheaves
PH'(Tg, (P) ® 7" (fiQy)) — PH'(Tg;, (P) ® "H" (i)
From this we deduce an arrow
PHY(Tg, (P) ® "H' (/i) — "H'™ (fiQ).

Again, since T@[ (P) ® PH"( ﬁ@g) € PDIO(S, @5), we have an arrow from this object into its

PHO, which therefore induces a canonical arrow
Tg, (P) ® PH'(fiQ,) — PH'™ (fiQy).
7.4.7. — Consider the decomposition by supports

Py ek - ki

aeB aeB
For every a € B we therefore have a diagonal arrow
Tg, (P) ® Ky — K™
Note that it is not excluded that the non-diagonal arrows
Tg, (P) ® Kj, — K

be non-zero.
7.4.8. — For every a € B there exists a dense open subset V,, of Z, such that the restriction
of the perverse sheaf K} to V,, is of the form K [dim(V, )], where K} is a pure local system of
weight n.

After possibly shrinking the open subset V,,, there exists a finite radicial base change V;, — V,,
such that the group scheme Py, admits a dévissage

1 - Ry — Ply, = Ay — 1,

where A, is a V,,-abelian scheme and R, is a smooth commutative affine V,,-group scheme with
connected fibers. From this we deduce an exact sequence of Tate modules

0 — Tg, (Re) = Tg (Plv;) — Tgy (Ae) — 0.
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Since the morphism V) — V,, is a homeomorphism, it is legitimate to regard T@(Ra) and
T@( (Ap), as well as the exact sequence above, as objects existing over V. As A, is an abelian
scheme, the Tate module T@(Aa) is a pure local system of weight —1. After shrinking V,
further if necessary, we may assume that T@( (Ry), which is the Tate module of the toric part of

R, is a pure local system of weight —2. Here the weights in question are relative to a sufficiently
large extension of the finite base field k over which our objects are defined.

After shrinking V,, if necessary, we may assume that unless Z, is entirely contained in Z,,
we have V, N Z,» = 0.
7.4.9. — Let V, be a dense open subset of Z, as in For every a € B, choose a Zariski
open subset U, of S ®; k containing V,, as a closed subscheme. Write i, : V, — U, for the
closed immersion. Restricting the diagonal arrow constructed in to the open subset U,,
we obtain an arrow

Tg, (P) ® iou K [dim(Vy)] — [0 K [dim(V,)].
By the projection formula we have
T, (P) ® iax Ky = ias (i3 Ty, (Pa) ® KG).
Applying the functor i, to
i+ (1 Ty, (Pa) ® Ky) = ian ¥y
we obtain a morphism
i5 T, (Pa) ® Ky — K
over V,.
By we have a dévissage of T@ (Py)
0—- T@(,(Ra') - T@[(Pa) - Tﬁf(Aa) — 0,

where T@ (Ap) is a pure local system of weight —1 and T@ (R,) is a pure local system of

weight —2. Since K" is pure of weight n and K”~! is pure of weight  — 1, the action of T@ (Pa)
factors through T@ (Ay)

Tg, (A2) ® Kj — KL

We have thus endowed the direct sum of local systems K, = 5, K7 [—n] with the structure of
a graded module over the graded algebra of local systems Ay4,,

AA(l ®(]((l — (](a.

In particular, for every geometric point u, of V,, the fiber K, ,, is a graded module over the
graded algebra Ay, 4, -
Proposition 7.4.10. — Place ourselves under the hypotheses of| and with the notations of
7.4.5[7.4.8 and[7.4.9 For every geometric point uy of Vo, the fiber Ky u,, of Ko is a free graded
module over the graded algebra A4, ,,,.

The amplitude inequality[7.3.2]is an immediate consequence of this freeness property. Indeed,
amp(Z,) is then at least equal to

2dim(A,) = 2(d - ).

The rest of the chapter is devoted to the proof of the freeness property But before
embarking on the proof proper of we observe that the property that K, be a free
module over Ay, 4, 1s independent of the choice of the geometric point u, € V,,. We shall prove
the following statement, which allows one to formulate this freeness property independently of
the base point. Observe that under the purity hypotheses of the local systems K} are
geometrically semisimple.
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Lemma 7.4.11. — Let U be a connected k-scheme. Let A be a graded local system in finitely
many non-positive degrees with A° = ©Q,, equipped with a graded algebra structure A@ A — A.
Let L be a graded local system equipped with a graded module structure

A®L — L.

Suppose that there exists a geometric point u of U such that the fiber L, of L at u is a free module
over the fiber A, of A at u. Suppose that L is semisimple as a graded local system. Then there
exist a graded local system E on U and an isomorphism

L=AQFE
compatible with the A-module structures.
Proof. — Consider the augmentation ideal of A
At = EHATL.
>0

Write E for the cokernel of the arrow
AT®L — L.

Since L is semisimple, the surjective homomorphism L — E admits a lifting £ — L. We shall
show that the induced arrow

AQFE — L

is an isomorphism. Since this is an arrow between local systems, in order to check that it is an
isomorphism it suffices to check that its fiber at u is one. In the vector space L,, the subspace
E, is a complement of A*L,. The arrow

A®E, — L,
is therefore surjective by Nakayama’s lemma. It is bijective because, L, being a free A,-module,
one has the equality of dimensions
dim@{ (Au) X dim@; (Eu) = dlm@[ (Lu),

whence the lemma. O

7.5. The Freeness Property in the Punctual Case. — We begin by considering statements
analogous to[7.4.10|in the case where the base is a point.

Proposition 7.5.1. — Let M be a projective scheme over an algebraically closed field k equipped
with an action of a k-abelian variety A with finite stabilizers. Then

P Him @ k) [-n)

is a free module over the graded algebra Ay = P, AiT©€ (A)[i].

Proof. — Since the stabilizer in A of every point of M is a finite subgroup, the quotient
N = [M/A] is a proper algebraic stack over k with finite inertia. Since M is projective, the
morphism m : M — N is a projective and smooth morphism. The cup-product with the
hyperplane class induces, by Deligne [19], an isomorphism

m.Q, ~ @ Rim, Q]

where the Ri(m*@g) are local systems on N. Since M Xy M = A X M, the inverse image
m*Ri(m.Q,) is the constant sheaf on M with value H'(A). Using [7, 4.2.5], we obtain a
canonical isomorphism between R’ (m.,(@,) and the constant sheaf on N with value H'(A).
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The direct sum decomposition above implies the degeneration of the spectral sequence
H.(N,R'm.Q,) = H. (M).
From it we deduce, in P, H} (M), a A4-stable filtration whose j-th graded piece is

D HLNV. Rim, Q) = HI(N) & D H (A).

These graded pieces are free As-modules. It follows that the direct sum €5, HZ(M)[-n] is a
free A4 -module. O

7.5.2. — Let P be a smooth connected commutative algebraic group over an algebraically
closed field k. By Chevalley’s theorem cf. [66], P admits a dévissage as an extension of an
abelian variety by an affine group

l>R—P—A—I.

This exact sequence also exists if P is defined over a perfect field, in particular over a finite field.
From the exact sequence above we deduce an exact sequence of Tate modules

0— T@[(R) — T@ (P) — T@[ (A) — 0.
We call a homological lifting a linear map
A: T@()(A) — T@(P)

splitting this exact sequence. A homological lifting induces an algebra homomorphism A :
A4 — Ap. The set of homological liftings of the abelian part forms an affine space, a torsor
under the @g-vector space Hom(T@ (A), T@ (R)).
Proposition 7.5.3. — Let P be a smooth connected commutative algebraic group defined over
a finite field k. Let

l>R—>P—>A—>1

be the canonical exact sequence realizing P as an extension of an abelian variety A by an
affine group R. Then there exist an integer N > 0 and a homomorphism a : A — P such that
composing it with P — A yields multiplication by N in A. We then say that a is a quasi-lifting.

Moreover, if T@[ (a) : T@) (A) — T@e(P) is the map induced on Tate modules, then
N _IT@( (a) is the unique homological lifting compatible with the action of Gal(k/k) on T(P)
and T(A). We say that N _IT@) (a) is the canonical lifting.
Proof. — By [69, p. 184], the group of extensions of an abelian variety A by G,, is identified
with the group of k-points of the dual abelian variety. The group of extensions of an abelian
variety by G, is the finite-dimensional k-vector space H' (A, G4). A smooth connected com-
mutative affine group is isomorphic to a product of copies of (5, and GG, after passing to a
finite extension of the base field; it follows that the group of extensions of an abelian variety A
by a smooth commutative affine group R defined over a finite field is a finite group. The first
assertion follows.

The homological lifting N _IT@ (a) is invariant under the action of Gal(k/k), since the lifting

a is defined over k. The Frobenius element o € Gal(k/k) acts on T@[(A) with eigenvalues

|—1/2

of absolute value |k , and on T@(R) with eigenvalues of absolute value |k|~!. Hence

N ‘IT@ (a) is the unique homological lifting compatible with the action of Gal(k/k). O
Corollary 7.5.4. — Let k be an algebraically closed field. Let M be a k-scheme of finite type.

Let P be a smooth connected commutative k-group scheme acting on M with affine stabilizers.
Let A be the maximal abelian quotient of P. Suppose that P is defined over a finite field, so
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that we have a quasi-lifting a : A — P. Then the As-module deduced from the Ap-module
P, H: (M) is a free module.

Proof. — The quasi-lifting a : A — P defines an action of A on M with finite stabilizers. We
are thus immediately reduced to Proposition m|

Here is a more general and more satisfactory statement. The proof that follows is due to
Deligne cf. [20]]. Note that this statement will not be used in what follows; in fact, Lemma/(7.4.11
will play the role of the independence of the lifting in the proof of
Proposition 7.5.5. — Let k be an algebraically closed field. Let M be a projective k-scheme.
Let P be a smooth connected commutative k-group acting on M with affine stabilizers. Let A be
the maximal abelian quotient of P and let A : T@(A) — T@()(P) be an arbitrary homological

lifting. Then the As-module deduced from the Ap-module P, H(M) by means of A is a free
module.

Proof. — By the general process of passing to the inductive limit as in [7, 6.1.7], we reduce to
the case where M, P and the action of P on M are defined over a finite field k. Write k as an
inductive limit (A;);e; of rings of finite type over Z. The category of k-schemes of finite type
is a 2-inductive limit of the categories of A;-schemes of finite type; that is, for every X /k there
existi € I and X;/A; of finite type such that X = X; ®a, k cf. [30, 8.9.1], and for all X;,Y;/A;
one has cf. [30, 8.8.2]

Hom,;(X,- ®4; IE,Y, ®4; 12) = li_m)HomAj(X[ R4, Aj,Y,‘ ®4; Aj).

j=i

The same statement therefore holds for the category of algebraic groups and for that of triples
consisting of an algebraic group G, a scheme X of finite type and an action of G on X. Let
f : X — Y be a morphism in the category of k-schemes of finite type coming from a morphism
fi - X; — Y, in the category of A;-schemes. In order for f to have one of the following properties
— flat, smooth, affine or projective — it is necessary and sufficient that f; acquire this property
after an extension of scalars A; — A; ¢f. [30, 11.2.6 and 8.10.5]. There therefore exist a ring
A; of finite type over Z contained in k, a projective A;-scheme M;, and a smooth A;-group
scheme P;, an extension of an abelian scheme by an affine group scheme, acting on M; with
affine stabilizers, such that after the extension of scalars A; — k we recover the initial situation.
We may also assume that the H" ( f;1QQ,) are local systems. We have thus reduced the statement
to be proved to the case where the base is the spectrum of a finite field.

We may therefore assume that M, P and the action of P on M are defined over a finite field k.
Let A be the abelian quotient of P and a : A — P the quasi-lifting, which defines a canonical
lifting A : T (A) — T (P) of Tate modules. We already know, by the preceding corollary

7.5.4, that the AA module deduced from the Ap-module P, H(M) by means of Ay is a free
module.

Let us now prove the same statement for an arbitrary homological lifting.  The
space of all homological liftings, pointed by Ao, is identified with the @5 vector space
Hom(T (A ), T (RS)) on which the Frobenius element o € Gal(k/k) acts with eigenvalues

of absolute value |k |'/2. On this space, the set of those A for which the A4 -module structure on
P, H} (M) deduced from A is free forms a Zariski open subset of Hom(T(Q (Ay), T (Rs))

This open subset is stable under o and contains the origin 4g. Its complement is a closed subset

stable under o, which does not contain 1y. Since o acts with eigenvalues of absolute value
|k|'/2, a closed subset of Hom(T@((As), T@[(Rs)) stable under o is necessarily stable under
the action of G5,,. The fact that this closed subset does not contain the origin 1o implies that it
is empty. O
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7.6. Study over a Henselian Base. — In this paragraph we shall study the cap-product over
a henselian base and analyse the spectral sequence abutting to the cohomology of the special
fiber.

7.6.1. — Let now S be a strictly henselian scheme with a morphism € : S — Spec(k), where k
is the residue field of S. Write s for the closed point of S. The fiber Ap is then identified with
€"Ap. By adjunction we deduce a morphism

E*AP,S — AP.
Restricting the cap-product to €*Ap 5, we obtain an arrow

Aps® iR — (R,
which defines an action of the graded algebra Ap; = P, /\"T@ (Py)[i] on the complex ﬁ@g.
In particular we have a morphism
T, (Ps) ® fiQe = [Q[-1].
From it we deduce a morphism between the truncations for the perverse ¢-structure
Tg, (Ps) ® P7=" (i) — P71 (fi)

for every n € Z. This induces a morphism between the perverse cohomology sheaves in degrees
nandn — 1

T, (P ® PH (i) — PH™ (AR,

whence an action of Ap on the direct sum €, PH"( f!@{;).
7.6.2. — This arrow is compatible with the one constructed at the end of With respect
to the decomposition by the support

PH'([Q,) = @ K,
acB
it is expressed in terms of a matrix whose entry indexed by a pair (@, @’) is an element of

Tg,(Ps)" ® Hom(Kj, K.

The diagonal arrows are compatible with those of [7.4.7, whereas the non-diagonal arrows are
here clearly zero, since Hom(K?, K(’l’,_l) =0ifa #a'.
7.6.3. — The filtration 775" ( fg@[) of ﬁ@g defines a spectral sequence

Ep = H"("H'(fiQ)s) = HI™" (M)
which is equivariant for the action of Ap,. This spectral sequence is convergent because the
complex f10QQ, is bounded. We therefore have, on the direct sum

H2 (M) = @D HL(M) [,
a decreasing filtration F""H. (M) such that

F"He (M) /"™ He(M,) = ) Epy . [-m — n].

The action of Ap on H? (M) respects this filtration. The induced action on the graded pieces
associated with the filtration F"H, (M)

@ E rjto,n [_m - I’l]
n
is deduced from its action on the E,%m, which in turn is deduced from the graded action of Ap g
on B, "H" (fiQ)[-n].
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7.6.4. — Let us now place ourselves under the hypotheses of [7.2.2] In particular we have
Ji = f«. Having purity at our disposal as well, there exists a non-canonical isomorphism over
S ®k k
£Qe > D PH(AQ)[-n].
ne
This isomorphism persists when restricted to the strict henselization Ss of a geometric point s
of S, so that the spectral sequences degenerate at EZ, that is, Ey,=E i,n
7.6.5. — At the level of the perverse cohomology sheaves we have a canonical decomposition
by the support
PH(£.R) = P K.
aeB
We observed in[7.6.2]that over a strictly henselian base the action of the graded algebra Ap ; on
the direct sum €, 7H"( f*@g) respects the decomposition according to the support. It is very
tempting to look for an isomorphism

fQe— @ PH"(f.Qp)

better than the others, which would in particular be compatible with the action of Ap s defined
in In that case one could use the freeness of the abutment of the spectral sequence to
conclude the proof of However, a direct sum decomposition of f*Qg compatible with
the action of Ap ¢ does not appear to exist.

One can nevertheless prove by relying on the degeneration of the spectral sequence
and proceeding by induction on the strata. This is what we shall do in the following paragraph.

7.7. Freeness by Induction. — In this paragraph we shall complete the proof of the freeness
property[7.4.10] and hence also those of the amplitude inequality[7.3.2]and of the delta inequality
722

7.7.1. — We prove Proposition by a descending induction on the dimension of Z,. Let
@p € B be the maximal element, so that Z,, is the whole of S ®; k. Let Va, be a dense open
subset of S ®; k small enough in the sense of For a # o, the other strata Z, having no
intersection with V,,, the restriction of the perverse cohomology sheaf 7H" ( f*@g) to Vo, 1s a
local system with a shift

PH (L0, = K, [dim(S)].

Here K, is a semisimple local system on Uy, pure of weight n by the purity hypothesis of

As in [7.4.8] over the open subset V,,, the sheaf of Tate modules T (P) is devissed into an
exact seq P h Q[( )
0— T_ (Rao) - T_ (Pwo) - T_ (Aao) — 0,
where T [(AQO) is a pure local system of Welght -1 and T (R(,O) is a pure local system of
weight —2. As explained in[7.4.9] the action of the Tate module

Tg, (Pay) ® Koy — Koy !

factors through Tg (AQO) for reasons of weight.

The first step of the induction consists in showing that for every geometric point u,, of Vg,
the resulting A4 -module structure on the direct sum

My,,) EBH"(MMO - @Wgw [=n + dim(S)]

ag U ay

makes it a free module.
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By this assertion is independent of the choice of u,,. We may in fact assume that the

geometric point u,, is defined over a finite field. As in there then exists a quasi-lifting
Aay = Pay, so that the action of Ay, u,, on H®*(M,, ) comes from a geometric action of Aggu,,
on M, . We now use the hypothesis that the fiber M, is projective to conclude that H*® (Muao)
is a free module over A4, 4, . as in Lemmal/.5.
7.7.2. — We shall use the freeness property of the cohomology of the fiber M,,, to deduce the
freeness of the graded local system K, as a A4 -module. The difficulty is to control the noise
caused by the K- with @’ € B such that Z, is strictly contained in Z,. Note that by induction
we may assume that for such a’, K, is a free module over Ay ,.

Take a geometric point u, of V,, lying over a point with values in a finite field. Let S, be the
strict henselization of § at u,. The construction of applies to S,,,. We therefore have an

action of Ap ,,, on the restriction of f.Q,t0S g

(7.7.3) Apuy ® (£ Qqls,,) = (£ Qls,,)-

As in this induces a graded action of Ap,,, on the direct sum of perverse cohomology
sheaves, whose degree —1 part reads

Tg, (Pu,) ® "H'(£Q)s,, = "H' (£.Q)ls,,, -

By this arrow is expressed in terms of a diagonal matrix with respect to the canonical
decomposition of PH"( £.QQ,) and PH""!( £.43,) by the support

PHY(£.Q) = P KL
aeB
In other words, the direct sum decomposition
D (L) = Pk
n aeB

respects the structure of graded Ap, -modules.
The geometric point u, being defined over a finite field, by there exists a quasi-lifting
Ay, — P, which induces a canonical direct sum decomposition

T@[(Pua) = T@[(Rua) 2] T@[(Aua)-
From it we deduce an arrow
Tg, (Au,) ® "H'(£.QP)ls,, — "H™ (£Q)ls,,

which decomposes, by what precedes, into a direct sum of arrows

Tg, (Au,) ® Kyls,, — Ko'ls

Uq

over the set of indices a’ € B such that Z, is contained in Z,,.
Proposition 7.7.4. — For every o’ € B such that Z, is strictly contained in Z,, and for every
integer m, the graded ( ,-vector space
oy, )-n]
nez
is a free Ap,, -module.
Proof. — Over V,» we have a canonical arrow between graded local systems
AAM ® 7(0’ - (](cx’

defined in By the induction hypothesis, for every geometric point u,s of V- the fiber of
Ko atu, is afree Ay, 4 ,,-module. By the decomposition theorem, K, is a semisimple graded
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local system. Applying Lemma|7.4.11] we know that there exist a graded local system E, on
Vy and an isomorphism

(](CY' ~ AA(I’ ® EQ’/
as graded A, ,-modules.
This factorization continues to exist on the intersection V,» N S,,,,. Write y, for the generic
point of V,» N S, and y, for a geometric point above y,.. We then have an isomorphism of
representations of Gal(y,//yq)

La’,)‘} 7 :AA ®E0[’,y , -

a’ Sa!
Lemma 7.7.5. — Under the hypothesis that Ty (P) is polarizable as in - for every homo-
logical lifting B - T (A .) = T (Pua) the map

TQ{, (Aua) - T@Z (Aya’)

obtained by composing B with the specialization arrow T@ (Py,) — TQ (Py,,) followed by the
canonical prOJectzonT (Py ) — T (Ay ,) is injective. Moreover, there exists a complement
ofT (Aua) in T(Q (Ay ,) which is Gal(y(, /Yo )-stable.

Proof — The specialization arrow T= K(Pua) - Ts {,(Pya/) is compatible with the alternating
polarization form. Any homological lifting T@[(Aua) — T@ (Py,) is compatible with the
alternating form, which vanishes on the affine part T@(Rua), so that the map T@(Aua) -
T@[(Pya,) deduced from it is too. It follows that T@(Aua) — T@[(Aya,) is injective and that
the orthogonal of T@[ (Ay,) in T@a (Ay,,) is a Gal(y o /yq)-stable complement. O

Let us continue the proof of The direct sum decomposition
Ty, (As,) = T, (Ay,) ®U
of representations of Gal(y,’/y,) induces an isomorphism of representations of Gal(V,/v4’)

Ay, = Aa,, ® A(U),

Vo ha

where A(U) = b, A(U)[i]. This implies a factorization as a tensor product of representations
of Gal(Va'/ya')

Ko 5., = Na
There therefore exists an isomorphism

Ka'lvyns,, = Aa,, BE,

Uq a’

®AU)®Ey 5, .

Ua

where E’, is alocal system on V,» NS, . Since the external tensor product with A4, commutes
with the intermediate extension from V NSy, to Zy NS, and with the fiber functor at Uays
Proposition [7.7.4] follows. i

Consider now the spectral sequence
Ey"" = H"("H"(£.Q0)u,) = H""(M,,),
which degenerates at E; by We thus obtain a filtration of

H = H (M,,)[-/]
J

whose m-th graded piece is

o (@D PH (£ [-n1 ) [-m].

n
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This filtration is stable under the action of Ay, . Its action on the m-th graded piece is deduced
from the action of Ay, on the direct sum

P ru Q) -nls,,

n

and hence from that on the K, |5, . This m-th graded piece therefore decomposes into a direct

sum of graded A4, -modules
Hn( PPk, [—n]) [—m].
o’ nez
For ¢’ # a, we already know that H" (P, ., Kg,,ua[—n]) is a free Ay, -module cf. [7.7.4,

For o’ = a, we have H" (K, ,,,) = 0 except for m = —dim(Z,). We thus obtain a filtration of H
by Aa,_-submodules

OcH cH' cH= @Hj(Mua)
J
such that H" and H/H” are free A4, -modules and such that

H”/H' = Lo, .

By we know that H is also a free A4, -module. We shall deduce from this that L, is
also a free Ay, -module, by means of a particular property of the ring Ay, .
Since Ay, is a local algebra, every projective Ay, -module is free. The exact sequence

0—->H'—-H->H/H' -0,

with H and H/H” free, implies @at H” is also free.
Note also that Ay, is a local (,-algebra of finite dimension having a socle of dimension one.

From this we deduce that the dual (Ay, )" of A4, asa @f—vector space is a free Aa, -module.
Consider the dual exact sequence

0 N (H///H/)* N (H//)* N (H/)* N O,
where (H”)* and (H')* are free Ay, -modules. It follows that (H”/H’)" is a free A4, _-module,
so that H” /H’ is one too.

7.8. The Case of the Hitchin Fibration. — Let us apply the result of this section to the case
of the Hitchin fibration, more precisely to the morphism 2 : /™ — o/™ equipped with the
action of g™ : 9P s of™i Here /*™ and 2™ are not schemes but Deligne-Mumford stacks
of finite type cf.[6.1.3] We know that 9 is smooth over ZZ*" by and that ./Z* is smooth
over k by 4.14.1] By|4.15.2| the action of P on .4* has affine stabilizers. By 4.16.1] the
morphism 2" is flat of relative dimension d, and the same holds for g*". By|(5.5.4} the sheaf
mo(9P™) is a finite quotient of the constant sheaf X,. The Tate module is polarizable by {4.12. ll
The morphism 2" is proper without being projective; nevertheless .Z*" is homeomorphic to a
projective scheme ™ over o/*™ by 6.1.3L

There are two ways of applying the inequality to our situation. The first is to replace
M by A, which is projective over &/, The constant sheaf @g on .//* is pure, because
the stack ., which is homeomorphic to it, is smooth. One may replace the Deligne-Mumford
Picard stack 9" by the group scheme 9°*" defined by means of a rigidifier Here g0
has relative dimension larger than d, but adapting to this situation is merely a matter of
numerology.

In fact, there is a much more economical way to proceed. It consists in observing that the
entire proof of’ adapts as it stands to Deligne-Mumford stacks, with the exception of Lemma
where we assumed that the fiber ./, is projective. But by 4.15.2] we know that ./, is
homeomorphic to a projective scheme, so that applies. Note also that instead of using
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M.15.2]and[7.5.1]in combination, it is even more economical to apply the product formulad.15.1
directly in order to obtain the conclusion of In the situation of the Hitchin fibration, where
a product formula is available, paragraph|[7.5|is in fact not necessary.
7.8.1. — We have a stratification cf. [5.6.6]
'Qiani — |_| 'Qigni
0elN

such that for every a € & gni(lz) the dimension of the affine part of %, equals 6. We conjecture
that for every 6 we have

codim(dgni) > 6.
The strongest evidence in favour of this conjecture is the case of characteristic zero, a proof of
which is sketched in [60, p. 4]. Failing a proof of this conjecture in characteristic p, we must
resort to a stratagem.
7.8.2. — Suppose that there exist integers ¢ such that codim </ (‘;‘“i) < &; we shall write 5gad(D)
for the smallest of them. It is important to note the dependence of (5'2;ad(D), if it exists, on G
and on the invertible bundle D. By we know that for a fixed group G the integer 62“( D)
tends to infinity with deg(D). We write

dbad — |_| dgni
62624(D)

and

!Q'igood — dani _ dbad.
By construction, over &/2°°¢ the morphisms f2" and §*" form a d-regular abelian fibration.
Theorem 7.8.3. — Let PH"( f*ani@g)st be the largest direct factor of PH"( ﬁani@g) on which X,
acts trivially. Let K be a geometrically irreducible perverse factor of PH" ﬁf‘“i@g)st and let Z
be the support of K. Suppose that Z N oA2°°4 £ 0. Then Z = ™™,
Proof. — Since P is §-regular over &/¢°°4, we have the inequality codim(Z) > 6. Applying
with trivial x, we obtain on the one hapd' the equality codim(Z) = dz, and on the other
hand the existence of an open subset U of &/ and a local system L on U N Z such that i.L,

where i is the closed immersion Z N U — U, is a direct factor of H%4( f*@g)sth]. But we know
by that the latter is a constant sheaf on &/*", so that UN Z = U and therefore Z = ™. 0O

7.8.4. — The application of to the x-part is more subtle, because a priori it is possible
that &78°°4 N .Qik = (. Indeed, &/, is the union of the oy, where H runs over the endoscopic
groups associated with the pointed endoscopic data (, p%), and the codimension of &y in &
is a multiple of deg(D). Nevertheless, it is not necessary to know that the abelian fibration
is d-regular in order to apply the inequalities [7.2.2] and [7.2.3} it in fact suffices to know the
inequality codim(Z) > 6 for the possible supports Z.

Replacing G by an endoscopic group H, we have an integer 6}’;‘1(D), a closed subscheme

7bad _ Zani
Ay = ko4 p
bad
51—1251_? (D)

and its complementary open subset &/ fIOOd = dy - A
Theorem 7.8.5. — Let PH"(f™@Q,), be the largest direct factor of PH"(f*Q,) on which
X acts through the character k. Let K be a geometrically irreducible perverse factor of
PH"(f2Q),), and let Z be the support of K. Then there exists a pointed endoscopic datum
(k, p2) such that Z is contained in 7(9ly), where H is the endoscopic group attached to (k, p%)
and v : dly — d is the closed immersion deduced from it.

If moreover Z N V(deOOd) # 0, then Z = V(&?Zﬂi).



THE FUNDAMENTAL LEMMA FOR LIE ALGEBRAS 929

Proof. — We know that Z C o/, where cf.
de= | v(dnu,),
(K.p% ¢)

so that the irreducible closed subset Z is contained in one of the irreducible components (/g )
We shall simply write H for the endoscopic group attached to the endoscopic datum (k, py) such
that Z C V(). Let Zy be the closed subset of &/ such that Z = ¥(Zy).

Suppose that Zy N o I%OOd # 0; then we have the inequality

codim(Zy) > 0wz,

where 6 is the delta function for the Picard stack Py over dy. Byld.17.3[and4.17.1] we know
that for every ay € " (k) the difference

6(¥(an)) — oulan)
is independent of a and equals exactly the codimension of 7(/x) in o/. We therefore have
codim(Z) > 6y (ag) + codim(¥(Ly)) = 6.
Applying there exist an open subset U of 2/*™ and a non-trivial local system L on ZNU

such that i, L, where i is the closed immers~i0n i:ZNnU — U,isadirect fagtor of H??( f:f‘“i@g),(.
By|6.5.1| we then know that Z N U = #(&ly) N U, so that finally Z = 7(p). O

8. Point Counting

In this last chapter, we complete the proof of the geometric stabilization theorem [6.4.2] as
well as that of the Langlands-Shelstad conjectures [I.11.T]and Waldspurger[[.12.7) by relying on
theorem [7.8.31

The proof is based on the following principle. Let K;, K> be two pure complexes on an
irreducible k-scheme of finite type S. Suppose that every geometrically simple perverse sheaf
present in K or K has support S entirely, then to demonstrate that K; and K; have the same
class in the Grothendieck group, it suffices to demonstrate that there exists a dense open set U
of S such that for any finite extension k&’ of k, for any u € U(k’), the traces of the Frobenius oy
of k" on Ky, and K, are equal. The equality in the Grothendieck group implies that we have
the same equality but for every point s € S(k’). Point counting in a fiber above a point of a
small open set U should be much more agreeable than in any fiber, which is the strength of the
support theorem.

We will therefore count the number .4, (k) of k-points in an anisotropic Hitchin fiber. More
precisely, we want a formula for the stable part §.4, (k)s. The product formula[d.15.1]allows us
to express this number as a product of the number $.%9(k) of k-points of the neutral component
of &, and the numbers of points in quotients of affine Springer fibers cf. For these quotients
of affine Springer fibers, a more or less direct counting yields a stable orbital integral cf.
We also have the counting variant with a k-weighting which gives rise to «x-orbital integrals.
Each time, it is a matter of counting points of an Artin stack of the form [M/P] where M is a
k-scheme and P is a k-algebraic group acting on M. This formalism is recalled in [8.1| along
with an ad hoc fixed-point formula which was proved in appendix A.3 of [34].

For a € o/°(k), the quotients of affine Springer fibers are all trivial such that §.4, (k) is equal
to the number ﬁ@g(k) where 9’2 is essentially an abelian variety. This allows us to prove the
equality of the numbers §.4# ,(k)s and §.4, ,(k)s for a € o/°(k) associated with two groups
G and G, having isogenous root data. The support theorem[7.8.3]allows extending the identity
to a € (/™ — o/®2) (k). We thus obtain enough global points to obtain all local stable orbital
integrals by letting deg(D) tend to infinity. We thus prove the non-standard fundamental lemma
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conjectured by Waldspurger cf. By reversing the global-local argument, we can extend the
identity §.4/1 . (k)s = BMo 4 (K)g to all @ € A (k).

The proof of the Langlands-Shelstad conjecture essentially follows the same strategy with a
few more technical difficulties. For ay € &iﬁl(k), the local stable orbital integrals of ay are
trivial but the local «-orbital integrals in G of the corresponding point a are not necessarily so.
However, by shrinking </ , even further, we can assume that these non-trivial local «-orbital
integrals are as simple as possible. The calculation of these simple local integrals is well known
and reduces to the SL(2) case treated by Labesse and Langlands. We review it in By
combining this calculation with the support theorem [7.8.5] we obtain the part of the geometric
stabilization theorem on the open set df‘;‘i - d}’f‘d cf. Again, by letting deg(D) tend to
infinity, we obtain all local orbital integrals and thus prove the fundamental lemma cf. By
reversing the global-local argument, we deduce the entire geometric stabilization theorem.

8.1. General remarks on counting. — In this paragraph, we will fix a framework for the
various counting problems that we will have to solve later. We will also clarify the abuses of
notation that we will systematically practice in this chapter. In this paragraph and unlike the rest
of the article, the letter X does not necessarily designate a curve.

8.1.1. — If M is a k-scheme of finite type. According to the Grothendieck-Lefschetz trace
formula, the number of k-points of M can be calculated as an alternating sum of traces of the
Frobenius element o~ € Gal(k/k)

M (k) = ) (=1)"tr(or, HE(M))

where H” (M) denotes the n-th compactly supported cohomology group H!(M ® k, Q) of
M Qy k.

We will need a variant of this trace formula in the following context. Let M be a k-scheme of
finite type or more generally a Deligne-Mumford stack of finite type, equipped with an action
of a commutative k-algebraic group of finite type P. We want to relate the trace of o on a
part of the compactly supported cohomology of M with the number of points of the quotient
X = [M/P] and the number of points of the neutral component of P. This is the content of
appendix A.3 of [S4] which we will now recall and slightly generalize.

8.1.2. — Let X = [M/P] be as above. We will write X for the groupoid X (k), M for the set
M (k) and P for the group P(k). By definition, the set of objects of X = [M/P] is the set M.
Let my,my € M. Then the set of morphisms Homy (m1, m») is the transporter

Homy (m,my) = {p € P|pm; = my}.

The composition rule for morphisms is deduced from multiplication in the group P.
8.1.3. — The action of the Frobenius element o € Gal(k/k) on M and P induces an action
on the groupoid X = [M/P]. The groupoid X (k) of fixed points under the action of o is by
definition the category whose

— objects are pairs (m, p) where m € M and p € P such that po(m) = m;

— a morphism & : (m,p) — (m’,p’) in X(k) is an element & € P such that hm = m’ and
p’ = hpo(h)~L.
The category X (k) has a finite number of isomorphism classes of objects and each object has a
finite number of automorphisms. We are interested in the sum

1
RX (k) = Z # Auty s (x)

xeX(k)/~

where x ranges over a set of representatives of the isomorphism classes of objects in X (k).
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8.1.4. — Let X = [M/P] as above and let x = (m, p) be an object of X (k). By definition of
the morphisms in X (k), the o--conjugacy class of p depends only on the isomorphism class of
x. Since P is a k-group of finite type, the group of o-conjugacy classes of P is canonically
identified with H! (k, P). Letcl(x) € H!(k, P) denote the o-conjugacy class of p which depends
only on the isomorphism class of x. According to a theorem of Lang, H' (k, P) is identified with
H!(k, mo(P)) where mo(P) denotes the group of connected components of P ®; k which is thus
a finite commutative group equipped with an action of o~. Thus, for any o -invariant character

Kk :my(P) — @;, for any object x € X (k), we can define a pairing

(cl(x), k) = x(cl(x)) € Q;

which depends only on the isomorphism class of x. We can therefore define the number of
points of X (k) with k-weighting

(cl(x), k)
X (k) = G,
RXCK) xeXZ(l;)/NﬂAUtX(k)(x)

where x ranges over a set of representatives of the isomorphism classes of objects in X (k).
8.1.5. — The group P acts on the cohomology groups H (M) through its group of connected
components 7o (P) according to the homotopy lemma. We can form the eigenspace H? (M), of
H? (M) with eigenvalue «. Since « is o-invariant, o acts on H (M),.

We have the following variant of the Grothendieck-Lefschetz trace formula proved in appendix
A.3 of [54].
Proposition 8.1.6. — Let M be a k-scheme of finite type, P a commutative k-group of finite
type acting on M and X = [M/P]. Then the category X(k) has a finite number of iso-
morphism classes of objects and each object has a finite number of automorphisms. For any

Kk :my(P) — Qfx a o -invariant character, the number § X (k) has the following cohomological
interpretation:
4 PU(k)E X (k) = - (=1)"tr(or, HE(M),)
n

where P is the neutral component of P.

We refer to [S4, A.3.1] for the proof. We can consider two instructive examples that explain
why we need to separate the role of P? from 7o(P).
Example 8.1.7. — Suppose M = Spec(k) and P is a finite group on which o acts. Let
X = [M/P] be the classifying stack of P. Then the objects of the category X (k) are the
elements p € P while the morphisms p — p’ are the elements & € P such that p’ = hpo(h)™L.
We then have
§pP
P
Furthermore, for any o--invariant character x : P — @gx which is non-trivial, we have § X (k), =
0.
Example 8.1.8. — If M = Spec(k) and P = G,,. Let X = [M/P] be the classifying stack of
G- The objects of X (k) are again the elements p € P while the morphisms p — p’ are the
elements /1 € P such that p’ = hpo (h)~'. According to Lang, all elements of k* are o-conjugate
such that there is only one isomorphism class of objects in X (k). The automorphism group of
each object in X (k) is k* and thus has ¢ — 1 elements. We have therefore #f X (k) = (¢ — 1)7L.

To study point counting in affine Springer fibers, we need a variant of the previous discussion
for the case where M and P are locally of finite type and where [ M / P] has a reasonable finiteness
property.

Let M be a locally finite type k-scheme and P a locally finite type commutative k-group acting
on M. For the quotient [ M /P] to be reasonably finite, we also make the following hypotheses.

# X (k) = 1.
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Hypothesis 8.1.9. — (1) The group of connected components 7o (P) is a finitely generated
abelian group.

(2) The stabilizer in P of each point of M is a subgroup of finite type.

(3) There exists a discrete torsion-free subgroup A C P such that P/A and M /A are of finite
type.

The last hypothesis needs to be commented on. Since the group A is torsion-free, it acts
without fixed points on M since the stabilizers in P of any point of M is of finite type and in
particular have a trivial intersection with A. Moreover, if the hypothesis is verified, it is verified
for any subgroup A’ C A of finite index and o -invariant.

8.1.10. — We also need to explain how to construct a discrete torsion-free subgroup A of P
such that P/A is of finite type. The group P admits a canonical short exact sequence

1Pt 5P ay(P)® -0

where 7o(P)"® is the maximal free quotient of 7o(P) and where PY is the maximal finite type
subgroup of P. Since 7o(P)""" is a free abelian group, there exists a lifting

v 770(P)lib — P

which is not necessarily o-equivariant. Since P! is a k-group of finite type, the restriction of y
to A = Nmo(P)" for N sufficiently divisible is o-equivariant. This gives a discrete torsion-free
subgroup P. Hypothesis (3) is equivalent to the quotient of M by this discrete torsion-free
subgroup being a k-scheme of finite type.
8.1.11. — Consider the quotient X = [M/P]. The groupoid X (k) of fixed points under o
has as objects pairs x = (m, p) withm € M and p € P such that po(m) = m. A morphism
h:(m,p) — (m’,p’)isanelement i € Psuchthat him = m’ and p’ = hpo (h)~!. Let P, be the
group of o--conjugacy classes in P. The o-conjugacy class of p defines an element cl(x) € P,
which depends only on the isomorphism class of x. Since m is defined over a finite extension of
k, cl(x) belongs to the subgroup

cl(x) € H' (k, P)
which is the torsion part of P, .
Lemma 8.1.12. — Any character « : H' (k, P) — @[X can be extended to a character of finite
order K : P, — @;.
Proof. — Let P be the group of neutral components of P. According to Lang’s theorem, every
element of P is o-conjugate to the identity. It follows that the map P, — mo(P), from P,
to the group of o-conjugacy classes of mo(P) is an isomorphism. The characters K : P, —

@gx are therefore the @ -points of the @Q,-group diagonalizable of finite type (7o(P)y)* =
Spec(Q;[mo(P)s]). The characters x : H'(k, P) — @gx form the group mo((7mo(P)s)*) of
connected components of (o(P),)*. Any element « € my((mo(P),)*) can be lifted to a torsion
element K € (m9(P)y)". O

The quotient X = [M/P] is clearly equivalent to [(M/A)/(P/A)] where M /A and P/A are
of finite type. In particular, the set of isomorphism classes of objects of X (k) is finite and the

. e — X
group of automorphisms of each object is finite. For any character « : H' (k, P) — @, , we can
therefore form the finite sum

(cl(x), k)
BX (k) = STRYIRNE
xEXZ(k:)/~ # Aut(x)

Letk : P — @{;X be a o-invariant character of finite order that represents k. We can then
choose a discrete subgroup A C P such that condition (3) of is satisfied and such that the
restriction « to A is trivial. We denote by & the character of P/A which is thus deduced. Let
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HZ(M /A)g be the eigenspace of H! (M /A) with eigenvalue k. The following statement is an
immediate corollary of
Proposition 8.1.13. — We have the formula

AP (B X (k) = ) (=1)"tr(or, HE(M/A)p).

Furthermore, if \' C A is a subgroup of maximal rank and o -invariant then we have a canonical
isomorphism
HE (M /A — HE (M [ A)z

for each integer n.

Proof. — Since A is a torsion-free subgroup of P, we have that the intersection of A with
the neutral component P is trivial. Consequently, the homomorphism P° — P/A induces an
isomorphism of P° onto the neutral component of P/A. By comparing with we obtain
the desired formula. O

In practice, this proposition is useful for comparing and controlling the variation of the
sum § X (k’), when we take points with values in a variable finite extension k’ of k. Let
m = deg(k’/k). For any isomorphism class x” of X(k’), we have a o™ -conjugacy class in P.
Since k : P — (Q ¢ 1s o-invariant, it is a fortiori o -invariant, so that we can define the pairing

(cl(x), k) € (Q ¢ - We then have the formula
4P (KX (K') = ) (=1)"tr(a™, HE(M [ A)g).

Corollary 8.1.14. — Let X = [M/P] and X’ = [M’/P’] be as above. Let k : P — @gx and

- X . . . . .
k' P"— @Q, be two o-invariant characters of finite order. Suppose there exists an integer m
such that for any extension k'’ [k of degree m’ > m, we have

PO (KX (K = BPO (KX (K e
Then, we have the equality
#P ()X (k) = P (X (K)o
We will now study two twin examples that are among the simplest affine Springer fibers. In
these cases, we can directly calculate the numbers § X (k),.

Example 8.1.15. — Let A be a one-dimensional split torus over k and X, (A) its group of
cocharacters. Consider an extension

l1>A—->P-—>X,(A) —>1.
The sheaf RHom(X.(A), A) is concentrated in degree 0 with
Hom(X.(A),A) = G
Since H' (k, G,,) = 0, we can split the exact sequence above and in particular, there exists an
isomorphism
P~AxX,(A).
In both cases, we have an isomorphism P = (5, X Z over k.

Consider the infinite chain of P! obtained from the disjoint union | |; P! where P! denotes
the i-th copy of IP!, by gluing the infinite point co; of P} with the zero point O;y of P}, |. The
group G, X Z acts on |_|; P! in a compatible way with the gluing so that it still acts on the chain.

Consider a k-scheme M equipped with an action of P such that after base change to k, M is
isomorphic to the infinite chain of P! equipped with the action of G,, X Z as above. We have

in particular a stratification M = My L M| where M is a principal homogeneous space under P
and where M is a principal homogeneous space under the discrete group X, (A). The groupoid
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X = [M/P] has essentially two objects x; and xo with Aut(x;) = A and Aut(xg) trivial. We
also have two cohomology classes

cli,cly € H (k, P) = H' (k, X, (A)).

There are exactly three possibilities for these classes.

(1) If A = G,, then X, (A) = Z. In this case, we have the vanishing of H' (k, X, (A)). We
then have the formula

AX(K) =1+ —— = L
qg-1

q-1

which is more agreeable to remember in the form

t Ak X (k) =q.

(2) If A is the one-dimensional non-split torus over k thus having g + 1 points with values in
k. In this case X, (A) is the group Z equipped with the action of o given by m +— —m. In this
case, the group H' (k, X, (A)) has two elements and its elements can be described explicitly as
follows. An X, (A)-torsor E is a principal homogeneous space E under Z equipped with a map
o : E — E compatible with the action of o on Z given above. For any e € E, the difference
o (e) — e is an integer whose parity is independent of the choice of e. If o(¢e) — e is even, cl(E)
is the trivial element of H! (k, X, (A)). If o(e) — e is odd, cl(E) is the non-trivial element of
H'(k, X, (A)).

Suppose now that clp = 0. Then, there exists exactly one copy ]P} in the infinite chain stable
under o. Since A is the non-split torus, o necessarily exchanges 0; and oo;. It follows that
cl; #0.

If « : H' (k, X, (A)) — @X is the non-trivial character, we then have the formula

1 q

Xk)ye=1-——=
HX (k) g+1 qg+1

which is more agreeable to remember in the form
AKX (k) =q

(3) Suppose always that A is the non-split torus but consider the case where cly # 0. There
exist then two copies ]Pl.l and ]Pl.1 +1 exchanged by o~ such that in the infinite chain M, the common
point co; = 0;41 is o-invariant. It follows that cl; = 0. We have then the formula

fAKEX (k) = —q

where « : H' (k, X, (4)) — @gx is the non-trivial character.

Assuming that M has at least one k-point, we have clp = 0 so that the third possibility is
excluded. With this hypothesis, we observe that the formula

AKX (k) =q

is then valid.

8.2. Counting in an affine Springer fiber. — In this paragraph, we study point counting in
an affine Springer fiber, essentially following [26, §15] but with the language developed in the
previous paragraph. As in the previous paragraph, the notation x € X will mean x € X (k).
When referring to coefficients other than k, we will specify.

Let v € | X| be a closed point of X. Let F, be the completion of the field of rational functions
F by the v-adic topology and O, the ring of integers of F,, k, the residue field. We denote
X, = Spec(0,) and X? = Spec(F,). Let F, be the v-adic completion of F = F & k. Let O, be
the ring of integers of F, .
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8.2.1. — Let a € ¢”(0,) be an X,-point of ¢ whose generic fiber is semi-simple and regular.
The reduced affine Springer fiber .4 (a) is a locally finite type k-scheme whose set of k-points
is

M (a) = {g € G(F,)[G(6,)]ad(g) ' y0 € 9(6y)}
where yg = €(a) is the Kostant section at point a. Since nilpotents play no role in the following
discussion, we will simply write .#, (a) instead of .44 (a).
8.2.2. — Let J, = a*J be the inverse image of the regular centralizer. Let J;, be a smooth
X,-group scheme with connected fibers and equipped with a homomorphism J; — J, which
induces an isomorphism on the generic fiber. In particular, J/ can be the group scheme JO of
the neutral components of J,,, but it will be more flexible for applications to consider general J,.
8.2.3. — Consider the locally finite type k-group scheme Z4(J’) whose set of k-points is

P = Jo(F)1T4(6y).

Again, we will simply write P, (J/,) for '*4(J") because nilpotents play no role in the following
discussion. The homomorphism J,, — J, induces a homomorphism

gv(-]:z) — P, (Ja)

which induces an action of 2, (J},) on #, (a). According to[3.4.1] this action satisfies hypothesis
so that we can consider the number of k-points of the quotient [.%,(a)/%,(J})] as well
as the variant with a x-weighting. According to [8.1.13] we know that these are finite numbers
that have a cohomological interpretation. In this paragraph, we are interested in the question of
expressing these numbers in terms of stable orbital integrals and «-orbital integrals.

Let’s begin by comparing the ks that appear in the counting problem 8.1]and those that appear
in the definition of k-orbital integrals|1.7
Lemma 8.2.4. — Assume that the special fiber of J,, is connected. There exists a canonical
isomorphism

H'(F,,J,) = H' (k, ?,(J.)).
Proof. — According to a theorem of Steinberg, H!'(F,, J,) = 0. It follows that
H' (Fy,Ja) = H' (Gal(lz/k)’ Ja(Fv))-

According to a theorem of Lang, we have the vanishing H!(k, J/(60,)) = 0 because J/, is a
smooth group scheme with connected fibers. The lemma follows. O

Proposition 8.2.5. — Assume the special fiber of J/, is connected. Let k : H' (F,,J,) — @gx

be a character and k : H' (k, 2,(J})) — @[X the resulting character. The number of k-points
with k-weighting of [ M, (a)|P,(J])] can then be expressed as follows

ﬁ [ﬂv(a)/gv(J;)](k)K = VOI(J(;(@V)’ dtv)OZ(lgva dr,).

where 14, is the characteristic function of §(0,) and where dt, is any Haar measure of J,(F,).
Proof. — Recall the description of the category

[, (a)] P (To)] (k).

An object of this category consists of a pair x = (m, p) formed by an element m € ., (a)
and an element p € 9, (J)) such that the equality po(m) = m holds. A morphism from
(m, p) to (m’, p’) in this category consists of an element & € 2, (J)) such that m" = hm and
p’ = hpo(h)~L.

Let 2, (J!). be the group of o-conjugacy classes of %, (J/) and H' (k, %, (J?)) the subgroup
of continuous cocycles. For each object x = (m, p) as above, we define cl(x) € P, (J)), as the
o-conjugacy class of p which actually belongs to the subgroup

cl(x) e H' (k, 2,(J})) = H'(F,, J,).
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Let yo be the image of a in g by the Kostant section. We have a canonical isomorphism J,, = I,
cf. so that cl(x) can also be seen as an element of H! (F,, Ly,).
Lemma 8.2.6. — For any object x of [ M, (a)| P, (J})](k), the class cl(x) belongs to the kernel
of the homomorphism

H'(F,,1,) — H'(F,,G).
Proof. — Letx = (p, m) be as above. Let g € G(F,) be a representative of m € G(F,)/G(6,)
and j € I,,(F,) a representative of p. The equality po(m) = m implies that

g 'jo(g) € G(6y)
so that this element is o-conjugate to the neutral element in G(F,). Thus cl(x) € H'(F,, Ly,)
has a trivial image in H!(F,, G). O

Continue the proof of For any element ¢ in the kernel of H' (F,, L,) — H!(F,,G),

consider the subcategory

[, (a)| Py (T;)]e (k)
of objects in [, (a)/P,(J;)](k) such that cl(x) = &. We propose to write the number of
isomorphism classes of [.#,(a)/ 9, (J;)]¢(k) as an orbital integral.

Fix j¢ € I,,,(F,) in the o-conjugacy class &. Let (m, p) be an object of [/, (a)/ P, (J})](k).
Since p is o-conjugate to j¢ in P, (J)), there exists h € P,(J;) such that jo = h~'po(h).
Then (m, p) is isomorphic to (h_lm,jf). Consequently, the category [, (a)/P,(J])]e(k)
is equivalent to the full subcategory formed by objects of the form (m, j¢). A morphism
(m, je) — (m’, j¢) is an element h € P, (J})(k) such that hm = m’. Since J; has connected
fibers, we have

gv(J;)(k) = Ja(Fv)/Jét(@v)-

Let (m, j¢) be as above. Choose a representative g € G(F,) of m. Then g_ljfa(g) e G(0,).
As all elements of G(0,) are o-conjugate to the neutral element, we can choose g with m =
gG(0,) such that

gl jeor(g) = 1.
Letg, g’ € G(F,) be two elements satisfying the above equation and representing the same class
m € G(F,)/G(0,). Then g’ = gk with k € G(0,) so that the image of g in G(F,)/G(0,) is
well-determined by (m, j¢).

Thus the category [, (a)/ P, (J})](k) is equivalent to the category O¢ whose objects are
the elements g € G(F,)/G(0,) satisfying two equations

(1) gl jeo(g) =1

(2) ad(g)~'y0 € 9(6))
and whose morphisms g — g; are the elements i € J,(F,)/J(0,) such that g = hg,. Here, to
make £ act on the left, we used the canonical isomorphism J, = I,,.

Since the image of £ in H' (F,, G) is trivial, there exists g¢ € G(F,) such that g;ljgcr(gé:) =1.
Fix such a G¢ and set

¥e = ad(ge) ™70,
The equation g;ljga(gg) = 1 implies that y; € G(F,). The G(F,)-conjugacy class of y¢ does
not depend on the choices of j: and g¢ but only on the class & € H'(F,, Ly,).

By setting g’ = ggl g, the category O¢ can be described as follows. Its objects are the elements
g’ € G(F,)/G(0,) satisfying

ad(¢") ' (ve) € 8(0)).
Its morphisms g" — g are the elements & € J,(F,)/J;(0,) such that g’ = hg’. Here, to make
h act on the left, we used the canonical isomorphism J, = I,,, where I, is the centralizer of y,.
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The set of isomorphism classes of O is therefore the set of double-classes
g € L, (F,)\G(F,)/G(0y)
such that ad(g’)_lyg € g(0,). The automorphism group of g’ is the group
(L (F)) N g'G(0,)8"™)14(0))
whose cardinality can be expressed in terms of volumes as follows
vol(1y, (F)) N g'G(0,)g'". dty)
vol(J;(6y), dty)

We thus have

vol(J/,(0,), dt,)
ﬁ 05 — Z v v —
vol(J,(F,) Ng’G(0,)g’~",dt,)
the summation being extended over the set of double classes
g €1, (F,)\G(F,)/G(6))
such that ad( g’)‘1y§ € g(0,). We thus obtain the formula
ﬁ [-ﬂv(a)/g)v(-]a)]f(k) = ﬁ O.f = VOI(J(;(@V)’ dt)Oyg(lgv, dtv)-
By summing over the kernel of H! (F, L) — H!(F, G), we obtain the formula
§ [, (a)| Py (T )] (k) = vol(J4(0y), dty)Og (14, dty)
which was desired. O
We will eventually want the same type of statement for group schemes J/, not necessarily
having a connected special fiber and in particular for J, itself. The direct counting of the
number of k-points of the quotient [.#,(a)/%,(J,)] proves to be very tedious. It is more

economical to go through the comparison with the connected case. We will state the result only
in the case of J,, although it is generally valid.

Let x : H' (k, 2,(J,)) — @fx. By using the homomorphism
H' (k, Py(J9) — H'(k, 2, (Ja)).
we obtain a character of H' (k, 2, (JY)) and consequently a character of H' (F,, J,) which we

will all denote by «.

Proposition 8.2.7. — Consider « a character of H' (k, #,(J,)) and let k : H'(F,,J,) — @[X
be the character of H'(F,,J,) that results from it. Then, the number of k-points with the
k-weighting of [ M, (a) | P, (J,)] can be expressed as follows

ﬁ [, (a)] P,(Ja)] (k) = VO](‘IS(@V)’ dtv)og(lgv, dz,).
where 14 is the characteristic function of §(0,) and where dt, is any Haar measure of J,(F)).

Moreover, if k : H'(F,,J,) — @fx is a character that does not come from a character of
H'(k, P,(J,)), then the k-orbital integral 0% (1,,,dt,) is zero.
Proof. — This is a comparison between 9, (J,) and the known case %,(J°). It suffices to
prove the equality

§ [, (a)| Py (J) (k) = § [ My (a) | Py (T)] (k)

in the first case and the vanishing of [.Z,(a)/%,(J)] (k). in the second case. The proof will
be based on the same principle as|8.1.7|although the details are more complicated in the present
case.

We have an exact sequence

I — ﬂO(Ja,v) - g’v(Jg) — g)v(Ja) -1
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where 7o (J,,,) is the group of connected components of the fiber of J, at v. This implies a long
exact sequence

(8.2.8) 1 - 19(Jay)” = P07 - 2,(J,)7 —
(8.2.9) 70(Jar)oe = Po(UDe = Py(Ja)o — 1

where the exponent o denotes a group of o-invariants and the index o denotes a group of
o -coinvariants.
Consider the functor

7 [y () Po(ID] (k) = [ My (T2)] Py ()] (K).

It maps an object x’ = (m, p’) with m € ., (a) and p’ € P,(J?) such that p’c(m) = m to
the object x = (m, p) where p is the image of p’ in &,(J,). Choose a set of representatives
{xy | ¢ € ¥} of the isomorphism classes of [, (J,)/ P, (Ja)] (k).
Since the homomorphism %, (J9) — %, (J,) is surjective, this subcategory of [, (J,)/P,(J0)] (k)
is equivalent to [, (J,) /P, (J?)] (k) so that to calculate the numbers # [, (J,) /P, (J)] (k)
it is permissible to restrict to this subcategory.
For each ¢ € W, consider the full subcategory

[, (Ja) | Py ()] (K)s,

of [M,(J,)]P,(J%)](k) formed by objects of the form x(’l/ = (ml/,,p:l/) with p:// = py. If
Y # Y’, two objects x:p € [,/%V(Ja)/g’v(Jg)](k)M and x:p’ € [,/%V(Ja)/g’v(Jg)](k)xW are
not isomorphic. Moreover, for any x’ € [./,(J,)/P,(J%)](k) there exists ¢ € ¥ and xl’l/ €

(A, (T2)] Py (TN (k) , such that x” and xl’// are isomorphic. Thus, the disjoint union of the
categories

| |t 2, (I (),

¥
forms a full subcategory of [, (J,)/P,(J2)](k) which is equivalent to it. Consequently, to
count the objects of [, (J,)/P,(J9)](k), we can count in each [, (J,)]P, (Jao)](k)xw and
then sum over the ¥ € V.

Fix an xy and simply denote it as x = (m, p). The category

[, (Ja) | P (TN (K)x

is not difficult to describe. By fixing an object x; = (m, p1) with p; — p, we identify the set of
objects of this category with the group 7o(J,,,) which is the kernel of 2,(J%) — P,(J,). A
morphism in this category is given by an element of the group

Hy={hy € 2,(J°) | hm = mand hjo(h)™" € mo(Ja)}.

The category [, (J,)/P,(J)], is equivalent to the quotient category of the set mo(J,.,)
by the action of H; with H; acting via the homomorphism « : H; — m9(J,,) defined by
a(hy) = hio(h))~!. The set of isomorphism classes of this category is identified with the
cokernel cok(a) of @ and the automorphism group of each object is identified with the kernel
ker(a). This shows in particular that H, is a finite group.

Let « be a character of H' (k, %,(J?)). This group is canonically identified with the torsion
part of &, (JS)U. Consider the restriction of « to my(J,)s and also denote « as the character

— X . . ) . .. )
no(Jay) — Q, thatresults from it. This character is certainly trivial on the image of @ : H; —
. — X
7o(J4v)o so that it defines a character on the cokernel « : cok(a) — @Q, . The sum

(clx). &) _
Z # Aut(x’)
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over the set of isomorphism classes of the full subcategory [, (J,)/%,(J%)], is then equal to

(z,k)
(cl(x1), k).
Zewzk“(a) #ker(a)

If the restriction of « to my(J,,) is non-trivial then this sum is zero, which implies the vanishing
of [, (a)/P,(ID] (k) = 0.
Now assume that the restriction of « to mo(J,,) is trivial. In this case, « factors through
H!(k, %,(J,)) and the sum above is equal to
f cok(a)
fker(a)

It remains to calculate # cok(a)/t#i ker(a). The exact sequence

T (cl(x), «).

1 — ker(a) = H; — mo(J,,,) — coker(a) — 1

implies the equality

fcok(a) _ #m0(Jay)
fiker(e)  HHi

Let by € Hy and h its image in 2, (J,;). Then ho(h)~! = 1 sothat h € 2, (J,)°. Let stab(m)
be the subgroup of elements of &, (J,) that stabilize m. We then have the exact sequence

1 - no(Jay) = H — P,(J,)7 Nstab(m) — 1

where 2, (J,)? N stab(m) is exactly the group of automorphisms of Aur(x) in the category
[A,(],)] Py (J,)]. We thus have the equality

ﬁﬂO(Ja,v) _ 1
# Hy #f Aut(x)

which implies the equality

§ [, (a) ) Po(J)] (k)i = 8 [ (a) ] Po(TD] (k)
which was desired. O

By applying the general results of [8.1] to the present situation, we obtain a cohomological
interpretation of stable orbital integrals and «-orbital integrals. Take a torsion-free o -stable
subgroup A of %, (J?) as in This subgroup exists by virtue of the discussions following
8.1.9] and the result of Kazhdan-Lusztig cf. We obtain the following corollary of
and [8.2.5]

Corollary 8.2.10. — Let k be a character of H'(F,, J,). Let JZ’O be the neutral component of
the Néron model of J,. For any A as above, we have the equality

3 (= 1)'te(or, B (42, (a)/A])) = vol(15°(0,). d1,) 05 (1, dr,).

Proof. — By combining[8.1.13|and [8.2.5| we obtain the formula

2p(=D)"te(or, H* ([, (a) [ A]))
= (HP)UD(K)vol(Jg(0)),d1,) Of (1, dr).

where § 90(J°) (k) is the number of k-points of the neutral component of 2, (JO). If JE;O is the

neutral component of the Néron model, we have a homomorphism JO — J, 2’0 which induces an
exact sequence

1= J22(6,)1J%6,) = P,(J) = P,(J0) - 1
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which allows identifying the neutral component 9°(J9) of %, (J?) with the connected affine k-

group whose k-points are JZ’O(@_V) /J%(6,). Since J? and JZ’O are group schemes with connected
fibers, we deduce an exact sequence

15 J%0,) - 12°(6,) - P20 (k) — 1
from which the equality
(# 2°(J) (k))vol(J2(6,), dt,) = vol(J2°(6,), dr,)

for any Haar measure dt, on J(F,). The corollary follows. O

8.3. A very simple case. — Let v be a closed point of X. Let k, be the residue field of v.
Choose a geometric point v above v. Let X, = Spec(0,) be the completion of X at v and
X, = Spec(F,) where F, is the fraction field of ©,. Choose a uniformizer €,. In this paragraph,
we denote G as the restriction of G to X, and G* as the restriction of G to X}.

8.3.1. — Let a € ¢(0,) whose image in ¢(F),) is regular and semi-simple. Let d,(a) =
deg,(a*®¢g) € N. We will assume that

dy(a) =2and c,(a) =0.

According to Bezrukavnikov’s formula cf. the dimension of the affine Springer fiber
M, (a) is then equal to one. We will show that over k, this affine Springer fiber is a disjoint
union of copies of the infinite chain of projective lines.

8.3.2. — Let yg = €(a) € g(F,) be the Kostant section applied to a. Its centralizer T°* = I,
is a maximal torus of G*. The hypothesis ¢, (a) = 0 implies that 7° is an unramified maximal
torus, meaning it extends to a maximal torus T of G. Let ® be the set of roots of T = T ®p, 0.
We then have the root valuation function of Goresky, Kottwitz and MacPherson cf. [28]]

rg :® —> N

defined by r,(a) = val(a(yy)) where we have taken the valuation on F; which extends the
valuation on F,. We then have

dy(a) = ) ra(y0).
acd
Thus, there exists a unique pair of roots +a such that r.,(y9) = 1 and r, (y9) = 0 for any root
a’ ¢ {xa}.
8.3.3. — The Galois group Gal(k/k,) acts on ® by leaving the function r,(a) invariant, so that
it stabilizes the pair {+a}. Let G, be the subgroup of G = G ®¢, O; generated by T and by the
root subgroups U, and U_,. The action of the Galois group Gal(k/k,) on T stabilizing {+a}
allows descending G ., to a reductive group sub-scheme G ., of Gg,. The center Z,, of G,
which is identified with the kernel of a : T — (,, is also defined over 0,. Let ALy = T/ Z+q;
this is a one-dimensional torus over X, .
Proposition 8.3.4. — We have a canonical homomorphism J, — T whose image at the level
of Os-points is the kernel of the composite homomorphism of the reduction modulo the maximal
ideal T(03) — T (k) and the root a : T(k) — G, (k).
We deduce the following description of 2, (J,).
Corollary 8.3.5. — We have an exact sequence of abelian groups with the action of the Frobenius
endomorphism o

1 > Aug(k) > P5(Ja) (k) > X (T) > 1

where X, (T) is the group of cocharacters of the torus T above Oj.
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Proof. — From the exact sequence
1 = Ja(05) = T(O5) = Asalk) — 1
we deduce the exact sequence
1= Asg (k) = Jo(F5) [Ja(O5) — T(F)/T(6,) — 1.
We also have an isomorphism
T(F,)/T(0y) = X.(T)
which is deduced from the homomorphism X.(7) — T(F,) defined by A — €/, whence the

corollary. O

Lemma 8.3.6. — The k-points of the affine Springer fiber
My (a) (k) = {g € G(Fy)/G(6y)lad(g)™" (v0) € 8(6y)}
can be uniquely written in the form
g = €U, (xeh)

with A € X,(T) and x € k. ) )
Proof. — With the Iwasawa decomposition, for any element g € G(F3)/G(05), there exist
unique A € X, (T) and u € U(F;)/U(0O;) such that

g =€lu.
As T; commutes with yg, the embedding

My (a) — G5 = G(Fy) /G (6y)
is Ty-equivariant. The action of T; on ., (a) factors through
Ty = T(Fy) = P,(Ja) = T(Fp)[Ja(6y)

so that it factors through the one-dimensional torus

T; — Asg s

It follows that if we write g € ., (a)(k) in the form g = €u, u must be of the form u = U, (y)
with y € F;/0; uniquely determined. A calculation in SL; cf. [26, lemma 6.2] then shows that
with the hypothesis r.4(a) = 1, y is uniquely written in the form y = xe,! with x € k and
conversely, the elements g of the form g = €!U, (xe;!) belong to ;(a) (k). O

Lemma 8.3.7. — The fixed points of the one-dimensional torus A.qy in M5 are ef. For fixed
A € X (T), Ao 5 acts simply transitively on

04 = {€lUy(xe;") € M, (a) (R)Ix € B,

A-aV

27" where " is the

Furthermore, the boundary of the closure of this orbit consists of €} and €
coroot associated with the root «.

Proof. — A direct calculation shows that the ef are fixed under the action of A.,; and that
Aoy acts simply transitively on O,. This shows that the set of fixed points of A, ; is exactly
{€}1 € X,(T)}. When x — 0, €!U,(xe; ") tends towards € so that ! belongs to the closure
of O A-

It remains to prove that when x — oo, €!U, (xe;!) tends towards eﬁ‘“v. It is equivalent to
prove that U, (xe; ') tends towards €% when x — co. This is a well-known calculation in the
affine Grassmannian which follows from Steinberg’s relation in G (F5) cf. [76, chap. 3, lemma
19]

Y Wa = Usg (0 Ua(=y ™ HUa(y)
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which holds for any y € F;, for any root a and for a representative w, of the reﬂc_action Sq EW
attached to the root « independent of y and which in particular belongs to G (k). By taking
y = —x"'e, with x € kX, we obtain the following relation in G (F;)/G (6y)

Uy(xe;h) = ev_av U_a(—x_lev_l).

As x tends to oo, we observe that Uy (xe; ') tends towards €, . ]
Proposition 8.3.8. — Let k € T7 be a torsion element such that
k(') # 1.

Then, we have the formula
[, (a) | Py (J) (k)i = B Asa(Kky) ' g2E).

Proof. — The affine Springer fiber .#,(a) is obtained as the restriction of scalars k,/k of
an affine Springer fiber defined over k,. The same applies to 2, (J,) and the quotient
[, (a)] P, (J,)]. We can therefore assume that &k, = k.

Let A = A.,, which is a one-dimensional torus over k. Consider the o -invariant subgroup
of X, (T) generated by " and consider the inverse image of the exact sequence

1> A—- P »X(T) > 1

by the homomorphism Za" — X, (T). This is an algebraic group P defined over k equipped
with an exact sequence
l>A—>P—>Za' —1

and an injective homomorphism P — 2, (J,;) which induces the identity on the neutral compo-
nent A.

In the affine Springer fiber .#,(a), we have a k-point m given by the Kostant section.
According to the description above of ., (a) ®; k, the connected component M of /,(a) ®; k
is an infinite chain of projective lines equipped with an action of P®; k which is simply transitive
on M™¢. Since M contains the k-point m, it is defined over k. We recover .#,(J,) from M by
the induction of P into &, (J,)

My(a) =M AP Pyv(Ja)-
In particular, we have an equivalence of categories

[, (a)] P, (Ja)] = [M]P].

We are thus reduced to the point counting exercise already solved in example O
8.4. Counting in an anisotropic Hitchin fiber. — Recall the point counting in a Hitchin fiber

M, with a € M (k) following paragraph 9 of [57]. In loc. cit., we considered the quotient of
M, by P,. It is in fact more convenient to consider a more general quotient.
8.4.1. — Let J; be a smooth commutative finite type X-group scheme equipped with a homo-
morphism J;, — J, which is an isomorphism on a non-empty open set U of X. The data of J,,
is equivalent to the data of open compact subgroups J/,(0,) c J,(0,) for points v € |X — U]|.
Let 2! = 9(J)) be the classifying stack of J/ -torsors over X. We then have a homomorphism
P, — P, which induces an action of P, on #,. For J) sufficiently small in the sense that
the open compact subgroups J/ (0,) are sufficiently small, H°(X, J?) is trivial and so %/ is
representable by a locally finite type algebraic group over k. For counting, it will be convenient
to assume that the fibers of J/, are all connected. Consider the quotient category [.#,/ 9 ].
The counting of k-points of .#, is based on the following form of the product formula cf.
4.15.1]and [57, theorem 4.6].
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Proposition 8.4.2. — Let U = a‘l(crg) be the inverse image of the regular semi-simple locus
of ¢cp. We have an equivalence of categories

(o) P) = || [t(@))Pu(T))]
veX-U
compatible with the action of o € Gal(k/k). In particular, we have an equivalence between the
categories of k-points
(Mo P) (k)= [ ] [(a)]PuID](K).
ve|X-U|
Let (%,)° be the neutral component of %/. Since a € o/ (k), the group of connected

components mo(Z,) is a finite group equipped with an action of the Frobenius element o €
Gal(k/k).

Proposition 8.4.3. — Assume that the fibers of J, are connected. For any o -invariant character
Of Tt 0(=gj a) —
k:7m0(Pa)oe — Qs
we have
fl o) PN (K= || #140()/ PN (K)
ve|X-U|
Proof. — For any closed point v of X in the complement of the open set U = a™“(¢}}), the

composite homomorphism
P = Py = (P,
factors through mo(2,(J})). The homomorphism « : 71o(P))e — @gx therefore defines a
homomorphism « : 71o(%,(J}))s — @{;X.
In if a point y € [M,/F,](k) corresponds to a collection of points y, €
[, (a)] P, (J))](k) for v € |X — U], then we have the formula

@,k = [ ] . x.
ve|X-U|
Consequently, we have the factorization
bl o) P) (K= || #1(a)/PoIDI (K
ve|X-U|
whence the proposition. O

The conjunction with gives the following corollary.

Corollary 8.4.4. — For any character k : 1o(P,)s — ng, we have
DD (o, HY (M) ) = §(2) k) [ | 8 L (@) |2y (T ()
n ve|X-U|

where H" (M) is the eigenspace of H" (M) where the group ny(P,) acts via the character k.
8.4.5. — To express the numbers § [, (a)/P,(J,)] (k) in terms of local orbital integrals,
make the following choices:

— at every place v € |X — U], choose a trivialization of the invertible bundle D’|x,,

— at every place v € |X — U|, choose a Haar measure dt, of the torus J,(F)).
These choices allow us to:

— identify the restriction of a to X, with an element a, € ¢(0,) N ¢"(F,),

— identify the group schemes J, and J,, which equips J,,, (F,) with a Haar measure d¢,,

— identify the affine Springer fiber ., (a) equipped with the action of &, (J,) with the affine
Springer fiber ., (a,) equipped with the action of 2, (J,,).
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With these choices made, we can express the numbers § [, (a)/P,(J,)](k), in terms of
k-orbital integrals cf.
ﬁ [ﬂv (a)/gjv (J;)] (k)K = VOl(J;(@v)a dtv)Ogv(lgv, dtv)~
We then obtain the formula

D (D"l H (o)) = (2)°(K) | ] vol(J,(6,),d)0% (14, dn).
n ve|X-U|

8.5. Stabilization over </ ;Ini - .Qi;}ad. — We are in a position to prove Theorem (6.4.2| on the
open set o/ I‘iOOd = g/ — /%4, Here o/} is the closed sub-scheme of o/ defined in(7.8.2]

Proof. — According to the support theorem [7.8.5, on &/ IngOOd, the pure perverse sheaves

K!' = 7 PH'(F™Q,), and K}} , = PH* D) (FaniGy, ) (—rG (D))

are the intermediate extensions of their restrictions to any non-empty open set % of of fIOOd. To
show that K" and K7, are isomorphic on &/ IngOOd ® k and are isomorphic after semi-simplification
on of fIOOd, it suffices to do so on any dense open set % of o/ I%[OOd. We will construct a good open
set % as follows.
Recall that we have an equality of divisors cf.
v'De.p = Dup +2RG

on ¢y p. Moreover, we know that Dy p and ‘Rg p are reduced divisors of ¢y p which are
disjoint, so that the union

bH, D+ ERf, D
is also a reduced divisor.
Lemma 8.5.1. — Assume that deg(D) > 2g. Then, the set of ay € (k) such that ap(X)
intersects transversally Dy p + ‘Rf] p Jorms a non-empty open set % of dy.

Proof. — The proof is identical to the proof of O
8.5.2. — Consider the inverse image % of % in <. By shrinking this open set if necessary, we

can assume that % ¢ &/¢°°d, By shrinking it further if necessary, we can assume that for all
n € 7, the restrictions
n __ ny _ n —_ n -
LK - KK"ZZ and LH,st - KH,stl%

are pure local systems of weight n on 7.

8.5.3. — It suffices in fact to show that for any finite extension k” of k, for any k’-point
ayg € % (k') with image @ € &/ (k’), we have the equality of traces
(8.5.4) Do (=1)"tr(owr, (LDa) = D (=1)"tr(or, (L a)-

n n

Indeed, we then have the equality

D U=D"te(o (LDa) = ) (=10, (L an)-

n n

for any natural integer j by considering dy as a point with values in the extension of degree
J of k’. Moreover, as the eigenvalues of oy in (L})z and (LY, )a,, are all of absolute value

g dee(K'/k)] 2,~these equalities imply that for any finite extension k’ of k, for any dy € % (k’) with
image d € & and for any n, we have

tr(ow, (Ly)a) = tw(ow, (Ly )ay)-
According to Chebotarev’s theorem, this implies that L}, and LY,  are isomorphic after semi-
simplification.
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8.5.5. — Let’s now prove formula . For any point gy € % (k’), we can directly calculate
both sides of this formula and then compare them. By replacing k with k" and X with X ®; k',
we can assume that dg is a k-point of %.

8.5.6. — Let ay € Iy (k) be the image of dy. Let a be the image of ay in &/ (k). According
to we have a canonical homomorphism

Ja - jH,aH

which is an isomorphism above the open set U = a~! (¢’3)- Choose a group scheme J;, which
is smooth, commutative, with connected fibers, and equipped with a homomorphism J, — J,
which is generically an isomorphism. Let 9/ be the classifying stack of J/ -torsors over X. By
shrinking J;, if necessary, we can assume that HO(X ,J7) is trivial, in which case 97/, is a finite
type algebraic group. We have natural homomorphisms &%, — %, and &, — Py ,,, which
induce an action of &, on #, and My ,,,. We can calculate both sides of formula by
considering the quotients [ %, /%, ] and [ My 4, | P, ]. According to[8.4.4] the left side of
is
@0k [ #Lt(a)/ o)) (K)
ve|X-U|
while the right side is

giP(F) k) [ 8 (a) /P I))(K).
ve|X-U|
As
ra(D) = " deg(v)rs ,(an)

where rg,v(aH) is the degree of the divisor a;{‘RfL p at v, it suffices to prove the following
statement which is a particularly simple case of the fundamental lemma of Langlands-Shelstad
Note that this special case of the fundamental lemma is essentially contained in the article
(48] by Labesse and Langlands on SL(2) and was revisited from a more geometric perspective
in [26] by Goresky, Kottwitz and MacPherson. O

Lemma 8.5.7. — Letdy € Ay (k). Letv be aplace of X above which ap(X,) does not intersect
or intersects transversally the divisor Dy p + 912 p- We have the equality between the numbers

4 [, (a) | Py (T (K) = g€ i@ Lty (a) | Py (T (K)

which are non-zero rational numbers.

Proof. — Let ¥ be a geometric point above v. As ay(X,) intersects transversally Dy p +R¢

H.D>
there are three possibilities for the integers dy 3 (an), dy(a) and rg,v(a H):

(1) if ap(¥) & Dup URY . then

dns(an) = 0,d5(a) = 0and rf] ,(ap) =0,
(2) if an (V) € Dp.p then ay (¥) ¢ R , and we have

dngs(an) = 1,d5(a) = 1and r§j ,(ap) =0,
3) ifag(v) € %g’D then ay (V) € Dy p and we have

dus(ay) = 0,dy(a) = 2and rf (ap) = 1.

8.5.8. — In the first two cases, Bezrukavnikov’s formula[3.7.5|shows that 6 g 5 (ap) = 65(a) =0
so that the affine Springer fibers #y ,, (ay) and ., (a) are both of dimension zero. It follows that
P, (J,) acts simply transitively on ., (a) and P, (Jy 4,,) acts simply transitively on Ay, (ay)
cf. Choose a trivialization of D" above X,, as in[8.4.5]to be able to write the orbital integrals
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nicely. In particular, ay and a define elements ay, € ¢y(0,) and a, € ¢(0,). In conjunction
with[8.2.7] we deduce the formula

1= [ﬂH,v(aH)/*@v(JH,aH)](k) = VOl(JQI’aH(@V), dtv)SOaH,v(lbv’ dt,)
Comparing with formula[8.2.5|
b [Mu(a)] Pu(I)](k) = vol(J;(0y),d1,)SOq,, , (1y,. dry)

we obtain

) _ vol(J;(0y),dt,)
4 [ Mr(a)] Py ()] (k) = vol(JY, (6,).d1,)’

Noting that ., (a) is given with a k-point by the Kostant section, we also have
f A (a)) Py (o)l (k)i = 1.
The same reasoning as above then implies
, vol(J/(0,),dt,)
My(a)] P, (J,)] (k) = .
f [y (a)) Py (To)] (k) ol (106 d)

It remains to note that in the first two cases, the homomorphism J, — Jp 4, induces an
isomorphism on the neutral components J9 — J% an and we obtain the equality

§ [y (a)| Py (T (k) = B [Mry(a) | Py ()] (k)

which was desired.
8.5.9. — Consider now the third case where ay (X)) intersects transversally ‘Rg p and does not
intersect ¢y p. In this case, dy ;(apy) is zero, so that
(51-1’17(611-1) =(0and CH,g(aH) =0.

As 6y 5(ap) = 0, the affine Springer fiber 4y, (ag) is of dimension zero. According to[3.7.2]
Py (JH.q,) acts simply transitively on Ay, (ag) so that we still have

f [ Mu(an)]Py(THa)] (k) = 1.
The same reasoning as above shows that

/ __Vvol(J,(0)),dr,)
§ [ My (a)] P (I)](k) = Wl (00).dty)

Note that since ay (X, ) does not intersect ¢y p, Ju 4, 1S a torus and in particular Jy 4,, = Jg, e
Since the invariant c;(a) depends only on the generic fiber of J,|x,, we have
cy(a) = cyy(an) = 0.
This implies that the affine Springer fiber .#;(a) is of dimension
dy(a) - cy(a) _
2

We are therefore exactly in the situation of By applying formula|8.3.8[ while noting that the
hypothesis «(a") # 1 is well verified here, we obtain the formula

[, (a) | Py (J)] (k)i = § Asa(ky)g e
where A., is the one-dimensional torus over k, defined by
Aia(lz) = JH,aH (@ﬁ)/Ja(@\'/)-
By applying formula(8.2.7, we find

05(a) = 1.

g%ee)

Of(1,.,dr,) = .
alg,»d) § Asa(ky)vol(J(6,),dt,)
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We can also verify the formula

# Asq(ky)vol(JQ(0y), dty) = vol(Jy , (6y),dt)
which implies
g vol(J; (0y, dty))

[, (a)] Py (T )] (k) = Pl (6).0)
H,ay \“v/)» Gy

We therefore obtain the equality
4 [ (a) | Po(ID) (k)i = q*F 8 [y, (a) | P, ()] (K)

which was desired.

This completes the proof of mi
8.6. The fundamental lemma of Langlands-Shelstad. — We are now able to prove the

fundamental lemma of Langlands and Shelstad
Proof. — Let X, = Spec(0,) with O, = k[[e,]] and X7 = Spec(F,) with F,, = k((e,)). Let
G, be a reductive group over X,, a quasi-split form of (s given by an Out((3)-torsor pg, over
X,. Let (k, pxv) be an elliptic endoscopic datum cf. Let H, be the associated endoscopic
group. Let ay € ¢y (0,) with image a € ¢(0,) N S(F,).
8.6.1. — If the center of G, contains a split torus C, C is also contained in the center of H,. By
replacing G, with G, /C and H, with H, /C, the k-orbital integral and the stable orbital integral
considered do not change, so we can assume that the center of G,, does not contain a split torus.
If the center of H, contains a split torus C, C is naturally included in the torus I,, where
vo = €(a). The centralizer M, of C in G, is a Levi subgroup of G,. By the descent formula, we
can replace the «-orbital integrals in G, with a x-orbital integral in M,,. The center of M, now
contains a split torus, and we are reduced to the situation discussed above. After a finite number
of these reductions, we can assume that the centers of G, and H,, do not contain split tori.
8.6.2. — Let My (ay) and M, (a) be the associated affine Springer fibers. According to
there exists a natural integer N such that for any finite extension k” of k, for any a/, € ¢y (0, ®;k’)
such that

ay =dj;, mod €Y

then

— a), has an image a’ € ¢(0, ® k') N ¢(F, ®; k') ;

— the affine Springer fibers Ay ,(ay) ® k’ and My, (a};) equipped with the action of
Py(JH.ay) Ok k' and P, (J Hﬂh) respectively, are isomorphic;

— the affine Springer fibers ./, (a) ®; k' and /, (a’) equipped with the action of &, (J,) and
P, (J,) respectively, are isomorphic.
Let 0y (ay) denote the dimension of the affine Springer fiber Ay, (ay).

8.6.3. — There exists a geometrically connected smooth projective curve X over k equipped
with the following data:

— two distinct k-points denoted v and oo,

— an isomorphism between the completion of X at v with the scheme X, above,

— a mo(k)-torsor p, over X equipped with a trivialization @ above co and an isomorphism
a, with p,, above X,,.
Let G and H be the associated X-group schemes as in[I.8] With the data of a,,, the restrictions of
G and H to X, are canonically isomorphic to G, and H,.. Since the centers of G, and H, do not
contain split tori, the same applies to G and H. With the data of @, we have a homomorphism

Py w1 (X, 00) = m1(X, 00) = Gal(k/k) — mo(k)
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trivial on the factor Gal(k/k). Consequently, the subgroup 71 (X, 00) has the same image in
mo(k) as (X, c0). It follows that over X, the centers of G and H do not contain split tori.
8.6.4. — We now choose an invertible bundle D on X satisfying the following hypotheses:

— there exists an invertible bundle D’ on X with D = D’®?,

— anon-zero global section of D’ at v,

— deg(D) > rN + 2g where r is the rank of G and g is the genus of X,

— 6p(ay) is smaller than the integer 6%*4(D) defined inm
According to , the integer 6‘;;“1 tends to oo as deg(D) — oo, so that for deg(D) sufficiently
large, the last hypothesis is satisfied.

8.6.5. — Consider the Hitchin fibrations associated with curve X, the invertible bundle D, and
the groups G and H respectively

[l — A and fy: My — dy.

The hypothesis that the centers of G and H do not contain split tori over X and the hypothesis
deg(D) > 2g ensure that the anisotropic open sets &/*" and &/;" are non-empty.
8.6.6. — With the hypothesis deg(D) > rN + 2g, the restriction map of global sections to
Spec(0,/€l)

HY(X, ¢i.p) = cu(6,/€))
is a surjective linear map. Let Z be the affine subspace of H(X, ¢z p) of elements having
the same image in ¢y (0, / G‘I,V ) as ay. This is a closed sub-scheme of codimension rN of &/y.
By the same reasoning as in{4.7.1] we can show that the open set Z’ of Z consisting of points
ay € 7’ (k) such that the curve a}l()_( — {v}) intersects the divisor Dy p + ‘Rg p transversally,
is a non-empty open set. Since the complement of &/ ,‘f]ni in &y is a closed set of codimension
greater than or equal to deg(D) cf. Z'N ,Qigni # 0. By replacing Z’ with Z' N o [a{“i, we
can assume that Z’ C dg“i. For any a}, € Z'(k), the invariant 6 (a’) = 6y (ag) so that we have
7z cd fIOOd where we have the stabilization theorem cf.

Let Z’ be the inverse image of Z’ in g fIOOd. As 7’ is a scheme of positive dimension, there
exists an integer m such that for any finite extension k’/k of degree greater than or equal to m,
the set.Z’(k’) # 0. Let ay € Z'(k") above ay, € Z(k’). Let @’ be the image of @}, in &/ and a’
be the image of @/, in .

8.6.7. — The conjunction of the part of the stabilization theorem [6.4.2] proved on the open set

o fIOOd with the formula[8.4.4| gives us the equality

#(20)° (k) Tyeyx-vyen| B [ (ay) [ Por (T;)] (K )
= ¢ O (PO Ty e x-vyopi § [y (@) | Py (T)1(K)

with a choice of a group scheme J/, smooth, commutative, with connected fiber, equipped with
a homomorphism

’
Jyp = Jo — JH,Q;I

as in m It will be convenient to choose J/, = J , above X, .

8.6.8. — Since a};, € 2% (k"), we can apply to all places v/ # v. By subtracting the
equalities at these places, we find an equality at the initial place v

B [ My (@) | Po(TIDN(K ) = g0 X TOR L, (a)) | Py (TN (K).

As we know that the affine Springer fiber ./, (a) ®; k’ equipped with the action of &, (J,) ®; k’
is isomorphic to .#,(a’) equipped with the action of &, (J,/) and the same for group H, we
deduce the equality

4 [y (am) | Po(ID(K), = gt @ K IOR [ gr (ay) ), (IO (K).
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for any extension k’ of k of degree greater than m. By applying|8.1.14] we obtain the equality
VG a
4Ll (an) | P (IDT(K)e = g [y () | Py TD] (K.
By applying formula we now obtain the equality
0% (1g,.d1,) = ¢ “"S0O,,, (1y, ., d1,)

which was desired.

This completes the proof of the Langlands-Shelstad conjecture(1.11.1 O
8.7. Stabilization over o/*. — By reversing the local-global process once again, we can now
complete the proof of [6.4.2]

Proof. — Let’s keep the notations from As in it suffices to prove the equality of traces
8.5.4

(8.7.1) Do (=1"te(owr, (LDa) = D (=1)"tr(or, (L a)-

for any dy € o gni(k) with image @ € /™ (k). According to , the left side of is
CAXON N IV ACOTEXVAN R

ve|X-U|

while the right side is

giP(F) k) || 8 M(a) | P (K).
ve|X-U|

By combining [T.11.1] we have the equality
/ rG 4
[ (a) | Py (TD)) (K)i = g1 P [y o (@) | P ()] ()
whence [8.7.11 o

8.8. Waldspurger’s Conjecture. — Now let G| and G; be two X-group schemes paired in the
sense of Suppose that the centers of G| and G, do not contain split tori over X = X ® k.
88.1. — Let f1 : My — & and f, : M — > be the associated Hitchin fibrations. As in
we have

A =g = .

Let 2| and &, be the &/-Picard stacks associated with G| and G,. According to there
exists a homomorphism &) — &, which induces an isogeny between their neutral components.
Theorem 8.8.2. — There exists an isomorphism between the simplifications of the perverse
graded sheaves on o ™

Ki = P PH' (7 Qp)s and Kz = EP) PH (Y Qp)se
n n

The proof of this theorem essentially follows the same steps as that of In particular,
we will prove along the way the non-standard fundamental lemma conjectured by Waldspurger
L1271
8.8.3. — We first show that such an isomorphism exists above the open set &/°. Above this
open set, the morphisms f; and f, are proper and smooth, so that the restrictions of K; and
K, to &/° are graded local systems. To show that there exists an isomorphism between their
simplifications, it suffices, according to Chebotarev’s theorem, to prove the equality of traces

(8.8.4) tr(ow, K14) = tr(op, K2.q)



120 NGO BAO CHAU

for any finite extension k’ of k and for any point a € &/°(k’). By replacing X with X ®; k’, we
can assume that k = k’.
8.8.5. — Leta € o/°(k). According to[4.7.7] we know:

— P, acts simply transitively on /%, ,

— Py 4 1s of the form [P;/A;] where P; is an extension of a finite group by an abelian variety
and where A; is a finite group acting trivially on P;.

Consequently, the quotient [.#; ,/P;] is isomorphic to the classifying stack of the finite group
A;. According to the fixed-point formula[8.1.6|and [8.1.7, we have

(0, Ki) = $PO(K).

Since P(l) and Pg are isogenous abelian varieties over k, they have the same number of k-
points, hence the equality of traces [8.8.4] Therefore, there exists an isomorphism between the
simplifications of the restrictions of K| and K, to </°.

8.8.6. — According to the support theorem there exists an isomorphism between the
semi-simplifications of the restrictions of K; and K to

'Q{good — .Qfani _ ﬂbad

8.8.7. — Proceeding as in[8.6 we deduce the non-standard fundamental lemma conjectured by
Waldspurger

8.8.8. — By reversing the local-global process again as in[8.7, we deduce the equality of traces
for any a € o/ (k’) for any finite extension &’ of k. We deduce Theorem.8.8.2i

8.8.9. — If one grants the conjecture then Theorem [/.2.1) implies that the stable part of
the perverse cohomology sheaves of the Hitchin fibration is the intermediate extension of its
restriction to the open subset &/ ¢, where it consists of local systems.
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Appendix A. Poincaré Duality and Dimension Counting according to Goresky and
MacPherson

Goresky and MacPherson observed that Poincaré duality imposes a constraint on the codi-
mension of support of simple perverse sheaves present in the decomposition theorem. This
observation played a crucial role in the proof of the support theorem. It seems to us that it
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should also have other applications. With their permission, we recall this argument of dimen-
sion counting and Poincaré duality in a general context and in the simplest possible form. In
full generality, this constraint is relatively weak, but in practice, it provides a valuable starting
point with the help of which one can bring into play other more specific arguments.

Let X and Y be finite type schemes over a finite field k = IF,. Let f : X — Y be a proper
morphism. Suppose furthermore that X is a smooth k-scheme. Then, according to Deligne
[18], the direct image f*@[ is a pure complex. According to [7], it decomposes geometrically
as a direct sum of geometrically irreducible perverse sheaves with shifts. There exists an
isomorphism over Y ® k

£Q = P K[-n]"s
(K.n)
where the direct sum is extended over the set of equivalence classes of pairs (K, n) consisting
of an irreducible perverse sheaf K on Y ®; k and an integer n, and where

mg , = dim Hom(K, PH"(£.QY,))

is a natural integer, zero except for a finite number of pairs (K, n). A geometrically irreducible

perverse sheaf K is said to be present in f*Qg if there exists an integer n such that mg , # 0.
Poincaré duality implies a symmetry for these integers mg .

Proposition 1. — For any geometrically irreducible perverse sheaf K on'Y, then we have

MEK n+dim(X) = MDK,—n+dim(X)
where DK is the Verdier dual of K.

Goresky and MacPherson observed that this symmetry imposes a constraint on the codimen-
sion of the supports of the geometrically irreducible perverse sheaves K present in f*@g.
Theorem 2. — Let X and Y be finite type schemes over a field k, with X smooth over k. Let
f : X = Y be a proper morphism. Suppose that the morphism f is of relative dimension d. Let

K be an irreducible perverse sheaf on Y ®; k present in f.QQ,. Let Z be the support of K. Then
we have the inequality

codim(Z) < d.

Proof. — Suppose on the contrary that codim(Z) > d. According to Poincaré duality and by
exchanging K and DK which have the same support, we can assume that there exists an integer
n

n > dim(X)

such that mg , # 0. According to [7]], there exists an open set Z’ of Z, a local system K’ on
S such that K = j,K’'[dim(Z)] where j is the inclusion of the open set Z’ in Z. Let y be a
geometric point of Z’. The fiber of K at y is then a {,-vector space placed in degree

—dim(Z) = —dim(Y) + codim(Z).
The fiber of K[—n] at y being a direct factor RT'(X,, @5), this implies that
Hn—dim(Y)+codim(Z) (X ) £0
y .
However, we have the inequality
n—dim(Y) + codim(Z) > 2d

because n > dim(X) and codim(Z) > d. This non-vanishing is in contradiction with the
hypothesis that the fiber X, is of dimension less than or equal to d. m|
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Theorem 3. — Let us assume the hypotheses of the previous theorem. Suppose in addition
that the fibers of f are geometrically irreducible of dimension d > 0. Let K be an irreducible
perverse sheaf on'Y ®; k present in f*@g. Let Z be the support of K. Then we have the strict
inequality

codim(Z) < d.
Proof. — Under the hypothesis that the fibers of f are irreducible, the cohomology sheaf of
maximal degree 2d is the local system

H(£.Qp) = Q(-d).

Consider the decomposition of f*@g onY ®; k

£ - P Llar

(L.n)

where L ranges over the set of isomorphism classes of irreducible perverse sheaves on Y ®; k
and n the set of integers. If my, # 0, then we have H'(L[-n]) = 0 for all i/ > 2d and even
H??(L[-n]) = 0if L is not isomorphic to @5 [dim(Y)].

The same argument as in the previous theorem shows that for any irreducible perverse sheaf
K on Y ®; k which is not isomorphic to @,[— dim(Y)], then the support Z of K must satisfy the
strict inequality codim(Z) < d. Of course, if K is isomorphic to @,[—dim(Y)], its support is
Y entirely and the inequality is trivially satisfied. O
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