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restriction of .% . By the uniqueness of decomposition into indecompos-
able bundles it follows also that all restrictions of .# are isomorphic to a
fixed . If A =T(B, &nd(¥%)) denotes the algebra of endomorphisms of
Z , the direct image of Zom (% , Z) under BxC — C is a vector-bundle
which is locally free of rank one over 4 ® @ (check the cohomology on
fibres, and use the semicontinuity theory), and % is obtained from the
pullback of & by twisting with a class in H'(C, (4©8,)").

We next reduce to the case of semistable & (as bundle over B): Let
F%(%) = £° denote its Harder-Narasimhan-filtration. We can refine it
to a decreasing A-stable filtration (again denoted by £“) such that the
successive quotients are direct sums of isomorphic stable bundles: For ex-
ample the smallest £“ contains a stable subbundle with ratio degree/rank
equal to «. Take the sum of all stable subbundles isomorphic to it, and
apply induction to the quotient. Twisting defines a decreasing filtration
F* on &, which is respected by 6 because this is true for the restric-
tion to each B x {s}. As A4 operates by a semisimple quotient on each
gr*(Z) we derive that the successive quotients gr*(.#) are isomorphic to
a tensor-product 7, ® 7, , where 7, is stable on B, and 7, a Higgs-
bundle on C. Furthermore for the 7 the ratio degree/rank is monotone
(nondecreasing) in «. To simplify notation define

u(7;) = degree(7,)/ rank(7,,)
w(#,) = degree(#7, )/ rank(#,) — genus(C) + 1.
As % is supposed to be semistable for each o« we must have that
Y rank(Z;) - rank(%) - u(W,) <0,
B>a

with equality if we sum over all f.

On the other hand an easy induction and application of Riemann-Roch
(to C) shows that the degree of H*(C,.%) is equal to the sum over all
rank(7)) -rank(%) - u(7,) - u(#,) , which coincides with

D7) = m(7,.,)) - Y rank(Zy) - rank(7) - w(#).
a B<a

Here all summands have the same sign, so they must vanish. If we re-
turn to the original Harder-Narasimhan filtration &% of % this translates
into the fact that all ¥ “ occurring in the original Harder-Narasimhan
filtration are semistable, with ratio degree/rank equal to genus(C) — 1
(as for F itself). It suffices to show that the associated graded is JH-
constant, so we may assume that % is semistable. We shall show that
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in S such that the bundle is isomorphic to the restriction .# (y) of F
to C xp{y}. For example S could represent the isomorphism-classes of
semistable Higgs-bundles (¥ , ) together with a base of I'(C, ¥ ®.%),
< a sufficiently ample line-bundle. Furthermore there exists an open
subscheme S° C S such that y lies in S° if and only if # (y) is stable,
and we may assume that S is smooth over B , and constitutes a versal
deformation. The latter condition means the following: Deformations of
(&, 6) are controlled by the first hyper-cohomology of the complex

End(F)—&nd(F)ew,,

where the differential is ad(#) = commutator with 6, and for s € s°
the tangent-spaces lg should surject onto that group. S and S% admit
natural maps into %har, and thus we can define over them the cover
D - C.

From now on replace S by the normalisation of the closure of SO IfE
is any D-vector-bundle with the right quotient degree(&)/ rank(&), such
that & ® # has Euler-charactristic zero, there is a line-bundle (&) =
det(H'(C,& ® F ))@’_1 on S, together with a canonical global section
6(& ® ). Furthermore if & is another such bundle, of rank(&’) =
s -rank(£), and such that det(&’) = det(&)®", then up to product with
the pullback of a line-bundle on B, Z(&') = Z(£)® over S and in
particular over S° , by Theorem I.1.

On S° X p S° we can define a groupoid Fsom(pri(F , 0), pry(F , 0))
classifying the isomorphisms between stable Higgs-bundles. It contains
the constant groupoid given by the scalars & (by scalar multiplication
on %), and the quotient Fsom(pr)(Z , 0), pry(F , 0))/Z, exists and
embeds as a closed subscheme into S° x B s°. '

For the existence choose (étale locally in B) a point p in C and con-
sider Higgs-bundles .# with a trivialisation of det(# ) in p. This reduces
the structure-group to roots of unity of order dividing rank(%¥), and a
quotient exists because Fsom(pr|(Z , 0), pry(Z , 0)) is quasi-projective
relative S° x B s°.

The map from the quotient is an embedding. To see that it is closed we
need properness; that is, we have to show that for a discrete valuation-ring
V', and a pair of stable Higgs-bundles on C,,, any isomorphism on the
generic fibre extends up to scalars. This follows because a suitable multiple
extends to a map whose restriction to the special fibre does not vanish, and
thus must be an isomorphism as well.

Finally from deformation-theory the two projections to s° from
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two JH-equivalent bundles define the same point in .#Z,: We can easily
deform each semistable bundle to a semisimple bundle, by deforming over
P! the various extensions to the split ones. The determinant of coho-
mology is constant under such a deformation, so P! maps to a point in
A . We derive that to each point in .# there correspond finitely many
J H-equivalence classes, such that the image of a point in S is deter-
mined by the JH-equivalence class of (% , 6). For two different points
the corresponding sets of J H-equivalence classes are disjoint, and a JH-
equivalence class lies in one of these sets if and only if it can be obtained by
deforming a stable Higgs-bundle. It also follows that .#, is independent
of the choice of the & ’s, hence can be defined globally over B:

It suffices to show that we get the same .#, if we add more bundles
to the list of &’s. The new .#, dominates the old one, with finite fibres
(look at J H-equivalence classes), so is finite and birational over it, hence
isomorphic to ./, .

Finally one easily obtains the following universal property for .Z: If
T is a normal B-scheme, (¥ , 0) a semistable Higgs-bundle on T x, C,
with the prescribed rank and degree, and which is stable over an open
dense subset T° C T, then the map 7% = %O classifying (¥ , 6) on

T° extendsto T — M, . Under the extension a point ¢ € T maps to the
point in .#, associated to the J H-equivalence-class of the fibre of (&, 0)
in t.

II. G-bundles

Suppose k is a field of characteristic zero, G a connected linear alge-
braic group over k, C a smooth connected projective curve. Recall that
a principal homogeneous G-space or G-torsor P over C is defined by
a smooth map P — C such that G operates on P, and that locally in
the flat topology on C P is isomorphic to G x C. If this holds then
P can be trivialised locally in the étale topology. Associated to P is a
group-scheme & = G, = Aut(P)*® on C. G, is a twisted inner form
of G, and for any representation G — GL(E) we obtain an associated
vector-bundle & = E, on C, on which & operates. For example if G
is a closed subgroup of GL(E), defined as the stabiliser of certain tensors
in E®® E"®? , then these tensors define global sections of £%¢ ® & (@b ,
and Z is their stabiliser.

More generally we consider an affine connected reductive group-scheme
Z over C. Ttis locally (in the étale topology) isomorphic to some fixed
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quotient of the previous one by the finite group of outer automorphisms
of G, and may not be smooth. A better way is to use twisted characteris-
tics, as follows: Consider the algebra I = I(G) of invariant functions on
Lie(G). If I_ denotes the ideal generated by elements of positive degree,

U=1, /Ii is a vector-space of dimension /, and for any lift to a graded
subspace of I, defines an isomorphism between I and the polynomial-
algebra in U . Now the group of outer automorphisms acts on / and U,
and if we choose an Out(G)-invariant lift the isomorphism is invariant
too. & defines a class in H 1(C , Out(G)), so we may twist U by it to
obtain a graded vector-bundle on C . Tensoring the degree- i-part by w?'
gives a new bundle in which the characteristic functions of # take its val-
ues. For example in the case of GL ,, the invariant functions of Z are
the coefficients of the characteristic polynomial det(7 -1— Z). Under the
outer automorphism Z — —Z', these get a sign +1. So the ¢,(0) are
naturally global sections of a power of the product of @ with a bundle
with trivial square.

Next we show a semistable reduction theorem:

Theorem I1.4. Suppose V is a complete discrete valuation-ring, K its
field of fractions, C — V' a smooth projective curve (with geometrically con-
nected fibres), & a connected reductive algebraic group over C, (P, 0)
a semistable pair on the generic fibre C,. , whose characteristic is integral
over V. Then there exists a finite extension V C V', such that the base-
extension of (Py, ) extends to a semistable pair on C, .

If the special fibre of this extension is stable, then any other semistable
extension is isomorphic to it.

Proof. We first treat the case where % is semisimple and adjoint. In
the following all bundles will have a canonical Higgs-endomorphism. To
simplify the presentation we speak in the following only of the bundles,
and leave it to the reader to insert the prefixes “Higgs-” at the right places.
By the usual stable reduction-theorem the bundle Lie(%, ) extendsto a
semistable bundle & on C. Then &nd (&) is semistable of degree zero,
and Lie(?P) x) extends to a subbundle of Lie-algebras g ¢ &nd(£") which
has degree zero, so that the special fibre is semistable of degree zero. Also
the inclusion from the special fibre is strict, so that g is locally a direct
summand in &nd(&). Also it is the Lie-algebra of a closed flat subgroup
of GL(&), necessarily equal to the closure of ?P’ x - This can be seen as
follows:

The affine algebra 4 of GL(&) is a filtering increasing union of semi-
stable bundles of slope zero 4 = (JA4,, and so the ideal / defining the
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that F* is the image of 7’°“-g'Nn in n/m-g=n/n’-g, F'=n/n-g.
That is, F* denotes the elements which become divisible by n° in g .
Then one checks the following facts:
(i) 9 =g®, V' +>, 7 " -F".
(i) If o+ B <1, then [F*, FF1c F**F .
(iii) If a+pB > 1, then F* and F # commute in n/n- g . Furthermore,
if we choose (locally in C) elements n, € F* g €F F and lift them

to n, then the commutator 7' - (n,.n5]€g / n-g is modulo F™™ A

independent of the liftings. It lies in F “”’ ¢ g/m-g.
Conversely for any filtration F* with properties (ii) and (iii), the sum

g/:g®V VI+Z7T_(1
is a Galois-invariant Lie-algebra lattice with J-invariant equal to
5(s) = 6(g) =23 a-ranker, (n/7 - g).

We now consider lattices of this type, associated to a decreasing g-stable
filtration F* of n/m-g. The number of different F’s in such a filtration
is bounded by the rank of n/z-g. If we fix these, say as F! D F? 2---D
F", two filtrations differ only by the fact that we may assign different
indices o to the F'. This is described by a monotone mapping from
{1,---,r} to Q, sending i to a(i), 0 < «(i) < 1. This mapping must
be such that conditions (i) and (i1) above are satisfied. These conditions
define a rational convex polyhedron in the space of all maps. For example
condition (i) and the first part of (ii) amount to the following: For each
pair I, j such that F' and F’ do not commute, choose the maximal /
such that [F', F/]c F'. Then a(i) + a(j) < a(l).

Similarly for the rest of (ii). Thus the optimal « takes values in Q.
Also for different g-stable filtrations F / only finitely many polyhedra arise;
i.e. for example in the reformulation above there are only finitely many
possibilities for the map which sends (i, j) to / =1/(i, j). Thus there is
an optimal solution, which defines a lattice g' over some totally ramified
finite extension ¥’ of V. Replacing V by this extension we may assume
that g is already optimal. But then, for any e, g’ is contained in n e -g
(pass to a ramified extension), so g’ = g, and the special fibre g®, k must
be a semisimple Lie-algebra. This also holds for &, .

If the special fibre of g is stable (and semisimple as a Lie-algebra), and
if g' denotes another extension with semistable special fibre, consider the
map gn g' — g, which is associated to a corresponding map of algebraic
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such pair over any geometric point of B is isomorphic to one occurring
in S. For example if there are no homomorphisms from & to &, we
might choose S parametrising the pairs (P, 6) as above, together with
a basis of I'(C, %, ® %) for a sufficiently ample line-bundle .2 on C.
For general £ we may obtain infinitely many components, distinguished
by the degrees of det(#,), as it happens for & .

As usual S° C S denotes the open subset where (P, ) is stable. s°
is (or can be chosen to be) smooth, and at each point its tangent-bundle
surjects to the tangent-space of the versal deformation of P . This tangent-
space is the first hypercohomology H l(C , ---) of the complex Lie(%,) —
Lie(%,) ® w,, the differential given by ad(0). Also S maps to Zhar.
Over S° xgharSO there exists a smooth groupoid .#som(pr|(P), pr,(P)).
It contains the constant groupoid defined by the global sections of the cen-
tre of &, and we may divide it by that. Then the map from the quotient
to S° x S° becomes finite, and a closed immersion over the open subset
where the bundles have no further automorphisms besides I'(C, Z(¥)).
We thus can form the quotient which is an algebraic stack /%’90(? ), and

maps to its coarse moduli-space M(g (%).

Now assume for simplicity that & admits no homomorphisms into
f‘fm , so all bundles ZP are semistable and have trivial determinant. Ten-
soring with a bundle & on the covering D — C parametrised by Zhar,
of the right slope, we have the theta-function 6(&), which is a global
section of the inverse of det(H (C, & ® .%,)), which is isomorphic to a
power of & = det(H*(C, %,))®"". Both Z and 6(&) are defined on
S and invariant under automorphisms of P, so they descend to //Zeo(?f )
and M,(%). Also locally in B we can find finitely many & ’s such that
the 6(£) have no common zero. As before this defines a quasi-finite
morphism from Mg (¥) to some projective space PV . If we denote by
M,(Z) the normalisation of PV in Mg (%), then M,(¥) is projective
over % har, independent of all choices, and contains Mg (¥) as open
subscheme. Also § maps to M,(¥), and the bundle &, is JH-constant
on the connected components of the fibres. This map is surjective by the
stable-reduction theorem.

If & admits homomorphisms into ?m the result is very much the same:
Let X(¥)=Hom.(¥,% ) denote the group of characters of & . These
define, for any base S and for any Z-torsor P on C x S, line-bundles
on S whose degrees are locally constant. So we get a locally constant map
deg, from S to the dual X(¥)". The torus with character-group X (%)
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of the parabolic. As before we may assume that it extends to C x .S,
and which reduces us first to the case where & is a torus, and finally to
¥ =% (pass to a finite cover of C).

In this case .#,(Z) is the cotangent-bundle of PicO(C ), the fibres of the

characteristic map are isomorphic to PicO(C ), and the symplectic form is
the exterior derivative of a one-form on .#,(¥%). This one-form is closed
on the fibres, so they are isotropic. By the way the same type of argument
shows that the 2-form on Mg (%) is closed.

We also remark that the compactification is independent of the choice
of & : As usual two such compactifications can be dominated by a third.
It thus suffices to show that any map between compactifications has finite
fibres. This follows because the bundle %, is JH-constant on the con-
nected components of the fibres of S — M,(¥), which implies that the
same is true for any other £-bundle . .

Next we want to estimate the codimensions.

Theorem I1.6. Suppose either genus(C) > 2, or that & does not admit
any nontrivial homomorphism into PGL(2, #), & a rank-two vector-
bundle on C.

(i) The boundary M,(%) —Mg (%) has codimension > 4. On the fibres
of the characteristic map M (%) — % har the codimension of the boundary
is at least two.

(ii) The locus of points in M;) (%) where the bundle has nontrivial auto-
morphisms (i.e. where /%O(f ) is not isomorphic to Mg (%)) has codimen-
sion > 4. ‘

(iii) The locus of points where P is not a stable Z-torsor (forgetting the
Higgs-structure) has codimension > 2.

(iv) Mg (Z) surjects onto B .

In the excluded case the codimension in (i) and (ii) is two (respectively
one on the fibres to € har), and one in (iii).

Proof. We place ourselves over a fixed geometric point of B, i.e. as-
sume that B is the spectrum of an algebraically closed field k. We may
divide & by its centre, so assume that G is semisimple adjoint.

(i) Denote by 4 the dimension of M, (%) — Mg (¥), and choose an
irreducible component of dimension 4 . Replacing it by a nonempty open
subset we may assume that there exists a d-dimensional irreducible sub-
scheme X of S —S° which is quasi-finite over our component. The uni-
versal #, cannot be JH-constant on any irreducible curve in X , because
otherwise the curve would be contained in a fibre. Also in the algebraic
closure of the generic point of X the universal torsor P is not stable,
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suffices to estimate the possible dimension of families consisting of a torsor
P and a nontrivial automorphism of P, of finite order. Here the structure-
group reduces to the centraliser # C &, of this automorphism, and the
same type of analysis applies.

(iii) Finally a more challenging topic is to estimate the codimension
of the P’s which are stable as Higgs-bundles, but not as bundles with-
out Higgs-structure (i.e. if we replace 6 by zero). By the same technique
as before we may assume that over some smooth k-scheme X we have
a stable family (P, #), and that %, contains a parabolic & (not 0-
stable) with deg(Lie(€)) > 0. If Z denotes the unipotent radical of
@G, ZX = &%, we may further assume that /# is semistable of de-
gree zero, without proper parabolic, so that global sections of Lie(#) are
all central. We may also assume that the dimension of I'(C, Lie(%}))
is constant in the family. Under these conditions we want to estimate
from above the dimension of the image of X — Mg (%), and it suffices
to estimate for generic x € X the rank of its tangent-map, from Ty x
to the first hyper-cohomology of the complex Lie(¥,) — Lie(%,) ® o .
This cohomology maps to H' (C, Lie(%})) , and from deformation-theory

we know that 7, . maps to classes in there which lie in the image of

H l(C , Lie(¢)), and are annihilated by ad(Z) for any global section Z
of Lie(%,) (at x).

From now on we denote by P, 6 etc. the objects defined by x € X .
The image of the map from the first hyper-cohomology of the complex
Lie(%,) — Lie(%,) ® o, to HI(C , Lie(¥,)) is equal to the kernel of the
map Ad(0): H'(C, Lie(%,)) —» H'(C, Lie(%,) @ w,.) .

Now H'(C,Lie(%,)) is dual to I(C, Lie(%,) ® ). The image of
H 1(C , Lie(&)) is perpendicular to I'(C, Lie(%)® w_.) , and the elements
commuting with a Z € I'(C, Lie(%,)) to the image of ad(Z). We de-
note by ¥ the sum of these spaces. Note that V' contains the com-
mutator of ¢ with I'(C, Lie(%,)). Also H'(C, Lie(%,) ® w.) is dual
to I'(C, Lie(%,)), by Killing-form and Serre-duality. So the difference
dim(¥V) — dim(I'(C, Lie(%,))) gives a lower bound for the codimension,
and we shall see that it is > 2 with the one possible exception.

If I'(C, Lie(%,)) vanishes, the dimension of V' is bounded below by
that of I'(C, Lie(%) ® w_), which is at least equal to

(g — 1) -dim(%) + deg(Lie(%)),

which in turn is > 2 except if G has a PGL,(¥ )-factor, genus(C) = 2
and P is semi-stable but not stable.
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a direct summand. It follows that
dim(I'(C, Lie(%) ® w.)) > g - dim(I'(C, Lie(%))).
Also the constant subbundle is not @-stable, which implies that
dim(V) — dim(I'(C, Lie(%))) > dim(I'(C, Lie(%))) - (g — 1) + 1 > 2.

Finally if / = 1, the only nonconstant subquotient is & (p) or &(2p), and
we have equality in (*), then the global sections of Lie(%) do not lie in
a subbundle of smaller rank. As Lie(%') is not 6-stable, ad(6) does not
map I'(C, Lie(%)) into I'(C, Lie(#) ® w.), so the dimension of V' is
strictly larger than that of I'(C, Lie(#) ® ), and again

dim(V) — &im([(C, Lie(%))) > dim(%) - (g = 2) + [+ 1 > 2.

Finally in general if Z is a global section in I'(C, Lie(%},)), the eigen-
values of ad(Z) are constant on C. It follows that the semisimple part
ad(Z),, in the Jordan-decomposition of ad(Z) is a polynomial with con-
stant coefficients in ad(Z), thus defines a derivation of Lie(¥,) which is
inner, thus a new global section Z . Now choose a maximal subspace
of commuting semisimple elements in I'(C, Lie(%,)). Its centraliser is
a reductive subgroup of &,, and our space is equal to the Lie-algebra
of the maximal trivial torus in its center. In short we have found a
torus 7 = ?rfl C & such that all global sectons of Lie(Z(T))/Lie(T)
are nilpotent. We can decompose V' and I'(C, Lie(%,)) into the di-
rect sum of the T-invariants and their natural complements, and estimate
the differences separately. First we apply the previous type of estimate
to the quotient Z(7)/T, to get that for the 7-invariants dim(VT) >
dim(I"(C, Lie(?P)T)) —dim(T).

On the other hand V' differs from (I'(C, Lie(%,) ® w,)) only on the
space of 7T-invariants. By Riemann-Roch we obtain that the contribution
of their complements to dim(¥) —dim(I'(C, Lie(%},))) is equal to

(g = 1)-dim(%,/Z(T)),

which is at least twice the dimension of 7', with equality only if g = 2,
and PGL,-factors in G. The family parametrised by X must consist
of stable Higgs-bundles of rank two, with a nontrivial semisimple auto-
morphism. They are of the form 2 ¢ 9B, 2 and B line-bundles, and
inspection shows that one gets families of codimension at least two except
if 20 and B have the same degree, where we obtain codimension one.
(iv) We show that there exists a stable &-torsor P (with 8 = 0). There
certainly exists at least one torsor, namely the trivial one. Also there exists
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and describes the twisting of the central torus, as well as the obstruction
to & being an inner form of G.

Also in this picture the group X (%) is equal to the W -invariants of X ,
and one easily sees that the kernel of & — Hom(X (%), & ) is connected.

The character-group of a maximal torus in it is X/X w . Now recall that
the irreducible representations of G are parametrised by dominant char-
acters, or equivalently by W-orbits in X . Moreover the representation-
ring K(G) is isomorphic to Z[X ]W, the invariants in the group-ring of
X . The isomorphism is given by restricting to 7" and decomposing into
eigenspaces. We want to extend this to the twisted form % .

Locally in the étale topology each & -representation .# decomposes into
irreducibles, parametrised by W -orbits, and the sum of all representations
in a fixed W'-orbit is globally a direct summand in % . Conversely for
any W'-orbit, choose a dominant weight A in it. The stabiliser of W (1)
defines an unramified cover C' — C, and over C’ there exists a Z-
representation locally isomorphic to the irreducible G-module with highest
weight 4 (the obstruction lies in the Brauer-group of C’, which is trivial).
This representation is unique up to tensoring with a line-bundle on C’, and
its direct image on C is an indecomposable representation of & . Over
C' we can tensor it with a suitable vector-bundle such that the determinant
becomes trivial, and dividing the direct image by the rank of this bundle
defines a class in K(C, %) ® Q with trivial determinant, which is now
independent of all choices (use that K(C') = Z & Pic(C")) . Twisting it by
P gives a class on C x §. The determinant of the twisted class is given
by pushout via the homomorphism & — & determined by tr(¢). All in
all we get

p:Qx]” - K(C xS, %) e

Locally p associates to a class-function ¢ a representation with this
character. If over some component of S we tensor with an element of
K(C)®Q of rank one and suitable degree (determined by the value of deg,
on that component), I'(C, Z(¥)) acts via a character of finite order on
the determinant of cohomology, we obtain a class in Pic(.# 0(? ) ®Q.
The same is true if we use representations on which I'(C, Z(¥)) acts via
a character of finite order, and tensor them with an arbitrary element of
K(C)®Q. These representations correspond to elements in the group-ring
of the sub-lattice of X generated by the images (w — 1)(X), w running
over the elements of W'. A prominent example is of course the adjoint
representation. ,

For an element ¢ € O[X ]W , the value of ¢ and its first and second






542 GERD FALTINGS

does not change under a twist by K(C) ® Q. Similarly if we twist by an
element of K(C)® Q, the change in cf(? )= 2-¢,(¥) depends only on
¢, (&) . It now suffices to show that (C12 ~2-¢,)(p(#)) depends only on
Q(¢) . Let us choose a Galois-covering C" — C such that over C” Z is
a twist of the constant G by a cocycle with values in the derived group
of G. In particular C” splits the central torus of Z, and contains the
covers C' used earlier to construct representations. It is enough to show
equality of Chern-classes after pullback to C” x S.

We want to argue that we may replace & by the constant group-scheme
G . First twisting defines on C” an equivalence of categories between G-
and £-modules, preserving determinants because we twist by a semisim-
ple group. For a weight A in X(7) we defined a & -representation as di-
rect image of an irreducible £-module on C’ modeled on the irreducible
G-module with highest weight A1, normalised such that it has trivial de-
terminant. Its pullback to C” is the sum of all its conjugates under the
covering group, and the twist of that is the direct sum of constant irre-
ducible G-modules parametrised by the W’ -orbit of A. Finally we twist
that by the universal G-torsor P (on C x S).

Let For(Z,) — C xS denote the variety of Borel-subgroups of ?
can be constructed by choosing a Borel B in G, and dividing P by
The pullback-map to For(Z,) is injective on Chow-groups, so it suﬁices
to show the assertion for the pullback to For(%,) x - C" . There we have
the universal Borel & C &, , with unipotent radical .#", and Z /A4 =9
is a split torus isomorphic to T C G. Furthermore the structure-group
of P reduces to .% , and the twisted bundle has a filtration such that the
subquotients are annihilated by ./, thus 7 -modules, and their structure-
group reduces to .7 . So in K-theory the our bundle is given by a sum

p(d) =" mu)-Z(u),

HEX

where .%’(u) denotes the P-twist of the trivial line-bundle, via the char-
acter 4 of 7, and the m(u) are the multiplicities of eigenspaces. In

particular,
¢ =D miu)-exp(u
uex

Thus
(e} =2-¢)(p() = Y m(u) - ¢, (L (W),

HeXx

which is more or less the same as Q(4) .
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set A, (of codimension two in t) where at least two root-pairs +a vanish.
Furthermore every pointin A—A_ defines a W -orbit of roots which vanish
over it, thus a conjugacy-class of embeddings sl, C g. For & we obtain
a corresponding twisted version over C: We can lift the homomorphism
n,(C) — Out(G) (defined by &) to an action on X normalising W,
and thus on t and t/W . The invariants now become a semistable bundle
of slope zero. In addition we twist the linear functions on t by w.,
and similarly the invariants (where we twist by powers a)?e“ ). We get a
covering of affine C-spaces 9 — %# , and a subvariety & C &% of
codimension one, smooth outside &, ¢ & which is of codimension two.
One then checks easily that the invariants are generated by global sections,
so C x & har surjects fibrewise onto 27 .

Definition III.1. A point in x € Fhar is called generic if the image
of C x {x} does not meet &, and is transversal to & — 7, .

By the general theory the generic points form a dense open subset in
% har . From now on study a semistable pair (P, §) with generic charac-
teristic. Let C° ¢ C denote the open subset where 6 is regular. Over it
the centraliser .Z'(0) C &, is a maximal torus. Its Lie-algebra extends to
C as a Lie-algebra Lie(Z'(0)) C Lie(%,). We shall see that, on all of C,
Z(0) is smooth with this Lie-algebra. What is clear so far is that at any
point of x € C — C°, the determinant of ad(0) on Lie(%,)/ Lie(Z(0))
has a simple zero, and that to x there is associated a W'-conjugacy class
of roots a € ®. Furthermore if for each such conjugacy-class we sum over
all x mapping to it, we obtain a divisor equivalent to a positive multiple
of w.. It follows that each W'-orbit in ® is obtained. The following
result holds for general reductive G .

Theorem IIL.2. (i) Over C 'z (0) € &, is the connected torus corre-
sponding to a surjective representation nl(CO) — W', lifting the represen-
tation into W|W' defined by Z .

(ii) Let x € C — C°. Complete the local ring of C in x. For a local
parameter t in the completion (isomorphic to k[[t]) there exists over k[t]]
a constant torus T, C %, , and an embedding of the product of T, with one
of the groups SL,, GL, or PGL, into &,, such that Z(0) is isomorphic
to the product of T, and the centraliser of the 2 x 2-matrix with diagonal
entries zero, and off-diagonal entries t and 1 (that is, multiplication by
1'% on k[[tl/ 2]], considered as k[t]-module of rank two).

(iii) Z(0) is smooth at x. Its group of connected components
Z(0)|Z (t9)0 at x is trivial except for the SL,-case, where it has order
two.
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is a subregular element, that is its adjoint has / + 2 eigenvalues zero. We
derive that there exists an orthogonal ad(f)-stable decomposition

gll=bah,

such that ad(f) is topologically nilpotent on h, and an isomorphism on
bl . Modulo ¢ ¥ is the centraliser of the semisimple component of 6(0),
thus contains a maximal torus. This torus lifts to b (lift a regular element
Z such that ad(Z) is bijective on hL) , and we may assume that it is equal
to t[¢]]. Then b is equal to the direct sum of t[[¢]] and the root-spaces to
+a, a € ® the same root as before. So as Lie-algebra b is isomorphic
to the direct sum of its center and a copy of sl,[¢]. b integrates to a
connected reductive subgroup H C G which contains .Z'(f): If R is an
artinian k[[t]-algebra, and a g € G(R) centralises 6, then g respects b,
so is the product g = w - & with w € W normalising H, and &7 € H.
Furthermore w centralises the semisimple component of 6(0), which lies
in the center of h and thus in t. As the centraliser of any element of t is
generated by the reflections in it, it follows that w is also in H and we
are done.

All in all we now can replace G by H . Also the centraliser of € only
depends on the projection of 6 onto the sl,-factor. For a suitable choice of
the uniformiser ¢ this projection is conjugate to the off-diagonal element
with entries 1 and ¢, as in the statement of the theorem.

The three cases listed there now arise if we try to match-up the sl,-factor
of H with its center:

(a) If the quotient of H by its connected center is SL,, H is isomor-
phic to a product T x SL, . This happens if and only if « is divisible by
two in X .

(b) If the quotient is PGL, and H is not a product, then the line
Z-o C X does not have a complement stable under the reflection s_. It
follows that there exists a y € X whose product (y, o) with o is odd.
We can choose y such that o and y generate a sublattice of rank 2, and
decomposing X into this sublattice and a complement defines an isomor-
phism between H and a product Tj x GL, . This case is characterised by
the fact that « is not divisible by two and that the inner product (x, )
is a surjection from X to Z.

(c) Finally H can be a product T;, x PGL, . This happens if o is not
divisible by two, but each (y, a) is.

(iii) This follows from the previous, as now everything can be explicitly
computed: The multiplicative group of k[[tl/ 2]] defines a smooth con-
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may assume that G is semisimple. First the integrality property of weights
means that all (y, «) lie in Xs*c. Conversely we have to show that any
W -invariant homomorphism X" — Z/n -Z which vanishes on the (x, o)
(a € 2-X) also vanishes on X, . The homomorphism is reduction modulo
n of an element y € X. W-invariance means that for all roots «, the
product (x, a)-« is divisible by n. It follows that either (yx, a) itself is
divisible by 7, or at least by n/2 and « divisible by two. However for
this exception we use the assumption about the SL,-case. It follows that
all (x, «) are divisible by n, so x liesin n-X ., and we are done.

(v) Any automorphism of (P, ) is a global section of Z(6), and its
pullback to D is a W'-invariant homomorphism from X to k*. Fur-
thermore at the points x € C — C° where we are in the PGL,-case this
map satisfies a local condition, as there .Z'(#) has index two in the w'-
invariants of 7 (X" ® &,). One checks that together all these mean that
the automorphism is an element of I'(C, Z(¥)).

Next, as Z'(0) C %,, we can twist P by a class in HI(C, Z(0))
to obtain a new pair (P, ') with the same characteristic. If this new
pair were not stable, § would be contained in a destabilising parabolic.
Over C° this parabolic contains .2 (0), so its set of roots is stable under
W' and a union of connected components of ®. We easily derive a
contradiction. (We even showed that all pairs with generic characteristic
are stable.) It follows that H 1(C ,-Z(0)) operates on the fibre through
(P, 6) of the characteristic map.

To show that this operation is simply transitive amounts to the follow-
ing: Assume two pairs (P, 6) and (P', 6) have the same generic charac-
teristic. Then they are isomorphic locally in the flat (or étale) topology on
C . Equivalently 6 and 6’ are conjugate in suitable local trivialisations.

We then may assume that W’ = W . The assertion holds over c’.
Atapoint x € C - C % the semisimple parts of the constant terms 6(0)
and 0'(0) are conjugate, so we assume them to be equal, and especially 6
and 60’ define the same H c G . Furthermore conjugating in H we may
assume that they both have the same projection onto the semisimple part
sl, (given by the off-diagonal matrix with entries 1, 7) , and modulo ¢ this
is also true for the projection onto the center of §. Also from the local
structure one finds an element 4 € H (k((tl/ 2))) such that both ad(h)(6)
and ad(h)(0') liein t[] (checkin SL, , GL,, respectively PGL,) . These
two element are in the same W -orbit (all invariant functions take the same
value) and have the same constant term equal to the semisimple part of
0(0). An element of W conjugating them must centralise this constant
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X*. The symmetric bilinear form Q(¥) on X" defines together with
Poincaré-duality a symplectic form on 7;(4) ® Q,, and we claim that this
is associated to & (¥ ):

The assertion depends only on the restriction to Z°(0) of the Z,-
representation .%,. This restriction decomposes into indecomposables,
which are parametrised by W'-orbits of elements y € X. Associated
to such an orbit is a covering D — C, unramified over c° ,and a Q-
morphism from A4 into J(D), such that the line-bundle corresponding to
the orbit is the pullback of the theta-bundle on J (D). This reduces us to
the Jacobian, and there it is well known that the pairing defined by the
theta-divisor defines Poincaré-duality. It follows that .#(&) defines an
isogeny from A to its dual if Q(&) is nondegenerate.

Corollary IIL4. The symplectic form on the tangent-bundle of ,%’60(? )
defines a Poisson-bracket {f, g} for local functions, and associates to any
local function f a vector-field H T

(1) Forany f € F(%O(? ), @), H is tangential to the fibres of the char-
acteristic maps, or equivalently {f, g} vanishes for two functions f, g.

(ii) Assume & is such that Q(& ) is nonsingular. Multiplication by
c(ZL(F)) € Hl(/%go(?), QY applied to H, defines a derivation from

F(/Zeo(?), @) to Hl(/é’ao(?) , @) . f lies in the kernel of this map only if
it is constant.

Proof. Assertion (i) follows because f locally is a pullback of a func-
tion on Zhar, and generically the fibres of the projection are maximally
isotropic. For (ii) use that on the fibres over generic characteristics no
nontrivial vector-field is annihilated by ¢, (£ (¥)).

IV. Projective connections

From now on our main emphasis will be on the moduli-space .# 0(? ).
We also assume that G is semisimple. At the end we shall add some re-
marks about general reductive groups. In the following it will be important
that our curve C is not kept constant. We thus assume as given a smooth
base-scheme B, over an algebraically closed field k£ of characteristic zero.
All assertions will be functorial in B, so we may assume that it is some
type of moduli-space for C (and Z). All spaces will be smooth over B,
and products taken relative to it. Over B we want to construct projec-
tive connections on the spaces I'(.# 0(? ), Z(F)). This construction will
follow the approach in [APW], and will be mostly local in .# 0(? ) and
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quotient H 1(C , Lie(?P)) is the tangent-space of the base.

This filtration is not invariant under the Lie-bracket with .7, :

Theorem IV.1. Suppose Z is a tangent-vector on B. The variation
of C in direction Z defines a class in H 1(C , 7¢) and thus using the
cup-product a linear map T'(C, Lie(%,) ® o) — HI(C, Lie(%,)), which
is the image of Z in the tangent-space at T'(C, Lie(%,) ® w.) of the
Grassmannian of Hll)R(C , Lie(%})) .

Proof. This is a straightforward computation.

Fix a locally faithful Z-representation .# , and let .¥ = % (%) denote
the associated line-bundle on .# 0(? ). We intend to compute the first
Chern-class of .# in the de Rham cohomology of //ZVO (Z). Recall that
in general for any line-bundle . on a smooth scheme S, we define its
Chern-class ¢, (-£) € HéR(S) as follows:

Choose an open cover U, of S, and on each U; a connection V,: & —
Z ® Qg . The curvatures B; = Vf are 2-forms on U;, and on U; N Uj'
they differ by 1-forms «, ; such that da, ;=B B It follows that the

B; and o;; define a class (X)) e le)R(S ). It lies in the first stage of the

Hodge-filtration, and its projection to H ! (5, Qé) is represented by the
@ and represents the obstruction to the existence of a global connection
on .2 .

In fact the use of the term de Rham cohomology is not quite justified, as
we really use as cohomology-theory the direct sum of H?(X, 75, (%)),
where 7, p(Q}) denotes the truncated de Rham complex where all terms
Q7 with g < p have been replaced by zero. Also we later apply the
Riemann-Roch theorem (with coefficients in this cohomology-theory) to
the projection from .# 0(? yxC to A O(? ) . We justify this by embedding
C into some projective space, and the usual deformation to the normal
cone. This works although .Z 0(? ) is only a stack and not a scheme.

Similarly for a vector-bundle # one defines higher Chern-classes as
follows: Let T =% lag(¥) denote the full flag-variety of % . Over T
the pullback of & is filtered by line-bundles, and the symmetric poly-
nomials in their first Chern-classes define classes ¢,(¥) € le)’R(T) . One
shows that H,(S) injects canonically into Hp, (7)), and contains these
symmetric functions.

We need this construction for the following argument: Suppose we are
on a space C xS, and our bundle .# already admits an € .-connection.
We can filter the de Rham complex Q7. . by Gi(Q”st) =QUAQL .

Lemma 1V.2. The Chern-classes c,(¥) of & lift naturally to
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For simplicity abbreviate ./ 0(? ) =S. Denote by Ziff sl ) the
bundle of differential operators (relative to B) on £, of degree at most
one. We always consider it as an @g-module via multiplication by func-
tions from the left. It is an extension of &, by LVS/ p > Whose class is

another incarnation of ¢,() € H ! (S, Qg y p) - Associated to it is a homo-
geneous space Zonn(¥) which classifies connections on % . Another
way to describe it is via its affine algebra. Namely the symmetric power
SY(Ziff 51(3 )) is the algebra of functions which are polynomial of de-
gree < v on the fibres. We shall show below that /é’vo (¥) is isomorphic
to €onn(Y) . Granting this we can finish the proof. Assume first that the
genus of C is at least three. If v denotes the order of f, f has aleading
term which is a global section of S” (Fs y p)- So v cannot be one as S has
no global vector-fields. The obstruction to lift the leading term modulo
S'TH i f <)) vanishes, but is on the other hand equal to the prod-
uct with ¢ () e H '(s, Qg/p) - By Lemma IIL4 ii) the leading term must ‘
also vanish. If the genus is two we choose an unramified cover C' — C.
This is possible over a finite étale cover B’ of B. The pullback to C’
defines maps on moduli-spaces which are unramified, and some power of
Z s the pullback of the corresponding line-bundle for C’. The connec-
tion for this bundle pulls back to a connection V for which the theorem
holds.

It remains to show the following

Lemma IV 4. /XVO(? ) is isomorphic to Eonn(L).

Proof. We show that the two homogeneous spaces have, up to a fac-
tor —1/2, the same class in H 1(S, QS/ 5)- Apply the Riemann-Roch
theorem downstairs to %, on C x §, but this time only in Hodge-
cohomology and only relative 7". This will compute the image of ¢,(-%)
in H' (S, Qé y p) - Just as before it is the projection of ¢, . The obstruction
to the existence of a connection is a class p = p. + pg €
H'(C xS, End(Fp) ® (Qc/p @ Qg/p)) , and we have to compute —1/2
of the projection of pz, that is, the projection of —p. U pg. As Q-
connections exist locally in S, p. lies in H'(S, n (End(F) ® w,)) =
H' (S, Qg y g) (m:C xS — S the projection), and describes the isomor-
phism-class of the bundle /é/vo (%). The cup-product then depends only
on the image of p¢ in I'(S, Rln*(gnd(%)) ® Q) , which is another

incarnation of the isomorphism ,7;/ p = Rln*(é" nd(%,)). It then follows

that ¢, (£) classifies the isomorphism class of /%VO(? ), and /ivo(g ) is
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Now suppose that over an open subset U in ./Z 0(? ) we chc _se a
function A2 on /ig(? ) which has degree < 2 on the fibres (i.e. is in
S*Ziff<'(#))) and has leading term p(Z). It follows that Z(¢) —
{h, ¢} is constant on the fibres, and that if y is a local section of &
over U, then Z(y)— H,(y) is constant along the fibres and thus again a
local section of .. If in addition we lift Z on U to a vector-field and
also to an action Z on .&, associating to any local section y of .& over
U the difference Z(y) — Z () — H,(y) defines an @-linear differential
operator of degree < 1 on .# . There is a unique 4 (with leading term
p(Z)) for which this vanishes. More globally choose local lifts Z; on an
open cover U, of .#Z 0(? ). Over the intersection U;NU; their difference

is an element 4, ;€ iff 51(3 ), whose symbol represents the obstruction

to lift Z to a global tangent-vector in .# o(? ) . By the previous we obtain
over U, sections h; of Sz(.E/Ziff 31(5—/ )), with leading term p(Z), such .
that h;; =h,—h;.

To construct the connection we need elements 4, of Ziff 52(3 ) which
satisfy the condition above. We want them to have symbol p(Z), and they
exist if the obstruction in H'(#°(%), Ziff<'(#)) to the existence of a
differential operator with this symbol is represented by the cocycle 4, T
or equivalently by the obstruction in H'(#°(%), Ziff<'(Z)) to lift in
S2(9iff 51(,9” )). Here all differential operators are relative B, and the
@s-module structure on Ziff <l (-Z) is via left-multiplication.

To relate these two we make the following general observation: Sup-
pose we have a smooth scheme S, a line-bundle . on S, and a global
section p of SZ(ZS) . There are obstructions a(p,.%), b(p,.F) €
H'(S, Ziff<'(2)) tolift p to either Diff<*(Z) or S*(Qiff<'(L)).
Also if Z denotes the canonical bundle, there is an anti-automorphism
iff( L) =2 Diff(Z © L ®41) sending D to its adjoint D', charac-
terised by the fact that for local sections f, g (D(f), g)+ (f, D'(g)) =
d(L(f, g)) € Z is canonically an exterior derivative, where L(f, g) is
a differental operator in f. Now we can state:

Proposition IV.5. There exists a class c(p) € H'(S, ), independent
of &£, such that

2-(a(p, L) —c(p)) =blp, L)+ b(p, X L% ")

Proof. On an open cover we choose connections V on .¥ and 7 .
For any local vector-field Z there exists a function /(Z) (depending only
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does not factor over S*(7;) (ie. B(f-X,Y)=B(X, f-Y)-[X, YI(/)),
so it is a cocycle which may or may not be a coboundary, and defines
2-¢(p). N
Now we come back to our previous situation, choosing local lifts Z for
avector-field Z on B, which differ on the overlaps by h,; € Ziff 1@).
As before Z has a formal adjoint Z' which acts on Fy @ L 1 we
would like to define it instead on ‘ZS/T ® Z®'. For this choose locally

in B a generator o of Z;. Then L,(a)/a is a function on B, and
tensoring by o defines an isomorphism between ‘%{9/ p and Zg. The sum

of L,(a)/a and Z' then is an operator on Hyp® L ®-1 independent
of .

From now on assume that . is a power of the canonical bundle
F = ,%S/T: Z =%, with ¢ € Q. If we lift Z locally as a vector-

field there is a unique way to lift to compatible actions Z = ZU on all
#® such that Zo is the vector field (i.e. fixes the constant functions),
and Z; =-Z ,- It follows that for the differences of local lifts also
K. = —h We want to translate this into a property for the 4, .

ij,o ij,1—a "
The leading term of 4, is defined by Z. However this rule involves the
trace-form for the representation defining .#”, so we have to fix one to
make everything well defined. Take % for that purpose. Then to Z we

associate a global section p(Z) of S2(<7S/B), and now for .Z®’ the h;

have as new leading term ¢~ p(Z). We derive that b(p, Z®7) is repre-
sented by the cocycle o - A, and by the proposition a(p, Z %) —c(p)

ij,0°?
is represented in H'(S, Ziff<" (% ®%)) by (¢ — 1/2)- Ry -

We first apply this to @, i.e. to ¢ = 0. Note that ’é’s is a direct
summand in Ziff(&g), with complement the differential operators D
which annihilate 1. The projection to H 1(S , U,) annihilates all terms in
the equation above except for ¢(p), which thus must vanish.

For arbitrary ¢ the sums of local lifts of p and of (6—1/2)-Z define a
global differential operator D _(Z) on % ®a , which has order < 2, symbol
p(Z), and whose commutator with a function f on B is (¢ — 1/2) -
Z(f). In particular for ¢ = 1/2D, /2(Z) is @p-linear. Furthermore we

can normalise them such that D (Z) annihilates the constants, DG(Z)t =
D,_,(Z), and such that its dependence on ¢ in a local trivialisation of
Z is of the form

1—

D,(Z)=D,+d-D,+a"-D,,
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V. Infinitesimal parabolic structure

Asbefore C denotes a smooth geometrically connected projective curve
of genus at least two, over some base B, and & a reductive connected al-
gebraic group over C. Suppose further that we are given different points
(= disjoint sections over B) x,,---,x, € C(B), making up a divisor
{oo} . Recall that a parabolic structure on a vector-bundle .¥ on C con-
sists of flags in the fibres .# (x;), together with weights assigned to the
quotients. We treat the case where these weights are very small. Then
the parabolic bundle is semistable if it is semistable without its parabolic
structure, and stable if in addition for any subbundle of the same slope
a certain stability-condition holds for the fibres at the x;. The easiest
way to make this precise is the following: Choose a cyclic Galois-covering
D — C of degree N > 0, which is totally ramified over the x;. We de-
note the unique point over Xx; as y;, and by ¢, alocal uniformiser in y, .
To any bundle .# on C with parabolic structure in the x;, we associate
the following bundle & on D: Away from the y,, & coincides with the
pullback of .7, while at y =y, its stalk is given by &, =3¢,/ - F/(7)).
Obviously & is Galois-equivariant, so its Harder-Narasimhan filtration
is induced from a filtration on % . It then follows that for big N & is
semistable (as bundle on D) if and only if .% is semistable as parabolic
bundle on C . Also stability of .# is equivalent to equivariant stability
of & . All in all because of this construction all the main results about
stability carry over. For example tensor-products of semistable parabolic
bundles are semistable again.

We translate this construction into £-torsors. However we only con-
sider the analogue of complete flags.

Definition V.1. An infinitesimal parabolic structure on a %-torsor P
associates to any x; a Borel-subgroup B; C &,(x,), and an integral ele-
ment H; in the Lie-algebra t, of its maximal torus 7; = B;/N, such that
(H;, a) is a positive integer for each root « in B (thatis, H, is dominant
and integral).

It obviously suffices to exhibit H,, since it determines B;. Also the
numbers (H;, a) (for o running over a base of @) are called the weights
at x;. For a Galois-covering D — C as before, of degree N much big-
ger than all (H,, o), we can define a Galois-equivariant &-torsor Q on
D by the rule that for any % -representation % , % is obtained from
the pullback of %, (on C) by transforming at y = y, with an element
g; € T, (fraction-field of &, ,) such that for each character A: 7, — Z

m

the valuation of A(g,) is d}i(Hl.). As before the parabolic structure on -
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characters A, of the maximal torus 7,. Over the moduli-space ./ 0(? )
these line-bundles are the natural equivariant bundles on the flag-spaces
Bor(Zp(x,)) -

These come up in variants of our basic construction. For example the
Nth power of the determinant of H"(C, Lie(%,)) is essentially the de-
terminant of H"(C, Lie(9,) ® @,), and we could consider instead the
determinant of H*(D, Lie(?Q)) . These two differ, up to powers of the
fibre w (x;), by the tensor-product of the line-bundle .#’(4;) associated
to the weights A, = )5 o a(H,) -« of t;. Similar for a general &, .

(v) Abelianisation. This is more complicated, and will be treated below.

From now on assume that G is semisimple.

(vi) /gv‘) (%) ar and the connections V . As before, with the following
modifications: The relevant moduli-space is that for the covering D —
C, or essentially that for the punctured curve (C, {x;}). /zg(? ) par
parametrises torsors P and connections V with simple poles at the x,,

whose residues lie in Lie(B;) and are modulo Lie(¥,) equal to H,. These

induce equivariant connections on D regular at y;. As a space /%VO 2] par
has a B-connection, and the complement of the horizontal lift of 7
is the space of Galois-invariants in Hll)R(D, Lie(fQ)). Assume that G
is semisimple, and denote by .% the negative of the determinant of
H'(D, Lie(%,)). Then #y(%),,, is isomorphic to Zonn(#), and the
pullback of .% to it has an absolute connection V whose curvature is
given by the 2-form derived from the symplectic form on the Galois-
invariants in HIIDR(D, Lie(?Q)). The tangent-space to the fibres of the

projection to .# 0(? )oar acts on the pullback by its canonical action.
All this follows by pullback from D.
(vii) If Z denotes a tangent-vector for B, its horizontal lift in ,/%VO(? )

does not respect the fibres of the projection to .# 0(? ) However the

par °
failure is determined by the following quadratic form on the cotangent-

bundle of .#°(Z ) par :
The cotangent-bundle to .Z 0(? ) consists of differentials in

I'(C, Lie(%,) ® w(00)) whose residuepazrlt each x; lies in Lie(N,). The
trace-form tr, applied to two such differentials produces a global section
of w?z(oo) , to which we apply the image of Z in HI(C, Fo(—00)) to
get p(Z). Note that (the restriction to ./ 0(? ) of) p(Z) is independent
of the choice of weights (H,, ).

(viii) For & as before we can locally in .# 0(? )., lift Z to a dif-

par
ferential operator acting on %’ . The difference of two lifts defines a co-

par
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Z decomposes into irreducibles, whose number is equal to the dimension
of the centraliser of X (or of Y). This number is at least equal to the
rank / of g, and equality holds if and only if X is a regular nilpotent.
Then X lies in a unique Borel-algebra, and H in a Cartan-subalgebra
t. Furthermore o(H) = 2 for all simple roots «, while X =) X has
nonzero component X for all such «.

Recall also [Bo] that the product over all reflections s, o simple, de-
fines a Coxeter-element o € W . Its order is the Coxeter number 4, and
the number of elements in ® is /- A. For each primitive Ath root of
unity { the eigenspace in t where o acts as { has dimension one, and
the restriction of any root o« € ® to it is nonzero. Finally the degrees
e; of the generators ¢, of conjugation-invariant polynomials on g are
determined by o because the eigenvalues of ¢ are the (e; — 1)st powers
of {. Especially the last generator ¢, has degree ¢, = /.

Suppose now that 6(¢) € g[[t] is an element with nilpotent constant
term 6(0), so that all ¢,(6(¢)) vanish at the origin. The first coefficient
of the polynomial det(7 -id —ad(#)) which does not vanish identically is
that of T’ , and it is homogeneous of degree /-/4 . As it is a polynomial in
the ¢, it follows that applied to 6(#) it has a zero of order at least /, and
precisely / if and only if ¢,(6(¢)) vanishes only to the first order, and if
the monomial (155 appears in the coefficient of T' . We first show that the
last condition holds:

Let H € t denote a generator of the {-eigenspace of o, and consider
over k[[tl/h]] the element X = (/" . H. On it Gal(k[[tl/h]]/kl[t]]) acts
like o, so the invariant functions ¢,(X) all lie in k[[¢] and vanish for
t = 0. On the other hand the coefficient of T’ in det(T -id —ad(X)) is
[.co ' -a(H), which is a constant multiple of ¢'. So the monomial qﬁf
must have a nonzero coefficient in it.

We thus define 6(z) to have generic nilpotent characteristics if 6(0)
is nilpotent and ¢,(6(¢)) has only a first-order zero, or equivalently the
coefficient of T’ in det(T -id —ad(6(2)) has a zero of order /.

Proposition V.3. Suppose 6(t) € g[[t] has generic nilpotent character-
istics. Then 6(0) € g is a regular nilpotent, and the centraliser Z (6) of 0
in the adjoint group G* is smooth and connected over k[t1. Furthermore
two such 6(t) on which the ¢, take the same values are conjugate under
G (k[eT) -

Proof. 1In the factorisation det(T -id—ad(6(1)) = T'-Q(T, ¢), Q has
degree [-h and the coeflicient of ' is graded homogeneous (of degree
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regular nilpotent. Also the special fibre of 3(0(¢)) is the centraliser of 6(0)
in g, so .Z'(0) must be smooth with this Lie-algebra. Finally its special
fibre is connected: Otherwise it would contain an element g € G* of finite
order. After suitable conjugation g lies in the torus 7', and a(g) = 1.
for all simple roots o (because 6(0) has nonzero a-component). As we
are in the adjoint group g = 1. Of course the general fibre of Z(6) isa
maximal torus and connected as well.

Finally we want to show that two 6’s with the same invariants are
conjugate. Extend 6(0) = X to an sl,-tuple {X, H, Y}. It is known
(Bourbaki, Example 17 for Chapter VIII, 11) that (¢,, --- , ¢,) defines

an algebraic isomorphism from X + ker(ad(Y)) to the affine space k.
We only need that the mapping has invertible differential at X .

Now assume that we are given a second generic element 6’ . The con-
stant terms of 6 and @' are both regular nilpotents and thus conjugate.
So we may assume that both elements coincide modulo ! , and have
to check that we may conjugate one of them so that this extends to ¢ .
If Z denotes the constant term of (8’ — 0)/t”, we have to show that Z
lies in the image of ad(X). Conjugating we may assume that Z lies in
the complement ker(ad(Y)) to this image. However then derivatives in
Z-direction of the ¢, vanish at X, so Z = 0. This finishes the proof of
the proposition.

Now coming back to Higgs-bundles we say that a section 6 €
[(C, Lie(¥,) ® w(00)) has generic characteristics if this holds away from
oo, and if at a point x € {co} with local coordinate ¢ the projection to
all simple factors of 8 divided by dt/t is generic in the sense above. This
defines an open dense subset in Zhar. Choose 6 with generic charac-
teristics, and let C° ¢ C — {oc} denote the open subset where 6 is not
regular semisimple. We now can simply repeat:

Theorem V4. (i) Over ' z (0) C &, is the connected torus corre-
sponding to a surjective representation nl(CO) — W', lifting the represen-
tation into W|W' defined by Z . -

(i) Let x € C — c’. Complete the local ring of C in x. If x is not
in {oo} for a local parameter t in the completion (isomorphic to k[t])
there exists over k[t] a constant torus T, C &, , and an embedding of the
product of T, with one of the groups SL,, GL, or PGL, into &,, such
that Z(0) is isomorphic to the product of T, and the centraliser of the
2 x 2-matrix with diagonal entries zero, and off-diagonal entries t and 1
(that is, multiplication by 12 on k[[tl/ 2]], considered as k[t]-module of
rank two).
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c(Z(F)) e Hl(/leo(?)par, Q") applied to H, defines a derivation from

F(/lgo(?)par, @) to Hl(/lgo(f)par, @) . f lies in the kernel of this map
only if it is constant.
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