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Abstract. — In this paper, we study the cohomology of the truncated Hitchin fibration, which was
introduced in a previous paper. We extend Ngô’s main theorems on the cohomology of the elliptic
part of the Hitchin fibration. As a consequence, we get a proof of Arthur’s weighted fundamental
lemma.
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1. Introduction

1.1. The aim of this work, which follows [11], is to prove the weighted fundamental lemma.
This statement was conjectured by Arthur in his work on the stabilization of the Arthur–Selberg
traces (cf. conjecture 5.1 of [4]). It generalizes the Langlands–Shelstad fundamental lemma and
consists of a family of combinatorial identities between weighted 𝑝-adic orbital integrals. After
Ngô’s work on the fundamental lemma, it is the only missing ingredient in the stabilization of
the trace formula. According to a strategy due to Langlands, one should obtain, by means of
the stable trace formula, all endoscopic functorialities. For example, Arthur’s ongoing work
should provide a classification of the automorphic spectrum of classical groups in terms of that
of general linear groups. Apart from work of Kottwitz (cf. [23]) and Whitehouse (cf. [33]), the
weighted fundamental lemma had until now been a completely open problem.

1.2. More precisely, we prove a variant in positive characteristic and for the Lie algebras of
Arthur’s statement. Moreover, in order to simplify the exposition as much as possible, we restrict
ourselves in this article to the case of split groups. The general case, which also includes the
“non-standard” forms of the weighted fundamental lemma due to Waldspurger, can be obtained
by similar methods and will be treated later. Work of Waldspurger (cf. [31] and [32]) shows
that all these variants of the weighted fundamental lemma imply Arthur’s original statement for
groups over 𝑝-adic fields.

1.3. From now on, we reserve the term fundamental lemma or weighted fundamental lemma
for the variants for Lie algebras in positive characteristic of the original statements. In [29],
Ngô proved the ordinary fundamental lemma. In his approach, the fundamental lemma results
from a cohomological statement on the elliptic part of the Hitchin fibration. Similarly here, the
weighted fundamental lemma is a consequence of a cohomological theorem (cf. theorem 10.7.3)
on the truncated Hitchin fibration introduced in [11]. The key result in Ngô’s approach is his
theorem describing the supports of the different constituents of the cohomology of the elliptic
part of the Hitchin fibration. In an informal sense, this theorem shows that the global orbital
integrals are the “limits” of the orbital integrals associated to the most regular elements possible.
In particular, to prove the global variant of the fundamental lemma, it suffices to do so for these
very regular elements for which a “by hand” verification is possible. The local statement then
follows from the global one. Our main cohomological result is that, for the cohomology of the
truncated Hitchin fibration, no new support appears. The most striking consequence is that the
global weighted orbital integrals are also “limits” of ordinary orbital integrals.

1.4. The weighted fundamental lemma. We now state the local theorem that we prove. Let
F𝑞 be a finite field with 𝑞 elements and 𝐺 a connected reductive group, defined and split over
F𝑞. Let 𝑇 be a maximal torus of 𝐺, defined and split over F𝑞. We assume that the order of
the Weyl group 𝑊𝐺 of (𝐺,𝑇) is invertible in F𝑞. Let 𝑀 be a Levi subgroup of 𝐺 defined
over F𝑞 containing the torus 𝑇 . We denote by Gothic letters the corresponding Lie algebras.
Consider the local field 𝐾 = F𝑞 ((𝜀)) and O = F𝑞 [[𝜀]], its ring of integers. Let 𝑋 ∈ 𝔪(𝐾) be a
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semisimple and 𝐺-regular element. Its centralizer in 𝐺 ×F𝑞 𝐾 is a maximal 𝐾-torus denoted 𝐽𝑋 ,
which is contained in 𝑀 ×F𝑞 𝐾 . In this context, an Arthur weighted orbital integral is given by

𝐽𝐺𝑀 (𝑋) = |𝐷𝐺 (𝑋) |1/2
∫
𝐽𝑋 (𝐾)\𝐺 (𝐾)

1𝔤(O) (Ad(𝑔−1)𝑋)𝑣𝐺𝑀 (𝑔)𝑑𝑔,

where
– |𝐷𝐺 (𝑋) | is the usual absolute value of the Weyl discriminant;
– 1𝔤(O) is the characteristic function of 𝔤(O);
– Ad denotes the adjoint action of 𝐺 on 𝔤;
– 𝑣𝐺

𝑀
(𝑔) is Arthur’s “weight” function which is left 𝑀 (𝐹)-invariant;

– 𝑑𝑔 is the quotient measure deduced from Haar measures on 𝐺 (𝐾) and 𝐽𝑋 (𝐾).
The weight and the measure 𝑑𝑔 depend on choices that can be normalized. With appropriate
measure conventions, the integral 𝐽𝐺

𝑀
(𝑋) depends on 𝑋 only up to 𝑀 (𝐾)-conjugation.

Let 𝐺 and 𝑇 be the complex dual groups in the sense of Langlands of 𝐺 and 𝑇 . The group
𝑇 identifies with a maximal torus of 𝐺. The dual 𝑀 of 𝑀 identifies with a Levi subgroup of
𝐺 which contains 𝑇 . Let 𝑠 ∈ 𝑇 and let 𝑀′ be the neutral component of the centralizer of 𝑠 in
𝑀 . This is a connected reductive subgroup of 𝑀 which contains 𝑇 . We assume that the neutral
components of the centers of 𝑀 and 𝑀′ are equal. Let 𝑀′ be the group over F𝑞 dual to 𝑀′.
The torus 𝑇 identifies with a maximal torus of 𝑀′ and the Weyl group 𝑊𝑀 ′ identifies with a
subgroup of the Weyl group𝑊𝑀 . Thus we have a canonical morphism

(1.4.1) 𝔪′//𝑀′ ≃ 𝔱//𝑊𝑀 ′ → 𝔱//𝑊𝑀 ≃ 𝔪//𝑀,
where the isomorphisms are those of Chevalley and the quotients are the categorical quo-
tients. The open subset of semisimple 𝐺-regular elements defines, via the canonical map
𝔪 → 𝔪//𝑀 , an open subset in the quotient 𝔪//𝑀 , whose preimage under the composite map
𝔪′ → 𝔪′//𝑀′ → 𝔪//𝑀 is the open subset of semisimple regular elements of 𝐺. Following
Waldspurger (cf. [30]), one can adapt the definition of Langlands–Shelstad transfer factors (cf.
[26]) to Lie algebras. By considering 𝑀′ as an “endoscopic group” of 𝑀 , one obtains a function

Δ𝑀 ′,𝑀 : 𝔪′(𝐾) ×𝔪(𝐾) → C

defined on the open set of pairs (𝑌, 𝑋) where each component is a semisimple and 𝐺-regular
element. The transfer factor is in fact invariant under the adjoint action of 𝑀′(𝐾) × 𝑀 (𝐾).
For a pair (𝑌, 𝑋) with each component semisimple and 𝐺-regular, the factor Δ𝑀 ′,𝑀 (𝑌, 𝑋) is
nonzero if and only if 𝑌 and 𝑋 have the same image in (𝔪//𝑀) (𝐾) via the canonical maps
𝔪′(𝐾) → (𝔪//𝑀) (𝐾) (induced by (1.4.1)) and 𝔪(𝐾) → (𝔪//𝑀) (𝐾). In this case, when
moreover 𝑀′ = 𝑀 , the transfer factor equals 1.

For every element 𝑌 ∈ 𝔪′(𝐾) that is semisimple and regular, one can form the linear
combination

𝐽𝐺𝑀 ′,𝑀 (𝑌 ) =
∑︁
𝑋

Δ𝑀 ′,𝑀 (𝑌, 𝑋)𝐽𝐺𝑀 (𝑋),

where the sum is taken over the set of 𝑀 (𝐾)-conjugacy classes of semisimple and 𝐺-regular
elements 𝑋 ∈ 𝔪(𝐾). The sum has finite support.

We now assume that 𝑠 is not central in 𝑀 , that is, 𝑀′ ≠ 𝑀 . Let E(𝑠) be the finite set of
connected reductive subgroups 𝐻 of 𝐺 which satisfy

– there exists an integer 𝑖 ⩾ 2 and elements 𝑠1 ∈ 𝑠𝑍
𝑀

(where 𝑍
𝑀

is the center of 𝑀) and
𝑠2, . . . , 𝑠𝑛 in the center of 𝑀′ such that 𝐻 is the neutral component of the intersection of
the centralizers of the 𝑠𝑖 in 𝐺;

– the neutral components of the centers of 𝐺 and 𝐻 are equal.
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Every 𝐻 ∈ E(𝑠) contains 𝑀′ as a Levi subgroup. Note that the set E(𝑠) does not contain𝐺. For
every 𝑠′ ∈ 𝑇 and every subgroup 𝐻 of 𝐺, denote by 𝐻𝑠′ the neutral component of the centralizer
of 𝑠′ in 𝐻. We say that 𝑠′ is elliptic in 𝐻 if the neutral components of the centers of 𝐻𝑠′ and 𝐻 are
equal. For all 𝐻 ∈ E(𝑠) and 𝑠′ ∈ 𝑍

𝑀 ′ elliptic in 𝐻, the group 𝐻𝑠 belongs to E(𝑠). By Langlands
duality, the elements of E(𝑠) are identified with a family of connected reductive groups defined
over F𝑞 that contain 𝑀′ as a Levi subgroup. For every 𝑌 ∈ 𝔪′(𝐾) semisimple and regular, one
defines for every 𝐻 ∈ E(𝑠) the “stable” variant 𝑆𝐻

𝑀 ′ (𝑌 ) of the weighted orbital integrals by the
following recursive formula

𝑆𝐻𝑀 ′ (𝑌 ) = 𝐽𝐻𝑀 ′,𝑀 ′ (𝑌 ) −
∑︁

𝑠′∈𝑍
𝑀′/𝑍𝐻 , 𝑠′≠1

|𝑍
𝐻𝑠′

/𝑍
𝐻
|−1𝑆

𝐻𝑠′
𝑀 ′ (𝑌 ),

where by convention |𝑍
𝐻𝑠′

/𝑍
𝐻
|−1 is taken to be 0 when 𝑠′ is not elliptic in 𝐻. One can show

that the sum has finite support.
For every 𝑠′ ∈ 𝑠𝑍

𝑀
that is elliptic in 𝐺, the group 𝐺𝑠′ belongs to E(𝑠). In particular, the

expression 𝑆𝐺𝑠′
𝑀 ′ (𝑌 ) is well defined. One may now state the weighted fundamental lemma that

we prove.
Theorem 1.4.1. — For every 𝑌 ∈ 𝔪′(𝐾) semisimple and 𝐺-regular, we have the following
identity

𝐽𝐺𝑀 ′,𝑀 (𝑌 ) =
∑︁

𝑠′∈𝑍
𝑀
/𝑍
𝐺

|𝑍
𝐺𝑠′

/𝑍
𝐺
|−1𝑆

𝐺𝑠′
𝑀 ′ (𝑌 ),

where, as before, the sum has finite support on the elements 𝑠′ elliptic in 𝐺.

1.5. The support theorem. As mentioned above, the previous theorem relies on a coho-
mological study of the suitably truncated Hitchin fibration. The cohomological counterpart of
the previous theorem is theorem 10.7.3 below, whose statement we will not reproduce in this
introduction. Instead, we state our support theorem, which is the key to theorem 10.7.3 in that
it reduces the cohomological study of the truncated Hitchin fibration to that of its elliptic part.
On the latter, theorem 10.7.3 is known by a fundamental theorem of Ngô (cf. [29]).

The situation is as follows. Let 𝑘 be an algebraic closure of a finite field. Let 𝐺 be a
semisimple group defined over 𝑘 and 𝑇 ⊂ 𝐺 a maximal torus. We assume that the characteristic
of 𝑘 does not divide the order of the Weyl group 𝑊 of (𝐺,𝑇). Let 𝐶 be a smooth, connected,
projective curve endowed with an effective, even divisor 𝐷 of degree greater than the genus of
𝐶. Let ∞ be a closed point of 𝐶 outside the support of 𝐷. The Hitchin stack M over 𝑘 classifies
Hitchin triples (E, 𝜃, 𝑡) consisting of a 𝐺-torsor E, a section 𝜃 of the vector bundle Ad(E)(𝐷)
obtained by pushing forward the torsor E via the adjoint representation twisted by 𝐷, and a
𝐺-regular element 𝑡 ∈ 𝔱 such that 𝑡 and 𝜃 (∞) have the same image under the canonical map

(1.5.1) 𝔤 → 𝔤//𝐺 ≃ 𝔱//𝑊.
Let A be the 𝑘-scheme that classifies pairs (ℎ𝑎, 𝑡) consisting of a section ℎ𝑎 of the bundle
𝔱//𝑊 ⊗𝑘 O(𝐷) and a 𝐺-regular element 𝑡 ∈ 𝔱 such that the image of 𝑡 under 𝔱 → 𝔱//𝑊 equals
ℎ𝑎 (∞). The Hitchin fibration 𝑓 : M → A is the morphism which associates to a triple (E, 𝜃, 𝑡)
the pair (𝜒(𝜃), 𝑡), where 𝜒𝐷 is a twisted version of the morphism (1.5.1). In [11] we introduced
a truncated open substack M𝜉 of M, consisting of “𝜉-semistable” triples (for reminders, see
section 4 below), which depends on a parameter 𝜉 taking values in a real vector space. When 𝜉
is “in general position” (in the sense of remark 4.9.2), the restriction of the morphism 𝑓 𝜉 to M𝜉

is proper (cf. theorem 6.2.2 of [11] recalled in 4.9.1). We define in section 9 an open subset
Abon of A. Let Aell denote the elliptic open subset of A and

𝑗 : Aell ∩ Abon ↩→ Abon
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be the canonical open immersion. Let ℓ be a prime number invertible in 𝑘 and Qℓ an algebraic
closure of Qℓ. For every integer 𝑖, let pH 𝑖 (𝑅 𝑓 𝜉∗ Qℓ) denote the 𝑖th perverse cohomology sheaf
of 𝑅 𝑓 𝜉∗ Qℓ. Here is our main cohomological theorem (cf. theorem 10.5.1 below):
Theorem 1.5.1. — For every integer 𝑖, there is a canonical isomorphism

pH 𝑖 (𝑅 𝑓 𝜉∗ Qℓ) � 𝑗!∗ 𝑗∗pH 𝑖 (𝑅 𝑓 𝜉∗ Qℓ)
over Abon.

It is known that the stack M𝜉 is smooth over 𝑘 . By Deligne’s theorem, the properness of
the morphism 𝑓 𝜉 implies that the complex 𝑅 𝑓 𝜉∗ Qℓ is pure. It follows that the perverse sheaves
pH 𝑖 (𝑅 𝑓 𝜉∗ Qℓ) are semisimple. The preceding theorem asserts that on Abon, the supports of the
irreducible constituents all meet the elliptic locus.

1.6. Description of the article. Let us now give a brief description of the content of the
article. The first sections (sections 2 and 3) are devoted to some notations and supplementary
material. In section 4 we introduce the truncated Hitchin fibration. In section 5 we recall the
action, introduced by Ngô, of a Picard stack on the fibers of Hitchin. As this action does not
preserve the truncated fibers, in section 6 we introduce a substack that does respect the truncation.
Section 7 provides some reminders on cameral curves and the sheaf of connected components
of the Picard stack introduced by Ngô. In section 8 we deduce a decomposition into 𝑠-parts of
the cohomology of the truncated Hitchin fibration which generalizes Ngô’s decomposition on
the elliptic part (cf. theorem 8.5.1). In section 9 we introduce a certain “good” open subset of
the base of the Hitchin fibration and give a sufficient condition for a point of the base to lie in
this “good” open subset (theorem 9.1.3). Section 10 contains the main cohomological results:
theorem 10.5.1 on “support” and theorem 10.7.3, which is the cohomological analogue of the
weighted fundamental lemma. In section 12 we express the global weighted orbital 𝑠-integrals
introduced in section 11 in terms of the Frobenius trace on the 𝑠-part of the cohomology (cf.
theorem 12.1.1). In section 15 we deduce, from the preceding considerations, a global variant of
the weighted fundamental lemma (cf. theorem 15.1.1). The remainder of the article is devoted
to passing from this global form to the local statement.

1.7. Acknowledgements. We thank Luc Illusie, Ngô Bao Châu, Michel Raynaud and Jean-
Loup Waldspurger for useful discussions.

Part of this article was written during a stay of the first-named author at the Institute for
Advanced Study in Princeton in the autumn of 2008. He wishes to thank that institute for its
hospitality, as well as the National Science Foundation for the support (agreement No. DMS-
0635607) that made this stay possible.

Finally, we wish to thank the anonymous referees for their careful reading.

2. Notations

2.1. Let 𝑘 be an algebraic closure of a finite field F𝑞 with 𝑞 elements. Let 𝐺 be a connected
reductive algebraic group over 𝑘 . Let 𝐺der denote the derived group of 𝐺. Let 𝑇 be a maximal
torus of 𝐺. Define

𝑊 = 𝑊𝐺 = 𝑊𝐺
𝑇 ,

Φ = Φ𝐺 = Φ𝐺
𝑇 and Φ∨ = Φ

𝐺,∨
𝑇

to be, respectively, the Weyl group, the set of roots, and the set of coroots of 𝑇 in 𝐺. The map
that sends a root to its coroot induces a bijection between Φ and Φ∨. For any set 𝑋 , we denote
by |𝑋 | its cardinality (finite or infinite). In the sequel, we assume that the order of the Weyl
group |𝑊𝐺

𝑇
| is invertible in 𝑘 .
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The Lie algebra of a group denoted by an uppercase letter is written using the corresponding
Gothic letter. Thus 𝔤 and 𝔱 denote the Lie algebras of 𝐺 and 𝑇 , respectively. Let

𝑋∗(𝐺) = Hom𝑘 (𝐺,G𝑚,𝑘 )
be the group of characters of 𝐺. Let

𝑋∗(𝐺) = HomZ(𝑋∗(𝐺),Z)
be the dual group. In the case of a torus, this group canonically identifies with the group of
cocharacters. We will also use the real vector spaces

𝔞𝐺 = 𝑋∗(𝐺) ⊗Z R

and
𝔞∗𝐺 = 𝑋∗(𝐺) ⊗Z R.

2.2. Let Int denote the action of 𝐺 on itself by inner automorphisms and Ad the adjoint
representation. Let

𝔠𝔞𝔯 = 𝔠𝔞𝔯𝐺 = 𝔤//𝐺
be the categorical quotient of 𝔤 by the adjoint action of 𝐺. Let

𝜒 = 𝜒𝐺 : 𝔤 → 𝔠𝔞𝔯

be the canonical morphism, which is called the characteristic morphism. Let
𝜒𝑇 = 𝜒𝑇𝐺 : 𝔱 → 𝔠𝔞𝔯𝐺

be the restriction of 𝜒𝐺 to 𝔱. This is a finite Galois covering of 𝔠𝔞𝔯𝐺 with Galois group𝑊 . The
morphism 𝜒𝑇

𝐺
is𝑊-invariant and induces, by Chevalley’s isomorphism, an isomorphism

𝔱//𝑊 ≃ 𝔠𝔞𝔯 .

It follows that the scheme 𝔠𝔞𝔯 is an affine space of dimension 𝑛, where 𝑛 is the rank of 𝐺, with
coordinates given by 𝑛 homogeneous 𝐺-invariant polynomials on 𝔤 whose degrees, denoted
𝑒1 ⩽ . . . ⩽ 𝑒𝑛, are uniquely determined.

2.3. Kostant Section. An element of 𝔤 is said to be 𝐺-regular if the dimension of its
centralizer in 𝐺 equals the rank of 𝐺. In the sequel, when the context is clear, we simply speak
of regular elements. Let 𝔤reg ⊂ 𝔤 denote the open subset of regular elements in 𝔤.

Let 𝐵 be a Borel subgroup of 𝐺 containing 𝑇 , and let Δ ⊂ Φ be the set of simple roots of 𝑇
in 𝐵. Complete these data to a pinning (𝐵,𝑇, {𝑋𝛼}𝛼∈Δ) of 𝐺. Set

𝑋± =
∑︁
𝛼∈±Δ

𝑋𝛼,

where we have defined 𝑋−𝛼, for 𝛼 ∈ Δ, as the unique root vector associated with the root −𝛼
satisfying [𝑋𝛼, 𝑋−𝛼] = 𝛼∨. Let 𝔤𝑋+ denote the centralizer of 𝑋+ in 𝔤. Kostant showed that the
affine space 𝑋− + 𝔤𝑋+ is contained in the regular open subset 𝔤reg and that the restriction of the
morphism 𝜒 : 𝔤 → 𝔠𝔞𝔯 induces an isomorphism

𝑋− + 𝔤𝑋+ → 𝔠𝔞𝔯 .

Let
𝜀 = 𝜀𝐺 : 𝔠𝔞𝔯 → 𝑋− + 𝔤𝑋+

be the inverse morphism.

2.4. Parabolic Subgroups and Levi Subgroups. For any subgroups 𝑀 and 𝑄 of 𝐺, denote
by F𝑄 (𝑀) the set of parabolic subgroups 𝑃 of 𝐺 satisfying 𝑀 ⊂ 𝑃 ⊂ 𝑄. The elements of
F = F 𝐺 (𝑇) are called the semi-standard parabolic subgroups of 𝐺.
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A Levi subgroup of 𝐺 is defined as a Levi factor of a parabolic subgroup of 𝐺. Let
L = L𝐺 (𝑇) be the set of semi-standard Levi subgroups of 𝐺 (in the sense that they contain 𝑇).

For every 𝑃 ∈ F , let 𝑁𝑃 denote the unipotent radical of 𝑃 and let 𝑀𝑃 ∈ L be the unique Levi
subgroup of 𝑃 that contains 𝑇 . For every Levi subgroup 𝑀 ∈ L, denote by P(𝑀) (respectively,
L(𝑀)) the subset of those 𝑃 ∈ F for which 𝑀𝑃 = 𝑀 , (respectively, those 𝐿 ∈ L such that
𝑀 ⊂ 𝐿). When it is necessary to indicate the ambient group 𝐺, we add an exponent 𝐺 to these
notations.

Let 𝑀 ∈ L. Denote by 𝔞𝑀
𝑇

the subspace of 𝔞𝑇 spanned by the coroots of 𝑇 in 𝑀 . By
considering the roots, one similarly defines the subspace (𝔞𝑀

𝑇
)∗ ⊂ 𝔞∗

𝑇
. The canonical morphism

𝔞𝑇 → 𝔞𝑀 has kernel 𝔞𝑀
𝑇

. This kernel has, as a complement in 𝔞𝑇 , the orthogonal of (𝔞𝑀
𝑇
)∗,

which identifies 𝔞𝑀 with a subspace of 𝔞𝑇 . In this way, we obtain a decomposition

𝔞𝑇 = 𝔞𝑀𝑇 ⊕ 𝔞𝑀 .

Define 𝔞𝐺
𝑀
= 𝔞𝑀 ∩ 𝔞𝐺

𝑇
. Then one has 𝔞𝑀 = 𝔞𝐺

𝑀
⊕ 𝔞𝐺 .

We equip the real vector space 𝔞𝑇 with an inner product invariant under the natural action of
the Weyl group𝑊𝐺 . The direct sum decompositions above are then orthogonal. All subspaces
of 𝔞𝑇 are endowed with the Euclidean measure (that is, the Lebesgue measure which assigns
covolume 1 to any orthonormal basis lattice).

2.5. Langlands Dual. Let 𝑇 be the torus over C defined by

𝑇 (C) = HomZ(𝑋∗(𝑇),C×).
Let 𝐺 be a connected reductive group over C together with an embedding of 𝑇 as a maximal
torus so that we have the following identification between the root data

(𝑋∗(𝑇),Φ𝐺
𝑇 , 𝑋∗(𝑇),Φ

𝐺,∨
𝑇

) = (𝑋∗(𝑇),Φ𝐺,∨
𝑇
, 𝑋∗(𝑇),Φ𝐺

𝑇
).

We say that 𝐺 is “the” Langlands dual of 𝐺. Conversely, every connected reductive subgroup
𝑀 of 𝐺 that contains 𝑇 determines, up to isomorphism, a connected reductive group 𝑀 over 𝑘
together with an embedding of 𝑇 in 𝑀 for which one has an identification as above between the
root data of (𝑀,𝑇) and those of (𝑀,𝑇). The groups 𝑀 and 𝑀 are said to be dual. Note that the
Weyl group𝑊𝑀 is then naturally a subgroup of𝑊𝐺 . Moreover, when𝑀 is a Levi subgroup of𝐺,
the group 𝑀 equipped with the embedding of 𝑇 identifies with the Levi subgroup 𝑀 ∈ L𝐺 (𝑇)
defined by the condition

Φ𝑀
𝑇 = Φ

𝑀,∨
𝑇

.

In what follows, by an abuse of notation, we shall not distinguish between a complex algebraic
group and its group of complex points.

2.6. Let 𝑀 ∈ L and 𝑃 ∈ P(𝑀). Let 𝔭 be the Lie algebra of 𝑃. Let
𝜒𝑃 : 𝔭 → 𝔠𝔞𝔯𝑃 = 𝔭//𝑃

be the canonical morphism from 𝔭 to its adjoint quotient. The restriction of this morphism to 𝔪

is 𝑀-invariant and induces an isomorphism from 𝔠𝔞𝔯𝑀 = 𝔪//𝑀 onto 𝔠𝔞𝔯𝑃 (see [11] Lemma
2.7.1). Moreover, there is a commutative diagram in which the second horizontal arrow is the
projection given by the canonical decomposition 𝔭 = 𝔪 ⊕ 𝔫𝑃.

(2.6.1) 𝔪 //

𝜒𝑀

��

𝔭 //

𝜒𝑃

��

𝔪

𝜒𝑀

��
𝔠𝔞𝔯𝑀

∼ // 𝔠𝔞𝔯𝑃
∼ // 𝔠𝔞𝔯𝑀
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Let 𝔭reg = 𝔭 ∩ 𝔤reg be the open subset of 𝔭 consisting of 𝐺-regular elements.
Lemma 2.6.1. — Let 𝑋1 and 𝑋2 be elements of 𝔭 such that 𝜒𝑃 (𝑋1) = 𝜒𝑃 (𝑋2). If 𝑋1 and 𝑋2
are either both semisimple or both 𝐺-regular, then there exists 𝑝 ∈ 𝑃 that conjugates 𝑋1 to 𝑋2.

Proof. — Every semisimple element of 𝔭 is clearly conjugate under 𝑃 to an element of 𝔱.
Hence the result is immediate when 𝑋1 and 𝑋2 are both semisimple.

Let 𝑋 ∈ 𝔭 and write its Jordan decomposition as 𝑋 = 𝑋𝑠 + 𝑋𝑛. We show that 𝜒𝑃 (𝑋) =

𝜒𝑃 (𝑋𝑠). By conjugating 𝑋 by an element of 𝑃, we may assume that 𝑋𝑠 ∈ 𝔪. Let 𝑋′
𝑛 be the

projection of 𝑋𝑛 onto 𝔪 (with respect to the decomposition 𝔭 = 𝔪 ⊕ 𝔫𝑃). Then the projection
of 𝑋 onto 𝔪 has Jordan decomposition 𝑋𝑠 + 𝑋′

𝑛. We know that 𝜒𝑀 (𝑋𝑠 + 𝑋′
𝑛) = 𝜒𝑀 (𝑋𝑠). It

follows that
𝜒𝑃 (𝑋𝑠) = 𝜒𝑀 (𝑋𝑠) = 𝜒𝑀 (𝑋𝑠 + 𝑋′

𝑛) = 𝜒𝑃 (𝑋)
by the commutative diagram (2.6.1).

Now, let 𝑋1 and 𝑋2 be two 𝐺-regular elements in 𝔭 such that 𝜒𝑃 (𝑋1) = 𝜒𝑃 (𝑋2). We must
show that they are conjugate under 𝑃. From the above, the semisimple parts in the Jordan
decompositions of 𝑋1 and 𝑋2 are conjugate under 𝑃. By conjugating 𝑋2 by an element of 𝑃, we
may assume that their semisimple parts are equal to some 𝑌 ∈ 𝔭.

Replacing 𝐺 by 𝐺𝑌 , the centralizer of 𝑌 in 𝐺 (which is known to be a connected reductive
group), and 𝑃 by the parabolic subgroup 𝐺𝑌 ∩ 𝑃, we reduce to the case where 𝑋1 and 𝑋2 are
nilpotent and 𝐺-regular. It is known that such elements are conjugate by an element 𝑔 ∈ 𝐺.
We now show that necessarily 𝑔 ∈ 𝑃, which will complete the proof. Let 𝐵1 and 𝐵2 be Borel
subgroups such that, for 𝑖 = 1, 2, one has 𝑋𝑖 ∈ 𝔟𝑖 and 𝐵𝑖 ⊂ 𝑃. These subgroups are uniquely
determined. In particular, since Ad(𝑔)𝑋1 = 𝑋2, we must have 𝑔𝐵1𝑔

−1 = 𝐵2. Thus, the parabolic
subgroups 𝑔𝑃𝑔−1 and 𝑃, which are conjugate and contain the same Borel subgroup 𝐵2, are equal.
It follows that 𝑔 ∈ 𝑃, as required.

□

2.7. Factorization of the Discriminant. Let 𝑀 be a connected reductive subgroup of 𝐺 that
contains 𝑇 . Let 𝑀 be a connected reductive group over 𝑘 equipped with an embedding of 𝑇 and
dual to 𝑀 . We then have inclusions Φ𝑀 ⊂ Φ𝐺 and𝑊𝑀 ⊂ 𝑊𝐺 . Hence, there is a morphism

𝜒𝑀𝐺 : 𝔠𝔞𝔯𝑀 → 𝔠𝔞𝔯𝐺

which satisfies 𝜒𝑀
𝐺

◦ 𝜒𝑇
𝑀

= 𝜒𝑇
𝐺

. Moreover, when 𝑀 ∈ L𝐺 (𝑇), the morphism 𝜒𝑀
𝐺

◦ 𝜒𝑀 is the
restriction of 𝜒𝐺 to 𝔪.

Let 𝐵 ∈ P(𝑇) be a Borel subgroup and let Φ𝐵 denote the roots of 𝑇 in 𝐵. For any root
𝛼 ∈ Φ, let 𝑑𝛼 ∈ 𝑘 [𝔱] be its derivative. The elements of 𝑘 [𝔱] defined by

𝐷𝑀 =
∏
𝛼∈Φ𝑀

𝑑𝛼

and
𝑅𝐵𝑀 =

∏
𝛼∈Φ𝐵−Φ𝑀

𝑑𝛼

are 𝑊𝑀-invariant: hence they descend to regular functions on 𝔠𝔞𝔯𝑀 . This is clear for the first
one, which is nothing other than the Weyl discriminant. For the second, this follows from the
formula

𝑤(𝑅𝐵𝑇 ) = (−1)ℓ(𝑤)𝑅𝐵𝑇
for all 𝑤 ∈ 𝑊 , where ℓ(𝑤) denotes the length of 𝑤 (see [9], Chapter V, §5.4 Proposition 5) and
from the formula

𝑅𝐵𝑇 = 𝑅𝐵𝑀𝑅
𝑀∩𝐵
𝑇 .
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Note that 𝑅𝐵
𝑀

depends on the choice of 𝐵 only up to a sign. Let 𝔠𝔞𝔯𝑀- reg
𝑀

be the open subset
where 𝐷𝑀 does not vanish. This is precisely the locus where the morphism 𝜒𝑇

𝑀
is étale. We

shall not confuse it with the open subset 𝔠𝔞𝔯𝐺- reg
𝑀

, where the discriminant for 𝐺

𝐷𝐺 = 𝐷𝑀 (𝑅𝐵𝑀)2

does not vanish. Only the latter will appear in what follows, and we set

𝔠𝔞𝔯
reg
𝑀

= 𝔠𝔞𝔯
𝐺- reg
𝑀

.

Note that the fiber of 𝜒𝑀 above 𝔠𝔞𝔯reg
𝑀

is the open subset of𝔪 consisting of semisimple𝐺-regular
elements. The open subset 𝔱reg is the set of 𝐺-regular elements.

3. Complements on Centralizers

3.1. Centralizers. For every parabolic subgroup 𝑃 ∈ P𝐺 (𝑇), let 𝐼𝑃 be the group scheme of
centralizers on 𝔭 defined by

𝐼𝑃 = {(𝑝, 𝑋) ∈ 𝑃 ×𝑘 𝔭 | Ad(𝑝)𝑋 = 𝑋}.
We have the following lemma.

Lemma 3.1.1. — The canonical morphism 𝐼𝑃 → 𝐼𝐺 induces an isomorphism

(3.1.1) 𝐼𝑃|𝔭reg
∼−→ 𝐼𝐺|𝔭reg

over the open set
𝔭reg = 𝔭 ∩ 𝔤reg.

Moreover, the group schemes 𝐼𝑃|𝔭reg and 𝐼𝐺|𝔭reg are commutative and smooth over 𝔭reg.
Proof. — The morphism (3.1.1) is an isomorphism if and only if, for every 𝑋 ∈ 𝔭reg, the
centralizer 𝐺𝑋 of 𝑋 in 𝐺 is contained in 𝑃. By using the Jordan decomposition 𝑋 = 𝑋𝑠 + 𝑋𝑛,
we have𝐺𝑋 = 𝐺𝑋𝑠 ∩𝐺𝑋𝑛 and𝐺𝑋𝑠 is a connected reductive group since 𝑋𝑠 is semisimple. Since
𝑃∩𝐺𝑋𝑠 is a parabolic subgroup of 𝐺𝑋𝑠 and 𝑋𝑛 is 𝐺𝑋𝑠 -regular, we reduce to the case where 𝑋 is
nilpotent, which we now assume. Let 𝐵 ⊂ 𝑃 be a Borel subgroup whose Lie algebra contains 𝑋 .
By the𝐺-regularity of 𝑋 , such a Borel subgroup is unique, so𝐺𝑋 is contained in the normalizer
of 𝐵 in 𝐺, which is 𝐵, hence contained in 𝑃.

It is well known that 𝐼𝐺|𝔤reg is a commutative group scheme, smooth over 𝔤reg. By base change,
the same holds for 𝐼𝐺|𝔭reg and therefore for 𝐼𝑃|𝔭reg . □

3.2. Regular Centralizers. Let 𝑀 ∈ L𝐺 (𝑇) be a semi-standard Levi subgroup. Let 𝜀𝑀 be a
Kostant section of the characteristic morphism 𝜒𝑀 : 𝔪 → 𝔠𝔞𝔯𝑀 (see § 2.3). This section takes
values in the open set of 𝑀-regular elements. Let

𝐽𝑀 = 𝜀∗𝑀 𝐼
𝑀 ,

which we call the group scheme of regular centralizers over 𝔠𝔞𝔯𝑀 . It is a commutative group
scheme, smooth over 𝔠𝔞𝔯𝑀 (cf. Lemma 3.1.1).

Following Ngô, we introduce the isomorphism

(3.2.1) (𝜒∗𝐺𝐽
𝐺) |𝔤reg → 𝐼𝐺𝔤reg

which, to a pair (𝑔, 𝑋) in 𝐺 ×𝑘 𝔤reg such that Ad(𝑔)𝜀𝐺 (𝜒𝐺 (𝑋)) = 𝜀𝐺 (𝜒𝐺 (𝑋)), associates
(ℎ𝑔ℎ−1, 𝑋), where ℎ is an element of 𝐺 such that Ad(ℎ)𝜀𝐺 (𝜒𝐺 (𝑋)) = 𝑋 . Since both 𝑋 and
𝜀𝐺 (𝜒𝐺 (𝑋)) are 𝐺-regular and have the same image in 𝔠𝔞𝔯𝐺 , such an ℎ exists and is well defined
up to left translation by an element of the centralizer 𝐺𝑋 of 𝑋 . By the 𝐺-regularity of 𝑋 , we
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know that 𝐺𝑋 is commutative. Therefore, the morphism (3.2.1) is well defined and is clearly an
isomorphism. Here is a proposition that slightly generalizes Proposition 3.2 of [28].

Proposition 3.2.1. — For every 𝑃 ∈ F 𝐺 (𝑇), there exists a unique morphism of group schemes

(𝜒∗𝐺𝐽
𝐺) |𝔭 → 𝐼𝑃

which extends the isomorphism

(𝜒∗𝐺𝐽
𝐺) |𝔭reg → 𝐼𝐺|𝔭reg = 𝐼

𝑃
|𝔭reg

obtained by composing the restriction of the morphism (3.2.1) to 𝔭reg with the isomorphism of
Lemma 3.1.1.

Moreover, the diagram below is commutative

(3.2.2) (𝜒∗
𝐺
𝐽𝐺) |𝔭 //

##

𝐼𝑃

��

𝐼𝐺|𝔭

where the vertical arrow is the canonical injection and the diagonal arrow is the restriction to
𝔭 of the morphism 𝜒∗

𝐺
𝐽𝐺 → 𝐼𝐺 .

Proof. — Since the scheme (𝜒∗
𝐺
𝐽𝐺) |𝔭 is normal, the complement 𝔭 − 𝔭reg has codimension at

least 2 in 𝔭, and 𝐼𝑃 is affine, the morphism

(𝜒∗𝐺𝐽
𝐺) |𝔭reg → 𝐼𝐺|𝔭reg = 𝐼

𝑃
|𝔭reg

extends uniquely to a morphism of group schemes over 𝔭. The same argument shows that, since
the triangle (3.2.2) is commutative on 𝔭reg, it is also commutative on 𝔭. □

3.3. In this paragraph, we prove the following proposition.
Proposition 3.3.1. — Let 𝑀 ∈ L𝐺 (𝑇) be a Levi subgroup. There exists a unique morphism of
group schemes over 𝔠𝔞𝔯𝑀

(3.3.1) (𝜒𝑀𝐺 )∗𝐽𝐺 → 𝑋∗(𝑀) ⊗Z G𝑚,𝔠𝔞𝔯𝑀

such that for every 𝑃 ∈ P𝐺 (𝑀) the following diagram commutes

(3.3.2) 𝜒∗
𝑃
(𝜒𝑀

𝐺
)∗𝐽𝐺 = (𝜒∗

𝐺
𝐽𝐺) |𝔭 //

))

𝐼𝑃

��
𝑋∗(𝑀) ⊗Z G𝑚,𝔭

where
– the diagonal arrow is deduced from the morphism (3.3.1) by base change

𝜒𝑃 : 𝔭 → 𝔠𝔞𝔯𝑀 ;

– the horizontal arrow is that defined in Proposition 3.2.1;
– the vertical arrow is induced by the canonical morphism

𝑃 → 𝑋∗(𝑃) ⊗Z G𝑚,𝑘 = 𝑋∗(𝑀) ⊗Z G𝑚,𝑘 .

Remark 3.3.2. — The Z-module 𝑋∗(𝑀) is free of finite rank equal to the dimension of the
center of 𝑀 . Consequently, 𝑋∗(𝑀) ⊗Z G𝑚,𝑘 is a torus over 𝑘 of the same rank.
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Proof. — Consider the two projections 𝑝1 and 𝑝2

𝔭 ×𝔠𝔞𝔯𝑀 𝔭 −→ 𝔭.

Let 𝑝 = 𝜒𝑃 ◦ 𝑝1 = 𝜒𝑃 ◦ 𝑝2. By faithfully flat descent via the morphism 𝜒𝑃, it suffices to show
that the morphism

(3.3.3) 𝜒∗𝑃 (𝜒𝑀𝐺 )∗𝐽𝐺 → 𝑋∗(𝑀) ⊗Z G𝑚,𝔭,

which makes diagram (3.3.2) commute, belongs to the kernel of

Hom𝔭

(
(𝜒∗𝐺𝐽

𝐺) |𝔭, 𝑋∗(𝑀) ⊗Z G𝑚,𝔭
)
−→ Hom𝔭×𝔠𝔞𝔯𝑀

𝔭

(
𝑝∗(𝜒𝑀𝐺 )∗𝐽𝐺 , 𝑋∗(𝑀) ⊗Z G𝑚,𝔭×𝔠𝔞𝔯𝑀

𝔭

)
.

It suffices to verify this over the open set 𝔭reg ×𝔠𝔞𝔯𝑀 𝔭reg. Now, for 𝑖 = 1, 2, the image of
the morphism (3.3.3) under 𝑝∗

𝑖
is given on 𝔭reg ×𝔠𝔞𝔯𝑀 𝔭reg by the map which, to (𝑔, 𝑋1, 𝑋2) ∈

𝐺 ×𝑘 𝔭reg ×𝔠𝔞𝔯𝑀 𝔭reg satisfying Ad(𝑔)𝜀𝐺 (𝜒𝐺 (𝑋𝑖)) = 𝜀𝐺 (𝜒𝐺 (𝑋𝑖)), associates

𝜆 ∈ 𝑋∗(𝑃) ↦→ 𝜆

(
ℎ𝑖𝑔ℎ

−1
𝑖

)
,

where ℎ𝑖 conjugates 𝜀𝐺 (𝜒𝐺 (𝑋𝑖)) to 𝑋𝑖. Note that ℎ𝑖𝑔ℎ−1
𝑖

belongs to the centralizer 𝐺𝑋𝑖 of 𝑋𝑖 in
𝐺, hence lies in 𝑃 (recall the inclusion 𝐺𝑋𝑖 ⊂ 𝑃, cf. Lemma 3.1.1). But we know that 𝑋1 and
𝑋2 are conjugate in 𝑃 (cf. Lemma 2.6.1). It follows that ℎ2 ∈ 𝑃𝐺𝑋1 ℎ1 ⊂ 𝑃 ℎ1. Therefore, for
every 𝜆 ∈ 𝑋∗(𝑃),

𝜆

(
ℎ1𝑔ℎ

−1
1

)
= 𝜆

(
ℎ2𝑔ℎ

−1
2

)
,

which is the desired equality.
Thus, we have shown the existence of the morphism (3.3.1) which makes diagram (3.3.2)

commute for a parabolic subgroup 𝑃 ∈ P(𝑀). We now verify that the morphism (3.3.1) we
have just defined does not depend on the choice of 𝑃. Over the dense open set 𝔠𝔞𝔯reg

𝑀
where 𝐷𝐺

does not vanish, the morphism (3.3.1) is the map which, to a pair (𝑔, 𝑎) ∈ 𝐺 ×𝑘 𝔠𝔞𝔯𝑀 satisfying
Ad(𝑔)𝜀𝐺 (𝜒𝑀𝐺 (𝑎)) = 𝜀𝐺 (𝜒𝑀𝐺 (𝑎)), associates

𝜆 ∈ 𝑋∗(𝑃) ↦→ 𝜆

(
ℎ𝑔ℎ−1

)
,

where ℎ ∈ 𝐺 is such that Ad(ℎ)𝜀𝐺 (𝜒𝑀𝐺 (𝑎)) lies in the fiber of 𝜒𝑃 over 𝑎. Such an element
ℎ exists: let 𝑌 ∈ 𝔪 be such that 𝜒𝑃 (𝑌 ) = 𝑎. Then 𝑌 is semisimple and 𝐺-regular, hence
𝐺-conjugate to 𝜀𝐺 (𝜒𝑀𝐺 (𝑎)). Such an ℎ is well defined up to right multiplication by an element
of 𝑃, since the fiber of 𝜒𝑃 over 𝑎 is a 𝑃-conjugacy class (cf. Lemma 2.6.1). In particular,
𝜆

(
ℎ𝑔ℎ−1

)
is well defined for every 𝜆 ∈ 𝑋∗(𝑃) (by an argument already mentioned, we have

ℎ𝑔ℎ−1 ∈ 𝑃). Clearly, one could equally define ℎ as an element of 𝐺 such that Ad(ℎ)𝜀𝐺 (𝜒𝑀𝐺 (𝑎))
lies in the fiber of 𝜒𝑀 over 𝑎, hence the independence of 𝑃. □

3.4. Galois Description of 𝐽𝐺 . We leave it to the reader to verify the following lemma.
Lemma 3.4.1. — The morphism

(𝜒𝑇𝐺)
∗𝐽𝐺 → 𝑋∗(𝑇) ⊗Z G𝑚,𝔱

from Proposition 3.3.1 is 𝑊-equivariant, where the action on the target is the diagonal action
of𝑊 .

For every 𝔱-scheme 𝑋 , let (𝜒𝑇
𝐺
)∗𝑋 be the 𝔠𝔞𝔯𝐺-scheme obtained from 𝑋 by Weil restriction

of scalars (recall that the 𝑘 [𝔠𝔞𝔯𝐺]-module 𝑘 [𝔱] is free of finite rank, equal to the order of 𝑊).
The adjunction morphism 𝐽𝐺 → (𝜒𝑇

𝐺
)∗(𝜒𝑇𝐺)

∗𝐽𝐺 factors through the morphism

𝐽𝐺 −→
(
(𝜒𝑇𝐺)∗(𝜒

𝑇
𝐺)

∗𝐽𝐺
)𝑊
,
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where the exponent𝑊 denotes the subscheme of fixed points under𝑊 . Using the𝑊-equivariance
of the morphism (𝜒𝑇

𝐺
)∗𝐽𝐺 → 𝑋∗(𝑇) ⊗Z G𝑚,𝔱 (cf. Lemma 3.4.1), one obtains a morphism

(3.4.1) 𝐽𝐺 −→
(
𝑋∗(𝑇) ⊗Z (𝜒𝑇𝐺)∗G𝑚,𝔱

)𝑊
,

whose target is the closed subscheme of fixed points under𝑊 in 𝑋∗(𝑇) ⊗Z 𝜒
𝑇
∗G𝑚,𝔱; it is moreover

a smooth commutative group scheme over 𝔠𝔞𝔯𝐺 (cf. [29, Lemma 2.4.1]) whose Lie algebra,
viewed as an O𝔠𝔞𝔯𝐺 -module, is

Lie
(
(𝑋∗(𝑇) ⊗Z (𝜒𝑇𝐺)∗G𝑚,𝔱)

𝑊
)
=
(
𝑋∗(𝑇) ⊗Z (𝜒𝑇𝐺)∗O𝔱

)𝑊
.

Let us recall the following proposition, due to Ngô, which provides a Galois description of the
Lie algebra of 𝐽𝐺 .
Proposition 3.4.2. — The morphism

𝐽𝐺 −→
(
𝑋∗(𝑇) ⊗Z (𝜒𝑇𝐺)∗G𝑚,𝔱

)𝑊
is an isomorphism over the open subset 𝔠𝔞𝔯reg

𝐺
. It also induces an isomorphism between the

open subschemes of the neutral components of the fibers. In particular, this morphism induces
an isomorphism between the Lie algebras viewed as O𝔠𝔞𝔯𝐺 -modules

Lie(𝐽𝐺) =
(
𝑋∗(𝑇) ⊗Z (𝜒𝑇𝐺)∗O𝔱

)𝑊
.

Proof. — We refer the reader to [29, Prop. 2.4.2 and Cor. 2.4.8]. □

4. The Truncated Hitchin Fibration

4.1. Let 𝐶 be a projective, smooth, and connected curve over 𝑘 of genus 𝑔. Let 𝐷 = 2𝐷′ be
an effective divisor of degree > 2𝑔 and let ∞ be a point in 𝐶 (𝑘) that is not in the support of 𝐷.
Let L𝐷 be the G𝑚,𝑘 -torsor on 𝐶 associated to 𝐷, equipped with its canonical trivialization on
the complement of the support of 𝐷. For any 𝑘-scheme 𝑉 with a G𝑚,𝑘 -action, define

𝑉𝐷 = L𝐷 ×G𝑚,𝑘
𝑘

𝑉

to be the contracted product; this is a scheme over𝐶 which is a locally trivial fibration with fiber
type 𝑉 . Let 𝑀 ∈ L(𝑇). The homothety action of the multiplicative group G𝑚,𝑘 on 𝔱 induces
an action of G𝑚,𝑘 on 𝔠𝔞𝔯𝑀 , for which the characteristic morphism 𝜒𝑇

𝑀
is G𝑚,𝑘 -equivariant. By

forming the contracted product with L𝐷 , we obtain 𝐶-morphisms

𝜒𝑇𝑀,𝐷 : 𝔱𝐷 → 𝔠𝔞𝔯𝑀,𝐷

and, for every 𝑃 ∈ P(𝑀),
𝜒𝑃,𝐷 : 𝔭𝐷 → 𝔠𝔞𝔯𝑀,𝐷 .

4.2. Hitchin Stack. This is the algebraic stack denoted M = M𝐺 which classifies Hitchin
triples 𝑚 = (E, 𝜃, 𝑡) where:

– E is a 𝐺-torsor on 𝐶;
– 𝜃 ∈ 𝐻0(𝐶,Ad𝐷 (E));
– 𝑡 ∈ 𝔱𝐺-reg with 𝜒(𝑡) = 𝜒(𝜃∞) in 𝔠𝔞𝔯𝐺 .
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We denote
Ad𝐷 (E) = E ×𝐺,Ad𝐷

𝑘
𝔤𝐷

the vector bundle on 𝐶 obtained by pushing forward the 𝐺-torsor E via the morphism
Ad𝐷 : 𝐺 → Aut(𝔤𝐷)

induced by the adjoint action.
Let [𝔤𝐷/𝐺] be the stack over 𝐶 defined as the quotient of 𝔤𝐷 by 𝐺 ×𝑘 𝐶. By definition, for

every 𝐶-test scheme 𝑆, the groupoid [𝔤𝐷/𝐺] (𝑆) is the groupoid of pairs (E, 𝜃) where E is a
𝐺-torsor over 𝑆 and 𝜃 is a section over 𝑆 of Ad𝐷 (E) = E ×𝐺,Ad𝐷

𝑘
𝔤𝐷 .

Since the morphism 𝜒𝐺 is both G𝑚,𝑘 -equivariant and 𝐺-invariant, it induces a morphism of
𝐶-stacks
(4.2.1) [𝜒𝐺,𝐷] : [𝔤𝐷/𝐺] → 𝔠𝔞𝔯𝐺,𝐷 .

One may then give an equivalent definition of M. Let 𝑆 be a 𝑘-test scheme. The data of
a triple 𝑚 = (E, 𝜃, 𝑡) ∈ M(𝑆) is equivalent to the data of a pair 𝑚 = (ℎ𝑚, 𝑡) consisting of a
𝐶-morphism

ℎ𝑚 : 𝐶 ×𝑘 𝑆 −→ [𝔤𝐷/𝐺]
and a point 𝑡 ∈ 𝔱reg(𝑆) such that

( [𝜒𝐺,𝐷] ◦ ℎ𝑚) (∞𝑆) = 𝜒𝑇𝐺 (𝑡),
where ∞𝑆 is the base change of ∞ via 𝑆 → 𝑘 .

4.3. Smoothness of M over 𝑘 . We have the following proposition due to Biswas and
Ramamanan.
Proposition 4.3.1. — (cf. [8] and [29] Theorem 4.14.1) The algebraic stack M is smooth over
𝑘 .

4.4. Characteristic Space. In the (second) definition of M, if one replaces the quotient stack
[𝔤𝐷/𝐺] by the categorical quotient of 𝔤𝐷 by 𝐺, which is none other than 𝔠𝔞𝔯𝐺,𝐷 , one obtains a
quasi-projective scheme, smooth over 𝑘 , denoted A = A𝐺 and called the characteristic space,
which classifies pairs 𝑎 = (ℎ𝑎, 𝑡) where

– ℎ𝑎 ∈ 𝐻0(𝐶, 𝔠𝔞𝔯𝐺,𝐷);
– 𝑡 ∈ 𝔱𝐺-reg with 𝜒(𝑡) = ℎ𝑎 (∞).
For each 𝑀 ∈ L(𝑇), there is the base A𝑀 of the Hitchin fibration for 𝑀 and an open subset

A𝐺-reg
𝑀

⊂ A𝑀 ,

where we require that 𝑡 ∈ 𝔱𝐺-reg ⊂ 𝔱𝑀-reg. The morphism

(4.4.1) 𝜒𝑀𝐺 : A𝐺-reg
𝑀

↩→ A
which sends (ℎ, 𝑡) to (𝜒𝑀

𝐺,𝐷
◦ ℎ, 𝑡) is a closed immersion (cf. [11] Proposition 3.5.1).

Henceforth, only the open subset A𝐺-reg
𝑀

will play a role, which we shall denote simply by
A𝑀 .
Definition 4.4.1. — The elliptic part Aell = Aell

𝐺
of A is defined as the complement of the

union of the A𝑀 for 𝑀 ∈ L(𝑇) with 𝑀 ≠ 𝐺.
Note that the elliptic open subset is nonempty for dimensional reasons. Similarly, one defines

Aell
𝑀

. We have the following proposition (cf. [11] Proposition 3.6.2).
Proposition 4.4.2. — The scheme A𝐺 is the disjoint union of the locally closed subschemes
Aell
𝑀

for 𝑀 ∈ L(𝑇):
A𝐺 =

⋃
𝑀∈L𝐺 (𝑇)

Aell
𝑀 .
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4.5. Hitchin Fibration. We now define the Hitchin fibration using the morphism [𝜒𝐺,𝐷] in
(4.2.1).
Definition 4.5.1. — The Hitchin fibration is the morphism

𝑓 = 𝑓𝐺 : M → A
which sends 𝑚 = (ℎ𝑚, 𝑡) to 𝑎 = ( [𝜒𝐺,𝐷] ◦ ℎ𝑚, 𝑡).

Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A. The Hitchin fiber M𝑎 = 𝑓 −1(𝑎) classifies the sections ℎ𝑚 of the stack
[𝔤𝐷/𝐺] making the diagram below commutative

(4.5.1) 𝐶
ℎ𝑚//

ℎ𝑎 ##

[𝔤𝐷/𝐺]
[𝜒𝐺,𝐷]
��

𝔠𝔞𝔯𝐺,𝐷

4.6. Reduction of a Hitchin Triple. Let 𝑚 = (ℎ𝑚, 𝑡) ∈ M𝐺 and let 𝑃 ∈ P(𝑀) be a parabolic
subgroup of 𝐺 with Levi factor 𝑀 ∈ L(𝑇). A reduction of 𝑚 to 𝑃 is, by definition, the data of
a section

ℎ𝑃 : 𝐶 → [𝔭𝐷/𝑃]
of the 𝐶-stack [𝔭𝐷/𝑃] (the quotient of 𝔭𝐷 by 𝑃 ×𝑘 𝐶) satisfying the following two conditions:

1. We have ℎ𝑚 = 𝑖𝑃 ◦ ℎ𝑃, where

𝑖𝑃 : [𝔭𝐷/𝑃] → [𝔤𝐷/𝐺]
is the canonical morphism;

2. The pair (ℎ𝑎𝑃 , 𝑡) defined by

ℎ𝑎𝑃 = [𝜒𝑃,𝐷] ◦ ℎ𝑃,
belongs to A𝑀 , that is,

ℎ𝑎𝑃 (∞) = 𝜒𝑇𝑃 (𝑡).
Thus, if ℎ𝑃 is a reduction of 𝑚 to 𝑃, the following diagram commutes:

(4.6.1) 𝐶
ℎ𝑃 //

ℎ𝑚

��

ℎ𝑎

99

ℎ𝑎𝑃 ##

[𝔭𝐷/𝑃]
[𝜒𝑃,𝐷]
��

𝑖𝑃 // [𝔤𝐷/𝐺]
[𝜒𝐺,𝐷]
��

𝔠𝔞𝔯𝑃,𝐷
𝜒𝑀
𝐺,𝐷

// 𝔠𝔞𝔯𝐺,𝐷

.

It is clear from the above diagram that for 𝑚 to admit a reduction to 𝑃, it is necessary that
𝑓 (𝑚) belongs to A𝑀 . In fact, this condition is sufficient. More precisely, we have the following
proposition (cf. Proposition 4.10.1 of [11]).
Proposition 4.6.1. — Let 𝑚 ∈ M𝐺 and 𝑀 ∈ L(𝑇) such that 𝑓 (𝑚) ∈ Aell

𝑀
. Then for every

𝑃 ∈ F (𝑀), there exists a unique reduction ℎ𝑃 of 𝑚 to 𝑃.

4.7. Degree deg𝑃. For any group scheme 𝐻 over 𝐶, let B(𝐻) be the 𝐶-classifying stack of
𝐻, so that for every 𝐶-test scheme 𝑆, the groupoid B(𝐻) (𝑆) is the groupoid of 𝐻 ×𝐶 𝑆-torsors
over 𝑆. This stack is also the quotient of 𝐶 by the trivial action of 𝐻.

The structural morphism 𝔭𝐷 → 𝐶 induces a morphism of 𝐶-stacks

(4.7.1) [𝔭𝐷/𝑃] −→ B(𝑃 ×𝑘 𝐶).
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Moreover, the natural morphism 𝑃 → 𝑋∗(𝑃) ⊗Z G𝑚,𝑘 induces a morphism of 𝐶-stacks

(4.7.2) B(𝑃 ×𝑘 𝐶) −→ B
(
𝑋∗(𝑃) ⊗Z G𝑚,𝐶

)
.

There is a morphism
B(G𝑚,𝐶) (𝐶) −→ Z

given by the degree of a G𝑚,𝐶-torsor. This immediately yields a morphism

(4.7.3) B
(
𝑋∗(𝑃) ⊗Z G𝑚,𝐶

)
(𝐶) −→ 𝑋∗(𝑃).

By composing (4.7.3) with (4.7.1) and (4.7.2), we obtain a degree morphism

(4.7.4) deg𝑃 : [𝔭𝐷/𝑃] (𝐶) −→ 𝑋∗(𝑃).

4.8. Convex Set Associated to 𝑚 ∈ M. Let 𝑀 ∈ L(𝑇) and 𝑚 ∈ M such that 𝑓 (𝑚) ∈ Aell
𝑀

.
For every 𝑃 ∈ P(𝑀), let ℎ𝑃 be the unique reduction of 𝑚 to 𝑃 (cf. Proposition 4.6.1). In (4.7.4)
we defined the degree deg𝑃 (ℎ𝑃) of the section ℎ𝑃 of [𝔭𝐷/𝑃].

Define C𝑚 ⊂ 𝔞𝑇 to be the convex set obtained by translating the convex hull of the points

− deg𝑃 (ℎ𝑃) ∈ 𝑋∗(𝑃) = 𝑋∗(𝑀) ⊂ 𝔞𝑀 ,

for 𝑃 ∈ P(𝑀), by the vectors in the subspace 𝔞𝑀
𝑇

⊕ 𝔞𝐺 .

4.9. 𝜉-Stability. Let 𝜉 ∈ 𝔞𝑇 and 𝑚 ∈ M. We say that 𝑚 is 𝜉-semi-stable if the convex set C𝑚
from paragraph 4.8 contains 𝜉. Let M𝜉 denote the substack of M consisting of 𝜉-stable points
and define

Mell = M ×A𝐺
Aell
𝐺 ,

the elliptic open subset of M. Denote by

𝑓 𝜉 : M𝜉 → A𝐺

and
𝑓 ell : Mell → Aell

𝐺

the restrictions of the Hitchin morphism 𝑓 to M𝜉 and Mell respectively.
Here is the main result of [11] (see Proposition 6.1.4 and Theorem 6.2.2).

Theorem 4.9.1. — The stack M𝜉 is an open substack of M, hence smooth over 𝑘 , and it
contains the elliptic open subset Mell.

If 𝐺 is semisimple and if 𝜉 is in general position, the stack M𝜉 is a Deligne–Mumford stack
and the morphism 𝑓 𝜉 is proper.
Remark 4.9.2. — The phrase 𝜉 in general position means that 𝜉 does not belong to certain
rational hyperplanes in 𝔞𝑇 (cf. [11] Definition 6.1.3). In particular, it implies that for a Hitchin
triple, the notions of 𝜉-semi-stability and 𝜉-stability are equivalent.

5. Action of the Picard Stack J𝑎

5.1. Action of G𝑚,𝑘 on the Centralizers. In §3.2 we defined the group scheme 𝐽𝐺 of regular
centralizers over 𝔤. Let (𝑔, 𝑎) ∈ 𝐽𝐺 and 𝑥 ∈ G𝑚,𝑘 . The elements of 𝔤reg defined by 𝜀𝐺 (𝑥 · 𝑎)
and 𝑥 · 𝜀𝐺 (𝑎) (where · denotes, respectively, the action of G𝑚,𝑘 on 𝔠𝔞𝔯𝐺 defined in §4.1 and the
scaling action of G𝑚,𝑘 on 𝔤) are 𝐺-conjugate since they have the same image via 𝜒𝐺 . Therefore,
there exists an element ℎ𝑥 ∈ 𝐺 such that

𝜀𝐺 (𝑥 · 𝑎) = Ad(ℎ𝑥) (𝑥 · 𝜀𝐺 (𝑎)).
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One may check that ℎ𝑥𝑔ℎ−1
𝑥 centralizes 𝜀𝐺 (𝑥 · 𝑎) and that this element is independent of the

choice of ℎ𝑥 (since the regular centralizers are commutative). We then define

𝑥 · (𝑔, 𝑎) = (ℎ𝑥𝑔ℎ−1
𝑥 , 𝑥 · 𝑎),

which defines an action of G𝑚,𝑘 on 𝐽𝐺 for which the canonical morphism 𝐽𝐺 → 𝔠𝔞𝔯𝐺 is
G𝑚,𝑘–equivariant. By the construction of §4.1, one deduces a group scheme 𝐽𝐺

𝐷
over 𝔠𝔞𝔯𝐺,𝐷 .

For every parabolic subgroup 𝑃 ∈ F (𝑇), the group scheme 𝐼𝑃 over 𝔭 of centralizers is
endowed with an action of G𝑚,𝑘 defined for all 𝑥 ∈ G𝑚,𝑘 and (𝑝, 𝑋) ∈ 𝐼𝑃 by

𝑥 · (𝑝, 𝑋) = (𝑝, 𝑥 · 𝑋),
where · denotes the scaling action of G𝑚,𝑘 on 𝔭. Again, the construction of §4.1 yields a group
scheme 𝐼𝑃

𝐷
over 𝔭𝐷 .

It follows from Proposition 3.2.1 that the morphism

(𝜒∗𝐺𝐽
𝐺) |𝔭 → 𝐼𝑃

defined there is G𝑚,𝑘–equivariant. Hence one obtains a morphism of group schemes

(5.1.1) (𝜒∗𝐺,𝐷𝐽
𝐺
𝐷 ) |𝔭𝐷 → 𝐼𝑃𝐷

over 𝔭𝐷 .
Let 𝑀 ∈ L(𝑇) and let 𝜒𝑀

𝐺,𝐷
: 𝔠𝔞𝔯𝑀,𝐷 → 𝔠𝔞𝔯𝐺,𝐷 be the morphism deduced from the

G𝑚,𝑘–equivariant morphism 𝜒𝑀
𝐺

: 𝔠𝔞𝔯𝑀 → 𝔠𝔞𝔯𝐺 . Proposition 3.3.1 shows that there exists a
unique morphism of group schemes

(5.1.2) (𝜒𝑀𝐺,𝐷)
∗𝐽𝐺𝐷 → 𝑋∗(𝑀) ⊗Z G𝑚,𝔠𝔞𝔯𝑀,𝐷

which, for every 𝑃 ∈ P(𝑀), is the composition of (5.1.1) with the obvious morphism

𝐼𝑃𝐷 → 𝑋∗(𝑀) ⊗Z G𝑚,𝔠𝔞𝔯𝑀,𝐷 .

5.2. The Picard Stack J𝑎. Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A. Define

𝐽𝑎 = ℎ
∗
𝑎𝐽
𝐺
𝐷 .

This is a smooth, commutative group scheme over 𝐶. Let J𝑎 denote the 𝑘–stack of 𝐽𝑎–torsors
over 𝐶. More precisely, for any test 𝑘–scheme 𝑆, the groupoid J𝑎 (𝑆) is the groupoid of
𝐶–morphisms

𝐶 ×𝑘 𝑆 → B(𝐽𝑎).
Since the group scheme 𝐽𝑎 is commutative, the contracted product of two 𝐽𝑎–torsors is again

a 𝐽𝑎–torsor. This product endows J𝑎 with the structure of a Picard stack over Spec(𝑘).

5.3. Degree Morphism. Let 𝑀 ∈ L(𝑇) and 𝑎𝑀 = (ℎ𝑎𝑀 , 𝑡) ∈ A𝑀 . Let 𝑎 be the image of 𝑎𝑀
in A𝐺 via the morphism 𝜒𝑀

𝐺
, cf. line (4.4.1). Thus we have ℎ𝑎 = 𝜒𝑀

𝐺,𝐷
◦ ℎ𝑎𝑀 and

𝐽𝑎 = ℎ
∗
𝑎𝑀

(𝜒𝑀𝐺,𝐷)
∗𝐽𝐺𝐷 .

By the base change ℎ𝑎𝑀 : 𝐶 → 𝔠𝔞𝔯𝑀,𝐷 , one deduces from the morphism (5.1.2) a morphism of
group schemes

𝐽𝑎 → 𝑋∗(𝑀) ⊗Z G𝑚,𝐶 ,
and a morphism of 𝐶–Picard stacks between the classifying stacks
(5.3.1) B(𝐽𝑎) → B(𝑋∗(𝑀) ⊗Z G𝑚,𝐶).
Since we have a degree morphism, cf. (4.7.3),

B(𝑋∗(𝑀) ⊗Z G𝑚,𝐶) (𝐶) → 𝑋∗(𝑀),
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one obtains, by composition, a degree morphism

(5.3.2) deg𝑀 : J𝑎 → 𝑋∗(𝑀)

for every 𝑎 ∈ A𝑀 , which is a homomorphism of Picard stacks (if one views 𝑋∗(𝑀) as the
constant 𝑘–Picard stack).
Proposition 5.3.1. — Let 𝑀 ⊂ 𝐿 be two Levi subgroups in L𝐺 (𝑇). Let

𝑝𝑀𝐿 : 𝑋∗(𝑀) → 𝑋∗(𝐿)

be the dual projection of the restriction morphism

𝑋∗(𝐿) → 𝑋∗(𝑀).

Let 𝑎 ∈ A𝑀 . Then one has the following equality of morphisms from J𝑎 to 𝑋∗(𝐿):

𝑝𝑀𝐿 ◦ deg𝑀 = deg𝐿 .

Proof. — Let 𝑄 ∈ P(𝐿) and 𝑃 ∈ P(𝑀) with 𝑃 ⊂ 𝑄. Consider the commutative diagram

𝔭 //

𝜒𝑃

��

𝔮

𝜒𝑄

��
𝔠𝔞𝔯𝑀

𝜒𝑀
𝐺 $$

𝜒𝑀
𝐿 // 𝔠𝔞𝔯𝐿

𝜒𝐿
𝐺

��
𝔠𝔞𝔯𝐺

.

Recall that in §3.2 we defined a group scheme 𝐽𝐺 over 𝔠𝔞𝔯𝐺 . From the diagram above, one has
the equality

𝜒∗𝑃 (𝜒𝑀𝐺 )∗𝐽𝐺 = (𝜒∗𝑄 (𝜒
𝐿
𝐺)

∗𝐽𝐺) |𝔭.
Thus one obtains a diagram

(5.3.3) 𝜒∗
𝑃
(𝜒𝑀

𝐺
)∗𝐽𝐺 //

((

𝑋∗(𝑀) ⊗Z G𝑚,𝔭

��
𝑋∗(𝐿) ⊗Z G𝑚,𝔭

where the horizontal arrow is the one defined in (3.3.1) (Proposition 3.3.1), the diagonal arrow
is the one defined in (3.3.1) relative to 𝐿 and restricted to 𝔭, and the vertical arrow is induced
by 𝑝𝐿

𝑀
. We now show that diagram (5.3.3) is commutative. It suffices to check it over the dense

open subset 𝔭reg. The horizontal (resp. diagonal) morphism in (5.3.3) factors through 𝐼𝑃, (resp.
through 𝐼𝑄𝔭 ) (cf. Proposition 3.3.1). Thus we have a diagram

(𝜒∗
𝑃
(𝜒𝑀

𝐺
)∗𝐽𝐺) |𝔭reg //

&&

𝐼𝑃|𝔭reg
//

��

𝑋∗(𝑀) ⊗Z G𝑚,𝔭reg

��
𝐼
𝑄

|𝔭reg
// 𝑋∗(𝐿) ⊗Z G𝑚,𝔭reg

whose commutativity is what has to be checked. Now the first triangle consists only of isomor-
phisms and is clearly commutative (cf. Lemma 3.1.1 and (3.2.1)). The commutativity of the
right-hand square is easily verified.
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For every 𝑎 ∈ A𝑀 , the commutativity of (5.3.3) yields a commutative diagram

B(𝐽𝑎) //

((

B(𝑋∗(𝑀) ⊗Z G𝑚,𝐶)

��
B(𝑋∗(𝐿) ⊗Z G𝑚,𝐶)

where the vertical arrow is induced by 𝑝𝑀
𝐿

and the other arrows are given by (5.3.1). To conclude,
one invokes the commutativity of the diagram

B(𝑋∗(𝑀) ⊗Z G𝑚,𝐶) (𝐶) //

��

𝑋∗(𝑀)

��
B(𝑋∗(𝐿) ⊗Z G𝑚,𝐶) (𝐶) // 𝑋∗(𝐿)

where the horizontal morphisms are the degree maps and the vertical morphisms are induced
by 𝑝𝑀

𝐿
. □

5.4. Stack Quotient of the Centralizers. Let 𝑃 ∈ F 𝐺 (𝑇) be a semi-standard parabolic
subgroup. Define an action of the group 𝑃 on the group scheme 𝐼𝑃 as follows: for any ℎ ∈ 𝑃
and any (𝑝, 𝑋) ∈ 𝐼𝑃, set

ℎ · (𝑝, 𝑋) = (ℎ𝑝ℎ−1, Ad(ℎ)𝑋).
This action commutes with the scaling action of G𝑚,𝑘 on the first factor. One thus obtains an
action of 𝑃 on 𝐼𝑃

𝐷
for which the morphism 𝐼𝑃

𝐷
→ 𝔭𝐷 is 𝑃–equivariant.

The stack quotient [𝐼𝑃
𝐷
/𝑃] defines a group scheme over the stack [𝔭𝐷/𝑃]. Let ℎ𝑃 be a

section over 𝐶 of the stack [𝔭𝐷/𝑃]. By pulling back the stack [𝐼𝑃
𝐷
/𝑃] along the section ℎ𝑃,

one obtains a group scheme over 𝐶, denoted ℎ∗
𝑃
[𝐼𝑃
𝐷
/𝑃]. For a concrete description of this

group: the section ℎ𝑃 corresponds to the data of a 𝑃–torsor on 𝐶 together with a section 𝜃 of
Ad 𝑃, 𝐷 (E) = E ×𝑃,Ad 𝔭𝐷 . The group scheme ℎ∗

𝑃
[𝐼𝑃
𝐷
/𝑃] is the group scheme Aut𝑃 (E, 𝜃) of

automorphisms of E that centralize 𝜃.
We now define an action of the group 𝐺 on the group scheme 𝜒∗

𝐺
𝐽𝐺 as follows: for every

ℎ ∈ 𝐺 and every (𝑔, 𝑋) ∈ 𝜒∗
𝐺
𝐽𝐺 , set

ℎ · (𝑔, 𝑋) = (𝑔, Ad(ℎ)𝑋).
One checks that this action commutes with that of G𝑚,𝑘 (induced from the one defined on 𝐽𝐺 in
Paragraph 5.1). Hence one deduces an action of 𝐺 on 𝜒∗

𝐺,𝐷
𝐽𝐺
𝐷

. One verifies that the morphism

(𝜒∗𝐺,𝐷𝐽
𝐺
𝐷 ) |𝔭𝐷 → 𝐼𝑃𝐷

defined in Paragraph 5.1 is 𝑃–equivariant.
The stack quotient [(𝜒∗

𝐺,𝐷
𝐽𝐺
𝐷
)/𝐺] defines a smooth, commutative group scheme over

[𝔤𝐷/𝐺]. Since the action of 𝐺 on the first factor of 𝜒∗
𝐺
𝐽𝐺 is trivial, one has the natural

identification
(5.4.1) [(𝜒∗𝐺,𝐷𝐽

𝐺
𝐷 )/𝐺] = [𝜒𝐺,𝐷]∗𝐽𝐺𝐷 ,

where we distinguish the morphisms 𝜒𝐺,𝐷 : 𝔤𝐷 → 𝔠𝔞𝔯𝐺,𝐷 (cf. §4.1) and [𝜒𝐺,𝐷] : [𝔤𝐷/𝐺] →
𝔠𝔞𝔯𝐺,𝐷 , cf. (4.2.1).

5.5. Action of J𝑎 on M𝑎. Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A and 𝑚 = (ℎ𝑚, 𝑡) ∈ M𝑎. In §5.2 we defined
a group scheme 𝐽𝑎 over 𝐶. According to diagram (4.5.1) and line (5.4.1) in Paragraph 5.4, one
also has
(5.5.1) 𝐽𝑎 = ℎ

∗
𝑚 [𝜒𝐺,𝐷]∗𝐽𝐺𝐷 = ℎ∗𝑚

[
(𝜒∗𝐺,𝐷𝐽

𝐺
𝐷 )/𝐺

]
.
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The morphism
𝜒∗𝐺,𝐷𝐽

𝐺
𝐷 → 𝐼𝐺𝐷

defined in (5.1.1) in Paragraph 5.1 is 𝐺–equivariant (cf. §5.4). Hence one obtains a morphism
of group schemes

(5.5.2) 𝐽𝑎 = ℎ
∗
𝑚

[
(𝜒∗𝐺,𝐷𝐽

𝐺
𝐷 )/𝐺

]
→ ℎ∗𝑚 [𝐼𝐺𝐷/𝐺] = Aut(𝑚).

The last equality identifies ℎ∗𝑚 [𝐼𝐺𝐷/𝐺] with the group scheme Aut(𝑚) of automorphisms of 𝑚
(cf. §5.4).

We then let the Picard stack J𝑎 act on the Hitchin fiber M𝑎 as follows: to any 𝑚 ∈ M𝑎 and
any 𝐽𝑎–torsor 𝑗 , we associate the contracted product

𝑗 · 𝑚 = 𝑗 ×𝐽𝑎 𝑚,
where 𝐽𝑎 acts on𝑚 via the morphism 𝐽𝑎 → Aut(𝑚) (cf. (5.5.2)). One verifies that 𝑗×𝐽𝑎𝑚 ∈ M𝑎.
Proposition 5.5.1. — Let 𝑎 ∈ Aell

𝑀
and 𝑚 ∈ M𝑎. For every 𝑗 ∈ J𝑎, the convex sets associated

to 𝑚 and to 𝑗 · 𝑚 (cf. §4.8) are translations of one another. More precisely, one has

C𝑚 = C 𝑗 ·𝑚 + deg𝑀 ( 𝑗),
where deg𝑀 is the degree morphism defined in (5.3.2) in §5.3.

Proof. — Let 𝑃 ∈ P(𝑀) and let ℎ𝑃 be the corresponding 𝑃–reduction of 𝑚 (cf. Proposition
4.6.1). Examining Diagram 4.6.1, one sees that

𝐽𝑎 = ℎ
∗
𝑃𝑖

∗
𝑃 [𝜒𝐺,𝐷]∗𝐽𝐺𝐷 .

One verifies that there is the following identification of group schemes over [𝔭𝐷/𝑃]:
𝑖∗𝑃 [𝜒𝐺,𝐷]∗𝐽𝐺𝐷 =

[
(𝐽𝐺𝐷 ) |𝔭𝐷/𝑃

]
.

The group scheme morphism over [𝔤𝐷/𝐺] deduced from the 𝐺–equivariant morphism
(5.1.1) (for 𝑃 = 𝐺) gives a morphism (see also (5.4.1))

[𝜒𝐺,𝐷]∗𝐽𝐺𝐷 → [𝐼𝐺𝐷/𝐺] .
It follows from Proposition 3.2.1 that the induced morphism

𝑖∗𝑃 [𝜒𝐺,𝐷]∗𝐽𝐺𝐷 =
[
(𝐽𝐺𝐷 ) |𝔭𝐷/𝑃

]
→ 𝑖∗𝑃 [𝐼𝐺𝐷/𝐺]

factors through [
(𝐽𝐺𝐷 ) |𝔭𝐷/𝑃

]
→ [𝐼𝑃𝐷/𝑃],

where the latter arrow is induced by the 𝑃–equivariant morphism (5.1.1) (the equivariance is
discussed in §5.4). Consequently, the morphism

𝐽𝑎 → ℎ∗𝑚 [𝐼𝐺𝐷/𝐺] = Aut(𝑚)
factors through

(5.5.3) 𝐽𝑎 → ℎ∗𝑃 [𝐼𝑃𝐷/𝑃] = Aut(ℎ𝑃).

In particular, if 𝑗 is a 𝐽𝑎–torsor, the action of 𝑗 on 𝑚 sends the 𝑃–reduction ℎ𝑃 to 𝑗 ×𝐽𝑎 ℎ𝑃
(where 𝐽𝑎 acts on ℎ𝑃 via (5.5.3)), which is necessarily the unique 𝑃–reduction of 𝑗 · 𝑚. The
proposition then follows from the obvious equality on definitions,

deg𝑃 ( 𝑗 ×𝐽𝑎 ℎ𝑃) = deg𝑀 ( 𝑗) + deg𝑃 (ℎ𝑃).
□
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6. Degree Morphism and Picard Stack J 1

6.1. Topological Space ⟨L𝐺⟩. Let ⟨L𝐺⟩ be the sober topological space whose underlying set
is L𝐺 = L𝐺 (𝑇) and whose topology is the coarsest one for which the subsets L𝑀 , for 𝑀 ∈ L𝐺 ,
are closed.

Let 𝑀 ⊂ 𝐿 be two elements of L𝐺 (𝑇). Let 𝑋∗(𝐿)L𝑀 be the constant sheaf on ⟨L𝑀⟩ with
value 𝑋∗(𝐿). Let

𝑖𝑀 : ⟨L𝑀⟩ ↩→ ⟨L𝐺⟩
be the canonical inclusion. Let 𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 ) be the sheaf on ⟨L𝐺⟩ supported on L𝑀 whose
fiber at every point of L𝑀 is 𝑋∗(𝐿). There is a morphism

(6.1.1) 𝑖𝑀,∗(𝑋∗(𝑀)L𝑀 ) → 𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 )

induced by the morphism 𝑝𝑀
𝐿

: 𝑋∗(𝑀) → 𝑋∗(𝐿) (cf. 5.3.1). On the other hand, there is a
morphism

(6.1.2) 𝑖𝐿,∗(𝑋∗(𝐿)L𝐿 ) → 𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 )

which, fiberwise, is the identity morphism of 𝑋∗(𝐿) at a point of L𝑀 and is zero outside L𝑀 .
We then define a double morphism

(6.1.3)
⊕

𝑀∈L𝐺 (𝑇)
𝑖𝑀,∗(𝑋∗(𝑀)L𝑀 ) −→−→

⊕
𝑀,𝐿∈L𝐺 (𝑇 )
𝑀⊂𝐿

𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 )

as follows: on each component 𝑖𝑀,∗(𝑋∗(𝑀)L𝑀 ), for 𝑀 ∈ L𝐺 , the first arrow is obtained by
composing the sum of the morphisms (6.1.1) for 𝐿 ∈ L𝐺 (𝑀) with the canonical inclusion⊕

𝐿∈L𝐺 (𝑀)
𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 ) →

⊕
𝑀,𝐿∈L𝐺 (𝑇 )
𝑀⊂𝐿

𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 );

the second arrow is obtained, on the component 𝑖𝐿,∗(𝑋∗(𝐿)L𝐿 ), for 𝐿 ∈ L𝐺 , by composing the
sum of the morphisms (6.1.2) for 𝑀 ∈ L𝐿 (𝑇) with the canonical inclusion⊕

𝑀∈L𝐿 (𝑇)
𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 ) →

⊕
𝑀,𝐿∈L𝐺 (𝑇 )
𝑀⊂𝐿

𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 ).

Note that in the double arrow (6.1.3), each component 𝑖𝑀,∗(𝑋∗(𝐿)L𝑀 ) of the target (with𝑀 ⊂ 𝐿)
receives from each arrow only one component of the source, namely 𝑖𝑀,∗(𝑋∗(𝑀)L𝑀 ) by the first
arrow and 𝑖𝐿,∗(𝑋∗(𝐿)L𝐿 ) by the second.

Let K be the kernel of the double morphism (6.1.3). We leave to the reader the verification
of the following lemma.
Lemma 6.1.1. — The sheaf K is the constructible sheaf on ⟨L𝐺⟩ whose fiber K𝑀 at 𝑀 ∈ L𝐺

is the Z–module 𝑋∗(𝑀) and whose specialization map K𝑀 → K𝐿 , for 𝑀 and 𝐿 in L𝐺 such
that 𝑀 ⊂ 𝐿, is the morphism 𝑝𝑀

𝐿
: 𝑋∗(𝑀) → 𝑋∗(𝐿) (cf. Proposition 5.3.1).

6.2. The Sheaf X on A𝐺 . Let

(6.2.1) A𝐺 → ⟨L𝐺⟩

be the map which assigns the value 𝑀 on each locally closed subset Aell
𝑀

for 𝑀 ∈ L𝐺 (𝑇) (cf.
Proposition 4.4.2).
Lemma 6.2.1. — The map (6.2.1) is continuous.
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Proof. — Let 𝑀 ∈ L𝐺 (𝑇). The inverse image of the closed subset L𝑀 (𝑇) is the union of
the Aell

𝐿
for 𝐿 ∈ L𝑀 (𝑇), which identifies with the closed set A𝑀 (cf. (4.4.1) and Proposition

4.4.2). □

LetX be the constructible sheaf on A𝐺 defined as the pullback by the continuous map (6.2.1)
(cf. Lemma 6.2.1) of the sheaf K on ⟨L𝐺⟩. Thus, this sheaf is constant with value 𝑋∗(𝑀) on
Aell
𝑀

, for 𝑀 ∈ L𝐺 (𝑇).

6.3. The Picard Stack J . Let

(6.3.1) ℎA : 𝐶 ×𝑘 A −→ 𝔠𝔞𝔯𝐺,𝐷

be the canonical map which to a triple (𝑐, ℎ𝑎, 𝑡) ∈ 𝐶 ×𝑘 A associates ℎ𝑎 (𝑐) ∈ 𝔠𝔞𝔯𝐺,𝐷 . Let

𝐽A = ℎ∗A𝐽
𝐺
𝐷

be the commutative group scheme, smooth over 𝐶 ×𝑘 A, obtained as the pullback of 𝐽𝐺
𝐷

by
the morphism ℎA in (6.3.1). Every 𝑎 = (ℎ𝑎, 𝑡) ∈ A(𝑘) defines by base change a morphism
𝑎𝐶 : 𝐶 → 𝐶 ×𝑘 A which, composed with ℎA , yields ℎ𝑎. The group scheme over 𝐶 defined by
𝑎∗
𝐶
𝐽A is none other than the group scheme denoted 𝐽𝑎 defined in §5.2.
Let B(𝐽A) be the 𝐶 ×𝑘 A–classifying stack of 𝐽A . Let J be the stack over A whose

associated groupoid J (𝑆) for any test A–scheme 𝑆 is the groupoid of morphisms

𝐶 ×𝑘 𝑆 → B(𝐽A).
Since 𝐽A is commutative, the contracted product endows J with the structure of a Picard stack
over A.

6.4. The Degree of J . It is defined by the following proposition.
Proposition 6.4.1. — There exists a unique morphism

deg : J → X
which, for every 𝑀 ∈ L𝐺 (𝑇) and every 𝑎 ∈ Aell

𝑀
, induces the morphism

deg𝑀 : J𝑎 → X𝑎 = 𝑋∗(𝑀)
defined in (5.3.2) in §5.3.

Proof. — Uniqueness being evident, we concentrate on existence. Let 𝑀 ∈ L𝐺 (𝑇). The
homomorphism deg𝑀 from (5.3.2) induces a homomorphism

(𝜒𝑀𝐺 )∗J −→ 𝑋∗(𝑀)A𝑀
,

where 𝜒𝑀
𝐺

is the closed immersion of A𝑀 into A𝐺 defined in (4.4.1) and 𝑋∗(𝑀)A𝑀
is the

constant sheaf on A𝑀 with value 𝑋∗(𝑀). By adjunction, one thus obtains a homomorphism

J −→ (𝜒𝑀𝐺 )∗(𝑋∗(𝑀)A𝑀
).

Taking the sum over 𝑀 ∈ L𝐺 (𝑇), one obtains a homomorphism

J −→
⊕

𝑀∈L𝐺 (𝑇)
(𝜒𝑀𝐺 )∗(𝑋∗(𝑀)A𝑀

).

We will show that this homomorphism takes values in the subsheaf X and satisfies the stated
properties. To see that it takes values in X, it suffices to check that it lands in the kernel of the
double arrow ⊕

𝑀∈L𝐺 (𝑇)
(𝜒𝑀𝐺 )∗(𝑋∗(𝑀)A𝑀

) −→−→
⊕

𝑀,𝐿∈L𝐺 (𝑇 )
𝑀⊂𝐿

(𝜒𝑀𝐺 )∗(𝑋∗(𝐿)A𝑀
),
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which is the pullback of the double arrow (6.1.3) by the continuous map A𝐺 → ⟨L𝐺⟩ defined
in (6.2.1). This follows from Proposition 5.3.1. The other properties follow from Lemma 6.1.1.
□

6.5. Action of J on M. This is simply to assemble the construction of §5.5. Let 𝑆 be a test
𝑘–scheme. Let 𝑚 = (ℎ𝑚, 𝑡) ∈ M(𝑆) and 𝑓 (𝑚) = (ℎ𝑎, 𝑡) ∈ A(𝑆). Let 𝐽A,𝑆 = 𝐽A ×A 𝑆 and let
𝑗 ∈ J (𝑆) be a 𝐽A,𝑆–torsor. We have, cf. line (5.5.1) of §5.5,

𝐽A,𝑆 = ℎ
∗
𝑎𝐽
𝐺
𝐷 = ℎ∗𝑚 [𝜒𝐺,𝐷]∗𝐽𝐺𝐷 = ℎ∗𝑚

[
(𝜒∗𝐺,𝐷𝐽

𝐺
𝐷 )/𝐺

]
.

As in (5.5.2), one deduces a morphism

𝐽A,𝑆 −→ ℎ∗𝑚 [𝐼𝐺𝐷/𝐺] = Aut(𝑚).
The action of J is then given by the contracted product

𝑗 · 𝑚 = 𝑗 ×𝐽A,𝑆 𝑚,
where 𝐽A,𝑆 acts on 𝑚 via the morphism to Aut(𝑚) just introduced.

6.6. Action of J 1 on M𝜉 . Let J 1 be the kernel of the degree homomorphism defined in
Proposition 6.4.1. It is an open Picard substack of J which, fiberwise, contains the neutral
component of J . Since J acts on M, so does J 1.
Proposition 6.6.1. — For every 𝜉 ∈ 𝔞𝑇 , the action of J 1 preserves the open subset M𝜉 .
Proof. — Let 𝑚 ∈ M and 𝑎 = 𝑓 (𝑚) ∈ A. Let 𝑗 ∈ J𝑎. By Proposition 5.5.1, we have
C𝑚 = C 𝑗 ·𝑚 + deg𝑀 ( 𝑗). Moreover, if 𝑗 ∈ J 1

𝑎 then deg𝑀 ( 𝑗) = 0 (cf. Proposition 6.4.1). It
follows that, for every 𝑗 ∈ J 1

𝑎 , we have
C𝑚 = C 𝑗 ·𝑚,

and, in particular, 𝑗 preserves the 𝜉–stability, which is defined by the condition 𝜉 ∈ C𝑚. □

7. Cameral Curve and the Sheaf 𝜋0(J)

7.1. Cameral Curve. Let
∞A : A → 𝐶 ×𝑘 A

be the morphism deduced from ∞ by base change A → Spec(𝑘). Following Donagi and
Gaitsgory (cf. [12]), we introduce the universal cameral curve, denoted 𝑌 , which is the cover of
𝐶 ×𝑘 A defined by the Cartesian diagram

𝑌 //

𝜋𝑌

��

𝔱𝐷

𝜒𝑇
𝐺,𝐷

��
𝐶 ×𝑘 A

ℎA
// 𝔠𝔞𝔯𝐺,𝐷

where ℎA is the canonical morphism (cf. (6.3.1)) and 𝜒𝑇
𝐺,𝐷

is the morphism 𝜒𝑇
𝐺

from §2.7
“twisted by 𝐷”. Since the morphism 𝜒𝑇

𝐺,𝐷
is𝑊𝐺–invariant, there is a natural action of𝑊𝐺 on𝑌 .

The covering 𝜋𝑌 is finite, Galois with group𝑊𝐺 , and étale over a neighborhood of the image of
∞A . For every 𝑎 = (ℎ𝑎, 𝑡) ∈ A, the point 𝑡 satisfies 𝜒𝑇

𝐺
(𝑡) = ℎ𝑎 (∞). Hence there is a canonical

morphism
∞𝑌 : A → 𝑌

over ∞A . Let 𝑈 ⊂ 𝐶 ×𝑘 A be the inverse image by ℎA of the open subset 𝔠𝔞𝔯reg
𝐺,𝐷

where
the discriminant 𝐷𝐺 does not vanish (cf. §2.7). Let 𝑉 be the open subset of 𝑌 defined by
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𝑉 = 𝜋−1
𝑌
(𝑈). Note that ∞A takes values in 𝑈 and ∞𝑌 takes values in 𝑉 . The covering 𝜋𝑌 is

precisely étale over𝑈.
Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A and let 𝑘 (𝑎) be the residue field of 𝑎. By pulling back the previous

construction via the morphism 𝐶 ×𝑘 𝑘 (𝑎) → 𝐶 ×𝑘 A deduced from 𝑎 by base change 𝐶 →
Spec(𝑘), one obtains the cameral curve 𝑌𝑎 over 𝑘 (𝑎) defined by the Cartesian diagram

𝑌𝑎
� � //

𝜋𝑌𝑎
��

𝔱𝐷 ×𝑘 𝑘 (𝑎)
𝜒𝑇
𝐺,𝐷

��
𝐶 ×𝑘 𝑘 (𝑎) �

�

ℎ𝑎

// 𝔠𝔞𝔯𝐺,𝐷 ×𝑘 𝑘 (𝑎)

.

The group𝑊𝐺 preserves 𝑌𝑎 and the covering 𝜋𝑌𝑎 is finite, Galois with group𝑊𝐺 , and étale over
the point ∞. In its fiber over this point, we have the marked point ∞𝑌𝑎 = ∞𝑌 ◦ 𝑎. Let𝑈𝑎 and 𝑉𝑎
be the open subsets of 𝐶 ×𝑘 𝑘 (𝑎) and 𝑌𝑎, respectively, deduced from𝑈 and 𝑉 by base change.

7.2. The Function 𝑊𝑎. In this entire paragraph, the letter 𝑊 denotes an arbitrary subgroup
of the Weyl group𝑊𝐺 . For every 𝑎 ∈ A, let𝑊𝑎 be the subgroup of𝑊𝐺 defined as the stabilizer
(normalizer) of the irreducible component of 𝑌𝑎 passing through ∞𝑌𝑎 . Equivalently, it is the
stabilizer of the connected component of 𝑉𝑎 which contains ∞𝑌𝑎 .

Let ⟨𝑊𝐺⟩ be the sober topological space whose underlying set consists of the subgroups𝑊
of𝑊𝐺 and whose topology is the coarsest one for which the subsets formed by those subgroups
𝑊′ contained in a given subgroup𝑊 are closed.
Proposition 7.2.1. — The map A → ⟨𝑊𝐺⟩ defined by 𝑎 ↦→ 𝑊𝑎 is continuous.

Proof. — We first show the constructibility of this map. The composite morphism 𝑌 →
𝐶 ×𝑘 A → A induces a surjective morphism 𝑝 : 𝑉 → A for which ∞𝑌 is a section. For every
𝑎 ∈ A, let 𝑉0

𝑎 denote the connected component of 𝑉𝑎 that contains ∞𝑌 (𝑎). Let 𝑉0 be the union
of the 𝑉0

𝑎 as 𝑎 runs through A. According to Grothendieck (cf. [16] Proposition 15.6.4), 𝑉0 is
an open subset. For every subgroup𝑊 of𝑊𝐺 , consider the constructible set

A𝑊 = 𝑝

(⋂
𝑤∈𝑊

𝑤𝑉0
)
−

⋃
𝑤∈𝑊𝐺−𝑊

𝑝

(
𝑉0 ∩ 𝑤𝑉0

)
.

We will show the equality

(7.2.1) A𝑊 = {𝑎 ∈ A | 𝑊𝑎 = 𝑊},

which implies the constructibility of the map 𝑊𝑎. Let 𝑎 ∈ A𝑊 . There exists 𝑦 ∈ ⋂
𝑤∈𝑊 𝑤𝑉

0

such that 𝑝(𝑦) = 𝑎. Consequently, the union
⋃
𝑤∈𝑊 𝑤𝑉

0
𝑎 , each of whose components contains

𝑦, is connected. It follows that
⋃
𝑤∈𝑊 𝑤𝑉

0
𝑎 = 𝑉0

𝑎 and hence 𝑊 ⊂ 𝑊𝑎. Now, let 𝑤 ∈ 𝑊𝑎. Then
𝑤𝑉0

𝑎 = 𝑉0
𝑎 and 𝑦 ∈ 𝑉0

𝑎 ∩ 𝑤𝑉0
𝑎 . Necessarily 𝑤 ∈ 𝑊 , so that 𝑊𝑎 ⊂ 𝑊 , and finally 𝑊𝑎 = 𝑊 .

Conversely, let 𝑎 ∈ A be such that𝑊𝑎 = 𝑊 . For any 𝑦 ∈ 𝑉0
𝑎 , since 𝑉0

𝑎 is stable under𝑊𝑎 = 𝑊 ,
we have 𝑦 ∈ ⋂

𝑤∈𝑊 𝑤𝑉
0. Moreover, if 𝑤 ∉ 𝑊 = 𝑊𝑎, then 𝑉0

𝑎 ∩ 𝑤𝑉0
𝑎 = ∅. Hence 𝑎 ∈ A𝑊 . This

proves (7.2.1).
Next, we show continuity. It suffices to show that for every subgroup 𝑊 of 𝑊𝐺 , the union⋃A𝑊 ′ taken over all subgroups 𝑊′ of 𝑊 is closed. As this union is constructible, it is enough

to show that it is stable under specialization. Let 𝑎 be a point of A and 𝑎′ ∈ A a generalization
of 𝑎 in A. We will show that 𝑊𝑎 ⊂ 𝑊𝑎′ , which implies the desired stability. By definition of
𝑊𝑎′ , we have

𝑉0
𝑎′ ⊂ 𝑉 −

⋃
𝑤∈𝑊𝐺−𝑊𝑎′

𝑤𝑉0.
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By the aforementioned Grothendieck result (cf. [16] Proposition 15.6.1), the set 𝑉 −⋃
𝑤∈𝑊𝐺−𝑊𝑎′ 𝑤𝑉

0 is closed in 𝑉 . Therefore,

𝑉0
𝑎′ ⊂ 𝑉 −

⋃
𝑤∈𝑊𝐺−𝑊𝑎′

𝑤𝑉0,

where 𝑉0
𝑎′ denotes the closure of 𝑉0

𝑎′ in 𝑉 . Again by Grothendieck, we have 𝑉0
𝑎 ⊂ 𝑉0

𝑎′ and hence

𝑉0
𝑎 ⊂ 𝑉 −

⋃
𝑤∈𝑊𝐺−𝑊𝑎′

𝑤𝑉0,

which immediately implies that𝑊𝑎 ⊂ 𝑊𝑎′ , as required. □

7.3. The Morphism from 𝑋∗(𝑇)A to J . Let 𝑆 be an affine scheme over 𝑘 and 𝑎 = (ℎ𝑎, 𝑡) ∈
A(𝑆). Write 𝐶𝑆 = 𝐶 ×𝑘 𝑆 and let O𝐶𝑆 ,∞ be the completion of O𝐶𝑆 along {∞} ×𝑘 𝑆 ⊂ 𝐶𝑆,
which can be identified with O𝑆 [[𝜛∞]] by choosing a uniformizer 𝜛∞ on 𝐶 at the point ∞. Let
𝐹𝐶𝑆 ,∞ = O𝐶𝑆 ,∞ [1/𝜛∞] (which does not depend on the choice of 𝜛∞). Let 𝐶∞ = 𝐶 − {∞} and
𝐶∞
𝑆
= 𝐶∞ ×𝑘 𝑆.

Proposition 7.3.1. — There exists a canonical isomorphism
(7.3.1) 𝐽𝑎 ×𝐶 Spec(O𝐶𝑆 ,∞) ≃ 𝑇 ×𝑘 Spec(O𝐶𝑆 ,∞).

Proof. — In a neighborhood of ∞, the bundle 𝔠𝔞𝔯𝐺,𝐷 is canonically isomorphic to the trivial
bundle with fiber 𝔠𝔞𝔯𝐺 . It follows that the section ℎ𝑎 : 𝐶𝑆 → 𝔠𝔞𝔯𝐺,𝐷 ×𝑘𝑆 restricts to a section

ℎ𝑎,∞ : Spec(O𝐶𝑆 ,∞) → 𝔠𝔞𝔯
reg
𝐺

×𝑘 Spec(O𝐶𝑆 ,∞).

Since the morphism 𝜒𝑇
𝐺

: 𝔱reg → 𝔠𝔞𝔯
reg
𝐺

is étale, there exists a unique morphism

ℎ𝑎𝑇 ,∞ : Spec(O𝐶𝑆 ,∞) → 𝔱reg ×𝑘 Spec(O𝐶𝑆 ,∞)
lifting 𝑡 and making the diagram below commute

Spec(O𝐶𝑆 ,∞)
ℎ𝑎𝑇 ,∞ //

ℎ𝑎,∞ **

𝔱reg ×𝑘 Spec(O𝐶𝑆 ,∞)
𝜒𝑇
𝐺
��

𝔠𝔞𝔯
reg
𝐺

×𝑘 Spec(O𝐶𝑆 ,∞).

The isomorphism (3.2.1) from §3.2 induces the following isomorphism over 𝔱reg:(
(𝜒𝑇𝐺)

∗𝐽𝐺
)
|𝔱reg ≃ 𝐼𝐺𝔱reg = 𝑇 ×𝑘 𝔱reg.

From this isomorphism and the equality

𝐽𝑎 ×𝐶 Spec(O𝐶𝑆 ,∞) = ℎ∗𝑎,∞𝐽𝐺 = ℎ∗𝑎𝑇 ,∞
(
(𝜒𝑇𝐺)

∗𝐽𝐺
)
,

we deduce the desired isomorphism. □

By Beauville–Laszlo formal descent (cf. [5]; for a recent reference better adapted to our
situation, cf. [19]), for every 𝜆 ∈ 𝑋∗(𝑇), there exists a triple ( 𝑗 , 𝛼, 𝛽), unique up to unique
isomorphism, consisting of a 𝐽𝑎–torsor 𝑗 over 𝐶𝑆 and of 𝐽𝑎–equivariant isomorphisms

𝛼 : 𝑗 | Spec(O𝐶𝑆,∞) → 𝐽𝑎 ×𝐶 Spec(O𝐶𝑆 ,∞)
and

𝛽 : 𝑗 |𝐶∞
𝑆
→ 𝐽𝑎 ×𝐶 𝐶∞

𝑆

such that the induced isomorphism over Spec(𝐹𝐶𝑆 ,∞) given by 𝛽 ◦ 𝛼−1 on

𝐽𝑎 ×𝐶 Spec(𝐹𝐶𝑆 ,∞) ≃ 𝑇 ×𝑘 Spec(𝐹𝐶𝑆 ,∞)
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(isomorphism deduced from (7.3.1)) is given by left translation by 𝜛𝜆
∞.

From this construction one obtains a homomorphism

𝑋∗(𝑇)A → J ,
where 𝑋∗(𝑇)A is the constant sheaf on A with value 𝑋∗(𝑇).

7.4. Return to Some Results of Ngô. Let 𝐾 be an extension of 𝑘 that is separably closed.
Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A(𝐾) be a “geometric” point. In this entire paragraph, T denotes a torus
scheme over the open subset 𝑈𝑎 of 𝐶𝐾 = 𝐶 ×𝑘 𝐾 (cf. §7.1). Such a torus scheme extends
to a smooth group scheme over 𝐶𝐾 with connected fibers and every such extension maps to
the unique maximal extension denoted T̃ and called the connected Néron model of T . We
introduce the following notations: let T∞𝐾

be the fiber of T at the point ∞𝐾 = ∞ ×𝑘 𝐾 . Let
𝑋∗(T ) = 𝑋∗(T∞𝐾

) = Hom𝐾-gp(G𝑚,𝐾 ,T∞𝐾
). The fundamental group of 𝑈𝑎, pointed by ∞𝐾 , is

denoted 𝜋1(𝑈𝑎,∞𝐾) and acts on 𝑋∗(T∞𝐾
). Define

𝐴(T ) = 𝑋∗(T∞𝐾
)𝜋1 (𝑈𝑎 ,∞𝐾 )

where the subscript 𝜋1(𝑈𝑎,∞𝐾) denotes the group of coinvariants under 𝜋1(𝑈𝑎,∞𝐾). Let 𝐵(T )
be the group of connected components of the Picard stack of T̃–torsors. Let 𝐴 and 𝐵 be the
functors from the category of torus schemes on 𝑈𝑎 to the category of abelian groups defined
by T ↦→ 𝐴(T ) and T ↦→ 𝐵(T ). Using a variant of a result of Kottwitz (cf. [22] Lemma 2.2),
Ngô showed that the functors 𝐴 and 𝐵 are isomorphic. It is important for us to specify such an
isomorphism. For this, we use the following “Ngô-style” variant of the aforementioned Kottwitz
lemma, where we denote by 𝑋∗ the functor T ↦→ 𝑋∗(T∞𝐾

).
Lemma 7.4.1. — The canonical morphisms

Hom(𝐴, 𝐵) → Hom(𝑋∗, 𝐵)
and

Hom(𝑋∗, 𝐵) → Hom(𝑋∗(G𝑚,𝑈𝑎), 𝐵(G𝑚,𝑈𝑎)) = 𝐵(G𝑚,𝑈𝑎)
are isomorphisms. The group 𝐵(G𝑚,𝑈𝑎) is free of rank 1, and any element of Hom(𝐴, 𝐵) whose
image under the composition of the two preceding isomorphisms is a generator of 𝐵(G𝑚,𝑈𝑎) is
an isomorphism.

Proof. — The fundamental properties of the functor 𝐵 are proved by Ngô (cf. [28]). The rest
is merely a transposition of results of Kottwitz (cf. [22] pp.206-207). □

We now define a morphism of functors from 𝑋∗ to 𝐵. For every torus scheme T on 𝑈𝑎,
we thus define a morphism from 𝑋∗(T∞𝐾

) into the stack of T̃–torsors. With the notations of
§7.3, for every 𝜆 ∈ 𝑋∗(T∞𝐾

), one glues the trivial T̃–torsor on 𝐶∞
𝐾

with the trivial T–torsor on
Spec(O𝐶𝐾 ,∞) via Beauville–Laszlo using the gluing data 𝜛𝜆

∞ (the torus T is in fact constant on
O𝐶𝐾 ,∞, isomorphic to 𝑋∗(T∞𝐾

) ⊗Z G𝑚,O𝐶𝐾 ,∞). This yields a morphism

𝑋∗ → 𝐵

by composing with the canonical morphism from the stack of T̃–torsors to its group of connected
components.
Lemma 7.4.2. — The functor morphism 𝑋∗ → 𝐵 factors canonically as in the diagram

𝑋∗

  

// 𝐴

��
𝐵

where the horizontal morphism is the canonical one and the vertical morphism is an isomor-
phism.
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Proof. — By Lemma 7.4.1, it suffices to see that the functor 𝑋∗ → 𝐵 sends the canonical
generator of 𝑋∗(G𝑚,∞𝐾

) (given by the identity homomorphism) to a generator of 𝐵(G𝑚,𝑈𝑎).
But when T = G𝑚,𝑈𝑎 , we have T̃ = G𝑚,𝐶𝐾 , and the degree morphism of the Picard stack of
T̃–torsors (which is nothing other than the Picard stack of locally free O𝐶𝐾–modules of rank
1) identifies its group of connected components with Z. The canonical generator of 𝑋∗(T∞𝐾

),
defined by the gluing explained above, yields a G𝑚,𝐶𝐾–torsor of degree 1, hence the lemma. □

7.5. Ngô’s Factorization. Let Y be the sheaf on A defined as the pullback via the continuous
map A → ⟨𝑊𝐺⟩ of the sheaf whose fiber over 𝑊 ⊂ 𝑊𝐺 is 𝑋∗(𝑇)𝑊 , with the natural transition
morphisms. By definition, this sheaf is a quotient of the constant sheaf 𝑋∗(𝑇)A . In §7.3
we defined a morphism 𝑋∗(𝑇)A → J . According to Ngô, there exists a constructible sheaf
on A, denoted 𝜋0(J), whose fiber at a geometric point 𝑎 of A is the group 𝜋0(J𝑎) of
connected components of J𝑎 (cf. Proposition 6.2 of [28]). By composing with the canonical
morphism J → 𝜋0(J), one obtains a morphism 𝑋∗(𝑇)A → 𝜋0(J). Ngô showed the following
factorization (cf. Proposition 5.5.1 of [29]).
Proposition 7.5.1. — We have the following factorization

𝑋∗(𝑇)A //

%%

Y

��
𝜋0(J)

where the horizontal arrow is the canonical morphism and the other two arrows are epimor-
phisms.

Proof. — For the reader’s convenience, we recall some points of Ngô’s proof. It suffices to
prove the factorization fiberwise. Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A(𝐾) be a geometric point, where 𝐾 is an
extension of 𝑘 that is separably closed. Let J 0

𝑎 be the stack of 𝐽0–torsors on 𝐶 ×𝑘 𝐾 , where
𝐽0
𝑎 is the connected group scheme which, fiberwise, is the connected component of the identity

section of 𝐽𝑎. Since the fiber of 𝐽𝑎 at ∞𝐾 is connected, the morphism 𝑋∗(𝑇) → J𝑎 factors
through the evident morphism 𝑋∗(𝑇) → J 0

𝑎 . According to Ngô (cf. [28] Proposition 6.3), the
canonical morphism J 0

𝑎 → J𝑎 induces a surjective morphism 𝜋0(J 0
𝑎 ) → 𝜋0(J𝑎). Moreover,

the canonical morphism 𝐽0
𝑎 → 𝐽𝑎 from 𝐽0

𝑎 to the connected Néron model 𝐽𝑎 of the torus scheme
𝐽|𝑈𝑎 induces a morphism from J 0

𝑎 to the stack J̃𝑎 of 𝐽𝑎–torsors on 𝐶 ×𝑘 𝐾 and, by Ngô (cf. [28]
Proposition 6.4), an isomorphism 𝜋0(J̃𝑎) = 𝜋0(J 0

𝑎 ).
It thus suffices to prove the desired factorization for the morphism 𝑋∗(𝑇) → 𝜋0(J̃𝑎), that

is, the factorization through the epimorphism 𝑋∗(𝑇)𝑊𝑎 → 𝜋0(J̃𝑎) (in fact, this will be an
isomorphism).

With the notations of §7.1, we have a commutative diagram

Spec(𝐾)
∞𝑌𝑎 //

∞
''

𝑉𝑎
� � 𝑖𝑎 //

𝜋𝑌𝑎

��

𝔱
reg
𝐷,𝐾

𝜒𝑇
𝐺,𝐷

��

𝑈𝑎
� �

ℎ𝑎

// 𝔠𝔞𝔯
reg
𝐺,𝐷,𝐾

where the square is Cartesian and where we denote by a subscript 𝐾 the base change from 𝑘 to
𝐾 .

Let (𝑍, 𝑧) be a connected, étale, Galois cover of 𝑈𝑎 pointed by a point 𝑧 : Spec(𝐾) → 𝑍

lying over ∞. We may assume, without loss of generality, that for each connected component of
𝑉𝑎, there exists a𝑈𝑎–morphism from 𝑍 onto that component. The composition on the right with
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𝑧 induces a bijection from Hom𝑈𝑎 (𝑍,𝑉𝑎) onto the fiber of 𝜋𝑌𝑎 over ∞. Denote by 𝛼 : 𝑍 → 𝑉𝑎
the morphism corresponding to ∞𝑌𝑎 . With the notations of §5.2, we have

𝐽𝑎 = 𝐽
𝐺
𝐷 ×𝔠𝔞𝔯

reg
𝐺,𝐷,𝐾

𝑈𝑎 .

But according to the isomorphism (3.2.1) in §3.2, we have the following isomorphism

𝐽𝐺𝐷 ×𝔠𝔞𝔯
reg
𝐺,𝐷,𝐾

𝔱
reg
𝐷,𝐾

≃ 𝑇 ×𝑘 𝔱reg
𝐷,𝐾

,

whence
𝐽𝑎 ×𝑈𝑎 𝑉𝑎 = 𝐽𝐺𝐷 ×𝔠𝔞𝔯

reg
𝐺,𝐷,𝐾

𝑉𝑎 ≃ 𝑇 ×𝑘 𝑉𝑎 .

Using the morphism 𝛼, one obtains

(7.5.1) 𝐽𝑎 ×𝑈𝑎 𝑍 = (𝐽𝑎 ×𝑈𝑎 𝑉𝑎) ×𝑉𝑎 ,𝛼 𝑍 ≃ 𝑇 ×𝑘 𝑍.

For every Φ ∈ Aut𝑈𝑎 (𝑍), there exists a unique element 𝑤Φ ∈ 𝑊𝐺 such that 𝛼 ◦ Φ = 𝑤Φ · 𝛼
(where · denotes the action of 𝑊𝐺 on 𝑉𝑎). Let 𝜋1(𝑈𝑎,∞) be the fundamental group of 𝑈𝑎
pointed by ∞. The assignment Φ ↦→ 𝑤Φ defines a morphism from 𝜋1(𝑈𝑎,∞) into 𝑊𝐺 , whose
image is precisely the subgroup𝑊𝑎. The obvious action of 𝜋1(𝑈𝑎,∞) on 𝐽𝑎 ×𝑈𝑎 𝑍 corresponds,
via the isomorphism (7.5.1), to the diagonal action of 𝜋1(𝑈𝑎,∞) on 𝑇 ×𝑘 𝑍 , where the action
on the first factor is given by the morphism into𝑊𝐺 . In particular, we have the identification

Hom𝑍-gpe(G𝑚,𝑍 , 𝐽𝑎 ×𝑈𝑎 𝑍) = 𝑋∗(𝑇)

which is equivariant under the action of 𝜋1(𝑈𝑎,∞) when this group acts on 𝑋∗(𝑇) via its
morphism into𝑊𝑎. One deduces the identifications

𝑋∗(𝐽𝑎)∞ = 𝑋∗(𝑇)

and

(7.5.2)
(
𝑋∗(𝐽𝑎)∞

)
𝜋1 (𝑈𝑎 ,∞) = 𝑋∗(𝑇)𝑊𝑎 .

Note that this identification also holds for 𝐽𝑎 since 𝐽𝑎 ≃ 𝐽𝑎 over𝑈𝑎.
Thus, the morphism 𝑋∗(𝑇) → 𝜋0(J̃𝑎) identifies with the morphism 𝑋∗(𝐽𝑎)∞ → 𝜋0(J̃𝑎)

considered in §7.4. Lemma 7.4.2 and line (7.5.2) imply that this morphism factors through
𝑋∗(𝑇)𝑊𝑎 and that the morphism 𝑋∗(𝑇)𝑊𝑎 → 𝜋0(J̃𝑎) is an isomorphism. This concludes the
proof. □

8. The 𝑠-decomposition

8.1. In [28, §8], Ngô introduced a decomposition of the perverse cohomology sheaves of
the Hitchin fibration over the elliptic part. The aim of this section is to generalize Ngô’s
decomposition to open subsets that are not necessarily elliptic.

8.2. The following proposition will be useful in what follows.
Proposition 8.2.1. — Let 𝑎 ∈ A𝐺 and let 𝑀 ∈ L𝐺 be a Levi subgroup. The following two
assertions are equivalent :

1. 𝑎 ∈ A𝑀 ;
2. 𝑊𝑎 ⊂ 𝑊𝑀 .
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Proof. — Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A𝐺 and let 𝑘 (𝑎) be the residue field of 𝑎. Let us show that assertion
2 implies the first one. With the notation of Section 7.1, we have a commutative diagram

(8.2.1) Spec(𝑘 (𝑎))
∞𝑌𝑎 //

∞
##

𝑉𝑎
� � 𝑖𝑎 //

𝜋𝑌𝑎

��

𝔱
reg
𝐷,𝑘 (𝑎)

𝜒𝑇
𝐺,𝐷

��

𝑈𝑎
� �

ℎ𝑎

// 𝔠𝔞𝔯
reg
𝐺,𝐷,𝑘 (𝑎) ,

where the square is Cartesian. Let 𝑉0
𝑎 be the connected component of 𝑉𝑎 that contains ∞𝑌𝑎 .

By definition of 𝑊𝑎, the restriction of 𝜋𝑌𝑎 to 𝑉0
𝑎 makes 𝑉0

𝑎 into a connected, étale and Galois
covering of group 𝑊𝑎. Since the inclusion 𝑖𝑎 is 𝑊-equivariant, we obtain by passing to the
quotient by𝑊𝑎 a morphism

𝑈𝑎 → 𝔱
reg
𝐷,𝑘 (𝑎)//𝑊𝑎

over 𝔠𝔞𝔯reg
𝐺,𝐷,𝑘 (𝑎) . Since𝑊𝑎 ⊂ 𝑊𝑀 , we may compose this morphism with the canonical morphism

𝔱
reg
𝐷,𝑘 (𝑎)//𝑊𝑎 → 𝔠𝔞𝔯

reg
𝑀,𝐷,𝑘 (𝑎) , so that we obtain a morphism ℎ𝑎𝑀 which fits into the commutative

diagram

𝑈𝑎
� �

ℎ𝑎𝑀 //

��

𝔠𝔞𝔯𝑀,𝐷,𝑘 (𝑎)

𝜒𝑀
𝐺,𝐷

��
𝐶 ×𝑘 𝑘 (𝑎) �

�

ℎ𝑎

// 𝔠𝔞𝔯𝐺,𝐷,𝑘 (𝑎) .

By properness of the morphism 𝜒𝑀
𝐺,𝐷

, the morphism ℎ𝑎𝑀 extends to𝐶 ×𝑘 𝑘 (𝑎). One checks that
(ℎ𝑎𝑀 , 𝑡) belongs to A𝑀 and has image 𝑎 in A𝐺 .

The converse follows from the next lemma. □

Lemma 8.2.2. — Let 𝑎𝑀 ∈ A𝑀 and let 𝑎 ∈ A𝐺 be its image under the closed immersion
A𝑀 → A𝐺 of (4.4.1). Let 𝑊𝑎𝑀 be the subgroup of 𝑊𝑀 defined in Section 7.2 relative to the
group 𝑀 . We have

𝑊𝑎𝑀 = 𝑊𝑎 .

Proof. — Let 𝑎𝑀 = (ℎ𝑎𝑀 , 𝑡) ∈ A𝑀 and let 𝑎 = (ℎ𝑎, 𝑡) be its image in A𝐺 . We adopt the
notation of the proof of Proposition 8.2.1, but relative to the group 𝑀 . We thus have a diagram
analogous to (8.2.1)

Spec(𝑘 (𝑎𝑀))
∞𝑌𝑎𝑀 //

∞
%%

𝑉𝑎𝑀
� � //

��

𝔱
reg
𝐷,𝑘 (𝑎𝑀 )

𝜒𝑇
𝑀,𝐷

��

𝑈𝑎𝑀
� �

ℎ𝑎𝑀

// 𝔠𝔞𝔯
reg
𝐺,𝐷,𝑘 (𝑎𝑀 ) ,

where the exponent reg means𝐺-regular (in accordance with the conventions of §2.7). Moreover
we have𝑈𝑎 = 𝑈𝑎𝑀 and an immersion 𝑉𝑎𝑀 ↩→ 𝑉𝑎 which is both open and closed, which is𝑊𝑀-
equivariant and which sends ∞𝑌𝑎𝑀

to ∞𝑌𝑎 . In particular, the connected component of ∞𝑌𝑎 in
𝑉𝑎 is equal to the image of that of ∞𝑌𝑎𝑀

in 𝑉𝑎𝑀 . If 𝑤 ∈ 𝑊𝐺 satisfies 𝑤𝑉𝑎𝑀 ∩ 𝑉𝑎𝑀 ≠ ∅, then
necessarily 𝑤 ∈ 𝑊𝑀 . It follows that𝑊𝑎 ⊂ 𝑊𝑀 . The result is then clear. □

8.3. In Propositions 6.4.1 and 7.5.1 we defined respectively a morphism deg : J → X,
which obviously factors through a morphism

deg : 𝜋0(J) → X,
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and a morphism Y → 𝜋0(J). Composing these two morphisms, we obtain Y → X and,
composing further with the morphism 𝑋∗(𝑇)A → Y, we obtain a morphism 𝑋∗(𝑇)A → X. Let
Y1 and 𝑋∗(𝑇)1

A be the constructible sheaves on A defined respectively by

Y1 = Ker(Y → X)

and
𝑋∗(𝑇)1

A = Ker(𝑋∗(𝑇)A → X).
Let 𝜋0(J 1) be the sheaf of connected components of J 1: it is a subsheaf of 𝜋0(J) whose fiber
at a geometric point 𝑎 is the subgroup of 𝜋0(J𝑎) formed by the components of degree 0 (where
the degree is the morphism above). The morphism 𝑋∗(𝑇)A → J then restricts to a morphism
𝑋∗(𝑇)1

A → J 1 which, by Proposition 7.5.1, fits into the commutative diagram

(8.3.1) 𝑋∗(𝑇)1
A

//

%%

Y1

��

𝜋0(J 1),

where the two arrows with target 𝜋0(J 1) are epimorphisms.
Proposition 8.3.1. — Let 𝑎 ∈ Aell

𝑀
with 𝑀 ∈ L𝐺 and let 𝑎′ ∈ A𝐺 be a specialization of 𝑎. Let

𝐿 ∈ L𝐺 be defined by the condition 𝑎′ ∈ Aell
𝐿

.
1. The sheaves 𝑋∗(𝑇)1

A and Y1 have as fiber at 𝑎 respectively the group 𝑋∗(𝑇 ∩ 𝑀der) and
the image group of the canonical morphism

𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎 ;

2. we have 𝐿 ⊂ 𝑀 and𝑊𝑎′ ⊂ 𝑊𝑎 ;
3. the specialization arrows (𝑋∗(𝑇)1

A)𝑎′ → (𝑋∗(𝑇)1
A)𝑎 and Y1

𝑎′ → Y1
𝑎 are respectively given

by the canonical morphisms

𝑋∗(𝑇 ∩ 𝐿der) → 𝑋∗(𝑇 ∩ 𝑀der)

and

Im(𝑋∗(𝑇 ∩ 𝐿der)𝑊𝑎′ → 𝑋∗(𝑇)𝑊𝑎′ ) → Im(𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎) ;

4. the fibers of the sheaf Y1 are finite ;
5. the fibers of the sheaf 𝜋0(J 1) are finite.

Proof. — Let us prove assertion 1. By Lemma 8.3.2 below, the fiber at 𝑎 ∈ Aell
𝑀

of 𝑋∗(𝑇)1
A

is the kernel of the canonical morphism 𝑋∗(𝑇) → 𝑋∗(𝑀): it is therefore indeed 𝑋∗(𝑇 ∩ 𝑀der).
We know by Proposition 7.5.1 that this arrow factors through 𝑋∗(𝑇)𝑊𝑎 , which is the fiber at 𝑎
of Y. The fiber at 𝑎 is therefore the kernel of the arrow 𝑋∗(𝑇)𝑊𝑎 → 𝑋∗(𝑀) (which is well
defined since𝑊𝑎 ⊂ 𝑊𝑀 by Proposition 8.2.1). But this kernel is also the image of the morphism
𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎 .

Assertion 2 follows from the continuity of the maps A𝐺 → ⟨L𝐺⟩ and A𝐺 → ⟨𝑊𝐺⟩ (cf.
Lemma 6.2.1 and Proposition 7.2.1).

We leave assertion 3 to the reader. Assertion 4 follows from Lemma 8.3.3 below. Assertion
5 is a consequence of assertion 4, since we have an epimorphism Y1 → 𝜋0(J 1). □

Lemma 8.3.2. — Let 𝑀 ∈ L𝐺 . The morphism 𝑋∗(𝑇)A → X has as fiber at 𝑎 ∈ Aell
𝑀

the
canonical morphism

𝑋∗(𝑇) → 𝑋∗(𝑀).
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Proof. — Let 𝑎 ∈ Aell
𝑀

and let 𝐾 be its residue field. Let ℎ𝑎𝑀 be the morphism from 𝐶𝐾 to
𝔠𝔞𝔯𝑀,𝐷 deduced from 𝑎. We take up again the notation of Section 7.3. Let 𝜆 ∈ 𝑋∗(𝑇) and let 𝑗𝜆
be the 𝐽𝑎-torsor on 𝐶𝐾 = 𝐶 ×𝑘 𝐾 obtained by gluing by means of𝜛𝜆

∞ ∈ 𝑇 (O𝐶𝐾 ,∞) ≃ 𝐽𝑎 (O𝐶𝐾 ,∞)
(cf. the isomorphism of Proposition 7.3.1) which defines the morphism 𝑋∗(𝑇) → J𝑎. The degree
of the 𝐽𝑎-torsor 𝑗𝜆 is the map which, to 𝜇 ∈ 𝑋∗(𝑀), associates the degree of the G𝑚,𝐶𝐾 -torsor
𝜇( 𝑗𝜆) obtained when one pushes 𝑗𝜆 forward by the composite morphism

(8.3.2) 𝐽𝑎 −→ 𝑋∗(𝑀) ⊗Z G𝑚,𝐶𝐾
𝜇

−→ G𝑚,𝐶𝐾 ,

where the first arrow is obtained by pulling back by ℎ𝑎𝑀 the morphism

(𝜒𝑀𝐺,𝐷)
∗𝐽𝐺𝐷 → 𝑋∗(𝑀) ⊗Z G𝑚,𝔠𝔞𝔯𝑀,𝐷

defined in (5.1.2) and deduced from Proposition 3.3.1. The degree of 𝑗𝜆 is therefore the valuation
of the image of 𝜛𝜆

∞ under the composite morphism (8.3.2).
In fact, on Spec(O𝐶𝐾 ,∞), the section ℎ𝑎𝑀 takes regular values and factors through a canonical

section, denoted ℎ𝑎𝑇 ,∞, of 𝔱reg
𝐷

(cf. the proof of Proposition 7.3.1). The isomorphism 𝐽𝑎 ×𝐶
Spec(O𝐶𝑆 ,∞) ≃ 𝑇 ×𝑘 Spec(O𝐶𝑆 ,∞) is then obtained by pullback under ℎ𝑎𝑇 ,∞ of the isomorphism(

(𝜒𝑇𝐺)
∗𝐽𝐺

)
|𝔱reg ≃ 𝑋∗(𝑇) ⊗Z G𝑚,𝔱reg .

As can be seen from the definitions, the morphism

𝑋∗(𝑇) ⊗Z G𝑚,𝔱reg =
(
(𝜒𝑇𝐺)

∗𝐽𝐺
)
𝔱reg → 𝑋∗(𝑀) ⊗Z G𝑚,𝔱reg

which one obtains by pulling back by 𝜒𝑇
𝑀

the morphism of Proposition 3.3.1 is deduced from
the canonical morphism 𝑋∗(𝑇) → 𝑋∗(𝑀). Consequently, we have

deg(𝜇( 𝑗𝜆)) = 𝜇(𝜆)
(the pairing is the one between characters and cocharacters of 𝑇) and the degree of 𝜇( 𝑗𝜆) is
indeed the image of 𝜆 under the projection 𝑋∗(𝑇) → 𝑋∗(𝑀). □

Lemma 8.3.3. — For every 𝑀 ∈ L𝐺 and every 𝑎 ∈ Aell
𝑀

the group 𝑋∗(𝑇 ∩𝑀der)𝑊𝑎 is finite. In
particular, the image of the morphism

𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎
is finite.

Proof. — We shall first prove that the group 𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 of invariants under𝑊𝑎 is trivial.
Let 𝜆 be an element of this group, which we view as a morphism from G𝑚,𝑘 to 𝑀 . Let 𝐿 be the
Levi subgroup in L𝑀 which is the centralizer of the image torus. We thus have𝑊𝑎 ⊂ 𝑊 𝐿 and,
by Proposition 8.2.1, we have 𝑎 ∈ A𝐿 . Since 𝑎 is elliptic in 𝑀 , it follows that 𝑀 = 𝐿. Hence 𝜆
is central in 𝑀der, which is possible only if 𝜆 = 0, which is what had to be proved.

Since 𝑋∗(𝑇 ∩ 𝑀der) is of finite type, the finiteness of 𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 is equivalent to the
vanishing of 𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 ⊗Z Q. Now averaging over 𝑊𝑎 induces an isomorphism of this
Q-vector space onto 𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 ⊗Z Q, whose vanishing we have proved. This concludes
the proof. □

8.4. The open subset U𝑀 . Let 𝑀 ∈ L𝐺 and let U𝑀 ⊂ A𝐺 be the open subset defined by

U𝑀 =
⋃

𝐿∈L𝐺 (𝑀)
Aell
𝐿 .

It is also the complement of the closed subset⋃
𝐿∈L𝐺−L𝐺 (𝑀)

A𝐿 .
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The open subset U𝐺 is nothing but the elliptic open subset Aell
𝐺

. We define the 𝑀-parabolic
part of M𝜉 , denoted M𝜉,𝑀−par, by the base change

M𝜉,𝑀−par = M𝜉 ×A U𝑀 .

Let
𝑓 𝜉,𝑀−par : M𝜉,𝑀−par → U𝑀

be the restriction of the Hitchin morphism 𝑓 𝜉 to M𝜉,𝑀−par. When 𝑀 = 𝐺, we replace “𝐺-par”
by “ell”.

Let Γ(U𝑀 , ·) be the functor of sections over U𝑀 .
Lemma 8.4.1. — The restriction of Y1 to U𝑀 is a quotient of the constant sheaf with value
𝑋∗(𝑇 ∩ 𝑀der). In particular, we have group homomorphisms

𝑋∗(𝑇 ∩ 𝑀der) −→ Γ(U𝑀 ,Y1)
and

(8.4.1) 𝑋∗(𝑇 ∩ 𝑀der) −→ Γ(U𝑀 , 𝜋0(J 1)).

Proof. — The first assertion follows from the description of Y1 given in Proposition 8.3.1.
The rest follows from it. □

8.5. The 𝑠-decomposition. With the notation of Section 2.5, we denote by 𝑇 the complex
torus with character lattice 𝑋∗(𝑇) = 𝑋∗(𝑇). In all that follows, we always identify in the notation
the algebraic groups over C with their groups of C-valued points. Let 𝑍0

𝑀
be the connected

center of the Langlands dual 𝑀 of 𝑀 . It is also the neutral component of the subgroup of 𝑇
defined as the intersection of the kernels of the characters 𝛼∨, where 𝛼∨ runs over the coroots
of 𝑇 in 𝑀 . Let us note that we have

𝑇/𝑍0
𝑀
= HomZ(𝑋∗(𝑇 ∩ 𝑀der),C×).

Let (𝑇/𝑍0
𝑀
)tors be the subgroup of torsion points of 𝑇/𝑍0

𝑀
. Let Q be the algebraic closure of Q

in C. We fix an embedding of Q into Qℓ. We then have the natural inclusions

(𝑇/𝑍0
𝑀
)tors ⊂ HomZ(𝑋∗(𝑇 ∩ 𝑀der),Q

×) ⊂ HomZ(𝑋∗(𝑇 ∩ 𝑀der),Q
×
ℓ ).

The action of the Picard stack J 1 on M𝜉 over A induces an action of J 1 on M𝜉,𝑀−par over
U𝑀 , hence an action on each perverse cohomology sheaf pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par

∗ Qℓ) of 𝑅 𝑓 𝜉,𝑀−par
∗ Qℓ.

By the homotopy lemma (cf. [27, Lemma 3.2.3]), this action factors through an action of the
sheaf 𝜋0(J 1) on pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par

∗ Qℓ).
Theorem 8.5.1. — For all 𝑠 ∈ (𝑇/𝑍0

𝑀
)tors and 𝑖 ∈ Z, let

pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par
∗ Qℓ)𝑠

be the sum of the 𝑠′-isotypic components of the finite commutative group

Γ(U𝑀 , 𝜋0(J 1))

acting on the perverse cohomology sheaf pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par
∗ Qℓ), for the characters 𝑠′ ∈

HomZ(Γ(U𝑀 , 𝜋0(J 1)),Q×
ℓ ) which induce the character 𝑠 on 𝑋∗(𝑇 ∩ 𝑀der) via the mor-

phism (8.4.1).
We then have the following assertions :

1. if 𝐿 is an element of L𝐺 (𝑀) and if 𝑎 is a geometric point of Aell
𝐿

such that the fiber
pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par

∗ Qℓ)𝑎,𝑠 is nonzero, then there exists a lift 𝑠 of 𝑠 to 𝑇𝑊𝑎 .
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2. there are only finitely many 𝑠 for which
pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par

∗ Qℓ)𝑠 ≠ 0 ;
3. we have the following decomposition :

(8.5.1) pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par
∗ Qℓ) =

⊕
𝑠∈(𝑇/𝑍0

𝑀
)tors

pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par
∗ Qℓ)𝑠 .

Remark 8.5.2. — When 𝑀 = 𝑇 , we have 𝑍
𝑀
= 𝑇 and the decomposition (8.5.1) is tautological.

When 𝑀 = 𝐺, the above theorem is due to Ngô.
Proof. — Since Γ(U𝑀 , 𝜋0(J 1)) is a finite commutative group (cf. Proposition 8.3.1, assertion
5) which acts on pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par

∗ Qℓ), we have a decomposition of the cohomology into a direct
sum of isotypic components indexed by the characters of Γ(U𝑀 , 𝜋0(J 1)) with values in Q.
Such a character induces a character of finite order of 𝑋∗(𝑇 ∩𝑀der) via the morphism (8.4.1) of
Lemma 8.4.1, hence an element of (𝑇/𝑍0

𝑀
)tors. The decomposition (8.5.1) follows from this, as

does the finiteness in assertion 2.
Let 𝐿 ∈ L𝐺 (𝑀) and let 𝑎 be a geometric point of Aell

𝐿
. We thus have 𝑊𝑎 ⊂ 𝑊 𝐿 by

virtue of Proposition 8.2.1. The group Γ(U𝑀 , 𝜋0(J 1)) acts on the fiber pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par
∗ Qℓ)𝑎,𝑠

via the restriction morphism Γ(U𝑀 , 𝜋0(J 1)) → 𝜋0(J 1
𝑎 ). Let 𝑠′ be a character of the finite

group 𝜋0(J 1
𝑎 ) such that pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par

∗ Qℓ)𝑎,𝑠 has a nonzero 𝑠′-isotypic component. Then, by
definition of the 𝑠-part, the character 𝑠′ composed with the morphism 𝑋∗(𝑇 ∩ 𝑀der) → 𝜋0(J 1

𝑎 )
gives back 𝑠. Now this last morphism factors through Y1

𝑎 (cf. the commutative diagram (8.3.1)).
But we have (cf. Proposition 8.3.1 and its proof)

Y1
𝑎 = Im(𝑋∗(𝑇 ∩ 𝐿der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎) = Ker(𝑋∗(𝑇)𝑊𝑎 → 𝑋∗(𝐿)).

The morphism 𝑋∗(𝑇 ∩ 𝑀der) → Y1
𝑎 is dual to the morphism

𝑇𝑊𝑎/𝑍0
𝐿 → 𝑇/𝑍0

𝑀 .

The character 𝑠′ of 𝜋0(J 1
𝑎 ) induces a character of Y1

𝑎 , denoted 𝑠, which is an element of𝑇𝑊𝑎/𝑍0
𝐿

whose image in 𝑇/𝑍0
𝑀

is 𝑠. Assertion 1 follows from this. □

Corollary 8.5.3. — Let 𝑠 ∈ (𝑇/𝑍0
𝑀
)tors and 𝑗 : Aell

𝐺
↩→ A𝐺 . We then have the following

decomposition :
𝑗∗(pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par

∗ Qℓ)𝑠) =
⊕
𝑠′

pH 𝑖 (𝑅 𝑓 ell
∗ Qℓ)𝑠′ ,

where the sum is taken over the 𝑠′ ∈ (𝑇/𝑍0
𝐺
)tors with image 𝑠 under the canonical map

𝑇/𝑍0
𝐺
→ 𝑇/𝑍0

𝑀
.

Proof. — Over the open subset Aell, the group Γ(U𝑀 , 𝜋0(J 1)) acts on

𝑗∗(pH 𝑖 (𝑅 𝑓 𝜉,𝑀−par
∗ Qℓ))

via the restriction morphism Γ(U𝑀 , 𝜋0(J 1)) → Γ(Aell, 𝜋0(J 1)). The corollary is then an
obvious consequence of the commutative diagram

𝑋∗(𝑇 ∩ 𝑀der) //

��

𝑋∗(𝑇 ∩ 𝐺der)

��

Γ(U𝑀 , 𝜋0(J 1)) // Γ(Aell, 𝜋0(J 1))
which follows from Lemma 8.4.1. □
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9. The open subset Abon
𝐺

9.1. The main statement. In this section, we keep the notation of the preceding sections. In
particular, 𝐶 is a projective, smooth and connected curve over 𝑘 of genus 𝑔 equipped with an
effective divisor of degree > 2𝑔 and with a closed point ∞ outside the support of 𝐷. The pair
(𝐺,𝑇) consists of a connected reductive group 𝐺 over 𝑘 and a maximal subtorus 𝑇 . The Weyl
group𝑊𝐺 is denoted simply by𝑊 in this section. We also recall that the characteristic of 𝑘 does
not divide the order of𝑊𝐺 . Let A𝐺 be the smooth 𝑘-scheme defined in Section 4.4. Following
Ngô, we are going to define an upper semi-continuous function on A𝐺 , which will be denoted
by 𝛿 (cf. §9.15). At 𝑎 ∈ A𝐺 (𝑘), this function is given by

𝛿𝑎 = dim𝑘 (𝐻0(𝐶, (𝔱 ⊗𝑘 𝜋𝑌𝑎 ,∗(𝜌𝑎,∗O𝑋𝑎/O𝑌𝑎))𝑊 )),
where 𝜋𝑌 : 𝑌 → 𝐶 is the cameral covering of 𝐶 associated with 𝑎 (cf. §7.1) and 𝜌𝑎 : 𝑋𝑎 → 𝑌𝑎
is the normalization morphism. We then lay down the following definition.
Definition 9.1.1. — Let Abon

𝐺
⊂ A𝐺 be the largest open subset of A𝐺 such that, for every

Zariski point 𝑎 ∈ Abon
𝐺

, the following inequality holds:

codimA𝐺
(𝑎) ⩾ 𝛿𝑎 .

Remark 9.1.2. — Since 𝛿 is semi-continuous, the condition 𝛿𝑎 = 𝛿 defines a locally closed
subset A𝛿 of A𝐺 . By the noetherianity of A𝐺 , there are only finitely many 𝛿 for which A𝛿 is
nonempty. The open subset Abon

𝐺
is the complement of the irreducible components A′

𝛿
of the

strata A𝛿 which satisfy
codimA𝐺

(A′
𝛿) < 𝛿.

A priori, Abon
𝐺

may be empty. If the base field is of characteristic zero, Ngô has shown that
one has in fact Abon

𝐺
= A𝐺 . For our base field 𝑘 , Theorem 9.1.3 (and the remark that follows)

shows that the open subset Abon
𝐺

is large enough. Before stating this theorem we are going
to introduce certain divisors. Let 𝑀 be a reductive group equipped with an embedding of 𝑇 ,
which is dual to a subgroup of 𝐺 containing 𝑇 . In this context, we defined in Section 2.7 the
discriminant 𝐷𝑀 on 𝔠𝔞𝔯𝑀 . It determines a divisor of 𝔠𝔞𝔯𝑀 which is G𝑚,𝑘 -invariant. We deduce
from it a divisor 𝔇𝑀 of 𝔠𝔞𝔯𝑀,𝐷 . Let 𝐵 ∈ P(𝑇) be a Borel subgroup of 𝐺. Again in §2.7, we
defined a homogeneous function 𝑅𝐵

𝑀
on 𝔠𝔞𝔯𝑀 . Let ℜ𝐵

𝑀
be the divisor on 𝔠𝔞𝔯𝑀,𝐷 deduced from

it. Since 𝑅𝐵
𝑀

depends on the choice of 𝐵 only up to a sign, the divisor ℜ𝐵
𝑀

does not depend on
the choice of 𝐵. For this reason, we denote it ℜ𝐺

𝑀
.

Theorem 9.1.3. — Let 𝑀 be a reductive group over 𝑘 dual to a subgroup of 𝐺 containing 𝑇
and let 𝑎 = (ℎ𝑎, 𝑡) ∈ A𝑀 (𝑘) be such that there exists a finite set 𝑆 of closed points of 𝐶 such
that

1. the curve ℎ𝑎 (𝐶) traced in 𝔠𝔞𝔯𝑀,𝐷 satisfies, for every 𝑐 ∈ 𝐶 − 𝑆, one of the three following
hypotheses:

(a) ℎ𝑎 (𝑐) does not belong to the divisor ℜ𝐺
𝑀
∪𝔇𝑀 ;

(b) at the point ℎ𝑎 (𝑐), the curve ℎ𝑎 (𝐶) does not meet ℜ𝐺
𝑀

and meets transversally the
divisor 𝔇𝑀 , which is smooth at the point ℎ𝑎 (𝑐) ;

(c) at the point ℎ𝑎 (𝑐), the curve ℎ𝑎 (𝐶) does not meet 𝔇𝑀 and meets transversally the
divisor ℜ𝐺

𝑀
, which is smooth at the point ℎ𝑎 (𝑐) ;

2. for every 𝑐 in 𝑆, the intersection multiplicity of ℎ𝑎 (𝐶) with the divisor 𝔇𝐺 is strictly
bounded above by

2|𝑆 |−1 |𝑊 |−1(deg(𝐷) − 2𝑔 + 2).
Then the image of 𝑎 in A𝐺 belongs to the open subset Abon

𝐺
.
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Remark 9.1.4. — Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A𝐺 (𝑘) be such that ℎ𝑎 (𝐶) meets the divisor 𝔇𝐺 transver-
sally. Then 𝑎 = (ℎ𝑎, 𝑡) belongs to the open subset Abon

𝐺
. In particular, Abon

𝐺
is nonempty.

The rest of the section is devoted to the proof of this theorem.

9.2. The moduli problem B𝐺 . Inspired by the cameral curve of Donagi–Gaitsgory (cf. [12]),
we are going to consider the following moduli problem B𝐺 . To a 𝑘-scheme 𝑆 we associate the
set of isomorphism classes of commutative diagrams

𝑋
𝑓 //

𝜋

��

𝔱𝐷 ×𝑘 𝑆

yy
𝐶 ×𝑘 𝑆,

where 𝑋 is a projective and smooth curve over 𝑆, with not necessarily connected geometric
fibers, equipped with an action of 𝑊 , 𝜋 is a finite, 𝑊-invariant and flat morphism, and 𝑓 is a
finite and 𝑊-equivariant morphism. Moreover, these data satisfy the following condition: the
morphism 𝜋 is étale and Galois with Galois group𝑊 above∞×𝑘 𝑆 and the morphism 𝑓 restricted
to 𝜋−1(∞ ×𝑘 𝑆) is injective.

We leave it to the reader to verify the following representability statement.

Lemma 9.2.1. — The moduli problem B𝐺 is representable by a 𝑘-algebraic space of finite type.

9.3. The scheme A𝐺 . Let A𝐺 be the smooth scheme such that for every 𝑘-scheme 𝑆 the set
A𝐺 (𝑆) is the set of sections 𝑎 of 𝔠𝔞𝔯𝐷 ×𝑘𝑆 over 𝐶 ×𝑘 𝑆 which send the 𝑆-point ∞×𝑘 𝑆 into the
𝐺-regular open subset 𝔠𝔞𝔯reg

𝐷
. We have the following formula for the dimension of A𝐺 (cf. [29,

Lemma 4.13.1]):

(9.3.1) dim𝑘 (A𝐺) = deg(𝐷) (dim(𝐺) + rank(𝐺))/2 + rank(𝐺) (1 − 𝑔).

Lemma 9.3.1. — Let 𝑆 be a 𝑘-scheme and (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑆).
1. The formation of the quotient scheme 𝑋//𝑊 commutes with every base change 𝑆′ → 𝑆.
2. The morphism 𝑋//𝑊 → 𝐶 ×𝑘 𝑆 induced by 𝜋 is an isomorphism.
3. The morphism 𝑓 defines, by passing to the quotient by 𝑊 , an element 𝑎 𝑓 ∈ A𝐺 (𝑆) ; the

map 𝑓 ↦→ 𝑎 𝑓 defines a morphism, denoted 𝜓, from B𝐺 to A𝐺 .

Proof. — Let 𝑆′ → 𝑆. Since the order of 𝑊 is invertible in 𝑘 , for every 𝑆′-algebra equipped
with an action of𝑊 over 𝑆, the functor of𝑊-invariants is given by the average over𝑊 , which is
𝑆′-linear. Assertion 1 follows.

Let us next deal with assertion 2. The O𝐶×𝑘𝑆-module 𝜋∗(O𝑋) is flat and of finite type, hence
it is locally free. Since the order of 𝑊 is invertible in 𝑘 , the O𝐶×𝑘𝑆-module L = 𝜋∗(O𝑋)𝑊
is a direct factor of 𝜋∗(O𝑋). Consequently, L is also a locally free O𝐶×𝑘𝑆-module. Since the
morphism 𝜋 is étale Galois, with Galois group𝑊 , above ∞×𝑘 𝑆, the unit section

𝜀 : O𝐶×𝑘𝑆 → (𝜋∗O𝑋)𝑊

is an isomorphism in a neighbourhood of∞×𝑘 𝑆. In particular, L is an invertible O𝐶×𝑘𝑆-module.
Let us decompose the identity of L as

L → L ⊗O𝐶×𝑘𝑆
L → L,

where the first arrow is 𝜀⊗1 and the second is the product of the algebra L. Since L is invertible,
so is L ⊗O𝐶×𝑘𝑆

L, and the two arrows above are necessarily isomorphisms. It follows that 𝜀 is
an isomorphism and assertion 2 is proved.

Assertion 2 implies that 𝑓 defines, by passing to the quotient, an element 𝑎 𝑓 ∈ A𝐺 (𝑆). We
indeed obtain a morphism by assertion 1, whence assertion 3. □
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9.4. The invariant 𝛿 and the strata A𝐺,𝛿. Let 𝑆 be a 𝑘-scheme and (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑆). By
assertion 3 of Lemma 9.3.1, we deduce from it a section 𝑎 of 𝔠𝔞𝔯𝐷 ×𝑘𝑆. Most of the time
we shall leave 𝑎 implicit and shall write simply 𝜋 : 𝑌 → 𝐶 ×𝑘 𝑆 for the cameral covering
𝜋𝑎 : 𝑌𝑎 → 𝐶 ×𝑘 𝑆 of Section 7.1 (it is not to be confused with the universal cameral covering
denoted 𝑌 in §7.1). We thus have a commutative diagram

(9.4.1) 𝑋

𝑓

))

𝜌
//

𝜋 ""

𝑌
𝑓𝑌

//

𝜋𝑌
��

𝔱𝐷 ×𝑘 𝑆
𝜒

��
𝐶 ×𝑘 𝑆 𝑎 // 𝔠𝔞𝔯𝐷 ×𝑘𝑆

𝑝

��
𝐶 ×𝑘 𝑆

with cartesian square, where
– 𝜌 is the normalization morphism of the cameral curve 𝑌 ;
– 𝑝 is the canonical projection ;
– 𝔠𝔞𝔯𝐷 = 𝔠𝔞𝔯𝐺,𝐷 ;
– 𝜒 is the morphism 𝜒𝑇

𝐺,𝐷
of Section 7.1.

This diagram is obtained by the base change 𝑆 → B𝐺 associated with (𝑋, 𝜋, 𝑓 ) from the
universal diagram

(9.4.2) X

𝑓X

))

𝜌X
//

𝜋X ##

Y
𝑓Y
//

𝜋Y
��

𝔱𝐷 ×𝑘 B𝐺
𝜒

��
𝐶 ×𝑘 B𝐺 // 𝔠𝔞𝔯𝐷 ×𝑘B𝐺

𝑝

��
𝐶 ×𝑘 B𝐺 ,

where X the universal curve over B𝐺 and Y is the universal cameral curve over 𝑐 ×𝑘 B𝐺 .
Lemma 9.4.1. — The morphism 𝜓 : B𝐺 → A𝐺 (defined in Lemma 9.3.1, assertion 3) induces
a bijective map on the underlying topological spaces.
Proof. — Let us first show that the induced map on the underlying topological spaces is
surjective on closed points. Let 𝑎 be such a closed point. Its residue field is the algebraically
closed field 𝑘 . In particular, 𝑎 is identified with a section of 𝔠𝔞𝔯𝐷 over𝐶. Let𝑌 be the associated
cameral curve. It follows from the fact that 𝑎 is generically regular that 𝑌 is geometrically
reduced. Let 𝑋 be the normalization of 𝑌 . We then know that 𝑋 is smooth (cf. [17, Prop.
17.15.14]). According to diagram (9.4.1), we obtain a triple (𝑋, 𝜋, 𝑓 ) which is a 𝑘-point of B𝐺
with image 𝑎. This proves that all the closed points of 𝑎 are reached by the morphismB𝐺 → A𝐺 .

Let 𝑎 be a non-closed point of the topological space underlying A𝐺 . Let 𝑎̄ be its closure.
We have to see that 𝑎 belongs to 𝜓(𝜓−1(𝑎̄)). By Chevalley’s theorem, this is a constructible set.
By [15, Chap. 0, Prop. 9.2.3], we have the following alternative on 𝑎̄ ∩ 𝜓(𝜓−1(𝑎̄)):

– either this subset contains a nonempty open subset of 𝑎̄ and hence 𝑎 ;
– or this subset is rare in 𝑎̄.

We have to exclude the second possibility. The latter means that the closure of 𝜓(𝜓−1(𝑎̄)) in 𝑎̄
has empty interior. In particular, the closure of 𝜓(𝜓−1(𝑎̄)) in 𝑎̄ is strictly smaller than 𝑎̄. There
is therefore a closed point of 𝑎̄ which is not in the closure of 𝜓(𝜓−1(𝑎̄)). But this is not possible
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since, as we have seen, such a point always lies in 𝜓(𝜓−1(𝑎̄)). We have thus ruled out this
second possibility and thereby finished the proof of surjectivity.

Injectivity is obvious since every triple (𝑋, 𝜋, 𝑓 ) of B𝐺 with image 𝑎 ∈ A𝐺 is obtained, after
a suitable extension of scalars, by normalization of the cameral curve associated with 𝑎. □

Let 𝑝2 : 𝐶 ×𝑘 B𝐺 → B𝐺 be the projection onto the second factor. By the definition of B𝐺 ,
the OB𝐺 -module

𝑝2,∗𝜋Y,∗(𝜌X,∗OX/OY)
is locally free. Since the characteristic of 𝑘 does not divide the order of 𝑊 , the same holds for
the OB𝐺 -module

(9.4.3) (𝔱 ⊗𝑘 𝑝2,∗𝜋Y,∗(𝜌X,∗OX/OY))𝑊 .
Definition 9.4.2. — Let 𝛿 : B𝐺 → N be the locally constant function on B𝐺 given by the rank
of the locally free OB𝐺 -module (9.4.3).

Let 𝛿 : A𝐺 → N be the constructible function on A𝐺 defined for every 𝑎 ∈ A𝐺 by

𝛿(𝑎) = 𝛿(𝑏),
where 𝑏 ∈ B𝐺 is the unique point such that 𝜓(𝑏) = 𝑎.
Remarks 9.4.3. — The existence and the uniqueness of 𝑏 were proved in Lemma 9.4.1. The
constructibility of 𝛿 on A𝐺 follows from Chevalley’s theorem.

Let 𝐾 be an extension of 𝑘 and (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝐾). Then, with the notation of diagram
(9.4.1) for 𝑆 = Spec(𝐾), we have

𝛿(𝑋, 𝜋, 𝑓 ) =
∑︁
𝑐

𝛿𝑐 (𝑋, 𝜋, 𝑓 ),

where the sum is taken over all the closed points 𝑐 of 𝐶 ×𝑘 𝐾 and the local invariant 𝛿𝑐 is the
following length:

𝛿𝑐 (𝑋, 𝜋, 𝑓 ) = long((𝔱 ⊗𝑘 𝜋𝑌,∗(𝜌∗O𝑋/O𝑌 ))𝑊𝑐 ).
This invariant vanishes at a point 𝑐 such that 𝑌 is smooth at every point 𝑦 ∈ 𝑌 above 𝑐. We also
have the following formula:

𝛿(𝑋, 𝜋, 𝑓 ) = dim𝐾 (𝐻0(𝐶 ×𝑘 𝐾, (𝔱 ⊗𝑘 𝜋𝑌,∗(𝜌∗O𝑋/O𝑌 ))𝑊 )).
Proposition 9.4.4. — The function 𝛿 on A𝐺 is upper semi-continuous.

Proof. — Since the function 𝛿 is constructible, it suffices to show that for every morphism
from a trait 𝑆 to A𝐺 one has 𝛿(𝜂) ⩽ 𝛿(𝑠), where 𝑠 and 𝜂 are the closed and the generic points of
𝑆. Such a morphism from 𝑆 to A𝐺 is interpreted as a section of 𝔠𝔞𝔯𝐷,𝑆 over 𝐶 ×𝑘 𝑆. Let 𝑌 be
the relative cameral curve over 𝑆 deduced from it. Let 𝑋 be the normalization of 𝑌 . We are thus
in the situation of diagram (9.4.1), whose notation we use. The generic fiber of 𝑌 is generically
reduced. Up to replacing 𝜂 by a radicial extension and 𝑆 by its normalization in this extension,
we may assume that the generic fiber 𝑋𝜂 of 𝑋 is smooth (cf. [17, Prop. 17.15.14]). The triple
(𝑋𝜂, 𝜋𝜂, 𝑓𝜂) deduced from (𝑋, 𝜋, 𝑓 ) by base change to 𝜂 defines a point of B𝐺 , with values in
the residue field 𝑘 (𝜂) of 𝜂, above 𝑎(𝜂). We therefore have

𝛿(𝜂) = dim𝑘 (𝜂) ((𝔱 ⊗𝑘 𝐻0(𝐶𝜂, 𝜋𝑌𝜂 ,∗(𝜌𝜂,∗O𝑋𝜂/O𝑌𝜂 )))𝑊 ).

Since the O𝑆-module 𝔱 ⊗𝑘 𝐻0(𝐶, 𝜋𝑌,∗(𝜌∗O𝑋/O𝑌 )) is flat, the O𝑆-module

(𝔱 ⊗𝑘 𝐻0(𝐶, 𝜋𝑌,∗(𝜌∗O𝑋/O𝑌 )))𝑊 ,
which is a direct factor of it, is flat too. It follows that we also have

𝛿(𝜂) = dim𝑘 (𝑠) ((𝔱 ⊗𝑘 𝐻0(𝐶𝑠, 𝜋𝑌𝑠 ,∗(𝜌𝑠,∗O𝑋𝑠/O𝑌𝑠 )))𝑊 ),
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where we denote by an index 𝑠 the base change to 𝑠, and by 𝑘 (𝑠) the residue field of 𝑠. Again,
up to replacing 𝑘 (𝑠) by a radicial extension, we may assume that the normalization, denoted 𝑋̃𝑠,
of 𝑌𝑠 is smooth. Let 𝜌̃𝑠 be the normalization morphism 𝑋̃𝑠 → 𝑌𝑠. We then have

𝛿(𝑠) = dim𝑘 (𝑠) ((𝔱 ⊗𝑘 𝐻0(𝐶𝑠, 𝜋𝑌𝑠 ,∗( 𝜌̃𝑠,∗O𝑋̃𝑠/O𝑌𝑠 )))
𝑊 ).

Since we have 𝜌𝑠,∗O𝑋,𝑠 ⊂ 𝜌̃𝑠,∗O𝑋̃𝑠 , we deduce the desired inequality 𝛿(𝜂) ⩽ 𝛿(𝑠). □

To conclude this paragraph, let us introduce the following definition.
Definition 9.4.5. — For every natural number 𝛿, let A𝐺,𝛿 be the locally closed subset consisting
of the 𝑎 ∈ A𝐺 such that 𝛿(𝑎) = 𝛿.
Remarks 9.4.6. — By Proposition 9.4.4, the union

⋃
𝛿⩾𝛿′ A𝐺,𝛿 is closed. The open subset A𝐺,0

contains in particular the open subset of the 𝑎 for which the cameral curve 𝑌𝑎 is smooth.
In what follows, under certain conditions, we shall bound above the dimension of the strata

A𝐺,𝛿.

9.5. Cotangent complex for a point of B𝐺 (𝑘). Let (𝑋, 𝜋, 𝑓 ) be a point of B𝐺 (𝑘). The
deformation theory at this point for B𝐺 is controlled by the complex

𝑅HomO𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)𝑊 ,
where the cotangent complex 𝐿𝑋/𝔱𝐷 is here a perfect complex of length 1 concentrated in degrees
−1 and 0,

𝐿𝑋/𝔱𝐷 = [ 𝑓 ∗Ω𝔱𝐷/𝑘 → Ω1
𝑋/𝑘 ] � [ 𝑓 ∗Ω𝔱𝐷/𝐶 → Ω1

𝑋/𝐶]
whose arrow is 𝑑𝑓 . This complex has two cohomology sheaves, namely

H−1(𝐿𝑋/𝔱𝐷 ) = Ker( 𝑓 ∗Ω1
𝔱𝐷/𝐶 → Ω1

𝑋/𝐶)
which is a vector bundle on 𝑋 of rank the rank of the group 𝐺, and

H0(𝐿𝑋/𝔱𝐷 ) = Coker( 𝑓 ∗Ω1
𝔱𝐷/𝐶 → Ω1

𝑋/𝐶) = Ω1
𝑋/𝑌

which is a torsion O𝑋-module on 𝑋 .

9.6. Cotangent complex for a point of A𝐺 (𝑘). In an analogous way, the deformation theory
of A𝐺 at a point 𝑎 ∈ A𝐺 (𝑘) is controlled by the complex

𝑅HomO𝑌 (𝐿𝑌/𝔱𝐷 ,O𝑌 )𝑊 ,
where 𝑌 = 𝑌𝑎 is the cameral curve and

𝐿𝑌/𝔱𝐷 = [ 𝑓 ∗𝑌Ω1
𝔱𝐷/𝑘 → Ω1

𝑌/𝑘 ] � [ 𝑓 ∗𝑌Ω1
𝔱𝐷/𝐶 → Ω1

𝑌/𝐶]
is a perfect complex concentrated in degrees −1 and 0, the arrow being given by 𝑑𝑓𝑌 . This
complex is quasi-isomorphic to H−1(𝐿𝑌/𝔱𝐷 ) [1].
Lemma 9.6.1. — We have

H−1(𝐿𝑌/𝔱𝐷 ) = 𝑓 ∗𝑌 𝜒
∗Ω1

𝔠𝔞𝔯𝐷/𝐶 = 𝜋∗𝑌𝑎
∗Ω1

𝔠𝔞𝔯𝐷/𝐶 .

Proof. — The morphism 𝜒 induces the exact sequence

(9.6.1) 0 −→ 𝜒∗Ω1
𝔠𝔞𝔯𝐷/𝐶 −→ Ω1

𝔱𝐷/𝐶 −→ Ω1
𝔱𝐷/𝔠𝔞𝔯𝐷 −→ 0.

Let us show the left exactness, the only one that is not obvious. Since 𝜒 is generically étale, the
sequence is generically left exact. Since 𝔠𝔞𝔯𝐷 is smooth over 𝐶, the O𝔱𝐷 -module 𝜒∗Ω1

𝔠𝔞𝔯𝐷/𝐶 is
locally free and cannot contain a nontrivial torsion module.

Since 𝜋𝑌 is obtained from 𝜒 by the base change given by 𝑎 : 𝐶 → 𝔠𝔞𝔯𝐷 , we have 𝑎𝜋𝑌 = 𝜒 𝑓𝑌
and

(9.6.2) Ω1
𝑌/𝐶 = 𝑓 ∗𝑌Ω

1
𝔱𝐷/𝔠𝔞𝔯𝐷 .
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Consequently, applying the functor 𝑓 ∗
𝑌

to the sequence (9.6.1), we obtain the exact sequence

(9.6.3) 0 −→ 𝑓 ∗𝑌 𝜒
∗Ω1

𝔠𝔞𝔯𝐷/𝐶 −→ 𝑓 ∗𝑌Ω
1
𝔱𝐷/𝐶 −→ Ω1

𝑌/𝐶 −→ 0,

where the left exactness is seen as before, whence the lemma. □

Lemma 9.6.2. — Let 𝑎 ∈ A𝐺 (𝑘) and 𝑌 = 𝑌𝑎.
1. There is no obstruction to deforming 𝑌 ↩→ 𝔱𝐷 and A𝐺 is smooth at the point 𝑎; in other

words we have
Ext2O𝑌 (𝐿𝑌/𝔱𝐷 ,O𝑌 )

𝑊 = 0 ;
2. the tangent space to A𝐺 at the point 𝑎 is the space

Ext1(𝐿𝑌/𝔱𝐷 ,O𝑌 )𝑊

which is of dimension dim(A𝐺).

Proof. — Let 𝑖 ∈ {0, 1}. Since H−1(𝐿𝑌/𝔱𝐷 ) is locally free, we have

Ext𝑖+1(𝐿𝑌/𝔱𝐷 ,O𝑌 ) = Ext𝑖 (H−1(𝐿𝑌/𝔱𝐷 ),O𝑌 )
= 𝐻𝑖 (𝑌,HomO𝑌 (H−1(𝐿𝑌/𝔱𝐷 ), 𝑂𝑌 )).

By Lemma 9.6.1, we have

HomO𝑌 (H−1(𝐿𝑌/𝔱𝐷 ),O𝑌 ) = 𝜋∗𝑌 HomO𝐶 (𝑎∗Ω1
𝔠𝔞𝔯𝐷/𝐶 ,O𝐶).

Let 𝑛 be the rank of 𝐺. There exist 𝑛 homogeneous elements (𝑡1, . . . , 𝑡𝑛) of 𝑘 [𝔱] of degrees
𝑒1, . . . , 𝑒𝑛 such that 𝑘 [𝔱]𝑊 = 𝑘 [𝑡1, . . . , 𝑡𝑛] and 2

∑𝑛
𝑖=1 𝑒𝑖 = dim(𝐺) + 𝑛 (cf. property 33 of the

summary of [9]). Using these elements, we obtain an identification

𝑎∗Ω1
𝔠𝔞𝔯𝐷/𝐶 �

𝑛⊕
𝑖=1

O𝐶 (−𝑒𝑖𝐷)

hence an isomorphism

Hom(𝐿𝑌/𝔱𝐷 , 𝑂𝑌 ) = 𝜋∗𝑌
𝑛⊕
𝑖=1

O𝐶 (𝑒𝑖𝐷).

Thus we have

Ext𝑖+1(𝐿𝑌/𝔱𝐷 ,O𝑌 ) = 𝐻𝑖 (𝑌, 𝜋∗𝑌
𝑛⊕
𝑖=1

O𝐶 (𝑒𝑖𝐷)) = 𝐻𝑖 (𝐶, 𝜋𝑌,∗𝜋∗𝑌
𝑛⊕
𝑖=1

O𝐶 (𝑒𝑖𝐷)).

By the projection formula, we have

𝜋𝑌,∗𝜋
∗
𝑌

𝑛⊕
𝑖=1

O𝐶 (𝑒𝑖𝐷) = 𝜋𝑌,∗O𝑌 ⊗O𝐶

𝑛⊕
𝑖=1

O𝐶 (𝑒𝑖𝐷).

Passing to the invariants under𝑊 , we find

Ext𝑖+1(𝐿𝑌/𝔱𝐷 ,O𝑌 )𝑊 = 𝐻𝑖 (𝐶, (𝜋𝑌,∗O𝑌 )𝑊 ⊗O𝐶

𝑛⊕
𝑖=1

O𝐶 (𝑒𝑖𝐷))

= 𝐻𝑖 (𝐶,
𝑛⊕
𝑖=1

O𝐶 (𝑒𝑖𝐷))

since (𝜋𝑌,∗O𝑌 )𝑊 = O𝐶 . The result follows from the Riemann–Roch theorem. □

9.7. The invariant 𝜅. Let us consider the universal situation of the commutative diagram
(9.4.2). Let 𝐿X/𝔱𝐷×B𝐺 be the cotangent complex of X relative to 𝔱𝐷 × B𝐺 . Let

K = 𝑝2,∗(𝜋X,∗(H−1(𝐿X/𝔱𝐷×B𝐺 ) ⊗OX Ω1
X/𝐶×B𝐺 ))

𝑊
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which we view as a coherent OB𝐺 -module on B𝐺 (cf. [20, Cor. 2.3.11]).
Definition 9.7.1. — Let 𝜅 : B𝐺 → N be the upper semi-continuous function defined for every
𝑏 ∈ B𝐺 by

𝜅(𝑏) = dim𝑘 (𝑏) (K ⊗OB𝐺
𝑘 (𝑏)),

where 𝑘 (𝑏) is the residue field of 𝑏.
Let 𝜅 : A𝐺 → N be the constructible function defined by

𝜅(𝑎) = 𝜅(𝑏),
where 𝑏 is the unique point of B𝐵 with image 𝑎 under the bijection 𝜓 of Lemma 9.4.1.
Remarks 9.7.2. — The semi-continuity of 𝜅 on B𝐺 is an obvious consequence of Nakayama’s
lemma. The constructibility of 𝜅 on A𝐺 follows from Chevalley’s theorem. In general, the
function 𝜅 is not semi-continuous on A𝐺 . One can show however that it is semi-continuous on
the strata A𝐺,𝛿 of Definition 9.4.5.

Let (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑘). For every closed point 𝑐 of 𝐶, let

(9.7.1) 𝜅𝑐 (𝑋, 𝜋, 𝑓 ) = long(𝜋∗(H−1(𝐿𝑋/𝔱𝐷 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊
𝑐 ).

Remark 9.7.3. — For every O𝑋-module L, we denote, by abuse, by 𝜋∗(L)𝑊 what should more
correctly be denoted (𝜋∗L)𝑊 .

We then have
(9.7.2) 𝜅(𝑋, 𝜋, 𝑓 ) =

∑︁
𝑐∈𝐶

𝜅𝑐 (𝑋, 𝜋, 𝑓 ).

This sum is of course with finite support. More precisely, we have the following proposition.
Proposition 9.7.4. — For every closed point 𝑐 of𝐶 at which one of the two following conditions
is realized:

– 𝑋 is étale above 𝑐 ;
– 𝑌 is smooth above 𝑐,

one has 𝜅𝑐 (𝑋, 𝜋, 𝑓 ) = 0.
Proof. — Let 𝑥 be a closed point of 𝑋 such that 𝜋 is étale at 𝑥. We thus have

Ω1
𝑋/𝐶,𝑥 = 0

and 𝜅𝑐 (𝑋, 𝜋, 𝑓 ) = 0 for every closed point 𝑐 of 𝐶 such that 𝜋 is étale above 𝑐.
Let us next place ourselves at a point 𝑐 above which 𝑌 is smooth. In this case, locally above

𝑐 we have 𝑋 = 𝑌 , 𝜋 = 𝜋𝑌 and H−1(𝐿𝑌 ) = H−1(𝐿𝑋). Using Lemma 9.6.1, we thus have, locally
above 𝑐,

H−1(𝐿𝑋/𝔱𝐷 ) = 𝜋∗𝑎∗Ω1
𝔠𝔞𝔯𝐷/𝐶 .

The projection formula then gives

(𝜋∗(H−1(𝐿𝑋/𝔱𝐷 ) ⊗O𝑋 Ω
1
𝑋/𝐶))

𝑊
𝑐 = (𝑎∗Ω1

𝔠𝔞𝔯𝐷/𝐶 ⊗O𝐶 (𝜋∗(Ω1
𝑋/𝐶))

𝑊 )𝑐
which vanishes since
(9.7.3) 𝜋∗(Ω1

𝑋/𝐶))
𝑊 = 0.

Indeed, this last module is the quotient of 𝜋∗(Ω1
𝑋/𝑘 ))

𝑊 = Ω1
𝐶/𝑘 (cf. assertion 2 of Lemma 9.11.1)

by
𝜋∗(𝜋∗Ω1

𝐶/𝑘 ))
𝑊 = Ω1

𝐶/𝑘 ⊗O𝐶 𝜋∗(O𝑋)𝑊 = Ω1
𝐶/𝑘

since 𝜋∗(O𝑋)𝑊 = O𝐶 . □

9.8. Smoothness of B𝐺 . Here is a condition, in terms of the function 𝜅, sufficient for a point
of B𝐺 (𝑘) to be smooth.
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Proposition 9.8.1. — Let (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑘) be such that

deg(𝐷) > 2𝑔 − 2 + 𝜅(𝑋, 𝜋, 𝑓 ).
Then one has

Ext2O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)
𝑊 = (0)

and B𝐺 is therefore smooth at such a point.

Proof. — We have

Ext2O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋) = Ext1O𝑋 (H
−1(𝐿𝑋/𝔱𝐷 ),O𝑋).

By Serre duality, this 𝑘-vector space is dual to 𝐻0(𝑋,H−1(𝐿𝑋/𝔱𝐷 ) ⊗O𝑋 Ω1
𝑋/𝑘 ). Passing to the

module of invariants under 𝑊 (which is isomorphic to the module of co-invariants since the
order of𝑊 is invertible in 𝑘), one sees that the desired vanishing is equivalent to

𝐻0(𝑋,H−1(𝐿𝑋/𝔱𝐷 ) ⊗O𝑋 Ω
1
𝑋/𝑘 )

𝑊 = 0

or again

(9.8.1) 𝐻0(𝐶, 𝐹𝐿 (Ω1
𝑋/𝑘 )) = 0,

where 𝐹𝐿 is the exact functor from the category of O𝑋-modules to that of O𝐶-modules defined
by

𝐹𝐿 (L) = 𝜋∗(H−1(𝐿𝑋/𝔱𝐷 ) ⊗O𝑋 L)𝑊 .
Let us apply the functor 𝐹𝐿 to the exact sequence of O𝑋-modules

(9.8.2) 0 −→ 𝜋∗Ω1
𝐶/𝑘 −→ Ω1

𝑋/𝑘 −→ Ω1
𝑋/𝐶 −→ 0.

We obtain the exact sequence of O𝐶-modules

0 −→ 𝐹𝐿 (𝜋∗Ω1
𝐶/𝑘 ) −→ 𝐹𝐿 (Ω1

𝑋/𝑘 ) −→ 𝐹𝐿 (Ω1
𝑋/𝐶) −→ 0.

The module 𝐹𝐿 (Ω1
𝑋/𝐶) is torsion and its length is 𝜅(𝑋, 𝜋, 𝑓 ), by the very definition of this

invariant. There is therefore an effective divisor 𝐾 on𝐶, of degree bounded above by 𝜅(𝑋, 𝜋, 𝑓 ),
such that

𝐹𝐿 (𝜋∗Ω1
𝐶/𝑘 ) ⊂ 𝐹𝐿 (Ω1

𝑋/𝑘 ) ⊂ 𝐹𝐿 (𝜋∗Ω1
𝐶/𝑘 ) (𝐾).

To prove (9.8.1), it therefore suffices to prove that one has

(9.8.3) 𝐻0(𝐶, 𝐹𝐿 (𝜋∗Ω1
𝐶/𝑘 ) (𝐾)) = 0.

Now, by the projection formula, we have

(9.8.4) 𝐹𝐿 (𝜋∗Ω1
𝐶/𝑘 ) = 𝜋∗(H

−1(𝐿𝑋/𝔱𝐷 ))𝑊 ⊗O𝐶 Ω1
𝐶/𝑘 .

From the obvious injection H−1(𝐿𝑋/𝔱𝐷 ) ↩→ 𝑓 ∗Ω1
𝔱𝐷/𝐶 , we deduce the injections

(9.8.5) 𝜋∗(H−1(𝐿𝑋/𝔱𝐷 ))𝑊 ↩→ 𝜋∗(H−1(𝐿𝑋/𝔱𝐷 )) ↩→ 𝜋∗( 𝑓 ∗Ω1
𝔱𝐷/𝐶)

whence, by tensoring with Ω1
𝐶/𝑘 (𝐾) and by the isomorphism (9.8.4), an injection

(9.8.6) 𝐹𝐿 (𝜋∗Ω1
𝐶/𝑘 ) (𝐾) ↩→ 𝜋∗( 𝑓 ∗Ω1

𝔱𝐷/𝐶) ⊗O𝐶 Ω1
𝐶/𝑘 (𝐾).

We are going to prove that one has

(9.8.7) 𝐻0(𝐶, 𝜋∗( 𝑓 ∗Ω1
𝔱𝐷/𝐶) ⊗O𝐶 Ω1

𝐶/𝑘 (𝐾)) = 0,

which will prove (9.8.3) and hence (9.8.1). The above vanishing is equivalent to

(9.8.8) 𝐻0(𝑋, 𝑓 ∗Ω1
𝔱𝐷/𝐶 ⊗O𝑋 𝜋

∗Ω1
𝐶/𝑘 (𝐾)) = 0.
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Let 𝔱∨ be the dual of the 𝑘-vector space 𝔱. We then have an isomorphism

Ω1
𝔱𝐷/𝐶 = 𝔱∨ ⊗𝑘 𝜒∗𝑝∗O𝐶 (−𝐷)

whence
𝑓 ∗Ω1

𝔱𝐷/𝐶 = 𝔱∨ ⊗𝑘 𝜋∗O𝐶 (−𝐷).
Hence the vanishing (9.8.8) is equivalent to the vanishing

(9.8.9) 𝐻0(𝑋, 𝜋∗(Ω1
𝐶/𝑘 (𝐾 − 𝐷))) = 0.

But, for this last one, it suffices to have
deg(Ω1

𝐶/𝑘 (𝐾 − 𝐷)) < 0

that is
deg(𝐾) < deg(𝐷) − 2𝑔 + 2.

Since deg(𝐾) ⩽ 𝜅(𝑋, 𝜋, 𝑓 ), the condition
𝜅(𝑋, 𝜋, 𝑓 ) < deg(𝐷) − 2𝑔 + 2

is sufficient in order to have the vanishing (9.8.9), hence the vanishing (9.8.1) and hence
Ext2O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)

𝑊 = (0). □

9.9. Estimating the dimension of B𝐺 at smooth points. The aim of this section is to prove
the following proposition.
Proposition 9.9.1. — Let (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑘) be such that

Ext2(𝐿𝑋/𝔱𝐷 ,O𝑋)𝑊 = 0.
We have the inequality

dim𝑘 (A𝐺) − dim𝑘 (Ext1(𝐿𝑋/𝔱𝐷 ,O𝑋)𝑊 ) ⩾ 𝛿(𝑋, 𝜋, 𝑓 ).
In the proof of Proposition 9.9.1, it will be convenient to have the following definition at our

disposal.
Definition 9.9.2. — Let 𝐹Ω be the functor from the category of O𝑋-modules to that of O𝐶-
modules defined, for every O𝑋-module L, by

𝐹Ω(L) = 𝜋∗(L ⊗O𝑋 Ω
1
𝑋/𝑘 )

𝑊 .

Remark 9.9.3. — The functor 𝐹Ω is exact.
Proof. — Under the condition

Ext2O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)
𝑊 = 0,

the desired inequality is equivalent to

deg(𝐹Ω(𝜌∗Ω1
𝑌/𝐶)) − deg(𝐹Ω(Ω1

𝑋/𝐶)) ⩾ 𝛿(𝑋, 𝜋, 𝑓 )
by Proposition 9.10.1 of §9.10 below. Combining Lemmas 9.10.2, 9.10.3 and 9.10.4 of §9.10
below, we obtain

deg(𝐹Ω(𝜌∗Ω1
𝑌/𝐶)) = 𝛿(𝑋, 𝜋, 𝑓 ) + deg((𝔱∨ ⊗𝑘 𝜋∗Ω1

𝑋/𝐶)
𝑊 ).

The desired inequality is therefore equivalent to

deg((𝔱∨ ⊗𝑘 𝜋∗Ω1
𝑋/𝐶)

𝑊 ) − deg(𝐹Ω(Ω1
𝑋/𝐶)) ⩾ 0.

For this it suffices to check that we have
dim𝑘 ((𝔱∨ ⊗𝑘 𝜋∗Ω1

𝑋/𝐶)
𝑊
𝑐 ) ⩾ dim𝑘 (𝐹Ω(Ω1

𝑋/𝐶)𝑐)
for every 𝑐 ∈ 𝐶 (𝑘). Now this last inequality follows from assertions 3 and 4 of Lemma 9.11.1
of §9.11. □
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9.10. In this paragraph we state and prove some results which occur in the proof of Proposi-
tion 9.9.1.
Proposition 9.10.1. — Under the condition

Ext2O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)
𝑊 = 0,

we have
dim𝑘 (Ext1O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)

𝑊 ) = dim(A𝐺) + deg(𝐹Ω(Ω1
𝑋/𝐶)) − deg(𝐹Ω(𝜌∗Ω1

𝑌/𝐶)).

Proof. — For every 𝑘-vector space 𝑉 , we denote by 𝑉∨ its dual. By Serre duality, we have

Ext𝑖O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)
∨ = 𝐻1−𝑖 (𝑋, 𝐿𝑋/𝔱𝐷 ⊗O𝑋 Ω

1
𝑋/𝑘 )

and therefore
(Ext𝑖O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)

∨)𝑊 = 𝐻1−𝑖 (𝐶, 𝐹Ω(𝐿𝑋/𝔱𝐷 )).
The hypothesis of the statement is equivalent to

𝐻−1(𝐶, 𝐹Ω(𝐿𝑋/𝔱𝐷 )) = 0.
We also have, for 𝑖 ⩾ 1,

𝐻𝑖 (𝐶, 𝐹Ω(𝐿𝑋/𝔱𝐷 )) = 0.
The dimension we are looking for, namely dim𝑘 (Ext1O𝑋 (𝐿𝑋/𝔱𝐷 ,O𝑋)

𝑊 ), is equal to the Euler-
Poincaré characteristic, denoted 𝜒(𝐶, 𝐹Ω(𝐿𝑋/𝔱𝐷 )), of 𝑅Γ(𝐶, 𝐹Ω(𝐿𝑋/𝔱𝐷 )). We have a distin-
guished triangle

𝜌∗𝐿𝑌/𝔱𝐷 → 𝐿𝑋/𝔱𝐷 → [𝜌∗Ω1
𝑌/𝐶 → Ω1

𝑋/𝐶] →
and therefore a distinguished triangle

𝐹Ω(𝜌∗𝐿𝑌/𝔱𝐷 ) → 𝐹Ω(𝐿𝑋/𝔱𝐷 ) → [𝐹Ω(𝜌∗Ω1
𝑌/𝐶) → 𝐹Ω(Ω1

𝑋/𝐶)] →,

where the last complex is concentrated in degrees −1 and 0. Consequently we have the equality
between Euler-Poincaré characteristics

𝜒(𝐶, 𝐹Ω(𝐿𝑋/𝔱𝐷 )) = 𝜒(𝐶, 𝐹Ω(𝜌∗𝐿𝑌/𝔱𝐷 )) + 𝜒(𝐶, 𝐹Ω(Ω1
𝑋/𝐶)) − 𝜒(𝐶, 𝐹Ω(𝜌

∗Ω1
𝑌/𝐶)).

By the Riemann-Roch formula, the difference

𝜒(𝐶, 𝐹Ω(Ω1
𝑋/𝐶)) − 𝜒(𝐶, 𝐹Ω(𝜌

∗Ω1
𝑌/𝐶))

is equal to deg(𝐹Ω(Ω1
𝑋/𝐶)) − deg(𝐹Ω(𝜌∗Ω1

𝑌/𝐶)). It remains to compute

𝜒(𝐶, 𝐹Ω(𝜌∗𝐿𝑌/𝔱𝐷 )) = −𝜒(𝐶, 𝐹Ω(𝜌∗H−1(𝐿𝑌/𝔱𝐷 ))).
By Lemma 9.6.1, we have

𝜌∗H−1(𝐿𝑌/𝔱𝐷 ) = 𝜌∗𝜋∗𝑌𝑎
∗Ω1

𝔠𝔞𝔯𝐷/𝐶 = 𝜋∗𝑎∗Ω1
𝔠𝔞𝔯𝐷/𝐶 .

By the projection formula, we therefore have

𝐹Ω(𝜌∗H−1(𝐿𝑌/𝔱𝐷 )) = 𝑎∗Ω1
𝔠𝔞𝔯𝐷/𝐶 ⊗O𝐶 𝜋∗(Ω1

𝑋/𝑘 )
𝑊 .

Now (𝜋∗Ω1
𝑋/𝑘 )

𝑊 = Ω1
𝐶/𝑘 (cf. Lemma 9.11.1, assertion 2) and one may identify 𝑎∗Ω1

𝔠𝔞𝔯𝐷/𝐶 with⊕𝑛

𝑖=1 O𝐶 (−𝑒𝑖𝐷) (cf. the proof of 9.6.2). Hence, using the Riemann-Roch formula, we have

𝜒(𝐶, 𝐹Ω(𝜌∗𝐿𝑌/𝔱𝐷 )) = −
𝑛∑︁
𝑖=1

𝜒(𝐶,Ω1
𝐶/𝑘 (−𝑒𝑖𝐷))

= (𝑒1 + · · · + 𝑒𝑛) deg(𝐷) − 𝑛(𝑔 − 1)
= dim(A𝐺).

This completes the proof. □

42



Lemma 9.10.2. — We have the following equality

deg(𝐹Ω(𝜌∗Ω1
𝑌/𝐶)) = deg(𝐹Ω( 𝑓 ∗Ω1

𝔱𝐷/𝐶)) − deg(𝐹Ω( 𝑓 ∗𝜒∗Ω1
𝔠𝔞𝔯𝐷/𝐶)).

Proof. — Let us apply the functor 𝑓 ∗ to the exact sequence (9.6.1). We obtain the sequence

0 −→ 𝑓 ∗𝜒∗Ω1
𝔠𝔞𝔯𝐷/𝐶 −→ 𝑓 ∗Ω1

𝔱𝐷/𝐶 −→ 𝑓 ∗Ω1
𝔱𝐷/𝔠𝔞𝔯𝐷 −→ 0

which is exact (left exactness is seen as that of sequence (9.6.3)). It follows from (9.6.2) that
𝑓 ∗Ω1

𝔱𝐷/𝔠𝔞𝔯𝐷 = 𝜌∗Ω1
𝑌/𝐶 . Applying the exact functor 𝐹Ω to the above sequence, we obtain the

desired relation. □

Lemma 9.10.3. — We have

deg(𝐹Ω( 𝑓 ∗Ω1
𝔱𝐷/𝐶)) − deg((𝔱∨ ⊗𝑘 𝜋∗(O𝑋))𝑊 ⊗O𝐶 Ω1

𝐶/𝑘 (−𝐷))
= deg((𝔱∨ ⊗𝑘 𝜋∗Ω1

𝑋/𝐶)
𝑊 ).

Proof. — Let us identifyΩ1
𝔱𝐷/𝐶 with 𝜒∗𝑝∗(𝔱∨⊗𝑘O𝐶 (−𝐷)) and 𝑓 ∗Ω1

𝔱𝐷/𝐶 with 𝔱∨⊗𝑘𝜋∗(O𝐶 (−𝐷)).
By the projection formula, we have

(9.10.1) 𝐹Ω( 𝑓 ∗Ω1
𝔱𝐷/𝐶) = (𝔱∨ ⊗𝑘 𝜋∗(Ω1

𝑋/𝑘 ))
𝑊 ⊗O𝐶 O𝐶 (−𝐷).

and

(9.10.2) (𝔱∨ ⊗𝑘 𝜋∗O𝑋)𝑊 ⊗O𝐶 Ω1
𝐶/𝑘 = 𝜋∗(𝔱

∨ ⊗𝑘 𝜋∗Ω1
𝐶/𝑘 )

𝑊 .

Starting from the exact sequence (9.8.2), we see that we have an exact sequence

0 −→ 𝜋∗(𝔱∨ ⊗𝑘 𝜋∗Ω1
𝐶/𝑘 )

𝑊 (−𝐷) −→ 𝜋∗(𝔱∨ ⊗𝑘 Ω1
𝑋/𝑘 )

𝑊 (−𝐷)
−→ 𝜋∗(𝔱∨ ⊗𝑘 Ω1

𝑋/𝐶)
𝑊 (−𝐷) −→ 0

which we rewrite, using (9.10.1) and (9.10.2), as

0 −→ 𝐹Ω( 𝑓 ∗Ω1
𝔱𝐷/𝐶) −→ (𝔱∨ ⊗𝑘 𝜋∗O𝑋)𝑊 ⊗O𝐶 Ω1

𝐶/𝑘 (−𝐷)
−→ 𝜋∗(𝔱∨ ⊗𝑘 Ω1

𝑋/𝐶)
𝑊 (−𝐷) −→ 0.

The announced equality follows from this since we have

deg(𝜋∗(𝔱∨ ⊗𝑘 Ω1
𝑋/𝐶)

𝑊 (−𝐷)) = deg(𝜋∗(𝔱∨ ⊗𝑘 Ω1
𝑋/𝐶)

𝑊 )

in view of the fact that 𝜋∗(𝔱∨ ⊗𝑘 Ω1
𝑋/𝐶)

𝑊 is a torsion O𝐶-module. □

Lemma 9.10.4. — We have

deg((𝔱∨ ⊗𝑘 𝜋∗(O𝑋))𝑊 ⊗O𝐶 Ω1
𝐶/𝑘 (−𝐷)) − deg(𝐹Ω( 𝑓 ∗𝜒∗Ω1

𝔠𝔞𝔯𝐷/𝐶)) = 𝛿(𝑋, 𝜋, 𝑓 ).

Proof. — We shall show the following isomorphism

(9.10.3) 𝐹Ω( 𝑓 ∗𝜒∗Ω1
𝔠𝔞𝔯𝐷/𝐶) = (𝔱∨ ⊗𝑘 𝜋𝑌,∗O𝑌 )𝑊 ⊗O𝐶 Ω1

𝐶/𝑘 (−𝐷)

which immediately gives the result.
Let us start from the relation (cf. Lemma 9.11.1, assertion 1)

Ω1
𝔠𝔞𝔯𝐷/𝐶 = 𝜒∗(Ω1

𝔱𝐷/𝐶)
𝑊 .

Now Ω1
𝔱𝐷/𝐶 is identified with 𝔱∨ ⊗𝑘 𝜒∗𝑝∗O𝐶 (−𝐷). We therefore have

Ω1
𝔠𝔞𝔯𝐷/𝐶 = (𝔱∨ ⊗𝑘 𝜒∗O𝔱𝐷 )𝑊 ⊗O𝔠𝔞𝔯𝐷

𝑝∗O𝐶 (−𝐷).
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Consequently we have

𝑎∗Ω1
𝔠𝔞𝔯𝐷/𝐶 = (𝔱∨ ⊗𝑘 𝑎∗𝜒∗O𝔱𝐷 )𝑊 ⊗O𝐶 O𝐶 (−𝐷)(9.10.4)

= (𝔱∨ ⊗𝑘 𝜋𝑌,∗O𝑌 )𝑊 ⊗O𝐶 O𝐶 (−𝐷)
since 𝑎∗𝜒∗O𝔱𝐷 = 𝜋𝑌,∗O𝑌 . Now we have

𝑓 ∗𝜒∗Ω1
𝔠𝔞𝔯𝐷/𝐶 = 𝜋∗𝑎∗Ω1

𝔠𝔞𝔯𝐷/𝐶 .

Consequently, by the projection formula, we have

𝐹Ω( 𝑓 ∗𝜒∗Ω1
𝔠𝔞𝔯𝐷/𝐶) = 𝑎

∗Ω1
𝔠𝔞𝔯𝐷/𝐶 ⊗O𝐶 𝜋∗(Ω1

𝑋/𝑘 )
𝑊(9.10.5)

= 𝑎∗Ω1
𝔠𝔞𝔯𝐷/𝐶 ⊗O𝐶 Ω1

𝐶/𝑘 ,

the last equality resulting from 𝜋∗(Ω1
𝑋/𝑘 )

𝑊 = Ω1
𝐶/𝑘 (cf. Lemma 9.11.1, assertion 2). Combining

lines (9.10.4) and (9.10.5), we do obtain (9.10.3). □

9.11. Some auxiliary lemmas. We collect in the following lemma some results which have
been used in what precedes.
Lemma 9.11.1. — Let 𝑐 ∈ 𝐶 (𝑘). We have the following relations:

1. 𝜒∗(Ω1
𝔱𝐷/𝐶)

𝑊 = Ω1
𝔠𝔞𝔯𝐷/𝐶;

2. 𝜋∗(Ω1
𝑋/𝑘 )

𝑊 = Ω1
𝐶/𝑘 ;

3. dim𝑘 ((𝔱∨ ⊗𝑘 𝜋∗Ω1
𝑋/𝐶)

𝑊
𝑐 ) = dim(𝔱) − dim(𝔱𝑊𝑥 ) where 𝑊𝑥 ⊂ 𝑊 is the stabilizer of a point

𝑥 ∈ 𝑋 (𝑘) above 𝑐;

4. dim𝑘 (𝐹Ω(Ω1
𝑋/𝐶)𝑐) =

{
0 if 𝑋 is étale above 𝑐;
1 otherwise.

Proof. — Let us prove assertion 1. We deduce from (9.6.1) the exact sequence

0 −→ (𝜒∗𝜒∗Ω1
𝔠𝔞𝔯𝐷/𝐶)

𝑊 −→ (𝜒∗Ω1
𝔱𝐷/𝐶)

𝑊 .

But, by the projection formula, we see that the adjunction map Ω1
𝔠𝔞𝔯𝐷/𝐶 → 𝜒∗𝜒∗Ω1

𝔠𝔞𝔯𝐷/𝐶
identifies Ω1

𝔠𝔞𝔯𝐷/𝐶 with (𝜒∗𝜒∗Ω1
𝔠𝔞𝔯𝐷/𝐶)

𝑊 . Choosing a trivialization of the bundle L𝐷 in a
neighborhood of a point of 𝐶 (𝑘), we are reduced to proving

𝜒∗(Ω1
𝔱/𝑘 )

𝑊 = Ω1
𝔠𝔞𝔯/𝑘 ,

where we denote by 𝜒 the canonical morphism 𝔱 → 𝔠𝔞𝔯. Let 𝑘 (𝔱) be the field of fractions of the
ring of regular functions on 𝔱. Since 𝜒 is generically étale, we have

𝑘 (𝔱) ⊗𝑘 [𝔱] Ω1
𝔱/𝑘 = 𝑘 (𝔱) ⊗𝑘 [𝔱]𝑊 Ω1

𝔠𝔞𝔯/𝑘

whence

(9.11.1) (𝑘 (𝔱) ⊗𝑘 [𝔱] Ω1
𝔱/𝑘 )

𝑊 = (𝑘 (𝔱) ⊗𝑘 [𝔱]𝑊 Ω1
𝔠𝔞𝔯/𝑘 )

𝑊 = 𝑘 (𝔱)𝑊 ⊗𝑘 [𝔱]𝑊 Ω1
𝔠𝔞𝔯/𝑘 .

Let 𝑡1, . . . , 𝑡𝑛 and 𝜎1, . . . , 𝜎𝑛 be homogeneous elements of 𝑘 [𝔱] such that 𝑘 [𝔱] ≃ 𝑘 [𝑡1, . . . , 𝑡𝑛]
and 𝑘 [𝔱]𝑊 ≃ 𝑘 [𝜎1, . . . , 𝜎𝑛]. Let 𝑑Σ ∈ 𝜒∗(Ω1

𝔱/𝑘 )
𝑊 . By (9.11.1), there exist 𝑏1, . . . , 𝑏𝑛 in 𝑘 (𝔱)𝑊

such that 𝑑Σ =
∑𝑛
𝑖=1 𝑏𝑖𝑑𝜎𝑖. Let 𝑖 be an integer 1 ⩽ 𝑖 ⩽ 𝑛. The form

𝑑𝜎1 ∧ · · · ∧ 𝑑Σ ∧ · · · ∧ 𝑑𝜎𝑛 ∈
𝑛∧
Ω1

𝔱/𝑘 ,

where 𝑑Σ replaces 𝑑𝜎𝑖, is invariant under𝑊 . On the other hand, this form is equal to

𝑏𝑖𝑑𝜎1 ∧ · · · ∧ 𝑑𝜎𝑛 = 𝑏𝑖𝐽𝑑𝑡1 ∧ · · · ∧ 𝑑𝑡𝑛,
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where 𝐽 is the Jacobian determinant det( 𝜕𝜎𝑖
𝜕𝑡 𝑗

). We therefore have 𝑏𝑖𝐽 ∈ 𝑘 [𝔱]. The invariance
under 𝑊 of the above form implies that 𝑏 𝑗 𝐽 is anti-invariant, that is to say we have, for every
𝑤 ∈ 𝑊 ,

𝑤(𝑏𝑖𝐽) = det(𝑤)𝑏𝑖𝐽,
where det(𝑤) is the determinant of 𝑤 acting on 𝔱. Now the set of anti-invariant elements of 𝑘 [𝔱]
is 𝑘 [𝔱]𝑊𝐽 (cf. [9, Prop. 6, Chap. V]). This proves that 𝑏𝑖 ∈ 𝑘 [𝔱]𝑊 , whence assertion 1.

Let us pass to the other assertions. Throughout the proof we shall use the following notation.
We denote by 𝑐 a point of 𝐶 (𝑘). Let O𝐶,𝑐 be the completion of the local ring of 𝐶 at 𝑐 and 𝐹𝑐
the field of fractions of O𝐶,𝑐. The 𝐹𝑣-algebra O𝑋 ×O𝐶 𝐹𝑐 is a finite product of fields which are
finite tamely ramified extensions of 𝐹𝑣. They correspond bijectively to the points of 𝑋 (𝑘) above
𝑐. Let 𝑥 be such a point and 𝐹𝑥 the corresponding field. The integral closure of O𝐶,𝑐 in 𝐹𝑥 is the
completion O𝑋,𝑥 of the local ring of 𝑋 at 𝑥. The Weyl group 𝑊 acts on the fiber of 𝑋 above 𝑐.
Let𝑊𝑥 ⊂ 𝑊 be the stabilizer of 𝑥. Since the characteristic of 𝑘 does not divide the order of𝑊 ,
this subgroup is cyclic; it depends on the choice of 𝑥 only up to conjugation. The choice of a
uniformizer 𝜛 of O𝑋,𝑥 makes it possible to identify this ring with the formal power series ring
𝑘 [[𝜛]], and the action of𝑊𝑥 on O𝑋,𝑥 is identified with the continuous action of𝑊𝑥 on 𝑘 [[𝜛]]
which acts by a primitive character 𝜁 on the uniformizer 𝜛. Let 𝑚 be the order of𝑊𝑥 . Then the
subring O𝐶,𝑐 is identified with the subring 𝑘 [[𝜛𝑚]].

Let us prove assertion 2. It suffices to prove it in the formal neighborhood Spec(O𝐶,𝑐) of the
point 𝑐, in which case it reduces to the isomorphism

(𝜋∗Ω1
𝑘 [[𝜛]]/𝑘 )

𝑊𝑥 = Ω1
𝑘 [[𝜛𝑚]]/𝑘 .

Now 𝜋∗Ω1
𝑘 [[𝜛]]/𝑘 is the 𝑘 [[𝜛𝑚]]-module 𝑘 [[𝜛]]𝑑𝜛. Hence its module of invariants under𝑊𝑥

is
𝑘 [[𝜛𝑚]]𝜛𝑚−1𝑑𝜛 = 𝑘 [[𝜛𝑚]]𝑑𝜛𝑚

which is indeed the module Ω1
𝑘 [[𝜛𝑚]]/𝑘 .

Let us prove assertion 3. We have

(𝔱∨ ⊗𝑘 𝜋∗Ω1
𝑋/𝐶)

𝑊
𝑐 � (𝔱∨ ⊗𝑘 𝜋∗Ω1

O𝑋,𝑥/O𝐶,𝑐 )
𝑊𝑥

and 𝜋∗Ω1
O𝑋,𝑥/O𝐶,𝑐 is identified with the 𝑘 [[𝜛𝑚]]-module 𝑘 [[𝜛]]𝑑𝜛/𝜛𝑚−1𝑘 [[𝜛]]𝑑𝜛. Hence,

as a representation of 𝑊𝑥 , it is the sum of the characters 𝜁 𝑖 for 1 ⩽ 𝑖 < 𝑚 with multiplicity 1.
Let 𝔱𝑖 ⊂ 𝔱 be the isotypic component of 𝔱 on which 𝑊𝑥 acts by the character 𝜁 𝑖 for 0 ⩽ 𝑖 < 𝑚.
We therefore have

dim𝑘 ((𝔱∨ ⊗𝑘 𝜋∗Ω1
O𝑋,𝑥/O𝐶,𝑐)

𝑊𝑥 ) =
𝑚−1∑︁
𝑖=1

dim(𝔱𝑚−𝑖)

= dim(𝔱) − dim(𝔱𝑊𝑥 )
whence assertion 3.

Let us prove assertion 4. If 𝑋 is étale above 𝑐, we have Ω1
𝑋/𝐶,𝑥 = 0, whence the desired

vanishing. If 𝑋 is not étale above 𝑐, we have 𝑚 ⩾ 2. By definition, we have 𝐹Ω(Ω1
𝑋/𝐶) =

𝜋∗(Ω1
𝑋/𝐶 ⊗O𝑋 Ω

1
𝑋/𝑘 )

𝑊 . We therefore have

𝐹Ω(Ω1
𝑋/𝐶)𝑐 = 𝜋∗(Ω

1
𝑋/𝐶 ⊗O𝑋 Ω

1
𝑋/𝑘 )

𝑊
𝑐

≃ (𝑘 [[𝜛]]𝑑𝜛 ⊗𝑘 𝑑𝜛/𝜛𝑚−1𝑘 [[𝜛]]𝑑𝜛 ⊗𝑘 𝑑𝜛)𝑊𝑥

≃ 𝑘 [[𝜛𝑚]]/𝜛𝑚𝑘 [[𝜛𝑚]] (𝜛𝑚−2𝑑𝜛 ⊗𝑘 𝑑𝜛)
whence the assertion on the dimension. □
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9.12. The Ngô-Bezrukavnikov formula. Ngô has related the local invariant 𝛿𝑐 to the dimension
of an affine Springer fiber (cf. [29, Prop. 3.7.5 and Cor. 3.8.3]). On the other hand, Bezrukavnikov
has proved (cf. [7]) a formula stated by Kazhdan-Lusztig (cf. [21]) for this dimension. Combining
the two, Ngô obtained the following lemma, of which we give here a direct proof.
Lemma 9.12.1. — Let (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑘) and let 𝑎 ∈ A𝐺 (𝑘) be its image under the morphism
defined in Lemma 9.3.1. For every 𝑐 ∈ 𝐶 (𝑘), we have the following formula:

𝛿𝑐 (𝑋, 𝜋, 𝑓 ) = 1/2(val𝑐 (𝐷𝐺 (𝑎)) − dim𝑘 (𝔱) + dim𝑘 (𝔱𝑊𝑥 )),
where𝑊𝑥 ⊂ 𝑊 is the stabilizer of a point 𝑥 ∈ 𝑋 (𝑘) above 𝑐.
Proof. — Let (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑘) and 𝑎 ∈ A𝐺 (𝑘) be as above. Let 𝑐 ∈ 𝐶 (𝑘) and 𝑥 ∈ 𝑋 (𝑘)
above 𝑐. We take up again the notation of the proof of Lemma 9.11.1. By the definition of
𝛿𝑐 (𝑋, 𝜋, 𝑓 ), it suffices to prove the following two relations (where 𝑚 is the order of𝑊𝑥):

(9.12.1) dim𝑘

( 𝔱 ⊗𝑘 O𝑋,𝑥
𝜋∗(𝔱 ⊗𝑘 𝜋𝑌,∗O𝑌 )𝑊𝑥

)
= 𝑚 val𝑐 (𝐷𝐺 (𝑎))/2

and

(9.12.2) dim𝑘

( 𝔱 ⊗𝑘 O𝑋,𝑥
𝜋∗(𝔱 ⊗𝑘 𝜋∗O𝑋)𝑊𝑥

)
= 𝑚(dim𝑘 (𝔱) − dim𝑘 (𝔱𝑊𝑥 ))/2.

Since one can find a non-degenerate bilinear form invariant under 𝑊 , the above formulas are
equivalent to those obtained when one replaces 𝔱 by its dual 𝔱∨. By formulas (9.10.3) and (9.10.5),
we have

𝜋∗(𝔱∨ ⊗𝑘 𝜋𝑌,∗O𝑌 )𝑊 = 𝜋∗𝑎∗Ω1
𝔠𝔞𝔯/𝐶 = 𝑓 ∗𝜒∗Ω1

𝔠𝔞𝔯/𝐶

and the inclusion 𝜋∗(𝔱∨ ⊗𝑘 𝜋𝑌,∗O𝑌 )𝑊𝑥 ↩→ 𝔱∨ ⊗𝑘 O𝑋,𝑥 is identified with the inclusion of
( 𝑓 ∗𝜒∗Ω1

𝔠𝔞𝔯/𝐶)𝑥 in ( 𝑓 ∗Ω1
𝔱/𝐶)𝑥 . The dimension we are looking for is therefore equal to 𝑚 times

the valuation of the Jacobian determinant 𝐽 considered in the proof of Lemma 9.11.1. Now we
know that, up to a factor in 𝑘×, the square of this Jacobian is equal to the discriminant 𝐷𝐺 (𝑎)
(cf. Proposition 5 of [9]). Formula (9.12.1) follows.

Let us now prove formula (9.12.2). We have

𝜋∗(𝔱 ⊗𝑘 𝜋∗O𝑋)𝑊𝑥 = 𝑘 [[𝜛]]𝔱0 ⊕
𝑚−1⊕
𝑖=1

𝜛𝑚−𝑖𝑘 [[𝜛]]𝔱𝑖 .

We therefore have the following formula:

dim𝑘

( 𝔱 ⊗𝑘 O𝑋,𝑥
𝜋∗(𝔱 ⊗𝑘 𝜋∗O𝑋)𝑊𝑥

)
=

𝑚−1∑︁
𝑖=1

(𝑚 − 𝑖) dim𝑘 (𝔱𝑖)

which gives the desired result in view of the fact that dim𝑘 (𝔱𝑖) = dim𝑘 (𝔱𝑚−𝑖) by the existence of
a non-degenerate bilinear form invariant under𝑊 . □

9.13. A bound for 𝜅 by the discriminant. The aim of this paragraph is to obtain a bound for
𝜅 by a multiple of the discriminant. Beforehand, we shall give another expression for 𝜅.
Lemma 9.13.1. — Let (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑘) and let 𝑐 be a closed point of 𝐶. Then

𝜅𝑐 (𝑋, 𝜋, 𝑓 ) = long(𝜋∗(H−1(𝐿𝑋/𝑌 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊
𝑐 ).

Proof. — We have a distinguished triangle
𝜌∗𝐿𝑌/𝔱𝐷 → 𝐿𝑋/𝔱𝐷 → 𝐿𝑋/𝑌 →,

where we have introduced the complex

𝐿𝑋/𝑌 = [𝜌∗Ω1
𝑌/𝐶 → Ω1

𝑋/𝐶]
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placed in degrees −1 and 0. We therefore have an exact sequence

0 → H−1(𝜌∗𝐿𝑌/𝔱𝐷 ) → H−1(𝐿𝑋/𝔱𝐷 ) → H−1(𝐿𝑋/𝑌 ) → 0

in view of the fact that H0(𝐿𝑌/𝔱𝐷 ) = 0. It follows that we have an exact sequence

𝜋∗(H−1(𝜌∗𝐿𝑌/𝔱𝐷 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊 → 𝜋∗(H−1(𝐿𝑋/𝔱𝐷 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊

→ 𝜋∗(H−1(𝐿𝑋/𝑌 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊 → 0.

By Lemma 9.6.1, we have
H−1(𝜌∗𝐿𝑌/𝔱𝐷 ) = 𝜋∗𝑎∗Ω1

𝔠𝔞𝔯𝐷/𝐶
whence

𝜋∗(H−1(𝜌∗𝐿𝑌/𝔱𝐷 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊 = 𝑎∗Ω1
𝔠𝔞𝔯𝐷/𝐶 ⊗O𝑋 𝜋∗(Ω1

𝑋/𝐶)
𝑊 = 0

since 𝜋∗(Ω1
𝑋/𝐶)

𝑊 = 0 (cf. line (9.7.3)). It follows that we have

𝜋∗(H−1(𝐿𝑋/𝔱𝐷 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊 ≃ 𝜋∗(H−1(𝐿𝑋/𝑌 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊 .

The lemma then follows from the definition of 𝜅𝑐; cf. (9.7.1). □

The following bound, although rather crude, will suffice for what follows.
Proposition 9.13.2. — Let (𝑋, 𝜋, 𝑓 ) ∈ B𝐺 (𝑘) and let 𝑎 ∈ A𝐺 (𝑘) be the corresponding point
under the morphism 𝜓 defined in assertion 3 of Lemma 9.3.1. For every closed point 𝑐 of 𝐶, we
have the inequality

𝜅𝑐 (𝑋, 𝜋, 𝑓 ) ⩽ |𝑊 |/2 val𝑐 (𝐷𝐺 (𝑎)).

Proof. — Let 𝑐 be a closed point of 𝐶. By Lemma 9.13.1, we have

𝜅𝑐 (𝑋, 𝜋, 𝑓 ) = long(𝜋∗(H−1(𝐿𝑋/𝑌 ) ⊗O𝑋 Ω
1
𝑋/𝐶)

𝑊
𝑐 )

⩽ long(𝜋∗(H−1(𝐿𝑋/𝑌 ) ⊗O𝑋 Ω
1
𝑋/𝑘 )

𝑊
𝑐 ),

where the inequality results from the obvious surjection

H−1(𝐿𝑋/𝑌 ) ⊗O𝑋 Ω
1
𝑋/𝑘 → H−1(𝐿𝑋/𝑌 ) ⊗O𝑋 Ω

1
𝑋/𝐶 → 0.

Since we also have an obvious injection

1 → H−1(𝐿𝑋/𝑌 ) ⊗O𝑋 Ω
1
𝑋/𝑘 → 𝜌∗Ω1

𝑌/𝐶 ⊗O𝑋 Ω
1
𝑋/𝑘

and since we have (cf. (9.6.2))
𝜌∗Ω1

𝑌/𝐶 = 𝑓 ∗Ω1
𝔱𝐷/𝔠𝔞𝔯𝐷 ,

it follows that
𝜅𝑐 (𝑋, 𝜋, 𝑓 ) ⩽ long(𝜋∗( 𝑓 ∗Ω1

𝔱𝐷/𝔠𝔞𝔯𝐷 ⊗O𝑋 Ω
1
𝑋/𝑘 )

𝑊
𝑐 ).

Let 𝑥 be a point of 𝑋 above 𝑐. Let𝑊𝑥 ⊂ 𝑊 be the stabilizer of 𝑥 in𝑊 and𝑚 the order of𝑊𝑥 . One
may therefore bound the above length by the length of the O𝑋,𝑥-module ( 𝑓 ∗Ω1

𝔱𝐷/𝔠𝔞𝔯𝐷 ⊗O𝑋 Ω
1
𝑋/𝑘 )𝑥

(where one has removed the invariants under𝑊𝑥). Now the latter is the length of ( 𝑓 ∗Ω1
𝔱𝐷/𝔠𝔞𝔯𝐷 )𝑥 ,

hence it is equal to the valuation (at 𝑥) of the Jacobian determinant 𝐽 considered in the proof of
Lemma 9.11.1, whose square is equal to the discriminant 𝐷𝐺 (𝑎). This length is therefore

𝑚/2 val𝑐 (𝐷𝐺 (𝑎)).
We then obtain the desired bound. □

9.14. In this paragraph we shall prove the following lemma.
Lemma 9.14.1. — Let 𝑎 ∈ A𝐺 (𝑘) and 𝑐 ∈ 𝐶 (𝑘) be such that val𝑐 (𝐷𝐺 (𝑎)) = 1. Then the
cameral curve 𝑌𝑎 associated with 𝑎 is smooth above 𝑐.
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Proof. — By the Ngô-Bezrukavnikov formula (cf. Lemma 9.12.1), there exists an integer 𝛿
such that

1 = val𝑐 (𝐷𝐺 (𝑎)) = 2𝛿 + dim𝑘 (𝔱) − dim𝑘 (𝔱𝑊𝑥 ),
where 𝑊𝑥 ⊂ 𝑊 is the stabilizer of a point 𝑥 ∈ 𝑋 (𝑘) above 𝑐. We therefore have 𝛿 = 0 and
dim𝑘 (𝔱) − dim𝑘 (𝔱𝑊𝑥 ) = 1. Let 𝑀 be the Levi subgroup of 𝐺 defined as the centralizer of 𝔱𝑊𝑥 .
Since 𝔱𝑊𝑥 is of codimension 1 in 𝔱 and is central in 𝑀 , the rank of the derived group of 𝑀 is 1
(rank zero corresponds to 𝑀 = 𝑇 , which is excluded: the group 𝑊𝑥 would then be trivial). In
particular, the group 𝑊𝑥 is equal to the Weyl group of 𝑀 , of order 2. The morphism 𝑋 → 𝐶

in a formal completion of 𝑥 is given by the inclusion 𝑘 [[𝜛2]] ↩→ 𝑘 [[𝜛]]. With the notation
of (9.4.1), we have, by the choice of a trivialization of the line bundle associated with 𝐷, a
morphism 𝑓 : Spec(𝑘 [[𝜛]]) → 𝔱 ×𝑘 Spec(𝑘 [[𝜛2]]). Taking the quotient by 𝑊𝑀 , we obtain
a section Spec(𝑘 [[𝜛2]]) → 𝔠𝔞𝔯𝑀 ×𝑘 Spec(𝑘 [[𝜛2]]). We are thus immediately reduced to the
case where 𝐺 = 𝑀 . Using the decompositions 𝔱 = 𝔷𝑀 ⊕ 𝔱𝑀der and 𝔠𝔞𝔯𝑀 = 𝔷𝑀 ⊕ 𝔠𝔞𝔯𝑀der , where
we denote by 𝔷𝑀 and 𝔱𝑀der the Lie algebras of the center of 𝑀 and of the torus 𝑇 ∩ 𝑀der, we are
reduced to the case where 𝑀 is semi-simple of rank 1. A direct computation shows that the local
germ of the curve 𝑌 is of the form Spec(𝑘 [[𝑢, 𝑦]]/(𝑦2 = 𝑎(𝑢))) with val𝑢 (𝑎(𝑢)) = 1, which is
indeed smooth. □

9.15. Proof of Theorem 9.1.3. The morphism forgetting the datum 𝑡

A𝐺 → A𝐺

makes A𝐺 a finite, étale and Galois covering of A𝐺 with Galois group𝑊 . Composing with this
morphism the functions 𝛿 and 𝜅 of Definitions 9.7.1, we obtain functions still denoted by 𝛿 and
𝜅. The first is upper semi-continuous (cf. Proposition 9.4.4) and the second is only constructible.

We are at last in a position to give the proof of Theorem 9.1.3. We take up again its notation:
in particular, 𝑎 = (ℎ𝑎, 𝑡) ∈ A𝐺 (𝑘) satisfies assertions 1 and 2 of Theorem 9.1.3. The condition

𝜅 < deg(𝐷) − 2𝑔 + 2

therefore defines a constructible subset A𝜅−bon of A𝐺 . We shall show that this subset contains
a neighborhood of the point 𝑎. By [15, Chap. 0, Prop. 9.2.5], it is necessary and sufficient that,
for every irreducible closed subset Y of A𝐺 containing 𝑎, the subset A𝜅−bon ∩Y be dense in Y.
For this, it suffices to prove that A𝜅−bon ∩ Y contains the generic point of Y. It suffices further
to prove the following lemma.
Lemma 9.15.1. — Let 𝐾 be an algebraically closed extension of 𝑘 and 𝑏 a morphism from
Spec(𝐾 [[𝑢]]) to A𝐺 with special fiber 𝑏𝑠 = 𝑎 ×𝑘 𝐾 . Let 𝑏𝜂 be the morphism deduced from 𝑏

on the generic fiber. Then 𝑏𝜂 defines a point of A𝜅−bon.

Proof. — Let ℎ𝑏 be the section of the bundle 𝔠𝔞𝔯𝐷 ×𝑘𝐾 [[𝑢]] above the relative curve
𝐶 ×𝑘 𝐾 [[𝑢]] underlying the datum of 𝑏. Let 𝐶𝜂 and 𝐶𝑠 be the generic and special fibers of this
curve. Let 𝑆 ⊂ 𝐶 be the finite set of closed points of 𝐶 which satisfies assertions 1 and 2 of
Theorem 9.1.3. In what follows, we identify 𝑆 with a set of closed points of 𝐶𝑠 = 𝐶 ×𝑘 𝐾 .
Lemma 9.15.2. — For every closed point 𝑐𝜂 of 𝐶𝜂 which specializes to a point of 𝐶𝑠 − 𝑆 we
have

𝜅𝑐𝜂 (𝑏𝜂) = 0,
where 𝜅𝑐𝜂 is the local invariant defined in (9.7.1).

Proof. — If 𝑐𝜂 specializes to a point at which ℎ𝑎 (𝐶𝑠) does not meet ℜ𝐺
𝑀

and meets transversally
or does not meet 𝔇𝑀 , then ℎ(𝐶𝜂) at 𝑐𝜂 does not meet or meets transversally 𝔇𝐺 . In all cases,
Lemma 9.14.1 implies that the cameral curve associated with 𝑏𝜂 is smooth above 𝑐𝜂, whence
the vanishing of 𝜅 at this point (cf. Proposition 9.7.4).
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If 𝑐𝜂 specializes to a point 𝑐𝑠 at which ℎ(𝐶𝑠) does not meet 𝔇𝑀 and meets transversally or
does not meet ℜ𝐺

𝑀
, then ℎ(𝐶𝜂) at this point meets the divisor 𝔇𝐺 with multiplicity less than or

equal to 2. If this multiplicity is zero or equal to 1, we conclude as before that 𝜅 at 𝑐𝜂 is zero. So
let us suppose that this multiplicity is equal to 2. Let 𝑌 be the cameral curve associated with ℎ𝑏.
Let 𝑌𝑠 and 𝑌𝜂 be its special and generic fibers. Let 𝑦𝑠 be a point above 𝑐𝑠. By hypothesis, there
exists a unique root ±𝛼 of 𝑇 in 𝐺 such that 𝑌𝑠 meets at 𝑦𝑠 the divisor defined by 𝛼. In particular,
the stabilizer in𝑊 of 𝑦𝑠 is of order 2. Let 𝑌𝜂 be the cameral curve associated with ℎ𝑏𝜂 and 𝑦𝜂 a
point above 𝑐𝜂. This point 𝑦𝜂 specializes to a point 𝑦𝑠 ∈ 𝑌𝑠 above 𝑐𝑠. The stabilizer of 𝑦𝜂 in𝑊 is
contained in the stabilizer of 𝑦𝑠, hence its order is at most 2. Replacing if necessary 𝐾 ((𝑢)) by a
purely inseparable extension and 𝐾 [[𝑢]] by its normalization in that extension, we may suppose
that the normalization 𝑋𝜂 of𝑌𝜂 is smooth (cf. [17, Prop. 17.15.14]). Let 𝑥𝜂 be a point of 𝑋𝜂 above
𝑦𝜂. The stabilizer of 𝑥𝜂 in 𝑊 is contained in the stabilizer of 𝑦𝜂, hence is a group of order at
most 2. By the Ngô-Bezrukavnikov formula (Lemma 9.12.1), we know that the valuation of the
discriminant and the difference dim(𝔱) − dim(𝔱𝑊𝑥𝜂 ) have the same parity. Now our hypothesis
is that the valuation of the discriminant is 2. Hence the difference dim(𝔱) − dim(𝔱𝑊𝑥𝜂 ) is even.
If |𝑊𝑥 | = 2, this quantity is equal to 1. Hence𝑊𝑥 = {1} and 𝑋𝜂 is étale above 𝑐𝜂. Consequently,
𝜅 vanishes at 𝑐𝜂 (cf. Proposition 9.7.4). □

By (9.7.2) and the preceding lemma, we have

𝜅(𝑏𝜂) =
∑︁
𝑐𝜂∈𝑆𝜂

𝜅𝑐𝜂 (𝑏𝜂),

where 𝑆𝜂 is the set of points 𝑐𝜂 of 𝐶𝜂 which specialize to points of 𝑆. Proposition 9.13.2 then
gives the bound

𝜅(𝑏𝜂) ⩽ |𝑊 |/2
∑︁
𝑐𝜂∈𝑆𝜂

val𝑐𝜂 (𝐷𝐺 (𝑏𝜂)).

The sum in the above bound is equal to
∑
𝑐∈𝑆 val𝑐 (𝐷𝐺 (𝑏𝑠)). Now 𝑏𝑠 = 𝑎 ×𝑘 𝐾 . Hypothesis 2

of Theorem 9.1.3 implies the new bound
𝜅(𝑏𝜂) < deg(𝐷) − 2𝑔 + 2

which indeed proves that 𝑏𝜂 defines a point of A𝜅−bon, and this completes the proof of
Lemma 9.15.1. □

We have thus proved that A𝜅−bon contains an open neighborhood of 𝑎, which we denote by
𝑈. Let us next show that 𝑈 ⊂ Abon

𝐺
. Let 𝛿 be an integer and A′

𝛿
an irreducible component of a

stratum A𝛿. We must show that if𝑈 ∩ A′
𝛿

is non-empty then we have
dim𝑘 (A′

𝛿) ⩽ dim(A𝐺) − 𝛿.
Up to a finite étale covering, the intersection 𝑈 ∩ A′

𝛿
is the image under the morphism 𝜓

considered in Lemma 9.4.1 of a locally closed subset of B𝐺 . At every point 𝑏 ∈ B𝐺 (𝑘) of this
subset, we have 𝛿(𝑏) = 𝛿 and 𝜅(𝑏) < deg(𝐷) − 2𝑔 + 2. Propositions 9.8.1 and 9.9.1 show that
B𝐺 is smooth at such a point, of dimension ⩽ dim𝑘 (A𝐺) − 𝛿. We therefore have

dim𝑘 (A′
𝛿) = dim𝑘 (𝑈 ∩ A′

𝛿) ⩽ dim(A𝐺) − 𝛿
which is what we had to prove. This completes the proof of Theorem 9.1.3.

10. The cohomological statement extending Ngô’s

10.1. The decomposition theorem In what follows, we denote with an index 0 an object over
F𝑞, and the omission of the index 0 indicates the extension of scalars to 𝑘 . Let 𝐴0 be an integral
F𝑞-scheme of finite type. Following our conventions, we have 𝐴 = 𝐴0 ⊗F𝑞 𝑘 . Let 𝑑𝐴 be the
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dimension of 𝐴. For every point 𝑎 of 𝐴, let 𝑑𝑎 be the dimension of the irreducible closed subset
{𝑎} of 𝐴. Let 𝑖𝑎 = {𝑎} ↩→ 𝑋 and 𝑗𝑎 = {𝑎} ↩→ {𝑎} be the inclusions. We will say that a local
system of Qℓ-vector spaces on the scheme {𝑎} is admissible if it extends to a local system F𝑉
on a dense open subset 𝑉 of {𝑎}. For such a local system F𝑎, we will denote by 𝑗𝑎,!∗F𝑎 the
intermediate extension 𝑗𝑉,!∗F𝑉 of the local system F𝑉 to the whole of {𝑎}, for any small enough
dense open subset 𝑗𝑉 : 𝑉 ↩→ {𝑎}.
Proposition 10.1.1. — ([6, Theorem 5.3.8]) Let 𝐾0 be a pure Qℓ-perverse sheaf of weight 𝑤
on 𝐴0. The perverse sheaf 𝐾 on 𝐴, obtained by extension of scalars from F𝑞 to 𝑘 , admits a
canonical decomposition into a direct sum

𝐾 =
⊕
𝑎∈𝐴

𝑖𝑎,∗ 𝑗𝑎,!∗F𝑎 [𝑑𝑎],

where for all 𝑎 but finitely many, F𝑎 = (0).
Proof. — Uniqueness follows from the fact that

Hom(𝑖𝑎,∗ 𝑗𝑎,!∗F𝑎 [𝑑𝑎], 𝑖𝑎′,∗ 𝑗𝑎′,!∗F𝑎′ [𝑑𝑎′]) = (0)

for all 𝑎 ≠ 𝑎′ in 𝐴. Indeed the restriction to {𝑎}∩{𝑎′} of 𝑗𝑎,!∗F𝑎 [𝑑𝑎] lies in p𝐷⩽−1
𝑐 ({𝑎}∩{𝑎′},Qℓ),

and therefore 𝑖∗𝑎𝑖𝑎′,∗ 𝑗𝑎,!∗F𝑎 [𝑑𝑎] lies in p𝐷⩽−1
𝑐 ({𝑎},Qℓ).

For existence, we proceed by induction on the dimension of 𝐴. Let 𝑗 : 𝑈 ↩→ 𝐴 be an
open subset whose reduction is smooth over F𝑞, which contains all the generic points of the
irreducible components of 𝐴 of dimension 𝑑𝐴 and on which 𝑗∗pH−𝑑𝐴 (𝐾) is a local system and
𝑗∗𝐾 = 𝑗∗pH−𝑑𝐴 (𝐾) [𝑑𝐴]. There then exists a filtration

(0) = 𝐾0 ⊂ 𝐾1 ⊂ 𝐾2 ⊂ 𝐾3 = 𝐾

with 𝐾1/𝐾0 and 𝐾3/𝐾2 supported in 𝐴 −𝑈 and 𝐾2/𝐾1 = 𝑗!,∗ 𝑗∗pH−𝑑𝐴 (𝐾) [𝑑𝐴]. Now for every
pure local system F on𝑈 and every pureQℓ-perverse sheaf 𝐿 of the same weight on 𝐴 supported
by 𝐴 −𝑈, we have

Ext1(𝐿, 𝑗!,∗F ) = Ext1( 𝑗!,∗F , 𝐿) = (0)
(on 𝐴 the Ext0 vanish, as we have already recalled, and the Ext1 cannot have 1 as an eigenvalue
of Frobenius, by Deligne’s theorem). It follows that 𝑗!,∗ 𝑗∗pH−𝑑𝐴 (𝐾) [𝑑𝐴] is a direct factor of 𝐾
with a complement supported by 𝐴 −𝑈. □

10.2. Let 𝑓0 : 𝑀0 → 𝐴0 be a morphism of separated F𝑞-schemes of finite type. Let
𝑓 : 𝑀 → 𝐴 be the morphism obtained by base change from F𝑞 to 𝑘 . We assume that 𝑓0 is
proper, purely of relative dimension 𝑑 𝑓 , and that𝑀0 is smooth, purely of dimension 𝑑𝑀 = 𝑑 𝑓 +𝑑𝐴
over F𝑞. We consider the graded perverse sheaf on 𝐴0, pure in each degree,

𝐾•
0 = pH•(𝑅 𝑓0,∗Qℓ,𝑀0 [𝑑𝑀]) =

⊕
𝑛

pH 𝑛 (𝑅 𝑓0,∗Qℓ,𝑀0 [𝑑𝑀]).

Let 𝐾• be the graded perverse sheaf on 𝐴 deduced from 𝐾•
0 by base change from F𝑞 to 𝑘 . By

Proposition 10.1.1, we have
𝐾• =

⊕
𝑎∈𝐴

𝑖𝑎,∗ 𝑗𝑎,!∗F •
𝑎 [𝑑𝑎] .

where each F •
𝑎 is an admissible graded local system on {𝑎}. Poincaré duality ensures that

F −𝑛
𝑎 = (F 𝑛

𝑎 )∨(𝑑𝑎).
We define the socle of 𝑅 𝑓∗Qℓ,𝑀 [𝑑𝑀] as the finite set

Socle(𝑅 𝑓∗Qℓ,𝑀 [𝑑𝑀]) ⊂ 𝐴
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of the 𝑎 such that F •
𝑎 ≠ (0). For every 𝑎 in this socle, let 𝑛𝑎, resp. 𝑛−𝑎 , be the largest integer 𝑛,

the smallest one, such that F 𝑛
𝑎 ≠ (0). We define the amplitude of F •

𝑎 by

Ampl(F •
𝑎 ) = 𝑛𝑎 − 𝑛−𝑎 ⩾ 0.

Lemma 10.2.1. — Let 𝑎 ∈ Socle(𝑅 𝑓∗Qℓ,𝑀 [𝑑𝑀]). We have the inequalities
Ampl(F •

𝑎 ) ⩽ 2(𝑑 𝑓 − 𝑑𝐴 + 𝑑𝑎)
and

codim𝐴 (𝑎) := 𝑑𝐴 − 𝑑𝑎 ⩽ 𝑑 𝑓 .

Proof. — Let us write as above Ampl(F •
𝑎 ) = 𝑛𝑎 − 𝑛−𝑎 . By Poincaré duality, we have 𝑛𝑎 = −𝑛−𝑎 ,

so that
Ampl(F •

𝑎 ) = 2𝑛𝑎 .
The restriction to {𝑎} of 𝑅𝑑𝑀+𝑛𝑎−𝑑𝑎 𝑓∗Qℓ,𝑀 , which contains F 𝑛𝑎

𝑎 as a direct factor, is nonzero.
Consequently, we have 𝑑𝑀 + 𝑛𝑎 − 𝑑𝑎 ⩽ 2𝑑 𝑓 , or again

Ampl(F •
𝑎 ) ⩽ 2(𝑑 𝑓 − 𝑑𝐴 + 𝑑𝑎).

In particular, we necessarily have codim𝐴 (𝑎) := 𝑑𝐴 − 𝑑𝑎 ⩽ 𝑑 𝑓 . □

10.3. Back to a key result of Ngô. Let 𝑔0 : 𝑃0 → 𝐴0 be a smooth commutative group scheme,
purely of relative dimension 𝑑 𝑓 over 𝐴0, with connected fibers. We assume that 𝑃0 acts on 𝑀0
over 𝐴0. Let

𝑉ℓ𝑃0 = 𝑅2𝑑 𝑓−1𝑔0,!Qℓ (𝑑 𝑓 ).
This is a sheaf on 𝐴0 whose fiber at a geometric point 𝑎̄ of 𝐴0 is the Qℓ-Tate module 𝑉ℓ𝑃0,𝑎̄ of
the fiber of 𝑃0 at 𝑎̄. We have an action of the commutative Lie algebra 𝑉ℓ𝑃0 on 𝑅 𝑓0,∗Qℓ

𝑉ℓ𝑃0 ⊗ 𝑅 𝑓0,∗Qℓ → 𝑅 𝑓0,∗Qℓ [−1] .
For every geometric point 𝑎̄ of 𝐴0, this action induces on the one hand a structure of

∧•𝑉ℓ𝑃0,𝑎̄ =
⊕
𝑖∈N

∧𝑖𝑉ℓ𝑃0,𝑎̄

graded module on the cohomology 𝐻•(𝑀0,𝑎,Qℓ). On the other hand it induces a structure of

∧•𝑉ℓ𝑃0 =
⊕
𝑖∈N

∧𝑖𝑉ℓ𝑃0

module on
pH•(𝑅 𝑓0,∗Qℓ) =

⊕
𝑛∈Z

pH 𝑛 (𝑅 𝑓0,∗Qℓ).

In particular, for every 𝑎 in the socle of 𝑅 𝑓∗Qℓ,𝑀 [𝑑𝑀], it induces a structure of ∧•𝑉ℓ𝑃0,𝑎 on F •
𝑎 .

For each geometric point 𝑎 of 𝐴0 with residue field denoted 𝑘 (𝑎̄), the fiber 𝑃0,𝑎 of 𝑃0 admits
a canonical dévissage

(10.3.1) 1 → 𝑃aff
0,𝑎 → 𝑃0,𝑎 → 𝑃ab

0,𝑎 → 1,

where 𝑃ab
0,𝑎 is an abelian 𝑘 (𝑎)-scheme and 𝑃aff

0,𝑎 is an affine 𝑘 (𝑎)-group scheme. The dimension
of 𝑃aff

0,𝑎 depends only on the image 𝑎 of 𝑎 and will be denoted 𝛿aff
𝑎 . The function 𝑎 ↦→ 𝛿aff

𝑎 is
upper semi-continuous. In particular, if 𝑎 is a point of 𝐴, the function 𝑏 ↦→ 𝛿aff

𝑏
is constant

of value 𝛿aff
𝑎 on a dense open subset of {𝑎}. Let 𝑎 be a geometric point of 𝐴0. We have an

analogous dévissage at the level of the Tate modules

(10.3.2) 0 → 𝑉ℓ𝑃
aff
0,𝑎 → 𝑉ℓ𝑃0,𝑎 → 𝑉ℓ𝑃

ab
0,𝑎 → 0,
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where 𝑉ℓ𝑃ab
0,𝑎 is of dimension 2(𝑑 𝑓 − 𝛿aff

𝑎 ) and 𝑉ℓ𝑃aff
0,𝑎 is of dimension equal to the dimension of

the toric part of 𝑃aff
0,𝑎.

We have just seen above that the cohomology 𝐻•(𝑀0,𝑎,Qℓ) is endowed with a structure of
∧•𝑉ℓ𝑃0,𝑎-graded module. Every splitting of the exact sequence (10.3.2) induces an action of

∧•𝑉ℓ𝑃
ab
𝑎

on 𝐻•(𝑀0,𝑎,Qℓ). This action depends a priori on the splitting. If the geometric point 𝑎 is
localized at a closed point 𝑎 of 𝐴0, the residue field 𝑘 (𝑎) is finite and the extension of 𝑃ab

0,𝑎 by
𝑃aff

0,𝑎 given by (10.3.1) is of finite order. It is therefore split up to an isogeny, and the splitting
obtained is necessarily unique. In particular the sequence (10.3.2) is canonically split (cf. [29,
prop. 7.5.3]).

Let 𝑎 be a point of the socle of 𝑅 𝑓∗Qℓ,𝑀 [𝑑𝑀]. In fact, the dévissage (10.3.1) exists for 𝑎
after a radicial base change. In particular, one can define the dévissage (10.3.2) for 𝑎. By a
weight argument (cf. [29, §7.4.8]), the action of ∧•𝑉ℓ𝑃0,𝑎 on F •

𝑎 factors through an action of
∧•𝑉ℓ𝑃ab

0,𝑎 on F •
𝑎 . Thus F •

𝑎 is a graded module over ∧•𝑉ℓ𝑃ab
0,𝑎.

Following Ngô (cf. [29, §7.1.4]), one says that 𝑉ℓ𝑃0 is polarisable if, locally for the étale
topology of 𝐴0, there exists an alternating bilinear form

𝑉ℓ𝑃0 ×𝑉ℓ𝑃0 → Qℓ (1)
such that, for each geometric point 𝑎 of 𝐴0, the kernel of the bilinear form induced on 𝑉ℓ𝑃𝑎
is 𝑉ℓ𝑃aff

𝑎
and the form induced on 𝑉ℓ𝑃ab

𝑎
is nondegenerate. The following proposition is a

reformulation of a result of Ngô.
Proposition 10.3.1. — Let 𝑓0 : 𝑀0 → 𝐴0 be a morphism of separated F𝑞-schemes of finite
type. Let 𝑔0 : 𝑃0 → 𝐴0 be a smooth commutative group scheme, purely of relative dimension
𝑑 𝑓 over 𝐴0, with connected fibers. Let 𝑃0 × 𝑀0 → 𝑀0 be an action of 𝑃0 on 𝑀0 over 𝐴0.

The following hypotheses:
1. (a) 𝑓0 is proper, purely of relative dimension 𝑑 𝑓 ;

(b) 𝑀0 is smooth, purely of dimension 𝑑𝑀 = 𝑑 𝑓 + 𝑑𝐴 over F𝑞;
2. the Tate module 𝑉ℓ𝑃0 is polarisable;
3. for every geometric point 𝑎̄ localized at a closed point 𝑎 of 𝐴0, the action of ∧•𝑉ℓ𝑃ab

𝑎

on 𝐻•(𝑀𝑎,Qℓ), induced by the canonical splitting of (10.3.2) described above, makes
𝐻•(𝑀𝑎,Qℓ) a free ∧•𝑉ℓ𝑃ab

𝑎
-module;

imply that for every point 𝑎 ∈ Socle(𝑅 𝑓∗Qℓ,𝑀 [𝑑𝑀]), the fiber at 𝑎 of F •
𝑎 is a free ∧•𝑉ℓ𝑃ab

0,𝑎-
module.
Proof. — This is essentially the content of Proposition 7.4.10 of [29]. The hypotheses under
which Ngô places himself in that proposition are not exactly the ones we adopt. More precisely,
we do not assume that the morphism 𝑓0 is projective. In fact, in Ngô’s proof, the projectivity of
𝑓0 only intervenes through Proposition 7.5.1 of [29], whose conclusion is our hypothesis 3. □

Following Ngô, one deduces the following corollary.
Corollary 10.3.2. — Under the hypotheses of Proposition 10.3.1, for every point 𝑎 ∈ 𝐴 which
belongs to the socle of 𝑅 𝑓∗Qℓ,𝑀 [𝑑𝑀], we have the inequalities

Ampl(F •
𝑎 ) ⩾ 2(𝑑 𝑓 − 𝛿aff

𝑎 )
and

𝛿aff
𝑎 ⩾ codim𝐴 (𝑎).

Proof. — The first inequality is an obvious consequence of Proposition 10.3.1 and the second
follows from Lemma 10.2.1. □
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The following lemma will be useful to us in checking the hypotheses of Proposition 10.3.1.
Lemma 10.3.3. — Let 𝛼 : 𝐵′ → 𝐵 be an isogeny between abelian varieties defined over an
algebraically closed field 𝐾 . Let 𝑋 be a 𝐾-scheme (or more generally a Deligne-Mumford
𝐾-stack) endowed with an action of 𝐵′ and with a proper morphism 𝑓 : 𝑋 → 𝐵 which is
𝐵′-equivariant when 𝐵′ acts on 𝐵 by translation via the isogeny 𝛼. Then the action of

𝐻•(𝐵′,Qℓ) = ∧•𝑉ℓ𝐵
′

on 𝐻•(𝑋,Qℓ) induced by the action of 𝐵′ on 𝑋 makes 𝐻•(𝑋,Qℓ) a free ∧•𝑉ℓ𝐵′-module.

Proof. — We consider the cartesian diagram

𝑋0 ×𝐾 𝐵′ 𝛼′ //

pr𝐵′
��

𝑋

𝑓

��
𝐵′

𝛼 // 𝐵,

where pr𝐵′ is the projection onto the second factor, 𝑋0 is the fiber of 𝑓 at the origin of 𝐵 and
𝛼′ is the restriction to 𝑋0 ×𝐾 𝐵′ of the action 𝑋 ×𝐾 𝐵′ → 𝑋 . The cohomology of 𝑋0 ×𝐾 𝐵′,
which is given by the tensor product 𝐻•(𝑋0) ⊗ 𝐻•(𝐵′), is obviously a free module over ∧•𝑉ℓ𝐵′.
The cohomology of 𝑋 is identified with the invariants under ker(𝛼) in the cohomology of
𝑋 ×𝐵 𝐵′ ≃ 𝑋0 ×𝐾 𝐵′. Now ker(𝛼) acts trivially on 𝐻•(𝐵′) by the usual homotopy argument.
Thus the cohomology of 𝑋 is identified with 𝐻•(𝑋)ker(𝛼) ⊗𝐻•(𝐵′) and it is thus free as a module
over ∧•𝑉ℓ𝐵′. □

10.4. Néron model. We return to the notation used since the beginning of the article. Let
𝑎 ∈ A𝐺 be a closed point. Let 𝜈 : 𝐽𝑎 ↩→ 𝐽𝑎 be the Néron model of the group scheme 𝐽𝑎 over 𝐶.
The arrow 𝜈 is an isomorphism over the open subset𝑈𝑎, so that the quotient 𝐽𝑎/𝐽𝑎 has punctual
support. We have the following proposition, due to Ngô (cf. [29, cor. 4.8.1]).
Proposition 10.4.1. — Let 𝑎 = (ℎ𝑎, 𝑡) ∈ A𝐺 (𝑘). Let 𝜌𝑎 : 𝑋𝑎 → 𝑌𝑎 be the normalization of the
curve 𝑌𝑎. There exists a unique isomorphism

𝐽𝑎
∼−→ (𝑋∗(𝑇) ⊗Z 𝜋𝑎,∗𝜌𝑎,∗G𝑚,𝑋𝑎)𝑊 ,

where the exponent𝑊 denotes the fixed points under𝑊 , which fits into the cartesian square

𝐽𝑎 //
� _

𝜈

��

(𝑋∗(𝑇) ⊗Z 𝜋𝑎,∗G𝑚,𝑌𝑎)𝑊� _

��

𝐽𝑎
∼ // (𝑋∗(𝑇) ⊗Z 𝜋𝑎,∗𝜌𝑎,∗G𝑚,𝑋𝑎)𝑊 ,

where
– the top horizontal arrow is obtained by base change by ℎ𝑎 from the morphism

𝐽𝐺𝐷 −→ (𝑋∗(𝑇) ⊗Z (𝜒𝑇𝐺)∗G𝑚,𝔱𝐷 )
𝑊

deduced from (3.4.1);
– the right vertical arrow is induced by the adjunction arrow

G𝑚,𝑌𝑎 ↩→ 𝜌𝑎,∗G𝑚,𝑋𝑎 .

In particular, the Lie algebra of 𝐽𝑎 is the commutative Lie algebra with underlying vector bundle

(𝑋∗(𝑇) ⊗Z 𝜋𝑎,∗𝜌𝑎,∗O𝑋𝑎)𝑊 .

53



10.5. Application to the Hitchin fibration. From now on we assume that the group 𝐺 is
semi-simple. Let (𝐺0, 𝑇0) be a pair formed of a connected reductive group 𝐺0 over F𝑞 and of
𝑇0 ⊂ 𝐺0 a maximal F𝑞-subtorus, split over F𝑞. Let 𝜏 be the Frobenius automorphism of 𝑘 given
by 𝑥 ↦→ 𝑥𝑞. In what follows we limit ourselves to the case where the pair (𝐺,𝑇) is obtained
from (𝐺0, 𝑇0) after extension of scalars from F𝑞 to 𝑘 . The pair (𝐺,𝑇) is then endowed with the
natural action of 𝜏.

We fixed in Section 4.1 a curve 𝐶, projective, smooth and connected over 𝑘 , as well as a
divisor 𝐷 and a point ∞ ∈ 𝐶 (𝑘). From now on we assume that 𝐶 comes by base change from a
curve 𝐶0 over F𝑞. We again denote by 𝜏 the automorphism 1 × 𝜏 of 𝐶 = 𝐶0 ×F𝑞 𝑘 . We assume
that 𝐷 and ∞ are fixed under 𝜏.

The scheme A𝐺 is then endowed with the natural action of the Frobenius 𝜏. The latter leaves
stable the closed subschemes A𝑀 for 𝑀 ∈ L𝐺 (𝑇). Likewise, the stack M𝐺 is endowed with the
natural action of 𝜏. Let 𝜉 ∈ 𝔞𝑇 in general position (cf. Remark 4.9.2). Let 𝑓 𝜉 : M𝜉

𝐺
→ A𝐺 be

the truncated Hitchin morphism, which is proper with smooth source over 𝑘 (cf. §4.9). Then the
open substack M𝜉

𝐺
is stable under 𝜏 and the morphism 𝑓 𝜉 is 𝜏-equivariant. Equivalently, one

could have directly defined objects 𝑓 𝜉0 : M𝜉

𝐺0
→ A𝐺0 over F𝑞 which give back, after extension

of scalars from F𝑞 to 𝑘 , the analogous objects denoted without the index 0.
Let 𝑑M 𝜉 be the relative dimension of 𝑓 𝜉 . Let us recall that we have defined an open subset

Abon
𝐺

of A𝐺 (cf. Definition 9.1.1).
Theorem 10.5.1. — The socle of the restriction of 𝑅 𝑓 𝜉∗ Qℓ [𝑑M 𝜉 ] to Abon is entirely contained
in the elliptic open subset Aell ∩ Abon, so that if

𝑗 : Aell ∩ Abon ↩→ Abon

is the inclusion of this open subset, we have a canonical isomorphism
pH 𝑖 (𝑅 𝑓 𝜉∗ Qℓ [𝑑M 𝜉 ]) � 𝑗!∗ 𝑗∗pH 𝑖 (𝑅 𝑓 𝜉∗ Qℓ [𝑑M 𝜉 ])

on Abon for every integer 𝑖.

Proof. — We are going to apply Corollary 10.3.2 to the Hitchin fibration M𝜉 endowed with
the action of the Picard stack J 1. We shall deduce from it that every 𝑎 which is in the socle
of 𝑅 𝑓 𝜉∗ Qℓ [𝑑M 𝜉 ] satisfies the inequality 𝛿aff

𝑎 ⩾ codimA (𝑎). We shall then show that one has
𝛿aff
𝑎 ⩽ 𝛿𝑎 with equality if and only if 𝑎 is elliptic. Hence, if 𝑎 is not elliptic, 𝑎 cannot be in Abon.

We shall first of all show that for every 𝑎 ∈ A𝐺 (𝑘), the fiber M𝜉
𝑎 satisfies the hypotheses

required by Proposition 10.3.1 and Corollary 10.3.2. For this, we apply Lemma 10.3.3 not to
M𝑎 but to a homeomorphic stack, which suffices to prove the freeness of the cohomology of
M𝑎.

Let 𝑀 ∈ L𝐺 be such that 𝑎 is the image of a point (ℎ𝑎𝑀 , 𝑡) ∈ Aell
𝑀
(𝑘)𝜏. Let 𝑋𝑎 = 𝜀𝑀 (ℎ𝑎𝑀 ) ∈

𝔪(𝐹) where 𝜀𝑀 is the Kostant section and 𝐹 is the function field of 𝐶. Let A be the ring of
adèles of 𝐹 and O the product of the completions of the local rings of the closed points of 𝐶.
Let 𝑆 be the finite set of closed points of𝐶 complementary to the open subset ℎ−1

𝑎𝑀
(𝔠𝔞𝔯reg

𝑀,𝐷
). For

every 𝑣 ∈ 𝑆, let S𝑣 be the affine Springer fiber associated with 𝑣 and 𝑋𝑎. Let 𝐹𝑣 be the fraction
field of the completion of the local ring O𝑣 at 𝑣. Let 𝐽 be the centralizer of 𝑋𝑎 in 𝑀 ×𝑘 𝐹. The
ind-scheme 𝐽 (𝐹𝑣)/𝐽 (O𝑣) acts on S𝑣. Let 𝔛 be the contracted product of 𝐽 (A)/𝐽 (O) ×∏

𝑣∈𝑆 S𝑣
by the diagonal action of

∏
𝑣 𝐽 (𝐹𝑣)/𝐽 (O𝑣). The stack quotient of 𝔛 by the action (on the

first factor) of 𝐽 (𝐹) is homeomorphic to the Hitchin fiber M𝑎. The homeomorphism between
[𝐽 (𝐹)\𝔛] and M𝑎 is equivariant under the action of the Picard stack J𝑎 = [𝐽 (𝐹)\𝐽 (A)/𝐽 (O)].

The latter admits as a quotient [𝐽 (𝐹)\𝐽 (A)/𝐽 (O)∏𝑣 𝐽 (𝐹𝑣)], which is isogenous to the stack
J ab
𝑎 of 𝐽𝑎-torsors, where 𝐽𝑎 is the Néron model of 𝐽𝑎. The stack J𝑎 acts on [𝐽 (𝐹)\𝔛] and the

obvious morphism from [𝐽 (𝐹)\𝔛] to [𝐽 (𝐹)\𝐽 (A)/𝐽 (O)∏𝑣 𝐽 (𝐹𝑣)] is J𝑎-equivariant.
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More generally, one can define a “truncated” 𝔛𝜉 whose quotient by 𝐽 (𝐹) is endowed with an
action by J 1

𝑎 and is homeomorphic, in a J 1
𝑎 -equivariant way, to M𝜉

𝑎 . We have a J 1
𝑎 -equivariant

morphism from [𝐽 (𝐹)\𝔛𝜉] to [𝐽 (𝐹)\𝐽 (A)/𝐽 (O)∏𝑣 𝐽 (𝐹𝑣)] whose image is isogenous to the
stack J 1,ab

𝑎 , the image of J 1
𝑎 in J ab

𝑎 . One obtains an action of J 1,ab
𝑎 on [𝐽 (𝐹)\𝔛𝜉] by choosing,

as is legitimate, a section up to isogeny of the canonical morphism J 1,ab
𝑎 → J 1

𝑎 .
The hypotheses of Lemma 10.3.3 are therefore satisfied for the quotient

[𝐽 (𝐹)\𝔛𝜉]

and one deduces from it the desired freeness of the cohomology of [𝐽 (𝐹)\𝔛𝜉], hence of M𝜉
𝑎 .

Let us now compare, for a point 𝑎 of A𝐺 , the invariants 𝛿𝑎 and 𝛿aff
𝑎 . The stack J 1

𝑎 is a
Deligne-Mumford stack whose automorphism groups are all the finite group 𝐻0(𝐶, 𝐽𝑎). Let
J 0
𝑎 be the neutral component of J 1

𝑎 . We recall that 𝐽𝑎 is the Néron model of 𝐽𝑎. Let J 0,ab
𝑎

be the abelian scheme which represents the functor of isomorphism classes of 𝐽𝑎-torsors. The
morphism J 0 −→ J 0,ab, which sends a 𝐽𝑎-torsor to the class of the 𝐽𝑎-torsor obtained when
one pushes it out by the canonical morphism 𝐽𝑎 → 𝐽𝑎, fits into the exact sequence

1 −→ J 0,aff −→ J 0 −→ J 0,ab −→ 0,

where the kernel J 0,aff is the quotient of an affine algebraic group by the finite group 𝐻0(𝐶, 𝐽𝑎)
acting trivially. We are going to compute the dimension of these objects by a Lie algebra
computation. The exact sequence

1 −→ 𝐽𝑎 −→ 𝐽𝑎 −→ 𝐽𝑎/𝐽𝑎 −→ 1

gives the long exact sequence

1 −→ 𝐻0(𝐶, 𝐽𝑎) −→ 𝐻0(𝐶, 𝐽𝑎) −→ 𝐻0(𝐶, 𝐽𝑎/𝐽𝑎)

−→ 𝐻1(𝐶, 𝐽𝑎) −→ 𝐻1(𝐶, 𝐽𝑎) −→ 1
since 𝐽𝑎/𝐽𝑎, having punctual support, has trivial 𝐻1. Let 𝛿aff

𝑎 = dim(J 0,aff). We therefore have

𝛿aff
𝑎 = dim(J 0) − dim(J 0,ab)

= dim(𝐻1(𝐶, 𝐽𝑎)) − dim(𝐻0(𝐶, 𝐽𝑎)) − dim(𝐻1(𝐶, 𝐽𝑎))
= dim(𝐻0(𝐶, 𝐽𝑎/𝐽𝑎)) − dim(𝐻0(𝐶, 𝐽𝑎)),

the last equality coming from the long exact sequence above.
By 10.4.1, we have

dim(𝐻0(𝐶, 𝐽𝑎/𝐽𝑎)) = dim𝑘 (𝐻0(𝐶, (𝔱 ⊗𝑘 𝜋𝑌𝑎 ,∗(𝜌𝑎,∗O𝑋𝑎/O𝑌𝑎))𝑊 ))
= 𝛿𝑎,

where 𝛿𝑎 is the value at 𝑎 of the function 𝛿 considered in Section 9. It also follows from 10.4.1
that one has

𝐻0(𝐶, 𝐽𝑎) = 𝑇𝑊𝑎 ,
where 𝑊𝑎 is the subgroup of 𝑊𝐺 defined in Section 7.2. Combining the previous results, we
have

𝛿aff
𝑎 = 𝛿𝑎 − dim(𝑇𝑊𝑎).

Let us now assume 𝑎 ∉ Aell
𝐺

. It follows that for a certain 𝑀 ∈ L𝐺 , one has 𝑎 ∈ A𝑀 and
therefore 𝑊𝑎 ⊂ 𝑊𝑀 (cf. Proposition 8.2.1). In particular, the center of 𝑀 is contained in 𝑇𝑊𝑎 .
We therefore have dim(𝑇𝑊𝑎) > 0 and

𝛿aff
𝑎 < 𝛿𝑎 .
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Let us assume moreover that 𝑎 ∈ Abon
𝐺

(cf. Definition 9.1.1). We therefore have 𝛿𝑎 ⩽ codimA (𝑎)
which, combined with the previous inequality, gives

(10.5.1) 𝛿aff
𝑎 < codimA (𝑎).

Suppose that 𝑎 ∉ Aell
𝐺

lies in the socle of the restriction of 𝑅 𝑓 𝜉∗ Qℓ [𝑑M 𝜉 ] to Abon. By Corol-
lary 10.3.2 (whose hypotheses we have checked at the beginning of the proof)), we have the
inequality

𝛿aff
𝑎 ⩾ codimA (𝑎).

But this manifestly contradicts (10.5.1). Hence every 𝑎 ∈ A𝐺 which is in the socle of the
restriction of 𝑅 𝑓 𝜉∗ Qℓ [𝑑M 𝜉 ] to Abon belongs to the open subset Aell

𝐺
. □

10.6. The spaces A𝑠,𝜌. In this paragraph, we define the space A𝑠,𝜌 associated with a
“geometric endoscopic datum” of 𝐺 (cf. Definition 10.6.3 below) and we give some of its
properties. We do not assume 𝐺 semi-simple. The notation is that of the previous paragraph.
Let 𝑎 ∈ A𝐺 . We introduced in Section 7.2 the subgroup 𝑊𝑎 of 𝑊𝐺 which is the stabilizer of
the irreducible component of 𝑌𝑎 passing through the point ∞𝑌𝑎 . Let𝑊0

𝑎 be the normal subgroup
of 𝑊𝑎 generated by the stabilizers in 𝑊𝑎 of the points of the irreducible component of the
normalization of 𝑌𝑎 passing through the point ∞𝑌𝑎 . If 𝑎̄ is a geometric point of A𝐺 localized
at 𝑎, the open subset 𝑉𝑎̄, pointed by ∞𝑌𝑎̄ (with the notation of §7.2), is an étale covering of the
open subset 𝑈𝑎̄ pointed by ∞. The fiber of this covering at ∞ is endowed with an action of the
fundamental group 𝜋1(𝑈𝑎̄,∞). Using the point ∞𝑌𝑎̄ of this fiber, one obtains a morphism

𝜋1(𝑈𝑎̄,∞) → 𝑊𝑎 .

The image of the inertia

Ker(𝜋1(𝑈𝑎̄,∞) → 𝜋1(𝐶 ×𝑘 𝑘 (𝑎̄),∞))

is precisely the subgroup𝑊0
𝑎 . One deduces from it a morphism

(10.6.1) 𝜋1(𝐶,∞) → 𝑊𝑎/𝑊0
𝑎 .

We have an exact sequence

1 −→ 𝜋1(𝐶,∞) −→ 𝜋1(𝐶0,∞) −→ Gal(𝑘/F𝑞) −→ 1

which is canonically split by the rational point ∞. We note that the homomorphism (10.6.1) is
stable under Gal(𝑘/F𝑞).
Definition 10.6.1. — For every 𝑠 ∈ 𝑇 , we introduce the following groups

– 𝑊𝑠 is the subgroup of𝑊𝐺 defined by

𝑊𝑠 = {𝑤 ∈ 𝑊𝐺 | 𝑤 · 𝑠 = 𝑠};

– 𝑊0
𝑠 is the subgroup of 𝑊𝐺 generated by the simple reflections associated with the roots

𝛼 ∈ Φ𝐺 such that 𝛼∨(𝑠) = 1;
– 𝐺𝑠 is the connected reductive group over 𝑘 with Langlands dual 𝑍

𝐺
(𝑠)0, the connected

centralizer of 𝑠 in 𝐺.
Remark 10.6.2. — The subgroup 𝑊0

𝑠 is a normal subgroup of 𝑊𝑠. It is moreover identified
with the Weyl group of 𝐺𝑠.
Definition 10.6.3. — We call geometric endoscopic datum of 𝐺 the datum of a pair (𝑠, 𝜌) with

1. 𝑠 ∈ 𝑇 ;
2. 𝜌 : 𝜋1(𝐶,∞) → 𝑊𝑠/𝑊0

𝑠 is a continuous homomorphism, fixed by Gal(𝑘/F𝑞).
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Let (𝑠, 𝜌) be a geometric endoscopic datum of 𝐺 and let

A𝑠,𝜌

be the part of A formed of the 𝑎 for which the following conditions are satisfied:
– 𝑊𝑎 ⊂ 𝑊𝑠;
– 𝑊0

𝑎 ⊂ 𝑊0
𝑠

– the composite homomorphism

𝜋1(𝐶,∞) → 𝑊𝑎/𝑊0
𝑎 → 𝑊𝑠/𝑊0

𝑠

is equal to 𝜌.
Proposition 10.6.4. — For a geometric endoscopic datum (𝑠, 𝜌) of 𝐺, the part A𝑠,𝜌 is closed
in A𝐺 and stable under the Frobenius 𝜏.

Proof. — Let 𝐺𝑠 be the connected reductive group over 𝑘 associated with 𝑠 (cf. Defini-
tion 10.6.1). The group 𝑊𝑠, which acts on 𝑇 , also acts on the set Φ𝐺𝑠

𝑇
of roots of 𝑇 in 𝐺𝑠.

The subgroup 𝑊0
𝑠 is identified with the Weyl group of (𝐺𝑠, 𝑇). Let Δ𝐺𝑠

𝑇
be a set of simple

roots of 𝑇 in 𝐺𝑠. Let 𝑊ext
𝑠 be the subgroup of 𝑊𝑠 which leaves Δ

𝐺𝑠
𝑇

fixed. One then has a
decomposition into a semi-direct product 𝑊𝑠 = 𝑊

0
𝑠 ⋊𝑊

ext
𝑠 . The set Δ𝐺𝑠

𝑇
is not unique, but one

passes from one choice to another by the action of a unique element of𝑊0
𝑠 , so that changing Δ

𝐺𝑠
𝑇

amounts to conjugating𝑊ext
𝑠 by an element𝑊0

𝑠 . One completes the datum of Δ𝐺𝑠
𝑇

into a pinning
(𝐵𝑠, 𝑇, {𝑋𝛼}𝛼∈Δ𝐺𝑠

𝑇

) of 𝐺𝑠. By this choice, one identifies the group𝑊ext
𝑠 with a subgroup, again

denoted 𝑊ext
𝑠 , of the group of automorphisms of 𝐺𝑠 which leave the pinning stable. Let Wext

𝑠

be the𝑊ext
𝑠 -torsor over 𝐶 endowed with a trivialization of its fiber at ∞, deduced from

𝜌 : 𝜋1(𝐶,∞) → 𝑊𝑠/𝑊0
𝑠 ≃ 𝑊ext

𝑠 .

Since 𝑊ext
𝑠 leaves 𝑊0

𝑠 invariant, this group acts on 𝔠𝔞𝔯𝐺𝑠 = 𝔱//𝑊0
𝑠 and one can introduce the

𝐶-scheme 𝔠𝔞𝔯𝐺𝑠 ,𝜌 which is the contracted product

𝔠𝔞𝔯𝐺𝑠 ,𝜌 = 𝔠𝔞𝔯𝐺𝑠 ×
𝑊ext
𝑠

k Wext
𝑠 .

One also introduces its variant

𝔠𝔞𝔯𝐺𝑠 ,𝜌,𝐷 = L𝐷 ×G𝑚,𝐶
𝐶

𝔠𝔞𝔯𝐺𝑠 ,𝜌 .

This scheme, fibered over 𝐶, is endowed with an isomorphism of its fiber at ∞ onto 𝔠𝔞𝔯𝐺𝑠
(deduced from the canonical trivialization of L𝐷 and from the fixed trivialization of Wext

𝑠 ).
Imitating the construction of §4.4, one introduces the quasi-projective scheme A𝐺- reg

𝐺𝑠 ,𝜌
which

classifies the pairs 𝑎 = (ℎ𝑎, 𝑡), where
– ℎ𝑎 ∈ 𝐻0(𝐶, 𝔠𝔞𝔯𝐺𝑠 ,𝜌,𝐷);
– 𝑡 ∈ 𝔱𝐺−reg with 𝜒𝐺𝑠 (𝑡) = ℎ𝑎 (∞).

One then has an obvious morphism

𝜒
𝐺𝑠 ,𝜌

𝐺
: A𝐺- reg

𝐺𝑠 ,𝜌
→ A𝐺 .

The proposition then follows from the following proposition, the stability under Frobenius being
obvious. □

Proposition 10.6.5. — The morphism 𝜒
𝐺𝑠 ,𝜌

𝐺
defined in the course of the proof of Proposi-

tion 10.6.4 is a closed immersion with image A𝐺𝑠 ,𝜌.

57



Proof. — We refer the reader to [29, props. 6.3.2 and 6.3.3]. □

A particular case of Proposition 10.6.5 is that of a geometric endoscopic datum (𝑠, 𝜌) whose
homomorphism 𝜌 is the trivial homomorphism, denoted 1. The closed subset A𝑠,1 is then the
image of the obvious morphism

𝜒
𝐺𝑠
𝐺

: A𝐺- reg
𝐺𝑠

→ A𝐺 ,

where A𝐺- reg
𝐺𝑠

is the “𝐺-regular” open subset of the space A𝐺𝑠 for the reductive group 𝐺𝑠 of
Definition 10.6.1 (cf. §4.4). Since this space A𝐺𝑠 will no longer intervene in what follows, we
prefer to reserve this notation for the 𝐺-regular open subset: we set, somewhat abusively,

A𝐺𝑠 = A𝐺- reg
𝐺𝑠

.

We introduce, as in Definition 4.4.1, an elliptic open subset Aell
𝐺𝑠

of A𝐺𝑠 , which is nonempty
for reasons of dimension.
Proposition 10.6.6. — The locally closed part 𝜒𝐺𝑠

𝐺
(A𝐺𝑠 ) ∩Aell

𝐺
is nonempty if and only if one

has the equality
𝑍0
𝐺
= 𝑍0

𝐺𝑠

between the connected centers of the dual groups 𝐺 and 𝐺𝑠. In case of equality, one has
moreover

𝜒
𝐺𝑠
𝐺

(A𝐺𝑠 ) ∩ Aell
𝐺 = 𝜒

𝐺𝑠
𝐺

(Aell
𝐺𝑠
).

Remark 10.6.7. — When 𝐺 is semi-simple, the dual group 𝐺 is semi-simple too, and the
condition on the centers is equivalent to the fact that 𝐺𝑠, hence 𝐺𝑠, is semi-simple.

Proof. — Let 𝐻 = 𝐺𝑠, 𝑎𝐻 ∈ A𝐻 and 𝑎 = 𝜒𝐻
𝐺
(𝑎). One then has 𝑊𝑎 = 𝑊𝑎𝐻 by a variant of

Lemma 8.2.2. Also, in the notation we shall not distinguish 𝑎 and 𝑎𝐻 and we shall omit 𝜒𝐻
𝐺

.
The proof follows from the two lemmas below. □

Lemma 10.6.8. — For every 𝑎 ∈ Aell
𝐺

∩ A𝐻 , one has 𝑎 ∈ Aell
𝐻

and 𝑍0
𝐻
= 𝑍0

𝐺
.

Proof. — Let 𝑀′ be the smallest element of L𝐻 (𝑇) such that 𝑊𝑎 ⊂ 𝑊𝑀 ′ . Let 𝑀 ∈ L𝐺 (𝑇)
whose dual 𝑀 is identified with the Levi subgroup 𝑍

𝐺
(𝑍0

𝑀 ′) of 𝐺 (this is the centralizer in

𝐺 of the maximal central torus of 𝑀′). One therefore has 𝑊𝑎 ⊂ 𝑊𝑀 ′ ⊂ 𝑊𝑀 and 𝑎 ∈ A𝑀

(by Proposition 8.2.1). Since 𝑎 ∈ Aell
𝐺

, one has 𝑀 = 𝐺 and 𝑍0
𝑀 ′ ⊂ 𝑍

𝐺
, whence the equality

𝑍0
𝐻
= 𝑍0

𝑀 ′ = 𝑍𝐺 and 𝑎 ∈ Aell
𝐻

(by an application of Proposition 8.2.1 to 𝐻 and its Levi subgroup
𝑀′). □

Lemma 10.6.9. — If 𝑍0
𝐻
= 𝑍0

𝐺
, one has Aell

𝐻
⊂ Aell

𝐺
.

Proof. — Let 𝑎 ∈ Aell
𝐻

and 𝑀 the smallest element of L𝐺 (𝑇) such that 𝑊𝑎 ⊂ 𝑊𝑀 . By
Proposition 10.6.5, one has 𝑊𝑎 ⊂ 𝑊𝐻 . One therefore has 𝑊𝑎 ⊂ 𝑊𝑀 ′ where 𝑀′ ∈ L𝐻 (𝑇) is
defined dually by 𝑀′ = 𝑀 ∩ 𝐻. Since 𝑎 is elliptic in 𝐻, one has 𝑀′ = 𝐻, hence 𝐻 ⊂ 𝑀 , hence
𝑍0
𝑀

⊂ 𝑍0
𝐻

. The condition 𝑍0
𝐻
= 𝑍0

𝐺
implies that 𝑀 = 𝐺, that is to say 𝑎 ∈ Aell

𝐺
. □

Proposition 10.6.10. — Assume 𝐺 semi-simple. The set of geometric endoscopic data (𝑠, 𝜌) of
𝐺 such that one has

(10.6.2) A𝑠,𝜌 ∩ Aell
𝐺 ≠ ∅

is finite.
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Proof. — As 𝑠 runs through 𝑇 , there are only finitely many possibilities for the groups 𝐺𝑠,
𝑊𝑠 and 𝑊0

𝑠 . Since the group 𝜋1(𝐶,∞) is topologically generated by 2𝑔 generators, there are
only finitely many possible morphisms 𝜌. It therefore suffices to prove that there exists a finite
subset of 𝑇 containing all the 𝑠 which belong to an endoscopic datum (𝑠, 𝜌) for which the
condition (10.6.2) is satisfied. So let such an 𝑠 be given and let 𝑍𝑊𝑠

𝐺𝑠
be the diagonalizable group

of fixed points under 𝑊𝑠 of the center of 𝐺𝑠. Since this group obviously contains 𝑠, it suffices
to see that it is finite, in other words that its neutral component, denoted 𝑆, is trivial. Let 𝑀 be
the centralizer in 𝐺 of the torus 𝑆. Its dual 𝑀 is a Levi subgroup of 𝐺. Since𝑊𝑠 centralizes 𝑆,
one has𝑊𝑠 ⊂ 𝑊𝑀 . By the hypothesis (10.6.2), there exists 𝑎 ∈ A𝑠,𝜌 ∩ Aell

𝐺
. One therefore has

𝑊𝑎 ⊂ 𝑊𝑠 ⊂ 𝑊𝑀 . By Proposition 8.2.1, one has 𝑎 ∈ A𝑀 . Since 𝑎 is elliptic in 𝐺, it follows that
𝑀 = 𝐺. Hence 𝑆 is a central torus of 𝐺, which is assumed to be semi-simple. Thus 𝑆 is trivial,
which is what we had to prove. □

10.7. The cohomological theorem. We continue with the same notation and hypotheses. We
assume here that𝐺 is semi-simple. Let 𝑠 ∈ 𝑇 and let𝐺𝑠 be the connected reductive group over 𝑘
of Definition 10.6.1. We endow 𝐺𝑠 with the action of the Frobenius 𝜏 which induces the trivial
action on the group of characters of 𝑇 .

For a 𝑘-scheme 𝑋 endowed with an action of the Frobenius 𝜏, we denote by Perv(𝑋) the
category of perverse sheaves 𝐹 on 𝑋 endowed with an isomorphism 𝜏∗𝐹 ≃ 𝐹. Here is a theorem
due to Ngô (cf. [29, Theorems 6.4.1 and 6.4.2]).
Theorem 10.7.1. — Assume 𝐺 semi-simple. Let 𝑠 ∈ 𝑇 be such that 𝐺𝑠 is semi-simple. Let
𝜒
𝐺𝑠 ,ell
𝐺

: Aell
𝐺𝑠
↩→ Aell

𝐺
be the restriction of 𝜒𝐺𝑠

𝐺
to the open subset Aell

𝐺𝑠
.

One then has the following equality in the Grothendieck group of Perv(Aell
𝐺𝑠
):

(𝜒𝐺𝑠 ,ell
𝐺

)∗pH•(𝑅 𝑓 ell
𝐺,∗Qℓ)𝑠 =

pH•(𝑅 𝑓 ell
𝐺𝑠 ,∗Qℓ)1 [−2𝑟𝑠] (−𝑟𝑠),

where
– 𝑟𝑠 = codimA𝐺

(A𝐺𝑠 );
– pH•(𝑅 𝑓 ell

𝐺,∗Qℓ)𝑠 is the 𝑠-part of pH•(𝑅 𝑓 ell
𝐺,∗Qℓ) defined in Theorem 8.5.1;

– pH•(𝑅 𝑓 ell
𝐺𝑠 ,∗Qℓ)1 is the 1-part of pH•(𝑅 𝑓 ell

𝐺𝑠 ,∗Qℓ) defined in Theorem 8.5.1 for the group
𝐺𝑠 (with 1 the neutral element of 𝑇).

Remark 10.7.2. — Since 𝐺 and 𝐺𝑠 are semi-simple, so are their duals 𝐺 and 𝐺𝑠 = 𝑍
𝐺
(𝑠)0.

Consequently the centers of the latter are finite. We therefore have 𝑍0
𝐺
= 𝑍0

𝐺𝑠
= {1} and 𝑠 is a

torsion element of 𝑇 .
Let 𝑀 ∈ L𝐺 (𝑇). We defined in Section 8.4 an open subset U𝑀 of A𝐺 . This open subset

is clearly 𝜏-stable. The open subset Abon
𝐺

of Definition 9.1.1 is also 𝜏-stable. For every 𝑠 ∈ 𝑇 ,
the closed subset

⋃
𝜌 A𝑠,𝜌, where 𝜌 runs through the finite set of continuous and nontrivial

morphisms
𝜌 : 𝜋1(𝐶,∞) → 𝑊𝑠/𝑊0

𝑠 ,

is 𝜏-stable. Let 𝑠 ∈ (𝑇/𝑍0
𝑀
)tors and

(10.7.1) U𝑠 = U𝑀 ∩ Abon
𝐺 ∩

(
A𝐺 −

⋃
(𝑠,𝜌)

A𝑠,𝜌

)
,

where the union is taken over the finite set (cf. Proposition 10.6.10) of geometric endoscopic
data (𝑠, 𝜌) which satisfy

– 𝑠 ∈ 𝑠𝑍0
𝑀

;
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– Aell
𝐺

∩ A𝑠,𝜌 ≠ ∅;
– 𝜌 is a nontrivial homomorphism.

Then U𝑠 is a 𝜏-stable open subset of A𝐺 . Let

Uell
𝑠 = U𝑠 ∩ Aell

𝐺 .

For every 𝑠 ∈ 𝑠𝑍0
𝑀

such that 𝐺𝑠 is semi-simple, we have a commutative diagram, where the
arrows denoted 𝜒 are closed immersions and the other arrows are open immersions,

Uell
𝑠

∩ Aell
𝐺𝑠

𝑖𝑠
𝐺𝑠 //

𝜒𝑠
𝑠

��

Aell
𝐺𝑠

𝜒
𝐺𝑠,ell
𝐺
��

Uell
𝑠

𝑖𝑠
𝐺 //

𝑗𝑠

��

Aell
𝐺

𝑗

��
U𝑠

𝑖𝑠
𝑀 // U𝑀 .

Theorem 10.7.3. — Assume 𝐺 semi-simple and 𝜉 ∈ 𝔞𝑇 in general position. For every 𝑠 ∈
(𝑇/𝑍0

𝑀
)tors, one has the following equality in the Grothendieck group of Perv(U𝑠):

(𝑖𝑠𝑀)
∗(pH•(𝑅 𝑓 𝜉,𝑀-par

∗ Qℓ)𝑠) =
⊕
𝑠

( 𝑗𝑠)!∗(𝜒𝑠𝑠 )∗(𝑖𝑠𝐺𝑠 )
∗pH•(𝑅 𝑓 ell

𝐺𝑠 ,∗Qℓ)1 [−2𝑟𝑠] (−𝑟𝑠),

where
– the sum runs over the 𝑠 ∈ 𝑠𝑍0

𝑀
such that 𝐺𝑠 is semi-simple;

– the 𝑠-part pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑠 is the one defined in Theorem 8.5.1;

– the other notation is that used above or in Theorem 10.7.1.

Proof. — By Theorem 10.5.1, we have a canonical isomorphism

(𝑖𝑠𝑀)
∗(pH•(𝑅 𝑓 𝜉,𝑀-par

∗ Qℓ)𝑠) � ( 𝑗𝑠)!∗( 𝑗𝑠)∗(𝑖𝑠𝑀)
∗(pH•(𝑅 𝑓 𝜉,𝑀-par

∗ Qℓ)𝑠).

By Corollary 8.5.3, we have

( 𝑗𝑠)∗(𝑖𝑠𝑀)
∗(pH•(𝑅 𝑓 𝜉,𝑀-par

∗ Qℓ)𝑠) =
⊕
𝑠

(𝑖𝑠𝐺)
∗pH•(𝑅 𝑓 ell

𝐺,∗Qℓ)𝑠,

where the sum is taken over the 𝑠 ∈ 𝑠𝑍0
𝑀

of finite order. For every such 𝑠, according to Ngô
(cf. [29, §6.4]), pH•(𝑅 𝑓 ell

𝐺,∗Qℓ)𝑠 is supported in the closed subset (⋃𝜌 A𝐺𝑠 ,𝜌) ∩ Aell
𝐺

⊂ Aell
𝐺

where 𝜌 runs through the continuous homomorphisms from 𝜋1(𝐶,∞) to𝑊𝑠/𝑊0
𝑠 . Consequently,

(𝑖𝑠
𝐺
)∗pH•(𝑅 𝑓 ell

𝐺,∗Qℓ)𝑠 is supported in the closed subset Uell
𝑠

∩ Aell
𝐺𝑠

. If this closed subset is
nonempty, the intersection A𝐺𝑠 ∩ Aell

𝐺
is nonempty, which implies that 𝐺𝑠 is semi-simple (cf.

Proposition 10.6.6 and the remark which follows). For such an 𝑠, we have

(𝑖𝑠𝐺)
∗pH•(𝑅 𝑓 ell

𝐺,∗Qℓ)𝑠 = (𝜒𝑠𝑠 )∗(𝑖𝑠𝐺𝑠 )
∗(𝜒𝐺𝑠 ,ell

𝐺
)∗pH•(𝑅 𝑓 ell

𝐺,∗Qℓ)𝑠 .

We use Ngô’s theorem (cf. Theorem 10.7.1) to conclude. □
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11. The weighted orbital 𝑠-integrals

11.1. In §4.1 we fixed a projective, smooth and connected curve𝐶 over 𝑘 , as well as a divisor
𝐷 and a point ∞ ∈ 𝐶 (𝑘). From now on we assume that 𝐶 comes by base change from a curve
𝐶0 over F𝑞. Let 𝜏 be the Frobenius automorphism of 𝑘 given by 𝑥 ↦→ 𝑥𝑞. We again denote by 𝜏
the automorphism 1 × 𝜏 of 𝐶 = 𝐶0 ×F𝑞 𝑘 . We assume that 𝐷 and ∞ are fixed under 𝜏.

Let 𝐹 and 𝐹0 be the function fields of 𝐶 and 𝐶0 respectively. We have 𝐹 = 𝐹0 ⊗F𝑞 𝑘 , whence
an action of 𝜏 on 𝐹 given by 1⊗ 𝜏, whose subfield of fixed points is 𝐹0. For every closed point 𝑣0
of 𝐶0 let 𝐹0,𝑣0 be the completion of 𝐹0 at 𝑣0 and O0,𝑣0 its ring of integers. Analogous notations
hold for 𝐹. The completed tensor product

𝐹⊗̂𝐹0𝐹0,𝑣0 =
∏

𝑣∈𝑉, 𝑣 |𝑣0

𝐹𝑣

decomposes as the product of the completions 𝐹𝑣 for the closed points 𝑣 of 𝐶 above 𝑣0. We
endow this tensor product with the continuous action of 𝜏 given by 𝜏 ⊗ 1. This action admits
𝐹0,𝑣0 as its subring of fixed points. We deduce from it an action of 𝜏 on the ring of adèles A of
𝐹 whose ring of fixed points is the ring A0 of adèles of 𝐹0. This action respects the product

O =
∏
𝑣

O𝑣

over all the closed points of 𝐶. We define O0 in the same way. Moreover we have O0 = A0 ∩O.
We endow the root datum of the pair (𝐺,𝑇) of §2.1 with the trivial action of 𝜏. The pair

(𝐺,𝑇) then comes by base change from an analogous pair defined over F𝑞 where the torus is
split over F𝑞. This endows the pair (𝐺,𝑇) with an action of 𝜏. All the elements of P𝐺 (𝑇)
or of L𝐺 (𝑇), that is to say the parabolic or Levi subgroups of 𝐺, are stable under the action
of 𝜏. For every scheme 𝑆 defined over 𝑘 and every 𝑘-algebra 𝐴, both endowed with an action
of 𝜏, we denote by 𝑆(𝐴)𝜏 the subset of points fixed under the action of 𝜏. If, moreover, 𝑆
is a group scheme (and 𝜏 of course acts as an automorphism of group schemes), 𝑆(𝐴)𝜏 is a
group and we denote by 𝑆(𝐴)𝜏 the set of 𝜏-conjugacy classes (the 𝜏-conjugation being given
by 𝑔 · 𝑥 = 𝑔𝑥𝜏(𝑔)−1), pointed by the class of the neutral element. If, moreover, 𝑆 is an abelian
group scheme, 𝑆(𝐴)𝜏 is an abelian group, namely the group of co-invariants.

11.2. Here is another variant of a result of Kottwitz already mentioned (cf. [22, Lemma 2.2]).
Proposition 11.2.1. — Let 𝑈0 be an open subset of 𝐶0 which contains the geometric point ∞.
Let 𝑋∗, 𝐴 and 𝐵 be the functors from the category of torus schemes over 𝑈0 to that of abelian
groups defined respectively, for every torus scheme T over𝑈0, by

𝑋∗(T ) = 𝑋∗(T∞),
where the right-hand side denotes the group of cocharacters of the fiber of T at the geometric
point ∞,

𝐴(T ) = 𝑋∗(T∞)𝜋1 (𝑈0,∞) ,

where the index means that one takes the co-invariants under the fundamental group of 𝑈0
pointed by ∞, and

𝐵(T ) = (T (𝐹)\T (A))𝜏,
where the index 𝜏 denotes the group of co-invariants.

Let 𝜛∞ be a uniformizer of 𝐹∞. For every T as above, the morphism which to 𝜆 ∈ 𝑋∗(T∞)
associates the image𝜛𝜆

∞ in the group (T (𝐹)\T (A))𝜏 does not depend on the choice of𝜛∞ and
defines a morphism of functors

(11.2.1) 𝑋∗ → 𝐵.
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There exists a unique isomorphism of functors 𝐴 → 𝐵 which, composed with the canonical
morphism 𝑋∗ → 𝐴, gives the morphism (11.2.1).

Proof. — It rests on the methods of Kottwitz (cf. [22, proof of Lemma 2.2]). The functor
𝐵 has the following two fundamental properties: it is right exact and for an induced torus
one has 𝐵(T ) = Z. Right exactness is shown as in loc. cit. §1.9: the key point is that the
group 𝐻1(𝐹,T) is trivial for every 𝐹-torus (and likewise if one replaces 𝐹 by a completion
𝐹𝑣). The second property follows from the following fact: let 𝐸0 be a finite extension of 𝐹 and
𝐸 = 𝐸0 ⊗𝐹0 𝐹; one has (𝐸×\A×

𝐸
)𝜏 ≃ Z where A𝐸 is the ring of adèles of 𝐸 . By a lemma of

Shapiro, up to replacing 𝜏 by a power, we reduce to the case where 𝐸 is a field. Let A1
𝐸

be
the kernel of the degree homomorphism A×

𝐸
→ Z. The quotient 𝐸×\A1

𝐸
/O×

𝐸
, where O×

𝐸
is the

product of the invertible elements of the completions of the local rings, is the group of 𝑘-points
of the Jacobian of the projective, smooth and connected curve over 𝑘 whose function field is
𝐸 . By Lang’s isogeny theorem, these points lie in the image of 1 − 𝜏. The same holds for the
points of O×

𝐸
(cf. [22, proof of Prop. 2.3]). It is then easy to see that the degree homomorphism

induces a bijection (𝐸×\A×
𝐸
)𝜏 ≃ Z.

The morphism 𝑋∗ → 𝐵 does not depend on the choice of𝜛∞, by a variant of Lang’s isogeny
theorem. It follows from the proof of loc. cit. Lemma 2.2 that the canonical morphism

Hom(𝐴, 𝐵) → Hom(𝑋∗, 𝐵)
is an isomorphism which sends isomorphism to isomorphism. Moreover, for a morphism
Hom(𝑋∗, 𝐵) to be an isomorphism, it is necessary and sufficient that it send a generator of
𝑋∗(G𝑚,𝑈0) to a generator of (𝐹×\A×

𝐹
)𝜏. The proposition follows. □

11.3. Characteristic 𝑎𝑀 and group scheme 𝐽𝑎𝑀 . The Frobenius automorphism 𝜏 acts on the
scheme A𝐺 (cf. §4.4) and respects the closed subschemes A𝑀 for 𝑀 ∈ L𝐺 . Let 𝑀 ∈ L𝐺 (𝑇)
be a Levi subgroup and 𝑎𝑀 = (ℎ𝑎𝑀 , 𝑡) ∈ A𝑀 (𝑘)𝜏. The open subset

𝑈𝑎𝑀 = ℎ−1
𝑎𝑀

(𝔠𝔞𝔯𝐺- reg
𝑀,𝐷

)
is stable under 𝜏 and hence descends to an open subset of 𝐶0, denoted𝑈𝑎𝑀 ,0.

Let 𝜀𝑀 be a Kostant section of the characteristic morphism 𝜒𝑀 (cf. §2.3). Over 𝔠𝔞𝔯𝑀 we
have the smooth commutative group scheme (cf. §3.2)

𝐽𝑀 = 𝜀∗𝑀 𝐼
𝑀 .

By the construction of §5.1, we deduce from it a group scheme 𝐽𝑀
𝐷

over 𝔠𝔞𝔯𝑀,𝐷 . Let

𝐽𝑎𝑀 = ℎ∗𝑎𝑀 𝐽
𝑀
𝐷 .

This is a smooth commutative group scheme over 𝐶: it is even a torus scheme over the open
subset 𝑈𝑎𝑀 (and even over a generally larger open subset). One can check that it descends to a
smooth commutative group scheme over 𝐶0, which is a torus scheme over𝑈𝑎𝑀 ,0.

11.4. The invariant inv𝑎𝑀 . The short exact sequence

1 −→ 𝐽𝑎𝑀 (A) −→ 𝐺 (A) −→ 𝐽𝑎𝑀 (A)\𝐺 (A) −→ 1

gives a long exact sequence in the cohomology of pointed sets
1 −→ 𝐽𝑎𝑀 (A0) −→ 𝐺 (A0) −→ (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏

−→ Ker(𝐽𝑎𝑀 (A)𝜏 → 𝐺 (A)𝜏) −→ 1,(11.4.1)

where the coboundary morphism

(11.4.2) (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏 −→ 𝐽𝑎𝑀 (A)𝜏
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associates to an element of 𝐺 (A) which lifts an element of (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏 the 𝜏-conjugacy
class of 𝑔𝜏(𝑔)−1 in 𝐽𝑎𝑀 (A). Let us note that exactness at the third term means that two elements
of (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏 have the same image in 𝐽𝑎𝑀 (A)𝜏 if and only if they differ by a right
translation by an element of 𝐺 (A0).

Proposition 11.2.1, applied to the open subset 𝑈𝑎𝑀 ,0 and to the torus scheme over 𝑈𝑎𝑀 ,0
deduced from 𝐽𝑎𝑀 by descent, gives an isomorphism

(𝐽𝑎𝑀 (𝐹)\𝐽𝑎𝑀 (A))𝜏 ≃ 𝑋∗(𝐽𝑎𝑀 ,∞)𝜋1 (𝑈𝑎𝑀 ,0,∞) .

The notations and the constructions of §7.1 are also valid for the group 𝑀 . We thus have a
finite, étale covering 𝑉𝑎𝑀 → 𝑈𝑎𝑀 with Galois group 𝑊𝑀 and a closed point ∞𝑌𝑎𝑀

of 𝑉𝑎𝑀 . All
these objects are stable under 𝜏 and descend to objects over F𝑞, denoted by an index 0.

Reasoning as in the proof of Proposition 7.5.1, we obtain identifications 𝑋∗(𝐽𝑎𝑀 ,∞) ≃ 𝑋∗(𝑇)
and

𝑋∗(𝐽𝑎𝑀 ,∞)𝜋1 (𝑈𝑎𝑀 ,0,∞) ≃ 𝑋∗(𝑇)𝑊∞ ,

where𝑊∞ is the stabilizer in𝑊𝑀 of the connected component of𝑉𝑎𝑀 ,0 which contains the point
∞𝑌𝑎𝑀 ,0. The exact sequence

1 −→ 𝜋1(𝑈𝑎𝑀 ,∞) −→ 𝜋1(𝑈𝑎𝑀 ,0,∞) −→ Gal(𝑘/F𝑞) −→ 1
is canonically split by the datum of the point ∞0 ∈ 𝐶0(F𝑞) deduced from ∞. We thus have a
semi-direct product

𝜋1(𝑈𝑎𝑀 ,0,∞) = 𝜋1(𝑈𝑎𝑀 ,∞) ⋊ Gal(𝑘/F𝑞).
The action of 𝜋1(𝑈𝑎𝑀 ,0,∞) on the fiber of the covering 𝑉𝑎𝑀 ,0 → 𝑈𝑎𝑀 ,0 above the geometric
point ∞ is trivial on the factor Gal(𝑘/F𝑞). We deduce that the group 𝑊∞ is none other than
the group 𝑊𝑎𝑀 ⊂ 𝑊𝑀 (defined as in §7.2 but relative to the group 𝑀). Putting together the
preceding isomorphisms, we obtain an isomorphism
(11.4.3) (𝐽𝑎𝑀 (𝐹)\𝐽𝑎𝑀 (A))𝜏 ≃ 𝑋∗(𝑇)𝑊𝑎𝑀 .
Definition 11.4.1. — Let 𝑎𝑀 ∈ A𝑀 (𝑘)𝜏. Let

inv𝑎𝑀 : (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏 → 𝑋∗(𝑇)𝑊𝑎𝑀
be the morphism defined by composing the coboundary morphism (11.4.2) with the canonical
morphism (𝐽𝑎𝑀 (A))𝜏 → (𝐽𝑎𝑀 (𝐹)\𝐽𝑎𝑀 (A))𝜏 and then with the isomorphism (11.4.3).

Let 𝑀sc be the simply connected covering of the derived group of 𝑀 . Let 𝑇𝑀sc be the inverse
image of 𝑇 in 𝑀sc: it is a maximal subtorus of 𝑀sc.
Proposition 11.4.2. — Let 𝑎𝑀 ∈ A𝑀 (𝑘)𝜏. The morphism inv𝑎𝑀 takes its values in the image
of the canonical morphism

𝑋∗(𝑇𝑀sc)𝑊𝑎𝑀 → 𝑋∗(𝑇)𝑊𝑎𝑀 .
Before giving the proof, let us state some auxiliary lemmas.

Lemma 11.4.3. — Let 𝑎𝑀 ∈ A𝑀 (𝑘)𝜏. We have
(11.4.4) Ker(𝐽𝑎𝑀 (A)𝜏 → 𝐺 (A)𝜏) = Ker(𝐽𝑎𝑀 (A)𝜏 → 𝑀 (A)𝜏).

Proof. — Only the inclusion ⊂ is not trivial. By Shapiro’s lemma, up to replacing 𝜏 by one of
its powers, we reduce to a local problem at a closed point of𝐶 fixed by 𝜏. Let 𝑔 ∈ 𝐺 (𝐹𝑣) be such
that 𝑔𝜏(𝑔)−1 ∈ 𝑀 (𝐹𝑣). Let 𝑃 ∈ P(𝑀) and let 𝐵 ∈ P(𝑇) be a Borel subgroup such that 𝐵 ⊂ 𝑃.
A pair (𝑃, 𝑀) which contains (𝐵,𝑇) is said to be standard. The pair Int(𝑔−1) (𝑃, 𝑀) is 𝜏-stable,
hence conjugate by an element of 𝐺 (𝐹𝑣)𝜏 to a standard pair. Up to translating 𝑔 on the right
by an element of 𝐺 (𝐹𝑣)𝜏, we are reduced to the case where Int(𝑔−1) (𝑃, 𝑀) is standard, hence
equal to (𝑃, 𝑀). It follows that we may assume 𝑔 ∈ 𝑀 (𝐹𝑣). If, moreover, 𝑔𝜏(𝑔)−1 ∈ 𝑀 (O𝑣),
by a variant of Lang’s theorem there exists 𝑚 ∈ 𝑀 (O𝑣) such that 𝑔𝜏(𝑔)−1 = 𝑚𝜏(𝑚)−1. This
proves the lemma. □
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We define a commutative group scheme over 𝔪 by
𝐼𝑀sc = {(𝑚, 𝑋) ∈ 𝑀sc ×𝑘 𝔪 | Ad(𝑚)𝑋 = 𝑋}.

We deduce from it a smooth commutative group scheme over 𝔠𝔞𝔯𝑀
𝐽𝑀sc = 𝜀∗𝑀 𝐼

𝑀sc

and a variant over 𝔠𝔞𝔯𝑀,𝐷 , denoted 𝐽𝑀sc
𝐷

. Let

𝐽𝑀sc
𝑎𝑀

= ℎ∗𝑎𝑀 𝐽
𝑀sc
𝐷
.

Let us note that the obvious morphism 𝐼𝑀sc → 𝐼𝑀 induces morphisms 𝐽𝑀sc → 𝐽𝑀 and 𝐽𝑀sc
𝑎𝑀 →

𝐽𝑎𝑀 .
Lemma 11.4.4. — Let 𝑎𝑀 ∈ A𝑀 (𝑘)𝜏. We have the inclusion

Ker(𝐽𝑎𝑀 (A)𝜏 → 𝑀 (A)𝜏) ⊂ Im(𝐽𝑀sc
𝑎𝑀

(A)𝜏 → 𝐽𝑎𝑀 (A)𝜏),
where Im denotes the image.
Proof. — As in the proof of Lemma 11.4.3, we reduce to a local problem at a closed point 𝑣
of 𝐶 stable under 𝜏. By base change, we view 𝐽𝑎𝑀 and 𝑀 as groups over 𝐹𝑣. Let 𝑥 ∈ 𝐽𝑎𝑀 (𝐹𝑣)
and 𝑚 ∈ 𝑀 (𝐹𝑣) be such that 𝑥 = 𝑚𝜏(𝑚)−1. We then have

Coker(𝑀sc → 𝑀) ≃ Coker(𝐽𝑀sc
𝑎𝑀

→ 𝐽𝑎𝑀 ).

Since 𝐽𝑀sc
𝑎𝑀 is a torus over 𝐹𝑣, we know that, for such a field 𝐹𝑣, the group 𝐻1(𝐹𝑣, 𝐽𝑀sc

𝑎𝑀 ) is trivial.
It follows that there exist 𝑚′ ∈ 𝑀sc(𝐹𝑣) and 𝑗 ∈ 𝐽𝑎𝑀 (𝐹𝑣) such that 𝑚 = 𝑗𝑚′. Hence, up to
𝜏-conjugating 𝑥 by 𝑗 , we may assume that 𝑚 ∈ 𝑀sc(𝐹𝑣) and therefore 𝑥 ∈ 𝐽𝑀sc

𝑎𝑀 (𝐹𝑣). For almost
every 𝑣, 𝐽𝑀sc

𝑎𝑀 is a torus over O𝑣 and an analogous argument shows that if 𝑥 ∈ 𝐽𝑎𝑀 (O𝑣) and
𝑚 ∈ 𝑀 (O𝑣) satisfy 𝑥 = 𝑚𝜏(𝑚)−1 then 𝑥 is 𝜏-conjugate by an element of 𝐽𝑎𝑀 (O𝑣) to an element
of 𝐽𝑀sc

𝑎𝑀 (O𝑣). □

Proof. of Proposition 11.4.2 — As above, we have an identification

𝑋∗(𝐽𝑀sc
𝑎𝑀 ,∞)𝜋1 (𝐶0,∞) ≃ 𝑋∗(𝑇𝑀sc)𝑊𝑎𝑀 .

By Proposition 11.2.1, we obtain a commutative diagram in which the horizontal arrows are
isomorphisms

(𝐽𝑀sc
𝑎𝑀 (𝐹)\𝐽𝑀sc

𝑎𝑀 (A))𝜏 //

��

𝑋∗(𝑇𝑀sc)𝑊𝑎𝑀

��
(𝐽𝑎𝑀 (𝐹)\𝐽𝑎𝑀 (A))𝜏 // 𝑋∗(𝑇)𝑊𝑎𝑀 .

Let 𝑔 ∈ (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏. By the exact sequence (11.4.1), the class of 𝑔𝜏(𝑔)−1 in (𝐽𝑎𝑀 (A))𝜏
belongs to the kernel Ker(𝐽𝑎𝑀 (A)𝜏 → 𝐺 (A)𝜏), hence to the image of (𝐽𝑀sc

𝑎𝑀 (A))𝜏 by the
combination of Lemmas 11.4.3 and 11.4.4. Proposition 11.4.2 is then clear. □

11.5. Haar measures. The group 𝐽𝑎𝑀 (A)𝜏 is countable: indeed, it appears in the exact
sequence

𝐽𝑎𝑀 (𝐹)𝜏 −→ 𝐽𝑎𝑀 (A)𝜏 −→ (𝐽𝑎𝑀 (𝐹)\𝐽𝑎𝑀 (A))𝜏
whose extreme terms are countable (cf. Proposition 11.2.1). We then endow the kernel
Ker(𝐽𝑎𝑀 (A)𝜏 → 𝐺 (A)𝜏) with the counting measure. The locally compact groups 𝐺 (A0) and
𝐽𝑎𝑀 (A0) are endowed with the Haar measures which give volume 1 respectively to the compact
subgroup 𝐺 (O0) and to the maximal compact subgroup of 𝐽𝑎𝑀 (A0). By the sequence (11.4.1),
we deduce from this a measure on (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏 which, by construction, is𝐺 (A0)-invariant
for the right action of that group. More precisely, the set (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏 is a disjoint and
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countable union of orbits under 𝐺 (A0); the orbit of 𝑔 ∈ (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏 is isomorphic as
a measurable set to the quotient (𝑔−1𝐽𝑎𝑀 (A0)𝑔)\𝐺 (A0) endowed with the quotient measure
(conjugation by 𝑔 induces a bijection from 𝑔−1𝐽𝑎𝑀 (A0)𝑔 onto 𝐽𝑎𝑀 (A0), which determines, by
transport, a measure on 𝑔−1𝐽𝑎𝑀 (A0)𝑔).

11.6. Arthur’s weight. For every 𝑃 ∈ P𝐺 (𝑀), we have the Levi decomposition 𝑃 = 𝑀𝑁𝑃
and the Iwasawa decomposition 𝐺 (A) = 𝑃(A)𝐺 (O). We then define a map 𝐻𝑃 from 𝐺 (A) to
𝑋∗(𝑀) as follows: for every 𝜆 ∈ 𝑋∗(𝑃) = 𝑋∗(𝑀) and every 𝑔 ∈ 𝐺 (A)

𝜆(𝐻𝑃 (𝑔)) = − deg(𝜆(𝑝)),
where 𝑝 ∈ 𝑃(A) is such that 𝑔 ∈ 𝑝𝐺 (O).
Remark 11.6.1. — The function 𝐻𝑃 restricted to 𝑀 (A) no longer depends on 𝑃: we denote
it by 𝐻𝑀 . Moreover, for all 𝑚 ∈ 𝑀 (A) and 𝑔 ∈ 𝐺 (A) we have the equality 𝐻𝑃 (𝑚𝑔) =

𝐻𝑀 (𝑚) + 𝐻𝑝 (𝑔).
We recall (cf. §2.4) that 𝔞𝑇 is endowed with a 𝑊𝐺-invariant scalar product and that all its

subspaces are endowed with the Euclidean measure. The following definition obviously depends
on the choice of this scalar product.
Definition 11.6.2. — For every 𝑔 ∈ 𝐺 (A), Arthur’s weight 𝑣𝐺

𝑀
(𝑔) is the volume in 𝔞𝐺

𝑀
of the

convex hull of the projections onto 𝔞𝐺
𝑀

of the points −𝐻𝑃 (𝑔) for 𝑃 ∈ P𝐺 (𝑀).
Remarks 11.6.3. — We have 𝔞𝑀 = 𝑎𝐺

𝑀
⊕ 𝔞𝐺 and the projection considered above is relative to

this decomposition. The weight is by construction right invariant under 𝐺 (O). It is also left
invariant under 𝑀 (A) by virtue of Remark 11.6.1. Let us also note that 𝑣𝐺

𝐺
(𝑔) = 1 for every

𝑔 ∈ 𝐺 (A).

11.7. the weighted orbital 𝑠-integrals. We have 𝐷 =
∑
𝑣∈𝑉 𝑑𝑣𝑣, where the sum is taken

over the closed points of 𝐶 and the integers 𝑑𝑣 are even, non-negative and almost all zero (by
hypothesis, cf. §4.1, 𝐷 is effective and even). Let 𝜛−𝐷 = (𝜛−𝑑𝑣

𝑣 )𝑣 ∈ A, where the family is
taken over all the closed points 𝑣 of 𝐶. Let 1𝐷 be the characteristic function of 𝜛−𝐷𝔤(O). For
every 𝑎𝑀 ∈ A𝑀 (𝑘), let 𝑎𝑀,𝜂 be the restriction of 𝑎𝑀 to the generic point of 𝐶, which we view
as a point of 𝔠𝔞𝔯𝑀 (𝐹). Let

𝑋𝑎𝑀 = 𝜀𝑀 (𝑎𝑀,𝜂) ∈ 𝔪(𝐹).
Let us note that if 𝑎𝑀 is fixed by 𝜏, the same holds for 𝑋𝑎𝑀 . Let us also note that the fiber of
𝐽𝑎𝑀 above 𝜂 is the centralizer of 𝑋𝑎𝑀 in 𝑀 ×𝑘 𝐹.
Definition 11.7.1. — Let 𝑀 ∈ L𝐺 (𝑇) and 𝑎𝑀 ∈ A𝑀 (𝑘)𝜏. Let 𝑠 ∈ 𝑇𝑊𝑎𝑀 . The weighted orbital
𝑠-integral associated to 𝑎𝑀 is defined by

𝐽
𝐺,𝑠

𝑀
(𝑎𝑀) = 𝑞− deg(𝐷) |Φ𝐺 |/2

∫
(𝐽𝑎𝑀 (A)\𝐺 (A))𝜏

⟨𝑠, inv𝑎𝑀 (𝑔)⟩1𝐷 (Ad(𝑔−1)𝑋𝑎𝑀 )𝑣𝐺𝑀 (𝑔) 𝑑𝑔.

Remarks 11.7.2. — One can show that the integrand has compact support in (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏.
The integral is therefore finite. We have chosen to add the factor 𝑞− deg(𝐷) |Φ𝐺 |/2 in order to obtain
uniform local formulas.
Proposition 11.7.3. — With the notations above, the map

𝑠 ∈ 𝑇𝑊𝑎𝑀 ↦→ 𝐽
𝐺,𝑠

𝑀
(𝑎𝑀)

is invariant under translation by 𝑍
𝑀

.

Proof. — We have𝑊𝑎𝑀 ⊂ 𝑊𝑀 and hence 𝑍
𝑀

⊂ 𝑇𝑊𝑎𝑀 . The canonical morphism

HomZ(𝑋∗(𝑇)𝑊𝑎𝑀 ,C
×) → HomZ(𝑋∗(𝑇𝑀sc)𝑊𝑎𝑀 ,C

×)

is none other than the canonical morphism 𝑇𝑊𝑎𝑀 → 𝑇𝑊𝑎𝑀 /𝑍
𝑀

. The proposition then follows
from Proposition 11.4.2. □
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12. A first computation of a Frobenius trace

12.1. Statement of the theorem. We keep the notation and the hypotheses of Section 11.
We assume moreover that the group 𝐺 is semi-simple. Let 𝜉 ∈ 𝔞𝑇 in general position in the
sense of Remark 4.9.2. Let 𝑀 ∈ L𝐺 (𝑇). On the open subset U𝑀 of Section 8.4 and for every
integer 𝑖 and every 𝑠 ∈ (𝑇/𝑍0

𝑀
)tors, we introduced in Theorem 8.5.1 the 𝑠-part of the perverse

cohomology of 𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ, denoted by pH 𝑖 (𝑅 𝑓 𝜉,𝑀-par

∗ Qℓ)𝑠. Let 𝑎 ∈ A𝐺 (𝑘)𝜏. We assume that
𝑎 is the image, under the closed immersion A𝑀 → A𝐺 , of an element 𝑎𝑀 ∈ Aell

𝑀
(𝑘)𝜏. We

defined in Section 11.3 a group scheme 𝐽𝑎𝑀 over 𝐶. We shall define later a positive real number

𝑐(𝐽𝑎𝑀 )
associated with the generic fiber 𝐽𝑎𝑀 (cf. equality (12.2.4) in Proposition 12.2.2 below).

Let pH 𝑖 (𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎,𝑠 be the fiber at 𝑎 of the 𝑠-part. For every graded endomorphism 𝜎

(of degree 0) of pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎,𝑠, let

trace(𝜎, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎,𝑠) =

∑︁
𝑖∈Z

(−1)𝑖 trace(𝜎, pH 𝑖 (𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎,𝑠).

The goal of this section is to prove the following theorem.
Theorem 12.1.1. — Let 𝑎𝑀 ∈ Aell

𝑀
(𝑘)𝜏 and 𝑎 = 𝜒𝑀

𝐺
(𝑎𝑀) ∈ A𝐺 . Let 𝑠 ∈ 𝑇𝑊𝑎 and let 𝑠 be

its image in 𝑇/𝑍0
𝑀

. Then 𝑠 is a torsion element, the group 𝑇𝑊𝑎/𝑍0
𝑀

is finite and we have the
following equality:

trace(𝜏−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎,𝑠)

=
𝑐(𝐽𝑎𝑀 )

vol(𝔞𝑀/𝑋∗(𝑀)) · |𝑇𝑊𝑎/𝑍0
𝑀
|
· 𝑞deg(𝐷) |Φ𝐺 |/2𝐽𝐺,𝑠

𝑀
(𝑎𝑀).

Remark 12.1.2. — Since 𝑎𝑀 is elliptic in A𝑀 , we have the inclusion 𝑊𝑎 ⊂ 𝑊𝑀 (cf. Proposi-
tion 8.2.1) and the group (𝑇/𝑍0

𝑀
)𝑊𝑎 is finite since it is the dual of the finite group 𝑋∗(𝑇∩𝑀der)𝑊𝑎

(cf. Lemma 8.3.3). This explains why 𝑠 is torsion and the group 𝑇𝑊𝑎/𝑍0
𝑀

is finite.
The proof of Theorem 12.1.1 will be given in Section 12.3.

Corollary 12.1.3. — Under the hypotheses of Theorem 12.1.1, the trace

trace(𝜏−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎,𝑠)

depends only on the image of 𝑠 in 𝑇/𝑍
𝑀

.

Proof. — This is a consequence of Theorem 12.1.1 above and of Proposition 11.7.3. □

In the following paragraph, we gather some results useful for the proof of Theorem 12.1.1.

12.2. We continue with the notation of the preceding paragraph 12.1. We recall that 𝐺 is
semi-simple. Let 𝑀 ∈ L𝐺 (𝑇) and let 𝑋 ∈ 𝔪(𝐹0) be a semi-simple and 𝐺-regular element. Let
𝐽 be its centralizer in 𝐺: it is an 𝐹-subtorus of 𝑀 stable under 𝜏. We assume that 𝐽 satisfies the
following two properties:

1. the 𝐹-torus 𝐽/𝑍𝑀 is anisotropic;
2. the torus 𝐽 ×𝐹 𝐹∞ is split over 𝐹∞.
Let

𝐾 = 𝐺 (O0).
Let 𝑗 ∈ 𝐽 (A) and

W = {(𝑔𝐾, 𝛿) ∈ 𝐺 (A)/𝐾 × 𝐽 (𝐹) | 𝛿 𝑗𝜏(𝑔𝐾) = 𝑔𝐾}.
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The group 𝐽 (𝐹) acts on W by

𝛾 · (𝑔𝐾, 𝛿) = (𝛾𝑔𝐾, 𝛾𝛿𝜏(𝛾)−1).
Let 𝜉 ∈ 𝔞𝑇 (for the moment, it is not necessary to assume 𝜉 in general position) and let W𝜉 be
the subset of W consisting of the pairs (𝑔𝐾, 𝛿) that satisfy the following two conditions:

(12.2.1) Ad(𝑔)−1(𝑋) ∈ 𝜛−𝐷𝔤(O)
and

(12.2.2) 𝜉𝑀 ∈ cvx(−𝐻𝑃 (𝑔))𝑃∈P(𝑀) ,

where 𝜉𝑀 is the orthogonal projection of 𝜉 onto 𝔞𝑀 and cvx denotes the convex hull.
Since 𝐽 (𝐹) centralizes 𝑋 and the function 𝐻𝑃 is left invariant under 𝑀 (𝐹) and a fortiori

under 𝐽 (𝐹), the group 𝐽 (𝐹) leaves the subset W𝜉 globally stable. Let [𝐽 (𝐹)\W𝜉] be the
quotient groupoid. The goal of this section is to give a formula for the cardinality of the
groupoid [𝐽 (𝐹)\W𝜉] defined by

(12.2.3) | [𝐽 (𝐹)\W𝜉] | =
∑︁

𝑥∈𝐽 (𝐹)\W 𝜉

| Aut𝐽 (𝐹) (𝑥) |−1,

where one sums, over a system of representatives of the orbits of 𝐽 (𝐹) in W𝜉 , the inverses of
the orders of the stabilizers (with the convention that the inverse of infinity is 0).

For every 𝑔 ∈ 𝐺 (A), let 1𝑀,𝑔 be the characteristic function on 𝔞𝑀 of the convex hull of the
points −𝐻𝑃 (𝑔) for 𝑃 ∈ P(𝑀). Let

𝑤
𝜉

𝑀
(𝑔) = |{𝜇 ∈ 𝑋∗(𝑀) | 1𝑀,𝑔 (𝜉𝑀 + 𝜇) = 1}| ;

it is an integer.
Lemma 12.2.1. — The function 𝑤𝜉

𝑀
is left invariant under 𝑀 (A).

Proof. — We refer the reader to [11, Lemma 11.7.1]. □

Let
(𝐽 (A)\𝐺 (A))𝜏, 𝑗

be the open and closed part of (𝐽 (A)\𝐺 (A))𝜏 consisting of the 𝑔 such that the class of 𝑔𝜏(𝑔)−1

in (𝐽 (𝐹)\𝐽 (A))𝜏 is equal to that of 𝑗 . We equip 𝐽 (A0) with the Haar measure that gives volume
1 to the maximal compact subgroup, and 𝐽 (𝐹0) with the counting measure. Recall that 𝐺 (A0)
is equipped with the Haar measure that gives volume 1 to 𝐾 . As in Section 11.5, we deduce
from this a measure on (𝐽 (A)\𝐺 (A))𝜏, and hence on (𝐽 (A)\𝐺 (A))𝜏, 𝑗 .
Proposition 12.2.2. — Let 𝐽 (A0)1 = 𝐽 (A0) ∩ Ker(𝐻𝑀) where 𝐻𝑀 is the morphism defined in
Remark 11.6.1 and

(12.2.4) 𝑐(𝐽) = vol(𝐽 (𝐹0)\𝐽 (A0)1) · | Ker(𝐽 (𝐹)𝜏 → 𝐽 (A)𝜏) |.
Then 𝑐(𝐽) is finite and we have the equality

| [𝐽 (𝐹)\W𝜉] | = 𝑐(𝐽) ·
∫
(𝐽 (A)\𝐺 (A))𝜏, 𝑗

1𝐷 (Ad(𝑔−1)𝑋) 𝑤𝜉
𝑀
(𝑔) 𝑑𝑔,

where the integral is finite.
Before giving the proof let us state two corollaries.

Corollary 12.2.3. — Recall that the set W depends on the choice of 𝑗 ∈ 𝐽 (A). The cardinality
of the groupoid [𝐽 (𝐹)\W𝜉] depends only on the class of 𝑗 in (𝐽 (𝐹)\𝐽 (A))𝜏.
Proof. — The set (𝐽 (A)\𝐺 (A))𝜏, 𝑗 depends only on the class of 𝑗 in (𝐽 (𝐹)\𝐽 (A))𝜏. The result
is then an immediate consequence of Proposition 12.2.2. □
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Corollary 12.2.4. — Assume, moreover, that 𝜉 is in general position (cf. Remark 4.9.2). We
then have

| [𝐽 (𝐹)\W𝜉] | = 𝑐(𝐽)
vol(𝔞𝑀/𝑋∗(𝑀)) ·

∫
(𝐽 (A)\𝐺 (A))𝜏, 𝑗

1𝐷 (Ad(𝑔−1)𝑋) 𝑣𝐺𝑀 (𝑔) 𝑑𝑔.

Proof. — For 𝜉 in general position, we have the equality between∫
(𝐽 (A)\𝐺 (A))𝜏, 𝑗

1𝐷 (Ad(𝑔−1)𝑋) 𝑤𝜉
𝑀
(𝑔) 𝑑𝑔

and

vol(𝔞𝑀/𝑋∗(𝑀))−1 ·
∫
(𝐽 (A)\𝐺 (A))𝜏, 𝑗

1𝐷 (Ad(𝑔−1)𝑋) 𝑣𝐺𝑀 (𝑔) 𝑑𝑔.

The latter rests on the formulas relating the weights 𝑤𝜉
𝑀
(𝑔) and 𝑣𝐺

𝑀
(𝑔), and is proved exactly

as Theorem 11.14.2 and its Corollary 11.14.3 of [11]. The result then follows from Proposi-
tion 12.2.2. □

Proof. — Since 𝐽 is anisotropic modulo 𝑍𝑀 (cf. assertion 1), the quotient 𝐽 (𝐹0)\𝐽 (A0)1 is
compact, hence of finite volume. The group

Ker1(Γ𝐹0 , 𝐽 (𝐹sep))
of Lemma 12.2.5 is finite for every 𝐹0-torus 𝐽. Lemma 12.2.5 implies the finiteness of
Ker(𝐽 (𝐹)𝜏 → 𝐽 (A)𝜏). Thus the constant 𝑐(𝐽) is finite.

Let
𝜓 : 𝐺 (A) → 𝐺 (A)

be the map defined by 𝜓(𝑔) = 𝑔𝜏(𝑔)−1 𝑗−1. The map (𝑔𝐾, 𝛿) ↦→ 𝐽 (𝐹)𝑔𝐾 induces a bijection
from 𝐽 (𝐹)\W onto 𝐽 (𝐹)\𝜓−1(𝐽 (𝐹))/𝐾 . Moreover, the centralizer of (𝑔𝐾, 𝛿) in 𝐽 (𝐹) is
𝐽 (𝐹0) ∩ 𝑔𝐾𝑔−1. Equality (12.2.3) can therefore be rewritten as

| [𝐽 (𝐹)\W𝜉] | =
∑︁

𝑔∈𝐽 (𝐹)\𝜓−1 (𝐽 (𝐹))/𝐾
|𝐽 (𝐹0) ∩ 𝑔𝐾𝑔−1 |−1 1𝐷 (Ad(𝑔−1)𝑋) 1𝑀,𝑔 (𝜉𝑀).

The group 𝐺 (A0) acts by right translation on 𝐺 (A) without fixed points. The set 𝜓−1(𝐹) is
therefore a disjoint and countable union of orbits under 𝐺 (A0), all isomorphic to 𝐺 (A0). By
transport, we deduce from this a measure on 𝜓−1(𝐹) that is right invariant under 𝐺 (A0). We
equip 𝐽 (𝐹) with the counting measure and 𝐽 (𝐹)\𝜓−1(𝐽 (𝐹)) with the quotient measure. We
then have

(12.2.5) | [𝐽 (𝐹)\W𝜉] | =
∫
𝐽 (𝐹)\𝜓−1 (𝐽 (𝐹))

1𝐷 (Ad(𝑔−1)𝑋) 1𝑀,𝑔 (𝜉𝑀) 𝑑𝑔.

Since 𝐽∞ is split (cf. assertion 2 above), the morphism 𝐻𝑀 restricts to a surjective morphism
from 𝐽 (A0) onto 𝑋∗(𝑀) with kernel 𝐽 (A0)1. For every 𝑔 ∈ 𝐺 (A), we have the equality (cf. [11,
proof of Proposition 11.9.1])∫

𝐽 (𝐹0)\𝐽 (A0)
1𝑀,𝑡𝑔 (𝜉𝑀) 𝑑𝑡 = vol(𝐽 (𝐹0)\𝐽 (A0)1) · 𝑤𝜉

𝑀
(𝑔).

The exact sequence
0 −→ 𝐽 (𝐹) −→ 𝐽 (A) −→ 𝐽 (𝐹)\𝐽 (A) −→ 0

gives the exact sequence in cohomology

0 −→ 𝐽 (𝐹0)\𝐽 (A0) −→ (𝐽 (𝐹)\𝐽 (A))𝜏 −→ Ker(𝐽 (𝐹)𝜏 → 𝐽 (A)𝜏) −→ 0.
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We then equip (𝐽 (𝐹)\𝐽 (A))𝜏 with the measure whose quotient by that of 𝐽 (𝐹0)\𝐽 (A0) gives
the counting measure on Ker(𝐽 (𝐹)𝜏 → 𝐽 (A)𝜏). Using the above exact sequence and the right
invariance of 𝑤𝜉

𝑀
under 𝑀 (A), we obtain

(12.2.6)
∫
(𝐽 (𝐹)\𝐽 (A))𝜏

1𝑀,𝑡𝑔 (𝜉𝑀) 𝑑𝑡 = 𝑐(𝐽) · 𝑤𝜉𝑀 (𝑔).

The group (𝐽 (𝐹)\𝐽 (A))𝜏 acts without fixed points on 𝐽 (𝐹)\𝜓−1(𝐽 (𝐹)). The map
that associates to 𝑔 ∈ 𝜓−1(𝐽 (𝐹)) its class in 𝐽 (A)\𝐺 (A) descends to a surjective map
𝐽 (𝐹)\𝜓−1(𝐽 (𝐹)) → (𝐽 (A)\𝐺 (A))𝜏, 𝑗 whose fibers are the orbits under (𝐽 (𝐹)\𝐽 (A))𝜏. We
therefore have

(𝐽 (𝐹)\𝐽 (A))𝜏\𝐽 (𝐹)\𝜓−1(𝐽 (𝐹)) ≃ (𝐽 (A)\𝐺 (A))𝜏, 𝑗

and this bijection is compatible with our choices of measures. Combining (12.2.5) and (12.2.6),
we obtain the proposition. The integral is finite because the integrand has compact support. □

Lemma 12.2.5. — Let 𝐹sep be a separable closure of 𝐹 and Γ𝐹0 the Galois group of 𝐹sep over
𝐹0. Let

Ker1(Γ𝐹0 , 𝐽 (𝐹sep)) = Ker(𝐻1(Γ𝐹0 , 𝐽 (𝐹sep)) → 𝐻1(Γ𝐹0 , 𝐽 (A0 ⊗𝐹0 𝐹
sep)).

We have a natural identification

Ker1(Γ𝐹0 , 𝐽 (𝐹sep)) = Ker(𝐽 (𝐹)𝜏 → 𝐽 (A)𝜏).

Proof. — We have the exact sequence

0 −→ Γ𝐹 −→ Γ𝐹0 −→ Gal(𝐹/𝐹0) −→ 0,

where Γ𝐹 is the Galois group of 𝐹sep over 𝐹. The Galois group Gal(𝐹/𝐹0) of 𝐹 over 𝐹0 is
identified with the Galois group of 𝑘 over F𝑞, hence with Ẑ. Let𝑊𝐹0 be the inverse image of Z
in Γ𝐹0 . We equip𝑊𝐹0 with the topology that makes Γ𝐹 an open subgroup of𝑊𝐹0 . We therefore
have an exact sequence

0 −→ Γ𝐹 −→ 𝑊𝐹0 −→ Z −→ 0.

This exact sequence gives the following commutative diagram with exact rows, of inflation-
restriction

0 // 𝐻1(Z, 𝐽 (𝐹)) //

��

𝐻1(𝑊𝐹0 , 𝐽 (𝐹sep)) //

��

𝐻1(Γ𝐹 , 𝐽 (𝐹sep))

��

0 // 𝐻1(Z, 𝐽 (A)) // 𝐻1(𝑊𝐹0 , 𝐽 (A ⊗𝐹 𝐹sep)) // 𝐻1(Γ𝐹 , 𝐽 (A ⊗𝐹 𝐹sep)).

It is well known that for such a field 𝐹 the terms on the right are zero. Those on the left are
identified, respectively from top to bottom, with 𝐽 (𝐹)𝜏 and 𝐽 (A)𝜏. It follows that we have the
identification

(12.2.7) Ker(𝐽 (𝐹)𝜏 → 𝐽 (A)𝜏) = Ker(𝐻1(𝑊𝐹0 , 𝐽 (𝐹sep)) → 𝐻1(𝑊𝐹0 , 𝐽 (A ⊗𝐹 𝐹sep)).

Since 𝐽 is stable under 𝜏, we may view it as a torus over 𝐹0. Let 𝐸0 be a finite extension of 𝐹0
in 𝐹sep that splits 𝐽. The exact sequence

0 −→ 𝑊𝐸0 −→ 𝑊𝐹0 −→ Gal(𝐸0/𝐹0) −→ 0
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gives, as before, the following commutative diagram with exact rows, of inflation-restriction,
where we set Γ𝐸0/𝐹0 = Gal(𝐸0/𝐹0):

𝐻1(Γ𝐸0/𝐹0 , 𝐽 (𝐸0)) �
� //

��

𝐻1(𝑊𝐹0 , 𝐽 (𝐹sep)) //

��

𝐻1(𝑊𝐸0 , 𝐽 (𝐹sep))

��

𝐻1(Γ𝐸0/𝐹0 , 𝐽 (A0 ⊗𝐹0 𝐸0)) �
� // 𝐻1(𝑊𝐹0 , 𝐽 (A ⊗𝐹 𝐹sep)) // 𝐻1(𝑊𝐸0 , 𝐽 (A ⊗𝐹 𝐹sep)).

Let us show that the right-hand vertical arrow is injective. Since 𝐽 is split over 𝐸0, it suffices to
prove it for the torus G𝑚,𝐸0 . By (12.2.7), we are reduced to showing that the arrow 𝐹×

𝜏 → A×
𝜏

is injective. But every 𝑥 ∈ 𝐹× with trivial image in A×
𝜏 is a unit at every place, so such an 𝑥

belongs to 𝑘× and is of the form 𝑦𝜏(𝑦)−1 for an element 𝑦 ∈ 𝑘×.
This injectivity being established, we deduce from it the equality between

Ker(𝐻1(Gal(𝐸0/𝐹0), 𝐽 (𝐸0)) → 𝐻1(Gal(𝐸0/𝐹0), 𝐽 (A0 ⊗𝐹0 𝐸0)))
and

Ker(𝐻1(𝑊𝐹0 , 𝐽 (𝐹sep)) → 𝐻1(𝑊𝐹0 , 𝐽 (A ⊗𝐹 𝐹sep))
which, combined with (12.2.7), gives the lemma. □

12.3. Proof of Theorem 12.1.1. The notation is that of Section 12.1. The finite group
Γ(Ω𝑀 , 𝜋0(J 1)) of global sections over Ω𝑀 of the sheaf 𝜋0(J 1) acts on pH•(𝑅 𝑓 𝜉,𝑀-par

∗ Qℓ)
(cf. 8.5). Since this finite group receives the group 𝑋∗(𝑇 ∩ 𝑀der), we also have an action of
the latter on the perverse cohomology. Let 𝑎𝑀 ∈ Aell

𝑀
(𝑘)𝜏 and let 𝑎 be its image in A𝐺 (𝑘)𝜏.

The decomposition (8.5.1) of Theorem 8.5.1 gives the following equality of traces for every
𝜆 ∈ 𝑋∗(𝑇 ∩ 𝑀der):

trace((𝜆𝜏)−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎)

=
∑︁

𝑠∈(𝑇/𝑍0
𝑀
)tors

⟨𝑠, 𝜆⟩−1 trace(𝜏−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑠,𝑎),

where the pairing ⟨·, ·⟩ is the canonical pairing between 𝑇/𝑍0
𝑀

and 𝑋∗(𝑇 ∩ 𝑀der).
Assertion 1 of Theorem 8.5.1 shows that, in the above sum, the term associated with 𝑠 is zero

unless 𝑠 belongs to the finite group (𝑇/𝑍0
𝑀
)𝑊𝑎 (for a comment on this group, cf. Remark 12.1.2).

We therefore restrict to such 𝑠. The trace of (𝜆𝜏)−1 on the perverse cohomology depends only
on the class of 𝜆 in the group of co-invariants 𝑋∗(𝑇 ∩𝑀der)𝑊𝑎 (cf. (8.3.1) and Proposition 8.3.1).
By Fourier inversion on the finite commutative group (𝑇/𝑍0

𝑀
)𝑊𝑎 , whose dual is 𝑋∗(𝑇 ∩𝑀der)𝑊𝑎 ,

we obtain the following formula for every 𝑠 ∈ (𝑇/𝑍0
𝑀
)𝑊𝑎 :

trace(𝜏−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑠,𝑎)

= | (𝑇/𝑍0
𝑀
)𝑊𝑎 |−1

∑︁
𝜆∈𝑋∗ (𝑇∩𝑀der)𝑊𝑎

⟨𝑠, 𝜆⟩ trace((𝜆𝜏)−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎).(12.3.1)

Let 𝜆 ∈ 𝑋∗(𝑇 ∩ 𝑀der). We have the following equalities:

trace((𝜆𝜏)−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎) = trace((𝜆𝜏)−1, 𝐻•(M𝜉

𝑎 ,Qℓ))
= |M𝜉

𝑎 (𝑘)𝜆𝜏 |.
(12.3.2)

The first equality relates the trace of (𝜆𝜏)−1 on the perverse cohomology to the (alternating)
trace of (𝜆𝜏)−1 on the cohomology of the fiber at 𝑎 of M𝜉 (denoted M𝜉

𝑎). It is proved as in
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[27, Lemma 3.10.1]. The second equality follows from a stacky version of the Grothendieck-
Lefschetz trace formula. It relates this trace to the cardinality, written between two bars, of the
groupoid of 𝑘-points of M𝜉

𝑎 that are fixed under 𝜆𝜏. We are now going to describe this groupoid.
We resume the notation of Section 11. There we defined a group scheme 𝐽𝑎𝑀 over 𝐶, stable
under 𝜏 (cf. §11.3), as well as an element 𝑋𝑎𝑀 ∈ 𝔪(𝐹0) (cf. §11.7). We have the following
result.
Lemma 12.3.1. — The groupoid M𝜉

𝑎 (𝑘) of 𝑘-points of the fiber at 𝑎 of M𝜉 is equivalent to the
quotient groupoid of the set of 𝑔 ∈ 𝐺 (A)/𝐺 (O) such that

(12.3.3) Ad(𝑔)−1(𝑋) ∈ 𝜛−𝐷𝔤(O)
and

(12.3.4) 𝜉𝑀 ∈ cvx(−𝐻𝑃 (𝑔))𝑃∈P(𝑀)

by the left translation action of the group 𝐽𝑎𝑀 (𝐹).
Proof. — This is an easy consequence of Proposition 7.6.3 of [11]. □

The group 𝑋∗(𝑇 ∩ 𝑀der) acts on the fiber M𝜉
𝑎 via the morphism 𝑋∗(𝑇 ∩ 𝑀der) → J 1

𝑎

considered in Section 8.3 (cf. also §7.3) and the action of J 1
𝑎 on M𝜉

𝑎 (cf. 6.6). Let 𝜛∞ be a
uniformizer of O∞. Recall that in order to construct this morphism, we identify 𝐽𝑎 canonically
with 𝑇 over O∞ (cf. Proposition 7.3.1) and the element 𝜛𝜆

∞ ∈ 𝑇 (O∞) ≃ 𝐽𝑎 (O∞) is interpreted
as gluing data defining a 𝐽𝑎-torsor over 𝐶. In fact, we also have a canonical identification of 𝐽𝑎𝑀
with 𝑇 over O∞, and we denote by 𝑗𝜆 ∈ 𝐽𝑎𝑀 (O∞) the element corresponding to 𝜛𝜆

∞ under this
identification.
Lemma 12.3.2. — The groupoid M𝜉

𝑎 (𝑘)𝜆𝜏 is equivalent to the quotient groupoid of the set
of pairs (𝑔, 𝛿) ∈ 𝐺 (A)/𝐺 (O) × 𝐽𝑎𝑀 (𝐹) that satisfy conditions (12.3.3) and (12.3.4) of
Lemma 12.3.1 for 𝑔 and the condition

𝑗𝜆𝛿𝜏(𝑔) = 𝑔
by the action of 𝐽𝑎𝑀 (𝐹) given by left translation on 𝑔 and 𝜏-conjugation on 𝛿.

Proof. — It follows from the description of Lemma 12.3.1, from the definition of the fixed
points of a groupoid under an automorphism (cf. for example [11, §11.2]) and from the adelic
description of the action of J 1

𝑎 (left to the reader). □

Here is a variant of Lemma 12.3.2 that will allow us to use the results of Section 12.2.
Lemma 12.3.3. — The groupoidM𝜉

𝑎 (𝑘)𝜆𝜏 is equivalent to the quotient groupoid [𝐽𝑎𝑀 (𝐹)\W𝜉]
defined in Section 12.2 relative to the data 𝑋𝑎𝑀 and 𝑗𝜆.

Proof. — The only difficulty is to see that the obvious morphism from [𝐽𝑎𝑀 (𝐹)\W𝜉] to the
quotient groupoid considered in Lemma 12.3.2 is essentially surjective. For this one uses the
variant of Lang’s theorem showing that 1 − 𝜏 is a surjective map from 𝐺 (O) to 𝐺 (O). □

We deduce the following lemma.
Lemma 12.3.4. — For every 𝜆 ∈ 𝑋∗(𝑇 ∩ 𝑀der), we have

trace((𝜆𝜏)−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑎)

=
𝑐(𝐽𝑎𝑀 )

vol(𝔞𝑀/𝑋∗(𝑀)) ·
∫
(𝐽𝑎𝑀 (A)\𝐺 (A))𝜏, 𝑗𝜆

1𝐷 (Ad(𝑔−1)𝑋) 𝑣𝐺𝑀 (𝑔) 𝑑𝑔.

Proof. — The desired equality is a simple combination of equality (12.3.2) and of Corol-
lary 12.2.4 (recall that we assume that 𝜉 is in general position). □
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Lemma 12.3.5. — For every 𝑠 ∈ 𝑇𝑊𝑎/𝑍0
𝑀

, we have the equality between

trace(𝜏−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑠,𝑎)

and
𝑐(𝐽𝑎𝑀 ) · | Ker(𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎) |

vol(𝔞𝑀/𝑋∗(𝑀)) · | (𝑇/𝑍0
𝑀
)𝑊𝑎 |

· 𝑞deg(𝐷) |Φ𝐺 |/2 · 𝐽𝐺,𝑠
𝑀

(𝑎𝑀).

Proof. — Let 𝑠 ∈ 𝑇𝑊𝑎/𝑍0
𝑀

. Equality (12.3.1) combined with Lemma 12.3.4 gives the following

formula for trace(𝜏−1, pH•(𝑅 𝑓 𝜉,𝑀-par
∗ Qℓ)𝑠,𝑎):

𝑐(𝐽𝑎𝑀 )
vol(𝔞𝑀/𝑋∗(𝑀)) · | (𝑇/𝑍0

𝑀
)𝑊𝑎 |

×
∑︁

𝜆∈𝑋∗ (𝑇∩𝑀der)𝑊𝑎

⟨𝑠, 𝜆⟩
∫
(𝐽𝑎𝑀 (A)\𝐺 (A))𝜏, 𝑗𝜆

1𝐷 (Ad(𝑔−1)𝑋) 𝑣𝐺𝑀 (𝑔) 𝑑𝑔.

The quotient
(𝐽𝑎𝑀 (A)\𝐺 (A))𝜏, 𝑗𝜆

is none other than the set of 𝑔 ∈ (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏 such that inv𝑎𝑀 (𝑔) is equal to the image of 𝜆
in 𝑋∗(𝑇)𝑊𝑎 . By Proposition 11.4.2, the image of the invariant inv𝑎𝑀 is contained in the image
of the morphism 𝑋∗(𝑇 ∩ 𝑀der) → 𝑋∗(𝑇)𝑊𝑎 . We deduce from this that the sum∑︁

𝜆∈𝑋∗ (𝑇∩𝑀der)𝑊𝑎

⟨𝑠, 𝜆⟩
∫
(𝐽𝑎𝑀 (A)\𝐺 (A))𝜏, 𝑗𝜆

1𝐷 (Ad(𝑔−1)𝑋) 𝑣𝐺𝑀 (𝑔) 𝑑𝑔

is equal to
| Ker(𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎) | · 𝑞deg(𝐷) |Φ𝐺 |/2 · 𝐽𝐺,𝑠

𝑀
(𝑎𝑀)

which gives the result. □

Lemma 12.3.5 gives the theorem by virtue of the following Lemma 12.3.6.
Lemma 12.3.6. — We have the equality

| Ker(𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎) |
| (𝑇/𝑍0

𝑀
)𝑊𝑎 |

= |𝑇𝑊𝑎/𝑍0
𝑀
|−1.

Proof. — The exact sequence

0 −→ 𝑋∗(𝑇 ∩ 𝑀der) −→ 𝑋∗(𝑇) −→ 𝑋∗(𝑀) −→ 0

gives the exact sequence of co-invariants (recall that𝑊𝑎 ⊂ 𝑊𝑀 acts trivially on 𝑋∗(𝑀))

0 −→ 𝐼 −→ 𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 −→ 𝑋∗(𝑇)𝑊𝑎 −→ 𝑋∗(𝑀) −→ 0

with 𝐼 = Ker(𝑋∗(𝑇 ∩ 𝑀der)𝑊𝑎 → 𝑋∗(𝑇)𝑊𝑎). Applying the exact functor HomZ(·,C×) to this
sequence, we obtain the exact sequence of groups

1 −→ 𝑍0
𝑀
−→ 𝑇𝑊𝑎 −→ (𝑇/𝑍0

𝑀
)𝑊𝑎 −→ HomZ(𝐼,C×) −→ 0.

We deduce from this that the order of HomZ(𝐼,C×) is equal to the ratio between the orders of
the finite groups (𝑇/𝑍0

𝑀
)𝑊𝑎 and 𝑇𝑊𝑎/𝑍0

𝑀
, which gives the desired equality since this order is

also that of 𝐼. □
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13. Stable avatars of weighted orbital integrals

13.1. In this section we take up, in our context, the formalism introduced by Arthur in order
to stabilize weighted orbital integrals. As throughout the article, 𝐺 is a connected reductive
group defined over 𝑘 and 𝑇 a maximal subtorus. We have a natural bijection 𝑀 ↦→ 𝑀 (cf.
2.5) between L𝐺 (𝑇) and the Levi subgroups of 𝐺 that contain 𝑇 . For every 𝑠 ∈ 𝑇 and every
subgroup 𝐻 of 𝐺, we denote by 𝐻𝑠 the neutral component of the centralizer of 𝑠 in 𝐻, and by
𝐻𝑠 its dual over 𝑘 .

13.2. Let 𝑠𝑀 ∈ 𝑇 and 𝑀′ = 𝑀𝑠𝑀 . We have 𝑀′ = 𝑀 if and only if 𝑠𝑀 is central in 𝑀 . Let
E𝐺
𝑀
(𝑠𝑀) be the (finite) set of subgroups 𝐻 of 𝐺 for which there exist an integer 𝑛 ⩾ 1 and a

finite family 𝑠 = (𝑠1, . . . , 𝑠𝑛) of elements of 𝑇 satisfying
– 𝑠1 ∈ 𝑠𝑀𝑍𝑀 and 𝑠𝑖 ∈ 𝑍𝑀 ′ for 𝑖 ⩾ 2;
– 𝐻 is the neutral component of the group

𝐺𝑠1 ∩ . . . ∩ 𝐺𝑠𝑛 .

Remarks 13.2.1. — All the groups of E𝐺
𝑀
(𝑠𝑀) are reductive, connected and of the same rank,

namely the dimension of 𝑇 .
For every 𝐻 ∈ E𝐺

𝑀
(𝑠𝑀), we have 𝑀 ∩ 𝐻 = 𝑀𝑠𝑀 . In particular, 𝐺 ∈ E𝐺

𝑀
(𝑠𝑀) if and only if

𝑠𝑀 ∈ 𝑍
𝑀

.
In the same way one defines a set E𝐿

𝑀
(𝑠𝑀) for every 𝐿 ∈ L𝐺 (𝑀). We have an obvious

inclusion E𝐿
𝑀
(𝑠𝑀) ⊂ E𝐺

𝑀
(𝑠𝑀). More generally, for every 𝑠 ∈ 𝑠𝑀𝑍𝑀 , one defines E𝐺𝑠

𝑀 ′ (𝑠𝑀).
Moreover we have E𝐺𝑠

𝑀 ′ (𝑠𝑀) = E𝐺𝑠
𝑀 ′ (1), where 1 is the neutral element of 𝑇 .

Definition 13.2.2. — Let 𝐿̂1 ⊂ 𝐿̂2 be two connected reductive subgroups of 𝐺 that contain 𝑇 .
We say that 𝐿̂1 is elliptic in 𝐿̂2 if one of the two following equivalent conditions is satisfied:

1. the connected centers of 𝐿̂1 and 𝐿̂2 are equal;
2. the quotient 𝑍

𝐿̂1
/𝑍

𝐿̂2
is finite.

For every 𝐿 ∈ L𝐺 (𝑀), let E𝐿
𝑀,ell(𝑠𝑀) ⊂ E𝐿

𝑀
(𝑠𝑀) be the subset of the subgroups 𝐻 ∈

E𝐿
𝑀
(𝑠𝑀) that are elliptic in 𝐿̂.

Lemma 13.2.3. — We have the following equality, where the union on the right-hand side is
disjoint:

E𝐺𝑀 (𝑠𝑀) =
⋃

𝐿∈L(𝑀)
E𝐿𝑀,ell(𝑠𝑀).

Proof. — Let 𝐻 ∈ E𝐺
𝑀
(𝑠𝑀). The centralizer of the connected center of 𝐻 is a Levi subgroup

𝐿̂ of 𝐺 that contains 𝐻. Consequently, we have 𝑍0
𝐻
⊂ 𝑍

𝐿̂
⊂ 𝑍

𝐻
. We therefore have 𝑍0

𝐿̂
= 𝑍0

𝐻

and 𝐻 is elliptic in 𝐿̂. Any other Levi subgroup 𝐿̂′ which contains 𝐻 as an elliptic subgroup
satisfies 𝑍0

𝐿̂′
= 𝑍0

𝐻
and therefore 𝐿̂′ = 𝐿̂. □

Proposition 13.2.4. — Let 𝑠𝑀 ∈ 𝑇 and 𝑀′ = 𝑀𝑠𝑀 . For every map

𝐽 : E𝐺
𝑀,ell(𝑠𝑀) → C,

there exists a unique map
𝑆 : E𝐺

𝑀,ell(𝑠𝑀) → C
such that the following relation

(13.2.1) 𝑆(𝐻) = 𝐽 (𝐻) −
∑︁

𝑠∈𝑍
𝑀′/𝑍𝐻 , 𝑠≠1

|𝑍
𝐻𝑠
/𝑍

𝐻
|−1𝑆(𝐻𝑠)
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is satisfied for every 𝐻 ∈ E𝐺
𝑀,ell(𝑠𝑀).

Remark 13.2.5. — Let 𝐻 ∈ E𝐺ell(𝑠𝑀). For every 𝑠 ∈ 𝑍
𝑀 ′ , the group 𝐻𝑠 belongs to E𝐺

𝑀
(𝑠𝑀)

and depends only on the class of 𝑠 in 𝑍
𝑀 ′/𝑍𝐻 . If 𝐻𝑠 is not elliptic in 𝐻, the quotient 𝑍

𝐻𝑠
/𝑍

𝐻
is

not finite and, by convention, we set |𝑍
𝐻𝑠
/𝑍

𝐻
|−1 = 0. Thus the sum over 𝑠 only involves those

𝑆(𝐻𝑠) for which 𝐻𝑠 belongs to E𝐺
𝑀,ell(𝑠𝑀). As there are only finitely many such 𝐻𝑠, the support

of the sum over 𝑠 is finite, since it is contained in a finite union of finite quotients 𝑍
𝐻𝑠
/𝑍

𝐻
.

Proof. — Let𝐻 ∈ E𝐺ell(𝑠𝑀). Let us observe that if 𝑠 ∈ 𝑍
𝑀 ′ and 𝑠 ∉ 𝑍

𝐻
then dim(𝐻𝑠) < dim(𝐻).

In particular, if 𝐻 is of minimal dimension, the relation (13.2.1) reduces to

𝑆(𝐻) = 𝐽 (𝐻).
An induction on the dimension of the groups 𝐻 gives the existence and the uniqueness of 𝑆. □

Corollary 13.2.6. — Let 𝑠𝑀 ∈ 𝑇 . For every map
𝐽 : E𝐺𝑀 (𝑠𝑀) → C,

there exists a unique map
𝑆 : E𝐺𝑀 (𝑠𝑀) → C

such that for every 𝐿 ∈ L(𝑀), the restriction of 𝑆 to E𝐿
𝑀,ell(𝑠𝑀) is the map deduced from the

restriction of 𝐽 to E𝐿
𝑀
(𝑠𝑀) by Lemma 13.2.4.

Proof. — It follows from Lemma 13.2.3 and Proposition 13.2.4. □

13.3. Stable avatar of 𝐽𝐺,1
𝑀

(𝑎𝑀). We take up the notation of Section 11. We introduce the
following definition. We denote by 1 the neutral element of 𝑇 .
Definition 13.3.1. — Let 𝑀 ∈ L𝐺 (𝑇) and 𝑎𝑀 ∈ A𝑀 (𝑘)𝜏. The map

𝐻 ∈ E𝐺𝑀 (1) ↦→ 𝑆𝐻𝑀 (𝑎𝑀)
is the map deduced from the map of Definition 11.7.1

𝐻 ∈ E𝐺𝑀 (1) ↦→ 𝐽
𝐻,1
𝑀

(𝑎𝑀)
by Corollary 13.2.6.

14. A second computation of a Frobenius trace

14.1. We take up the hypotheses and the notation of Sections 10, 11, 12. The main result
of this section is the following theorem, which is a computation of a Frobenius trace on an
intermediate extension in terms of the stable variant of the weighted orbital integrals 𝐽𝐺,1

𝑀
(𝑎𝑀)

of Definition 11.7.1.
Theorem 14.1.1. — Let 𝐺 be a semisimple group, 𝑀 ∈ L𝐺 and 𝑎𝑀 ∈ Aell

𝑀
(𝑘)𝜏. Let 𝑎 =

𝜒𝑀
𝐺
(𝑎𝑀). Assume that 𝑎 ∈ Abon

𝐺
. Let 𝑗 be the open immersion

𝑗 : Aell
𝐺 → A𝐺 .

Then we have the equality between

trace(𝜏−1, ( 𝑗!∗(pH•(𝑅 𝑓 ell
𝐺,∗Qℓ)1))𝑎)

and
𝑐(𝐽𝑎𝑀 ) · 𝑞deg(𝐷) |Φ𝐺 |/2

vol(𝔞𝑀/𝑋∗(𝑀)) · |𝑇𝑊𝑎/𝑍0
𝑀
| · |𝑍0

𝑀
∩ 𝑍

𝐺
|
· 𝑆𝐺𝑀 (𝑎𝑀),
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where
1. pH•(𝑅 𝑓 ell

𝐺,∗Qℓ)1 is the 1-part of pH•(𝑅 𝑓 ell
𝐺,∗Qℓ) (cf. Theorem 8.5.1);

2. its intermediate extension to A𝐺 is denoted 𝑗!∗;
3. the notation on the right-hand side, with the exception of 𝑆𝐺

𝑀
(𝑎𝑀), is that of Theorem 12.1.1;

4. 𝑆𝐺
𝑀
(𝑎𝑀) is the variant of the integral 𝐽𝐺,1

𝑀
(𝑎𝑀) introduced in Definition 13.3.1.

This theorem is nontrivial. Although it rests in part on counting arguments (that is to say,
on Theorem 12.1.1), its proof also requires the cohomological Theorem 10.7.3. This last point
explains the condition 𝑎 ∈ Abon

𝐺
. The proof is to be found in the following paragraph.

14.2. Proof of Theorem 14.1.1. We take up the hypotheses of Theorem 14.1.1. For every
𝐻 ∈ E𝐺

𝑀,ell(1), we define 𝑆𝐻
𝑀
(𝑎𝑀) by the following equality:

trace(𝜏−1, ( 𝑗!∗(pH•(𝑅 𝑓 ell
𝐻,∗Qℓ)1))𝑎) =

𝑐(𝐽𝑎𝑀 ) · 𝑞deg(𝐷) |Φ𝐺 |/2

vol(𝔞𝑀/𝑋∗(𝑀)) · |𝑇𝑊𝑎/𝑍0
𝑀
| · |𝑍0

𝑀
∩ 𝑍

𝐺
|
· 𝑆𝐻𝑀 (𝑎𝑀).

It is a matter of seeing that we have

(14.2.1) 𝑆𝐻𝑀 (𝑎𝑀) = 𝑆𝐻𝑀 (𝑎𝑀).

Since Abon
𝐺

∩ A𝐻 ⊂ Abon
𝐻

(cf. Lemma 14.3.1), we may assume, arguing by induction on
the dimension of the groups, that the equality (14.2.1) holds for every 𝐻 ∈ E𝐺

𝑀,ell(1) such that
𝐻 ≠ 𝐺. Let us show that the point 𝑎 = 𝜒𝑀

𝐺
(𝑎𝑀) belongs to the open subset (notation of (10.7.1)

for 𝑠 = 1)

U1 = U𝑀 ∩ Abon
𝐺 ∩

(
A𝐺 −

⋃
(𝑠,𝜌)

A𝑠,𝜌

)
,

where the union is taken over the finite set (cf. Proposition 10.6.10) of geometric endoscopic
data (𝑠, 𝜌) of 𝐺 that satisfy

– 𝑠 ∈ 𝑍0
𝑀

;
– Aell

𝐺
∩ A𝑠,𝜌 ≠ ∅;

– 𝜌 is a nontrivial homomorphism.
Since Aell

𝑀
⊂ U𝑀 (cf. the definition of U𝑀 given in §8.4), it remains to see that we have

𝑎 ∉ A𝑠,𝜌 for every pair (𝑠, 𝜌) that satisfies the three conditions above. Let (𝑠, 𝜌) be a geometric
endoscopic datum of𝐺 such that 𝑠 ∈ 𝑍0

𝑀
and 𝑎 ∈ A𝑠,𝜌. Since 𝑎 = 𝜒𝑀

𝐺
(𝑎𝑀), we have𝑊𝑎 ⊂ 𝑊𝑀

(cf. Proposition 8.2.1). But the condition 𝑠 ∈ 𝑍0
𝑀

implies 𝑊𝑀 ⊂ 𝑊0
𝑠 . Hence 𝜌 is necessarily

trivial.
We may therefore take the trace of 𝜏−1 on the fiber at 𝑎 of the equality of Theorem 10.7.3.

After simplifying by the factor 𝑐(𝐽𝑎𝑀 )·𝑞deg(𝐷) |Φ𝐺 |/2

vol(𝔞𝑀/𝑋∗ (𝑀))·|𝑇𝑊𝑎/𝑍0
𝑀
|
, we find the equality

𝐽
𝐺,1
𝑀

(𝑎𝑀) =
∑︁
𝑠

|𝑍0
𝑀
∩ 𝑍

𝐺𝑠
|−1 · 𝑆𝐺𝑠

𝑀
(𝑎𝑀),

where the sum is taken over the 𝑠 ∈ 𝑍0
𝑀

such that 𝐺𝑠 is semisimple. As the terms in the sum on
the right are invariant under translation by 𝑍0

𝑀
∩ 𝑍

𝐺
, we also have

𝐽
𝐺,1
𝑀

(𝑎𝑀) =
∑︁
𝑠

|𝑍0
𝑀
∩ 𝑍

𝐺
| · |𝑍0

𝑀
∩ 𝑍

𝐺𝑠
|−1 · 𝑆𝐺𝑠

𝑀
(𝑎𝑀),
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where, this time, the sum is taken over the 𝑠 ∈ 𝑍0
𝑀
/(𝑍0

𝑀
∩𝑍

𝐺
) such that𝐺𝑠 is semisimple. Since

𝑀 is a Levi subgroup of 𝐺 and of 𝐺𝑠, we have 𝑍
𝑀

= 𝑍
𝐺
𝑍0
𝑀

and 𝑍
𝑀

= 𝑍
𝐺𝑠
𝑍0
𝑀

. In particular,
we have 𝑍

𝐺𝑠
⊂ 𝑍

𝐺
(𝑍0

𝑀
∩ 𝑍

𝐺𝑠
). One deduces from this the isomorphisms

𝑍0
𝑀
/(𝑍0

𝑀
∩ 𝑍

𝐺
) � 𝑍

𝑀
/𝑍

𝐺

and
(𝑍0

𝑀
∩ 𝑍

𝐺𝑠
)/(𝑍0

𝑀
∩ 𝑍

𝐺
) � 𝑍

𝐺𝑠
/𝑍

𝐺
,

and one obtains
𝐽
𝐺,1
𝑀

(𝑎𝑀) =
∑︁

𝑠∈𝑍
𝑀
/𝑍
𝐺

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1𝑆𝐺𝑠

𝑀
(𝑎𝑀),

where, by the usual convention, the inverse of the cardinality of an infinite set is zero. By the
induction hypothesis, we have 𝑆𝐺𝑠

𝑀
(𝑎𝑀) = 𝑆𝐺𝑠𝑀 (𝑎𝑀) for 𝑠 ≠ 1. It then follows that

𝑆𝐺𝑀 (𝑎𝑀) = 𝐽𝐺,1𝑀
(𝑎𝑀) −

∑︁
𝑠∈𝑍

𝑀
/𝑍
𝐺
, 𝑠≠1

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1𝑆𝐺𝑠

𝑀
(𝑎𝑀)

= 𝐽
𝐺,1
𝑀

(𝑎𝑀) −
∑︁

𝑠∈𝑍
𝑀
/𝑍
𝐺
, 𝑠≠1

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1𝑆𝐺𝑠

𝑀
(𝑎𝑀).

But this last expression is precisely 𝑆𝐺
𝑀
(𝑎𝑀), which completes the proof.

14.3. The following lemma was used in the proof of Theorem 14.1.1.
Lemma 14.3.1. — Let 𝐻 be a dual group of a reductive subgroup 𝐻 of 𝐺 that contains 𝑇 . Let
A𝐻 ↩→ A𝐺 be the canonical closed immersion (induced by the inclusion𝑊𝐻 ⊂ 𝑊𝐺). Then we
have

Abon
𝐺 ∩ A𝐻 ⊂ Abon

𝐻 .

Proof. — By Section 9, we have at our disposal a function 𝛿𝐻 on A𝐻 and a function 𝛿𝐺 on
A𝐺 . Let 𝑎 ∈ Abon

𝐺
. We therefore have codimA𝐺

(𝑎) ⩾ 𝛿𝐺𝑎 . Assume moreover that 𝑎 ∈ A𝐻 .
One checks the following formula:

codimA𝐺
(A𝐻) = (dim(𝐺) − dim(𝐻)) deg(𝐷)/2 = 𝛿𝐺𝑎 − 𝛿𝐻𝑎 .

The first equality comes from the computation of the dimension of A𝐺 by the Riemann-Roch
formula, and the second follows from the Ngô-Bezrukavnikov formula, cf. Lemma 9.12.1 (cf.
also [29, §4.17]). One immediately deduces from this the inequality codimA𝐻

(𝑎) ⩾ 𝛿𝐻𝑎 , which
is what we had to prove. □

15. A global form of the weighted fundamental lemma

15.1. The following theorem, which is the main result of this section, is a global form of
Arthur’s weighted fundamental lemma.
Theorem 15.1.1. — Let 𝑀 ∈ L𝐺 and 𝑠𝑀 ∈ 𝑇 . Let 𝑀′ be of dual 𝑀′ = 𝑀𝑠𝑀 . Let 𝑎𝑀 ∈
Aell
𝑀 ′ (𝑘)𝜏. By abuse of notation, we still denote by 𝑎𝑀 the element 𝜒𝑀 ′

𝑀
(𝑎𝑀). We make the

following hypotheses:
– 𝑀′ ⊊ 𝑀 (that is to say 𝑠𝑀 ∉ 𝑍

𝑀
);

– 𝑀′ is elliptic in 𝑀 (which amounts to 𝑎𝑀 ∈ Aell
𝑀
(𝑘));

– the element 𝜒𝑀 ′

𝐺
(𝑎𝑀) belongs to Abon

𝐺
.
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Then we have the following equality:

𝐽
𝐺,𝑠𝑀
𝑀

(𝑎𝑀) = |𝑍
𝑀 ′/𝑍𝑀 |

∑︁
𝑠∈𝑠𝑀𝑍𝑀/𝑍

𝐺

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1𝑆𝐺𝑠

𝑀 ′ (𝑎𝑀).

15.2. Proof of Theorem 15.1.1. Let us begin with the case of a semisimple group. Let us
prove the following lemma.
Lemma 15.2.1. — Let 𝑎 = 𝜒𝑀

′

𝐺
(𝑎𝑀). Then 𝑎 belongs to the open subsetU𝑠𝑀 defined in (10.7.1).

Proof. — By hypothesis, we know that 𝑎 belongs to Abon
𝐺

. The hypothesis that 𝑀′ is elliptic in
𝑀 implies that 𝑎 ∈ Aell

𝑀
(cf. Proposition 10.6.6) and therefore 𝑎 belongs to the open subset U𝑀

of §8.4. Let (𝑠, 𝜌) be a geometric endoscopic datum (cf. Definition 10.6.3) such that the three
following conditions are satisfied:

– 𝑠 ∈ 𝑠𝑀𝑍0
𝑀

;
– Aell

𝐺
∩ A𝑠,𝜌 ≠ ∅;

– 𝑎 ∈ A𝑠,𝜌.
Since 𝑎𝑀 ∈ A𝑀 ′ , we have𝑊𝑎 ⊂ 𝑊𝑀 ′ (by a variant of Proposition 8.2.1). As we have𝑊𝑀 ′ ⊂ 𝑊0

𝑠 ,
we also have𝑊𝑎 ⊂ 𝑊0

𝑠 and 𝜌 is necessarily trivial. This completes the proof. □

Let us take 𝜉 in general position. Theorem 10.7.3 specialized at the point 𝑎 ∈ U𝑠𝑀 entails
an identity of Frobenius traces which is made explicit as follows by Theorems 12.1.1 and 14.1.1
(cf. also Lemma 14.3.1):

𝑐(𝐽𝑎𝑀 ) · 𝑞deg(𝐷) |Φ𝐺 |/2

vol(𝔞𝑀/𝑋∗(𝑀)) · |𝑇𝑊𝑎/𝑍0
𝑀
|
𝐽
𝐺,𝑠𝑀
𝑀

(𝑎𝑀)

=
∑︁
𝑠

𝑐(𝐽𝑎𝑀 ) · 𝑞deg(𝐷) |Φ𝐺 |/2

vol(𝔞𝑀 ′/𝑋∗(𝑀′)) · |𝑇𝑊𝑎/𝑍0
𝑀 ′ | · |𝑍

0
𝑀 ′ ∩ 𝑍𝐺𝑠 |

· 𝑆𝐺𝑠
𝑀 ′ (𝑎𝑀),

where the sum is taken over the 𝑠 ∈ 𝑠𝑀𝑍0
𝑀

such that𝐺𝑠 is semisimple. The hypothesis that 𝑀′ is
elliptic entails the equalities 𝑍0

𝑀
= 𝑍0

𝑀 ′ , 𝔞𝑀 = 𝔞𝑀 ′ (as Euclidean spaces) and 𝑋∗(𝑀) = 𝑋∗(𝑀′).
After simplification, we obtain the equality

𝐽
𝐺,𝑠𝑀
𝑀

(𝑎𝑀) =
∑︁
𝑠

|𝑍0
𝑀
∩ 𝑍

𝐺𝑠
|−1𝑆𝐺𝑠

𝑀 ′ (𝑎𝑀)

for the same summation set, which one may rewrite (as in the proof of Theorem 14.1.1)

𝐽
𝐺,𝑠𝑀
𝑀

(𝑎𝑀) =
∑︁
𝑠

[𝑍0
𝑀
∩ 𝑍

𝐺
|

|𝑍0
𝑀
∩ 𝑍

𝐺𝑠
|
𝑆
𝐺𝑠
𝑀 ′ (𝑎𝑀),

where this time the sum is over the 𝑠 ∈ 𝑠𝑀𝑍
0
𝑀
/𝑍0

𝑀
∩ 𝑍

𝐺
such that 𝐺𝑠 is elliptic. The exact

sequence
1 −→ (𝑍

𝑀
∩ 𝑍

𝐺𝑠
)/𝑍

𝐺
−→ 𝑍

𝐺𝑠
/𝑍

𝐺
−→ 𝑍

𝑀 ′/𝑍𝑀 −→ 1

(where the surjectivity comes from the equalities 𝑍
𝑀 ′ = 𝑍

𝐺𝑠
𝑍0
𝑀 ′ and 𝑍0

𝑀 ′ = 𝑍0
𝑀

) and the
isomorphism

(𝑍
𝐺𝑠

∩ 𝑍
𝑀
)/𝑍

𝐺
� (𝑍0

𝑀
∩ 𝑍

𝐺𝑠
)/(𝑍0

𝑀
∩ 𝑍

𝐺
)

entail the formula
[𝑍0

𝑀
∩ 𝑍

𝐺
|

|𝑍0
𝑀
∩ 𝑍

𝐺𝑠
|
=

|𝑍
𝑀 ′/𝑍𝑀 |

|𝑍
𝐺𝑠
/𝑍

𝐺
| .
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All the orders in the formula above are finite if 𝐺𝑠 is elliptic. In the right-hand side of this
formula, the denominator is infinite if𝐺𝑠 is not elliptic, in which case its inverse is by convention
0. Using the isomorphism 𝑍0

𝑀
/𝑍0

𝑀
∩ 𝑍

𝐺
� 𝑍

𝑀
/𝑍

𝐺
, we obtain the equality

𝐽
𝐺,𝑠𝑀
𝑀

(𝑎𝑀) = |𝑍
𝑀 ′/𝑍𝑀 |

∑︁
𝑠∈𝑠𝑀𝑍𝑀/𝑍

𝐺

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1𝑆𝐺𝑠

𝑀 ′ (𝑎𝑀)

which is what we had to prove.
The passage from a semisimple group to an arbitrary reductive group is left to the reader.

16. Arthur’s formalism for the stabilization of weighted orbital integrals

16.1. This section takes up the notation and the definitions of §§13.1 and 13.2. It is
independent of the other parts of the article. We develop, in an abstract context, Arthur’s
formalism for the stabilization of weighted orbital integrals and of their descent and splitting
formulas (cf. [3] for example). We give several propositions which will then allow us to deduce
the weighted fundamental lemma from the global variant given by Theorem 15.1.1. All the
results rest on Arthur’s methods.

16.2. Let 𝑀 ∈ L𝐺 . Recall that for every 𝑠𝑀 ∈ 𝑇 we have defined in §13.2 finite sets
E𝐺
𝑀,ell(𝑠𝑀) ⊂ E𝐺

𝑀
(𝑠𝑀) of reductive subgroups of 𝐺 which contain 𝑇 . For every Levi subgroup

of𝐺 containing𝑇 , let L𝐺 (𝑀) be the finite set of Levi subgroups of𝐺 which contain 𝑀 . This set
is in natural bijection with L𝐺 (𝑀). We set L𝐺 = L𝐺 (𝑇). This definition holds more generally
for a reductive subgroup of 𝐺 and one of its Levi subgroups.
Definition 16.2.1. — Let 𝑠𝑀 ∈ 𝑇 and 𝑀′ = 𝑀𝑠𝑀 . For every map

𝐽 : E𝐺
𝑀,ell(𝑠𝑀) → C.

Let
𝐽E (𝐺) = |𝑍

𝑀 ′/𝑍𝑀 |
∑︁

𝑠∈𝑠𝑀𝑍𝑀/𝑍
𝐺

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1𝑆(𝐺𝑠),

where 𝑆 is the map deduced from 𝐽 by Proposition 13.2.4.
Remark 16.2.2. — If 𝑠𝑀 ∈ 𝑍

𝑀
, we have 𝑀 = 𝑀′ and 𝐺 ∈ E𝐺

𝑀,ell(𝑠𝑀). In this case, we have
𝐽E (𝐺) = 𝐽 (𝐺). Indeed the formula above may be rewritten

𝐽E (𝐺) = 𝑆(𝐺) +
∑︁

𝑠∈𝑠𝑀𝑍𝑀/𝑍
𝐺
, 𝑠≠1

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1𝑆(𝐺𝑠)

and the sum over 𝑠 above is equal to 𝐽 (𝐺) − 𝑆(𝐺) by the formula (13.2.1).
Remark 16.2.3. — By Lemma 13.2.3, we have E𝐺

𝑀
(𝑠𝑀) =

⋃
𝐿∈L(𝑀) E𝐿𝑀,ell(𝑠𝑀) where the

union is disjoint. For every map 𝐽 : E𝐺
𝑀
(𝑠𝑀) → C, we therefore obtain a map

𝐽E : L𝐺 (𝑀) → C

given by Definition 16.2.1.
Definition 16.2.4. — Let 𝑀 ∈ L𝐺 and 𝑠𝑀 ∈ 𝑇 . We say that a map

𝐽 : E𝐺
𝑀,ell(𝑠𝑀) ∪ {𝐺} → C

is stabilizing if it satisfies the equality 𝐽 (𝐺) = 𝐽E (𝐺). We say that a map

𝐽 : E𝐺𝑀 (𝑠𝑀) ∪ L𝐺 (𝑀) → C
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is stabilizing if for every 𝐿 ∈ L𝐺 (𝑀) the map restricted to E𝐿
𝑀,ell(𝑠𝑀) ∪ {𝐿̂} is stabilizing.

Here is a first, trivial example.
Example 16.2.5. — If 𝑠𝑀 ∈ 𝑍

𝑀
, every map 𝐽 : E𝐺

𝑀,ell(𝑠𝑀) ∪ {𝐺} → C is stabilizing by virtue
of Remark 16.2.2.

Here is a second one which is not.
Example 16.2.6. — Let 𝑠𝑀 ∈ 𝑇 and 𝑀′ = 𝑀𝑠𝑀 . We assume that 𝑠𝑀 ∉ 𝑍

𝑀
. For 𝑎𝑀 ∈ Aell

𝑀 ′ (𝑘)𝜏

which satisfies the hypotheses of Theorem 15.1.1, the map 𝐽 defined by 𝐽 (𝐺) = 𝐽𝐺,𝑠𝑀
𝑀

(𝑎𝑀) and
for 𝐻 ∈ E𝐺

𝑀,ell(𝑠𝑀) by 𝐽 (𝐻) = 𝐽
𝐻,1
𝑀 ′ (𝑎𝑀) is stabilizing: this is nothing but a reformulation of

Theorem 15.1.1.

16.3. Splitting and descent. In all the rest of this section, we fix 𝑀 ∈ L𝐺 and 𝑠𝑀 ∈ 𝑇 .
Weighted orbital integrals admit descent and splitting formulas brought to light by Arthur (cf.
[2]). The coefficient 𝑑 of Definition 16.3.1 below plays a key role in these formulas. Beforehand,
for every 𝐻 ∈ E𝐺

𝑀
(𝑠𝑀), we set

𝔞
𝐻
= 𝑋∗(𝐻) ⊗Z R = 𝑋∗(𝑍0

𝐻
) ⊗Z R.

We have moreover 𝔞𝐻 = 𝔞
𝐻

if 𝐻 is the dual of 𝐻. We then have decompositions 𝔞
𝑇
= 𝔞𝐻

𝑇
⊕ 𝔞

𝐻

as in §2.4.
Definition 16.3.1. — Let 𝐻 ∈ E𝐺

𝑀
(𝑠𝑀) and 𝑅 ∈ L𝐻 (𝑇). For all Levi subgroups 𝐿̂1 and 𝐿̂2 in

L𝐻 (𝑅), we set
𝑑𝐻
𝑅
( 𝐿̂1, 𝐿̂2) = 0

except if we have a direct sum 𝔞
𝐿̂1

𝑅
⊕ 𝔞

𝐿̂2

𝑅
= 𝔞𝐻

𝑅
, in which case 𝑑 is the absolute value of the

determinant of the canonical isomorphism 𝔞
𝐿̂1

𝑅
× 𝔞

𝐿̂2

𝑅
→ 𝔞𝐻

𝑅
written in orthonormal bases.

Remark 16.3.2. — We have 𝑑𝐻
𝑅
( 𝐿̂1, 𝐿̂2) = 𝑑𝐻

𝑅
( 𝐿̂2, 𝐿̂1) and this coefficient is nonzero if and

only if 𝔞𝐺
𝐿̂1

⊕ 𝔞𝐺
𝐿̂2

= 𝔞𝐻
𝑅

. We also have 𝑑𝐻
𝑅
(𝑅, 𝐻) = 1.

We collect in the following lemma some well-known elementary facts whose proof is left to
the reader.
Lemma 16.3.3. —

1. We have 𝑎𝐻
𝐿̂1

∩ 𝑎𝐻
𝐿̂2

= 0 if and only if the quotient

(𝑍
𝐿̂1

∩ 𝑍
𝐿̂2
)/𝑍

𝐻

is finite;
2. We have 𝑎

𝑅
= 𝑎

𝐿̂1
+ 𝑎

𝐿̂2
if and only if 𝑍

𝑅
= 𝑍

𝐿̂1
𝑍
𝐿̂2

;
3. Let 𝑠 ∈ 𝑇 be such that𝐺𝑠 is elliptic in𝐺 and 𝑀𝑠 is elliptic in 𝑀 . The map 𝐿̂ → 𝐿̂𝑠 induces

a bijection from the set of the 𝐿̂ ∈ L(𝑀) such that 𝐿̂𝑠 is elliptic in 𝐿̂ onto L𝐻𝑠 (𝑀𝑠).
Definition 16.3.4. — Let 𝐻 ∈ E𝐺

𝑀
(𝑠𝑀) and 𝑅 ∈ L𝐻 (𝑇). For all Levi subgroups 𝐿̂1 and 𝐿̂2 in

L𝐻 (𝑅), we set
𝑒𝐻
𝑅
( 𝐿̂1, 𝐿̂2) = | (𝑍

𝐿̂1
∩ 𝑍

𝐿̂2
)/𝑍

𝐻
|−1𝑑𝐻

𝑅
( 𝐿̂1, 𝐿̂2),

with the usual convention that the inverse of the cardinality of an infinite set is zero.
Remark 16.3.5. — By assertion 1 of Lemma 16.3.3, we have 𝑒𝐻

𝑅
( 𝐿̂1, 𝐿̂2) = 0 if and only if

𝑑𝐻
𝑅
( 𝐿̂1, 𝐿̂2) = 0.
We can now state the two main results of this section.
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Proposition 16.3.6. — (Splitting) Let 𝑠𝑀 ∈ 𝑇 be such that 𝑠𝑀 ∉ 𝑍
𝑀

and 𝑀′ = 𝑀𝑠𝑀 is an
elliptic subgroup of 𝑀 .

Let 𝐽1 and 𝐽2 be two maps from E𝐺
𝑀
(𝑠𝑀) ∪ L𝐺 (𝑀) to C. Let 𝐽 be the map from E𝐺

𝑀
(𝑠𝑀) ∪

L𝐺 (𝑀) to C defined for every 𝐻 ∈ E𝐺
𝑀
(𝑠𝑀) by

𝐽 (𝐻) =
∑︁

𝐿̂1,𝐿̂2∈L𝐻 (𝑀 ′)

𝑑𝐻
𝑀 ′ ( 𝐿̂1, 𝐿̂2) · 𝐽1( 𝐿̂1) · 𝐽2( 𝐿̂2)

and for every 𝐿̂ ∈ L𝐺 (𝑀) by

𝐽 ( 𝐿̂) =
∑︁

𝐿̂1,𝐿̂2∈L𝐿 (𝑀)

𝑑 𝐿̂
𝑀
( 𝐿̂1, 𝐿̂2) · 𝐽1( 𝐿̂1) · 𝐽2( 𝐿̂2).

We have
1. If 𝐽1 and 𝐽2 are stabilizing then 𝐽 is stabilizing;
2. If 𝐽 and 𝐽2 are stabilizing and 𝐽2(𝑀) ≠ 0 then 𝐽1 is stabilizing.

Proposition 16.3.7. — (Descent) Let 𝑠𝑀 ∈ 𝑇 be such that 𝑠𝑀 ∉ 𝑍
𝑀

and 𝑀′ = 𝑀𝑠𝑀 is an elliptic
subgroup of 𝑀 . Let 𝑅 ∈ L𝑀 be such that 𝑅𝑠𝑀 is elliptic in 𝑅. Let 𝑅′ = 𝑅𝑠𝑀 .

Let 𝐽𝑅 be a map from E𝐺
𝑅
(𝑠𝑀) ∪ L𝐺 (𝑅) to C. Let 𝐽𝑀 be the map from E𝐺

𝑀
(𝑠𝑀) ∪ L𝐺 (𝑀)

to C defined for every 𝐻 ∈ E𝐺
𝑀
(𝑠𝑀) by

𝐽𝑀 (𝐻) =
∑︁

𝐿̂∈L𝐻 (𝑅′)

𝑑𝐻
𝑅′ (𝑀

′, 𝐿̂)𝐽𝑅 ( 𝐿̂)

and for every 𝐿̂ ∈ L𝐺 (𝑀) by

𝐽𝑀 ( 𝐿̂) =
∑︁

𝐿̂1∈L𝐿 (𝑅)

𝑑 𝐿̂
𝑅
(𝑀, 𝐿̂1)𝐽𝑅 ( 𝐿̂1).

If 𝐽𝑅 is stabilizing, then 𝐽𝑀 is stabilizing.
Remark 16.3.8. — Using assertion 3 of Lemma 16.3.3, one sees that for every 𝐻 ∈ E𝐺

𝑀
(𝑠𝑀)

and every 𝐿̂ ∈ L𝐻 (𝑅), we have 𝐿̂ ∈ E𝐺
𝑅
(𝑠𝑀).

The rest of the section (in particular §§16.4 and 16.6) is devoted to the proofs of Proposi-
tions 16.3.6 and 16.3.7.

16.4. Proof of Proposition 16.3.6. It rests on the following proposition, of which the reader
will find, for his convenience, a proof in §16.5.
Proposition 16.4.1. — (Splitting formulas) We take up the hypotheses of Proposition 16.3.6

1. Let 𝑆, resp. 𝑆𝑖, be the map deduced from 𝐽, resp. 𝐽𝑖, by Corollary 13.2.6. For every
𝐻 ∈ E𝐺

𝑀
(𝑠𝑀), we have

𝑆(𝐻) =
∑︁

𝐿̂1,𝐿̂2∈L𝐻 (𝑀 ′)

𝑒𝐻
𝑀 ′ ( 𝐿̂1, 𝐿̂2) · 𝑆1( 𝐿̂1) · 𝑆2( 𝐿̂2) ;

2. Let 𝐽E , resp. 𝐽E
𝑖

, be the map deduced from 𝐽 (cf. Definition 16.2.1 and Remark 16.2.3).
For every 𝐿̂ ∈ L𝐺 (𝑀), we have

𝐽E ( 𝐿̂) =
∑︁

𝐿̂1,𝐿̂2∈L𝐿 (𝑀)

𝑑 𝐿̂
𝑀
( 𝐿̂1, 𝐿̂2) · 𝐽E1 ( 𝐿̂1) · 𝐽E2 ( 𝐿̂2).
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We can now give the proof of Proposition 16.3.6. Assertion 1 is an obvious consequence
of assertion 2 of Proposition 16.4.1 above. Let us prove assertion 2 of Proposition 16.3.6. By
hypothesis, 𝐽 and 𝐽2 are stabilizing. We therefore have

𝐽 (𝐺) = 𝐽E (𝐺).

One may rewrite this equality by using, for the left-hand side, the definition of 𝐽 in terms of 𝐽1
and 𝐽2 and, for the right-hand side, assertion 2 of Proposition 16.4.1. It follows that∑︁

𝐿̂1,𝐿̂2∈L𝐺 (𝑀)

𝑑𝐺
𝑀
( 𝐿̂1, 𝐿̂2) · 𝐽1( 𝐿̂1) · 𝐽2( 𝐿̂2) =

∑︁
𝐿̂1,𝐿̂2∈L𝐺 (𝑀)

𝑑𝐺
𝑀
( 𝐿̂1, 𝐿̂2) · 𝐽E1 ( 𝐿̂1) · 𝐽E2 ( 𝐿̂2).

Since 𝐽2 is stabilizing, we have 𝐽E2 = 𝐽2. Arguing by induction, we may indeed assume that we
have 𝐽E1 ( 𝐿̂1) = 𝐽1( 𝐿̂1) for every 𝐿̂1 ∈ L𝐺 (𝑀) − {𝐺}. Subtracting the equal terms from each
side, one sees that the preceding equality is equivalent to

𝐽1(𝐺)𝐽2(𝑀) = 𝐽E1 (𝐺)𝐽2(𝑀)

whence 𝐽1(𝐺) = 𝐽E1 (𝐺) since we have assumed 𝐽2(𝑀) ≠ 0. Hence 𝐽1 is indeed stabilizing.

16.5. Proof of Proposition 16.3.6. Let us begin with the following lemma.
Lemma 16.5.1. — Let 𝑠𝑀 ∈ 𝑇 be such that 𝑀′ = 𝑀𝑠𝑀 is elliptic in 𝑀 . Let Ẽ be the set of
triples

(𝑠, 𝐿̂′1, 𝐿̂
′
2)

formed of 𝑠 ∈ 𝑠𝑀𝑍𝑀/𝑍𝐺 and 𝐿̂′1, 𝐿̂
′
2 ∈ L𝐺𝑠 (𝑀′) such that

– 𝐺𝑠 is elliptic in 𝐺;
– 𝑑

𝐺𝑠

𝑀 ′ ( 𝐿̂
′
1, 𝐿̂

′
2) ≠ 0.

Let L̃ be the set of quadruples
( 𝐿̂1, 𝐿̂2, 𝑠1, 𝑠2)

formed of 𝐿̂1, 𝐿̂2 ∈ L𝐺 (𝑀) and 𝑠𝑖 ∈ 𝑍𝑀/𝑍𝐿̂𝑖 such that

– 𝐿̂𝑖,𝑠𝑖 is elliptic in 𝐿̂𝑖;
– 𝑑𝐺

𝑀
( 𝐿̂1, 𝐿̂2) ≠ 0.

Let Ẽ → L̃ be the map which to (𝑠, 𝐿̂′1, 𝐿̂
′
2) associates ( 𝐿̂1, 𝐿̂2, 𝑠1, 𝑠2) defined by

– 𝐿̂𝑖 is the unique element of L𝐺 (𝑀) such that 𝐿̂′
𝑖

is elliptic in 𝐿̂𝑖 and 𝐿̂′
𝑖
= 𝐿̂𝑖,𝑠 (cf.

Lemma 16.3.3, assertion 3);
– 𝑠𝑖 is the image of 𝑠 under the projection 𝑠𝑀𝑍𝑀/𝑍𝐺 → 𝑠𝑀𝑍𝑀/𝑍𝐿̂𝑖 .

Then this map is surjective and its fibers all have the same cardinality, namely

| (𝑍
𝐿̂1

∩ 𝑍
𝐿̂2
)/𝑍

𝐺
|.

Moreover, if (𝑠, 𝐿̂′1, 𝐿̂
′
2) has image ( 𝐿̂1, 𝐿̂2, 𝑠1, 𝑠2), we have the equality between

| (𝑍
𝐿̂1

∩ 𝑍
𝐿̂2
)/𝑍

𝐺
| · |𝑍

𝑀 ′/𝑍𝑀 | · |𝑍
𝐺𝑠
/𝑍

𝐺
|−1 · 𝑒𝐺𝑠

𝑀 ′ ( 𝐿̂
′
1, 𝐿̂

′
2)

and
|𝑍
𝑀 ′/𝑍𝑀 |2 · |𝑍

𝐿̂1,𝑠
/𝑍

𝐿̂1
|−1 · |𝑍

𝐿̂2,𝑠
/𝑍

𝐿̂2
|−1 · 𝑑𝐺

𝑀
( 𝐿̂1, 𝐿̂2).
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Proof. — Let us first observe that if (𝑠, 𝐿̂′1, 𝐿̂
′
2) has image ( 𝐿̂1, 𝐿̂2, 𝑠1, 𝑠2) then 𝑑𝐺𝑠

𝑀 ′ ( 𝐿̂
′
1, 𝐿̂

′
2) =

𝑑𝐺
𝑀
( 𝐿̂1, 𝐿̂2) (for if 𝐿̂′ is elliptic in 𝐿̂, we have 𝔞

𝐿̂
= 𝔞

𝐿̂′).

The map Ẽ → L̃ is surjective. Indeed, if ( 𝐿̂1, 𝐿̂2, 𝑠1, 𝑠2) ∈ L̃, we have 𝑑𝐺
𝑀
( 𝐿̂1, 𝐿̂2) ≠ 0

and by Lemma 16.3.3 we have 𝑍
𝑀

= 𝑍
𝐿̂1
𝑍
𝐿̂2

. Hence (𝑠1, 𝑠2) lifts to 𝑠 ∈ 𝑍
𝑀
/𝑍

𝐺
. The triple

(𝑠, 𝐿̂1,𝑠, 𝐿̂2,𝑠) belongs to Ẽ: the only condition which is not obvious is that 𝐺𝑠 is elliptic in 𝐺.
By hypothesis, 𝐿̂𝑖,𝑠 = 𝐿̂𝑖,𝑠𝑖 is elliptic in 𝐿̂𝑖. We therefore have

𝔞𝐺
𝑀
= 𝔞

𝐿̂1

𝑀
⊕ 𝔞

𝐿̂2

𝑀
= 𝔞

𝐿̂1,𝑠

𝑀
⊕ 𝔞

𝐿̂2,𝑠

𝑀

and, passing to the orthogonal complements, we have

𝔞
𝐺
= 𝔞

𝐿̂1,𝑠
∩ 𝔞

𝐿̂2,𝑠
.

As the intersection above contains 𝔞
𝐺𝑠

, we have 𝔞
𝐺
= 𝔞

𝐺𝑠
and 𝐺𝑠 is elliptic in 𝐺. It is clear that

the image of (𝑠, 𝐿̂1,𝑠, 𝐿̂2,𝑠) is the quadruple ( 𝐿̂1, 𝐿̂2, 𝑠1, 𝑠2) ∈ L̃ we started from.
The assertion on the cardinality of the fibers is obvious.
Let (𝑠, 𝐿̂′1, 𝐿̂

′
2) have image ( 𝐿̂1, 𝐿̂2, 𝑠1, 𝑠2). Let us prove the last assertion. After simplifica-

tion by 𝑑𝐺𝑠
𝑀 ′ ( 𝐿̂

′
1, 𝐿̂

′
2) = 𝑑

𝐺

𝑀
( 𝐿̂1, 𝐿̂2) ≠ 0, one arrives at the equality between

| (𝑍
𝐿̂1

∩ 𝑍
𝐿̂2
)/𝑍

𝐺
| · |𝑍

𝑀 ′/𝑍𝑀 | · |𝑍
𝐺𝑠
/𝑍

𝐺
|−1 | (𝑍

𝐿̂′1
∩ 𝑍

𝐿̂′2
)/𝑍

𝐺𝑠
|−1

and
| (𝑍

𝐿̂1
∩ 𝑍

𝐿̂2
)/𝑍

𝐺
|−1 · |𝑍

𝑀 ′/𝑍𝑀 |2 · |𝑍
𝐿̂1,𝑠

/𝑍
𝐿̂1
|−1 · |𝑍

𝐿̂2,𝑠
/𝑍

𝐿̂2
|−1.

This one results from the commutative diagram with exact rows

1 // (𝑍
𝐿1

∩ 𝑍
𝐿2
)/𝑍

𝐺
//

𝜑

��

𝑍
𝑀
/𝑍
𝐺

//

��

𝑍
𝑀
/𝑍

𝐿1
× 𝑍

𝑀
/𝑍

𝐿2
//

��

1

1 // (𝑍
𝐿1,𝑠

∩ 𝑍
𝐿2,𝑠

)/𝑍
𝐺𝑠

// 𝑍
𝑀′/𝑍𝐺𝑠

// 𝑍
𝑀′/𝑍𝐿1,𝑠

× 𝑍
𝑀′/𝑍𝐿2,𝑠

// 1

and from the following lemma. □

Lemma 16.5.2. — Let 𝑠 be such that 𝑀 = 𝑀𝑠 is elliptic in 𝑀 and 𝐺𝑠 is elliptic in 𝐺. For every
𝐿̂ ∈ L𝐺 (𝑀) such that 𝐿̂𝑠 is elliptic in 𝐿̂, the morphism

𝑍
𝑀
/𝑍

𝐿̂
→ 𝑍

𝑀 ′/𝑍𝐿̂𝑠
is surjective and its kernel has cardinality

|𝑍
𝐿̂𝑠
/𝑍

𝐿̂
| · |𝑍

𝑀 ′/𝑍𝑀 |−1.

Proof. — The surjectivity is a consequence of the equalities

𝑍
𝑀 ′ = 𝑍𝐺𝑠

(𝑍
𝑀 ′)0 = 𝑍

𝐺𝑠
(𝑍

𝑀
)0.

As 𝑍
𝐿̂𝑠

= 𝑍
𝐺𝑠
(𝑍0

𝐿̂𝑠
) = 𝑍

𝐺𝑠
(𝑍0

𝐿̂
), the kernel is written

(𝑍
𝑀
∩ 𝑍

𝐿̂𝑠
)/𝑍

𝐿̂
= 𝑍

𝐿̂
(𝑍

𝐺𝑠
∩ 𝑍

𝑀
)/𝑍

𝐿̂
≃ (𝑍

𝐺𝑠
∩ 𝑍

𝑀
)/(𝑍

𝐺𝑠
∩ 𝑍

𝐿̂
).

One concludes by remarking that (𝑍
𝐺𝑠

∩ 𝑍
𝐿̂
)/𝑍

𝐺
is the kernel of the surjective morphism

𝑍
𝐺𝑠
/𝑍

𝐺
→ 𝑍

𝐿̂𝑠
/𝑍

𝐿̂
.

□
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We can now give the proof of Proposition 16.4.1. Let us prove assertion 1. Let𝐻 ∈ E𝐺
𝑀
(𝑠𝑀).

Let Ẽ and L̃ be the sets defined in Lemma 16.5.1 relative to the group 𝐻, to its Levi subgroup
𝑀′ and to the element 𝑠𝑀 = 1. By the definition of the maps 𝑆 and 𝑆𝑖, we have

𝐽 (𝐻) =
∑︁

𝐿̂1,𝐿̂2∈L𝐻 (𝑀 ′)

𝑑𝐻
𝑀 ′ ( 𝐿̂1, 𝐿̂2) · 𝐽1( 𝐿̂1) · 𝐽2( 𝐿̂2)

=
∑︁

𝐿̂1,𝐿̂2∈L𝐻 (𝑀 ′)

𝑑𝐻
𝑀 ′ ( 𝐿̂1, 𝐿̂2)

[ ∑︁
𝑠1∈𝑍𝑀′/𝑍𝐿1

|𝑍
𝐿̂1,𝑠1

/𝑍
𝐿̂1
|−1𝑆1( 𝐿̂1,𝑠1)

]
·
[ ∑︁
𝑠2∈𝑍𝑀′/𝑍𝐿2

|𝑍
𝐿̂2,𝑠2

/𝑍
𝐿̂2
|−1𝑆2( 𝐿̂2,𝑠2)

]
=

∑︁
( 𝐿̂1,𝐿̂2,𝑠1,𝑠2)∈L̃

𝑑𝐻
𝑀 ′ ( 𝐿̂1, 𝐿̂2) · |𝑍𝐿̂1,𝑠1

/𝑍
𝐿̂1
|−1 · |𝑍

𝐿̂2,𝑠2
/𝑍

𝐿̂2
|−1

· 𝑆1( 𝐿̂1,𝑠1) · 𝑆2( 𝐿̂2,𝑠2)

Using Lemma 16.5.1, we obtain

𝐽 (𝐻) =
∑︁

(𝑠,𝐿̂′1,𝐿̂
′
2)∈Ẽ

|𝑍
𝐻𝑠
/𝑍

𝐻
|−1𝑒𝐻𝑠

𝑀 ′ ( 𝐿̂
′
1, 𝐿̂

′
2) · 𝑆1( 𝐿̂1) · 𝑆2( 𝐿̂2)

=
∑︁

𝑠∈𝑍
𝑀′/𝑍𝐻

|𝑍
𝐻𝑠
/𝑍

𝐻
|−1

( ∑︁
𝐿̂1,𝐿̂2∈L𝐻𝑠 (𝑀 ′)

𝑒
𝐻𝑠

𝑀 ′ ( 𝐿̂1, 𝐿̂2) · 𝑆1( 𝐿̂1) · 𝑆2( 𝐿̂2)
)
.

By the uniqueness in Corollary 13.2.6, we obtain the desired expression for 𝑆(𝐻).
Let us next prove assertion 2. Let Ẽ and L̃ be the sets defined in Lemma 16.5.1 relative

to the group 𝐺, to its Levi subgroup 𝑀 and to the element 𝑠𝑀 . By the definition of 𝐽E and
assertion 1 which we have just proved, we have

𝐽E (𝐺) = |𝑍
𝑀 ′/𝑍𝑀 |

∑︁
𝑠∈𝑠𝑀𝑍𝑀/𝑍

𝐺

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1𝑆(𝐺𝑠)

= |𝑍
𝑀 ′/𝑍𝑀 |

∑︁
𝑠∈𝑠𝑀𝑍𝑀/𝑍

𝐺

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1

·
∑︁

𝐿̂′1,𝐿̂
′
2∈L𝐺𝑠 (𝑀 ′)

𝑒
𝐺𝑠

𝑀 ′ ( 𝐿̂
′
1, 𝐿̂

′
2) · 𝑆1( 𝐿̂′1) · 𝑆2( 𝐿̂′2)

= |𝑍
𝑀 ′/𝑍𝑀 |

∑︁
(𝑠,𝐿̂′1,𝐿̂

′
2)∈Ẽ

|𝑍
𝐺𝑠
/𝑍

𝐺
|−1 · 𝑒𝐺𝑠

𝑀 ′ ( 𝐿̂
′
1, 𝐿̂

′
2) · 𝑆1( 𝐿̂′1) · 𝑆2( 𝐿̂′2).

Lemma 16.5.1 implies that we have

𝐽E (𝐺) =
∑︁

( 𝐿̂1,𝐿̂2,𝑠1,𝑠2)∈L̃

|𝑍
𝑀 ′/𝑍𝑀 |2 · |𝑍

𝐿̂1,𝑠
/𝑍

𝐿̂1
|−1 · |𝑍

𝐿̂2,𝑠
/𝑍

𝐿̂2
|−1

· 𝑑𝐺
𝑀
( 𝐿̂1, 𝐿̂2) · 𝑆1( 𝐿̂′1) · 𝑆2( 𝐿̂′2)

=
∑︁

𝐿̂1,𝐿̂2∈L𝐿 (𝑀)

𝑑 𝐿̂
𝑀
( 𝐿̂1, 𝐿̂2) · 𝐽E1 ( 𝐿̂1) · 𝐽E2 ( 𝐿̂2).

The last equality results from the definition of 𝐽E1 and 𝐽E2 . This therefore proves assertion 2.
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16.6. Proof of Proposition 16.3.7. Let us state the following proposition, which will be
proved in §16.7.
Proposition 16.6.1. — The hypotheses are those of Proposition 16.3.7.

1. Let 𝑆𝑀 and 𝑆𝑅 be the maps deduced from 𝐽𝑀 and 𝐽𝑅 by Corollary 13.2.6. For every
𝐻 ∈ E𝐺

𝑀
(𝑠𝑀), we have

𝑆𝑀 (𝐻) =
∑︁

𝐿̂∈L𝐻 (𝑅′)

𝑒𝐻
𝑅′ (𝑀

′, 𝐿̂)𝑆𝑅 ( 𝐿̂) ;

2. Let 𝐽E
𝑀

and 𝐽E
𝑅

be the maps deduced from 𝐽𝑀 and 𝐽𝑅 (cf. Definition 16.2.1 and Re-
mark 16.2.3). For every 𝐿̂ ∈ L𝐺 (𝑀), we have

𝐽E𝑀 ( 𝐿̂) =
∑︁

𝐿̂1∈L𝐿 (𝑀)

𝑑 𝐿̂
𝑅
(𝑀, 𝐿̂1)𝐽E𝑅 ( 𝐿̂1).

One may then give the proof of Proposition 16.3.7. Using assertion 2 of Proposition 16.6.1
and the fact that 𝐽𝑅 is stabilizing, we have

𝐽E𝑀 ( 𝐿̂) =
∑︁

𝐿̂1∈L𝐿 (𝑅)

𝑑 𝐿̂
𝑅
(𝑀, 𝐿̂1)𝐽E𝑅 ( 𝐿̂1)

=
∑︁

𝐿̂1∈L𝐿 (𝑅)

𝑑 𝐿̂
𝑅
(𝑀, 𝐿̂1)𝐽𝑅 ( 𝐿̂1)

= 𝐽𝑀 ( 𝐿̂).
Hence 𝐽𝑀 is stabilizing.

16.7. Proof of Proposition 16.6.1. It is deduced from Lemma 16.7.1 below (cf. the proof of
Proposition 16.4.1).
Lemma 16.7.1. — Let 𝑅 ⊂ 𝑀 ⊂ 𝐺 be two Levi subgroups of 𝐺. Let 𝑠𝑀 ∈ 𝑇 , 𝑀′ = 𝑀𝑠𝑀 and
𝑅′ = 𝑅𝑠𝑀 . We assume that 𝑀′ and 𝑅′ are elliptic in 𝑀 and 𝑅 respectively.

Let Ẽ be the set of pairs (𝑠′, 𝐿̂′) formed of 𝑠′ ∈ 𝑠𝑀𝑍𝑀/𝑍𝐺 and 𝐿̂′ ∈ L𝐺𝑠 (𝑅′) such that
– 𝐺𝑠′ is elliptic in 𝐺;
– 𝑑

𝐺𝑠′

𝑅′ (𝑀′, 𝐿̂′) ≠ 0.

Let L̃ be the set of pairs ( 𝐿̂, 𝑠) formed of 𝐿̂ ∈ L𝐺 (𝑅) and 𝑠 ∈ 𝑍
𝑀
/𝑍

𝐿̂
such that

– 𝐿̂𝑠 is elliptic in 𝐿̂;
– 𝑑𝐺

𝑅
(𝑀, 𝐿̂) ≠ 0.

Let Ẽ → L̃ be the map which to (𝑠′, 𝐿̂′) associates ( 𝐿̂, 𝑠) defined by
– 𝐿̂ is the unique element ofL𝐺 (𝑅) such that 𝐿̂′ is elliptic in 𝐿̂ and 𝐿̂′ = 𝐿̂𝑠′ (cf. Lemma 16.3.3,

assertion 3);
– 𝑠 is the image of 𝑠′ under the projection 𝑠𝑀𝑍𝑀/𝑍𝐺 → 𝑠𝑀𝑍𝑅/𝑍𝐿̂ .

This map is surjective and its fibers all have the same cardinality, namely
| (𝑍

𝑀
∩ 𝑍

𝑅
)/𝑍

𝐺
|.

Moreover, if (𝑠′, 𝐿̂′) has image ( 𝐿̂, 𝑠), we have the equality between

| (𝑍
𝑀
∩ 𝑍

𝐿̂
)/𝑍

𝐺
| · |𝑍

𝑀 ′/𝑍𝑀 | · |𝑍
𝐺𝑠′

/𝑍
𝐺
|−1 · 𝑒𝐺𝑠′

𝑅′ (𝑀′, 𝐿̂′)
and

|𝑍
𝑅′/𝑍𝑅 | · |𝑍𝐿̂𝑠/𝑍𝐿̂ |

−1 · 𝑑𝐺
𝑅
(𝑀, 𝐿̂).
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Proof. — It is analogous to that of Lemma 16.5.1. The details are left to the reader. □

17. From the global to the local

17.1. The main result is Theorem 17.3.1, which is a variant of a “local” nature of Theo-
rem 15.1.1. The splitting and descent results of Section 16 play a key role, as do certain local
computations of weighted orbital integrals. The notations are those used throughout the article,
in particular those of Sections 11, 13 and 16.

17.2. Notations. Let𝑉 be a finite or infinite but non-empty set of closed points of the curve𝐶
which is stable under the Frobenius 𝜏. Let A𝑉 be the subgroup of adeles of A whose components
outside𝑉 are zero. The group A𝑉 has an obvious ring structure. If𝑉 is finite (resp. infinite), A𝑉
is the product (resp. restricted product) of the completions of the function field 𝐹 at the points
of 𝑉 . Let O𝑉 =

∏
𝑣∈𝑉 O𝑣 where O𝑣 is the completion of the local ring of 𝐶 at 𝑣.

Let 𝑀 ∈ L𝐺 , 𝑎𝑀 ∈ A𝑀 (𝑘)𝜏 and 𝑋𝑎𝑀 = 𝜀𝑀 (𝑎𝑀,𝜂) ∈ 𝔪(𝐹) (cf. §11.7). Let 𝐽𝑎𝑀 be
the group scheme over 𝐶 defined in Section 11.3 whose fibre at the generic point of 𝐶 is the
centralizer of 𝑋𝑎𝑀 in 𝑀 ×𝑘 𝐹 (it is a maximal 𝐹-subtorus of 𝑀 ×𝑘 𝐹).

We complete the choices of Haar measures made in Section 11.5. We endow 𝐽𝑎𝑀 (A𝑉 )𝜏
and 𝐺 (A𝑉 )𝜏 with the Haar measures which give volume 1 respectively to the maximal compact
subgroup of 𝐽𝑎𝑀 (A𝑉 )𝜏 and to 𝐺 (O𝑉 )𝜏. As in Section 11.5, we deduce from this a measure on
(𝐽𝑎𝑀 (A𝑉 )\𝐺 (A𝑉 ))𝜏 which is invariant on the right under 𝐺 (A𝑉 )𝜏. If 𝑉 ′ is the complement of
𝑉 in the set of closed points of 𝐶, we have a canonical bijection

(𝐽𝑎𝑀 (A𝑉 )\𝐺 (A𝑉 ))𝜏 × (𝐽𝑎𝑀 (A𝑉 ′)\𝐺 (A𝑉 ′))𝜏 → (𝐽𝑎𝑀 (A)\𝐺 (A))𝜏

which preserves the measures.
For every 𝑠 ∈ 𝑇𝑊𝑎𝑀 , we define the weighted 𝑠-orbital integral on 𝑉 associated with 𝑎𝑀 by

𝐽
𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) = 𝑞− deg(𝐷𝑉 ) |Φ𝐺 |/2 |𝐷𝐺 (𝑋𝑎𝑀 ) |

1/2
𝑉

×
∫
(𝐽𝑎𝑀 (A𝑉 )\𝐺 (A𝑉 ))𝜏

⟨𝑠, inv𝑎𝑀 (𝑔)⟩1𝐷 (Ad(𝑔−1)𝑋𝑎𝑀 )𝑣𝐺𝑀 (𝑔) 𝑑𝑔,
(17.2.1)

where 𝐷𝑉 is the restriction of 𝐷 to 𝑉 and where |𝐷𝐺 (𝑋𝑎) |𝑉 is the product over 𝑉 of the usual
absolute values of the discriminant 𝐷𝐺 of 𝑋𝑎 (cf. §2.7).
Remark 17.2.1. — When 𝑉 is the set of all closed points, the weighted orbital integral defined
by (17.2.1) is nothing but the integral of Definition 11.7.1.

17.3. The main statement. We can now state the main result of this section. We use there the
divisors ℜ𝐺

𝑀
and 𝔇𝑀 of 𝔠𝔞𝔯𝑀,𝐷 defined in Section 9.1.

Theorem 17.3.1. — We place ourselves under the hypotheses of Theorem 15.1.1. Let

ℎ𝑎𝑀 : 𝐶 → 𝔠𝔞𝔯𝑀 ′,𝐷

be the section associated with 𝑎𝑀 ∈ A𝑀 ′ (𝑘). Let𝑉 be a non-empty 𝜏-stable set of closed points
of 𝐶 such that every closed point 𝑣 ∉ 𝑉 satisfies one of the two following conditions:

1. ℎ𝑎𝑀 (𝑣) is a smooth point of ℜ𝐺
𝑀 ′ and does not belong to 𝔇𝑀 ′ ; moreover, the intersection

of ℎ𝑎 (𝐶) and ℜ𝐺
𝑀 ′ is transverse at ℎ𝑎 (𝑣);

2. ℎ𝑎𝑀 (𝑣) is a smooth point of 𝔇𝑀 ′ and does not belong to ℜ𝐺
𝑀 ′ ; moreover, the intersection

of ℎ𝑎 (𝐶) and 𝔇𝑀 ′ is transverse at ℎ𝑎 (𝑣).
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Then the map 𝐽𝑉 : E𝐺
𝑀
(𝑠𝑀) ∪ L𝐺 (𝑀) → C defined for every 𝐻 ∈ E𝐺

𝑀
(𝑠𝑀) by 𝐽𝑉 (𝐻) =

𝐽
𝐻,1
𝑀 ′,𝑉 (𝑎𝑀) and for every 𝐿̂ ∈ L𝐺 (𝑀) by 𝐽𝑉 ( 𝐿̂) = 𝐽

𝐿,𝑠𝑀
𝑀,𝑉

(𝑎𝑀) is stabilizing in the sense of
Definition 16.2.4.
Remark 17.3.2. — If 𝑉 is the set of all closed points of 𝐶, the theorem is merely a paraphrase
of Theorem 15.1.1 (cf. Example 16.2.6). The set of the 𝑣 which satisfy neither assertion 1
nor assertion 2 is finite. In other words there always exists a finite set 𝑉 which satisfies the
hypotheses of the theorem. In this sense, one may say that Theorem 17.3.1 is a local variant of
Theorem 15.1.1.

Proof. — Let 𝑉 be the set of closed points of 𝐶. Let 𝑉1 be a 𝜏-stable set of closed points
and 𝑉2 its complement in 𝑉 . We suppose that every 𝑣 ∈ 𝑉2 satisfies one of the assertions 1
and 2 of Theorem 17.3.1. We have to see that 𝐽𝑉1 is stabilizing. Now 𝐽𝑉 , 𝐽𝑉1 and 𝐽𝑉2 satisfy
the splitting relations of Proposition 16.3.6, as Proposition 17.4.1 below shows. It therefore
suffices, by assertion 2 of Proposition 16.3.6, to show that 𝐽𝑉 and 𝐽𝑉2 are stabilizing and that
𝐽2(𝑀) ≠ 0. We have already said in Remark 17.3.2 above that 𝐽𝑉 is stable. There exists a
(finite) partition of𝑉2 into parts𝑉 ′

𝑖
which satisfy the hypotheses of Lemma 17.8.1. We thus have

𝐽2(𝑀) = ∏
𝑖 𝐽𝑉 ′

𝑖
(𝑀) ≠ 0 (with the notations of Lemma 17.8.1) and, by a repeated application

of assertion 1 of Proposition 16.3.6, we see that 𝐽2 is stabilizing and that 𝐽2(𝑀) ≠ 0. □

17.4. Splitting formulas for weighted orbital integrals. For all 𝐿1, 𝐿2 ∈ L𝐺 (𝑀), we set

𝑑𝐺𝑀 (𝐿1, 𝐿2) = 𝑑𝐺
𝑀
( 𝐿̂1, 𝐿̂2),

where the second one is that of Definition 16.3.1. Here are Arthur’s splitting formulas.
Proposition 17.4.1. — Let 𝑉1 and 𝑉2 be two disjoint non-empty sets of closed points of 𝐶. Let
𝑉 = 𝑉1 ∪𝑉2. For every 𝑎 ∈ A𝑀 (𝑘)𝜏 and every 𝑠 ∈ 𝑇𝑊𝑎 , we have the equality

𝐽
𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) =

∑︁
𝐿1,𝐿2∈L𝐺 (𝑀)

𝑑𝐺𝑀 (𝐿1, 𝐿2) · 𝐽𝐿1,𝑠
𝑀,𝑉

(𝑎𝑀) · 𝐽𝐿2,𝑠
𝑀,𝑉

(𝑎𝑀).

Proof. — Arthur has defined a section (𝐿1, 𝐿2) ↦→ (𝑄𝐿1 , 𝑄𝐿2) of the map F (𝑀) × F (𝑀) →
L(𝑀) × L(𝑀) given by (𝑄1, 𝑄2) ↦→ (𝑀𝑄1 , 𝑀𝑄2), defined on the set of the (𝐿1, 𝐿2) such that
𝑑𝐺
𝑀
(𝐿1, 𝐿2) ≠ 0. This section has the following property: for every 𝑔 ∈ (𝐽𝑎𝑀 (A𝑉 )\𝐺 (A𝑉 ))𝜏

with inverse image (𝑔1, 𝑔2) under the canonical bijection

(17.4.1) (𝐽𝑎𝑀 (A𝑉1)\𝐺 (A𝑉1))𝜏 × (𝐽𝑎𝑀 (A𝑉2)\𝐺 (A𝑉2))𝜏 → (𝐽𝑎𝑀 (A𝑉 )\𝐺 (A𝑉 ))𝜏,
we have

(17.4.2) 𝑣𝐺𝑀 (𝑔) =
∑︁

𝐿1,𝐿2∈L𝐺 (𝑀)
𝑑𝐺𝑀 (𝐿1, 𝐿2) · 𝑣

𝑄𝐿1
𝑀

(𝑔1) · 𝑣
𝑄𝐿2
𝑀

(𝑔2),

where for every 𝑄 ∈ F (𝑀) and every ℎ ∈ 𝐺 (A) we set

𝑣
𝑄

𝑀
(ℎ) = 𝑣𝑀𝑄

𝑀
(𝑙),

where 𝑙 is the unique element of 𝑀 (A)\𝑀 (O) such that 𝑔 ∈ 𝑙𝑁 (A)𝐺 (O) (Iwasawa decompo-
sition). Let us introduce the integral 𝐽𝑄,𝑠

𝑀,𝑉
(𝑎𝑀) given by the equality (17.2.1) where one has

replaced the weight 𝑣𝐺
𝑀

by the weight 𝑣𝑄
𝑀

. Since the bijection (17.4.1) preserves the measures,
formula (17.4.2) implies that we have

𝐽
𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) =

∑︁
𝐿1,𝐿2∈L𝐺 (𝑀)

𝑑𝐺𝑀 (𝐿1, 𝐿2) · 𝐽
𝑄𝐿1 ,𝑠

𝑀,𝑉
(𝑎𝑀) · 𝐽

𝑄𝐿2 ,𝑠

𝑀,𝑉
(𝑎𝑀).
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To conclude, it suffices to show that for every 𝐿 ∈ L(𝑀) and every 𝑄 ∈ P(𝐿), we have

𝐽
𝑄,𝑠

𝑀,𝑉
(𝑎𝑀) = 𝐽𝐿,𝑠𝑀,𝑉 (𝑎𝑀).

One shows with the help of Lang’s isogeny theorem that one has a decomposition
(17.4.3) (𝐽𝑎𝑀 (A𝑉 )\𝐺 (A𝑉 ))𝜏 = (𝐽𝑎𝑀 (A𝑉 )\𝐿 (A𝑉 ))𝜏𝑁𝑄 (A𝑉 )𝜏𝐺 (O𝑉 )𝜏

which is compatible with the measures provided that 𝑁𝑄 (A𝑉 )𝜏 is endowed with the Haar measure
which gives volume 1 to the subgroup (𝑁𝑄 (O𝑉 ))𝜏. By the change of variable 𝑔 = 𝑙𝑛𝑘 , with
notations that we hope are obvious, we see that 𝐽𝑄,𝑠

𝑀,𝑉
(𝑎𝑀) is equal to

𝑞− deg(𝐷𝑉 ) |Φ𝐺 |/2 |𝐷𝐺 (𝑋𝑎) |1/2
𝑉

∫
(𝐽𝑎𝑀 (A𝑉 )\𝐿 (A𝑉 ))𝜏

∫
𝑁𝑄 (A𝑉 )𝜏

×
∫
𝐺 (O𝑉 )𝜏

⟨𝑠, inv𝑎𝑀 (𝑙𝑛𝑘)⟩1𝐷 (Ad((𝑙𝑛𝑘)−1)𝑋𝑎𝑀 )𝑣𝐿𝑀 (𝑙) 𝑑𝑙 𝑑𝑛 𝑑𝑘.

By Definition 11.4.1, the invariant inv𝑎𝑀 (𝑙𝑛𝑘) depends only on 𝑙𝑛𝑘𝜏(𝑙𝑛𝑘)−1 = 𝑙𝜏(𝑙)−1. We
thus have inv𝑎𝑀 (𝑙𝑛𝑘) = inv𝑎𝑀 (𝑙). The integrand is then 𝐺 (O𝑉 )𝜏-invariant and the integral
over 𝐺 (O𝑉 )𝜏, which is equal to 1, may be omitted. We then use the change of variable
Ad((𝑙𝑛)−1)𝑋𝑎𝑀 = Ad(𝑙−1)𝑋𝑎𝑀 +𝑈 (where 𝑈 belongs to 𝔫𝑄 (A𝑉 )𝜏, which is endowed with the
Haar measure that gives volume 1 to 𝔫𝑄 (O𝑉 )𝜏), of Jacobian |𝐷𝐺 (𝑋𝑎) |−1/2

𝑉
|𝐷𝐿 (𝑋𝑎) |1/2

𝑉
, to obtain

that 𝐽𝑄,𝑠
𝑀,𝑉

(𝑎𝑀) is equal to

𝑞− deg(𝐷𝑉 ) |Φ𝐺 |/2 |𝐷𝐿 (𝑋𝑎) |1/2
𝑉

∫
(𝐽𝑎𝑀 (A𝑉 )\𝐿 (A𝑉 ))𝜏

×
∫
𝔫𝑄 (A𝑉 )𝜏

⟨𝑠, inv𝑎𝑀 (𝑙)⟩1𝐷 (Ad(𝑙−1)𝑋𝑎𝑀 +𝑈) 𝑣𝐿𝑀 (𝑙) 𝑑𝑙 𝑑𝑈.

Since we have ∫
𝔫𝑄 (A𝑉 )𝜏

1𝐷 (Ad(𝑙−1)𝑋𝑎𝑀 +𝑈) 𝑑𝑈

= 1𝐷 (Ad(𝑙−1)𝑋𝑎𝑀 )
∫
𝔫𝑄 (A𝑉 )𝜏

1𝐷 (Ad(𝑙−1)𝑋𝑎𝑀 +𝑈) 𝑑𝑈

= 𝑞deg(𝐷𝑉 ) dim(𝔫𝑄)1𝐷 (Ad(𝑙−1)𝑋𝑎𝑀 )

and 𝑞− deg(𝐷𝑉 ) |Φ𝐺 |/2𝑞deg(𝐷𝑉 ) dim(𝔫𝑄) = 𝑞− deg(𝐷𝑉 ) |Φ𝐿 |/2, we indeed obtain 𝐽𝑄,𝑠
𝑀,𝑉

(𝑎𝑀) = 𝐽𝐿,𝑠𝑀,𝑉 (𝑎𝑀),
which concludes the proof. □

17.5. Let 𝑎𝑀 = (ℎ𝑎𝑀 , 𝑡) ∈ A𝑀 (𝑘)𝜏. Let ℎ𝑎𝑀 ,𝜂 be the restriction of ℎ𝑎 to the generic point
of the curve 𝐶. One then views ℎ𝑎𝑀 ,𝜂 as a point in 𝔠𝔞𝔯𝑀 (𝐹) where 𝐹 is the field of functions
of 𝐹. Let 𝑉 be a 𝜏-stable set of closed points of 𝐶. Let 𝜛𝐷𝑉 =

∏
𝑣∈𝑣 𝜛

𝑑𝑣
𝑣 ∈ O𝑉 . We have

𝜛𝐷𝑉 ℎ𝑎𝑀 ,𝜂 ∈ 𝔠𝔞𝔯𝑀 (O𝑉 ). Let 𝑋𝑎𝑀 ,𝑉 = 𝜀𝑀 (𝜛𝐷𝑉 ℎ𝑎𝑀 ,𝜂) ∈ 𝔪(O𝑉 ) be the image under the Kostant
section 𝜀𝑀 . Let us recall that we have 𝑋𝑎𝑀 = 𝜀𝑀 (ℎ𝑎𝑀 ,𝜂) ∈ 𝔪(𝐹). Outside the support of 𝐷,
these two elements are in general not equal. Nevertheless, they always satisfy the following
relation

𝑋𝑎𝑀 ,𝑉 = 𝜛𝐷𝑉 Ad(𝜌𝑀 (𝜛𝐷𝑉/2))𝑋𝑎𝑀 ,
where 𝜌𝑀 is the sum of the coroots in 𝑀 that are positive for the choice of the pinning which
determines the Kostant section 𝜀𝑀 . We recall that the divisor𝐷 is even. The element 𝜌𝑀 (𝜛𝐷𝑉/2)
is 𝜏-stable. It conjugates the centralizers 𝐽𝑎𝑀 and 𝐽𝑋𝑎𝑀 ,𝑉 . The translation by 𝜌𝑀 (𝜛𝐷𝑉/2)
sends (𝐽𝑎𝑀 (A𝑉 )\𝐺 (A𝑉 ))𝜏 bijectively onto (𝐽𝑎𝑀 ,𝑉 (A𝑉 )\𝐺 (A𝑉 ))𝜏, which we endow with the
measure obtained by transport. In the same way, we denote by inv𝑎𝑀 ,𝑉 the map defined on
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(𝐽𝑎𝑀 ,𝑉 (A𝑉 )\𝐺 (A𝑉 ))𝜏 which, composed with the previous bijection, gives back inv𝑎𝑀 . Let
1𝔤(O) be the characteristic function of 𝔤(O). By a change of variables, we obtain the following
lemma.
Lemma 17.5.1. — The notations are those used above. For every 𝑠 ∈ 𝑇𝑊𝑎𝑀 , we have the
equality

𝐽
𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) = |𝐷𝐺 (𝑋𝑎𝑀 ,𝑉 ) |

1/2
𝑉

×
∫
(𝐽𝑎𝑀 ,𝑉 (A𝑉 )\𝐺 (A𝑉 ))𝜏

⟨𝑠, inv𝑎𝑀 ,𝑉 (𝑔)⟩1𝔤(O) (Ad(𝑔−1)𝑋𝑎𝑀 ,𝑣)𝑣𝐺𝑀 (𝑔) 𝑑𝑔.

17.6. Local computations of weighted orbital integrals. Throughout this paragraph, we
suppose that 𝑀 ∈ L𝐺 satisfies 𝑀 ≠ 𝐺. Let 𝑎𝑀 = (ℎ𝑎𝑀 , 𝑡) ∈ A𝑀 (𝑘) and 𝑠 ∈ 𝑇𝑊𝑎𝑀 . We are
going to compute in a few simple cases the local weighted orbital integrals.
Lemma 17.6.1. — Let 𝑉 be a 𝜏-stable set of closed points of 𝐶. We suppose that for every
𝑣 ∈ 𝑉 , the section ℎ𝑎𝑀 is such that ℎ𝑎𝑀 (𝑣) does not belong to ℜ𝐺

𝑀
. Then 𝐽𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) = 0.

Proof. — We use the notations of Section 17.5. By Lemma 17.5.1, we have

𝐽
𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) = |𝐷𝐺 (𝑋𝑎𝑀 ,𝑉 ) |

1/2
𝑉

×
∫
(𝐽𝑎𝑀 ,𝑉 (A𝑉 )\𝐺 (A𝑉 ))𝜏

⟨𝑠, inv𝑎𝑀 ,𝑉 (𝑔)⟩1𝔤(O) (Ad(𝑔−1)𝑋𝑎𝑀 ,𝑉 )𝑣𝐺𝑀 (𝑔) 𝑑𝑔.

Let 𝑔 ∈ 𝐺 (A𝑉 ) be such that the integrand is non-zero. We thus have Ad(𝑔−1)𝑋𝑎𝑀 ,𝑉 ∈ 𝔤(O𝑉 ).
Let 𝑃 ∈ P(𝑀). We write 𝑔 = 𝑚𝑛𝑘 with 𝑚 ∈ 𝑀 (A𝑉 ), 𝑛 ∈ 𝑁𝑃 (A𝑉 ) and 𝑘 ∈ 𝐺 (O𝑉 ) (Iwasawa
decomposition). It follows that

Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 ∈ 𝔪(O𝑉 )

and

(17.6.1) Ad(𝑛−1) Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 − Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 ∈ 𝔫𝑃 (O𝑉 ).

The hypothesis on ℎ𝑎𝑀 implies that the adjoint action of Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 on 𝔫𝑃 (O𝑉 ) is an O𝑉 -
isomorphism. By a standard dévissage argument, we deduce from this that condition (17.6.1)
implies 𝑛 ∈ 𝑁𝑃 (O). But then we have 𝑣𝐺

𝑀
(𝑔) = 𝑣𝐺

𝑀
(𝑛) = 𝑣𝐺

𝑀
(1) = 0 (since 𝑀 ≠ 𝐺). Hence the

integrand is always zero and the integral as well, a fortiori. □

Lemma 17.6.2. — Let 𝑣 be a closed point of 𝐶 and 𝑛 ⩾ 1 the smallest integer such that
𝜏𝑛 (𝑣) = 𝑣. Let𝑉 be the orbit of 𝑣 under the action of 𝜏. We suppose that 𝑣 satisfies the following
conditions:

– ℎ𝑎𝑀 (𝑐) is a smooth point of ℜ𝐺
𝑀

;
– ℎ𝑎𝑀 (𝑐) does not belong to 𝔇𝑀 ;
– the intersection of ℎ𝑎𝑀 (𝐶) with ℜ𝐺

𝑀
is transverse at ℎ𝑎𝑀 (𝑐).

We then have the following conclusions:
1. There exists 𝑌𝑣 ∈ 𝔱(O𝑣) such that 𝜒𝑇

𝑀
(𝑌𝑣) = 𝜒𝑀 (𝑋𝑎𝑀 ,𝑣). For every such 𝑌𝑣, there exists a

unique pair {𝛼,−𝛼} ⊂ Φ𝐺
𝑇
−Φ𝑀

𝑇
such that val𝑣 (±𝛼(𝑌𝑣)) = 1. Let 𝑤 be the unique element

of𝑊𝑀 such that 𝑤𝜏(𝑌𝑣) = 𝑌𝑣. Then 𝑤(𝛼) = 𝛼.
2. With the notations above, let 𝐿 ∈ L𝐺 be defined by Φ𝐿

𝑇
= {𝛼,−𝛼} and let (𝐵𝐿 , 𝑇, 𝑋𝛼) be

a pinning of 𝐿. Let 𝑤 be the unique automorphism of 𝐿 which fixes the pinning and which
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is of the form Ad(𝑚) where 𝑚 ∈ Norm𝑀 (O𝑣) (𝑇) is a lift of 𝑤. We have

𝐽
𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) = 𝑑𝐺𝑇 (𝑀, 𝐿) |𝐷

𝐿 (𝑌𝑣) | |𝑉 |/2 |𝑉 |dim(𝔞𝐺
𝑀
)

×
∫
𝑇 (𝐹𝑣)𝑤𝜏𝑛\𝐿 (𝐹𝑣)𝑤𝜏𝑛

1𝔩(O𝑣) (Ad(𝑙−1)𝑌𝑣)𝑣𝐿𝑇 (𝑙) 𝑑𝑙,

where the groups 𝑇 (𝐹𝑣)𝑤𝜏
𝑛 and 𝐿 (𝐹𝑣)𝑤𝜏

𝑛 are endowed with the Haar measures which give
volume 1 respectively to the groups 𝑇 (O𝑣)𝑤𝜏

𝑛 and 𝐿 (O𝑣)𝑤𝜏
𝑛 .

Proof. — Since ℎ𝑎𝑀 (𝑐) does not belong to 𝔇𝑀 , we have 𝜒𝑀 (𝑋𝑎𝑀 ,𝑣) ∈ 𝔠𝔞𝔯
𝑀−reg
𝑀

(O𝑣). Its
reduction mod 𝜛𝑣 therefore defines an element of 𝔠𝔞𝔯

𝑀−reg
𝑀

(𝑘) which obviously lifts to an
element 𝑦 of 𝔱𝑀−reg(𝑘). Now over the open subset 𝔱𝑀−reg, we know that 𝜒𝑇

𝑀
is étale. It follows

that 𝑦 lifts to a unique element 𝑌𝑣 ∈ 𝔱𝑀−reg(O𝑣) such that 𝜒𝑇
𝑀
(𝑌𝑣) = 𝜒𝑀 (𝑋𝑎𝑀 ,𝑣).

Let 𝑃 ∈ P(𝑀). The hypotheses on the intersection of ℎ𝑎𝑀 (𝐶) with ℜ𝐺
𝑀

imply that there
exists a unique root 𝛼 of 𝑇 in 𝑁𝑃 such that val𝑣 (𝛼(𝑌𝑣)) = 1, the other roots of 𝑇 in 𝑁𝑃 being of
zero valuation at 𝑌𝑣. Reasoning with the parabolic subgroup opposite to 𝑃, we see that 𝛼 and
−𝛼 are the only roots outside 𝑀 such that val𝑣 (±𝛼(𝑌𝑣)) = 1. All the other roots, including those
in 𝑀 (given that we have ℎ𝑎𝑀 (𝑐) ∉ 𝔇𝑀), have valuation 0 at 𝑌𝑣. Let 𝑌𝑣 and 𝛼 ∈ Φ𝐺

𝑇
satisfy

assertion 1. There exists 𝑤 ∈ 𝑊𝑀 such that 𝑤𝜏(𝑌𝑣) = 𝑌𝑣 since 𝜒𝑇
𝑀
(𝑌𝑣) ∈ 𝔠𝔞𝔯𝑀 (O𝑣)𝜏. We have

val𝑣 (𝛼(𝑌𝑣)) = val𝑣 (𝜏(𝛼(𝑌𝑣))) = val𝑣 (𝜏(𝛼) (𝑌𝑣)). We therefore necessarily have 𝑤(𝛼) = ±𝛼,
but since 𝛼 is a root in the unipotent radical of a parabolic subgroup 𝑃 ∈ P(𝑀), the same holds
for 𝑤(𝛼) and hence 𝑤(𝛼) = 𝛼. This therefore proves assertion 1.

Let us next prove assertion 2. Let us start from the equality (cf. Lemma 17.5.1)

𝐽
𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) = |𝐷𝐺 (𝑋𝑎𝑀 ,𝑉 ) |

1/2
𝑉∫

(𝐽𝑎𝑀 ,𝑉 (A𝑉 )\𝐺 (A𝑉 ))𝜏
⟨𝑠, inv𝑎𝑀 ,𝑉 (𝑔)⟩1𝔤(O) (Ad(𝑔−1)𝑋𝑎𝑀 ,𝑉 )𝑣𝐺𝑀 (𝑔) 𝑑𝑔.

Let 𝑔 ∈ 𝐺 (A𝑉 ) and 𝑗 ∈ 𝐽𝑎𝑀 ,𝑉 (A𝑉 ) be such that 𝜏(𝑔) = 𝑗𝑔. We shall first prove that if
1𝔤(O𝑉 ) (Ad(𝑔−1)𝑋𝑎𝑀 ,𝑉 ) ≠ 0 then inv𝑎𝑀 ,𝑉 (𝑔) = 0. For this, it suffices to prove that the image of 𝑗
in the coinvariants 𝐽 (A𝑉 )𝜏 is trivial. Let 𝑃 ∈ P(𝑀) and 𝑔 = 𝑚𝑛𝑘 be the Iwasawa decomposition
of 𝑔 associated with 𝑃. We thus have 𝜏(𝑚) ∈ 𝑗𝑚𝑀 (O𝑉 ). By an application of Lang’s isogeny
theorem, we see that, after translating𝑚 by an element of𝑀 (O𝑉 ), we have 𝜏(𝑚) = 𝑗𝑚, which we
suppose from now on. As in the proof of Lemma 17.5.1, the condition Ad(𝑔−1)𝑋𝑎𝑀 ,𝑉 ∈ 𝔤(O𝑉 )
implies

Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 ∈ 𝔪(O𝑉 ).

Since ℎ𝑎𝑀 (𝑐) does not belong to 𝔇𝑀 , we have 𝜒𝑀 (𝑋𝑎𝑀 ,𝑉 ) ∈ 𝔠𝔞𝔯
𝑀−reg
𝑀

(O𝑉 ). Consequently, we
have 𝑚 ∈ 𝐽𝑎𝑀 ,𝑉 (A𝑉 )𝑀 (O𝑉 ). Since inv𝑎𝑀 ,𝑉 is invariant under left translation by 𝐽𝑎𝑀 ,𝑉 (A𝑉 ), we
may and shall suppose that 𝑚 ∈ 𝑀 (O𝑉 ). But then we have 𝑗 ∈ 𝑀 (O𝑉 ) ∩ 𝐽𝑎𝑀 ,𝑉 (A𝑉 ). Let 𝐽
be the O𝑉 -group scheme defined as the centralizer of 𝑋𝑎𝑀 ,𝑉 in 𝑀 ×𝑘 A𝑉 . Since 𝜒𝑀 (𝑋𝑎𝑀 ,𝑉 ) ∈
𝔠𝔞𝔯

𝑀−reg
𝑀

(O𝑉 ), it is in fact a scheme in tori. We have 𝑀 (O𝑉 ) ∩ 𝐽𝑎𝑀 ,𝑉 (A𝑉 ) = 𝐽 (O𝑉 ) and a new
application of Lang’s theorem shows that 𝑗 is trivial in the coinvariants. It follows that one may
restrict the integral to the 𝑔 ∈ (𝐽𝑎𝑀 ,𝑉 (A𝑉 )\𝐺 (A𝑉 ))𝜏 with trivial invariant inv𝑎𝑀 ,𝑉 (𝑔), that is to
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say that one may restrict the integral to 𝐽𝑎𝑀 ,𝑉 (A𝑉 )𝜏\𝐺 (A𝑉 )𝜏. We thus have

𝐽
𝐺,𝑠

𝑀,𝑉
(𝑎𝑀) = |𝐷𝐺 (𝑋𝑎𝑀 ,𝑉 ) |

1/2
𝑉

×
∫
𝐽𝑎𝑀 ,𝑉 (A𝑉 )𝜏\𝐺 (A𝑉 )𝜏

1𝔤(O𝑉 ) (Ad(𝑔−1)𝑋𝑎𝑀 ,𝑉 )𝑣𝐺𝑀 (𝑔) 𝑑𝑔

= |𝐷𝐺 (𝑋𝑎𝑀 ,𝑣) |
|𝑉 |/2
𝑣 |𝑉 |dim(𝔞𝐺

𝑀
)

×
∫
𝐽𝑎𝑀 ,𝑣 (𝐹𝑣)𝜏

𝑛\𝐺 (𝐹𝑣)𝜏𝑛
1𝔤(O𝑣) (Ad(𝑔−1)𝑋𝑎𝑀 ,𝑣)𝑣𝐺𝑀 (𝑔) 𝑑𝑔,

where one uses the obvious bijection

𝐽𝑎𝑀 ,𝑉 (A𝑉 )𝜏\𝐺 (A𝑉 )𝜏 → 𝐽𝑎𝑀 ,𝑣 (A𝑣)𝜏
𝑛\𝐺 (A𝑣)𝜏

𝑛

.

The factor |𝑉 |dim(𝔞𝐺
𝑀
) comes from the comparison of the weights.

It is also clear that we have

|𝐷𝐺 (𝑋𝑎𝑀 ,𝑣) |𝑣 = |𝐷𝐺 (𝑌𝑣) |𝑣 = |𝐷𝐿 (𝑌𝑣) |𝑣 .

From now on, in order to lighten the notations, we write 𝜏 instead of 𝜏𝑛. Since 𝑌𝑣 and 𝑋𝑎𝑀 ,𝑣
have the same image under 𝜒𝑀 and since this image belongs to the open subset 𝔠𝔞𝔯𝑀−reg

𝑀
(O𝑣),

there exists 𝑚 ∈ 𝑀 (O𝑣) such that 𝑋𝑎𝑀 ,𝑣 = Ad(𝑚−1)𝑌𝑣. It follows that 𝑚𝜏(𝑚)−1 is an element
of the normalizer of 𝑇 in 𝑀 (O𝑣) and that its image in 𝑊𝑀 is 𝑤. We deduce from this that
𝑚𝜏(𝑚)−1 normalizes 𝐿. The automorphism Int(𝑚𝜏(𝑚)−1) preserves the pair (𝐵𝐿 , 𝑇) of the
pinning (𝑁𝐿 , 𝑇, 𝑋𝛼) and acts on 𝑋𝛼 by a homothety by an element of O×

𝑣 . If one changes 𝑚 into
𝑡𝑚 with 𝑡 ∈ 𝑇 (O𝑣), the ratio of this homothety is multiplied by 𝛼(𝑡𝜏(𝑡)−1). We therefore see
that by taking a judicious element 𝑡, one may suppose that Int(𝑚𝜏(𝑚)−1) preserves the pinning.

It is clear that we have

|𝐷𝐺 (𝑋𝑎𝑀 ,𝑣) |𝑣 = |𝐷𝐺 (𝑌𝑣) |𝑣 = |𝐷𝐿 (𝑌𝑣) |𝑣 .

By abuse of notation, we still denote by 𝑤 the inner automorphism of𝐺 given by Int(𝑚𝜏(𝑚)−1).
The map 𝑔 ↦→ 𝑚𝑔𝑚−1 induces a bijection from 𝐽𝑎𝑀 ,𝑣 (𝐹𝑣)𝜏\𝐺 (𝐹𝑣)𝜏 onto 𝑇 (𝐹𝑣)𝑤𝜏\𝐺 (𝐹𝑣)𝑤𝜏 and
one has ∫

𝐽𝑎𝑀 ,𝑣 (𝐹𝑣)𝜏\𝐺 (𝐹𝑣)𝜏
1𝔤(O𝑣) (Ad(𝑔−1)𝑋𝑎𝑀 ,𝑣)𝑣𝐺𝑀 (𝑔) 𝑑𝑔

=

∫
𝑇 (𝐹𝑣)𝑤𝜏\𝐺 (𝐹𝑣)𝑤𝜏

1𝔤(O𝑣) (Ad(𝑔−1)𝑌𝑣)𝑣𝐺𝑀 (𝑔) 𝑑𝑔,

where the measure on 𝑇 (𝐹𝑣)𝑤𝜏\𝐺 (𝐹𝑣)𝑤𝜏 is deduced from that on 𝐽𝑎𝑀 ,𝑣 (𝐹𝑣)𝜏\𝐺 (𝐹𝑣)𝜏 by trans-
port by the previous bijection. Using as before the Iwasawa decomposition for 𝑄 ∈ P(𝐿), we
see that if 𝑔 ∈ 𝐺 (𝐹𝑣) satisfies Ad(𝑔−1)𝑌𝑣 ∈ 𝔤(O𝑣) then 𝑔 = 𝑙𝑠 with 𝑙 ∈ 𝐿 (𝐹𝑣) and 𝑠 ∈ 𝐺 (O𝑣).
Suppose moreover that we have 𝑤𝜏(𝑔) = 𝑔. Then 𝑙−1𝑤𝜏(𝑙) ∈ 𝐿 (O𝑣) and, by a new application
of Lang’s theorem, we see that one may suppose 𝑤𝜏(𝑙) = 𝑙 and 𝑠 ∈ 𝐺 (O)𝑤𝜏. We thus have∫

𝑇 (𝐹𝑣)𝑤𝜏\𝐺 (𝐹𝑣)𝑤𝜏
1𝔤(O𝑣) (Ad(𝑔−1)𝑌𝑣)𝑣𝐺𝑀 (𝑔) 𝑑𝑔

=

∫
𝑇 (𝐹𝑣)𝑤𝜏\𝐿 (𝐹𝑣)𝑤𝜏

1𝔩(O𝑣) (Ad(𝑙−1)𝑌𝑣)𝑣𝐺𝑀 (𝑙) 𝑑𝑙.

We then use Arthur’s descent formula

𝑣𝐺𝑀 (𝑙) =
∑︁

𝑅∈L𝐺 (𝑇)
𝑑𝐺𝑇 (𝑀, 𝑅)𝑣

𝑄𝑅
𝑇

(𝑙),
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where 𝑅 ∈ L𝐺 (𝑇) ↦→ 𝑄𝑅 ∈ P(𝑅) is a certain section (defined on the 𝑅 such that 𝑑𝐺
𝑇
(𝑀, 𝑅) ≠ 0)

of the map F 𝐺 (𝑇) → L(𝑇) defined by 𝑄 ↦→ 𝑀𝑄 . In what follows we restrict ourselves to the
𝑅 such that 𝑑𝐺

𝑇
(𝑀, 𝑅) ≠ 0. This therefore implies 𝑅 ≠ 𝑇 . The weight 𝑣𝑄𝑅

𝑇
was defined in the

proof of Proposition 17.4.1. Here is how it is computed here. The group 𝑄𝑅 ∩ 𝐿 is a parabolic
subgroup of 𝐿. Since 𝐿 is of semi-simple rank 1, one of two things holds

– either𝑄𝑅∩ 𝐿 is a Borel subgroup of 𝐿; one then has 𝑙 ∈ 𝑡𝑁𝑄𝑅∩𝐿 (𝐹𝑣)𝐿 (O𝑣) with 𝑡 ∈ 𝑇 (𝐹𝑣)
and hence 𝑣𝑄𝑅

𝑇
(𝑙) = 𝑣𝑅

𝑇
(𝑡) = 0 (since 𝑇 ≠ 𝑅);

– or else 𝐿 ⊂ 𝑅 and then 𝑣𝑄𝑅
𝑇

(𝑙) = 𝑣𝑅
𝑇
(𝑙).

We now place ourselves in the second case. Let us recall that the weight 𝑣𝑅
𝑇
(𝑙) is the volume of

the projection onto 𝔞𝑅
𝑇

of the convex hull of the points −𝐻𝐵 (𝑙) for 𝐵 ∈ P𝑅 (𝑇). Now this convex
hull is here contained in a line, so the volume is therefore zero unless dim(𝔞𝑅

𝑇
) = 1, in which

case 𝑅 = 𝐿. Arthur’s descent formula therefore simplifies into

𝑣𝐺𝑀 (𝑙) = 𝑑𝐺𝑇 (𝑀, 𝐿)𝑣
𝐿
𝑇 (𝑙)

which gives the desired result. □

17.7. Local computations of ordinary orbital integrals. We give some local computations
of ordinary orbital integrals. Let 𝑣 ∈ 𝑉 be a closed point of 𝐶 and 𝑉 the orbit of 𝑣 under the
Frobenius 𝜏. Let 𝑠 ∈ 𝑇 and 𝑀′ = 𝑀𝑠. Let 𝑎𝑀 = (ℎ𝑎𝑀 , 𝑡) ∈ A𝑀 ′ (𝑘)𝜏.
Lemma 17.7.1. — We suppose that ℎ𝑎𝑀 (𝑐) does not belong to 𝔇𝑀 . Then

𝐽
𝑀,𝑠

𝑀,𝑉
(𝑎𝑀) = 1.

Proof. — Let us start from the equality

𝐽
𝑀,𝑠

𝑀,𝑉
(𝑎𝑀) = |𝐷𝑀 (𝑋𝑎𝑀 ,𝑉 ) |

1/2
𝑉

×
∫
(𝐽𝑎𝑀 ,𝑉 (A𝑉 )\𝑀 (A𝑉 ))𝜏

⟨𝑠, inv𝑎𝑀 ,𝑉 (𝑚)⟩1𝔪(O𝑉 ) (Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 ) 𝑑𝑚.

Let 𝑚 ∈ 𝑀 (A𝑉 ) be such that Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 ∈ 𝔪(O𝑉 ). Since 𝑋𝑎𝑀 ,𝑉 is still regular semi-simple
in reduction (given that ℎ𝑎𝑀 (𝑐) does not belong to 𝔇𝑀), we see that 𝑚 ∈ 𝐽𝑎𝑀 ,𝑉 (A𝑉 )𝑀 (O𝑉 ).
As in the proof of the lemma, we deduce from this that inv𝑎𝑀 ,𝑉 (𝑚) = 0. Since moreover
|𝐷𝑀 (𝑋𝑎𝑀 ,𝑉 ) |

1/2
𝑉

= 1, we have

𝐽
𝑀,𝑠

𝑀,𝑉
(𝑎𝑀) =

∫
𝐽𝑎𝑀 ,𝑉 (O𝑉 )𝜏\𝑀 (O𝑉 )𝜏

1𝔪(O𝑉 ) (Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 ) 𝑑𝑚.

= vol(𝐽𝑎𝑀 ,𝑉 (O𝑉 )𝜏)−1 vol(𝑀 (O𝑉 )𝜏).

Now vol(𝑀 (O𝑉 )𝜏) = 1 and vol(𝐽𝑎𝑀 ,𝑉 (O𝑉 )𝜏) = 1 since 𝐽𝑎𝑀 ,𝑉 (O𝑉 )𝜏 is the maximal compact
subgroup of 𝐽𝑎𝑀 ,𝑉 (A𝑉 )𝜏. □

Lemma 17.7.2. — We suppose that
– ℎ𝑎𝑀 (𝑐) is a smooth point of ℜ𝑀

𝑀 ′ ;
– ℎ𝑎𝑀 (𝑐) does not belong to 𝔇𝑀 ′ ;
– the intersection of ℎ𝑎𝑀 (𝐶) with ℜ𝑀

𝑀 ′ is transverse at ℎ𝑎𝑀 (𝑐).
Then

𝐽
𝑀,𝑠

𝑀,𝑉
(𝑎𝑀) = 𝐽𝑀

′,1
𝑀 ′,𝑉 = 1.
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Proof. — The first equality is merely a particular case of the Langlands-Shelstad fundamental
lemma. The second follows from Lemma 17.7.1 above. The reader who would balk at using the
fundamental lemma may check the equality 𝐽𝑀,𝑠

𝑀,𝑉
(𝑎𝑀) = 1 directly: one reduces to a computation

on a group of semi-simple rank 1 which one does by hand (cf. also [29, §8.5.9]). □

Lemma 17.7.3. — We suppose that
– ℎ𝑎𝑀 (𝑐) does not belong to ℜ𝑀

𝑀 ′ ;
– ℎ𝑎𝑀 (𝑐) is a smooth point of 𝔇𝑀 ′ ;
– the intersection of ℎ𝑎𝑀 (𝐶) with 𝔇𝑀 ′ is transverse at ℎ𝑎𝑀 (𝑐).

Then
𝐽
𝑀,𝑠

𝑀,𝑉
(𝑎𝑀) = 𝐽𝑀

′,1
𝑀 ′,𝑉 (𝑎𝑀) ≠ 0.

Proof. — Here again, the first equality is a particular case of the Langlands-Shelstad funda-
mental lemma. The integrand in

𝐽
𝑀 ′,1
𝑀 ′,𝑉 = |𝐷𝑀 ′ (𝑋𝑎𝑀 ,𝑉 ) |

1/2
𝑉

∫
(𝐽𝑎𝑀 ,𝑉 (A𝑉 )\𝑀 ′ (A𝑉 ))𝜏

1𝔪′ (O𝑉 ) (Ad(𝑚−1)𝑋𝑎𝑀 ,𝑉 ) 𝑑𝑚

is positive and the integral is clearly bounded below by vol((𝐽𝑎𝑀 ,𝑉 (O𝑉 )\𝑀′(O𝑉 ))𝜏) > 0. Of
course, it is also possible to carry out directly the computations of 𝐽𝑀,𝑠

𝑀,𝑉
(𝑎𝑀) and 𝐽𝑀

′,1
𝑀 ′,𝑉 (one

reduces to a computation on a group of semi-simple rank 1, cf. also [29, §8.5.8]). □

17.8. Let 𝑉 be a non-empty 𝜏-stable set of closed points of 𝐶. Let 𝑠 ∈ 𝑇 be such that
𝑀′ = 𝑀𝑠 ≠ 𝑀 . Let 𝑎𝑀 = (ℎ𝑎𝑀 , 𝑡) ∈ A𝑀 ′ (𝑘)𝜏. Let 𝐽𝑉 : E𝐺

𝑀
(𝑠) ∪ L𝐺 (𝑀) → C be the

map defined for every 𝐻 ∈ E𝐺
𝑀
(𝑠) by 𝐽𝑉 (𝐻) = 𝐽

𝐻,1
𝑀 ′,𝑉 (𝑎𝑀) and for every 𝐿̂ ∈ L𝐺 (𝑀) by

𝐽𝑉 ( 𝐿̂) = 𝐽𝐿,𝑠𝑀,𝑉 (𝑎𝑀).
Lemma 17.8.1. — We suppose that 𝑉 satisfies one of the three following conditions:

1. For every 𝑣 ∈ 𝑉 , the point ℎ𝑎𝑀 (𝑣) does not belong to 𝔇𝐺 ;
2. 𝑉 is the orbit under 𝜏 of a point 𝑣 which satisfies assertion 1 of Theorem 17.3.1;
3. 𝑉 is the orbit under 𝜏 of a point 𝑣 which satisfies assertion 2 of Theorem 17.3.1.

Then 𝐽𝑉 is stabilizing and 𝐽𝑉 (𝑀) ≠ 0.

Proof. — Suppose assertion 1 holds. By Lemma 17.6.1, we have 𝐽𝑉 (𝐻) = 0 unless 𝐻 = 𝑀 or
𝐻 = 𝑀′. Moreover, 𝐽𝑉 (𝑀) = 𝐽𝑉 (𝑀′) = 1 by Lemma 17.7.1. Hence 𝐽𝑉 is stabilizing.

Suppose assertion 2 holds. In this case, ℎ𝑎𝑀 (𝑣) is a smooth point ofℜ𝐺
𝑀 ′ and does not belong

to 𝔇𝑀 ′ , and the intersection of ℎ𝑎𝑀 (𝑣) with ℜ𝐺
𝑀 ′ is transverse at ℎ𝑎𝑀 (𝑣). Suppose moreover,

to begin with, that ℎ𝑎𝑀 (𝑣) does not belong to ℜ𝐺
𝑀

. Consequently, the intersection of ℎ𝑎 (𝐶)
with ℜ𝑀

𝑀 ′ is transverse at ℎ𝑎𝑀 (𝑣). We thus have 𝐽𝑉 (𝑀) = 𝐽𝑉 (𝑀′) = 1 by Lemma 17.7.2. By
Lemma 17.6.1, we have 𝐽𝑉 ( 𝐿̂) = 0 for every 𝐿̂ ∈ L𝐺 (𝑀) with 𝐿̂ ≠ 𝑀 . For every 𝐻 ∈ E𝐺

𝑀
(𝑠),

we have 𝐻 ∩ 𝑀 = 𝑀′; consequently, ℎ𝑎𝑀 (𝑣) does not belong to ℜ𝐻
𝑀 ′ and we have 𝐽𝑉 (𝐻) = 0

by Lemma 17.6.1. Thus 𝐽𝑉 is stabilizing.
Suppose still that assertion 2 holds but this time suppose that ℎ𝑎𝑀 (𝑣) belongs to ℜ𝐺

𝑀
: under

our hypotheses, ℎ𝑎𝑀 (𝑣) is a point of transverse intersection of ℎ𝑎𝑀 (𝐶) and ℜ𝐺
𝑀

and it does not
belong to 𝔇𝑀 .

Let 𝑌𝑣 ∈ 𝔱(O𝑣), 𝐿 ∈ L𝐺 , 𝑛 an integer and 𝑤 an automorphism of 𝐿 which preserves 𝑇 ,
such that these elements satisfy the conclusions of Lemma 17.6.2. Let us introduce the map
𝐽𝑇 : E𝐺

𝑇
(1) → C defined by 𝐽𝑇 (𝑇) = 1,

𝐽𝑇 ( 𝐿̂) = |𝐷𝐿 (𝑌𝑣) | |𝑉 |/2 |𝑉 |dim(𝔞𝐺
𝑀
)
∫
𝑇 (𝐹𝑣)𝑤𝜏𝑛\𝐿 (𝐹𝑣)𝑤𝜏𝑛

1𝔩(O𝑣) (Ad(𝑙−1)𝑌𝑣)𝑣𝐿𝑇 (𝑙) 𝑑𝑙,
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and 𝐽𝑇 (𝐻) = 0 if 𝐻 ∉ {𝑇, 𝐿̂}. For every 𝐻 ∈ L𝐺 (𝑀), the expression

(17.8.1)
∑︁

𝑅∈L𝐻 (𝑇)

𝑑𝐻
𝑇
(𝑀, 𝑅)𝐽𝑇 (𝑅)

equals
– 𝐽𝑇 (𝑇) = 1 = 𝐽𝑉 (𝑀) if 𝐻 = 𝑀 (cf. Lemma 17.7.1);
– 𝑑𝐻

𝑇
(𝑀, 𝐿̂)𝐽𝑇 ( 𝐿̂) = 𝐽𝑉 (𝐻) if 𝐻 ≠ 𝑀 (cf. Lemma 17.6.2).

Hence the expression (17.8.1) is equal to 𝐽𝑉 (𝐻). For every 𝐻 ∈ E𝐺
𝑀
(𝑠), we have ℎ𝑎𝑀 (𝑣) ∈ ℜ𝐻

𝑀 ′

if and only if 𝐿̂ ⊂ 𝐻, and the expression

(17.8.2)
∑︁

𝑅∈L𝐻 (𝑇)

𝑑𝐻
𝑇
(𝑀′, 𝑅)𝐽𝑇 (𝑅) = 𝐽𝑉 (𝐻)

equals
– 𝐽𝑇 (𝑇) = 1 = 𝐽𝑉 (𝑀′) if 𝐻 = 𝑀′ (cf. Lemma 17.7.1);
– 𝑑𝐻

𝑇
(𝑀, 𝐿̂)𝐽𝑇 ( 𝐿̂) = 𝐽𝑉 (𝐻) if 𝐿̂ ⊂ 𝐻 (cf. Lemma 17.6.2);

– 0 if 𝐿̂ ⊄ 𝐻 (Lemma 17.6.1).
In any case the expression (17.8.2) is equal to 𝐽𝑉 . Since 𝐽𝑇 is (trivially) stabilizing, 𝐽𝑉 is
stabilizing (cf. Proposition 16.3.7). Lemma 17.7.1 gives 𝐽𝑉 (𝑀) = 𝐽𝑉 (𝑀′) =.

Suppose now that assertion 3 holds. In this case, Lemma 17.6.1 indicates that 𝐽𝑉 (𝐻) = 0
unless 𝐻 = 𝑀 or 𝑀′. We have 𝐽𝑉 (𝑀) = 𝐽𝑉 (𝑀′) ≠ 0 by Lemma 17.7.3. Hence 𝐽𝑉 is stabilizing.
□

18. Truncated affine Springer fibers

18.1. In this section, the notation is that used throughout the article. We add the following
specifications. Let 𝐹 = 𝑘 ((𝜀)) and O = 𝑘 [[𝜀]]. Let val be the usual valuation of 𝐹. Let
𝐹0 = F𝑞 ((𝜀)). We recall that we denote by 𝜏 the Frobenius automorphism of 𝑘 given by raising
to the power 𝑞. We again denote by 𝜏 the Frobenius automorphism of 𝐹, so that we have
𝐹𝜏 = 𝐹0. Let 𝐹 be a separable closure of 𝐹 and 𝐼 = Gal(𝐹/𝐹). Let 𝐹0 be the algebraic closure
of 𝐹0 in 𝐹. Let Γ = Gal(𝐹0/𝐹0).

We assume that the pair (𝐺,𝑇) is defined over F𝑞. For every 𝑃 ∈ P(𝑀), we define, as
in §11.6, a map

𝐻𝑃 : 𝐺 (𝐹) → 𝑋∗(𝑀)
defined for every 𝜆 ∈ 𝑋∗(𝑃) by 𝜆(𝐻𝑃 (𝑔)) = − val(𝜆(𝑝)) where 𝑝 ∈ 𝑃(𝐹) satisfies 𝑔 ∈ 𝑝𝐺 (O)
(by the Iwasawa decomposition).

We recall that 𝔞𝑇 is equipped with a 𝑊𝐺-invariant scalar product and that all its subspaces
are equipped with the Euclidean measure deduced from it (cf. §2.4). Let

𝐻𝐺𝑃 : 𝐺 (𝐹) → 𝔞𝐺𝑀

be the composite of the map 𝐻𝑃 with the orthogonal projection 𝔞𝑀 → 𝔞𝐺
𝑀

. The restrictions to
𝑀 (𝐹) of these maps do not depend on the choice of 𝑃 ∈ P(𝑀): we denote them respectively
by 𝐻𝑀 and 𝐻𝐺

𝑀
.

18.2. Truncated affine Grassmannian. Let 𝔛𝐺 be the affine Grassmannian: it is a projective
ind-𝑘-scheme whose set of 𝑘-points is the quotient 𝐺 (𝐹)/𝐺 (O). Let 𝑀 ∈ L. For every
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𝑃 ∈ P(𝑀), the map 𝐻𝐺
𝑃

on 𝐺 (𝐹) induces a map 𝐻𝐺
𝑃

: 𝔛𝐺 → 𝔞𝐺
𝑀

. Let 𝜉 ∈ 𝔞𝐺
𝑀

. We define the
truncated affine Grassmannian

𝔛
𝐺,𝜉

𝑀

by the following condition: for every 𝑥 ∈ 𝔛𝐺 , we have 𝑥 ∈ 𝔛
𝐺,𝜉

𝑀
if and only if 𝜉 belongs to the

convex hull of the projections onto 𝔞𝐺
𝑀

of the points −𝐻𝐺
𝑃
(𝑥) for 𝑃 ∈ P(𝑀).

Proposition 18.2.1. — The truncated affine Grassmannian 𝔛
𝐺,𝜉

𝑀
is an open sub-ind-scheme of

𝔛𝐺 .

Proof. — It is well known that the convex hull of the points −𝐻𝐺
𝑃
(𝑥) is the intersection of the

cones −𝐻𝐺
𝑃
(𝑥) − +𝔞𝑃, where +𝔞𝑃 is the positive obtuse Weyl chamber in 𝔞𝑀 (this is a result of

Arthur, cf. [1]). It therefore suffices to show that the condition 𝐻𝐺
𝑃
(𝑥) ∈ −𝜉 − +𝔞𝑃 defines an

open subset of 𝔛𝐺 . For that, we proceed as in [10, proof of Proposition 6.4]. □

18.3. Truncated affine Springer fiber. Let𝑌 ∈ 𝔪(O) be a semi-simple and𝐺-regular element.
Following Kazhdan-Lusztig (cf. [21]), we introduce the affine Springer fiber

𝔛𝐺𝑌 = {𝑥 ∈ 𝔛𝐺 | Ad(𝑥−1)𝑌 ∈ 𝔤(O)}.
It is a closed sub-ind-scheme of 𝔛𝐺 . In fact, 𝔛𝐺

𝑌
is a 𝑘-scheme locally of finite type and of finite

dimension (cf. [21]). The truncated affine Springer fiber 𝔛𝐺,𝜉
𝑀,𝑌

is the open subset of 𝔛𝐺
𝑌

defined
by

𝔛
𝐺,𝜉

𝑀,𝑌
= 𝔛𝐺𝑌 ∩ 𝔛

𝐺,𝜉

𝑀
.

Let 𝐽 be the centralizer of 𝑌 in 𝐺 ×𝑘 𝐹. It is a maximal 𝐹-subtorus of 𝐺 ×𝑘 𝐹. The group
𝐽 (𝐹) acts on the set of 𝑘-points of 𝔛𝐺

𝑌
. It does not preserve the truncation 𝔛

𝐺,𝜉

𝑀,𝑌
. Let 𝐽′ be the

𝐹-subtorus of 𝐽 defined by

𝑋∗(𝐽′) = Ker(𝜆 ∈ 𝑋∗(𝐽) ↦→ 𝐻𝐺𝑀 (𝜀𝜆)).

The group 𝐽′(𝐹) acts on 𝔛𝐺
𝑌

and preserves the truncation 𝔛
𝐺,𝜉

𝑀,𝑌
. Let

Λ = 𝑋∗(𝐽′) 𝐼

be the group of cocharacters of the maximal split subtorus of 𝐽′. Via the morphism 𝜆 ↦→ 𝜀𝜆, we
identify the discrete group Λ with a subgroup of 𝐽′(𝐹).
Proposition 18.3.1. — The quotient Λ\𝔛𝐺,𝜉

𝑀
(𝑌 ) is a quasi-projective variety defined over 𝑘 .

Proof. — This is proved as in [21]. □

18.4. A local weighted orbital 𝑠-integral. We continue with the preceding notation, assuming
henceforth that 𝜏(𝑌 ) = 𝑌 . In this case, 𝐽 is equipped with an action of 𝜏 and we have an exact
sequence in pointed set cohomology

(18.4.1) 1 −→ 𝐽 (𝐹)𝜏 −→ 𝐺 (𝐹)𝜏 −→ (𝐽 (𝐹)\𝐺 (𝐹))𝜏 −→ Ker(𝐽 (𝐹)𝜏 → 𝐺 (𝐹)𝜏) −→ 1,

where, as in §11.1, the index 𝜏 denotes the set of 𝜏-conjugacy classes. We equip the groups
𝐽 (𝐹)𝜏 and 𝐺 (𝐹)𝜏 with the Haar measures which give measure 1 respectively to the maximal
compact subgroup of 𝐽 (𝐹)𝜏 and to the subgroup 𝐺 (O)𝜏 of 𝐺 (𝐹)𝜏. By Kottwitz ([24, §7.6]),
we have a canonical exact sequence

(18.4.2) 0 −→ 𝐽 (𝐹)1 −→ 𝐽 (𝐹) −→ 𝑋∗(𝐽)𝐼 −→ 0

which induces, at the level of the co-invariants under 𝜏, an isomorphism

(18.4.3) 𝐽 (𝐹)𝜏 ≃ 𝑋∗(𝐽)Γ.
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In particular, the group 𝐽 (𝐹)𝜏 is discrete. We equip it with the counting measure. We deduce
from this a right 𝐺 (𝐹)𝜏-invariant measure on the quotient (𝐽 (𝐹)\𝐺 (𝐹))𝜏.

Let
inv𝑌 : (𝐽 (𝐹)\𝐺 (𝐹))𝜏 → 𝑋∗(𝐽)Γ

be the composite of the coboundary map of (18.4.1) with Kottwitz’s isomorphism (18.4.3).
Definition 18.4.1. — For 𝑌 and 𝑀 as above and 𝑠 ∈ 𝐽Γ, the weighted orbital 𝑠-integral 𝐽𝐺,𝑠

𝑀
(𝑌 )

is defined by

(18.4.4) 𝐽
𝐺,𝑠

𝑀
(𝑌 ) = |𝐷𝐺 (𝑌 ) |1/2

𝐹

∫
(𝐽 (𝐹)\𝐺 (𝐹))𝜏

⟨𝑠, inv𝑌 (𝑔)⟩ 1𝔤(O) (Ad−1(𝑌 )) 𝑣𝐺𝑀 (𝑔) 𝑑𝑔

where
– the absolute value is | · |𝐹 = 𝑞− val(·);
– the pairing is the one between 𝐽Γ and 𝑋∗(𝐽)Γ;
– 1𝔤(O) is the characteristic function of 𝔤(O);
– Arthur’s weight 𝑣𝐺

𝑀
(𝑔) is the volume in 𝔞𝐺

𝑀
of the convex hull of the points −𝐻𝐺

𝑃
(𝑔) for

𝑃 ∈ P(𝑀).

18.5. Geometric interpretation of the weighted orbital integrals. Since 𝑌 is 𝜏-stable, the
quotient Λ\𝔛𝐺,𝜉

𝑀,𝑌
is defined over F𝑞. Let 𝜂 ∈ HomZ(Λ,Q

×) be a character of finite order. We
assume that this character is fixed by 𝜏 or, what amounts to the same, fixed by Γ. By the choice
of an embedding of Q into Qℓ, we interpret 𝜂 as a continuous ℓ-adic character of Λ⋊Gal(𝑘/F𝑞)
trivial on the second factor. We deduce from this a local system L𝜂 on Λ\𝔛𝐺,𝜉

𝑀,𝑌
defined over

F𝑞 which becomes trivial when it is pulled back by the covering 𝔛
𝐺,𝜉

𝑀,𝑌
→ Λ\𝔛𝐺,𝜉

𝑀,𝑌
. The action

of 𝐽′(𝐹) on 𝔛
𝐺,𝜉

𝑀,𝑌
commutes with that of Λ. We deduce from this an action of 𝐽′(𝐹) on the

cohomology 𝐻•(𝔛𝐺,𝜉
𝑀,𝑌

,L𝜂). By a homotopy lemma, this action factors through its group of
connected components. The latter is identified with the group 𝑋∗(𝐽′)𝐼 by the sequence (18.4.2)
applied to the 𝐹-torus 𝐽′. Now the discrete subgroup Λ of 𝐽′(𝐹) acts by the character 𝜂−1 on
the cohomology 𝐻•(𝔛𝐺,𝜉

𝑀,𝑌
,L𝜂). Since the image of Λ in 𝑋∗(𝐽′)𝐼 is of finite index, we deduce

from this the following decomposition:

(18.5.1) 𝐻•(𝔛𝐺,𝜉
𝑀,𝑌

,L𝜂) =
⊕
𝑠′
𝐻•(𝔛𝐺,𝜉

𝑀,𝑌
,L𝜂)𝑠′ ,

where the sum is taken over the finite set of 𝑠′ ∈ (𝐽′) 𝐼 = Hom(𝑋∗(𝐽′)𝐼 ,C×) which induce the
character 𝜂−1 on Λ and where 𝐻•(𝔛𝐺,𝜉

𝑀,𝑌
,L𝜂)𝑠′ denotes the direct factor of 𝐻•(𝔛𝐺,𝜉

𝑀,𝑌
,L𝜂) on

which 𝐽′(𝐹) acts via the character 𝑠′ of 𝑋∗(𝐽′)𝐼 . Let 𝑝𝐺
𝑀

be the orthogonal projection of 𝔞𝑀
onto 𝔞𝐺

𝑀
. The lattice 𝐻𝐺

𝑀
(𝐽 (𝐹)𝜏) is of finite index in 𝑝𝐺

𝑀
(𝑋∗(𝑀)). Let 𝜇1, . . . , 𝜇𝑛 be a system

of representatives of the quotient. Let

𝜓 : Λ𝜏 → 𝑋∗(𝐽′)Γ ≃ 𝐽′(𝐹)𝜏
and

𝜑 : 𝑋∗(𝐽′)Γ ≃ 𝐽′(𝐹)𝜏 → 𝑋∗(𝐽)Γ ≃ 𝐽 (𝐹)𝜏
be the canonical maps, the isomorphisms being those given by (18.4.3). We note that the kernels
as well as the cokernel of 𝜓 are finite. Let

𝐽 (𝐹)0 = 𝐽 (𝐹) ∩ Ker(𝐻𝐺𝑀).

The quotient 𝐽 (𝐹)0,𝜏\𝐽 (𝐹)𝜏 is discrete and it is equipped with the counting measure. We deduce
from this a Haar measure on 𝐽 (𝐹)0,𝜏.
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Theorem 18.5.1. — Let 𝑠 ∈ 𝐽Γ be an element of finite order. Let 𝑠′ ∈ (𝐽′)Γ be the image of 𝑠
under the canonical morphism 𝐽Γ → (𝐽′)Γ. Let 𝜂 ∈ HomZ(Λ,Q

×) be the character induced by
the inverse of 𝑠′.

For every 𝜉 in general position, we have the equality

𝐽
𝐺,𝑠

𝑀
(𝑌 ) = 𝑐𝐺𝑀 (𝑌 )

𝑛∑︁
𝑖=1

trace(𝜏−1, 𝐻•(𝔛𝐺,𝜉+𝜇𝑖
𝑀,𝑌

,L𝜂)𝑠′),

where

𝑐𝐺𝑀 (𝑌 ) = | Ker(𝜓) |
| Coker(𝜓) | · | Ker(𝜑) | · vol(Λ𝜏\𝐽 (𝐹)0,𝜏)

vol
(
𝔞𝐺
𝑀
/𝑝𝐺

𝑀
(𝑋∗(𝑀))

) · |𝐷𝐺 (𝑌 ) |1/2
𝐹
.

18.6. Proof of Theorem 18.5.1. We continue with the preceding notation. For 𝑔 ∈ 𝐺 (𝐹), let
1𝑀,𝑔 be the function on 𝔞𝐺

𝑀
which is the characteristic function of the convex hull of the points

−𝐻𝑃 (𝑔), 𝑃 ∈ P(𝑀). For every 𝜉 ∈ 𝔞𝐺
𝑀

, let

𝑤
𝐺,𝜉

𝑀
(𝑔) = |{𝜇 ∈ 𝑝𝐺𝑀 (𝑋∗(𝑀)) | 1𝑀,𝑔 (𝜉 + 𝜇) = 1}|.

The weight 𝑤𝐺,𝜉
𝑀

is right invariant under 𝑀 (𝐹), hence under 𝐽 (𝐹). We then define the weighted
orbital integral 𝐽𝐺,𝜉,𝑠

𝑀
by formula (18.4.4) in which we replace the weight 𝑣𝐺

𝑀
by 𝑤𝐺,𝜉

𝑀
.

Proposition 18.6.1. — Under the hypotheses of Theorem 18.5.1, for every 𝜉 ∈ 𝔞𝐺
𝑀

, we have

𝐽
𝐺,𝜉,𝑠

𝑀
(𝑌 ) = 𝑐𝐺𝑀 (𝑌 ) · vol

(
𝔞𝐺𝑀/𝑝

𝐺
𝑀 (𝑋∗(𝑀))

)
·
𝑛∑︁
𝑖=1

trace(𝜏−1, 𝐻•(𝔛𝐺,𝜉+𝜇𝑖
𝑀,𝑌

,L𝜂)𝑠′).

Proof. — This proposition generalizes to the truncated case Theorem 15.8 of the article [14]
of Goresky-Kottwitz-MacPherson. Our proof is inspired by theirs. Let 𝑗 ∈ 𝐽′(𝐹). We do not
distinguish in the notation between 𝑗 and its image in 𝐽′(𝐹)𝜏. Let 𝜉 ∈ 𝔞𝐺

𝑀
. The Grothendieck-

Lefschetz trace formula gives the equality

⟨𝑠′, 𝑗⟩ trace(( 𝑗𝜏)−1, 𝐻•(𝔛𝐺,𝜉
𝑀,𝑌

,L𝜂)) =
∑︁

𝑥∈(Λ\𝔛𝐺,𝜉
𝑀,𝑌

) 𝑗 𝜏
⟨𝑠′, 𝜓(𝜆𝑥) 𝑗⟩

where 𝜆𝑥 is the class in Λ𝜏 of an element 𝜆 ∈ Λ which satisfies 𝜆 𝑗𝜏(𝑥) = 𝑥 and where the pairing
is the canonical pairing between . The above expression depends only on the image of 𝑗 in the
cokernel Coker(𝜓) of 𝜓. We thus have∑︁

𝑗∈Coker(𝜓)
⟨𝑠′, 𝑗⟩ trace(( 𝑗𝜏)−1, 𝐻•(𝔛𝐺,𝜉

𝑀,𝑌
,L𝜂))

= | Ker(𝜓) |
∑︁

𝑗∈𝐽′ (𝐹)𝜏

⟨𝑠′, 𝑗⟩ |Λ𝜏\(𝔛𝐺,𝜉
𝑀,𝑌

) 𝑗𝜏 |.

By the decomposition (18.5.1), the left-hand side in the above expression equals

(18.6.1) | Coker(𝜓) | trace(𝜏−1, 𝐻•(𝔛𝐺,𝜉
𝑀,𝑌

,L𝜂)𝑠′).
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With the help of Lang’s isogeny theorem, we see that we have∑︁
𝑗∈𝐽′ (𝐹)𝜏

⟨𝑠′, 𝑗⟩ |Λ𝜏\(𝔛𝐺,𝜉
𝑀,𝑌

) 𝑗𝜏 |

=
∑︁

𝑗∈𝐽′ (𝐹)𝜏

⟨𝑠′, 𝑗⟩
∫
Λ𝜏\𝐺 (𝐹) 𝑗 𝜏

1𝔤(O) (Ad(𝑔−1)𝑌 )1𝑀,𝑔 (𝜉) 𝑑𝑔

= vol(Λ𝜏\𝐽 (𝐹)0,𝜏)
∑︁

𝑗∈𝐽′ (𝐹)𝜏

⟨𝑠′, 𝑗⟩
∫
𝐽 (𝐹)𝜏\𝐺 (𝐹) 𝑗 𝜏

1𝔤(O) (Ad(𝑔−1)𝑌 )𝑤𝜉
𝐽
(𝑔) 𝑑𝑔,

where
𝑤
𝜉

𝐽
(𝑔) =

∑︁
ℎ∈𝐽 (𝐹)0,𝜏\𝐽 (𝐹)𝜏

1𝑀,𝑔 (𝜉)

is the number of points of the lattice 𝜉+𝐻𝐺
𝑀
(𝐽 (𝐹)𝜏) in the convex hull of the−𝐻𝑃 (𝑔), 𝑃 ∈ P(𝑀).

We thus have
𝑛∑︁
𝑖=1

𝑤
𝜉+𝜇𝑖
𝐽

(𝑔) = 𝑤𝐺,𝜉
𝑀

(𝑔).

Consequently, when we sum the expression (18.6.1) over 𝜉 + 𝜇1, . . . , 𝜉 + 𝜇𝑛, we find
| Ker(𝜓) | vol(Λ𝜏\𝐽 (𝐹)0,𝜏)

×
∑︁

𝑗∈𝐽′ (𝐹)𝜏

⟨𝑠′, 𝑗⟩
∫
𝐽 (𝐹)𝜏\𝐺 (𝐹) 𝑗 𝜏

1𝔤(O) (Ad(𝑔−1)𝑌 )𝑤𝐺,𝜉
𝑀

(𝑔) 𝑑𝑔.(18.6.2)

We have ⟨𝑠′, 𝑗⟩ = ⟨𝑠, 𝜑( 𝑗)⟩ and 𝐽 (𝐹)𝜏\𝐺 (𝐹) 𝑗𝜏 is identified with the set of 𝑔 ∈ (𝐽 (𝐹)\𝐺 (𝐹))𝜏
such that inv𝑌 (𝑔) = 𝜑( 𝑗). In fact, it follows from Lemma 11.4.4 that the map inv𝑌 takes its
values in the image of 𝜑. The expression (18.6.2) is therefore equal to

| Ker(𝜓) | · | Ker(𝜑) | · vol(Λ𝜏\𝐽 (𝐹)0,𝜏) |𝐷𝐺 (𝑌 ) |−1/2𝐽
𝐺,𝜉,𝑠

𝑀
(𝑌 ).

The proposition follows. □

Proposition 18.6.2. — With the notation of Theorem 18.5.1, for every 𝜉 in general position, we
have

𝐽
𝐺,𝜉,𝑠

𝑀
(𝑌 ) = vol

(
𝔞𝐺𝑀/𝑝

𝐺
𝑀 (𝑋∗(𝑀))

)
𝐽
𝐺,𝑠

𝑀
(𝑌 ).

Proof. — It is identical to the proof of Theorem 11.14.2 of [11]. □

18.7. Local constancy of the truncated affine Springer fibers. Let 𝑀 ∈ L and 𝑎 ∈ 𝔠𝔞𝔯𝑀 (O)
a generically 𝐺-regular element. We fix a Kostant section in 𝔪, denoted by 𝜀𝑀 . We set
𝑋𝑎 = 𝜀

𝑀 (𝑎). We denote by 𝐽𝑎 the centralizer of 𝑋𝑎 in 𝑀 ×𝑘 O: it is a smooth O-group scheme.
Let 𝜉 ∈ 𝔞𝐺

𝑀
. We set

𝔛
𝐺,𝜉

𝑀
(𝑎) = 𝔛

𝐺,𝜉

𝑀,𝑋𝑎
.

The aim of this paragraph is to prove the following proposition, which generalizes to the truncated
case Proposition 3.5.1 of [29].
Proposition 18.7.1. — Let 𝑎 ∈ 𝔠𝔞𝔯𝑀 (O) ∩ 𝔠𝔞𝔯

reg
𝑀
(𝐹). There exists an integer 𝑛 such that for

every 𝑎′ ∈ 𝔠𝔞𝔯𝑀 (O) such that
𝑎′ = 𝑎 mod 𝜀𝑛

there exists ℎ ∈ 𝑀 (O) such that
1. Ad(ℎ) induces an isomorphism of group schemes from 𝐽𝑎 onto 𝐽𝑎′;
2. left translation by ℎ induces an isomorphism from 𝔛

𝐺,𝜉

𝑀
(𝑎) onto 𝔛

𝐺,𝜉

𝑀
(𝑎′).

Moreover, if 𝑎 and 𝑎′ are fixed by a power of 𝜏, we may further assume that ℎ is also fixed by
the same power of 𝜏.
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Proof. — Let 𝑟 and 𝑛0 be integers for which the conclusions of Lemma 18.7.3 hold for the
element 𝑋𝑎 and the group 𝑀 . Let

𝑣 = val(det(ad(𝑋𝑎) |𝔫);
it is an integer. Let 𝜁 : 𝔫 → 𝑁 be an isomorphism of affine varieties and 𝑖 an integer which
satisfy the conclusions of Lemma 18.7.2. Let 𝑐 ⩾ 0 be an integer such that

(18.7.1) ∀𝑌 ∈ 𝜀𝑐𝔪(O) and ∀𝑛 ∈ 𝜁 (𝜀−𝑖𝑣O) we have Ad(𝑛−1)𝑌 − 𝑌 ∈ 𝔫(O).
Let 𝑐1 ⩾ max(1, 𝑛0, 𝑐 + 𝑟). We further assume that 𝑐1 is large enough so that for every
𝑎′ ∈ 𝔠𝔞𝔯𝑀 (O) congruent to 𝑎 modulo 𝜀𝑐1 we have 𝑎′ ∈ 𝔠𝔞𝔯reg(𝐹) and val(det(ad(𝑋𝑎) |𝔫) = 𝑣.
By the approximation Lemma 18.7.3, for every 𝑎′ ∈ 𝔠𝔞𝔯𝑀 (O) such that 𝑎′ = 𝑎 mod 𝜀𝑐1 , there
exists ℎ ∈ 𝑀 (O) such that

(18.7.2) ℎ = 1 mod 𝜀𝑐

and

(18.7.3) [Ad(ℎ)𝑋𝑎, 𝑋𝑎′] = 0.

Conjugation by ℎ induces a morphism from 𝐽𝑎 onto the centralizer 𝐼Ad(ℎ)𝑋𝑎 of Ad(ℎ)𝑋𝑎,
which is none other than 𝐽𝑎′ since 𝑋𝑎 and 𝑋𝑎′ are generically semi-simple regular. By Propo-
sition 3.2.1, this morphism extends. Arguing with the inverse morphism Ad(ℎ−1), we see that
Ad(ℎ) induces an isomorphism from 𝐽𝑎 onto 𝐽𝑎′ . Let 𝑔𝐺 (O) ∈ 𝔛

𝐺,𝜉

𝑀
(𝑎). Let us show that

ℎ𝑔𝐺 (O) ∈ 𝔛
𝐺,𝜉

𝑀
(𝑎). Let us note right away that we have 𝐻𝑀 (ℎ) = 0 since ℎ = 1 mod 𝜀. In

particular, translation by ℎ preserves the truncation. It therefore suffices to prove that we have

Ad(ℎ𝑔)−1𝑋𝑎′ ∈ 𝔤(O).
Let 𝑃 ∈ P(𝑀). By the Iwasawa decomposition, we may well assume that we have 𝑔 = 𝑚𝑛 with
𝑚 ∈ 𝑀 (𝐹) and 𝑛 ∈ 𝑁 (𝐹). Since 𝑔𝐺 (O) ∈ 𝔛

𝐺,𝜉

𝑀
(𝑎), we have Ad(𝑚𝑛)−1𝑋𝑎 ∈ 𝔤(O). We write

Ad(𝑚𝑛)−1𝑋𝑎 = [Ad(𝑛−1) (Ad(𝑚)−1𝑋𝑎) − Ad(𝑚)−1𝑋𝑎] + Ad(𝑚−1)𝑋𝑎,
where the bracket belongs to 𝔫(𝐹) and where Ad(𝑚−1)𝑋𝑎 ∈ 𝔪(𝐹). We thus have the two
conditions

(18.7.4) Ad(𝑚−1)𝑋𝑎 ∈ 𝔪(O)
and

(18.7.5) Ad(𝑛−1) (Ad(𝑚)−1𝑋𝑎) − Ad(𝑚)−1𝑋𝑎 ∈ 𝔫(O).
Let 𝑌 = Ad(𝑚−1)𝑋𝑎. Condition (18.7.4) implies that 𝑌 ∈ 𝔪(O). Let 𝐼𝑌 be the centralizer of 𝑌
in 𝑀 . The inner automorphism Ad(𝑚−1) induces an isomorphism on the generic fiber from 𝐽𝑎
onto 𝐼𝑌 . By Proposition 3.2.1, we know that this isomorphism extends to a morphism of group
schemes over O from 𝐽𝑎 into 𝐼𝑌 . In particular, we have

(18.7.6) Ad(𝑚−1) (Lie(𝐽𝑎) (O)) ⊂ 𝐼𝑌 (O) ⊂ 𝔪(O).
Since Ad(ℎ−1) (𝑋𝑎′) commutes with 𝑋𝑎, we have Ad(ℎ−1) (𝑋𝑎′) ∈ Lie(𝐽𝑎) (O). In view
of (18.7.6), we obtain

(18.7.7) Ad(𝑚−1) (Ad(ℎ−1) (𝑋𝑎′)) ∈ 𝔪(O).
Conditions (18.7.2) and (18.7.3) imply that we have 𝑋𝑎 − Ad(ℎ−1)𝑋𝑎′ ∈ 𝜀𝑐 Lie(𝐽𝑎) (O).
By (18.7.6), we have

(18.7.8) Ad(𝑚−1) (𝑋𝑎 − Ad(ℎ−1)𝑋𝑎′) ∈ 𝜀𝑐𝔪(O).
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By Lemma 18.7.2, conditions (18.7.4) and (18.7.5) and the fact that 𝑣 = val(det(ad(𝑋𝑎)𝔫))
imply that 𝑛 ∈ 𝜁 (𝜀−𝑖𝑣𝔫(O)). By (18.7.8) and (18.7.1), we have

(18.7.9) Ad(𝑛−1) (Ad(𝑚−1) (𝑋𝑎 − Ad(ℎ−1)𝑋𝑎′)) − Ad(𝑚−1) (𝑋𝑎 − Ad(ℎ−1)𝑋𝑎′) ∈ 𝔫(O).

Hence condition (18.7.5) implies the assertion

(18.7.10) Ad(𝑛−1) (Ad(𝑚−1) (Ad(ℎ−1)𝑋𝑎′)) − Ad(𝑚−1) (Ad(ℎ−1)𝑋𝑎′) ∈ 𝔫(O)

which, combined with (18.7.7), gives

Ad(ℎ𝑚𝑛)−1(𝑋𝑎′) ∈ 𝔤(O)

which is what we were seeking to prove. The same reasoning shows the converse implication.
The proposition follows, the last assertion resulting from the last assertion of 18.7.3. □

The following two lemmas were used in the proof of Proposition 18.7.1.
Lemma 18.7.2. — Let 𝑀 ∈ L and 𝑃 ∈ P(𝑀). There exist an isomorphism of affine varieties
𝜁 : 𝔫 → 𝑁 , a morphism 𝜑 : 𝔫 × 𝔪 → 𝔫 and an integer 𝑖 such that for every 𝑌 ∈ 𝔪 with
det(ad(𝑌 ) |𝔫) ≠ 0 the morphism 𝑁 → 𝔫 induced by

𝑛 ↦→ Ad(𝑛−1)𝑌 − 𝑌

is an isomorphism with inverse𝑈 ∈ 𝔫 ↦→ 𝜁 ((det(ad(𝑌 ) |𝔫))−𝑖𝜑(𝑈,𝑌 )).

Proof. — This statement is probably well known, but for lack of a reference we sketch a proof.
Let 𝐵 ⊂ 𝑃 be a Borel subgroup which contains 𝑇 . Let Δ𝐵 be the set of simple roots of 𝑇 in
𝐵 and Δ𝑀 ⊂ Δ𝐵 the subset of the roots outside 𝑀 . The restriction of the roots in Δ𝑀 to the
neutral component, denoted by 𝐴𝑀 , of the center of 𝑀 is injective. We identify the elements
of Δ𝑀 with their restriction to 𝐴𝑀 . Let Φ𝑁 be the set of roots of 𝑇 in 𝑁 . The restriction of a
root in Φ𝑁 to 𝐴𝑀 is a linear combination with non-negative integer coefficients, not all zero, of
elements of Δ𝑀 . For every integer 𝑙, let Φ𝑁

𝑙
be the subset of the roots for which the sum of the

coefficients on Δ𝑀 is equal to 𝑙. For 𝑙 large enough the set Φ𝑁
𝑙

is empty. For every 𝛼 ∈ Φ𝑁 , we
fix an additive 1-parameter subgroup 𝜁𝛼 : G𝑎 → 𝑁 such that 𝑡𝜁𝛼 (𝑢)𝑡−1 = 𝜁𝛼 (𝛼(𝑡)𝑢) for 𝑡 ∈ 𝑇
and 𝑢 ∈ G𝑎.

For every 𝛼 ∈ Φ𝑁 , let 𝔫𝛼 ⊂ 𝔫 be the weight subspace of weight 𝛼. For every integer 𝑙 we set

𝔫𝑙 =
⊕
𝛼∈Φ𝑁

𝑙

𝔫𝛼

and
𝔫𝑙 =

⊕
𝑖>𝑙

𝔫𝑖 .

By the choice of a basis, we identify 𝔫𝑙 with G
Φ𝑁
𝑙

𝑎 . The morphism 𝜁𝑙 =
∏
𝛼∈Φ𝑁

𝑙
𝜁𝛼 (the product

is the product in 𝑁 according to an order fixed once and for all) sends 𝔫𝑙 onto a subvariety of 𝑁
denoted by 𝑁𝑙 . Let 𝑁 𝑙 = 𝑁𝑙+1 · 𝑁𝑙+2 · . . . . (the · denotes the product in 𝑁). We then have the
following properties for every 𝑙 ⩾ 0:

1. 𝔫𝑙 is stable under the adjoint action of 𝑀;
2. [𝔫, 𝔫𝑙] ⊂ 𝔫𝑙 ;
3. 𝑁 𝑙 is a subgroup of 𝑁 stable under conjugation by 𝑀 and [𝑁, 𝑁𝑙] ⊂ 𝑁 𝑙 ;
4. the quotient 𝑁 𝑙/𝑁 𝑙+1 is commutative and the morphism 𝜁𝑙+1 induces a group isomorphism

from 𝔫𝑙+1 onto 𝑁 𝑙/𝑁 𝑙+1. We may furthermore assume that the differential of this morphism
is the canonical morphism 𝔫𝑙+1 → 𝔫𝑙/𝔫𝑙+1.
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Let 𝑙 ⩾ 0, 𝑛 ∈ 𝑁 𝑙 and 𝑦 ∈ 𝑀 . We thus have 𝑛−1𝑦𝑛𝑦−1 ∈ 𝑁 𝑙 . There exists 𝑈 ∈ 𝔫𝑙+1
such that 𝑛 ∈ 𝜁𝑙+1(𝑈)𝑁 𝑙+1. Using the above properties, we see that there exists a morphism
𝜓 : 𝔫𝑙+1 × 𝑀 → 𝔫𝑙+1 such that 𝑛−1𝑦𝑛𝑦−1 ∈ 𝜁𝑙+1(𝜓(𝑈, 𝑦))𝑁 𝑙+1. We note that the morphism 𝜓

is linear in the first variable. Taking a differential, we obtain the following relation for every
𝑌 ∈ 𝔪:

(18.7.11) Ad(𝑛−1)𝑌 − 𝑌 = 𝜓′(𝑈,𝑌 ) mod (𝔫𝑙+1)
for a certain bilinear map 𝜓′. Differentiating once more, we find

(18.7.12) 𝜓′(𝑈,𝑌 ) = [𝑌,𝑈] mod (𝔫𝑙+1).
This said, we are in a position to prove the lemma. Since the morphism 𝑛 ↦→ Ad(𝑛−1)𝑌 −𝑌

sends 𝑁 𝑙 into 𝔫𝑙 , we may refine the statement for the subgroups 𝑁 𝑙 . By induction, we assume
the refined statement true for 𝑁1. It then remains to prove it for 𝑁0 = 𝑁 . Let us start from
𝑉 ∈ 𝔫. Let 𝑉1 be the projection of 𝑉 onto 𝔫1 along 𝔫 = 𝔫1 ⊕ 𝔫1. Let 𝑛 = 𝜁1(𝑈) with 𝑈 ∈ 𝔫1.
From (18.7.11) and (18.7.12), we deduce

Ad(𝑛−1)𝑌 − 𝑌 = [𝑌,𝑈] mod (𝔫1).
Let us further assume that det(ad(𝑌 ) |𝔫) ≠ 0. There then exists a unique 𝑈 ∈ 𝔫1 such

that [𝑌,𝑈] = 𝑉1. Moreover 𝑈 is a polynomial 𝜑1 in 𝑉1 and 𝑌 multiplied by the inverse of
det(ad(𝑌 ) |𝔫1) ≠ 0. For such a𝑈, we thus have

Ad(𝑛−1)𝑌 − 𝑌 −𝑉 ∈ 𝔫1.

Applying the induction hypothesis, an element of 𝔫1 is of the form −(Ad(𝑛−1
1 )𝑌 − 𝑌 ) with

𝑛1 ∈ 𝑁1 which is given by a certain morphism of the type described in the statement. We then
have

Ad((𝑛𝑛1)−1)𝑌 − 𝑌 −𝑉 = Ad(𝑛−1
1 ) (Ad(𝑛−1)𝑌 − 𝑌 ) + Ad(𝑛−1)𝑌 − 𝑌 −𝑉

= Ad(𝑛−1)𝑌 − 𝑌 + Ad(𝑛−1)𝑌 − 𝑌 −𝑉 mod (𝔫2)
= 0 mod (𝔫2).

We obtain the lemma by induction. □

Lemma 18.7.3. — Let 𝑋 ∈ 𝔤(O) be a generically semi-simple regular element. Then there
exist integers 𝑟 and 𝑛0 such that for every 𝑛 ⩾ 𝑛0 and every 𝑌 ∈ 𝔤(O) such that

𝑌 = 𝑋 mod 𝜀𝑛

there exists 𝑔 ∈ 𝐺 (O) such that
1. 𝑔 = 1 mod 𝜀𝑛−𝑟;
2. [Ad(𝑔)𝑋,𝑌 ] = 0.

If, moreover, 𝑋 and 𝑌 are fixed by a power 𝜏, then we may require 𝑔 to be fixed by the same
power of 𝜏.

Proof. — Let 𝑌 ∈ 𝔤(O). The functor which to every O-algebra 𝐴 associates the set

{𝑔 ∈ 𝐺 (𝐴) | [Ad(𝑔)𝑋,𝑌 ]}
is representable by a scheme over O. Let us assume 𝑌 = 𝑋 mod 𝜀𝑛 for 𝑛 large enough. The
generic fiber of this O-scheme is smooth, in particular if 𝑌 = 𝑋 . This is not in general the case
for its special fiber. The unit section provides a point in O/𝜀𝑛O. By a variant of Lemma 1
of [13], using successive approximations, one can lift this section to an O-point which satisfies
the required conditions. □
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19. End of the proof of the weighted fundamental lemma

19.1. Let 𝑘 be an algebraic closure of a finite field F𝑞 with 𝑞 elements and 𝜏 the Frobenius
of 𝑘/F𝑞. Let 𝐾1 = F𝑞 ((𝜀)) and 𝐾 = 𝑘 ((𝜀)). Let O1 = F𝑞 [[𝜀]]. Let (𝐺,𝑇) be a pair consisting
of a connected reductive group defined over F𝑞 and a maximal sub-torus 𝑇 split over F𝑞. Let
𝑀 ∈ L𝐺 (𝑇). Let 𝑠 ∈ 𝑇 and 𝑀′ = 𝑀𝑠. We assume that we have 𝑀 ≠ 𝑀′ and 𝑍0

𝑀
= 𝑍0

𝑀 ′ . Let 𝑀′

be the group split over F𝑞 dual to 𝑀′. Then 𝑀′ is an “unramified” elliptic endoscopic group of
𝑀 . For all𝑌 ∈ 𝔪′(𝐾1) and 𝑋 ∈ 𝔪(𝐾1) semi-simple and𝐺-regular, Langlands and Shelstad (cf.
[26]) have defined a transfer factor Δ𝑀 ′,𝑀 (𝑌, 𝑋); more precisely, what is used here is a variant
of their definition adapted to Lie algebras and “deprived of the factor ΔIV”, which Waldspurger
introduced in [30]. This factor is normalized by the choice of a pinning: here we take a pinning
of 𝑀 which is stable under the Frobenius 𝜏. Then the transfer factor does not depend on the
choice of such a pinning (cf. [18] II.7).

For every 𝑌 ∈ 𝔪′(𝐾1) semi-simple and 𝐺-regular, let

𝐽𝐺𝑀 ′,𝑀 (𝑌 ) =
∑︁
𝑋

Δ𝑀 ′,𝑀 (𝑌, 𝑋) |𝐷𝐺 (𝑋) |1/2

×
∫
𝐽𝑋 (𝐾1)\𝐺 (𝐾1)

1𝔤(O1) (Ad(𝑔−1)𝑋)𝑣𝐺𝑀 (𝑔)𝑑𝑔,

where the sum runs over the set of semi-simple 𝐺-regular elements of 𝔪(𝐾1) taken modulo
𝑀 (𝐾1)-conjugacy. The weight 𝑣𝐺

𝑀
is the Arthur weight considered previously. The conventions

on Haar measures are also those considered previously. Let us note that Δ𝑀 ′ (𝑌, 𝑋) is zero except
on a finite subset of the summation set.
Theorem 19.1.1 (Weighted fundamental lemma for Lie algebras over local fields of equal
characteristic)

We keep the notation and the hypotheses above. Let 𝑌 ∈ 𝔪′(𝐾1) be semi-simple and
𝐺-regular. The map 𝐽 : E𝐺

𝑀,ell(𝑠) ∪ 𝐺 → C defined by

𝐽 (𝐺) = 𝐽𝐺𝑀 ′,𝑀 (𝑌 )

and for all 𝐻 ∈ E𝐺
𝑀,ell(𝑠) by

𝐽 (𝐻) = 𝐽𝐻𝑀 ′,𝑀 ′ (𝑌 )
is stabilizing.

Proof. — It is entirely analogous to Ngô’s proof of the ordinary fundamental lemma (cf. [29,
§8.6]). Let 𝑌 ∈ 𝔪′(𝐾1) be semi-simple and 𝐺-regular. We assume that 𝜒𝑀 ′ (𝑌 ) ∈ 𝔠𝔞𝔯𝑀 ′ (O1),
since otherwise the theorem is trivially true (𝐽 is then identically zero). The values of 𝐽 depend
only on 𝑏 = 𝜒𝑀 ′ (𝑌 ) ∈ 𝔠𝔞𝔯𝑀 ′ (O1). Let 𝑏1 ∈ 𝔠𝔞𝔯𝑀 (O1) be deduced from 𝑏 by the canonical
morphism 𝔠𝔞𝔯𝑀 ′ → 𝔠𝔞𝔯𝑀 . For every choice of a pinning of 𝑀 stable under the Frobenius 𝜏,
one has a Kostant section 𝜀𝑀 : 𝔠𝔞𝔯𝑀 → 𝔪. Let 𝑌1 = 𝜀𝑀 (𝑏1). By Kottwitz (cf. [25]), one has
Δ𝑀 ′,𝑀 (𝑌,𝑌1) = 1, so that one checks that one has

(19.1.1) 𝐽𝐺𝑀 ′,𝑀 (𝑌 ) = 𝐽𝐺,𝑠,𝜏
𝑀

(𝑌1),

where the right-hand side is the one defined in (18.4.4) relative to the Frobenius 𝜏.
Let 𝑛 ⩾ 1 be an integer, 𝐾𝑛 = F𝑞𝑛 ((𝜀)) and O𝑛 = F𝑞𝑛 [[𝜀]]. For every integer 𝑛 ⩾ 1 and

every 𝑏 ∈ 𝔠𝔞𝔯𝑀 ′ (O𝑛), we define 𝐽𝑛,𝑏 as the map 𝐽 defined as above but associated with the field
𝐾𝑛 and with an arbitrary lift 𝑌𝑛 ∈ 𝔪′(𝐾𝑛) of 𝑏 (that is, 𝜒𝑀 ′ (𝑌𝑛) = 𝑏). We always normalize the
transfer factors by a pinning stable under the Frobenius 𝜏. As before, one has 𝐽𝑛,𝑏 = 𝐽𝐺,𝑠,𝜏

𝑛

𝑀
(𝑌1)

where𝑌1 is deduced from 𝑏 by the choice of a Kostant section attached to a pinning stable under
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the Frobenius 𝜏 and where the right-hand side is the one defined in (18.4.4) but relative to the
Frobenius 𝜏𝑛.

Let 𝑏 ∈ 𝔠𝔞𝔯𝑀 ′ (O1). It follows from Theorem 18.5.1 that there exist almost-zero families
of complex numbers (𝑐𝑖)𝑖∈N and (𝜆𝑖)𝑖∈N which depend on 𝑏 and 𝐺 such that for every integer
𝑛 ∈ N one has

𝐽𝑛,𝑏 (𝐺) =
∑︁
𝑖∈N

𝑐𝑖𝜆
𝑛
𝑖 .

The same holds for every 𝐻 ∈ E𝐺
𝑀,ell(𝑠). Consequently, one deduces from a standard argument

(the use of a Van der Monde determinant) that the map 𝐽1,𝑏 is stabilizing (which is our goal) as
soon as there exists an integer 𝑚 such that for every integer 𝑛 ⩾ 𝑚, the map 𝐽𝑛,𝑏 is stabilizing.

Let 𝑁 be an integer such that for every 𝑛 ⩾ 1 and every 𝑏′ ∈ 𝔠𝔞𝔯𝑀 ′ (O𝑛) which satisfies

(19.1.2) 𝑏′ ≡ 𝑏 mod 𝜀𝑁 ,

the affine Springer fibers 𝔛𝐺,𝜉
𝑀

(𝑏) and 𝔛
𝐺,𝜉

𝑀
(𝑏′) on the one hand and 𝔛

𝐻,𝜉

𝑀 ′ (𝑏) and 𝔛
𝐻,𝜉

𝑀 ′ (𝑏′) for
every 𝐻 ∈ E𝐺

𝑀,ell(𝑠) on the other hand satisfy the conclusions of Proposition 18.7.1. We also
assume that, under the condition (19.1.2), one has

(19.1.3) 𝐷𝐺 (𝑏′) ∈ 𝐷𝐺 (𝑏)O×
𝑛 .

By Proposition 18.7.1, such an 𝑁 exists. For every 𝑏′ which satisfies (19.1.2), Proposition 18.7.1
and Theorem 18.5.1 imply that for every 𝑛 ⩾ 1, one has

(19.1.4) 𝐽𝑛,𝑏′ = 𝐽𝑛,𝑏 .

We fix a geometrically connected projective curve 𝐶0 over F𝑞 and two distinct points 𝑣 and
∞ in 𝐶0(F𝑞). Let 𝑔 be its genus. We fix an isomorphism between 𝐾1 and the completion 𝐹0,𝑣 of
the function field of𝐶0 at the point 𝑣. Thus 𝑏 is identified with an element of 𝔠𝔞𝔯𝑀 ′ (O0,𝑣) where
O0,𝑣 is the ring of integers of 𝐹0,𝑣. Let 𝐷 be a divisor of 𝐶0 whose support contains neither ∞
nor 𝑣 and whose degree satisfies the following inequalities:

(19.1.5) val𝑣 (𝐷𝐺 (𝑏)) ⩽ 2|𝑊𝐺 |−1(deg(𝐷) − 2𝑔 + 2)
and

(19.1.6) 𝑁 rank(𝐺) + 2𝑔 < deg(𝐷).
This last inequality implies that the restriction map

(19.1.7) 𝐻0(𝐶0, 𝔠𝔞𝔯𝑀 ′,𝐷) → 𝔠𝔞𝔯𝑀 ′ (O0,𝑣/𝜛𝑁
𝑣 )

is surjective. The closed subscheme A𝑀 ′ (𝑏, 𝑁) of A𝑀 ′ formed of the (ℎ𝑎, 𝑡) such that ℎ𝑎 has
the same image as 𝑏 under the map (19.1.7) is of codimension 𝑁 rank(𝐺) in A𝑀 ′ .

Let A𝑀 ′ (𝑏, 𝑁)0 be the open subset of A𝑀 ′ (𝑏, 𝑁) formed of the 𝑎 = (ℎ𝑎, 𝑡) such that, for
every point 𝑐 ≠ 𝑣 of𝐶0, if ℎ𝑎 (𝑐) belongs to ℜ𝐺

𝑀 ′ ∪𝔇𝑀 ′ , this point is smooth and the intersection
of ℎ𝑎 (𝐶) with ℜ𝐺

𝑀 ′ ∪ 𝔇𝑀 ′ is transverse there. By a variant of a theorem of Bertini (cf. [29,
§8.6.6]), A𝑀 ′ (𝑏, 𝑁)0 is non-empty. Since the codimension of A𝑀 ′ −Aell

𝑀 ′ in A𝑀 ′ is ⩾ deg(𝐷)
and since the codimension of A𝑀 ′ (𝑏, 𝑁)0 in A𝑀 ′ is 𝑁 rank(𝐺) < deg(𝐷) (cf. (19.1.6)), one
has A𝑀 ′ (𝑏, 𝑁)0 ∩Aell

𝑀 ′ ≠ ∅. This intersection is even of dimension > 0. By Deligne’s theorem,
there exists an integer 𝑚 such that for every 𝑛 ⩾ 𝑚, there exists 𝑎𝑀 ∈ A𝑀 ′ (𝑘)𝜏𝑛 which belongs
to this intersection. Now such a point satisfies the hypotheses of Theorem 9.1.3: the image of
𝑎𝑀 in A𝐺 therefore belongs to the open subset Abon

𝐺
. Theorem 17.3.1 then implies that the

map 𝐽𝑛,𝑏′ , where 𝑏′ is the image of 𝑎𝑀 in 𝔠𝔞𝔯𝑀 ′ (O𝑛), is stabilizing. Now 𝐽𝑛,𝑏′ = 𝐽𝑛,𝑏 by the
equality (19.1.4). The map 𝐽𝑛,𝑏 is therefore stabilizing for every 𝑛 ⩾ 𝑚. As we explained at the
beginning of the proof, this entails that 𝐽𝑏,1 is stabilizing, which is what we had to prove. □
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