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1. Introduction

1.1. The aim of this work, which follows [11], is to prove the weighted fundamental lemma.
This statement was conjectured by Arthur in his work on the stabilization of the Arthur—Selberg
traces (cf. conjecture 5.1 of [4]). It generalizes the Langlands—Shelstad fundamental lemma and
consists of a family of combinatorial identities between weighted p-adic orbital integrals. After
Ngd6’s work on the fundamental lemma, it is the only missing ingredient in the stabilization of
the trace formula. According to a strategy due to Langlands, one should obtain, by means of
the stable trace formula, all endoscopic functorialities. For example, Arthur’s ongoing work
should provide a classification of the automorphic spectrum of classical groups in terms of that
of general linear groups. Apart from work of Kottwitz (cf. [23]) and Whitehouse (cf. [33]), the
weighted fundamental lemma had until now been a completely open problem.

1.2. More precisely, we prove a variant in positive characteristic and for the Lie algebras of
Arthur’s statement. Moreover, in order to simplify the exposition as much as possible, we restrict
ourselves in this article to the case of split groups. The general case, which also includes the
“non-standard” forms of the weighted fundamental lemma due to Waldspurger, can be obtained
by similar methods and will be treated later. Work of Waldspurger (cf. [31] and [32]) shows
that all these variants of the weighted fundamental lemma imply Arthur’s original statement for
groups over p-adic fields.

1.3. From now on, we reserve the term fundamental lemma or weighted fundamental lemma
for the variants for Lie algebras in positive characteristic of the original statements. In [29],
Ngb proved the ordinary fundamental lemma. In his approach, the fundamental lemma results
from a cohomological statement on the elliptic part of the Hitchin fibration. Similarly here, the
weighted fundamental lemma is a consequence of a cohomological theorem (cf. theorem 10.7.3)
on the truncated Hitchin fibration introduced in [11]. The key result in Ngo’s approach is his
theorem describing the supports of the different constituents of the cohomology of the elliptic
part of the Hitchin fibration. In an informal sense, this theorem shows that the global orbital
integrals are the “limits” of the orbital integrals associated to the most regular elements possible.
In particular, to prove the global variant of the fundamental lemma, it suffices to do so for these
very regular elements for which a “by hand” verification is possible. The local statement then
follows from the global one. Our main cohomological result is that, for the cohomology of the
truncated Hitchin fibration, no new support appears. The most striking consequence is that the
global weighted orbital integrals are also “limits” of ordinary orbital integrals.

1.4. The weighted fundamental lemma. We now state the local theorem that we prove. Let
IF, be a finite field with g elements and G a connected reductive group, defined and split over
Fy4. Let T be a maximal torus of G, defined and split over F,. We assume that the order of
the Weyl group W¢ of (G,T) is invertible in F,. Let M be a Levi subgroup of G defined
over I, containing the torus 7. We denote by Gothic letters the corresponding Lie algebras.
Consider the local field K = F,((e)) and O = F,[[£]], its ring of integers. Let X € m(K) be a



semisimple and G-regular element. Its centralizer in G Xg, K is a maximal K-torus denoted J,
which is contained in M Xg, K. In this context, an Arthur weighted orbital integral is given by

JG(X) = DO (X)|'/2 / 1400y (Ad(g™) X5 (5)dg.
Jx(K)\G(K)

where

— |DY(X)] is the usual absolute value of the Weyl discriminant;

— 14(0) is the characteristic function of g(O);

- Ad denotes the adjoint action of G on g;

- vy G (g) is Arthur’s “weight” function which is left M (F)-invariant;

— dg is the quotient measure deduced from Haar measures on G (K) and Jx (K).

The weight and the measure dg depend on choices that can be normalized. With appropriate
measure conventions, the integral Jvaz(X ) depends on X only up to M (K)-conjugation.

Let G and T be the complex dual groups in the sense of Langlands of G and T. The group
T identifies with a maximal torus of G. The dual M of M identifies with a Levi subgroup of
6 which contains 7. Let s € T and let M’ be the neutral component of the centralizer of s in
M. This is a connected reductlve subgroup of M which contains 7. We assume that the neutral
components of the centers of M and M’ are equal. Let M’ be the group over F, dual to M.

The torus T identifies with a maximal torus of M’ and the Weyl group W’ 1dent1ﬁes with a
subgroup of the Weyl group WY . Thus we have a canonical morphism

(1.4.1) m' /M =t/ ]WM >t/ WM ~m//M,

where the isomorphisms are those of Chevalley and the quotients are the categorical quo-
tients. The open subset of semisimple G-regular elements defines, via the canonical map
m — m//M, an open subset in the quotient m//M, whose preimage under the composite map
m’ — m’//M’ — m//M is the open subset of semisimple regular elements of G. Following
Waldspurger (cf. [30]), one can adapt the definition of Langlands—Shelstad transfer factors (cf.
[26]) to Lie algebras. By considering M’ as an “endoscopic group” of M, one obtains a function

AM’,M . m’(K) X m(K) — C

defined on the open set of pairs (Y, X) where each component is a semisimple and G-regular
element. The transfer factor is in fact invariant under the adjoint action of M’'(K) X M(K).
For a pair (Y, X) with each component semisimple and G-regular, the factor Ay (Y, X) is
nonzero if and only if ¥ and X have the same image in (m//M)(K) via the canonical maps
m’(K) —» (m//M)(K) (induced by (1.4.1)) and m(K) — (m//M)(K). In this case, when
moreover M’ = M, the transfer factor equals 1.

For every element Y € m’(K) that is semisimple and regular, one can form the linear
combination

T (V) =" A (Y, X)J5(X),
X

where the sum is taken over the set of M (K)-conjugacy classes of semisimple and G-regular
elements X € m(K). The sum has finite support.

We now assume that s is not central in M , that is, M’ # M. Let E(s) be the finite set of
connected reductive subgroups H of G which satisfy

— there exists an integer i > 2 and elements s; € sZ; (where Z; is the center of M ) and
$2,...,5, in the center of M’ such that H is the neutral component of the intersection of

the centralizers of the s; in G ;
— the neutral components of the centers of G and H are equal.



Every He 8(s) contains M’ as a Levi subgroup. Note that the set &(s) does not contain G. For
every s’ € T and every subgroup H of G denote by H, the neutral component of the centralizer
of s'in H. We say that s’ is elliptic in H if the neutral components of the centers of Hy and H are
equal. For all He&(s)ands € Z, elliptic in H, the group H, belongs to &(s). By Langlands
duality, the elements of E(s) are identified with a family of connected reductive groups defined
over IF, that contain M’ as a Levi subgroup. For every Y € m’(K) semisimple and regular, one
defines for every H € &(s) the “stable” variant SAH/[, (Y) of the weighted orbital integrals by the
following recursive formula

SH(Y) = I (V) - Z \Z5, 12517 S (1),
S’EZﬁ,/Zﬁ, s'#1

where by convention |Z5 /Z ﬁ|‘1 is taken to be O when s’ is not elliptic in H. One can show
that the sum has finite support.
For every s’ € sZy; that is elliptic in G, the group Gy belongs to &(s). In particular, the

expression S " (Y) is well defined. One may now state the weighted fundamental lemma that
we prove.
Theorem 1.4.1. — For every Y € m(K) semisimple and G-regular, we have the following
identity
-1 Gy
Ty = > 25,1257 Sy (1),

S/EZM*/ZG

where, as before, the sum has finite support on the elements s’ elliptic in G.

1.5. The support theorem. As mentioned above, the previous theorem relies on a coho-
mological study of the suitably truncated Hitchin fibration. The cohomological counterpart of
the previous theorem is theorem 10.7.3 below, whose statement we will not reproduce in this
introduction. Instead, we state our support theorem, which is the key to theorem 10.7.3 in that
it reduces the cohomological study of the truncated Hitchin fibration to that of its elliptic part.
On the latter, theorem 10.7.3 is known by a fundamental theorem of Ngo (cf. [29]).

The situation is as follows. Let k£ be an algebraic closure of a finite field. Let G be a
semisimple group defined over k and 7 C G a maximal torus. We assume that the characteristic
of k does not divide the order of the Weyl group W of (G,T). Let C be a smooth, connected,
projective curve endowed with an effective, even divisor D of degree greater than the genus of
C. Let co be a closed point of C outside the support of D. The Hitchin stack M over k classifies
Hitchin triples (&, 6, t) consisting of a G-torsor &, a section # of the vector bundle Ad(&E)(D)
obtained by pushing forward the torsor & via the adjoint representation twisted by D, and a
G-regular element ¢ € t such that 7 and 6(co) have the same image under the canonical map

(1.5.1) g—g//G=t//W.

Let A be the k-scheme that classifies pairs (/,,?) consisting of a section 4, of the bundle
t//W ®; O(D) and a G-regular element 7 € t such that the image of ¢ under t — t//W equals
h,(c0). The Hitchin fibration f : M — A is the morphism which associates to a triple (&, 6, 1)
the pair (y(0),t), where yp is a twisted version of the morphism (1.5.1). In [11] we introduced
a truncated open substack M¢ of M, consisting of “&-semistable” triples (for reminders, see
section 4 below), which depends on a parameter ¢ taking values in a real vector space. When &
is “in general position” (in the sense of remark 4.9.2), the restriction of the morphism f¢ to M¢
is proper (cf. theorem 6.2.2 of [11] recalled in 4.9.1). We define in section 9 an open subset
AP of A. Let A denote the elliptic open subset of A and

j . ﬂell N ﬂbon SN ﬂbon



be the canonical open immersion. Let £ be a prime number invertible in k and Q, an algebraic
closure of Q. For every integer i, let PH'(R ff Q,) denote the ith perverse cohomology sheaf
of R ff @{;. Here is our main cohomological theorem (cf. theorem 10.5.1 below):

Theorem 1.5.1. — For every integer i, there is a canonical isomorphism

PHI(RFEQ)) = juj PH(RFEQY)
over A",
It is known that the stack M¢ is smooth over k. By Deligne’s theorem, the properness of

the morphism f¢ implies that the complex R ff Qy is pure. It follows that the perverse sheaves
PHI(R ff Qy) are semisimple. The preceding theorem asserts that on A", the supports of the
irreducible constituents all meet the elliptic locus.

1.6. Description of the article. Let us now give a brief description of the content of the
article. The first sections (sections 2 and 3) are devoted to some notations and supplementary
material. In section 4 we introduce the truncated Hitchin fibration. In section 5 we recall the
action, introduced by Ngo, of a Picard stack on the fibers of Hitchin. As this action does not
preserve the truncated fibers, in section 6 we introduce a substack that does respect the truncation.
Section 7 provides some reminders on cameral curves and the sheaf of connected components
of the Picard stack introduced by Ngd. In section 8 we deduce a decomposition into s-parts of
the cohomology of the truncated Hitchin fibration which generalizes Ng6’s decomposition on
the elliptic part (cf. theorem 8.5.1). In section 9 we introduce a certain “good” open subset of
the base of the Hitchin fibration and give a sufficient condition for a point of the base to lie in
this “good” open subset (theorem 9.1.3). Section 10 contains the main cohomological results:
theorem 10.5.1 on “support” and theorem 10.7.3, which is the cohomological analogue of the
weighted fundamental lemma. In section 12 we express the global weighted orbital s-integrals
introduced in section 11 in terms of the Frobenius trace on the s-part of the cohomology (cf.
theorem 12.1.1). In section 15 we deduce, from the preceding considerations, a global variant of
the weighted fundamental lemma (cf. theorem 15.1.1). The remainder of the article is devoted
to passing from this global form to the local statement.

1.7. Acknowledgements. We thank Luc Illusie, Ng6 Bao Chau, Michel Raynaud and Jean-
Loup Waldspurger for useful discussions.

Part of this article was written during a stay of the first-named author at the Institute for
Advanced Study in Princeton in the autumn of 2008. He wishes to thank that institute for its
hospitality, as well as the National Science Foundation for the support (agreement No. DMS-
0635607) that made this stay possible.

Finally, we wish to thank the anonymous referees for their careful reading.

2. Notations

2.1. Let k be an algebraic closure of a finite field F, with g elements. Let G be a connected
reductive algebraic group over k. Let G4er denote the derived group of G. Let T be a maximal
torus of G. Define

W=w"=wg,
=0"=0f and @' ="
to be, respectively, the Weyl group, the set of roots, and the set of coroots of 7 in G. The map
that sends a root to its coroot induces a bijection between ® and ®". For any set X, we denote
by |X]| its cardinality (finite or infinite). In the sequel, we assume that the order of the Weyl
group |W$ | is invertible in k.



The Lie algebra of a group denoted by an uppercase letter is written using the corresponding

Gothic letter. Thus g and t denote the Lie algebras of G and 7', respectively. Let

X*(G) = Homk (G, Gy, 1)
be the group of characters of G. Let

X.(G) = Homz(X"(G), Z)
be the dual group. In the case of a torus, this group canonically identifies with the group of
cocharacters. We will also use the real vector spaces

ac = X.(G)®zR

and
a; = X (G) ®zR.

2.2. Let Int denote the action of G on itself by inner automorphisms and Ad the adjoint
representation. Let
car = carg =g//G
be the categorical quotient of g by the adjoint action of G. Let

X=XG g —car
be the canonical morphism, which is called the characteristic morphism. Let
X' =xt  t o carg

be the restriction of y¢ to t. This is a finite Galois covering of carg with Galois group W. The
morphism )(g is W-invariant and induces, by Chevalley’s isomorphism, an isomorphism

t//W =~ car.

It follows that the scheme car is an affine space of dimension n, where 7 is the rank of G, with
coordinates given by n homogeneous G-invariant polynomials on g whose degrees, denoted
e1 < ...< ey, are uniquely determined.

2.3. Kostant Section. An element of g is said to be G-regular if the dimension of its
centralizer in G equals the rank of G. In the sequel, when the context is clear, we simply speak
of regular elements. Let g"® C g denote the open subset of regular elements in g.

Let B be a Borel subgroup of G containing 7, and let A C ® be the set of simple roots of T
in B. Complete these data to a pinning (B, T, { Xy }eca) of G. Set

Xe= Y Xa

acxA
where we have defined X_,, for @ € A, as the unique root vector associated with the root —a
satisfying [X,, X_o] = @”. Let gx, denote the centralizer of X, in g. Kostant showed that the
affine space X_ + gy, is contained in the regular open subset g"® and that the restriction of the
morphism y : g — car induces an isomorphism

X_+gx, — car.
Let
g=¢gc : car = X_ +gx,
be the inverse morphism.

2.4. Parabolic Subgroups and Levi Subgroups. For any subgroups M and Q of G, denote
by F2(M) the set of parabolic subgroups P of G satisfying M ¢ P c Q. The elements of
F = FOY(T) are called the semi-standard parabolic subgroups of G.



A Levi subgroup of G is defined as a Levi factor of a parabolic subgroup of G. Let
L = LO9(T) be the set of semi-standard Levi subgroups of G (in the sense that they contain T').

For every P € ¥, let Np denote the unipotent radical of P and let Mp € L be the unique Levi
subgroup of P that contains 7. For every Levi subgroup M € L, denote by (M) (respectively,
L(M)) the subset of those P € ¥ for which Mp = M, (respectively, those L € L such that
M c L). When it is necessary to indicate the ambient group G, we add an exponent G to these
notations.

Let M € L. Denote by a¥ the subspace of ar spanned by the coroots of 7 in M. By
considering the roots, one similarly defines the subspace (aT )" C aj. The canonical morphism
ar — ay has kernel aM This kernel has, as a complement in a7, the orthogonal of (aT )",
which identifies ay; with a subspace of ar. In this way, we obtain a decomposition

(IT:(IQ/I@C(M
Deﬁnea —aMma ThenonehasaM—a @ ag.

We equip the real vector space ar with an inner product invariant under the natural action of
the Weyl group W¢. The direct sum decompositions above are then orthogonal. All subspaces
of ar are endowed with the Euclidean measure (that is, the Lebesgue measure which assigns
covolume 1 to any orthonormal basis lattice).

2.5. Langlands Dual. Let T be the torus over C defined by
T(C) = Homz(X.(T), CY).

Let G be a connected reductive group over C together with an embedding of T as a maximal
torus so that we have the following identification between the root data

(X*(T), ®%, X.(T), ®%") = (X*(’T‘),cp?’v,x*(f),cpé).

We say that G is “the” Langlands dual of G. Conversely, every connected reductive subgroup
M of G that contains 7 determines, up to isomorphism, a connected reductive group M over k
together with an embedding of 7" in M for which one has an identification as above between the
root data of (M, T) and those of (]\2 , T) The groups M and M are said to be dual. Note that the

Weyl group W is then naturally a subgroup of W¢. Moreover, when M is aLevi subgroup of G,
the group M equipped with the embedding of T identifies with the Levi subgroup M € L (T)
defined by the condition

q)M _ q)M,V
T = %5 -
In what follows, by an abuse of notation, we shall not distinguish between a complex algebraic
group and its group of complex points.

2.6.Let M € Land P € P(M). Let p be the Lie algebra of P. Let
p: p—catp=p//P

be the canonical morphism from p to its adjoint quotient. The restriction of this morphism to m
is M-invariant and induces an isomorphism from cary; = m//M onto carp (see [11] Lemma
2.7.1). Moreover, there is a commutative diagram in which the second horizontal arrow is the
projection given by the canonical decomposition p = m & 1np.

(2.6.1) m p m

lm e LXM

cary carp cary




Let p™& = p N g™ be the open subset of p consisting of G-regular elements.
Lemma 2.6.1. — Let X| and X, be elements of p such that xp(X1) = xp(X2). If X; and X,
are either both semisimple or both G-regular, then there exists p € P that conjugates X to X».

Proof. — Every semisimple element of p is clearly conjugate under P to an element of t.
Hence the result is immediate when X and X; are both semisimple.

Let X € p and write its Jordan decomposition as X = X + X,,. We show that yp(X) =
xpr(Xs). By conjugating X by an element of P, we may assume that X; € m. Let X, be the
projection of X;, onto m (with respect to the decomposition p = m @ np). Then the projection
of X onto m has Jordan decomposition X; + X;. We know that yy (Xs + X)) = ym(X;). It
follows that

xp(Xs) = xm(Xs) = xm(Xs + X)) = xp(X)
by the commutative diagram (2.6.1).

Now, let X; and X, be two G-regular elements in p such that yp(X;) = yp(X2). We must
show that they are conjugate under P. From the above, the semisimple parts in the Jordan
decompositions of X; and X, are conjugate under P. By conjugating X, by an element of P, we
may assume that their semisimple parts are equal to some Y € p.

Replacing G by Gy, the centralizer of ¥ in G (which is known to be a connected reductive
group), and P by the parabolic subgroup Gy N P, we reduce to the case where X; and X; are
nilpotent and G-regular. It is known that such elements are conjugate by an element g € G.
We now show that necessarily g € P, which will complete the proof. Let By and B; be Borel
subgroups such that, for i = 1,2, one has X; € b; and B; C P. These subgroups are uniquely
determined. In particular, since Ad(g)X; = X», we must have gBg~! = B,. Thus, the parabolic
subgroups gPg~! and P, which are conjugate and contain the same Borel subgroup B, are equal.
It follows that g € P, as required.

O

2.77. Factorization of the Discriminant. Let M be a connected reductive subgroup of G that
contains 7. Let M be a connected reductive group over k equipped with an embedding of 7 and
dual to M. We then have inclusions ®¥ ¢ ®° and WM < W¢. Hence, there is a morphism

xol + cary — carg

which satisfies x ¥ o x}, = x&. Moreover, when M € L°(T), the morphism y/ o yy is the
restriction of yg to m.

Let B € P(T) be a Borel subgroup and let ®# denote the roots of T in B. For any root
a € ®, let da € k[t] be its derivative. The elements of k[t] defined by

DM = l_[ da
acdM
and
RiI = 1—[ da
ac®B-oM
are WM -invariant: hence they descend to regular functions on cary,. This is clear for the first

one, which is nothing other than the Weyl discriminant. For the second, this follows from the
formula

w(R?) = (-1 R]
for all w € W, where £(w) denotes the length of w (see [9], Chapter V, §5.4 Proposition 5) and
from the formula
RE = RE RV™E.



Note that R%, depends on the choice of B only up to a sign. Let car%' "€ be the open subset
where DY does not vanish. This is precisely the locus where the morphism )(L is étale. We

shall not confuse it with the open subset carf/[' "€ where the discriminant for G
G M pB\2
D™ = D™ (Ry)
does not vanish. Only the latter will appear in what follows, and we set
reg G-reg
car,,” = car,, .
Note that the fiber of y s above car?;g is the open subset of m consisting of semisimple G-regular
elements. The open subset t"¢ is the set of G-regular elements.

3. Complements on Centralizers

3.1. Centralizers. For every parabolic subgroup P € PY(T), let I” be the group scheme of
centralizers on p defined by

I" ={(p,X) € Px¢ p | Ad(p)X = X}.
We have the following lemma.

Lemma 3.1.1. — The canonical morphism I¥ — I¢ induces an isomorphism

(3.1.1) 1r

~. G
|preg I

| preg

over the open set
reg _

pE=png
Moreover, the group schemes 1 f; g and I gmg are commutative and smooth over P
Proof. — The morphism (3.1.1) is an isomorphism if and only if, for every X € p'™2, the
centralizer Gy of X in G is contained in P. By using the Jordan decomposition X = X + X,,,
we have Gx = Gx, NGy, and Gy, is a connected reductive group since X is semisimple. Since
PN Gy, is aparabolic subgroup of Gy, and X, is G x,-regular, we reduce to the case where X is
nilpotent, which we now assume. Let B C P be a Borel subgroup whose Lie algebra contains X.
By the G-regularity of X, such a Borel subgroup is unique, so G x is contained in the normalizer
of B in G, which is B, hence contained in P.

It is well known that / gmg is a commutative group scheme, smooth over g"¢. By base change,

the same holds for 1 |Gpreg and therefore for 1 f; e O

reg

reg

3.2. Regular Centralizers. Let M € L£C(T) be a semi-standard Levi subgroup. Let £ be a
Kostant section of the characteristic morphism yj; : m — caxy, (see § 2.3). This section takes
values in the open set of M-regular elements. Let

JM = eyl M
which we call the group scheme of regular centralizers over cary,. It is a commutative group
scheme, smooth over caxys (cf. Lemma 3.1.1).
Following Ngo, we introduce the isomorphism

(3.2.1) (XGTigee = Tes

which, to a pair (g, X) in G X; g™ such that Ad(g)eg(xvg(X)) = ec(xg(X)), associates
(hgh™', X), where & is an element of G such that Ad(h)eg(xg(X)) = X. Since both X and
e (xyg (X)) are G-regular and have the same image in carg, such an / exists and is well defined
up to left translation by an element of the centralizer Gx of X. By the G-regularity of X, we



know that Gx is commutative. Therefore, the morphism (3.2.1) is well defined and is clearly an
isomorphism. Here is a proposition that slightly generalizes Proposition 3.2 of [28].

Proposition 3.2.1. — For every P € FC(T), there exists a unique morphism of group schemes
( )(C*; JC ) Ip — P
which extends the isomorphism

* 7G G _ gqP
(XGJ )Ipreg - I|preg = I|preg

obtained by composing the restriction of the morphism (3.2.1) to p"# with the isomorphism of
Lemma 3.1.1.
Moreover, the diagram below is commutative

(3.2.2) I — 17

N

IG
[p

where the vertical arrow is the canonical injection and the diagonal arrow is the restriction to
p of the morphism )(ZJG — 16,

Proof. — Since the scheme (yJ G)|p is normal, the complement p — p"2 has codimension at
least 2 in p, and I” is affine, the morphism

* 7G G _ ¢qP
(XG‘] )lpreg - I|preg - Ilpreg

extends uniquely to a morphism of group schemes over p. The same argument shows that, since
the triangle (3.2.2) is commutative on p™2, it is also commutative on p. O

3.3. In this paragraph, we prove the following proposition.
Proposition 3.3.1. — Let M € LY (T) be a Levi subgroup. There exists a unique morphism of
group schemes over car

(3.3.1) (XY JC — X (M) ®2 Gy caryy

such that for every P € P¢ (M) the following diagram commutes
(332) Xp () I = (I ———— 1[’

where

— the diagonal arrow is deduced from the morphism (3.3.1) by base change

XP 1P —cary;

— the horizontal arrow is that defined in Proposition 3.2.1;
— the vertical arrow is induced by the canonical morphism

P — X.(P) ®2 G p = Xu(M) ®2 Gyt

Remark 3.3.2. — The Z-module X, (M) is free of finite rank equal to the dimension of the
center of M. Consequently, X.(M) ®z Gy, « is a torus over k of the same rank.
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Proof. — Consider the two projections p; and p»

P Xeary, P — P.

Let p = yp o p1 = xp © p2. By faithfully flat descent via the morphism yp, it suffices to show
that the morphism

(3.3.3) xp (X&) TG = Xo(M) ®2 G p,

which makes diagram (3.3.2) commute, belongs to the kernel of

Hom, (( XTI X (M) 7 Gm,p) — HoMypxq,, » (p*( X150, X,.(M) ©; Gm,pxwp).

It suffices to verify this over the open set p™® X¢qr,, P™®. Now, for i = 1,2, the image of
the morphism (3.3.3) under p? is given on p™# Xcqy,, P™® by the map which, to (g, X1, Xz) €
G X P8 Xcary, P8 satisfying Ad(g)ec (6 (Xi)) = e6(xc (X)), associates

1e X*(P) - /l(h,-ghi_l),

where h; conjugates £ (x¢(X;)) to X;. Note that h,-ghl._1 belongs to the centralizer Gy, of X; in
G, hence lies in P (recall the inclusion Gy, C P, cf. Lemma 3.1.1). But we know that X; and
X5 are conjugate in P (cf. Lemma 2.6.1). It follows that 7, € P Gx, hy C P h;. Therefore, for
every 4 € X*(P),

/l(hlghl_l) - /l(hzghgl),
which is the desired equality.

Thus, we have shown the existence of the morphism (3.3.1) which makes diagram (3.3.2)
commute for a parabolic subgroup P € P(M). We now verify that the morphism (3.3.1) we
have just defined does not depend on the choice of P. Over the dense open set carig where D¢
does not vanish, the morphism (3.3.1) is the map which, to a pair (g, a) € G X cary, satisfying
Ad(g)eg ()(é”(a)) = &g ()(é”(a)), associates

1e X (P) > /l(hgh_l),

where h € G is such that Ad(h)eg( Xé/[ (a)) lies in the fiber of yp over a. Such an element
h exists: let Y € m be such that yp(Y) = a. Then Y is semisimple and G-regular, hence
G-conjugate to £¢( Xél (a)). Such an A is well defined up to right multiplication by an element
of P, since the fiber of yp over a is a P-conjugacy class (cf. Lemma 2.6.1). In particular,

A(hgh‘l) is well defined for every 4 € X*(P) (by an argument already mentioned, we have

hgh~! € P). Clearly, one could equally define / as an element of G such that Ad(h)eg ( Xél (a))
lies in the fiber of yjs over a, hence the independence of P. O

3.4. Galois Description of J°. We leave it to the reader to verify the following lemma.
Lemma 3.4.1. — The morphism

(X(T;)*JG - X*(T) ®z Gm,t

from Proposition 3.3.1 is W-equivariant, where the action on the target is the diagonal action
of W.

For every t-scheme X, let ( )(CT;)*X be the carg-scheme obtained from X by Weil restriction
of scalars (recall that the k[carg]-module k[t] is free of finite rank, equal to the order of W).
The adjunction morphism J¢ — ( )(g)* ( )(CT;)*J G factors through the morphism

JO — ()l a9)"Y,

11



where the exponent W denotes the subscheme of fixed points under W. Using the W-equivariance
of the morphism (x5)*J¢ — X.(T) ®z Gt (cf. Lemma 3.4.1), one obtains a morphism

(3.4.1) JG — (X(T) ®2 (x5):Cmi) "

whose target is the closed subscheme of fixed points under W in X, (T) ®z x! G,, ; it is moreover
a smooth commutative group scheme over carg (cf. [29, Lemma 2.4.1]) whose Lie algebra,
viewed as an Oy, -module, is

Lie((X(T) ®2 (x&)«Gmt)") = (Xo(T) ®2 (x&)<Ot

Let us recall the following proposition, due to Ngd, which provides a Galois description of the
Lie algebra of JC.
Proposition 3.4.2. — The morphism

)W

T — (X.(T) ®2 (x5).Gt)"”

is an isomorphism over the open subset carrGeg. It also induces an isomorphism between the
open subschemes of the neutral components of the fibers. In particular, this morphism induces

an isomorphism between the Lie algebras viewed as Oy -modules
. w
Lie(J9) = (X.(T) ®z (x¢)-Ot)

Proof. — We refer the reader to [29, Prop. 2.4.2 and Cor. 2.4.8]. O

4. The Truncated Hitchin Fibration

4.1. Let C be a projective, smooth, and connected curve over k of genus g. Let D = 2D’ be
an effective divisor of degree > 2g and let co be a point in C(k) that is not in the support of D.
Let Lp be the Gy, x-torsor on C associated to D, equipped with its canonical trivialization on
the complement of the support of D. For any k-scheme V with a G,, x-action, define

Vp = -£D Xfm’k \%

to be the contracted product; this is a scheme over C which is a locally trivial fibration with fiber
type V. Let M € L(T). The homothety action of the multiplicative group G,, x on t induces
an action of Gy, x on caryy, for which the characteristic morphism /\/1{/1 is Gy, x-equivariant. By
forming the contracted product with £p, we obtain C-morphisms

X;/I,D tp — cary . p
and, for every P € P (M),

Xp.D Pp — Aty p .

4.2. Hitchin Stack. This is the algebraic stack denoted M = M which classifies Hitchin
triples m = (&, 0, t) where:

— &isa G-torsor on C;
- 0 € H(C,Adp(8));
- t € 10 with y (1) = v(As) in carg.
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We denote
Adp(&) = & x4 gp

the vector bundle on C obtained by pushing forward the G-torsor & via the morphism
Adp : G — Aut(gp)

induced by the adjoint action.

Let [gp/G] be the stack over C defined as the quotient of gp by G X; C. By definition, for
every C-test scheme S, the groupoid [gp/G](S) is the groupoid of pairs (&, 8) where & is a
G-torsor over S and 6 is a section over S of Adp(&E) = & xf’AdD ap.

Since the morphism yg is both G, r-equivariant and G-invariant, it induces a morphism of
C-stacks

(4.2.1) [xe.pl : [ap/G] — cargp.

One may then give an equivalent definition of M. Let S be a k-test scheme. The data of
atriple m = (&,6,t) € M(S) is equivalent to the data of a pair m = (h,,, t) consisting of a
C-morphism

h @ CXr S — [gp/G]
and a point ¢ € t*2(S) such that

([xG.p] © hm)(e0s) = x§ (1),
where cog is the base change of co via § — k.

4.3. Smoothness of M over k. We have the following proposition due to Biswas and
Ramamanan.
Proposition 4.3.1. — (cf. [8] and [29] Theorem 4.14.1) The algebraic stack M is smooth over
k.

4.4. Characteristic Space. In the (second) definition of M, if one replaces the quotient stack
[ap/G] by the categorical quotient of gp by G, which is none other than cars p, one obtains a
quasi-projective scheme, smooth over k, denoted A = Ag and called the characteristic space,
which classifies pairs a = (h,,t) where

- he € HY(C, carg.p);

— t € 197 with y(t) = hy(0).

For each M € L(T), there is the base Ay, of the Hitchin fibration for M and an open subset

AT ¢ Ay,
where we require that ¢ € ¢ ¢ t¥°2_ The morphism
(4.4.1) AT A
which sends (4, 1) to ( Xé” p © h, 1) is a closed immersion (cf. [11] Proposition 3.5.1).

Henceforth, only the open subset ?(Z_mg will play a role, which we shall denote simply by
A
Definition 4.4.1. — The elliptic part A = ﬂg” of A is defined as the complement of the
union of the Ay, for M € L(T) with M # G.

Note that the elliptic open subset is nonempty for dimensional reasons. Similarly, one defines
ﬂ;}}. We have the following proposition (cf. [11] Proposition 3.6.2).

Proposition 4.4.2. — The scheme Ag is the disjoint union of the locally closed subschemes
ﬂﬁ}}for M e L(T):
Aq= ) A
MeLG(T)
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4.5. Hitchin Fibration. We now define the Hitchin fibration using the morphism [y p] in
(4.2.1).
Definition 4.5.1. — The Hitchin fibration is the morphism

f = fG M- A
which sends m = (hy,,t) toa = ([xc.p] © hm,1).
Leta = (hy,t) € A. The Hitchin fiber M, = f~!(a) classifies the sections ,, of the stack
[gp/G] making the diagram below commutative
hm
(4.5.1) C —[ap/G]
l[Xc,D]

carg.p

ha

4.6. Reduction of a Hitchin Triple. Let m = (h,,,t) € Mg and let P € (M) be a parabolic
subgroup of G with Levi factor M € L(T). A reduction of m to P is, by definition, the data of
a section

hp : C — [pp/P]
of the C-stack [pp/P] (the quotient of pp by P X; C) satisfying the following two conditions:
1. We have h,, = ip o hp, where
ip: [pp/P] — [ap/G]
is the canonical morphism;
2. The pair (hy,,t) defined by
hap = [xp.n] © hp,
belongs to Ay, that is,
o (00) = xh(0).
Thus, if &p is a reduction of m to P, the following diagram commutes:

i

(4.6.1) ¢ — [pp/P] —2~ [ap/G]
l [xp.p] L [xc.p]

carpp —— Ca¥g.p
9 M 9
XG,p

It is clear from the above diagram that for m to admit a reduction to P, it is necessary that
f(m) belongs to Ayy. In fact, this condition is sufficient. More precisely, we have the following
proposition (cf. Proposition 4.10.1 of [11]).

Proposition 4.6.1. — Let m € Mg and M € L(T) such that f(m) € &1(;1[1. Then for every
P € F (M), there exists a unique reduction hp of m to P.

4.7. Degree degp. For any group scheme H over C, let B(H) be the C-classifying stack of
H, so that for every C-test scheme S, the groupoid B(H)(S) is the groupoid of H X¢ S-torsors
over S. This stack is also the quotient of C by the trivial action of H.

The structural morphism pp — C induces a morphism of C-stacks

4.7.1) [pp/P] — B(P x; C).
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Moreover, the natural morphism P — X.(P) ®z Gy, x induces a morphism of C-stacks
4.7.2) B(P x; C) —> B(X*(P) @7 Gm,c).

There is a morphism
B(Gp,c)(C) — Z
given by the degree of a G, c-torsor. This immediately yields a morphism

4.7.3) B(X*(P) 0 Gm,c)(C) s X.(P).

By composing (4.7.3) with (4.7.1) and (4.7.2), we obtain a degree morphism
(4.7.4) degp : [pp/PI(C) — X.(P).

4.8. Convex Set Associated tom € M. Let M € L(T) and m € M such that f(m) € ﬂ;}[l.
For every P € (M), let hp be the unique reduction of m to P (cf. Proposition 4.6.1). In (4.7.4)
we defined the degree degp(hp) of the section hp of [pp/P].

Define C,, C a7 to be the convex set obtained by translating the convex hull of the points

—degp(hp) € X.(P) = X.(M) C ap,
for P € (M), by the vectors in the subspace a¥ ® ag.

4.9. ¢-Stability. Let ¢ € ar and m € M. We say that m is £-semi-stable if the convex set Cy,
from paragraph 4.8 contains £. Let M¢ denote the substack of M consisting of £-stable points
and define

1l 1l
M= M x Ag ﬂeG ,
the elliptic open subset of M. Denote by
& ME = Ag
and
fell . Mell N ﬂell
: G
the restrictions of the Hitchin morphism f to M¢ and M®! respectively.

Here is the main result of [11] (see Proposition 6.1.4 and Theorem 6.2.2).

Theorem 4.9.1. — The stack M? is an open substack of M, hence smooth over k, and it
contains the elliptic open subset M.

If G is semisimple and if € is in general position, the stack M¢ is a Deligne—Mumford stack
and the morphism f¢ is proper.

Remark 4.9.2. — The phrase & in general position means that & does not belong to certain
rational hyperplanes in ar (cf. [11] Definition 6.1.3). In particular, it implies that for a Hitchin
triple, the notions of £€-semi-stability and &-stability are equivalent.

5. Action of the Picard Stack 7,

5.1. Action of Gy, x on the Centralizers. In §3.2 we defined the group scheme J¢ of regular
centralizers over g. Let (g,a) € JO and x € G, 1. The elements of g™¢ defined by & (x - a)
and x - £ (a) (where - denotes, respectively, the action of G, x on carg defined in §4.1 and the
scaling action of G, x on g) are G-conjugate since they have the same image via y¢. Therefore,
there exists an element A, € G such that

g6 (x - a) = Ad(hy)(x - £ (a)).
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One may check that h,gh;' centralizes e (x - @) and that this element is independent of the
choice of &, (since the regular centralizers are commutative). We then define
x-(g.a) = (heghi', x - a),

which defines an action of Gy, ; on JO for which the canonical morphism J¢ — carg is
G k—equivariant. By the construction of §4.1, one deduces a group scheme Jg over carg.p.

For every parabolic subgroup P € F(T), the group scheme I” over p of centralizers is
endowed with an action of G, defined for all x € G,, 4 and (p, X) € I” by

X - (P,X) = (P» X - X)’
where - denotes the scaling action of G,, x on p. Again, the construction of §4.1 yields a group
scheme I} over pp.
It follows from Proposition 3.2.1 that the morphism

* 7G P
xed p — 1
defined there is G,, y—equivariant. Hence one obtains a morphism of group schemes

(5.1.1) X0l — 1h

over pp.
Let M € L(T) and let )(gf’ p - tary p — cargp be the morphism deduced from the

G x—equivariant morphism )(g’ : cary — carg. Proposition 3.3.1 shows that there exists a
unique morphism of group schemes

(5.1.2) (Xep)' I = Xu(M) ®2 G carys p
which, for every P € (M), is the composition of (5.1.1) with the obvious morphism
Ip = Xu(M) 8z Gin.cary -

5.2. The Picard Stack J,. Let a = (hy,t) € A. Define
Jo = oIS,
This is a smooth, commutative group scheme over C. Let ., denote the k—stack of J,—torsors
over C. More precisely, for any test k—scheme S, the groupoid J,(S) is the groupoid of
C—morphisms
Cxx S — B(J,).

Since the group scheme J, is commutative, the contracted product of two J,—torsors is again

a J,—torsor. This product endows ., with the structure of a Picard stack over Spec(k).

5.3. Degree Morphism. Let M € L(T) and apr = (hg,,,t) € Ay. Let a be the image of ay

in Ag via the morphism )(g, cf. line (4.4.1). Thus we have h, = Xé/ID o hg,, and
Jo =, (x& p)' T35
By the base change h,,, : C — cary p, one deduces from the morphism (5.1.2) a morphism of
group schemes
Ja - X*(M) ®z Gm,C’

and a morphism of C—Picard stacks between the classifying stacks
(5.3.1) B(J,) —» B(X.(M) ®z Gm,c).
Since we have a degree morphism, cf. (4.7.3),
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one obtains, by composition, a degree morphism
(5.3.2) degy, @ Ju — X (M)

for every a € Ay, which is a homomorphism of Picard stacks (if one views X.(M) as the
constant k—Picard stack).
Proposition 5.3.1. — Let M C L be two Levi subgroups in L (T). Let

P X.(M) = X.(L)
be the dual projection of the restriction morphism
X*(L) —» X*(M).
Let a € Ayy. Then one has the following equality of morphisms from g, to X.(L):

pJL” odeg,, =deg; .

Proof. —LetQ € P(L) and P € P(M) with P c Q. Consider the commutative diagram

p q

XPl jXQ
xi'

cary —— cary,

O
XG

carg

Recall that in §3.2 we defined a group scheme J¢ over carg. From the diagram above, one has
the equality

X I = ey (xe) I jp-

Thus one obtains a diagram

(5.3.3) Xp ()¢ —= Xo(M) @2 Gy

T~ |

X (L) ®z Gm,p

where the horizontal arrow is the one defined in (3.3.1) (Proposition 3.3.1), the diagonal arrow
is the one defined in (3.3.1) relative to L and restricted to p, and the vertical arrow is induced
by p]LV,. We now show that diagram (5.3.3) is commutative. It suffices to check it over the dense
open subset p™&. The horizontal (resp. diagonal) morphism in (5.3.3) factors through 17, (resp.
through 13 ) (cf. Proposition 3.3.1). Thus we have a diagram

(X;’ (Xéd)*‘]G)hfeg Ill;reg X*(M) ®z Gm,preg

~|

I8 — X.(L) 82 G pre

whose commutativity is what has to be checked. Now the first triangle consists only of isomor-
phisms and is clearly commutative (cf. Lemma 3.1.1 and (3.2.1)). The commutativity of the
right-hand square is easily verified.
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For every a € Ay, the commutativity of (5.3.3) yields a commutative diagram

B(Ja) — B(X.(M) ®z Gy )

|

B(X.(L) ®z Gp.c)

where the vertical arrow is induced by py and the other arrows are given by (5.3.1). To conclude,
one invokes the commutativity of the diagram

B(X«(M) ®z Gpc)(C) — Xu(M)

| |

B(X.(L) ®z Gp,c)(C) — X.(L)

where the horizontal morphisms are the degree maps and the vertical morphisms are induced
by p¥. O
L

5.4. Stack Quotient of the Centralizers. Let P € FY(T) be a semi-standard parabolic
subgroup. Define an action of the group P on the group scheme I” as follows: for any 4 € P
and any (p, X) € I, set

h-(p,X) = (hph™', Ad(h)X).
This action commutes with the scaling action of G, ; on the first factor. One thus obtains an
action of P on / II; for which the morphism / II; — pp is P—equivariant.

The stack quotient [III; /P] defines a group scheme over the stack [pp/P]. Let hp be a
section over C of the stack [pp/P]. By pulling back the stack [/ g/ P] along the section hp,
one obtains a group scheme over C, denoted A}, [1 g/ P]. For a concrete description of this
group: the section hp corresponds to the data of a P—torsor on C together with a section 6 of
AdP,D(8) = & xPA p,. The group scheme h3,[I5/P] is the group scheme Autp(E, 6) of
automorphisms of & that centralize 6.

We now define an action of the group G on the group scheme y.J G as follows: for every
h € G and every (g, X) € XEJG, set

One checks that this action commutes with that of G,, ; (induced from the one defined on J G in
Paragraph 5.1). Hence one deduces an action of G on y; DJg. One verifies that the morphism

(XE,DJg)WD - Ig
defined in Paragraph 5.1 is P—equivariant.
The stack quotient [(xg DJg) /G| defines a smooth, commutative group scheme over

[ap/G]. Since the action of G on the first factor of )(*GJG is trivial, one has the natural
identification

(5.4.1) [(x6.pIp)/G] = [xG.01"Jp,
where we distinguish the morphisms yg.p : ap — cargp (cf. §4.1) and [yg.p] : [ap/G] —
carg p,cf. (4.2.1).

5.5. Action of 9, on M. Leta = (hy,t) € Aand m = (hy,,t) € M,. In §5.2 we defined
a group scheme J, over C. According to diagram (4.5.1) and line (5.4.1) in Paragraph 5.4, one
also has

(5.5.1) Ja =l Ixe.01" 75 = hy [ (& pJ5) G-
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The morphism

X6.p/ g — 1 g
defined in (5.1.1) in Paragraph 5.1 is G—equivariant (cf. §5.4). Hence one obtains a morphism
of group schemes

(5.5.2) Ja = Iy | (XG.pI5) /G| — k3 [I5/G] = Aut(m).
The last equality identifies £, [Ig/ G| with the group scheme Aut(m) of automorphisms of m
(cf. §5.4).

We then let the Picard stack 9, act on the Hitchin fiber M, as follows: to any m € M, and
any J,—torsor j, we associate the contracted product

jom=jxlam,

where J, acts on m via the morphism J, — Aut(m) (cf. (5.5.2)). One verifies that j xlam e M,.
Proposition 5.5.1. — Let a € ﬂ[e&l and m € M. For every j € J,, the convex sets associated
tom and to j - m (cf. §4.8) are translations of one another. More precisely, one has

Cn = Cj~m + degM(j)’
where deg,, is the degree morphism defined in (5.3.2) in §5.3.

Proof. — Let P € P(M) and let hp be the corresponding P-reduction of m (cf. Proposition
4.6.1). Examining Diagram 4.6.1, one sees that

Ja = Wypinlxc.pl"J5.
One verifies that there is the following identification of group schemes over [pp/P]:
iplxa.pl"J; = [(UR)pn/P].

The group scheme morphism over [gp/G]| deduced from the G—equivariant morphism
(5.1.1) (for P = G) gives a morphism (see also (5.4.1))

[xe.01" 75 — [I5/G].
It follows from Proposition 3.2.1 that the induced morphism
iplxG.0l"Jp = [(Up)en/P] = iplI5/G]
factors through
[(J[G))hJD/P] - [IE/P]’

where the latter arrow is induced by the P—equivariant morphism (5.1.1) (the equivariance is
discussed in §5.4). Consequently, the morphism

Jo — B[S /G] = Aut(m)
factors through
(5.5.3) Ja = hp[15/P] = Aut(hp).

In particular, if j is a J,—torsor, the action of j on m sends the P—reduction hp to j X’ hp
(where J, acts on hp via (5.5.3)), which is necessarily the unique P-reduction of j - m. The
proposition then follows from the obvious equality on definitions,

degp(j x’* hp) = deg)(j) +degp(hp).
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6. Degree Morphism and Picard Stack 7'

6.1. Topological Space (LC). Let { L) be the sober topological space whose underlying set
is £L¢ = £(T) and whose topology is the coarsest one for which the subsets LM, for M € £°,
are closed.

Let M C L be two elements of £L¢(T). Let X.(L) o be the constant sheaf on (L) with
value X.(L). Let

in 2 (LM) = (L)
be the canonical inclusion. Let iy .(X.(L)zm) be the sheaf on (L) supported on LM whose
fiber at every point of £™ is X, (L). There is a morphism

6.1.1) i (X (M) par) = ipg o (X (L) pur)

induced by the morphism pﬁ/[ : Xo(M) — X.(L) (cf. 5.3.1). On the other hand, there is a
morphism

(6.1.2) i1o(Xo(L) p1) = ing(Xo (L) par)

which, fiberwise, is the identity morphism of X, (L) at a point of L™ and is zero outside L.
We then define a double morphism

—>
(6.1.3) P i XM ) = P ina(Xa(L) )
MeLC(T) Mﬁ;Lim
C

as follows: on each component iy . (X.(M)pm), for M € LS, the first arrow is obtained by
composing the sum of the morphisms (6.1.1) for L € £ (M) with the canonical inclusion

P i XLyp) > D i (XalL) )
LeLG (M) M,Le £G(T)
McL
the second arrow is obtained, on the component iy .(X.(L) s1), for L € £C, by composing the
sum of the morphisms (6.1.2) for M € £X(T) with the canonical inclusion

B im-xLyp) > D ina (X (L) o).
MeLL(T) M,Le £G (T)
McL

Note that in the double arrow (6.1.3), each component iy .(X. (L) yn ) of the target (with M C L)
receives from each arrow only one component of the source, namely iy ..(X. (M) ,m) by the first
arrow and iz .(X.(L) ,.) by the second.

Let K be the kernel of the double morphism (6.1.3). We leave to the reader the verification
of the following lemma.
Lemma 6.1.1. — The sheaf K is the constructible sheaf on { LC) whose fiber Ky at M € LC
is the Z—module X.(M) and whose specialization map Ky — K, for M and L in L such
that M C L, is the morphism pﬁ” : Xo(M) — X.(L) (cf. Proposition 5.3.1).

6.2. The Sheaf X on Ag. Let
(6.2.1) A — (L)

be the map which assigns the value M on each locally closed subset fﬂﬁ]} for M € LO(T) (cf.
Proposition 4.4.2).
Lemma 6.2.1. — The map (6.2.1) is continuous.
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Proof. — Let M € L£9(T). The inverse image of the closed subset £ (T) is the union of
the .7(2” for L € £M(T), which identifies with the closed set Ay (cf. (4.4.1) and Proposition
4.4.2). O

Let X be the constructible sheaf on Ag defined as the pullback by the continuous map (6.2.1)
(cf. Lemma 6.2.1) of the sheaf % on (L®). Thus, this sheaf is constant with value X, (M) on
ﬂf\}}, for M € LO(T).

6.3. The Picard Stack g . Let
(6.3.1) ha : C Xy A — cargp
be the canonical map which to a triple (c, h,,t) € C X; A associates h,(c) € carg p. Let

Ja = g J5

be the commutative group scheme, smooth over C X; A, obtained as the pullback of Jg by
the morphism A4 in (6.3.1). Every a = (h,,t) € A(k) defines by base change a morphism
ac : C — C X A which, composed with h 4, yields h,. The group scheme over C defined by
a;.Jz is none other than the group scheme denoted J,, defined in §5.2.

Let B(J#) be the C x; A-—classifying stack of J#. Let J be the stack over ‘A whose
associated groupoid 7 (S) for any test A-scheme S is the groupoid of morphisms

Cx;S— B(Jj().

Since J # is commutative, the contracted product endows  with the structure of a Picard stack
over A.

6.4. The Degree of J. It is defined by the following proposition.

Proposition 6.4.1. — There exists a unique morphism
deg: 9 - X
which, for every M € L% (T) and every a € ﬂjﬂ}, induces the morphism

degy, : Ju — Xy = X (M)
defined in (5.3.2) in §5.3.

Proof. — Uniqueness being evident, we concentrate on existence. Let M € L°(T). The
homomorphism deg,, from (5.3.2) induces a homomorphism

e T — Xe(M)a,,

where Xé’l is the closed immersion of Ay into A defined in (4.4.1) and X.(M)4,, is the
constant sheaf on Ay, with value X,.(M). By adjunction, one thus obtains a homomorphism

Taking the sum over M € £L%(T), one obtains a homomorphism
T— B wh.x(M)a,).
MeLG(T)

We will show that this homomorphism takes values in the subsheaf X and satisfies the stated
properties. To see that it takes values in X, it suffices to check that it lands in the kernel of the
double arrow

P whxma) = P wh.X(La,).

MeLC(T) M,I;‘;Li(T)
c
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which is the pullback of the double arrow (6.1.3) by the continuous map Ag — (L) defined
in (6.2.1). This follows from Proposition 5.3.1. The other properties follow from Lemma 6.1.1.
m]

6.5. Action of J on M. This is simply to assemble the construction of §5.5. Let S be a test
k—scheme. Let m = (h,,,t) € M(S) and f(m) = (hg,t) € A(S). Let Jas = Ja Xa S and let
Jj € J(S) be a Jg s—torsor. We have, cf. line (5.5.1) of §5.5,

Jas = hod§ = hyxe.ol"J5 = [ (xg.0T5)/G].
As in (5.5.2), one deduces a morphism
Jas — h,[15/G] = Aut(m).
The action of 7 is then given by the contracted product
j-mzjx]ﬂ’sm,

where J.# s acts on m via the morphism to Aut(m) just introduced.

6.6. Action of J' on M¢. Let J' be the kernel of the degree homomorphism defined in
Proposition 6.4.1. It is an open Picard substack of J which, fiberwise, contains the neutral
component of 7. Since J acts on M, so does J L
Proposition 6.6.1. — For every & € ar, the action of J' preserves the open subset M¥.

Proof. —Lletm € M anda = f(m) € A. Let j € J,. By Proposition 5.5.1, we have
Cn = Cj.m +degy(j). Moreover, if j € J.} then deg,,(j) = O (cf. Proposition 6.4.1). It
follows that, for every j € j;ll , we have

Cm = C]m,

and, in particular, j preserves the &é—stability, which is defined by the condition & € C,,. O

7. Cameral Curve and the Sheaf 7y(.7)

7.1. Cameral Curve. Let
cogq: A—->CxX A
be the morphism deduced from co by base change A — Spec(k). Following Donagi and
Gaitsgory (cf. [12]), we introduce the universal cameral curve, denoted Y, which is the cover of
C Xy A defined by the Cartesian diagram

Y —1p

”Yl LXE,D

C X A——=cargp
ha ?

where h is the canonical morphism (cf. (6.3.1)) and xZ , is the morphism x[ from §2.7
“twisted by D”. Since the morphism (. ,, is WC—invariant, there is a natural action of W© on Y.

The covering ny is finite, Galois with group WY, and étale over a neighborhood of the image of
oo 4. Forevery a = (hg,t) € A, the point ¢ satisfies X(T;(t) = h,(c0). Hence there is a canonical
morphism

ooyt A—-Y
over og. Let U Cc C X; A be the inverse image by h# of the open subset carrgi) where
the discriminant D¢ does not vanish (cf. §2.7). Let V be the open subset of ¥ defined by
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V = n;l(U ). Note that co 4 takes values in U and ooy takes values in V. The covering ry is
precisely étale over U.

Let a = (hy,t) € A and let k(a) be the residue field of a. By pulling back the previous
construction via the morphism C X; k(a) — C X; A deduced from a by base change C —
Spec(k), one obtains the cameral curve Y, over k(a) defined by the Cartesian diagram

Yo —————1tp Xt k(a)

ﬂ-ya l ng;,D

C Xi k(a);}; carg.p Xx k(a)

The group WC preserves Y, and the covering 7y, is finite, Galois with group WY, and étale over
the point co. In its fiber over this point, we have the marked point coy, = ooy o a. Let U, and V,
be the open subsets of C X k(a) and Y,, respectively, deduced from U and V by base change.

7.2. The Function W,. In this entire paragraph, the letter W denotes an arbitrary subgroup
of the Weyl group WS . For every a € A, let W, be the subgroup of WY defined as the stabilizer
(normalizer) of the irreducible component of Y, passing through ooy . Equivalently, it is the
stabilizer of the connected component of V,, which contains ooy, .

Let (WC) be the sober topological space whose underlying set consists of the subgroups W
of WY and whose topology is the coarsest one for which the subsets formed by those subgroups
W’ contained in a given subgroup W are closed.

Proposition 7.2.1. — The map A — (W) defined by a — W, is continuous.

Proof. = — We first show the constructibility of this map. The composite morphism ¥ —
C X A — A induces a surjective morphism p : V — A for which ooy is a section. For every
a e A,let VC? denote the connected component of V,, that contains ooy (a). Let V9 be the union
of the V¥ as a runs through A. According to Grothendieck (cf. [16] Proposition 15.6.4), V? is
an open subset. For every subgroup W of WY, consider the constructible set

ﬂwzp(ﬂwvo)— v p(VoﬂwVO).

wew wewe-w

We will show the equality
(7.2.1) Ay ={ae A|W, =W},

which implies the constructibility of the map W,. Let a € Ayw. There exists y € ), ey wV°
such that p(y) = a. Consequently, the union J,,cy wVC? , each of whose components contains
y, is connected. It follows that |, ,cw wVE? = VL? and hence W ¢ W,. Now, let w € W,. Then
wV? = V0 and y € VO nwV?. Necessarily w € W, so that W, ¢ W, and finally W, = W.
Conversely, let a € A be such that W, = W. For any y € VC?, since VC? is stable under W, = W,
we have y € (,ew wV9. Moreover, if w ¢ W = W,, then Vc? N wV‘? = (. Hence a € Ayw. This
proves (7.2.1).

Next, we show continuity. It suffices to show that for every subgroup W of W€, the union
U Aw taken over all subgroups W’ of W is closed. As this union is constructible, it is enough
to show that it is stable under specialization. Let a be a point of A and @’ € A a generalization
of a in A. We will show that W, ¢ W,,, which implies the desired stability. By definition of
W, we have

vicv- () w
weWl-w,,
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By the aforementioned Grothendieck result (cf. [16] Proposition 15.6.1), the set V —
Uwews-w,, wV? is closed in V. Therefore,

vicv- | w
WEWG—War

where V_c?, denotes the closure of VC?, in V. Again by Grothendieck, we have V0 c V_C?, and hence
vicv- () w
WGWG—Wa/

which immediately implies that W, c W, as required. O

7.3. The Morphism from X.(T)# to . Let S be an affine scheme over k and a = (h,, 1) €
A(S). Write Cs = C xi S and let Ocg o be the completion of O¢, along {oo} X; § € Cg,
which can be identified with Og[[w@s]] by choosing a uniformizer @w,, on C at the point co. Let
Fcg 0o = Ocg.00[1/@s] (Which does not depend on the choice of w.). Let C* = C — {oo} and

Co =C" X% S.

Proposition 7.3.1. — There exists a canonical isomorphism

(7.3.1) Ja Xc Spec(Ocg.00) = T Xi Spec(Ocg o).

Proof. — In a neighborhood of oo, the bundle carg p is canonically isomorphic to the trivial

bundle with fiber carg. It follows that the section i, : Cs — carg p XS restricts to a section
Ra,eo = Spec(Ocg o) — carE X Spec(Ocg co)-
Since the morphism X(T; (1% — carrég is étale, there exists a unique morphism
hag.co : Spec(Ocg.c0) — 18 Xi Spec(Oc¢y.00)
lifting # and making the diagram below commute

hap.eo

Spec(Oc;,0)

78 X Spec(Ocy,00)

T
I lXG

carrGeg Xk Spec(Ocg.0)-
The isomorphism (3.2.1) from §3.2 induces the following isomorphism over t"¢:
((Xg)*JG)weg = Ige = T i 8.
From this isomorphism and the equality

Ja %c Spec(Ocg,e0) = My ool © = My oo ((XG)9),

ar,00

we deduce the desired isomorphism. O

By Beauville-Laszlo formal descent (cf. [S]; for a recent reference better adapted to our
situation, cf. [19]), for every A4 € X.(T), there exists a triple (J, a, 8), unique up to unique
1somorphism, consisting of a J,—torsor j over Cs and of J,—equivariant isomorphisms

a jl Spec(Ocg.0) Ja Xc SpeC(OCS,OO)
and
B jicz = Jaxc Cg

such that the induced isomorphism over Spec(Fc,.) given by Soa~! on

Ja Xc Spec(Fcg,00) = T Xi Spec(Fg,o0)

24



(isomorphism deduced from (7.3.1)) is given by left translation by w@?,.
From this construction one obtains a homomorphism

X*(T)ﬂ - j’
where X, (T)# is the constant sheaf on A with value X, (7).

7.4. Return to Some Results of Ng6. Let K be an extension of k that is separably closed.
Let a = (hy,t) € A(K) be a “geometric” point. In this entire paragraph, 7~ denotes a torus
scheme over the open subset U, of Cx = C X K (cf. §7.1). Such a torus scheme extends
to a smooth group scheme over Cx with connected fibers and every such extension maps to
the unique maximal extension denoted 7~ and called the connected Néron model of 7. We
introduce the following notations: let 75, be the fiber of 7 at the point cox = oo X; K. Let
X(T) = Xi(Toog) = Homg_op(Gypy ik, Too ). The fundamental group of U, pointed by ook, is
denoted 711 (U,, ook ) and acts on X, (7, ). Define

A(T) = X (7;0K )7T1 (Uq,ook)

where the subscript 71 (U,, cog) denotes the group of coinvariants under 71 (U,, cog). Let B(7")
be the group of connected components of the Picard stack of 7 —torsors. Let A and B be the
functors from the category of torus schemes on U, to the category of abelian groups defined
by 7 +— A(7) and 7 +— B(7). Using a variant of a result of Kottwitz (cf. [22] Lemma 2.2),
Ngo showed that the functors A and B are isomorphic. It is important for us to specify such an
isomorphism. For this, we use the following “Ngo-style” variant of the aforementioned Kottwitz
lemma, where we denote by X, the functor 7~ — X, (Tco,)-

Lemma 7.4.1. — The canonical morphisms

Hom(A, B) — Hom(X,, B)
and
Hom(X., B) - Hom(X.(G,,v,), B(Gnu,)) = B(Gn.u,)

are isomorphisms. The group B(Gy, y,) is free of rank 1, and any element of Hom(A, B) whose
image under the composition of the two preceding isomorphisms is a generator of B(Gy, y,) is
an isomorphism.

Proof. — The fundamental properties of the functor B are proved by Ngo (cf. [28]). The rest
is merely a transposition of results of Kottwitz (cf. [22] pp.206-207). m|

We now define a morphism of functors from X, to B. For every torus scheme 7 on U,,
we thus define a morphism from X, (7, ) into the stack of 7 —torsors. With the notations of
§7.3, for every A € X.(7w, ), one glues the trivial 7 —torsor on Cy with the trivial 7—torsor on
Spec(Ocy.0) via Beauville-Laszlo using the gluing data @2, (the torus 7 is in fact constant on
Ocy 00, isomorphic t0 X.(Teoy ) ®z G0, ..)- This yields a morphism

X.— B

by composing with the canonical morphism from the stack of 7 —torsors to its group of connected
components.
Lemma 7.4.2. — The functor morphism X, — B factors canonically as in the diagram

X, —A

AN

B

where the horizontal morphism is the canonical one and the vertical morphism is an isomor-
phism.
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Proof. — By Lemma 7.4.1, it suffices to see that the functor X, — B sends the canonical
generator of X, (G, «,) (given by the identity homomorphism) to a generator of B(G,, y,).
But when 7~ = Gy, y,, we have T = Gn,ck» and the degree morphism of the Picard stack of
9 —torsors (which is nothing other than the Picard stack of locally free O¢c,—modules of rank
1) identifies its group of connected components with Z. The canonical generator of X. (7, ),
defined by the gluing explained above, yields a G, ¢, —torsor of degree 1, hence the lemma. O

7.5. Ngé’s Factorization. Let Y be the sheaf on A defined as the pullback via the continuous
map A — (WO) of the sheaf whose fiber over W ¢ WY is X, (T)w, with the natural transition
morphisms. By definition, this sheaf is a quotient of the constant sheaf X.(7)#. In §7.3
we defined a morphism X.(T)g — J. According to Ngo, there exists a constructible sheaf
on A, denoted mo(J), whose fiber at a geometric point a of A is the group mo( ;) of
connected components of J, (cf. Proposition 6.2 of [28]). By composing with the canonical
morphism J — 7(J), one obtains a morphism X,.(T)# — 79(J ). Ngd showed the following
factorization (cf. Proposition 5.5.1 of [29]).

Proposition 7.5.1. — We have the following factorization

X (T)?[ —Y

|

mo(J)

where the horizontal arrow is the canonical morphism and the other two arrows are epimor-
phisms.

Proof. — For the reader’s convenience, we recall some points of Ngo6’s proof. It suffices to
prove the factorization fiberwise. Let a = (h,,t) € A(K) be a geometric point, where K is an
extension of k that is separably closed. Let J° be the stack of J'—torsors on C x; K, where
JY is the connected group scheme which, fiberwise, is the connected component of the identity
section of J,. Since the fiber of J, at cog is connected, the morphism X,.(7) — 9, factors
through the evident morphism X.(T) — J°. According to Ngd (cf. [28] Proposition 6.3), the
canonical morphism J° — J, induces a surjective morphism 7o(J.") — m0(Jz). Moreover,
the canonical morphism JO — J,, from J? to the connected Néron model J,, of the torus scheme
J\u, induces a morphism from jao to the stack ., of J,—torsors on C X K and, by Ngo (cf. [28]
Proposition 6.4), an isomorphism 7o(J;) = 7o (T0).

It thus suffices to prove the desired factorization for the morphism X, (T) — mo(J,), that
is, the factorization through the epimorphism X.(T)w, — 7o(Jz) (in fact, this will be an
isomorphism).

With the notations of §7.1, we have a commutative diagram

Spec(K) — 5%

V,
\ ‘”Ya lX(T;’D
reg

-
U, P carg g

a

where the square is Cartesian and where we denote by a subscript K the base change from k to
K.

Let (Z, z) be a connected, étale, Galois cover of U, pointed by a point z : Spec(K) — Z
lying over co. We may assume, without loss of generality, that for each connected component of
V., there exists a U,—morphism from Z onto that component. The composition on the right with
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z induces a bijection from Homy, (Z, V,) onto the fiber of nry, over co. Denote by @ : Z — V,
the morphism corresponding to coy,. With the notations of §5.2, we have

eg Uy

G
Ja = JD XcarG’D!K
But according to the isomorphism (3.2.1) in §3.2, we have the following isomorphism

G reg reg
Jp X gt ~T X t

D carsp g D.,K k D.,K’
whence

JaXv, Va=Jp Xeawe V=T Xk Va.
Using the morphism «, one obtains
(7.5.1) JaXvu, Z = JaXu, Vo) Xv,0 Z =T X Z.

For every @ € Auty,(Z), there exists a unique element we € WS such that @ o ® = we - @
(where - denotes the action of W¢ on V,). Let m;(U,, ) be the fundamental group of U,
pointed by co. The assignment ® +— wgq defines a morphism from 71 (U,, o) into W, whose
image is precisely the subgroup W,,. The obvious action of 711 (U,, o) on J, Xy, Z corresponds,
via the isomorphism (7.5.1), to the diagonal action of 71(U,, ©) on T X; Z, where the action
on the first factor is given by the morphism into W¢. In particular, we have the identification

HOmZ_gpe(Gm,Z, Ja XUu Z) = X*(T)

which is equivariant under the action of m;(U,, o) when this group acts on X,.(7T) via its
morphism into W,,. One deduces the identifications

X.(Jy)eo = X (T)
and

(7.5.2) (X* (Ja)oo)m(Ua,OO) = X*(T)Wu-

Note that this identification also holds for J, since J, =~ J, over U,,.

Thus, the morphism X,(T) — m(J,) identifies with the morphism X, (J,)eo — 70(J2)
considered in §7.4. Lemma 7.4.2 and line (7.5.2) imply that this morphism factors through
X.(T)w, and that the morphism X, (T)w, — 70(J) is an isomorphism. This concludes the
proof. O

8. The s-decomposition

8.1. In [28, §8], Ngd introduced a decomposition of the perverse cohomology sheaves of
the Hitchin fibration over the elliptic part. The aim of this section is to generalize Ngd’s
decomposition to open subsets that are not necessarily elliptic.

8.2. The following proposition will be useful in what follows.
Proposition 8.2.1. — Let a € Ag and let M € L% be a Levi subgroup. The following two
assertions are equivalent :

l.ae Ay;
2. W, c WM,
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Proof. —Leta = (h,,t) € Ag and let k(a) be the residue field of a. Let us show that assertion
2 implies the first one. With the notation of Section 7.1, we have a commutative diagram

OOYa

(8.2.1) Spec(k(a)) Ve — t?ﬁ‘?’k(a)

x ‘ lxg,D

reg

U“;)ha CATeh ka)?
where the square is Cartesian. Let Vf,) be the connected component of V,, that contains ooy, .
By definition of W,,, the restriction of 7y, to V makes VY into a connected, étale and Galois
covering of group W,. Since the inclusion i, is W-equivariant, we obtain by passing to the
quotient by W, a morphism

Us = 55 /W

over car’- Since W, ¢ WM, we may compose this morphism with the canonical morphism

G,D.,k(a)"
reg reg . . . . .
t D k(a) //W, — car M.D k() S© that we obtain a morphism h,,, which fits into the commutative
diagram

Rayy
Uy~ cary p i(a)
e

C Xy k(a)% CarG p.i(a) -

By properness of the morphism )(é/’ p» the morphism h,,, extends to C Xy k(a). One checks that
(hg,,,t) belongs to Ay and has image a in Ag.
The converse follows from the next lemma. O

Lemma 8.2.2. — Let ay; € Ay and let a € Ag be its image under the closed immersion
Ay — Ag of (4.4.1). Let W,,, be the subgroup of WM defined in Section 7.2 relative to the
group M. We have

Wa,, = Wa.

Proof. — Letay = (hg,,,t) € Ay and let a = (h,,t) be its image in Ag. We adopt the
notation of the proof of Proposition 8.2.1, but relative to the group M. We thus have a diagram
analogous to (8.2.1)

Yap,

Spec(k(awm)) Van S trg%k(aM)

X l LXL,D

Uy, & car -t
hay,

G.D.k(apy)’

where the exponent reg means G-regular (in accordance with the conventions of §2.7). Moreover
we have U, = U,,, and an immersion V,,, < V,, which is both open and closed, which is WM.
equivariant and which sends coy, ~to ooy,. In particular, the connected component of coy, in

V, is equal to the image of that of oy, mnV,,. Ifwe WG satisfies wVa,, N Vg, # 0, then
necessarily w € WM. It follows that W, ¢ W™ The result is then clear. i

8.3. In Propositions 6.4.1 and 7.5.1 we defined respectively a morphism deg : J — X,
which obviously factors through a morphism

deg : m0(J) — X,
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and a morphism Y — 7mp(J). Composing these two morphisms, we obtain Y — X and,
composing further with the morphism X, (7)# — Y, we obtain a morphism X, (T)# — X. Let
Y! and X*(T)lﬂ be the constructible sheaves on (A defined respectively by

Y =Ker(Y - X)
and
X.(T) i = Ker(X.(T)a — X).

Let 71o(J') be the sheaf of connected components of J': it is a subsheaf of 79(J) whose fiber
at a geometric point a is the subgroup of 7y( ;) formed by the components of degree O (where
the degree is the morphism above). The morphism X, (7T)# — J then restricts to a morphism
X.(T)% — J' which, by Proposition 7.5.1, fits into the commutative diagram

(8.3.1) XDy ——Y!

I

mo(I ),

where the two arrows with target m(J') are epimorphisms.
Proposition 8.3.1. — Let a € ﬂﬁ}[] with M € L% and let a’ € Ag be a specialization of a. Let

G P i
L € L% be defined by the condition a’ € Aj".

1. The sheaves X*(T);q and Y have as fiber at a respectively the group X.(T N Mye) and
the image group of the canonical morphism

X.(T N Mder)Wa - X*(T)Wa >

2. wehave Lc M and W, c W, ;
3. the specialization arrows (X, (T)lﬂ)a/ — (X*(T)lﬂ)a and Y al, — Y are respectively given
by the canonical morphisms

X*(T N Lder) - X*(T N Mder)
and
Im(X.(T N Lger)w, — Xe(Tw,,) — Im(Xa(T N Myer)w, — Xo(T)w,)

4. the fibers of the sheaf Y are finite ;
5. the fibers of the sheaf no(J ') are finite.

Proof. — Let us prove assertion 1. By Lemma 8.3.2 below, the fiber at a € ﬂﬁ}} of X*(T);{
is the kernel of the canonical morphism X, (7)) — X.(M): it is therefore indeed X.(T N Mer).
We know by Proposition 7.5.1 that this arrow factors through X, (7)w,, which is the fiber at a
of Y. The fiber at a is therefore the kernel of the arrow X.(T)w, — X.(M) (which is well
defined since W, ¢ WM by Proposition 8.2.1). But this kernel is also the image of the morphism
X (T N Myer)w, — Xu(T)w,.

Assertion 2 follows from the continuity of the maps Ag — (L%) and Az — (WC) (cf.
Lemma 6.2.1 and Proposition 7.2.1).

We leave assertion 3 to the reader. Assertion 4 follows from Lemma 8.3.3 below. Assertion
5 is a consequence of assertion 4, since we have an epimorphism Y — 7o(J1). O

Lemma 8.3.2. — Let M € L°. The morphism X.(T)a — X has as fiber at a € ﬂlevl[l the
canonical morphism

X(T) — Xi(M).
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Proof. — Leta € ﬂﬁ}} and let K be its residue field. Let h,,, be the morphism from Ck to
cary p deduced from a. We take up again the notation of Section 7.3. Let 4 € X,(T) and let j,
be the J,-torsor on Cx = C X K obtained by gluing by means of @2, € T(Ocy 00) = Ja(Ocy )
(cf. the isomorphism of Proposition 7.3.1) which defines the morphism X, (7)) — ;. The degree
of the J,-torsor j, is the map which, to u € X*(M), associates the degree of the G, ¢, -torsor
u(j,) obtained when one pushes j, forward by the composite morphism

(8.3.2) Jo — X.(M) ®2 Gy — Gy
where the first arrow is obtained by pulling back by 4,,, the morphism

()(GM,D)*JS - X*(M) ®Z Gm,carM,D

defined in (5.1.2) and deduced from Proposition 3.3.1. The degree of j, is therefore the valuation
of the image of @, under the composite morphism (8.3.2).

In fact, on Spec(Oc¢y ), the section h,,, takes regular values and factors through a canonical
section, denoted /4, 0, Of tr;g (cf. the proof of Proposition 7.3.1). The isomorphism J, X¢
Spec(Ocg.00) = T X Spec(Ocq.«) is then obtained by pullback under £, « of the isomorphism

(X)) e = Xo(T) @2 G g
As can be seen from the definitions, the morphism
X*(T) ®z Gm,treg = (()(g)*JG)treg — X*(M) ®7 Gm,treg

which one obtains by pulling back by X1{/1 the morphism of Proposition 3.3.1 is deduced from
the canonical morphism X, (7) — X.(M). Consequently, we have

deg(p(ja)) = ()

(the pairing is the one between characters and cocharacters of T') and the degree of u(j,) is
indeed the image of A under the projection X, (7T) — X.(M). |

Lemma 8.3.3. — For every M € LS and every a € ﬂi}} the group X.(T N Mger)w, is finite. In
particular, the image of the morphism

X* (T N Mder)Wu - X*(T)Wa
is finite.

Proof. — We shall first prove that the group X, (T N Mge;)W« of invariants under W,, is trivial.
Let A be an element of this group, which we view as a morphism from G, x to M. Let L be the
Levi subgroup in £ which is the centralizer of the image torus. We thus have W, ¢ W and,
by Proposition 8.2.1, we have a € A;. Since a is elliptic in M, it follows that M = L. Hence A
is central in Myer, which is possible only if 4 = 0, which is what had to be proved.

Since X, (T N Mgyer) is of finite type, the finiteness of X.(T' N Mger)w, is equivalent to the
vanishing of X, (T N Mger)w, ®z Q. Now averaging over W, induces an isomorphism of this
Q-vector space onto X, (T N Mger)V« ®7 Q, whose vanishing we have proved. This concludes
the proof. O

8.4. The open subset Uy;. Let M € LY and let Uy C Ag be the open subset defined by
U= | ) A"
LeLS (M)

It is also the complement of the closed subset

Ar.
LeLS—-LG (M)
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The open subset U is nothing but the elliptic open subset ﬂgl. We define the M-parabolic
part of M?, denoted M¢M~P¥ by the base change

MEMTPA = ME S Uy

Let
ff,M—paI . Mf,M—par — (L{M
be the restriction of the Hitchin morphism f¢ to M&M~P& When M = G, we replace “G-par”

by “ell”.
Let I'(Uyy, ) be the functor of sections over Uyy,.
Lemma 8.4.1. — The restriction of Y' to Uy is a quotient of the constant sheaf with value

X (T N Mger). In particular, we have group homomorphisms

X.(T N Maer) — T(Uy, Y1)

and

(8.4.1) X (T 0 Myer) — T(Ung, o (I ).

Proof. — The first assertion follows from the description of ¥! given in Proposition 8.3.1.
The rest follows from it. O

8.5. The s-decomposition. With the notation of Section 2.5, we denote by T the complex
torus with character lattice X*(7') = X..(T'). In all that follows, we always identify in the notation
the algebraic groups over C with their groups of C-valued points. Let Z]%I be the connected

center of the Langlands dual M of M. It is also the neutral component of the subgroup of T
defined as the intersection of the kernels of the characters a", where @V runs over the coroots
of T in M. Let us note that we have

T/Zy; = Homz (X.(T 0 Maer). C).

Let (T/ Z[%[)tors be the subgroup of torsion points of T/ Z]%[. Let Q be the algebraic closure of Q

in C. We fix an embedding of Q into Q,. We then have the natural inclusions
-~ —X —X
(T/Z%)tors - HomZ(X*(T N Mder), Q ) C HomZ(X*(T N Mder), Qf )

The action of the Picard stack J! on M¢ over A induces an action of J' on MM ~Par gyer

Uy, hence an action on each perverse cohomology sheaf PH'(R ff ’M_par@g) of R ff ’M_pang.
By the homotopy lemma (cf. [27, Lemma 3.2.3]), this action factors through an action of the

sheaf 7o(J"') on PH(R ff ’M_par@f)'
Theorem 8.5.1. — Forall s € (T/Zl%)tOrs andi € Z, let

. M—par—
PH(RFEMTPIQy),
be the sum of the s’-isotypic components of the finite commutative group

C(Un, mo(T )

acting on the perverse cohomology sheaf PH'(R ff’M_par@[), for the characters s’ €

Homgz (I' (U, mo (T 1)),@?) which induce the character s on X.(T N Mge) via the mor-
phism (8.4.1).
We then have the following assertions :
1. if L is an element of L (M) and if a is a geometric point of ?IEH such that the fiber

PHI(R ff ’M_par@g)a’ s IS nonzero, then there exists a lift § of s to TV,
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2. there are only finitely many s for which
PHI(RFEYTPNQy), £ 0;
3. we have the following decomposition :

(8.5.1) PHIREM M) = ) PHIRETTNT),

s€ (T/Z%I\)tors

Remark 8.5.2. — When M =T, wehave Z; = T and the decomposition (8.5.1) is tautological.
When M = G, the above theorem is due to Ngo.

Proof. — Since I'(Uy, mo(J ")) is a finite commutative group (cf. Proposition 8.3.1, assertion
5) which acts on PH!(R ff ’M_par@g), we have a decomposition of the cohomology into a direct
sum of isotypic components indexed by the characters of I'(Uy, 1o(J')) with values in Q.
Such a character induces a character of finite order of X, (T N M) via the morphism (8.4.1) of
Lemma 8.4.1, hence an element of (f/ Z]%[)tors- The decomposition (8.5.1) follows from this, as

does the finiteness in assertion 2.
Let L € £9(M) and let a be a geometric point of ﬂeLll. We thus have W, ¢ W’ by

virtue of Proposition 8.2.1. The group I'(Uys, mo(J ")) acts on the fiber PH! (R ff ’M_par@g)a, s

via the restriction morphism I'(Uyy, mo(J 1)) — 70(J;'). Let s’ be a character of the finite

group mo(J,!) such that PH'(R ff ’M_par@g)a’s has a nonzero s’-isotypic component. Then, by

definition of the s-part, the character s* composed with the morphism X.(T N Mger) — 71o(F;})
gives back s. Now this last morphism factors through Y (cf. the commutative diagram (8.3.1)).
But we have (cf. Proposition 8.3.1 and its proof)

Y, = Im(X.(T N Laehw, = Xu(Dw,) = Ker(X.(T)w, — X.(L)).
The morphism X, (T N Mge;) — Y. is dual to the morphism
V7% - T7/20,.

The character s” of mo(J!) induces a character of Y,!, denoted §, which is an element of TWa / Zg

whose image in T/ Zjow is s. Assertion 1 follows from this. O

Corollary 8.5.3. — Let s € (T/Z%)tors and j : ﬂeGH — Ag. We then have the following
decomposition :

- ~ M—par= - —=
S CH (RN = EDPHI(RFEMQ)y,
s’
where the sum is taken over the s’ € (f/ Z%)tors with image s under the canonical map
7170 170
/2% —T/Z%.

Proof. — Over the open subset A°!!, the group I'(Uyy, mo(J ")) acts on

JECH(RFEMTPQ))

via the restriction morphism I'(Uy, 70(J 1)) — T(AN, 19(J")). The corollary is then an
obvious consequence of the commutative diagram

X*(T N Mder) X*(T N Gder)

| |

T(Up, 70(J ")) —=T(AY, 70(T ™))

which follows from Lemma 8.4.1. O
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9. The open subset A"

9.1. The main statement. In this section, we keep the notation of the preceding sections. In
particular, C is a projective, smooth and connected curve over k of genus g equipped with an
effective divisor of degree > 2g and with a closed point co outside the support of D. The pair
(G, T) consists of a connected reductive group G over k and a maximal subtorus 7. The Weyl
group WY is denoted simply by W in this section. We also recall that the characteristic of k does
not divide the order of WC. Let Ag be the smooth k-scheme defined in Section 4.4. Following
Ngo, we are going to define an upper semi-continuous function on Ag, which will be denoted
by ¢ (cf. §9.15). Ata € Ag(k), this function is given by

§a = dimy (H°(C, (t & 7y, +(pasO0x,/Or,))")),

where my : Y — C is the cameral covering of C associated with a (cf. §7.1) and p, : X, — Y,
is the normalization morphism. We then lay down the following definition.
Definition 9.1.1. — Let ﬂg"“ C Ag be the largest open subset of Ag such that, for every

Zariski point a € A", the following inequality holds:
codimg,, (a) > 6

Remark 9.1.2. — Since ¢ is semi-continuous, the condition 6, = ¢ defines a locally closed
subset As of Ag. By the noetherianity of Ag, there are only finitely many ¢ for which Ajs is
nonempty. The open subset ﬂg"n is the complement of the irreducible components A of the
strata As which satisfy

codimg,, (Af) < 6.

A priori, ﬂg"“ may be empty. If the base field is of characteristic zero, Ngo has shown that
one has in fact Jﬂg"“ = Ag. For our base field k, Theorem 9.1.3 (and the remark that follows)
shows that the open subset ﬂbon is large enough. Before stating this theorem we are going
to introduce certain divisors. Let M be a reductive group equipped with an embedding of 7',
which is dual to a subgroup of G containing T. In this context, we defined in Section 2.7 the
discriminant D™ on cary,. It determines a divisor of car,; which is G m.k-1nvariant. We deduce
from it a divisor DM of cary, p. Let B € P(T) be a Borel subgroup of G. Again in §2.7, we
defined a homogeneous function Rﬁ on cary. Let SRfl be the divisor on cary; p deduced from
it. Since Rﬁ depends on the choice of B only up to a sign, the divisor ‘Rfd does not depend on
the choice of B. For this reason, we denote it ‘Rz

Theorem 9.1.3. — Let M be a reductive group over k dual to a subgroup of G containing T
and let a = (hgy,t) € Ay (k) be such that there exists a finite set S of closed points of C such
that
1. the curve h,(C) traced in caxy p satisfies, for every ¢ € C — S, one of the three following
hypotheses:
(a) hy(c) does not belong to the divisor ‘Rgl U DM,
(b) at the point h,(c), the curve h,(C) does not meet ‘Rg[ and meets transversally the
divisor DM, which is smooth at the point hy(c) ;
(c) at the point hy(c), the curve h,(C) does not meet DM and meets transversally the
divisor 911?4, which is smooth at the point h,(c) ;
2. for every c in S, the intersection multiplicity of h,(C) with the divisor DY is strictly
bounded above by
21817 /W™ (deg(D) - 2¢ +2).

Then the image of a in Ag belongs to the open subset &Zlgon.
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Remark 9.1.4. — Leta = (hg,t) € Ag(k) be such that ,(C) meets the divisor DC transver-
sally. Then a = (h,,t) belongs to the open subset ﬂg"n. In particular, ﬂg"“ is nonempty.
The rest of the section is devoted to the proof of this theorem.

9.2. The moduli problem B¢. Inspired by the cameral curve of Donagi—Gaitsgory (cf. [12]),
we are going to consider the following moduli problem Bg;. To a k-scheme S we associate the
set of isomorphism classes of commutative diagrams

X / tp X S
|
C xS,

where X is a projective and smooth curve over S, with not necessarily connected geometric
fibers, equipped with an action of W, r is a finite, W-invariant and flat morphism, and f is a
finite and W-equivariant morphism. Moreover, these data satisfy the following condition: the
morphism 7 is étale and Galois with Galois group W above oo X S and the morphism f restricted
to 11 (co X ) is injective.

We leave it to the reader to verify the following representability statement.

Lemma 9.2.1. — The moduli problem B is representable by a k-algebraic space of finite type.

9.3. The scheme Ag. Let Ag be the smooth scheme such that for every k-scheme S the set
Ag(S) is the set of sections a of carp XS over C X; S which send the S-point co X S into the
G -regular open subset carr;g. We have the following formula for the dimension of Ag (cf. [29,
Lemma 4.13.1]):

(9.3.1) dimg (Ag) = deg(D)(dim(G) + rank(G))/2 + rank(G)(1 — g).

Lemma 9.3.1. — Let S be a k-scheme and (X, n, f) € Bg(S).

1. The formation of the quotient scheme X | |W commutes with every base change S’ — S.

2. The morphism X /|/W — C X S induced by &t is an isomorphism.

3. The morphism f defines, by passing to the quotient by W, an element ay € Ag(S); the
map f > ay defines a morphism, denoted s, from B¢ to Ag.

Proof. — LetS” — S. Since the order of W is invertible in k, for every S’-algebra equipped
with an action of W over S, the functor of W-invariants is given by the average over W, which is
S’-linear. Assertion 1 follows.

Let us next deal with assertion 2. The Ocx, s-module .. (Oy) is flat and of finite type, hence
it is locally free. Since the order of W is invertible in k, the Ocx,s-module £ = m.(0x)"
is a direct factor of m,.(Oyx). Consequently, L is also a locally free Ocx, s-module. Since the
morphism 7 is étale Galois, with Galois group W, above oo X S, the unit section

& : Ocxys — (m.0x)"

is an isomorphism in a neighbourhood of co X S. In particular, £ is an invertible Ocx, s-module.
Let us decompose the identity of L as

L—- L&, L L,
where the first arrow is £ ® 1 and the second is the product of the algebra £. Since £ is invertible,
sois L ®0cy, s L, and the two arrows above are necessarily isomorphisms. It follows that € is
an isomorphism and assertion 2 is proved.

Assertion 2 implies that f defines, by passing to the quotient, an element a; € Ag(S). We
indeed obtain a morphism by assertion 1, whence assertion 3. m|
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9.4. The invariant 6 and the strata Ags. Let S be a k-scheme and (X, «, f) € Bg(S). By
assertion 3 of Lemma 9.3.1, we deduce from it a section a of carp X;S. Most of the time
we shall leave a implicit and shall write simply 7 : ¥ — C X; S for the cameral covering
g+ Y, — C Xi S of Section 7.1 (it is not to be confused with the universal cameral covering
denoted Y in §7.1). We thus have a commutative diagram

T

9.4.1) X Y tp Xi S

Nk

C x; S —% carp XS

b

Cx; S

with cartesian square, where

— p is the normalization morphism of the cameral curve Y ;

— p is the canonical projection ;

— Carp = carg p;

— x is the morphism )(g p of Section 7.1.
This diagram is obtained by the base change S — B¢ associated with (X, 7, ) from the
universal diagram

Ix

/_\

(942) X Y tD X Bg

PX fy
NG |
X

C X Bg —— carp X Bg

\lp

C X Bg,

where X the universal curve over B and VY is the universal cameral curve over ¢ X Bg.

Lemma 9.4.1. — The morphism  : B — Ag (defined in Lemma 9.3.1, assertion 3) induces
a bijective map on the underlying topological spaces.

Proof. =~ — Let us first show that the induced map on the underlying topological spaces is
surjective on closed points. Let a be such a closed point. Its residue field is the algebraically
closed field k. In particular, a is identified with a section of carp over C. Let Y be the associated
cameral curve. It follows from the fact that a is generically regular that Y is geometrically
reduced. Let X be the normalization of Y. We then know that X is smooth (cf. [17, Prop.
17.15.14]). According to diagram (9.4.1), we obtain a triple (X, , ) which is a k-point of B¢
with image a. This proves that all the closed points of a are reached by the morphism B — Ag.

Let a be a non-closed point of the topological space underlying As. Let a be its closure.
We have to see that a belongs to (¢! (@)). By Chevalley’s theorem, this is a constructible set.
By [15, Chap. 0, Prop. 9.2.3], we have the following alternative on @ Ny (¢~ (a)):

— either this subset contains a nonempty open subset of @ and hence a ;
— or this subset is rare in a.

We have to exclude the second possibility. The latter means that the closure of ¢ (~'(a)) in a
has empty interior. In particular, the closure of ¢ (' (a)) in a is strictly smaller than a. There
is therefore a closed point of @ which is not in the closure of ¢ (! (a)). But this is not possible
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since, as we have seen, such a point always lies in ¢ (¢ ~!'(@)). We have thus ruled out this
second possibility and thereby finished the proof of surjectivity.

Injectivity is obvious since every triple (X, , f) of B with image a € Ag is obtained, after
a suitable extension of scalars, by normalization of the cameral curve associated with a. m]

Let ps : C X Bg — Bg be the projection onto the second factor. By the definition of Bg,
the Op,-module
P2:TTY (px«Ox/Oy)

is locally free. Since the characteristic of k does not divide the order of W, the same holds for
the Op,,-module

(9.4.3) (t ®k P27y« (pxOx/0y))" .

Definition 9.4.2. — Let 6 : B — N be the locally constant function on B¢ given by the rank
of the locally free Op-module (9.4.3).
Let 6 : Ag — N be the constructible function on A defined for every a € Ag by

6(a) = 6(b),
where b € Bg is the unique point such that ¥ (b) = a.
Remarks 9.4.3. — The existence and the uniqueness of b were proved in Lemma 9.4.1. The

constructibility of 6 on Ag follows from Chevalley’s theorem.
Let K be an extension of k and (X, n, f) € Bg(K). Then, with the notation of diagram
(9.4.1) for S = Spec(K), we have

§(X,m, ) = > 6e(X,m, ),

where the sum is taken over all the closed points ¢ of C X; K and the local invariant ¢, is the
following length:

5c(X, 7, f) = long((t ® 7y« (pOx/Oy)!).

This invariant vanishes at a point ¢ such that Y is smooth at every point y € Y above c. We also
have the following formula:

(X, m, f) = dimg (H'(C x¢ K, (t ® 71y, (0.0x/Oy))").
Proposition 9.4.4. — The function 6 on Ag is upper semi-continuous.

Proof. — Since the function ¢ is constructible, it suffices to show that for every morphism
from a trait S to Ag one has 6(n7) < §(s), where s and 7 are the closed and the generic points of
S. Such a morphism from S to A is interpreted as a section of carp s over C X; S. Let Y be
the relative cameral curve over S deduced from it. Let X be the normalization of Y. We are thus
in the situation of diagram (9.4.1), whose notation we use. The generic fiber of Y is generically
reduced. Up to replacing 7 by a radicial extension and S by its normalization in this extension,
we may assume that the generic fiber X;, of X is smooth (cf. [17, Prop. 17.15.14]). The triple
(Xy, 7y, fy) deduced from (X, n, f) by base change to i defines a point of Bg, with values in
the residue field k(77) of n, above a(n). We therefore have

8(n) = dimy () ((t & H(Cy 7y, 1 (py.Ox, [ Or,))™).
Since the Og-module t ®; H(C, ny .(p.Ox/Oy)) is flat, the Os-module
(t & H(C, nty . (p.Ox/Oy))Y,
which is a direct factor of it, is flat too. It follows that we also have

6(n7) = dimy () ((t & HY(Cy, 7y, 1 (p5.,0x,/Or)N™),
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where we denote by an index s the base change to s, and by k(s) the residue field of 5. Again,
up to replacing k(s) by a radicial extension, we may assume that the normalization, denoted Xj,
of Y, is smooth. Let p; be the normalization morphism X; — Y;. We then have

8(s) = dimy () ((t ® H(Cy, 7y, 4 (55,0, /Oy ))™).
Since we have p;.Ox s C P50y, , we deduce the desired inequality 6(17) < 6(s). O

To conclude this paragraph, let us introduce the following definition.
Definition 9.4.5. — For every natural number 9, let A 5 be the locally closed subset consisting
of the a € Ag such that §(a) = 6.
Remarks 9.4.6. — By Proposition 9.4.4, the union ( Js- 5 Ag s is closed. The open subset Ag
contains in particular the open subset of the a for which the cameral curve Y, is smooth.

In what follows, under certain conditions, we shall bound above the dimension of the strata
AG,(S-

9.5. Cotangent complex for a point of Bg (k). Let (X, n, f) be a point of B (k). The
deformation theory at this point for B¢ is controlled by the complex

RHomo, (Lx /1, ox)",

where the cotangent complex Ly 1, is here a perfect complex of length 1 concentrated in degrees
—1 and 0,

Lxjip = [ Qupie = Q4] = [f*Qtpjc = Q]
whose arrow is df. This complex has two cohomology sheaves, namely
H™' (Lxyt,) = Ker(f*Qy o = Q)
which is a vector bundle on X of rank the rank of the group G, and
HO(Lxjtp) = Coker(f'Q, jc = Qyje) = Ly
which is a torsion Ox-module on X.
9.6. Cotangent complex for a point of Ag (k). In an analogous way, the deformation theory
of Ag at a point a € Ag (k) is controlled by the complex
RHomo, (Ly t,, Or)",
where Y =Y, is the cameral curve and
*0l 1 71~ r1¢0l 1
Lyjp = [y @, = Qypd = Q0 = Qy)cl

is a perfect complex concentrated in degrees —1 and 0, the arrow being given by dfy. This
complex is quasi-isomorphic to H~'(Ly i) [1].

Lemma 9.6.1. — We have

-1 k% 1 * %k 1
H (LY/tD) = frx QcarD/C = Tya Qcal:D/C'
Proof. — The morphism y induces the exact sequence
(961) O - X*Qiatp/c - QED/C - QED/CC(I'D O

Let us show the left exactness, the only one that is not obvious. Since y is generically étale, the
sequence is generically left exact. Since carp is smooth over C, the O;,-module X*Qiaru e is
locally free and cannot contain a nontrivial torsion module.

Since my is obtained from y by the base change given by a : C — carp, we have any = x fy
and

1 *y1
(9.6.2) Q1//C = fYQtD/carD'
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Consequently, applying the functor f; to the sequence (9.6.1), we obtain the exact sequence

(9.6.3) 0— f;X*QiarD/C - f;QtlD/c - Q‘Il//C — 0,
where the left exactness is seen as before, whence the lemma. O

Lemma 9.6.2. — Leta € Ag(k) andY =7,,.
1. There is no obstruction to deforming Y — tp and Ag is smooth at the point a; in other

words we have
Exty, (Lyt,.0r)" =0;
2. the tangent space to Ag at the point a is the space
Ext! (Ly 1, Oy)"
which is of dimension dim(Ag).
Proof —1Leti € {0,1}. Since H! (Ly/t,,) is locally free, we have
Ext™! (Lyt,,, Oy) = Ext'(H ™' (Lyy1,). Oy)
= H'(Y, Homo, (H™' (Lyt,,), Oy)).
By Lemma 9.6.1, we have
Homyg, (H! (Lytp,), Oy) = my Homo,. (a*Q! Oc¢).

carp/C?

Let n be the rank of G. There exist n homogeneous elements (71, ...,t,) of k[t] of degrees
el,...,e, such that k[t]V = k[z,...,t,] and 23", e; = dim(G) + n (cf. property 33 of the
summary of [9]). Using these elements, we obtain an identification

n
*y1 ~ .
a'Ql. e = P O0c(-eiD)
i=1
hence an isomorphism

Hom(Ly,,,Oy) = mry EB Oc(e;D).
i=1
Thus we have

n n
Ext™ (Lyp,.Oy) = H' (Y. 7y @5 Oc(eiD)) = H'(C. 1y .1ty @) Oc(e:D)).
i=1 i=1
By the projection formula, we have

ny 7ty P Oc(eiD) = v .0y &0, ) Oc(eiD).
1

n
i=1 i=
Passing to the invariants under W, we find

Ext*!(Lyi,,0r)" = H'(C, (ny.Oy)" ®0, @ Oc(eiD))
=1

= H'(C, Oc(eiD))
i=1
since (my .Oy)" = Oc. The result follows from the Riemann—Roch theorem. O

9.7. The invariant k. Let us consider the universal situation of the commutative diagram
(9.4.2). Let Lx/t,,xB,; be the cotangent complex of X relative to tp X Bg. Let

K = pru(mx o (H ™ (Lxjtpxea) ®ox L joxe,)”
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which we view as a coherent Og-module on B¢ (cf. [20, Cor. 2.3.11]).

Definition 9.7.1. — Let « : B — N be the upper semi-continuous function defined for every
b e Bg by
k(b) = dimyp) (K ®0,, k(B)),
where k(b) is the residue field of b.
Let « : Ag — N be the constructible function defined by

k(a) = k(b),
where b is the unique point of Bp with image a under the bijection ¢ of Lemma 9.4.1.
Remarks 9.7.2. — The semi-continuity of « on B is an obvious consequence of Nakayama’s
lemma. The constructibility of x on Ag follows from Chevalley’s theorem. In general, the
function « is not semi-continuous on Ag;. One can show however that it is semi-continuous on

the strata Ag s of Definition 9.4.5.
Let (X, n, f) € Bg (k). For every closed point ¢ of C, let

(9.7.1) ke(X, 7, f) = long(m.(H ™ (Lx ) ®0x Ly 0)d)-

Remark 9.7.3. — For every Ox-module £, we denote, by abuse, by . (£)" what should more
correctly be denoted (r,.L)".
We then have

(9.7.2) axnjjzzygxnjy
ceC
This sum is of course with finite support. More precisely, we have the following proposition.

Proposition 9.7.4. — For every closed point c of C at which one of the two following conditions
is realized:

— X is étale above ¢ ;
— Y is smooth above c,

one has k.(X,n, f) = 0.
Proof. — Let x be a closed point of X such that 7 is étale at x. We thus have

1
QX/C,)c =0

and . (X, «, f) = 0 for every closed point ¢ of C such that r is étale above c.

Let us next place ourselves at a point ¢ above which Y is smooth. In this case, locally above
cwehave X =Y, m = my and H~'(Ly) = H'(Lx). Using Lemma 9.6.1, we thus have, locally
above c,

W_I(Lx/tD) = 1*a*Q!

carp/C*
The projection formula then gives

(m(H (L) ®0y Q%)) = (@ Qe 10 B0 (1R ;)™
which vanishes since

(9.7.3) 7 (Qy, )" = 0.

Indeed, this last module is the quotient of 7. (Q}( / k))W = Qlc n (cf. assertion 2 of Lemma 9.11.1)
by
m(ﬂ*Qlc/k))W = Qlc/k ®0c .(0x)V = Qlc/k

since 7. (Ox)" = Oc. O

9.8. Smoothness of Bg. Here is a condition, in terms of the function «, sufficient for a point
of B (k) to be smooth.
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Proposition 9.8.1. — Let (X, n, ) € Bg (k) be such that
deg(D) >2g -2+ «(X,m, f).
Then one has
Exty, (Lx/t,.Ox)" = (0)
and Bg is therefore smooth at such a point.
Proof. — We have
Ext, (Lx/t,.Ox) = Exty, (H ™' (Lxt,). Ox).

By Serre duality, this k-vector space is dual to HO(X, H ' (Ly Itp) ®0x Q}( /k). Passing to the
module of invariants under W (which is isomorphic to the module of co-invariants since the
order of W is invertible in k), one sees that the desired vanishing is equivalent to

H (X, H ' (Lxp,) ®oy Qi/k)w =0
or again
(9.8.1) HO(C, FL(Q;(/k)) =0,
where F is the exact functor from the category of Oy-modules to that of Oc-modules defined
by
FL(L) = m(H " (Lxpy,) ®0x L)V
Let us apply the functor F7 to the exact sequence of Ox-modules

(9.8.2) 0—10Q., ol ol

C/k X/k xX/cC 0.

We obtain the exact sequence of O¢c-modules
0 — FL(r*Qp) — FL(Qy)) — FL(Qy,0) — 0.

The module F L(Q; /C) is torsion and its length is x(X, «, f), by the very definition of this

invariant. There is therefore an effective divisor K on C, of degree bounded above by (X, 7, f),
such that

FL(m*Qe)) € FL(Qy ) € FL(m" Qe ) (K).
To prove (9.8.1), it therefore suffices to prove that one has
(9.8.3) HY(C,FL(n*Q 1K) = 0.
Now, by the projection formula, we have
(9.8.4) Fr(n* Qg ) = 7 (H N (Lxjtp)” ®0c Q- -

1
tp/C’

(9.8.5) w(H (Lxjip)Y = m(H (Lxpy) = m(F° o)

From the obvious injection H~!(Ly ) = fQ we deduce the injections

whence, by tensoring with QIC / . (K) and by the isomorphism (9.8.4), an injection

(9.8.6) Fr(n* Qg ) (K) = ey 1¢) ®oc QL 1 (K).

We are going to prove that one has

(9.8.7) H(C, m.(f*Qy ,¢) ®oc Q) (K)) =0,

which will prove (9.8.3) and hence (9.8.1). The above vanishing is equivalent to

(9.8.8) HY(X, f*Q ¢ ®ox T°Qp (K)) = 0.
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Let t¥ be the dual of the k-vector space t. We then have an isomorphism

Q o=t & x*p*Oc(-D)
whence

f*QtlD/C =tV @ 1°0c(-D).
Hence the vanishing (9.8.8) is equivalent to the vanishing
(9.8.9) H(X, n*(Qlc/k(K - D))) =0.
But, for this last one, it suffices to have

deg(Qg (K = D)) <0

that is

deg(K) < deg(D) —2g + 2.
Since deg(K) < k(X, m, f), the condition

k(X,m, f) <deg(D)—2g+2
is sufficient in order to have the vanishing (9.8.9), hence the vanishing (9.8.1) and hence
EXIZOX(Lx/tD, Ox)W = (0). O

9.9. Estimating the dimension of Bg at smooth points. The aim of this section is to prove
the following proposition.
Proposition 9.9.1. — Let (X, n, f) € Bg (k) be such that

Ext*(Ly/t,,O0x)" = 0.
We have the inequality
dimy (Ag) — dimy (Ext' (Lxyt,,, Ox)") > 6(X, 7, f).

In the proof of Proposition 9.9.1, it will be convenient to have the following definition at our
disposal.
Definition 9.9.2. — Let F be the functor from the category of Ox-modules to that of O¢-
modules defined, for every Ox-module £, by

FQ(L) = 7T*(~£ ®OX Q}(/k)w
Remark 9.9.3. — The functor Fg, is exact.
Proof. — Under the condition
Extp, (Lx/t,.0x)" =0,
the desired inequality is equivalent to
deg(Fa(p*Qy ) — deg(Fa(QY ) > 6(X, 7, f)

by Proposition 9.10.1 of §9.10 below. Combining Lemmas 9.10.2, 9.10.3 and 9.10.4 of §9.10
below, we obtain

deg(Fa(p"Qy ) = 6(X. 7. f) + deg((t" @ mQy )0)").
The desired inequality is therefore equivalent to
deg((t” ® 1.Qy /C)W) — deg(Fo(Qy 1) > 0.
For this it suffices to check that we have
dimy (1" ® 7.2} 0)¢) > dimy (Fa(Qyc)e)

for every ¢ € C(k). Now this last inequality follows from assertions 3 and 4 of Lemma 9.11.1
of §9.11. O
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9.10. In this paragraph we state and prove some results which occur in the proof of Proposi-
tion 9.9.1.
Proposition 9.10.1. — Under the condition

Ext}, (Ly . Ox)" =0,
we have
dimy (Exty, (Lx/t,, Ox)") = dim(Ag) + deg(Fa(Qy,¢)) — deg(Fa(p"Qy ).

Proof. — For every k-vector space V, we denote by VV its dual. By Serre duality, we have
Exty (Lx/t,,Ox)" = H' (X, Lxt,, ®0x Q)
and therefore . .
(Exty (Lx/tp o)W = H'(C, Fo(Lxp))-
The hypothesis of the statement is equivalent to
H™(C, Fa(Lxpy)) = 0.
We also have, fori > 1, .
H'(C,Fo(Lx,)) = 0.
The dimension we are looking for, namely dimy (Ext})X(L X/tps Ox)"), is equal to the Euler-

Poincaré characteristic, denoted x (C, Fo(Lx/t,)), of RI'(C, Fo(Lx/t,)). We have a distin-
guished triangle

P Ly, = Ly, — [p*Qllf/C - Qi(/C] -
and therefore a distinguished triangle
Fao(p*Lyt,) = Fa(Lxjt,) — [FQ(P*Q)I//c) — FQ(S);(/C)] -,

where the last complex is concentrated in degrees —1 and 0. Consequently we have the equality
between Euler-Poincaré characteristics

By the Riemann-Roch formula, the difference

x(C, Fo(Q)) = x(C, Fa(p*Qy )
is equal to deg(FQ(Q}(/C)) - deg(FQ(p*Qll//C)). It remains to compute

X(C, Fa(p*Lyp,)) = —x(C, Fa(p"H ' (Lyt,))).
By Lemma 9.6.1, we have
p*q-{_l(LY/tD) = p*ﬂ;a*giam/c = ﬂ*a*QiarD/C'

By the projection formula, we therefore have
Fa(p"H ™ (Lypy)) = a’Qly, o 800 m.(Q) )Y

Now (ﬂ*Q}(/k)W = Qé/k (cf. Lemma 9.11.1, assertion 2) and one may identify a*QiarD/C with

@:;1 Oc(—e;D) (cf. the proof of 9.6.2). Hence, using the Riemann-Roch formula, we have

X(C,Fa(p*Lypy)) = = ) x(C,Qp, (—eiD))
i=1
= (e1+---+e,)deg(D) —n(g - 1)
= dim(Ag).

This completes the proof. O
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Lemma 9.10.2. — We have the following equality
deg(Fo(p*@L0)) = deg(Fa(f QL o)) - deg(Fa(f"x* QL. 1c))-

Proof. — Let us apply the functor f* to the exact sequence (9.6.1). We obtain the sequence

0— fx° carD/c_’f Qt /c_’f QtD/carD —0

which is exact (left exactness is seen as that of sequence (9.6.3)). It follows from (9.6.2) that

f *QtlD Jearp = p*Qll/ i Applying the exact functor Fg to the above sequence, we obtain the

desired relation. O

Lemma 9.10.3. — We have
deg(Fo(f*Q ) - deg((t’ @ 7.(0x)" @0, QL (~D))
= deg((t" ® m.Qy ).

Proof. — Letusidentify Qt ic with y*p*(tY®;Oc(-D)) and f* Qt ic witht¥®;n*(Oc(=D)).
By the projection formula, we have

(9.10.1) Fa(f*Q, c) = (1 & 7.(Qx )" ®, Oc(-D).
and
(9.10.2) (t" & 7.0x)" ®0. Qf e = Tt @ Q! e

Starting from the exact sequence (9.8.2), we see that we have an exact sequence
0 — 7. (1 & 7°Q) /k)W( D) — m.(t¥ & Q! /k) (=D)
—s m.(tY ® QX/C)W(—D) — 0
which we rewrite, using (9.10.1) and (9.10.2), as
0 — Fo(f'Qy ) — (¥ & 1.0x)" ® Q) (=D)
— (1Y e Q) )" (=D) — 0.
The announced equality follows from this since we have
deg(m, (1" ® Q)" (-D)) = deg(m.(t" & Q%))
in view of the fact that 7, (1" ®; Q! X/ C)W is a torsion O¢-module. O
Lemma 9.10.4. — We have
deg((tV ® 7.(0x))" ®0, QL) (~D)) — deg(Fa(f X" Qlyy, ) = 6(X. 7. f).

Proof. — We shall show the following isomorphism

(9.10.3) Fa(f* X" Qi c) = 7 & 1v..0n)" @0, Q) (-D)

which immediately gives the result.

Let us start from the relation (cf. Lemma 9.11.1, assertion 1)
1 w
‘QcarD/C X*(Q D/C)

Now Qtl e is identified with t¥ ®; x*p*Oc(—D). We therefore have

QEGID/C (t ®k X*OtD) ®Ocar *OC(_D)
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Consequently we have

(9.10.4) a* Q! = (t¥ & a*x.01p)" ®0. Oc(-D)

carp/C —

= (tY & 71v..0y)" ®0. Oc(-D)
since a* Oy, = my »Oy. Now we have

* %yl __x _xnl1
f)(QcarD/C—ﬂaQ

carp/C-

Consequently, by the projection formula, we have

(9105) FQ(f*X*QiarD/C) = a*giatD/C ®OC ﬂ-*(Q}(/k)W

_ xn1 1
=da QcarD/C ®0c QC/k’

the last equality resulting from 7,.(Q}, / DV =Ql /i (cf. Lemma 9.11.1, assertion 2). Combining
lines (9.10.4) and (9.10.5), we do obtain (9.10.3). m|

9.11. Some auxiliary lemmas. We collect in the following lemma some results which have
been used in what precedes.
Lemma 9.11.1. — Let ¢ € C(k). We have the following relations:

1 W _ Ol .
L. X*(QtD/C) - QcarD/C’

2. 1 (Qy ) = Qp
3. dimg (1Y ® ﬂ*Qi/C)XV) = dim(t) — dim(t"~) where W, c W is the stabilizer of a point
x € X(k) above c;

. 0 if X is étale above c;
4. dimy(Fa(Q),0)o) = { /

1 otherwise.
Proof. — Let us prove assertion 1. We deduce from (9.6.1) the exact sequence

0— (XX Qg ) — Q)"

But, by the projection formula, we see that the adjunction map Q! !

carp/C - X*X*QcarD/C
identifies QlarD e With (x. X*QlarD /C)W. Choosing a trivialization of the bundle £p in a

neighborhood of a point of C(k), we are reduced to proving

X (Qtl/k)w = Q|

car/k’

where we denote by y the canonical morphism t — car. Let k(t) be the field of fractions of the
ring of regular functions on t. Since y is generically étale, we have

k(t) ®pt] Q:/k = k(t) ®gyw Qiar/k
whence

©.11.1) (k() @y Q)" = (k(H) &y w Q|

car/

w w 1
k) = k(1) Ok [t]W Qccu:/k'
Lettq,...,t, and 0, ..., 0, be homogeneous elements of k[t] such that k[t] ~ k[t,...,1,]
and k[t]V ~ k[0, ...,00]. LetdX € X*(Qtl/k)w. By (9.11.1), there exist b1, ..., b, in k()W
such that dX = 3" | b;do;. Leti be an integer 1 < i < n. The form

doy N ANdZ A - ANdoy, € /\Qg/k,
where dX replaces doy, is invariant under W. On the other hand, this form is equal to

bidoy N ---Ndoy, = bjlJdty A -+ ANdty,
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where J is the Jacobian determinant det(g—;']f). We therefore have b;J € k[t]. The invariance

under W of the above form implies that b;J is anti-invariant, that is to say we have, for every
weW,

W(bl.]) = det(w)biJ,

where det(w) is the determinant of w acting on t. Now the set of anti-invariant elements of & [t]
is k[t]"J (cf. [9, Prop. 6, Chap. V1). This proves that b; € k[t]", whence assertion 1.

Let us pass to the other assertions. Throughout the proof we shall use the following notation.
We denote by ¢ a point of C(k). Let O¢ . be the completion of the local ring of C at ¢ and F,
the field of fractions of Oc .. The F,-algebra Ox Xo,. F. is a finite product of fields which are
finite tamely ramified extensions of F,. They correspond bijectively to the points of X (k) above
c. Let x be such a point and F, the corresponding field. The integral closure of O¢ . in Fy is the
completion Oy of the local ring of X at x. The Weyl group W acts on the fiber of X above c.
Let W, € W be the stabilizer of x. Since the characteristic of £ does not divide the order of W,
this subgroup is cyclic; it depends on the choice of x only up to conjugation. The choice of a
uniformizer @ of Ox , makes it possible to identify this ring with the formal power series ring
k[[w@]], and the action of W, on Oy is identified with the continuous action of W, on k[[@]]
which acts by a primitive character ¢ on the uniformizer @. Let m be the order of W,. Then the
subring Oc . is identified with the subring k [[@™]].

Let us prove assertion 2. It suffices to prove it in the formal neighborhood Spec(Oc ) of the
point ¢, in which case it reduces to the isomorphism

1 W, _ Al
(o) = Ligramy e

is the k[ [@™]]-module k[ [@]]d@. Hence its module of invariants under W,

1
Now 7 (w114

is
k[[o"]]o™ 'do = k[[o™]]de™
which is indeed the module Q/i[[mm]] e
Let us prove assertion 3. We have

)"

c

| - 1
(1" o ﬂ*QX/C)Z‘/V = (t' & ”*QOx,x/Oc.

and n*szgx /0., s identified with the k[[@"™]]-module k[[@]]d@ /" 'k[[w]]dw. Hence,

as a representation of W,, it is the sum of the characters ¢’ for 1 < i < m with multiplicity 1.
Let t; C t be the isotypic component of t on which W, acts by the character ' for 0 < i < m.
We therefore have

m—1
dimy ((tY & H*Q(l)xyx /OC,C)Wx) = Z dim(t,,_;)
i=1

= dim(t) — dim(t"*)

whence assertion 3.
Let us prove assertion 4. If X is étale above c, we have Q!

X/Cx = 0, whence the desired

vanishing. If X is not étale above ¢, we have m > 2. By definition, we have FQ(Q}( /C) =
7. (Q /¢ ®ox Q) / Y. We therefore have
Fa(Q)c)e = 7(QY ¢ ®ox Q)0
~ (k[[w]]dw @ dw|o™ k|[[w]]|dw & dw)W~
~ k[[@"]]/o"k[[@"]](0"*dw & dw)
whence the assertion on the dimension. O
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9.12. The Ngo6-Bezrukavnikov formula. Ng6 has related the local invariant .. to the dimension
of an affine Springer fiber (cf. [29, Prop. 3.7.5 and Cor. 3.8.3]). On the other hand, Bezrukavnikov
has proved (cf. [7]) a formula stated by Kazhdan-Lusztig (cf. [21]) for this dimension. Combining
the two, Ngd obtained the following lemma, of which we give here a direct proof.

Lemma 9.12.1. — Let (X, n, f) € Bg(k) and let a € Ag (k) be its image under the morphism
defined in Lemma 9.3.1. For every ¢ € C(k), we have the following formula:

Sc(X, 7, f) = 1/2(vale(D(a)) = dimg(t) + dim (t7)),
where W, C W is the stabilizer of a point x € X (k) above c.

Proof. — Let (X, 7, f) € Bg(k) and a € Ag(k) be as above. Let ¢ € C(k) and x € X (k)
above c. We take up again the notation of the proof of Lemma 9.11.1. By the definition of
0.(X, m, f), it suffices to prove the following two relations (where m is the order of W,):

. t ® Oxx G
9.12.1 d : = 1.(D 2
©.12.1) i (g o) =P
and
. t ®x OXx . . w
9.12.2 d - =m(d t) —d 7)) /2.
9.122) e (o) = i () = dimi (7))

Since one can find a non-degenerate bilinear form invariant under W, the above formulas are
equivalent to those obtained when one replaces t by its dual t¥. By formulas (9.10.3) and (9.10.5),
we have

(1Y & ny .Op)V = ﬂ*a*Qiar/C = f*)(*Qiar/C
and the inclusion 7*(tY ®; 7y .Oy))Y < t¥Y & Ox, is identified with the inclusion of
(f" )(*Ql ar /C)x in (f *Qtl /C)x. The dimension we are looking for is therefore equal to m times

the valuation of the Jacobian determinant J considered in the proof of Lemma 9.11.1. Now we
know that, up to a factor in k%, the square of this Jacobian is equal to the discriminant D¢ (a)
(cf. Proposition 5 of [9]). Formula (9.12.1) follows.

Let us now prove formula (9.12.2). We have

m—1
7 (t & 1.0x)Y = k[[@]]to® (P @ k[[z]]t:.
i=1

We therefore have the following formula:

t Ok OX,x
m*(t ® m.0x)V

dimy ( ) = mi(m — 1) dimy (t;)
i=1

which gives the desired result in view of the fact that dimy (t;) = dimg (t,,—;) by the existence of
a non-degenerate bilinear form invariant under W. O

9.13. A bound for k by the discriminant. The aim of this paragraph is to obtain a bound for
k by a multiple of the discriminant. Beforehand, we shall give another expression for «.
Lemma 9.13.1. — Let (X, n, f) € Bg (k) and let ¢ be a closed point of C. Then

ke(X, 7, f) = long(m.(H ™' (Lx)y) ®0y Q/0))-
Proof. — We have a distinguished triangle

P Ly, = Lxpt, — Lxy —,

where we have introduced the complex

LX/Y = [p*gll//c - Qi(/c]
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placed in degrees —1 and 0. We therefore have an exact sequence
0 — H ™ (p"Lypp) = H ™ (Lxsty) = H ™ (Lxyy) — 0
in view of the fact that H"(Ly Jtp) = 0. It follows that we have an exact sequence

ﬂ-*(q_{_l(p*LY/tD) ®OX Q;{/C)W - 7.(*(7_(_1 (LX/tD) ®OX ;(/C)W
- ﬂ*(ﬂ_l(LX/Y) ®0x X/C) — 0.
By Lemma 9.6.1, we have

H (p"Lypy) = 1°a"Q

carp/C
whence

o (H™ (p Ly t,,) ®oy X/C)W =a Qiar Jc ®ox m(Qif/C)W =0

since .. (QL, )W = 0 (cf. line (9.7.3)). It follows that we have

X/C
7 (H ™ (Lxjtp) ®oy Qﬁg/c)w = 1 (H ' (Lxy) ®0y Q§/C)W-
The lemma then follows from the definition of «.; cf. (9.7.1). ]

The following bound, although rather crude, will suffice for what follows.
Proposition 9.13.2. — Let (X, n, f) € Bg(k) and let a € Ag (k) be the corresponding point
under the morphism  defined in assertion 3 of Lemma 9.3.1. For every closed point c of C, we
have the inequality

ke(X, 7, f) < [W|/2vale(D ().

Proof. — Let ¢ be a closed point of C. By Lemma 9.13.1, we have

ke(X, 7, ) = long(m.(H ™ (Lxy) ®oy X/C) )

< long(m(H ™ (Lxyy) ®0y Qy)e)»
where the inequality results from the obvious surjection
H ™ (Lxyy) ®0y Q. = H ™' (Lxjy) ®0x Qyjc = 0.

Since we also have an obvious injection

1= H™ (Lxjy) ®oy Qj = PRy e ®ox Q4
and since we have (cf. (9.6.2))

Y/C f QtD/carD
it follows that
ke(X, 7, f) < long(m.(f~ QtD/carD X/k)W)
Let x be a point of X above c. Let W,, C W be the stabilizer of x in W and m the order of W,.. One

may therefore bound the above length by the length of the Ox ,-module ( f* Qt Jearp, ®0x ;( / P
(where one has removed the invariants under W,). Now the latter is the length of ( f* Qt Jeatp )xs

hence it is equal to the valuation (at x) of the Jacobian determinant J considered in the proof of
Lemma 9.11.1, whose square is equal to the discriminant D (a). This length is therefore

m/2val. (D (a)).
We then obtain the desired bound. O

9.14. In this paragraph we shall prove the following lemma.
Lemma 9.14.1. — Let a € Ag(k) and ¢ € C(k) be such that val.(D%(a)) = 1. Then the
cameral curve Y, associated with a is smooth above c.
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Proof. — By the Ngb-Bezrukavnikov formula (cf. Lemma 9.12.1), there exists an integer &
such that
1 = val.(D%(a)) = 26 + dimg (t) — dimy (t"),

where W, C W is the stabilizer of a point x € X (k) above c. We therefore have 6 = 0 and
dimg (1) — dimg (t¥+) = 1. Let M be the Levi subgroup of G defined as the centralizer of t"~.
Since t" is of codimension 1 in t and is central in M, the rank of the derived group of M is 1
(rank zero corresponds to M = T, which is excluded: the group W, would then be trivial). In
particular, the group W, is equal to the Weyl group of M, of order 2. The morphism X — C
in a formal completion of x is given by the inclusion k[[@?]] < k[[w]]. With the notation
of (9.4.1), we have, by the choice of a trivialization of the line bundle associated with D, a
morphism f : Spec(k[[@]]) — t xx Spec(k[[@?]]). Taking the quotient by W* we obtain
a section Spec(k[[@?]]) — cary xx Spec(k[[@?]]). We are thus immediately reduced to the
case where G = M. Using the decompositions t = 33 @ ty,, and cary = 3u @ caryy, , where
we denote by 3 and tjy, . the Lie algebras of the center of M and of the torus 7N Mye,, we are
reduced to the case where M is semi-simple of rank 1. A direct computation shows that the local
germ of the curve Y is of the form Spec(k[[u, y]]/(y?> = a(u))) with val,(a(u)) = 1, which is
indeed smooth. O

9.15. Proof of Theorem 9.1.3. The morphism forgetting the datum ¢
ﬂG — AG

makes Ag a finite, étale and Galois covering of Ag with Galois group W. Composing with this
morphism the functions ¢ and « of Definitions 9.7.1, we obtain functions still denoted by ¢ and
k. The first is upper semi-continuous (cf. Proposition 9.4.4) and the second is only constructible.

We are at last in a position to give the proof of Theorem 9.1.3. We take up again its notation:
in particular, a = (hg,t) € Ag(k) satisfies assertions 1 and 2 of Theorem 9.1.3. The condition

k <deg(D)—-2g+?2

therefore defines a constructible subset A" of A;. We shall show that this subset contains
a neighborhood of the point a. By [15, Chap. 0, Prop. 9.2.5], it is necessary and sufficient that,
for every irreducible closed subset Y of Ag containing a, the subset A" N Y be dense in Y.
For this, it suffices to prove that A" N Y contains the generic point of Y. It suffices further
to prove the following lemma.

Lemma 9.15.1. — Let K be an algebraically closed extension of k and b a morphism from
Spec(K[[u]]) to Ag with special fiber by = a X; K. Let b, be the morphism deduced from b
on the generic fiber. Then b, defines a point of Abon,

Proof. — Let hj be the section of the bundle carp X;K|[[u]] above the relative curve
C Xy K[[u]] underlying the datum of b. Let C;, and C; be the generic and special fibers of this
curve. Let § C C be the finite set of closed points of C which satisfies assertions 1 and 2 of
Theorem 9.1.3. In what follows, we identify S with a set of closed points of C; = C X; K.
Lemma 9.15.2. — For every closed point c; of C,, which specializes to a point of C; — S we
have

Ke, (by) =0,

where K, is the local invariant defined in (9.7.1).

Proof. —1If ¢, specializes to a point at which &, (C;) does not meet ‘Rfl and meets transversally

or does not meet DY, then h(C,) at ¢, does not meet or meets transversally DC. In all cases,
Lemma 9.14.1 implies that the cameral curve associated with b, is smooth above c¢;, whence
the vanishing of « at this point (cf. Proposition 9.7.4).
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If ¢, specializes to a point ¢, at which /4(Cy) does not meet DM and meets transversally or
does not meet ERZ%, then h(C,) at this point meets the divisor D¢ with multiplicity less than or
equal to 2. If this multiplicity is zero or equal to 1, we conclude as before that « at ¢, is zero. So
let us suppose that this multiplicity is equal to 2. Let Y be the cameral curve associated with 4.
Let Y and Y, be its special and generic fibers. Let y, be a point above c,. By hypothesis, there
exists a unique root +a of 7' in G such that ¥y meets at y, the divisor defined by «. In particular,
the stabilizer in W of y; is of order 2. Let Y}, be the cameral curve associated with /5, and y, a
point above ¢;,. This point y, specializes to a point y, € Y, above c;. The stabilizer of y, in W is
contained in the stabilizer of y, hence its order is at most 2. Replacing if necessary K ((u«)) by a
purely inseparable extension and K[ [u]] by its normalization in that extension, we may suppose
that the normalization X;, of ¥;, is smooth (cf. [17, Prop. 17.15.14]). Let x,, be a point of X;, above
yy- The stabilizer of x;, in W is contained in the stabilizer of y,, hence is a group of order at
most 2. By the Ngo-Bezrukavnikov formula (Lemma 9.12.1), we know that the valuation of the
discriminant and the difference dim(t) — dim(t"*) have the same parity. Now our hypothesis
is that the valuation of the discriminant is 2. Hence the difference dim(t) — dim(t"*7) is even.
If [W,| = 2, this quantity is equal to 1. Hence W, = {1} and X, is étale above c,,. Consequently,
k vanishes at ¢, (cf. Proposition 9.7.4). O

By (9.7.2) and the preceding lemma, we have
k(by) = > e, (by),
cp€Sy

where §;, is the set of points ¢, of C, which specialize to points of S. Proposition 9.13.2 then
gives the bound

k(by) < IWI/2 > vale, (D (by)).

cp€Sy

The sum in the above bound is equal to ) g val. (D¢ (by)). Now by = a x; K. Hypothesis 2
of Theorem 9.1.3 implies the new bound

k(by) < deg(D) —2g +2
which indeed proves that b, defines a point of AXon - and this completes the proof of
Lemma 9.15.1. O

We have thus proved that A*®°" contains an open neighborhood of @, which we denote by
U. Let us next show that U C ﬂg"n. Let ¢ be an integer and A an irreducible component of a
stratum As. We must show that if U N A is non-empty then we have

dimk(ﬂé) < dim(Ag) - 6.

Up to a finite €étale covering, the intersection U N A is the image under the morphism ¢
considered in Lemma 9.4.1 of a locally closed subset of B;. At every point b € B¢ (k) of this
subset, we have §(b) = ¢ and «(b) < deg(D) — 2g + 2. Propositions 9.8.1 and 9.9.1 show that
B¢ is smooth at such a point, of dimension < dim (Ag) — 6. We therefore have

dimy (\7{(/5) = dim; (U N ﬂé) < dim(Ag) -6

which is what we had to prove. This completes the proof of Theorem 9.1.3.

10. The cohomological statement extending Ngo’s

10.1. The decomposition theorem In what follows, we denote with an index 0 an object over
IF4, and the omission of the index 0 indicates the extension of scalars to k. Let Ag be an integral
F4-scheme of finite type. Following our conventions, we have A = A ®g, k. Let d4 be the
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dimension of A. For every point a of A, let d, be the dimension of the irreducible closed subset
{a} of A. Leti, = {a} — X and j, = {a} —> {a} be the inclusions. We will say that a local
system of Q,-vector spaces on the scheme {a} is admissible if it extends to a local system Fy
on a dense open subset V of m. For such a local system ¥,, we will denote by j, 1. %, the
intermediate extension jy 1.y of the local system Fy to the whole of m, for any small enough
dense open subset jy : V — m.

Proposition 10.1.1. — ([6, Theorem 5.3.8]) Let Ky be a pure @g-perverse sheaf of weight w
on Ag. The perverse sheaf K on A, obtained by extension of scalars from F, to k, admits a
canonical decomposition into a direct sum

K= @ia,*ja,!*ﬂ [da]a

acA

where for all a but finitely many, F, = (0).
Proof. — Uniqueness follows from the fact that
Hom(ia,*ja,!*% [da] s ia’,*ja’,!*%’ [da’]) = (O)

foralla # a’in A. Indeed the restrictionto {a}N{a’} of j, 1. Fu[d,] lies inpr‘l({a}ﬂ{a’},@g),
and therefore i*i, . ja.1.Fa[da] lies in PDS™' ({a}, Q).

For existence, we proceed by induction on the dimension of A. Let j : U — A be an
open subset whose reduction is smooth over F,, which contains all the generic points of the

irreducible components of A of dimension d4 and on which j*PH~94(K) is a local system and
j*K = j*PH94(K)[d4]. There then exists a filtration

(0):KOCK1CK2CK3=K

with K1 /Ko and K3/K; supported in A — U and K» /K| = jyi.j"PH 94 (K)[ds]. Now for every
pure local system ¥ on U and every pure Q,-perverse sheaf L of the same weight on A supported
by A — U, we have

Ext! (L, j,.F) = Ext! (J1+F,L) = (0)
(on A the Ext° vanish, as we have already recalled, and the Ext' cannot have 1 as an eigenvalue

of Frobenius, by Deligne’s theorem). It follows that j . j*PH 94 (K)[d4] is a direct factor of K
with a complement supported by A — U. O

10.2. Let fo : My — Ao be a morphism of separated F,-schemes of finite type. Let
f : M — A be the morphism obtained by base change from F, to k. We assume that fj is
proper, purely of relative dimension d ¢, and that M is smooth, purely of dimensiondy, = dy+d,
over F,. We consider the graded perverse sheaf on Ao, pure in each degree,

K3 = PH" (R fo. Qe [dur]) = €D PH" (R fo. Qe [ du))-

Let K* be the graded perverse sheaf on A deduced from K by base change from F, to k. By
Proposition 10.1.1, we have

K*® = @ ia,*ja,!*ﬁ. [da].
acA
where each 7.’ is an admissible graded local system on {a}. Poincaré duality ensures that
Fo = (F2)" (da). B
We define the socle of R f.Qy 5 [dy] as the finite set

Socle(Rf.Qy[du]) c A

50



of the a such that F;” # (0). For every a in this socle, let n,, resp. n,, be the largest integer n,
the smallest one, such that 7' # (0). We define the amplitude of ¥, by

Ampl(F.) =n, —n, > 0.
Lemma 10.2.1. — Let a € Socle(R f*@g’ mldul). We have the inequalities
Ampl(ﬁ') < 2(df —ds+d,)

and

codimy(a) :=das —d, < dy.
Proof. — Let us write as above Ampl(F,’) = n, —n_,. By Poincaré duality, we have n, = —n_,
so that

Ampl(F.) = 2n,.

The restriction to {a} of R *"a=da f*@g, > Which contains F,'* as a direct factor, is nonzero.
Consequently, we have dy + n, — d, < 2dy, or again

Ampl(F;) < 2(dy —da + d,).

In particular, we necessarily have codimy (a) := da — d, < dy. O

10.3. Back to a key result of Ngo. Let gg : Pp — A be a smooth commutative group scheme,
purely of relative dimension d s over Ay, with connected fibers. We assume that Py acts on M
over Ap. Let

VePo = R*1g0,Q,(dy).

This is a sheaf on A whose fiber at a geometric point @ of Ay is the Q,-Tate module VePo z of
the fiber of P( at a. We have an action of the commutative Lie algebra V; Py on R f .Q,

VePo ® R fo.Qr — Rfo.Q[-1].
For every geometric point @ of Ag, this action induces on the one hand a structure of
/\.VgPo,g = @ /\iVKPO,d

ieN

graded module on the cohomology H* (M3, Q). On the other hand it induces a structure of
A*VePy = @ /\ngP()

ieN

module on

PH (Rf.Qr) = D H" (R £, Qo).

nez

In particular, for every a in the socle of R f*@[’ wmldum], itinduces a structure of A*V, Py, on 7, .
For each geometric point a of A with residue field denoted k(a), the fiber Pz of Py admits
a canonical dévissage

(10.3.1) 1 — Py — Pog — P — 1,
where Pgba is an abelian & (a)-scheme and Pgﬂa is an affine k (a)-group scheme. The dimension
of ngg depends only on the image a of @ and will be denoted §2. The function a +— 627 is

upper semi-continuous. In particular, if a is a point of A, the function b — (5’;‘)IT is constant

of value 627 on a dense open subset of {a}. Letabea geometric point of Ag. We have an
analogous dévissage at the level of the Tate modules

(10.3.2) 0 - VPl — ViPog — VP — 0,
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where Vngba is of dimension 2(d s — 53) and Vngﬂa is of dimension equal to the dimension of
the toric part of Pgﬂ;.

We have just seen above that the cohomology H* (M, Q,) is endowed with a structure of
A*V¢ Py z-graded module. Every splitting of the exact sequence (10.3.2) induces an action of

N

on H '(Moﬁ,@g). This action depends a priori on the splitting. If the geometric point a is
localized at a closed point a of Ay, the residue field k(a) is finite and the extension of Pgba by

ngg given by (10.3.1) is of finite order. It is therefore split up to an isogeny, and the splitting
obtained is necessarily unique. In particular the sequence (10.3.2) is canonically split (cf. [29,
prop. 7.5.3]).

Let a be a point of the socle of R f*@(f’M[dM]. In fact, the dévissage (10.3.1) exists for a
after a radicial base change. In particular, one can define the dévissage (10.3.2) for a. By a
weight argument (cf. [29, §7.4.8]), the action of A*V,;Py, on ¥, factors through an action of
/\'VngE’a on ;. Thus ¥ is a graded module over A'Vng?a.

Following Ngo (cf. [29, §7.1.4]), one says that V, Py is polarisable if, locally for the étale
topology of A, there exists an alternating bilinear form

VePo X VePo — Qp(1)

such that, for each geometric point a of Ay, the kernel of the bilinear form induced on V Pz
is Vng_F and the form induced on VgP%b is nondegenerate. The following proposition is a
reformulation of a result of Ngo.
Proposition 10.3.1. — Let fy : My — Ao be a morphism of separated F,-schemes of finite
type. Let gy : Po — A be a smooth commutative group scheme, purely of relative dimension
dy over Ay, with connected fibers. Let Py X My — My be an action of Py on My over Ay.
The following hypotheses:
L. (a) fois proper, purely of relative dimension d s,
(b) My is smooth, purely of dimension dy = dy + da over Fy;
2. the Tate module V¢ Py is polarisable;
3. for every geometric point a localized at a closed point a of Ao, the action of /\.V[P%b

on H* (Mg, @5), induced by the canonical splitting of (10.3.2) described above, makes
H*®*(Mz,Qy) a free /\'VgP%b-module;

imply that for every point a € Socle(Rf*@g,M[dM]), the fiber at a of T is a free /\'Vngba—
module.

Proof. — This is essentially the content of Proposition 7.4.10 of [29]. The hypotheses under
which Ngo places himself in that proposition are not exactly the ones we adopt. More precisely,
we do not assume that the morphism f is projective. In fact, in Ngo6’s proof, the projectivity of
fo only intervenes through Proposition 7.5.1 of [29], whose conclusion is our hypothesis 3. O

Following Ng0, one deduces the following corollary.
Corollary 10.3.2. — Under the hypotheses of Proposition 10.3.1, for every point a € A which
belongs to the socle of Rf.Qq y[du], we have the inequalities

Ampl(F?) > 2(dy — 62)

and

62 > codimy (a).
Proof. — The first inequality is an obvious consequence of Proposition 10.3.1 and the second
follows from Lemma 10.2.1. O
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The following lemma will be useful to us in checking the hypotheses of Proposition 10.3.1.
Lemma 10.3.3. — Let a : B' — B be an isogeny between abelian varieties defined over an
algebraically closed field K. Let X be a K-scheme (or more generally a Deligne-Mumford
K-stack) endowed with an action of B’ and with a proper morphism f : X — B which is
B’-equivariant when B’ acts on B by translation via the isogeny a. Then the action of

Ho(B', Q) = A*V(B'
on H*(X,Q,) induced by the action of B’ on X makes H*(X,Q;) a free A*V;B’-module.

Proof. — We consider the cartesian diagram

Xo xx B %> X

.l

B —% - B,

where prp is the projection onto the second factor, Xy is the fiber of f at the origin of B and
a’ is the restriction to Xy Xg B’ of the action X Xg B’ — X. The cohomology of Xy Xx B,
which is given by the tensor product H*(Xy) ® H*(B’), is obviously a free module over A*V,B’.
The cohomology of X is identified with the invariants under ker(e) in the cohomology of
X xg B" ~ Xy Xg B’. Now ker(«) acts trivially on H*(B’) by the usual homotopy argument.
Thus the cohomology of X is identified with H* (X)**"(®) @ H*(B’) and it is thus free as a module
over A°V,B’. O

10.4. Néron model. We return to the notation used since the beginning of the article. Let
a € Ag be aclosed point. Letv : J, — J,, be the Néron model of the group scheme J, over C.
The arrow v is an isomorphism over the open subset Uy, so that the quotient J, /J, has punctual
support. We have the following proposition, due to Ngo (cf. [29, cor. 4.8.1]).
Proposition 10.4.1. — Let a = (hy,t) € Ag (k). Let p, : X, — Y, be the normalization of the
curve Y,. There exists a unique isomorphism

ja — (X*(T) 7z ”a,*pa,*Gm,Xa)W,
where the exponent W denotes the fixed points under W, which fits into the cartesian square

Ja (X*(T) X7z ﬂ'a,*Gm,Ya)W

4

Ja — (X*(T) ®z ”a,*pa,*Gm,Xa)W,

where
— the top horizontal arrow is obtained by base change by h, from the morphism
J§ — (X(T) ®2 (x):Cmtp)”

deduced from (3.4.1);
— the right vertical arrow is induced by the adjunction arrow

Gm,Ya — pa,*Gm,Xa~
In particular, the Lie algebra of J, is the commutative Lie algebra with underlying vector bundle

(X.(T) ®2 g eparOx,)".
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10.5. Application to the Hitchin fibration. From now on we assume that the group G is
semi-simple. Let (Go,Tp) be a pair formed of a connected reductive group G over F, and of
Ty € Gy a maximal F,-subtorus, split over IF,. Let 7 be the Frobenius automorphism of k given
by x — x?. In what follows we limit ourselves to the case where the pair (G, T) is obtained
from (G, Tp) after extension of scalars from F, to k. The pair (G, T) is then endowed with the
natural action of 7.

We fixed in Section 4.1 a curve C, projective, smooth and connected over k, as well as a
divisor D and a point co € C (k). From now on we assume that C comes by base change from a
curve Co over F,. We again denote by 7 the automorphism 1 X 7 of C = Cy Xg, k. We assume
that D and oo are fixed under 7.

The scheme Ag is then endowed with the natural action of the Frobenius 7. The latter leaves
stable the closed subschemes Ay for M € LG (T). Likewise, the stack Mg is endowed with the
natural action of 7. Let & € ar in general position (cf. Remark 4.9.2). Let f¢ : Mg — Ag be
the truncated Hitchin morphism, which is proper with smooth source over k (cf. §4.9). Then the

open substack Mg is stable under 7 and the morphism f¢ is T-equivariant. Equivalently, one

could have directly defined objects fosc : Méo — Ag, over F, which give back, after extension
of scalars from F, to k, the analogous objects denoted without the index 0.

Let d ¢ be the relative dimension of f%. Let us recall that we have defined an open subset
AL of Ag (cf. Definition 9.1.1).

Theorem 10.5.1. — The socle of the restriction of R ff Qld e to AP is entirely contained
in the elliptic open subset A N A", so that if

IE ﬂell N ﬂbon SN ﬂbon
is the inclusion of this open subset, we have a canonical isomorphism

PHI (R Qeldpe]) = e PH (R Qe[ dpe])
on A" for every integer i.

Proof. — We are going to apply Corollary 10.3.2 to the Hitchin fibration M¢ endowed with
the action of the Picard stack J'. We shall deduce from it that every a which is in the socle
of R ff Qld me] satisfies the inequality 62T > codim#(a). We shall then show that one has
63 < 5, with equality if and only if a is elliptic. Hence, if @ is not elliptic, @ cannot be in A",

We shall first of all show that for every a € Ag(k), the fiber Mg satisfies the hypotheses
required by Proposition 10.3.1 and Corollary 10.3.2. For this, we apply Lemma 10.3.3 not to
M, but to a homeomorphic stack, which suffices to prove the freeness of the cohomology of
M,.

Let M € L6 be such that a is the image of a point (h,,,, ) € ﬂlel}}(k)T. Let X, = ep(hg,,) €
m(F) where &), is the Kostant section and F is the function field of C. Let A be the ring of
adeles of F and O the product of the completions of the local rings of the closed points of C.
Let S be the finite set of closed points of C complementary to the open subset h;[b (carﬁg’l)). For
every v € S, let S, be the affine Springer fiber associated with v and X,. Let F, be the fraction
field of the completion of the local ring O,, at v. Let J be the centralizer of X, in M X; F. The
ind-scheme J(F,)/J(O,) acts on S,. Let X be the contracted product of J(A)/J(O) X [1,e5 Sy
by the diagonal action of [, J(F,)/J(O,). The stack quotient of X by the action (on the
first factor) of J(F) is homeomorphic to the Hitchin fiber M,. The homeomorphism between
[J(F)\X] and M, is equivariant under the action of the Picard stack J, = [J(F)\J(A)/J(O)].

The latter admits as a quotient [J(F)\J(A)/J(O) [], J(F,)], which is isogenous to the stack
J.3 of J,-torsors, where J, is the Néron model of J,. The stack ., acts on [J(F)\X] and the
obvious morphism from [J(F)\X] to [J(F)\J(A)/J(O) 1, J(F,)] is J,-equivariant.
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More generally, one can define a “truncated” X% whose quotient by J(F) is endowed with an
action by 7' and is homeomorphic, in a ;! -equivariant way, to M5. We have a ;! -equivariant
morphism from [J(F)\X¢] to [J(F)\J(A)/J(O) ], J(F,)] whose image is isogenous to the
stack jal’ab, the image of ;' in J;*°. One obtains an action of jal’ab on [J(F)\¥¢] by choosing,
as is legitimate, a section up to isogeny of the canonical morphism j;l’ab — gL

The hypotheses of Lemma 10.3.3 are therefore satisfied for the quotient

[J(F)\¥]

and one deduces from it the desired freeness of the cohomology of [J(F)\X¢], hence of Mf;
Let us now compare, for a point a of Ag, the invariants ¢, and 63ﬁ. The stack JJ 1S a

Deligne-Mumford stack whose automorphism groups are all the finite group H°(C,J,). Let

J.0 be the neutral component of J,!. We recall that J, is the Néron model of J,. Let Db

be the abelian scheme which represents the functor of isomorphism classes of J,-torsors. The
morphism 0 — 92 which sends a J,-torsor to the class of the J,-torsor obtained when
one pushes it out by the canonical morphism J, — J, fits into the exact sequence

1 — jO,aff SN j() N jo,ab —0,

where the kernel J%2 is the quotient of an affine algebraic group by the finite group H°(C, J,,)
acting trivially. We are going to compute the dimension of these objects by a Lie algebra
computation. The exact sequence

|l —J,—J,— J ), — 1
gives the long exact sequence
1 — H(C,Jy) — H(C,Jy) — H(C,Ja/Ja)

—s H'(C,J,) — H'(C,J,) — 1
since J, /J,, having punctual support, has trivial H'. Let 62T = dim( 7). We therefore have
&4 = dim(J°) - dim(7%*)
= dim(H'(C, J,)) — dim(H*(C, J,)) - dim(H'(C, J,))
= dim(H°(C, Ja/Ja)) — dim(H(C. Jo))

the last equality coming from the long exact sequence above.
By 10.4.1, we have

dim(H"(C,J,/J.)) = dim (H°(C, (t ® 7y, +(pa+O0x,/0r,)"))
= da,

where ¢, is the value at a of the function ¢ considered in Section 9. It also follows from 10.4.1
that one has

HY(C.J,) =TV,
where W, is the subgroup of W¢ defined in Section 7.2. Combining the previous results, we
have

64 = 5, — dim(T"<).
Let us now assume a ¢ ﬂeGH. It follows that for a certain M € £, one has a € Ay and

therefore W, ¢ WM (cf. Proposition 8.2.1). In particular, the center of M is contained in 7"e,
We therefore have dim(7%«) > 0 and

s < 5,
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Let us assume moreover that a € ﬂtc’;"“ (cf. Definition 9.1.1). We therefore have 6, < codim#(a)
which, combined with the previous inequality, gives

(10.5.1) 62 < codim#(a).

Suppose that a ¢ AZ' lies in the socle of the restriction of R 5Qqldpe] to AP By Corol-
lary 10.3.2 (whose hypotheses we have checked at the beginning of the proof)), we have the
inequality

62 > codimag(a).
But this manifestly contradicts (10.5.1). Hence every a € Ag which is in the socle of the
restriction of R ff Q¢ ld p¢] to APM belongs to the open subset ﬂ‘é“. O

10.6. The spaces A ,. In this paragraph, we define the space A, associated with a
“geometric endoscopic datum” of G (cf. Definition 10.6.3 below) and we give some of its
properties. We do not assume G semi-simple. The notation is that of the previous paragraph.
Let a € Ag. We introduced in Section 7.2 the subgroup W, of WC which is the stabilizer of
the irreducible component of Y, passing through the point ooy, . Let W be the normal subgroup
of W, generated by the stabilizers in W, of the points of the irreducible component of the
normalization of ¥, passing through the point coy,. If a is a geometric point of Ag localized
at a, the open subset V;, pointed by coy_ (with the notation of §7.2), is an étale covering of the
open subset U pointed by co. The fiber of this covering at co is endowed with an action of the
fundamental group 71 (Ug, 00). Using the point ooy, of this fiber, one obtains a morphism

n1(Ug, ) — W,.
The image of the inertia
Ker(my(Uz, ) — 11 (C Xy k(a), o))
is precisely the subgroup WY. One deduces from it a morphism
(10.6.1) 71(C, 00) — W, /WP,
We have an exact sequence
1 — m1(C,00) — m1(Cp, 0) — Gal(k/F,) — 1

which is canonically split by the rational point co. We note that the homomorphism (10.6.1) is
stable under Gal(k /F,).
Definition 10.6.1. — For every s € T, we introduce the following groups

— W; is the subgroup of W¢ defined by
Wy={weW’|w-s=s)

— WY is the subgroup of WY generated by the simple reflections associated with the roots
@ € ®Y such that ¥ (s) = 1;
— G 1s the connected reductive group over k with Langlands dual Za(s)o, the connected
centralizer of s in G.
Remark 10.6.2. — The subgroup W' is a normal subgroup of W;. It is moreover identified
with the Weyl group of G.
Definition 10.6.3. — We call geometric endoscopic datum of G the datum of a pair (s, p) with

1. s € T;
2. p:m1(C,0) — Ws/WY is a continuous homomorphism, fixed by Gal(k/ Fy).
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Let (s, p) be a geometric endoscopic datum of G and let

\.ﬂs,p
be the part of A formed of the a for which the following conditions are satisfied:
- Wy C W
- W cwy

— the composite homomorphism
71(C, 00) = Wa/Wg — W/ W]

is equal to p.

Proposition 10.6.4. — For a geometric endoscopic datum (s, p) of G, the part Ay, is closed
in Ag and stable under the Frobenius T.

Proof. = — Let G, be the connected reductive group over k associated with s (cf. Defini-
tion 10.6.1). The group W;, which acts on 7, also acts on the set d)?s of roots of T in Gj.

The subgroup WY is identified with the Weyl group of (G, T). Let A?‘ be a set of simple
roots of T in G4. Let W' be the subgroup of W, which leaves A?" fixed. One then has a
decomposition into a semi-direct product Wy = W9 = W, The set A?‘ is not unique, but one
passes from one choice to another by the action of a unique element of WY, so that changing A?S
amounts to conjugating W' by an element W¥. One completes the datum of Ag * into a pinning
(Bs, T, {Xa},. AYQS) of G. By this choice, one identifies the group W' with a subgroup, again

denoted W, of the group of automorphisms of G which leave the pinning stable. Let W™
be the W?Xt—torsor over C endowed with a trivialization of its fiber at oo, deduced from

p :m1(C,00) — Wy /WO =~ wext,
Since W leaves W? invariant, this group acts on carg, = t//W? and one can introduce the
C-scheme carg, , which is the contracted product
Wexl
carg,, = carg, %, ° W
One also introduces its variant

Gm,C
CarG,p,0 = Lp X arGp -

This scheme, fibered over C, is endowed with an isomorphism of its fiber at co onto carg,
(deduced from the canonical trivialization of £p and from the fixed trivialization of W),

Imitating the construction of §4.4, one introduces the quasi-projective scheme ﬂg;’r;’g which
classifies the pairs a = (h,,t), where

— hg € H(C, caxg, p.p);

— t €97 with yg, (1) = ha(0).
One then has an obvious morphism

P . ﬂG_ reg

G
XG G G-

The proposition then follows from the following proposition, the stability under Frobenius being
obvious. O

Proposition 10.6.5. — The morphism ng,p defined in the course of the proof of Proposi-
tion 10.6.4 is a closed immersion with image Ag, p.
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Proof. — We refer the reader to [29, props. 6.3.2 and 6.3.3]. O

A particular case of Proposition 10.6.5 is that of a geometric endoscopic datum (s, o) whose
homomorphism p is the trivial homomorphism, denoted 1. The closed subset Ay ; is then the
image of the obvious morphism

Gy . ﬂG' reg

XG . GS _>‘—ﬂG7

where ﬂG % is the “G-regular” open subset of the space Ag, for the reductive group G, of
Deﬁnltlon 10.6.1 (cf. §4.4). Since this space Ag, will no longer intervene in what follows, we
prefer to reserve this notation for the G-regular open subset: we set, somewhat abusively,

G-reg
Ag, = Ag ",

We introduce, as in Definition 4.4.1, an elliptic open subset ?lecli of Ag,, which is nonempty
for reasons of dimension.

Proposition 10.6.6. — The locally closed part )(g S(Ag,) N ﬂeGH is nonempty if and only if one
has the equality

7% =272
0=2)

s

between the connected centers of the dual groups G and Gs. In case of equality, one has
moreover

XG (ﬂG ) nﬂell Xe (ﬂell)

Remark 10.6.7. — When G is semi-simple, the dual group G is semi-simple too, and the
condition on the centers is equivalent to the fact that G, hence G, is semi-simple.

Proof. —LetH = Gy, ag € Ay and a = )(g(a). One then has W, = W,,, by a variant of
Lemma 8.2.2. Also, in the notation we shall not distinguish a and ay and we shall omit Xg .
The proof follows from the two lemmas below. O

Lemma 10.6.8. — For every a € ﬂeGH N Ay, one has a € ﬂgl and ZI% = Z%.

Proof. — Let M’ be the smallest element of £ (T) such that W, ¢ WM'. Let M € L£LO(T)
whose dual M is identified with the Levi subgroup Zé(Zj??) of G (this is the centralizer in

G of the maximal central torus of M’ ). One therefore has W, ¢ WM ¢ WM and a € Ay
(by Proposition 8.2.1). Since a € A%, one has M = G and Z/%P C Zg, whence the equality

Zoﬁ = 21(1)7' =Zzanda € .?(%H (by an application of Proposition 8.2.1 to H and its Levi subgroup
M"). |
Lemma 10.6.9. — If Z2 = Z2, one has Ay < AG.

Proof. — Leta € AY and M the smallest element of L%(T) such that W, ¢ W™. By
Proposition 10.6.5, one has W, ¢ W#. One therefore has W, ¢ WM' where M’ € LH(T) is

defined dually by M’ =M N H. Since a is elliptic in H, one has M’ = H, hence H c M, hence
21?71 c Z%. The condition 210? = Z% implies that M = G, that is to say a € ﬂeGH. |

Proposition 10.6.10. — Assume G semi-simple. The set of geometric endoscopic data (s, p) of
G such that one has

(10.6.2) Asp NAD £ 0

is finite.
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Proof. — As s runs through T, there are only finitely many possibilities for the groups G,
W, and W?. Since the group m1(C, o) is topologically generated by 2g generators, there are
only finitely many possible morphisms p. It therefore suffices to prove that there exists a finite
subset of T containing all the s which belong to an endoscopic datum (s, p) for which the
condition (10.6.2) is satisfied. So let such an s be given and let Zg“ be the diagonalizable group

of fixed points under Wy of the center of G,. Since this group obviously contains s, it suffices
to see that it is finite, in other words that its neutral component, denoted S, is trivial. Let M be

the centralizer in G of the torus $. Its dual M is a Levi subgroup of G. Since W, centralizes S,
one has W, c WM. By the hypothesis (10.6.2), there exists a € Ay, N ﬂg“. One therefore has

W, ¢ Wy ¢ WM. By Proposition 8.2.1, one has a € Ay,. Since a is elliptic in G, it follows that

M = G. Hence S is a central torus of 6, which is assumed to be semi-simple. Thus Sis trivial,
which is what we had to prove. O

10.7. The cohomological theorem. We continue with the same notation and hypotheses. We
assume here that G is semi-simple. Let s € T and let G, be the connected reductive group over k
of Definition 10.6.1. We endow G with the action of the Frobenius 7 which induces the trivial
action on the group of characters of 7.

For a k-scheme X endowed with an action of the Frobenius 7, we denote by Perv(X) the
category of perverse sheaves F' on X endowed with an isomorphism 7*F ~ F'. Here is a theorem
due to Ngo (cf. [29, Theorems 6.4.1 and 6.4.2]).

Theorem 10.7.1. — Assume G semi-simple. Let s € T be such that Gy is semi-simple. Let
Gell . ﬂgli — ﬂgﬂ be the restriction of )(g‘ to the open subset .?leGli

G
One then has the following equality in the Grothendieck group of Perv(ﬂeGH ):

(X PH (RN Qp)s = PH(RFE" Q)1 [-2r,1 (—r),

where

- ry = codimg, (Ag,);

- p?—(‘(ngl’l*@g)s is the s-part Oqu’(.(Rfél’l*@f) defined in Theorem 8.5.1;

- p?’('(Rfce;lsl,*@g)l is the 1-part of PH*(R gll*@g) defined in Theorem 8.5.1 for the group

G (with 1 the neutral element off).

Remark 10.7.2. — Since G and G are semi-simple, so are their duals G and @s = Za(s)o.
Consequently the centers of the latter are finite. We therefore have Z% = Z%S ={l}and sis a

torsion element of 7.

Let M € L£Y(T). We defined in Section 8.4 an open subset Uy, of Ag. This open subset
is clearly 7-stable. The open subset &Z{‘(’;"“ of Definition 9.1.1 is also 7-stable. For every s € T,
the closed subset |, A; p, where p runs through the finite set of continuous and nontrivial
morphisms

p i (C,00) — Wy/WY,
is T-stable. Let § € (T/Z%)tors and

(10.7.1) Us = Uy N AZ" 0 (Ag - | ] Ap),
(5.p0)

where the union is taken over the finite set (cf. Proposition 10.6.10) of geometric endoscopic
data (s, p) which satisfy

- SGEZOA;
M
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— p is a nontrivial homomorphism.

Then U5 is a T-stable open subset of Ag. Let
U = Us 0 A

For every s € EZ]%[ such that G is semi-simple, we have a commutative diagram, where the
arrows denoted y are closed immersions and the other arrows are open immersions,

l'§
ell ell _Gs ell
(LIE N ﬂcs — ﬂcs

X l l){gs,eu
5

el

q/{;_all ﬂgll
Js j ) lf
U — M qy,.

Theorem 10.7.3. — Assume G semi-simple and & € ar in general position. For every § €
(r/ Z%)tors, one has the following equality in the Grothendieck group of Perv(Us):

(i) CH REEMPUQy)) = DU D G5 ) PH (RFE Qo)1 [=2r,1 (1),

where
— the sum runs over the s € EZ}%[ such that G is semi-simple;

— the 5-part PH*(R ff Mp “"Q,)s is the one defined in Theorem 8.5.1;
— the other notation is that used above or in Theorem 10.7.1.

Proof. — By Theorem 10.5.1, we have a canonical isomorphism
.5 O\ % ° ,M— I~ . « Nk /oS \ % ° ,M— '~
()" CH(RFEMPUQ)5) = (o) (is)* (15" CHO (RFEMPQy);).

By Corollary 8.5.3, we have
() (15" CH (RFEMPQy)5) = @D E) PH® (RFELQ)s,

where the sum is taken over the s € 521(1)71 of finite order. For every such s, according to Ngo

(cf. [29, §6.4]), PH*(Rf! Qy); is supported in the closed subset (U, Ag,0) N AL ¢ AN
where p runs through the continuous homomorphisms from 71 (C, c0) to W, /W?. Consequently,
(i5)PH(RfE.Qy)s is supported in the closed subset U N AL If this closed subset is

nonempty, the intersection Ag, N &Z(eGH 1s nonempty, which implies that G is semi-simple (cf.
Proposition 10.6.6 and the remark which follows). For such an s, we have

(l-EG)*pq_[o (Rfel’l*@g)s — (Xg)*(iés)*()(gs,ell)*pq_{o(Rfel’l*@[)s.

We use Ng6’s theorem (cf. Theorem 10.7.1) to conclude. O
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11. The weighted orbital s-integrals

11.1.In §4.1 we fixed a projective, smooth and connected curve C over k, as well as a divisor
D and a point co € C(k). From now on we assume that C comes by base change from a curve
Co over F,,. Let 7 be the Frobenius automorphism of k given by x  x9. We again denote by 7
the automorphism 1 X 7 of C = Cy XF, k. We assume that D and oo are fixed under 7.

Let F and Fj be the function fields of C and Cy respectively. We have F = Fj ®F, k, whence
an action of 7 on F' given by 1 ® 7, whose subfield of fixed points is F. For every closed point v
of Cy let Fy,, be the completion of Fy at v and Oy, its ring of integers. Analogous notations
hold for F. The completed tensor product

FérFoy= || F

veV, vivg

decomposes as the product of the completions F, for the closed points v of C above vo. We
endow this tensor product with the continuous action of 7 given by 7 ® 1. This action admits
Fo,y, as its subring of fixed points. We deduce from it an action of 7 on the ring of adeles A of
F whose ring of fixed points is the ring A of adeles of Fy. This action respects the product

ozﬂov

over all the closed points of C. We define Oy in the same way. Moreover we have Oy = Ay N O.

We endow the root datum of the pair (G, T) of §2.1 with the trivial action of 7. The pair
(G,T) then comes by base change from an analogous pair defined over F, where the torus is
split over F,. This endows the pair (G,T) with an action of 7. All the elements of Y (T)
or of £Y(T), that is to say the parabolic or Levi subgroups of G, are stable under the action
of 7. For every scheme S defined over k and every k-algebra A, both endowed with an action
of 7, we denote by S(A)” the subset of points fixed under the action of 7. If, moreover, S
is a group scheme (and 7 of course acts as an automorphism of group schemes), S(A)" is a
group and we denote by S(A); the set of T-conjugacy classes (the 7-conjugation being given
by g - x = gxt( g)_l), pointed by the class of the neutral element. If, moreover, § is an abelian
group scheme, S(A); is an abelian group, namely the group of co-invariants.

11.2. Here is another variant of a result of Kottwitz already mentioned (cf. [22, Lemma 2.2]).
Proposition 11.2.1. — Let Uy be an open subset of Cy which contains the geometric point co.
Let X, A and B be the functors from the category of torus schemes over U to that of abelian
groups defined respectively, for every torus scheme T over Uy, by

where the right-hand side denotes the group of cocharacters of the fiber of T at the geometric
point o,
A(T) = X*(rigo)ﬂl(U(),OO)7

where the index means that one takes the co-invariants under the fundamental group of U
pointed by oo, and

B(T) = (T (F)\T (A))x,

where the index T denotes the group of co-invariants.

Let ws, be a uniformizer of Fo. For every T as above, the morphism which to 1 € X, (7)
associates the image w?, in the group (T (F)\T (A)); does not depend on the choice of wo, and
defines a morphism of functors

(11.2.1) X. — B.

61



There exists a unique isomorphism of functors A — B which, composed with the canonical
morphism X, — A, gives the morphism (11.2.1).

Proof. — It rests on the methods of Kottwitz (cf. [22, proof of Lemma 2.2]). The functor
B has the following two fundamental properties: it is right exact and for an induced torus
one has B(7) = Z. Right exactness is shown as in loc. cit. §1.9: the key point is that the
group H'(F,T) is trivial for every F-torus (and likewise if one replaces F by a completion
F,). The second property follows from the following fact: let E be a finite extension of F' and
E = Eo ®F, F; one has (E*\A%), ~ Z where A is the ring of adeles of E. By a lemma of
Shapiro, up to replacing 7 by a power, we reduce to the case where E is a field. Let A}E be
the kernel of the degree homomorphism A% — Z. The quotient EX\A] /O, where O} is the
product of the invertible elements of the completions of the local rings, is the group of k-points
of the Jacobian of the projective, smooth and connected curve over k whose function field is
E. By Lang’s isogeny theorem, these points lie in the image of 1 — 7. The same holds for the
points of Oy (cf. [22, proof of Prop. 2.3]). It is then easy to see that the degree homomorphism
induces a bijection (E*\A%), =~ Z.

The morphism X, — B does not depend on the choice of @, by a variant of Lang’s isogeny
theorem. It follows from the proof of /oc. cit. Lemma 2.2 that the canonical morphism

Hom(A, B) —» Hom(X., B)

is an isomorphism which sends isomorphism to isomorphism. Moreover, for a morphism
Hom(X., B) to be an isomorphism, it is necessary and sufficient that it send a generator of
X.(Gp,y,) to a generator of (F*\A%).. The proposition follows. O

11.3. Characteristic ay and group scheme J,,,. The Frobenius automorphism 7 acts on the
scheme Ag (cf. §4.4) and respects the closed subschemes Ay, for M € LO. Let M € LO(T)
be a Levi subgroup and ay = (hg,,,t) € Ap(k)T. The open subset

-1 G-reg
Uay = haM(Can,D

is stable under 7 and hence descends to an open subset of Cy, denoted U,,, 0.
Let £)7 be a Kostant section of the characteristic morphism y,; (cf. §2.3). Over caxry we
have the smooth commutative group scheme (cf. §3.2)

JM =gt M.
By the construction of §5.1, we deduce from it a group scheme Jg over cary p. Let
M

This is a smooth commutative group scheme over C: it is even a torus scheme over the open
subset U,,, (and even over a generally larger open subset). One can check that it descends to a
smooth commutative group scheme over Cyp, which is a torus scheme over U,,, .

11.4. The invariant inv,,,. The short exact sequence
1 — Jg,(A) — G(A) — Jg,,(A\NG(A) — 1
gives a long exact sequence in the cohomology of pointed sets
A14.1) 1 — Jay, (Ao) — G(Ag) — (Jay, (A\G(A))T
— Ker(J,,, (A)r = G(A);) — 1,

where the coboundary morphism
(11.4.2) (Jar (AN\G(A)T — Jay, (A)e
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associates to an element of G (A) which lifts an element of (J,,, (A)\G(A))" the T-conjugacy
class of g7(g)~'in J, + (A). Let us note that exactness at the third term means that two elements
of (Ja,,(A)\G(A))" have the same image in J,,,(A), if and only if they differ by a right
translation by an element of G (A).

Proposition 11.2.1, applied to the open subset U,,, o and to the torus scheme over U,,, o
deduced from J,,, by descent, gives an isomorphism

(Japs (F)\Jay, (A))7 = X*(JaM,OO)m(UaM,o,OO)-

The notations and the constructions of §7.1 are also valid for the group M. We thus have a
finite, étale covering V,,, — U,,, with Galois group W¥ and a closed point ooy, ~of Vg,,. All
these objects are stable under 7 and descend to objects over F,, denoted by an index 0.

Reasoning as in the proof of Proposition 7.5.1, we obtain identifications X, (J4,,.c0) = X.(T)
and

X* (JaM,OO)ﬂ'l (UaM,(),OO) = X* (T)Wm s

where W, is the stabilizer in W™ of the connected component of V,,, o which contains the point
ooy, .0- The exact sequence

I — ﬂ'l(UaM,Oo) — ﬂl(UaM,O’OO) - Gal(k/Fq) — 1

is canonically split by the datum of the point ooy € Cy(F,) deduced from co. We thus have a
semi-direct product

T (UaM,Ov 00) = (UaM’ 00) > Gal(k/Fq)-
The action of m(Ug,,.0, o) on the fiber of the covering V,,, 0 — U,,,.0 above the geometric
point oo is trivial on the factor Gal(k/F,). We deduce that the group W, is none other than
the group W,,, ¢ WM (defined as in §7.2 but relative to the group M). Putting together the
preceding isomorphisms, we obtain an isomorphism

(11.4.3) Ja (F)\Jay (A)r = X (Tw,,, -
Definition 11.4.1. — Let ay € Ay (k)T Let
invay, @ (Jap (A\G(A))T = Xu(Dw,,,

be the morphism defined by composing the coboundary morphism (11.4.2) with the canonical
morphism (Jg,, (A))r = (Ja,, (F)\Ja,, (A)), and then with the isomorphism (11.4.3).

Let M. be the simply connected covering of the derived group of M. Let Ty, be the inverse
image of 7' in M.: it is a maximal subtorus of M.
Proposition 11.4.2. — Let ay € Ay (k)". The morphism inv,,, takes its values in the image
of the canonical morphism

Xi(Tudw,,, = X(Dw,,, -
Before giving the proof, let us state some auxiliary lemmas.
Lemma 11.4.3. — Let ay € Ay (k)™. We have

(11.4.4) Ker(Jqy, (A)r = G(A)r) = Ker(Jgy, (A)r > M(A)7).

Proof. — Only the inclusion C is not trivial. By Shapiro’s lemma, up to replacing 7 by one of
its powers, we reduce to a local problem at a closed point of C fixed by 7. Let g € G(F)) be such
that g7(g)~! € M(F,). Let P € P(M) and let B € P(T) be a Borel subgroup such that B C P.
A pair (P, M) which contains (B, T) is said to be standard. The pair Int(g~!) (P, M) is T-stable,
hence conjugate by an element of G(F,)” to a standard pair. Up to translating g on the right
by an element of G(F,)", we are reduced to the case where Int(g~!)(P, M) is standard, hence
equal to (P, M). It follows that we may assume g € M(F,). If, moreover, g7(g)~! € M(O,),
by a variant of Lang’s theorem there exists m € M(O,) such that gv(g)~' = mt(m)~'. This
proves the lemma. m|
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We define a commutative group scheme over m by
™M = {(m, X) € My x; m | Ad(m)X = X}.
We deduce from it a smooth commutative group scheme over cary,
Mse _ x My
JTe=gy,0
and a variant over carys p, denoted J DM“. Let
My _ 3% My
Ja, k= hg, I

Let us note that the obvious morphism I« — [™ induces morphisms JM< — JM and J)% —
J

ap

Lemma 11.4.4. — Let ay € Ap(k)". We have the inclusion
Ker(Jay (A)r — M(A)r) € Im(Jgpe(A)r — Jay (A)-),

M

where Im denotes the image.

Proof. — As in the proof of Lemma 11.4.3, we reduce to a local problem at a closed point v
of C stable under 7. By base change, we view J,,, and M as groups over F,. Letx € J,,, (F))
and m € M(F,) be such that x = mt(m)~!. We then have

Coker(My. — M) =~ Coker(]é‘/]{;C — Jay)-

Since J%‘;C is a torus over F),, we know that, for such a field F,, the group H ! (Fy, J%;“) is trivial.

It follows that there exist m” € My (F,) and j € J,,,(F,) such that m = jm’. Hence, up to
T-conjugating x by j, we may assume that m € My (F,) and therefore x € J%;C (F,). For almost
every v, Jﬁ;\[jc is a torus over O, and an analogous argument shows that if x € J,,,(0,) and
m € M(O,) satisfy x = m7(m)~! then x is T-conjugate by an element of J,,, (O,) to an element
of JJr<(O). O

M
Proof. of Proposition 11.4.2 — As above, we have an identification

M.
X*(JQM»OO)HI(C()sOO) = X*(TMSC)WaM .

By Proposition 11.2.1, we obtain a commutative diagram in which the horizontal arrows are
isomorphisms

Jan (F)\ oy (A))r — Xo(Tuw,,

|

(JdM (F)\JaM (A))‘r — X, (T)W“M .

Let g € (J4,,(A)\G(A))". By the exact sequence (11.4.1), the class of g7(g)~! in (J,,, (A));
belongs to the kernel Ker(J,,,(A); — G(A);), hence to the image of (J%;“ (A)); by the
combination of Lemmas 11.4.3 and 11.4.4. Proposition 11.4.2 is then clear. O

11.5. Haar measures. The group J,,,(A); is countable: indeed, it appears in the exact

sequence
Jar (F)r — Jap (A)r — (Jap, (F)\J gy, (A))7

whose extreme terms are countable (cf. Proposition 11.2.1). We then endow the kernel
Ker(J,,,(A); — G(A);) with the counting measure. The locally compact groups G (Ag) and
Ja,, (Ap) are endowed with the Haar measures which give volume 1 respectively to the compact
subgroup G (Op) and to the maximal compact subgroup of J,,,(Ap). By the sequence (11.4.1),
we deduce from this a measure on (J,,, (A)\G (A))" which, by construction, is G (A¢)-invariant
for the right action of that group. More precisely, the set (J4,, (A)\G(A))T is a disjoint and
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countable union of orbits under G(Ag); the orbit of g € (J,,,(A)\G(A))" is isomorphic as
a measurable set to the quotient (g7'J,,, (A9)g)\G(Ao) endowed with the quotient measure
(conjugation by g induces a bijection from g=1J,,,(Ag)g onto J,,, (Ag), which determines, by
transport, a measure on g~ J,,, (Ao)g).

11.6. Arthur’s weight. For every P € P¢(M), we have the Levi decomposition P = MNp
and the Iwasawa decomposition G(A) = P(A)G(O). We then define a map Hp from G(A) to
X.(M) as follows: for every A € X*(P) = X*(M) and every g € G(A)

A(Hp(g)) = —deg(A(p)),
where p € P(A) is such that g € pG(O).
Remark 11.6.1. — The function Hp restricted to M (A) no longer depends on P: we denote
it by Hp;. Moreover, for all m € M(A) and g € G(A) we have the equality Hp(mg) =
Hy(m) + Hy(g).

We recall (cf. §2.4) that a7 is endowed with a WC-invariant scalar product and that all its
subspaces are endowed with the Euclidean measure. The following definition obviously depends
on the choice of this scalar product.

Definition 11.6.2. — For every g € G(A), Arthur’s weight vf,[(g) is the volume in aAG/] of the
convex hull of the projections onto a$, of the points —Hp(g) for P € PC(M).

Remarks 11.6.3. — We have ay = aAG/, ® ag and the projection considered above is relative to
this decomposition. The weight is by construction right invariant under G(Q). It is also left

invariant under M (A) by virtue of Remark 11.6.1. Let us also note that vg (g) = 1 for every
g€ G(A).

11.7. the weighted orbital s-integrals. We have D = ) .y d,v, where the sum is taken
over the closed points of C and the integers d, are even, non-negative and almost all zero (by
hypothesis, cf. §4.1, D is effective and even). Let o P = (@, d”)v € A, where the family is
taken over all the closed points v of C. Let 1p be the characteristic function of @~?g(0). For
every ay € Ap(k), let ap, be the restriction of ay to the generic point of C, which we view
as a point of cary (F). Let

Xay = emlamy) € m(F).
Let us note that if ay, is fixed by 7, the same holds for X,,,. Let us also note that the fiber of
J4,, above 7 is the centralizer of X,,, in M Xy F.
Definition 11.7.1. — Let M € L£O(T) anday € Ay (k)7. Lets € Tam . The weighted orbital
s-integral associated to ay, is defined by

_ G . _

Iy (an) = g~ PNl / (5,inVay, (81 (Ad(g™") Xay V5 (8) dg.
(Jap (ANG(A))T

Remarks 11.7.2. — One can show that the integrand has compact support in (J,,, (A)\G(A))".

—deg(D)|®@%|/2

The integral is therefore finite. We have chosen to add the factor ¢ in order to obtain

uniform local formulas.
Proposition 11.7.3. — With the notations above, the map

s € TVer JAG/I’s(aM)
is invariant under translation by Z ;.
Proof. — We have W,,, ¢ WM and hence Z i C TWeu . The canonical morphism
HomZ(X*(T)WaM , CX) e HomZ(X*(TMSC)WaM , CX)
W,

is none other than the canonical morphism 7" — TWan /Zg;. The proposition then follows
from Proposition 11.4.2. O
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12. A first computation of a Frobenius trace

12.1. Statement of the theorem. We keep the notation and the hypotheses of Section 11.
We assume moreover that the group G is semi-simple. Let & € ar in general position in the
sense of Remark 4.9.2. Let M € £Y(T). On the open subset Uy, of Section 8.4 and for every
integer i and every s € (T/ Z}%I)tors, we introduced in Theorem 8.5.1 the s-part of the perverse
cohomology of R ff ’M'par@g, denoted by PH'(R ff ’M'pm@g)s. Leta € Ag (k). We assume that
a is the image, under the closed immersion Ay — Ag, of an element ay; € ﬂ;}}(k)? We
defined in Section 11.3 a group scheme J,,, over C. We shall define later a positive real number

c(Jay)

associated with the generic fiber J,,, (cf. equality (12.2.4) in Proposition 12.2.2 below).
Let PH (R f5MPQ,),., be the fiber at a of the s-part. For every graded endomorphism o

(of degree 0) of PH*(R ff ’M'par@g)a,s, let
trace(or, PH* (RN Qy)00) = ) (—1) trace(or, PHI(R£EM VD) ).

I€Z
The goal of this section is to prove the following theorem.
Theorem 12.1.1. — Let ay € ﬂﬁ}}(k)’ and a = /\(g(aM) € Ag. Let s € TV and let § be
its image in f/ 21(1)71' Then § is a torsion element, the group TWa / ZI%I is finite and we have the
following equality:

trace(t™1, PH (RFEMPQp) 0 5)

C(J ) G 5
= am - deg(D)|® I/ZJAC;, (au).
vol(ay /X.(M)) - |T" [ Z ]

Remark 12.1.2. — Since ay; is elliptic in Ay, we have the inclusion W, C WM (cf. Proposi-
tion 8.2.1) and the group (7'/ Z[??)W“ is finite since it is the dual of the finite group X, (7'N Mger)w,
(cf. Lemma 8.3.3). This explains why § is torsion and the group TVa / 210\71 is finite.

The proof of Theorem 12.1.1 will be given in Section 12.3.
Corollary 12.1.3. — Under the hypotheses of Theorem 12.1.1, the trace

trace(r~ !, PH* (Rff’M_par@f)a,s)

depends only on the image of s in f/ Z
Proof. — This is a consequence of Theorem 12.1.1 above and of Proposition 11.7.3. O

In the following paragraph, we gather some results useful for the proof of Theorem 12.1.1.

12.2. We continue with the notation of the preceding paragraph 12.1. We recall that G is
semi-simple. Let M € £°(T) and let X € m(Fy) be a semi-simple and G-regular element. Let
J be its centralizer in G: it is an F-subtorus of M stable under 7. We assume that J satisfies the
following two properties:

1. the F-torus J/Z), is anisotropic;
2. the torus J X F 1is split over Fe.

Let
K =G(0Oy).
Let j € J(A) and

W ={(gK.6) € G(A)/K X J(F) | 6j7(¢K) = gK}.
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The group J(F) acts on W by
y - (8K, 6) = (ygK,yst(y)™").

Let ¢ € ar (for the moment, it is not necessary to assume & in general position) and let ‘W¢ be
the subset of W consisting of the pairs (gK, ¢) that satisfy the following two conditions:

(12.2.1) Ad(g) (X)) e wPg(0)
and
(12.2.2) Em € cvx(=Hp(g))pep (M)

where &), is the orthogonal projection of € onto a,; and cvx denotes the convex hull.

Since J(F) centralizes X and the function Hp is left invariant under M (F) and a fortiori
under J(F), the group J(F) leaves the subset ‘W¢ globally stable. Let [J(F)\“W?#] be the
quotient groupoid. The goal of this section is to give a formula for the cardinality of the
groupoid [J(F)\'W?¢] defined by

(122.3) TENWA = > TAuym ()],
xeJ (F)\'W¥é

where one sums, over a system of representatives of the orbits of J(F) in ‘W¥, the inverses of
the orders of the stabilizers (with the convention that the inverse of infinity is 0).

For every g € G(A), let 17, be the characteristic function on aj of the convex hull of the
points —Hp(g) for P € P(M). Let

Wi (8) = i € Xo(M) | Ly (énr + ) = 1}
it is an integer.
Lemma 12.2.1. — The function wi,l is left invariant under M (A).

Proof. — We refer the reader to [11, Lemma 11.7.1]. O

Let
(J(ANG(A))™

be the open and closed part of (J(A)\G(A))™ consisting of the g such that the class of g7(g)~!
in (J(F)\J(A)); is equal to that of j. We equip J(A() with the Haar measure that gives volume
1 to the maximal compact subgroup, and J(Fy) with the counting measure. Recall that G (A)
is equipped with the Haar measure that gives volume 1 to K. As in Section 11.5, we deduce
from this a measure on (J(A)\G(A))7, and hence on (J(A)\G(A))™/.

Proposition 12.2.2. — Let J(Ag)' = J(A¢) N Ker(Hy;) where Hy; is the morphism defined in
Remark 11.6.1 and

(12.2.4) c(J) = vol(J (Fo)\J(Ag)!) - | Ker(J(F)r — J(A).)].
Then c(J) is finite and we have the equality
IT(E\NW]| = c(J) - 1p(Ad(g™hX) wi, () dg.
(J(ANG(A))™

where the integral is finite.

Before giving the proof let us state two corollaries.
Corollary 12.2.3. — Recall that the set ‘W depends on the choice of j € J(A). The cardinality
of the groupoid [J(F)\'W¥¢] depends only on the class of j in (J(F)\J(A));.

Proof. — The set (J(A)\G(A))™/ depends only on the class of j in (J(F)\J(A)),. The result
is then an immediate consequence of Proposition 12.2.2. O
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Corollary 12.2.4. — Assume, moreover, that & is in general position (cf. Remark 4.9.2). We
then have

c(J) -1 G
LI (F)\W]| = : 1p(Ad(g™)X) vy (g) dg.
vol(ay /X (M))  JyanG(a)y)mi M
Proof. — For £ in general position, we have the equality between
/ 15 (Ad(g™)X) W (g) dg
(J(ANG(A)™
and
vol(ay/x.0)™ - [ 1p(Ad(g™)X) v (g) de.
(J(ANG(A) ™

The latter rests on the formulas relating the weights wfv[ (g) and vf/l(g), and is proved exactly
as Theorem 11.14.2 and its Corollary 11.14.3 of [11]. The result then follows from Proposi-
tion 12.2.2. O

Proof. — Since J is anisotropic modulo Zy; (cf. assertion 1), the quotient J(Fy)\J(Ag)! is
compact, hence of finite volume. The group

Ker! (T, J(F*P))

of Lemma 12.2.5 is finite for every Fp-torus J. Lemma 12.2.5 implies the finiteness of
Ker(J(F); — J(A);). Thus the constant c(J) is finite.
Let

v G(A) —> G(A)
be the map defined by ¥(g) = gr(g)~'j~!. The map (gK, ) — J(F)gK induces a bijection

from J(F)\'W onto J(F)\¢~'(J(F))/K. Moreover, the centralizer of (gK,d) in J(F) is
J(Fy) N gKg™'. Equality (12.2.3) can therefore be rewritten as

| (F)\W]| = > [V (Fo) N gKg™' |7 1p(Ad(g™")X) Lar g (émr).
geJ(F)\y~1(J(F))/K
The group G(Ay) acts by right translation on G (A) without fixed points. The set ¢~ (F) is
therefore a disjoint and countable union of orbits under G (Ay), all isomorphic to G(Ag). By
transport, we deduce from this a measure on ! (F) that is right invariant under G (Aq). We

equip J(F) with the counting measure and J(F)\y~'(J(F)) with the quotient measure. We
then have

(12.2.5) I[J(F)\'W¢]| = / 1p(Ad(g™H)X) 1y, (ém) dg.
J(F)\y~1(J(F))

Since J is split (cf. assertion 2 above), the morphism H), restricts to a surjective morphism
from J(Ag) onto X, (M) with kernel J(Ag)'. Forevery g € G(A), we have the equality (cf. [11,
proof of Proposition 11.9.1])

/ Lntae(€n1) dit = vol(J(FO)\J (B0)) - ¥, (g).
J(Fo)\J(Ag)

The exact sequence
0— J(F) — J(A) — J(F)\J(A) — 0
gives the exact sequence in cohomology

0 — J(Fo)\J(Ag) — (J(F)\J(A))" — Ker(J(F); = J(A);) — 0.
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We then equip (J(F)\J(A))" with the measure whose quotient by that of J(Fp)\J(Ag) gives
the counting measure on Ker(J(F), — J(A);). Using the above exact sequence and the right

invariance of wi/l under M (A), we obtain

(12.2.6) / Lyre (Ear) dt = () - W, (3).
(J(FO\J(A))7

The group (J(F)\J(A))" acts without fixed points on J(F)\¢~!'(J(F)). The map
that associates to g € ¢~ !(J(F)) its class in J(A)\G(A) descends to a surjective map
J(F)\u Y (J(F)) = (J(A)\G(A))™ whose fibers are the orbits under (J(F)\J(A))". We
therefore have

(AN P\ (J(F)) = (J(AN\G(A)™

and this bijection is compatible with our choices of measures. Combining (12.2.5) and (12.2.6),
we obtain the proposition. The integral is finite because the integrand has compact support. O

Lemma 12.2.5. — Let F*? be a separable closure of F and ', the Galois group of F*® over
Fy. Let

Ker! (T, J (F*P)) = Ker(H' (T, J (F*P)) — H'(Tg,. J (Ao ®, F*P)).
We have a natural identification

Ker! (T, J(F*P)) = Ker(J(F)r — J(A)o).

Proof. — We have the exact sequence
0 —TIr—TIf — Gal(F/Fy)) — 0,

where 'z is the Galois group of F*P over F. The Galois group Gal(F/Fy) of F over Fy is
identified with the Galois group of k over F,, hence with Z. Let WE, be the inverse image of Z
in I'r,. We equip Wg, with the topology that makes I'r an open subgroup of Wg,. We therefore
have an exact sequence

0—)FF—)WFO—>Z—>0.

This exact sequence gives the following commutative diagram with exact rows, of inflation-
restriction

0— H'Y(Z,J(F)) — H"(WF,, J (F*?)) H' (T, J (F*P))

| | |

0 Q-Hl(Z,J(A)) éHl(WFO,J(A ®p F5P)) é_I_Il(l—‘F’J(A& ®F F5P)).

It is well known that for such a field F the terms on the right are zero. Those on the left are
identified, respectively from top to bottom, with J(F), and J(A),. It follows that we have the
identification

(12.2.7) Ker(J(F); = J(A);) = Ker(Hl(WFO,](FseP)) — HI(WFO,J(A ®F F*P)).

Since J is stable under 7, we may view it as a torus over Fy. Let E( be a finite extension of F
in F*°P that splits J. The exact sequence

0 — Wg, — Wg, — Gal(Ey/Fy) — 0
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gives, as before, the following commutative diagram with exact rows, of inflation-restriction,
where we set I'g,/r, = Gal(Eo/Fp):

H' (Tgy/ry, J (E0)) ———= H' (Wr,, J (F*P)) H' (Wg,, J (F*P))

| | |

HY(Tg, 5y J (Ao ®F, Eo))— H' (Wky, J(A ®F F*P)) — HY(Wg,, J(A ®F F*P)).

Let us show that the right-hand vertical arrow is injective. Since J is split over E), it suffices to
prove it for the torus G, g,. By (12.2.7), we are reduced to showing that the arrow F}* — AX
is injective. But every x € F* with trivial image in A is a unit at every place, so such an x
belongs to k* and is of the form y7(y)~! for an element y € k*.

This injectivity being established, we deduce from it the equality between

Ker(H'(Gal(Eo/Fo).J(Eo)) — H'(Gal(Eo/Fo).J (Ao ®, Eo)))
and
Ker(H' (W, J(F*?)) — H'(Wr,, J (A ®F F*P))
which, combined with (12.2.7), gives the lemma. O

12.3. Proof of Theorem 12.1.1. The notation is that of Section 12.1. The finite group

T(Qu, mo(JT)) of global sections over Qy of the sheaf 7o(J1) acts on PH*(R S P"Q,)
(cf. 8.5). Since this finite group receives the group X.(T N Mg.), we also have an action of
the latter on the perverse cohomology. Let ay; € ﬂj"vlll(k)T and let a be its image in Ag(k)".
The decomposition (8.5.1) of Theorem 8.5.1 gives the following equality of traces for every
A€ X (TN Mge):

trace((A7) ™, PH* (R £ Q) )
= >, (s 0 wace(rT PHUREMTQ)s ),

S€(T/Z9 ors

where the pairing (-, -) is the canonical pairing between T/ Zz(\)? and X, (T N Myer).

Assertion 1 of Theorem 8.5.1 shq\ws that, in the above sum, the term associated with s is zero
unless s belongs to the finite group (7°/ Z}%I)W“ (for a comment on this group, cf. Remark 12.1.2).

We therefore restrict to such s. The trace of (A7)~! on the perverse cohomology depends only
on the class of A in the group of co-invariants X, (7' N Mger)w, (cf. (8.3.1) and Proposition 8.3.1).

By Fourier inversion on the finite commutative group (T/ Z}%{)Wa, whose dual is X, (T N Mger)w,,,

we obtain the following formula for every s € (T/ ZI%I)W“:

trace(t ™!, PH"® (Rff’M_par@f)s,a)

(12.3.1 =[@/Z)Y ™ DT (5,4) trace((ar) L PHC(REEMPIT),).
X (TNMger)w,
Let A € X.(T N Myer). We have the following equalities:
(123.2) trace((A7) ™", PH* (R fEYPMQy),) = trace((A7) ™ H* (M5, Q)
= IMG(R)™.

The first equality relates the trace of (A7)~! on the perverse cohomology to the (alternating)
trace of (17)~! on the cohomology of the fiber at a of M¢ (denoted Mi). It is proved as in
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[27, Lemma 3.10.1]. The second equality follows from a stacky version of the Grothendieck-
Lefschetz trace formula. It relates this trace to the cardinality, written between two bars, of the
groupoid of k-points of Mf, that are fixed under A7. We are now going to describe this groupoid.
We resume the notation of Section 11. There we defined a group scheme J,,, over C, stable
under 7 (cf. §11.3), as well as an element X,,, € m(Fp) (cf. §11.7). We have the following
result.

Lemma 12.3.1. — The groupoid Mg(k) of k-points of the fiber at a of M¢ is equivalent to the
quotient groupoid of the set of g € G(A)/G(O) such that

(12.3.3) Ad(g) (X)) e wPg(0)
and
(12.3.4) ém € cvX(=Hp(g))pep(m)

by the left translation action of the group J,,,(F).

Proof. — This is an easy consequence of Proposition 7.6.3 of [11]. O

The group X.(T N Myge) acts on the fiber Mg via the morphism X.(T N Myer) — !
considered in Section 8.3 (cf. also §7.3) and the action of jal on Mg (cf. 6.6). Let ws be a
uniformizer of O. Recall that in order to construct this morphism, we identify J, canonically
with T over O (cf. Proposition 7.3.1) and the element @w?, € T(Ow) =~ J4(Ow) is interpreted
as gluing data defining a J,-torsor over C. In fact, we also have a canonical identification of J,,,
with T over O, and we denote by j, € J,,,(O) the element corresponding to @2, under this
identification.

Lemma 12.3.2. — The groupoid Mi(k)’” is equivalent to the quotient groupoid of the set
of pairs (g,0) € G(A)/G(O) X J,,,(F) that satisfy conditions (12.3.3) and (12.3.4) of
Lemma 12.3.1 for g and the condition

Ja67(g) = ¢
by the action of J,,,(F) given by left translation on g and t-conjugation on 6.

Proof. — It follows from the description of Lemma 12.3.1, from the definition of the fixed
points of a groupoid under an automorphism (cf. for example [11, §11.2]) and from the adelic
description of the action of j;,l (left to the reader). O

Here is a variant of Lemma 12.3.2 that will allow us to use the results of Section 12.2.
Lemma 12.3.3. — The groupoid Mg(k)“ is equivalent to the quotient groupoid [J,,, (F)\W?¢]
defined in Section 12.2 relative to the data X,,, and j,.

Proof. — The only difficulty is to see that the obvious morphism from [J,,, (F)\"W¥#] to the
quotient groupoid considered in Lemma 12.3.2 is essentially surjective. For this one uses the
variant of Lang’s theorem showing that 1 — 7 is a surjective map from G (O) to G(O). O

We deduce the following lemma.
Lemma 12.3.4. — For every A € X.(T N Mge;), we have

trace((A7) "', PH*® (Rff’M_par@f)a)

— C(JaM) .
vol(ap /X(M))  J(,,, (ANG(4) ™

1p(Ad(g™")X) v (g) dg.

Proof. — The desired equality is a simple combination of equality (12.3.2) and of Corol-
lary 12.2.4 (recall that we assume that £ is in general position). O
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Lemma 12.3.5. — For every s € TVa / 21?71’ we have the equality between

trace(t~!, pﬂ'(Rff’M_par@f)s,a)
and
c(Jay) - | Ker(Xo(T N Mger)w, = Xo(Tw,)| ) qdeg(D)|<I>G|/2 )

— JG,s .
vol(ay /X.(M)) - |(T/Z]%[)Wa| W (am)

Proof. —Lets € TVa / Z]%I. Equality (12.3.1) combined with Lemma 12.3.4 gives the following

formula for trace(7~!,PH*(Rf < ’M_par@f)x,a)i

C(JCLM)
vol(ay /X.(M)) - |(T/Z3)"e|

x ), (s 15 (Ad(g™H)X) v9 (g) dg.
X (TNMyer)w, (Japs (A\G(A))™/a

The quotient
(Jay (A\G (A)) ™/

is none other than the set of g € (J,,, (A)\G(A))" such that inv,,, (g) is equal to the image of A
in X, (T)w,. By Proposition 11.4.2, the image of the invariant inv,,, is contained in the image
of the morphism X, (T N Mger) — X (T)w,. We deduce from this that the sum

(5, ) / 1p(Ad(g™H)X) VG (g) d
(Jap, (A\G(A)) ™2

A€X (TN Maer)w,
is equal to
| Ker (X. (T 0 Maer)w, — X-(T)w,)| - q*8 P2 165 (qy)
which gives the result. O

Lemma 12.3.5 gives the theorem by virtue of the following Lemma 12.3.6.
Lemma 12.3.6. — We have the equality

| KCI'(X*(T N Mder)Wa - X* (T)Wa)l
(T/Z0)We|

= |TWa/z%|-1.

Proof. — The exact sequence
0 — X(T N Mger) — Xo(T) — Xo(M) — 0
gives the exact sequence of co-invariants (recall that W, ¢ WM acts trivially on X, (M))
0 — I — Xo(T 0 Maedhw, — Xu(T)w, — Xo(M) — 0

with I = Ker(X.(T N Mger)w, — X«(T)w,). Applying the exact functor Homz(-, C*) to this
sequence, we obtain the exact sequence of groups

1 — 7 — Ve — (f/z%)wa — Homgz(1,C*) — 0.

We deduce from this that the order of Homz(7, C*) is equal to the ratio between the orders of
the finite groups (7'/ Zl%)wa and TWe / 21(1)71’ which gives the desired equality since this order is
also that of 1. O
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13. Stable avatars of weighted orbital integrals

13.1. In this section we take up, in our context, the formalism introduced by Arthur in order
to stabilize weighted orbital integrals. As throughout the article, G is a connected reductive
group defined over k and 7 a maximal subtorus. We have a natural bijection M M (cf.
2.5) between L¢ (T) and the Levi subgroups of G that contain 7. For every s € T and every

subgroup H of G, we denote by H, the neutral component of the centralizer of s in H, and by
H its dual over k.

13.2. Let sy € T and M’ = MSM. We have M’ = M if and only if s is central in M. Let
Sﬁ(sM) be the (finite) set of subgroups H of G for which there exist an integer n > 1 and a
finite family s = (s1,...,s,) of elements of T satisfying

-1 €syZyands; € Zy;, fori > 2;
— H is the neutral component of the group

—~

Gs,N...NGy,

Remarks 13.2.1. — All the groups of Sg(s wm) are reductive, connected and of the same rank,
namely the dimension of T.
For every H € Sf,[(sM), we have M N H = Mj,,. In particular, G € Sﬁ(sM) if and only if
Sy EZ e
In the same way one defines a set 811"/1(SM) for every L € £%(M). We have an obvious
inclusion 811“4(SM) C SE(SM). More generally, for every s € syZy, one defines 8f4i(sM).
Moreover we have SAG/;; (sm) = 8[?/[“; (1), where 1 is the neutral element of 7.
Definition 13.2.2. — Let L, C L; be two connected reductive subgroups of G that contain T.
We say that L is elliptic in L, if one of the two following equivalent conditions is satisfied:
1. the connected centers of Zl and Zz are equal;
2. the quotient Z7 / Z; is finite.
For every L € L%(M), let 81@ a(sm) C 81@(”4) be the subset of the subgroups H €
&L (sy) that are elliptic in L.
Lemma 13.2.3. — We have the following equality, where the union on the right-hand side is
disjoint:
gqtsm) = | Ehanlsm).
LeL(M)
Proof. — Let He Sﬁ(s um). The centralizer of the connected center of H is a Levi subgroup
L of G that contains H. Consequently, we have ZO C Z; C Zz. We therefore have 29 = ZO

and H is elliptic in L. Any other LeV1 subgroup L’ which contains H as an elliptic subgroup
satisfies ZO Z0 and therefore L' = L. |

Proposition 13.2.4. — Let sy € T and M’ = I\ZSM. For every map
J 1 &5 qi(sm) = C,
there exists a unique map
S : &y nlsm) > C
such that the following relation
(13.2.1) S(H) = J(H) - Z |25 125" S(H,)
SGZM\//Zﬁ, s#1
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is satisfied for every He 81\G/1,e11(s M)

Remark 13.2.5. — Let H € Sgl(sM). For every s € Z,, the group H, belongs to Sﬁ(sM)
and depends only on the class of s in Z;,/Z 5. If Hy is not elliptic in H, the quotient Z i, /Zg is
not finite and, by convention, we set |Zﬁs /Z ﬁl_l = 0. Thus the sum over s only involves those

S(H;) for which H, belongs to 8116/1 «1(Sm). As there are only finitely many such H,, the support
of the sum over s is finite, since it is contained in a finite union of finite quotients Z5 /Z 5.

Proof. —LetH € SeGH(sM). Letus observe thatif s € Z;, and s € Z then dim(ﬁs) < dim(ﬁ).
In particular, if H is of minimal dimension, the relation (13.2.1) reduces to
S(H) = J(H).

An induction on the dimension of the groups H gives the existence and the uniqueness of S. O
Corollary 13.2.6. — Let sy € T. For every map

J 1 &S (sm) — C,
there exists a unique map

S . SAG,,(S m) — C
such that for every L € L(M), the restriction of S to 81%/1@11(3 M) is the map deduced from the
restriction of J to 811“/1(SM) by Lemma 13.2.4.

Proof. — It follows from Lemma 13.2.3 and Proposition 13.2.4. O

13.3. Stable avatar of JAC;’I (ap). We take up the notation of Section 11. We introduce the

following definition. We denote by 1 the neutral element of T.
Definition 13.3.1. — Let M € L£LO(T) and ay € Ay (k)T. The map

He &S (1) St (an)
is the map deduced from the map of Definition 11.7.1

He &% (1) m i ay)
by Corollary 13.2.6.

14. A second computation of a Frobenius trace

14.1. We take up the hypotheses and the notation of Sections 10, 11, 12. The main result
of this section is the following theorem, which is a computation of a Frobenius trace on an

intermediate extension in terms of the stable variant of the weighted orbital integrals JA(fI’l (am)
of Definition 11.7.1.
Theorem 14.1.1. — Let G be a semisimple group, M € L° and ay € ﬂ;}}(k)’. Let a =

)(gl (ap). Assume that a € ﬂg"n. Let j be the open immersion
ji A - Ag.
Then we have the equality between
trace(7 ™, (ju("H* (RFELQ01)a)

and o
c(Jay,) - qdeg(D)ICD [/2

=0 5 - S8$ (am),
vol(ay /X.(M)) - [TV [ZZ]| - |Z5 0 Zg]
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where
1. p?‘('(Rf(e;H*@g)l is the 1-part ofp7-{°(RfeH*@g) (cf. Theorem 8.5.1);
2. its intermediate extension to Ag is denoted j.;
3. the notation on the right-hand side, with the exception of S 1?/1 (apm), is that of Theorem 12.1.1;

4, Sgl(aM) is the variant of the integral JAG/I’] (ap) introduced in Definition 13.3.1.

This theorem is nontrivial. Although it rests in part on counting arguments (that is to say,
on Theorem 12.1.1), its proof also requires the cohomological Theorem 10.7.3. This last point
explains the condition a € ﬂg"n. The proof is to be found in the following paragraph.

14.2. Proof of Theorem 14.1.1. We take up the hypotheses of Theorem 14.1.1. For every
H e &Y (1), we define 8 (ay) by the following equality:

M el
trace(7!, (ji. (PH® (Rff]l,l*@f)l))a) =

G
c(Jay,) - glee(D)|271/2

~W 0 0 Sﬁ(aM)
vol(ay /Xu(M)) - [T/ Z5] - |25 N Zg]

It is a matter of seeing that we have
(14.2.1) S (an) = ¥ (au).

Since ﬂg"“ NAy C ﬂ%"“ (cf. Lemma 14.3.1), we may assume, arguing by induction on
the dimension of the groups, that the equality (14.2.1) holds for every H € 81(\;4,e11(1) such that
H # G. Let us show that the point a = )(é” (apr) belongs to the open subset (notation of (10.7.1)
fors=1)

U =Uy N ﬂgon N (ﬂc — U ﬂs,p)a
(s.0)
where the union is taken over the finite set (cf. Proposition 10.6.10) of geometric endoscopic
data (s, p) of G that satisfy
-5 € Z(l;
M

- AN A, # 0

— p is a nontrivial homomorphism.

Since ﬂle‘y C Uy (ct. the definition of U), given in §8.4), it remains to see that we have
a ¢ Ay, for every pair (s, p) that satisfies the three conditions above. Let (s, p) be a geometric
endoscopic datum of G such that s € Z}%I anda € Ay,. Since a = x X (ay), we have W, ¢ W

(cf. Proposition 8.2.1). But the condition s € Z% implies W¥ < W?. Hence p is necessarily
M

trivial.
We may therefore take the trace of 7~! on the fiber at a of the equality of Theorem 10.7.3.
C(Japy)-qiee @112

vol(ays /X, (M))-|TWa /Z2 |

After simplifying by the factor , we find the equality

-1 &Gy
Ni'aw) = D120 0 Zg |7 i (am).

N

where the sum is taken over the s € Z[%[ such that G s 1s semisimple. As the terms in the sum on

the right are invariant under translation by Zz?? NnZ G we also have

i'aw) = Y125 0 Zg) |25 0 Zg |7 - S5 (am),

N
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where, this time, the sum is taken over the s € Zz%z / (21?71 N Zg) such that G s 1s semisimple. Since
-~ . . = ~ _ 770 =770 i
M is a Levi subgroup of G and of G, we have Z; = ZGZM and Zj; = ZGSZM‘ In particular,
we have Zz C ZG(Z(l N Zg ). One deduces from this the isomorphisms
s M s
0 0 ~
ZM/(ZM N Z@) = ZM/Zé
and
(ZLNZg )(Z3NZg) = Zg | Zg,
and one obtains
Il aw) = > 125 1251785 (am),
SGZM/ZG
where, by the usual convention, the inverse of the cardinality of an infinite set is zero. By the
induction hypothesis, we have SIC;I‘ (apm) = Sf,; (ap) for s # 1. It then follows that

Sstam) =Jg am) = > 1251251785 (am)
SGZM/ZG’ s#1
=Iyiam) = Y 1251751785y (am).

SEZﬁ/Za, s#1

But this last expression is precisely S AG/[(a M), which completes the proof.

14.3. The following lemma was used in the proof of Theorem 14.1.1.
Lemma 14.3.1. — Let H be a dual group of a reductive subgroup H of G that contains T. Let
Ap — Ag be the canonical closed immersion (induced by the inclusion W c WC). Then we
have

b b
AX N Ay ¢ AN

Proof. — By Section 9, we have at our disposal a function 6/ on Ay and a function §¢ on
Ag. Leta € ﬂg"n. We therefore have codimg (a) > 6$. Assume moreover that a € Apy.
One checks the following formula:

codima, (Ay) = (dim(G) — dim(H)) deg(D)/2 = 65 - ¥,

The first equality comes from the computation of the dimension of A by the Riemann-Roch
formula, and the second follows from the Ngb-Bezrukavnikov formula, cf. Lemma 9.12.1 (cf.
also [29, §4.17]). One immediately deduces from this the inequality codim,, (a) > 6%, which
is what we had to prove. O

15. A global form of the weighted fundamental lemma

15.1. The following theorem, which is the main result of this section, is a global form of
Arthur’s weighted fundamental lemma.
Theorem 15.1.1. — Let M € L6 and sy € T. Let M’ be of dual M’ = M;,,. Let ay €
ﬂjﬂ},(k)’. By abuse of notation, we still denote by ays the element )(}]l‘/[”/(a m). We make the
Jollowing hypotheses:

- M cM (that is to say sy & Zy;);

- M is elliptic in M (which amounts to ay; € .?I,evl,l(k));

— the element )(é” "(ap) belongs to ﬂg"“.
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Then we have the following equality:
I am) = 1Zg 25l Y 125, 12517 S (am).

SESMZM/Zé

15.2. Proof of Theorem 15.1.1. Let us begin with the case of a semisimple group. Let us
prove the following lemma.
Lemma 15.2.1. — Leta = )(é”/ (am). Then a belongs to the open subset Us,, defined in (10.7.1).

Proof. — By hypothesis, we know that a belongs to &le(’;o“. The hypothesis that M’ is elliptic in
M implies that a € ﬂﬁ}} (cf. Proposition 10.6.6) and therefore a belongs to the open subset Uy,

of §8.4. Let (s, p) be a geometric endoscopic datum (cf. Definition 10.6.3) such that the three
following conditions are satisfied:

_ 0.
Ky Ens MZ[V[’
- ﬂeG m ﬂs7p ¢ 0;
—da e ﬂs,p.
Since ay € Ay, wehave W, C wM’ (by a variant of Proposition 8.2.1). As we have wM W?,
we also have W, ¢ W? and p is necessarily trivial. This completes the proof. O

Let us take & in general position. Theorem 10.7.3 specialized at the point a € U,, entails
an identity of Frobenius traces which is made explicit as follows by Theorems 12.1.1 and 14.1.1
(cf. also Lemma 14.3.1):

c(Ja,,) - qiee)®C1/2

_ JG,SM
vol(ay/X.(M)) - |TWe /20| ()

Z c(Ja,,) - qiceP)N®1/2
S vol(a /X (M) - [T/ Z% | 122 1 Z; |

-S89 (am),

where the sum is taken over the s € s MZM such that G is semisimple. The hypothesis that M’ is
elliptic entails the equalities Z[%[ = Z}%/, ay = ape (as Euclidean spaces) and X,.(M) = X.(M’).
After simplification, we obtain the equality

M (am )—Z|z° N Zg 1785 (am)

for the same summation set, which one may rewrite (as in the proof of Theorem 14.1.1)

(2% nZg]

G.sm - M— s
JS (“M)‘Zuonz Sk o)

where this time the sum is over the s € SMZ]%I / 21?71 N Zg such that G, is elliptic. The exact
sequence
1 — (ZA7I NZg )/Za — Zz /Zé — ZIVI’/ZZV[ — 1
(where the surjectivity comes from the equalities Z;, = Zg 7% and 2% = Z%) and the
) ) sTM M’ M
isomorphism
(Zz NZy)]Z5 = (z0 NZg )/(z° NnZg)

entail the formula o

(25N Zg] 122l

|Z% NZg | 1Z/Z51°
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All the orders in the formula above are finite if Gy is elliptic. In the right-hand side of this
formula, the denominator is infinite if G is not elliptic, in which case its inverse is by convention

0. Using the isomorphism Z%/ Z% NZg = Z;;/Zz, we obtain the equality
I am) = \Zg/Zgl Y. 125 1257 S5 (am)
SGSMZA’/[\/Z

which is what we had to prove.
The passage from a semisimple group to an arbitrary reductive group is left to the reader.

16. Arthur’s formalism for the stabilization of weighted orbital integrals

16.1. This section takes up the notation and the definitions of §§13.1 and 13.2. It is
independent of the other parts of the article. We develop, in an abstract context, Arthur’s
formalism for the stabilization of weighted orbital integrals and of their descent and splitting
formulas (cf. [3] for example). We give several propositions which will then allow us to deduce
the weighted fundamental lemma from the global variant given by Theorem 15.1.1. All the
results rest on Arthur’s methods.

16.2. Let M € £C. Recall that for every sy € T we have defined in §13.2 finite sets

M a(Sm) € SG (sp) of reductive subgroups of G which contain . For every Levi subgroup

of G containing T, let LG (M ) be the finite set of Levi subgroups of G which contain /. This set
is in natural bijection with L% (M). We set L% = L9 (T). This definition holds more generally
for a reductive subgroup of G and one of its Levi subgroups.

Definition 16.2.1. — Let sy € T and M’ = M . For every map

J 8M,ell(sM) — C.

Let
G =12zl D> 125./2517'S(Gy),
sesMZM/Z»
where S is the map deduced from J by Proposmon 13.2.4.
Remark 16.2.2. — 1f sy € Z;, we have M =M and G € SG o (sn). In this case, we have

J 8(5) =J (5). Indeed the formula above may be rewritten
PG =SG)+ > 1Z51757'S(Gy)

sesmZy/Zg, s#1

and the sum over s above is equal to J(é) - S(@) by the formula (13.2.1).

Remark 16.2.3. — By Lemma 13.2.3, we have Sg(sM) = Urezm 8161 of

union is disjoint. For every map J : Sg(s m) — C, we therefore obtain a map

\(sp) where the

7€ £9(M) = C
given by Definition 16.2.1.
Definition 16.2.4. — Let M € £° and sy, € T. We say that a map

J &5 w(sm)U{Gt—>C
is stabilizing if it satisfies the equality J (6) =J® (6). We say that a map
J: &8 (sy)uLE(M) > C
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is stabilizing if for every L € £% (M) the map restricted to EL
Here is a first, trivial example.
Example 16.2.5. — If sy € Z;, every map J : 81(\;/1,e11(sM) U {6} — Cis stabilizing by virtue
of Remark 16.2.2.
Here is a second one which is not.
Example 16.2.6. — Let sy € T and M’ = Ms We assume that sy, € Z;. Foray € ﬂeu (k)™
which satisfies the hypotheses of Theorem 15.1.1, the map J defined by J (G) = JAG/I “M(ap) and
for H € Sz,eu(s m) by J (H) = Jﬁzl(a M) 1s stabilizing: this is nothing but a reformulation of
Theorem 15.1.1.

M ell(sM) U {Z} is stabilizing.

16.3. Splitting and descent. In all the rest of this section, we fix M € £% and sy, € T.
Weighted orbital integrals admit descent and splitting formulas brought to light by Arthur (cf.
[2]). The coefficient d of Definition 16.3.1 below plays a key role in these formulas. Beforehand,
for every He 8](5[(SM), we set

a7 =X (H) &R = X"(Z)) @z R.

We have moreover ay = az if H is the dual of H. We then have decompositions az; = f ®ay
asin §2.4. R
Definition 16.3.1. — Let H € Sﬁ(sM) and R € L (T). For all Levi subgroups L; and L, in

LH(R), we set
dg(zl, L)=0
except if we have a direct sum a%‘ @ a%z = ag, in which case d is the absolute value of the

determinant of the canonical isomorphism aIL?1 X aIL; — ag written in orthonormal bases.
Remark 16.3.2. — We have dH(Zl, L,) = dH(Zz, L) and this coefficient is nonzero if and

only if aA @ aA = aA We also have dH(R H)=1.

We collect 1n the followmg lemma some well-known elementary facts whose proof is left to
the reader.
Lemma 16.3.3. —

1. We have ag N ag = 0 if and only if the quotient
1 2
(ZZ] N ZZZ)/Zﬁ
is finite;
2. WehCl\/.eAcllgzczz1 +a§2 ifandonlying:ZL Zz ~ L
3. Let s € T be such that G is elliptic in G and Mj is elliptic in M. The map L — L induces

a bijection from the set of the Le L(M) such that Ly is elliptic in L onto LHs (Ms).
Definition 16.3.4. — Let He Sﬁ(sM) and R € Lﬁ(f). For all Levi subgroups Ly and L, in
.l:ﬁ (E), we set

(L1, Lo) = (23, 0 23/ Z5I ' d2(L1, L),
with the usual convention that the inverse of the cardinality of an infinite set is zero.
Remark 16.3.5. — By assertion 1 of Lemma 16.3.3, we have eg(zl, Zz) = 0 if and only if

dg(zl, L) =
We can now state the two main results of this section.
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sy LS an

Proposition 16.3.6. — (Splitting) Let sy € T be such that sy ¢ Zy and M =M
elliptic subgroup of M.

Let J| and J, be two maps from Sﬁ(sM) U £6(1\7I) to C. Let J be the map from Sﬁ(sM) U
Lé(ﬂ) to C defined for every He Sﬁ(sM) by

JH) = Y dl (L, L) I(T) - Da(L)
Ly.Lye LA (i)

and for every Le LG(M) by
J(L) = Z d% (L1, L) - Ji(L1) - Ja(La).
Ly LreLL(M)
We have

1. If J1 and J, are stabilizing then J s stabilizing;
2. If J and J, are stabilizing and Jo(M) # O then J| is stabilizing.
Proposition 16.3.7. — (Descent) Let sy € T be such that sm ¢ Zy; and M’ = 1\7ISM is an elliptic
subgroup ofﬂ. LetR € .EM be such that R\SM is elliptic in R. LetR = ESM.
Let Jg be a map from Sg(sM) U LG(E) to C. Let Jy; be the map from Sﬁ(sM) v LG(M)
to C defined for every He Sﬁ(sM) by

Ju(H)y= > d (M, L)Jxr(L)
LeLHR)
and for every Le LG(Z\Z) by
In(@y=" ) di(M,L)Jp(L).
LieLL(R)
If Jr is stabilizing, then Jy is stabilizing.

Remark 16.3.8. — Using assertion 3 of Lemma 16.3.3, one sees that for every He Sﬁ(sM)

and every L € L7 (R), we have L € ES (sm).
The rest of the section (in particular §§16.4 and 16.6) is devoted to the proofs of Proposi-
tions 16.3.6 and 16.3.7.

16.4. Proof of Proposition 16.3.6. It rests on the following proposition, of which the reader
will find, for his convenience, a proof in §16.5.
Proposition 16.4.1. — (Splitting formulas) We take up the hypotheses of Proposition 16.3.6

1. Let S, resp. Si, be the map deduced from J, resp. J;, by Corollary 13.2.6. For every
H e Sﬁ(sM): we have

S(Hy= > e (L1, Ly) - $1(L) - Sa (L) ;
Ly, LyeLH (M)
2. Let J®, resp. Jl.‘o’, be the map deduced from J (cf. Definition 16.2.1 and Remark 16.2.3).
For every LeLC (1\2), we have

B@Ly= > da(Li,Ly)-JEL) - JE (L)
L.LryeLL(M)

80



We can now give the proof of Proposition 16.3.6. Assertion 1 is an obvious consequence
of assertion 2 of Proposition 16.4.1 above. Let us prove assertion 2 of Proposition 16.3.6. By
hypothesis, J and J;, are stabilizing. We therefore have

J(G) = J¢(G).

One may rewrite this equality by using, for the left-hand side, the definition of J in terms of J;
and J, and, for the right-hand side, assertion 2 of Proposition 16.4.1. It follows that

D, STl DLy -h(I)= ), d9(Li L) - JY(L) - JE (L)
L1,L,e £ (M) L1.Lye£G(M)
Since J; is stabilizing, we have Jf = J,. Arguing by induction, we may indeed assume that we

have Jf’(zl) =Ji (Zl) for every L € Lé(ﬂ) - {6} Subtracting the equal terms from each
side, one sees that the preceding equality is equivalent to

JG)(M) = JT(G)J2(M)
whence J; (5) =J 18(5) since we have assumed Jz(]\//} ) # 0. Hence J; is indeed stabilizing.
16.5. Proof of Proposition 1 6 3.6. Let us begm w1th the following lemma.

Lemma 16.5.1. — Let sy € T be such that M’ = MSM is elliptic in M. Let & be the set of
triples

(s,L}, L)
formed of s € syZy;/Z5 and L, Z/z € LGS(M\’) such that
— G\E is elliptic in 5;
Gs AI AI
- dM/(L L)) #0.
Let £ be the set of quadruples
(L1, La, 51, 52)
formed ole, L)€ La(ﬂ) and s; € ZA71/ZZ,~ such that
- Z,;,s[ is elliptic in Z,
—dS(1. 1
d}VI(Ll’ Ly) #0.
Let & — L be the map which to (s, Z’l, Z’z) associates (Zl , Zz, S1,572) defined by

— L; is the unique element of Lé(ﬂ) such that Z: is elliptic in L; and Z: = Z,-,s (cf.
Lemma 16.3.3, assertion 3);
— s; is the image of s under the projection syZy;|Zz — sMZM/ZZi.

Then this map is surjective and its fibers all have the same cardinality, namely
|(ZZ1 N Zzz)/ZéL
Moreover, if (s, Z’l, Z,z) has image (Zl , Zz, S1,82), we have the equality between
— és Tr T/
(Zg, N 21,/ 25| - 12 1 Zgl 125,/ Zg™" - e (L}, L))

and
\Z /25 27, 12517125, 12,17 dG(Ll,Lz)
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Proof. — Let us first observe that if (s, L , Z’z) has image (Zl, Zz, s1, 52) then d%ﬁ(f’ , 2’2) =
dg(zl, L,) (for if L’ is elliptic in L, we have a7 = az,). )

The map E > Lis surjective. Indeed, if (Zl,zz,sl, s2) € L, we have d%(zl, Zz) #0
and by Lemma 16.3.3 we have Z; = Z7 2z, . Hence (s1, s2) lifts to s € Z;/Z5. The triple

(s, L 1.s» L2 s) belongs to &: the only COndltIOIl which is not obvious is that G is elliptic in G.
By hypothesis, L, s = Ll 5; 18 elliptic in L;. We therefore have

T T
aA—a eaaA —aiseaafs

and, passing to the orthogonal complements, we have

(16 = azl’s N azz’s.

As the intersection above contains a; , we have az = az and G s 1s elliptic in G. Itis clear that

the image of (s, Zl,x, Zz,s) is the quadruple (Zl, Zz, s1,s2) € £ we started from.
The assertion on the cardinality of the fibers is obvious.
Let (s, L", L’z) have image (L1, Ly, s1, 7). Let us prove the last assertion. After simplifica-

tion by d%‘/(f’ , Z’z) = dg(zl, Zz) # 0, one arrives at the equality between

(22, 0 23)1 260\ 251 253) |25, 12517 (2, 0 22) /2]

and
(Z, N Ze )26 1 Zg | 2 -2z, 12517 125, 125,17
This one results from the commutative diagram with exact rows
| —=(Z; N 23|25 — Zi7| 25 — Zy;] Z7, % Ziz

1_>(ZZI,SmZZz,s)/Zéxézﬁ'/Zés_>ZA7'/Z o XZ /Z —>-1

Z7 —=1
Ly

wilZi

and from the following lemma. O

Lemma 16.5.2. — Let s be such that M = Ms is elliptic in M and 65 is elliptic in G. For every
L € LY(M) such that Ly is elliptic in L, the morphism

Z5lZ; = Z, 125,

is surjective and its kernel has cardinality
1Z; /251121 2]
Proof. — The surjectivity is a consequence of the equalities
Zg =2z (ZM,)0 Z (ZM)0
— 7 (70 = 7_ (70
AsZ; = ZGs(ZZS) = ZGS(ZZ)’ the kernel is written
(ZM N ZZS)/ZZ = Zz(Zas N ZA';[)/ZZ x~ (Zés N ZM)/(ZGS N Zz).

One concludes by remarking that (Zz N Z;7)/Z is the kernel of the surjective morphism

Z@S/Za — ZZS/ZZ'
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We can now give the proof of Proposition 16.4.1. Let us prove assertion 1. Let He 81?/1 (Sm).
Let & and £ be the sets defined in Lemma 16.5.1 relative to the group H, to its Levi subgroup
M’ and to the element sy, = 1. By the definition of the maps S and S;, we have

Ji= Y dl (LI (@) DL
L1, LyeLA (M)
= > di( Zz)[ D17, 175 17 S (L)
M’ ’ L] L1 »S1
Ly.LryeLH (i) s1€257 /27,
1 > 1z, 7 (T
SZEZA’;I‘;/Zzz

- H /T 7 -1 -1
= >, dp@Lilylz, 771z, 7
(L1,Ly,s1,50)eL

-S1(Liy,) - S2(Lay,)

Using Lemma 16.5.1, we obtain

JH)= Y125 /217 e (T, Ty) - S1(Lh) - Sa(Lo)

(s.L.L})eé
= > Zgiza™ (Y, eR(@inLy i@ Sal).
S€Zsi | Zg5 Z1,Z2€Lﬁ5 (M)

By the uniqueness in Corollary 13.2.6, we obtain the desired expression for § (ﬁ ).

Let us next prove assertion 2. Let & and £ be the sets defined in Lemma 16.5.1 relative
to the group G, to its Levi subgroup M and to the element s. By the definition of J€ and
assertion 1 which we have just proved, we have

G =1ZglZgl ), 125/25]7'S(Gy)

SESMZM\/ZG

=1ZglZgl ). 1Zg /75"

SESMZM/Z'*
S O (L Iy - Su(T) - $a(Ty)
L1.L,eLGs (M)
= \Zg/Zgl D, 1Z5/2gI"" €% (L1, Ih) - SU(TY) - Sa(Lh).
(s.L.L})eé
Lemma 16.5.1 implies that we have
PG = > 1Zglzgl ez, 1717 12, 12 1
(L1, Ly,s1,52)eL
- (L1, La) - S1(L) - Sa(L))
> dh(Ly, L) - JE (L) - JE(L).
Ly, LoeL£L (M)

The last equality results from the definition of J f and Jf . This therefore proves assertion 2.
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16.6. Proof of Proposition 16.3.7. Let us state the following proposition, which will be
proved in §16.7.
Proposition 16.6.1. — The hypotheses are those of Proposition 16.3.7.

1. Let Sy and Sg be the maps deduced from Jy and Jg by Corollary 13.2.6. For every
H € Sﬁ(sM), we have

T v .
Sw(H) = ), eg (M. D)Se(L);
LeLH(R)
2. Let Jf/l and Jg be the maps c{educed from Jy and Jg (cf. Definition 16.2.1 and Re-
mark 16.2.3). For every L € L% (M), we have
JgDy= > da(M,L)J5(L).
LieLL(i)
One may then give the proof of Proposition 16.3.7. Using assertion 2 of Proposition 16.6.1
and the fact that Jg is stabilizing, we have

JE(L) = Z d%(]\?, L1)JS(Ly)
LieLL(R)
= Z d%(]V[, Ly)Jr(Ly)
LieLL(R)
= Ju(L).
Hence J) 1s stabilizing.
16.7. Proof of Proposition 16.6.1. It is deduced from Lemma 16.7.1 below (cf. the proof of
Proposition 16.4.1).

Lemma 16.7.1. — Let R ¢ M c G be two Levi subgroups ofG Let sy € T, M’ = MSM and
R = R . We assume that M’ and R’ are elliptic in M and R respectlvely

Let 8 be the set of pairs (s’, L ) formed of s' € syZ;|Zz and L€ .[:G (k\’) such that
- 65 is elliptic in 5;
- d}%’(ﬂ', L) #0.
Let £ be the set of pairs (Z, s) formed on € Lé(ﬁ) and s € Zy;/Z; such that
- ZAA is elliptic in L;
- dg(ﬂ, L) #0.
Let & — L be the map which to (s, Z’) associates (Z, s) defined by
— Listhe unique element of LC (R) such that L' is ellipticin LandL’ =Ly (cf. Lemma 16.3.3,
assertion 3);
— s is the image of s’ under the projection syZy|Zz — suZg/Z;.
This map is surjective and its fibers all have the same cardinality, namely
|(Z1\2 N ZE)/Zél
Moreover, if (s, Z’) has image (Z, s), we have the equality between
— 591 i’ T/
(Zg N Zp)/Zg) - 1Zg 1 Zgl - 125,/ 251" - €Y (M, L)

and
Zz 1 Z5 - 127 [ 27 dG<M L).
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Proof. — It is analogous to that of Lemma 16.5.1. The details are left to the reader. O

17. From the global to the local

17.1. The main result is Theorem 17.3.1, which is a variant of a “local” nature of Theo-
rem 15.1.1. The splitting and descent results of Section 16 play a key role, as do certain local
computations of weighted orbital integrals. The notations are those used throughout the article,
in particular those of Sections 11, 13 and 16.

17.2. Notations. Let V be a finite or infinite but non-empty set of closed points of the curve C
which is stable under the Frobenius 7. Let Ay be the subgroup of adeles of A whose components
outside V are zero. The group Ay has an obvious ring structure. If V is finite (resp. infinite), Ay
is the product (resp. restricted product) of the completions of the function field F at the points
of V. Let Oy =[],y O, where O, is the completion of the local ring of C at v.

Let M € LY ay € Ay(k)" and X,,, = em(am,) € m(F) (cf. §11.7). Let J,,, be
the group scheme over C defined in Section 11.3 whose fibre at the generic point of C is the
centralizer of X,,, in M X; F (it is a maximal F-subtorus of M X; F).

We complete the choices of Haar measures made in Section 11.5. We endow J,,, (Ay)T
and G (Ay)T with the Haar measures which give volume 1 respectively to the maximal compact
subgroup of J,,, (Ay)T and to G(Oy)". As in Section 11.5, we deduce from this a measure on
(Ja,, (Ay)\G(Ay))T which is invariant on the right under G (Ay)*. If V' is the complement of
V in the set of closed points of C, we have a canonical bijection

(Jap (A\G (AV))T X (Jap, (Ay)\G (Ay))" = (Jay, (A\G (A))T

which preserves the measures.

For every s € TWam | we define the weighted s-orbital integral on V associated with aj; by

. _ G 1/2
Tv(aw) = g~ “EPINDO (x,, 1Y

(17.2.1)

X / (5, inVay, (£))1p(Ad(g™") Xay )VC (g) dg,
(Jap, (Av)\G(Ay))T

where Dy is the restriction of D to V and where |D¢(X,)|y is the product over V of the usual
absolute values of the discriminant D¢ of X, (cf. §2.7).

Remark 17.2.1. — When V is the set of all closed points, the weighted orbital integral defined
by (17.2.1) is nothing but the integral of Definition 11.7.1.

17.3. The main statement. We can now state the main result of this section. We use there the
divisors ‘Rfd and DM of car um.p defined in Section 9.1.
Theorem 17.3.1. — We place ourselves under the hypotheses of Theorem 15.1.1. Let

hay : C — cartpyrp
be the section associated with ay; € App (k). Let V be a non-empty t-stable set of closed points
of C such that every closed point v & V satisfies one of the two following conditions:

1. hg,, (v) is a smooth point of SRAGW and does not belong to DM'; moreover, the intersection
of ha(C) and RC,, is transverse at h,(v);

2. ha,, (v) is a smooth point of DM " and does not belong to RS,; moreover, the intersection
of ha(C) and DM’ is transverse at hy(v).
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Then the map Jy SAG/I(SM) U LG(M) — C defined for every H € SAG/I(SM) by Jv(ﬁ) =
JAF/II’,TV(aM) and for every L € £5(M) by Jv(L) = Jﬁl’f",”(aM) is stabilizing in the sense of
Definition 16.2.4.

Remark 17.3.2. — 1f V is the set of all closed points of C, the theorem is merely a paraphrase
of Theorem 15.1.1 (cf. Example 16.2.6). The set of the v which satisfy neither assertion 1
nor assertion 2 is finite. In other words there always exists a finite set V which satisfies the

hypotheses of the theorem. In this sense, one may say that Theorem 17.3.1 is a local variant of
Theorem 15.1.1.

Proof. — Let V be the set of closed points of C. Let V| be a 7-stable set of closed points
and V; its complement in V. We suppose that every v € V, satisfies one of the assertions 1
and 2 of Theorem 17.3.1. We have to see that Jy, is stabilizing. Now Jy, Jy, and Jy, satisfy
the splitting relations of Proposition 16.3.6, as Proposition 17.4.1 below shows. It therefore
suffices, by assertion 2 of Proposition 16.3.6, to show that Jy and Jy, are stabilizing and that
Jz(ﬂ ) # 0. We have already said in Remark 17.3.2 above that Jy is stable. There exists a
(finite) partition of V5 into parts V! which satisfy the hypotheses of Lemma 17.8.1. We thus have
J(M) =TI, JV;(AZ ) # 0 (with the notations of Lemma 17.8.1) and, by a repeated application

of assertion 1 of Proposition 16.3.6, we see that J; is stabilizing and that Jo(M) # 0. O

17.4. Splitting formulas for weighted orbital integrals. For all L1, L, € L%(M), we set
d$ (Ly, Ly) = d%(zl,ZZ)’

where the second one is that of Definition 16.3.1. Here are Arthur’s splitting formulas.
Proposition 17.4.1. — Let V| and V, be two disjoint non-empty sets of closed points of C. Let
V =V UV,. Foreverya € Ay (k)" and every s € TV, we have the equality

Tpvlamy = > d§(Li, La) - Ty (am) - Ty (am).
Li,L,eLC (M)

Proof. — Arthur has defined a section (L1, Ly) — (Qpr,,Qp,) of the map F (M) X F (M) —
L(M) x L(M) given by (Q1,02) — (Mp,, My,), defined on the set of the (L, L) such that
df/I(Ll, L>) # 0. This section has the following property: for every g € (J,,, (Ay)\G(Ay))T
with inverse image (g, g2) under the canonical bijection

(17.4.1) (Jap (Ay)\G (Ay)" X (Jap, (A, \G (Ay,))" = (Jay, (AV\G(Ay))T,

we have

(17.4.2) v (g) = Z d$;(Ly, L) - vffl (g1) - v,QV,L2 (82),
L,L,e LG (M)

where for every Q € ¥ (M) and every h € G(A) we set
M
Vi (h) = vy, 2 (D),
where [ is the unique element of M (A)\M (O) such that g € IN(A)G(O) (Iwasawa decompo-

sition). Let us introduce the integral JAQ/I’SV(a M) given by the equality (17.2.1) where one has

replaced the weight vfl by the weight v%. Since the bijection (17.4.1) preserves the measures,
formula (17.4.2) implies that we have

) Or,»s 01,8
ISy =Y dS(LiLa) Ty an) - Ty (aw).

Ly,L,e LG (M)
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To conclude, it suffices to show that for every L € £(M) and every Q € P (L), we have

T (am) = 737 (am).
One shows with the help of Lang’s isogeny theorem that one has a decomposition
(17.4.3) (Jay (AV)\G (Av))T = (Jay, (Av)\L(Ay)) "N (Av) G (Ov)*
which is compatible with the measures provided that No (Ay)" is endowed with the Haar measure
which gives volume 1 to the subgroup (Ng(Oy))". By the change of variable g = Ink, with
notations that we hope are obvious, we see that JAQ,[”sV(a M) is equal to

- G 1/2
g~ e PVICN2| G (x )|/ / /
Uaps (AyNL(AV)T INo (817

X / (s,invg,, (Ink))1p (Ad((lnk)_l)XaM)vﬁ,[(l) dl dndk.
G(Oy)"

By Definition 11.4.1, the invariant inv,,, (Ink) depends only on Inkt(Ink)™' = I7(I)~!. We
thus have inv,,, (Ink) = inv,,, (I). The integrand is then G(Oy)"-invariant and the integral
over G(Oy)", which is equal to 1, may be omitted. We then use the change of variable
Ad((In)™YX,,, = Ad(I"")X,,, + U (where U belongs to no(Ay)7, which is endowed with the

Haar measure that gives volume 1 to 1o (Oy)), of Jacobian DS (X,) |‘_,l/2 |IDE(X,) |‘1,/2, to obtain

that JAQ/[’SV(aM) is equal to

_ G
q deg(DV)|<I> |/2|DL(}:‘1)|‘1//2‘/‘
(Japy (Av)\L(AV))”

X / (s,invg,, (DY1p(Ad(I™") X,,, + U)vE (1) dl dU.
no(Ay)T

Since we have

/ 1p(Ad(I™HYX,,, + U)dU
no(Ay)7

=1p(Ad(I™X,,,) / 1p(Ad(I™YX,,, + U)dU
ng(Ay)T

— qdeg(DV) dim(nQ)lD (Ad(l_l)XaM)

deg(Dv)|®|/2 ;deg(Dv) dim(ng) —deg(Dv)|®"|/2

and g~ q =q , we indeed obtain JAQ/I’SV(aM) = J[f/l’sv(aM),
which concludes the proof. O

17.5. Let apr = (hqy,,t) € Am(k)T. Let hy,, , be the restriction of A, to the generic point
of the curve C. One then views A, , as a point in cary (F) where F is the field of functions
of F. Let V be a 7-stable set of closed points of C. Let @?v = [],, wﬁlv € Oy. We have
wDVhaM,,] € cary (Oy). Let X, v = sM(wDVhaM,,]) € m(Oy) be the image under the Kostant
section ). Let us recall that we have X,,, = ey (hq,,,) € m(F). Outside the support of D,
these two elements are in general not equal. Nevertheless, they always satisfy the following
relation

Xayy = @Y Ad(om (@) X,y
where pj, is the sum of the coroots in M that are positive for the choice of the pinning which
determines the Kostant section £,,. We recall that the divisor D is even. The element p; (w?Vv/?)
is 7-stable. It conjugates the centralizers J,,, and Jx, . The translation by oy (@Pv/?)
sends (Jg4,, (Ay)\G(Ay))T bijectively onto (J,,, v(Ay)\G(Ay))", which we endow with the
measure obtained by transport. In the same way, we denote by inv,,, v the map defined on
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(Jap, . v(Ay)\G(Ay))T which, composed with the previous bijection, gives back inv,,,. Let
1,4(0) be the characteristic function of g(Q). By a change of variables, we obtain the following
lemma.
Lemma 17.5.1. — The notations are those used above. For every s €
equality

TW“M, we have the

K 1/2
J53 (an) = DS (Xap )/

x / (5, inVayy v (8))Lg(0) (Ad (g ™) Xayy V6 (2) d.
(Jayy v (BV\G (Ay)T

17.6. Local computations of weighted orbital integrals. Throughout this paragraph, we
suppose that M € L satisfies M # G. Let ay = (hg,,,t) € Ay (k) and s € TWam . We are
going to compute in a few simple cases the local weighted orbital integrals.

Lemma 17.6.1. — Let V be a t-stable set of closed points of C. We suppose that for every
v €V, the section hy,, is such that h,,,(v) does not belong to 9{]?,[ Then JAG/[’;(aM) =0.

Proof. — We use the notations of Section 17.5. By Lemma 17.5.1, we have

1/2
IS5 (an) = 1D (Xay )Y/

x / (5, inVay v () 150) (Ad(g™) Xasy 1)VC (2) d.
(Japs.v(AV\G(Ay))T

Let g € G(Ay) be such that the integrand is non-zero. We thus have Ad(g~")X,,,.v € g(Oy).
Let P € P(M). We write g = mnk withm € M(Ay), n € Np(Ay) and k € G(Oy) (Iwasawa
decomposition). It follows that

Ad(m™HX,,, v € m(Oy)
and
(17.6.1) Ad(n™" Ad(m™ X, v - Ad(m™ ) X,,, v € np(Oy).

The hypothesis on h,,, implies that the adjoint action of Ad(m™hHX, w.vonnp(Oy) is an Oy-
isomorphism. By a standard dévissage argument, we deduce from this that condition (17.6.1)
implies n € Np(O). But then we have vf/l(g) = vf/l(n) = vz(l) = 0 (since M # G). Hence the
integrand is always zero and the integral as well, a fortiori. O

Lemma 17.6.2. — Let v be a closed point of C and n > 1 the smallest integer such that
7"(v) = v. Let V be the orbit of v under the action of . We suppose that v satisfies the following
conditions:

— hyg,,(c) is a smooth point of RS, ;
— ha,, (c) does not belong to DM,
— the intersection of h,,,(C) with 9{?,[ is transverse at hg,,(c).

We then have the following conclusions:

1. There exists Y, € t(O,) such that )(L(YV) = xm (X4, v). Forevery suchY,, there exists a
unique pair {a, —a} C (Dg - d)ITVI such that val, (xa(Y,)) = 1. Let w be the unique element
of WM such that wt(Y,) = Y,. Then w(a) = a.

2. With the notations above, let L € L6 be defined by d)% = {a,—a} and let (B.,T, X,) be
a pinning of L. Let w be the unique automorphism of L which fixes the pinning and which
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is of the form Ad(m) where m € Normy (o, (T) is a lift of w. We have
(oG
Tyiv(am) = dff (M, L)|D*(x,)V/2|vdmes)

X / Lio,) (Ad(I"YY,)vE(1) dl,
T(F,)" ™" \L(F,)»™"

where the groups T(F,)*™" and L(F,)"™" are endowed with the Haar measures which give
volume 1 respectively to the groups T(O,)"™" and L(O,)"™".

Proof. — Since hg,,(c) does not belong to DM, we have yu (X4,,.v) € car%_reg(()v). Its
reduction mod @, therefore defines an element of car%_reg (k) which obviously lifts to an

element y of t¥~72(k). Now over the open subset t* 2, we know that )(;4 is étale. It follows
that y lifts to a unique element Y, € t¥~2(0,) such that )(L(Yv) = xm(Xapw)-

Let P € P(M). The hypotheses on the intersection of A,,, (C) with 9{]?,[ imply that there
exists a unique root @ of T in Np such that val, (a(Y,)) = 1, the other roots of 7" in Np being of
zero valuation at ¥,,. Reasoning with the parabolic subgroup opposite to P, we see that @ and
—a are the only roots outside M such that val, (+a(Y,)) = 1. All the other roots, including those
in M (given that we have h,,, (c) ¢ DM), have valuation 0 at V,. Let Y, and o € @7(? satisfy
assertion 1. There exists w € WM such that wr(Y,) =Y, since )(L(YV) € cary (0,)". We have
val, (a(Y,)) = val,(t(a(Y,))) = val,(t(a)(Y,)). We therefore necessarily have w(a) = +a,
but since « is a root in the unipotent radical of a parabolic subgroup P € P (M), the same holds
for w(a@) and hence w(a) = a. This therefore proves assertion 1.

Let us next prove assertion 2. Let us start from the equality (cf. Lemma 17.5.1)

1/2
IS (am) = 1D (Xay )Y/

/ (5, invayy v (8)) g0y (Ad(g ™) Xayy 1)VC (g) dg.
(Jap, v(AV\G(Ay))T

Let g € G(Ay) and j € J,,, v(Ay) be such that 7(g) = jg. We shall first prove that if
1400,) (Ad(g™")X,,,.v) # O theninv,,, v(g) = 0. For this, it suffices to prove that the image of j
in the coinvariants J(Ay) is trivial. Let P € (M) and g = mnk be the Iwasawa decomposition
of g associated with P. We thus have 7(m) € jmM (Oy). By an application of Lang’s isogeny
theorem, we see that, after translating m by an element of M (Oy), we have 7(m) = jm, which we
suppose from now on. As in the proof of Lemma 17.5.1, the condition Ad(g~!)X,,,.v € §(Oy)
implies

Ad(m™ N X,,, v € m(Oy).

Since hy,,(c) does not belong to DY, we have yu (X4, v) € carg_reg(Ov). Consequently, we
have m € J,,, v(Ay)M(Oy). Since inv,,, vy is invariant under left translation by J,,, v(Ay), we
may and shall suppose that m € M(Oy). But then we have j € M(Oy) N J,,, v(Ay). Let J
be the Oy-group scheme defined as the centralizer of X,,, v in M X Ay. Since yu (X4, v) €
car%_reg(Ov), it is in fact a scheme in tori. We have M (Oy) N J,,, v(Ay) = J(Oy) and a new
application of Lang’s theorem shows that j is trivial in the coinvariants. It follows that one may

restrict the integral to the g € (Jg,,.v(Ay)\G(Ay))" with trivial invariant inv,,, v(g), that is to
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say that one may restrict the integral to J,,, v (Ay)"\G (Ay)T. We thus have

1/2
IS5 (an) = 1D (Xay )Y/

x / Ly(oy) (Ad(g™") Xy v )VC. (2) deg
Jap, v(AV)T\G(Ay)T

= 1D (Xayy ) I}V 4050
x / 1g(0,) (Ad(8™") Xay, 0)viy (8) dg.
Japg v (FV)T\G(F,)™

where one uses the obvious bijection
JaM,V(AV)T\G(AV)T - JaM,v(Av)Tn\G(Av)Tn-

The factor |V|dim(a1\c4) comes from the comparison of the weights.
It is also clear that we have

|DG(XaM,v)|v = |DG(Yv)|v = |DL(YV)|V'

From now on, in order to lighten the notations, we write 7 instead of 7". Since Y, and X,,, ,
have the same image under yj, and since this image belongs to the open subset car%_reg(()v),
there exists m € M(O,) such that X,,,,, = Ad(m~')Y,. It follows that m7(m)~! is an element
of the normalizer of T in M(O,) and that its image in WM is w. We deduce from this that
mt(m)~! normalizes L. The automorphism Int(mt(m)~') preserves the pair (Bz,T) of the
pinning (N, T, X,) and acts on X, by a homothety by an element of O,’. If one changes m into
tm with t € T(O,), the ratio of this homothety is multiplied by a(#7(¢)~!). We therefore see
that by taking a judicious element 7, one may suppose that Int(m7(m)~!) preserves the pinning.

It is clear that we have

DS (Xay, )1y = IDC (V)] = IDE(Y,)s.

By abuse of notation, we still denote by w the inner automorphism of G given by Int(mt(m)™!).
The map g — mgm~" induces a bijection from J,,, ,(F,)"\G(F,)" onto T(F,)"*\G(F,)"" and
one has

/ 10, (Ad(g™") Xapy VS () dg
Japy.v(Fy)\G(Fy)T

= / 140,)(Ad(g™HY, v (g) dg,
T(FV)WT\G(FV)WT

where the measure on T (F,)""\G(F,)"" is deduced from that on J,,, , (F,)"\G(F,)" by trans-
port by the previous bijection. Using as before the Iwasawa decomposition for Q € P (L), we
see that if g € G(F,) satisfies Ad(g™!)Y, € g(O,) then g = s with [ € L(F,) and s € G(O,).
Suppose moreover that we have wr(g) = g. Then I"'wt(I) € L(O,) and, by a new application
of Lang’s theorem, we see that one may suppose wr(l) = [ and s € G(O)"". We thus have

/ Lo, (Ad(g™)Y)v§ (5) de
T(F)"T\G(F)"T

= / Lio,)(Ad(YY, VS (D) dl.
T(F,)" \L(F,)"*
We then use Arthur’s descent formula

Ve = Y df (M, RVER (D),
ReLG(T)
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where R € LO(T) — Qg € P(R) is a certain section (defined on the R such that d? (M,R) #0)
of the map F°(T) — L(T) defined by Q Mgp. In what follows we restrict ourselves to the
R such that d? (M, R) # 0. This therefore implies R # T. The weight v?R was defined in the
proof of Proposition 17.4.1. Here is how it is computed here. The group Qg N L is a parabolic
subgroup of L. Since L is of semi-simple rank 1, one of two things holds

— either Qg N L is a Borel subgroup of L; one then has [ € tNg,nr(F,)L(O,) witht € T(F,)

and hence v?R(l) = v&(r) = 0 (since T # R);
— orelse L C R and then V?R(l) = vITe(l).

We now place ourselves in the second case. Let us recall that the weight V?(l) is the volume of
the projection onto a§ of the convex hull of the points —Hp([) for B € PR(T). Now this convex
hull is here contained in a line, so the volume is therefore zero unless dim(a?) = 1, in which
case R = L. Arthur’s descent formula therefore simplifies into

ve.(1) = dS (M, L)yvE(D)

which gives the desired result. O

17.7. Local computations of ordinary orbital integrals. We give some local computations
of ordinary orbital 1ntegrals Let v € V be a closed point of C and V the orbit of v under the
Frobenius 7. Let s € 7 and M’ = M,. Let ay = (hay,t) € Apr (k)T
Lemma 17.7.1. — We suppose that hy,,(c) does not belong to D™. Then

Tyvay) = 1.
Proof. — Let us start from the equality

Iy (ay) = DM (Xay )1}

y / (5, iVayy v (1)) Lin(0p) (Ad(m ™) Xy, v) dim.
(Japy.v(AV)\M(Ay))™

Let m € M(Ay) be such that Ad(m_l)XaM,V € m(Oy). Since X,,, v is still regular semi-simple
in reduction (given that h,,, (c) does not belong to D), we see that m € J,,, v(Ay)M(Oy).
As in the proof of the lemma, we deduce from this that inv,,, y(m) = 0. Since moreover

IDM (X0 )7 = 1, we have

J%,,;(aM) = / 1m(0v)(Ad(m_1)XaM,V) dm.
ap v(OV)"\M(Ov)™

= vol(Ja,,.v(Oy)") " vol (M (Oy)7).

Now vol(M(Oy)7) = 1 and vol(J,,, v(Oy)T) = 1 since J,,, y(Oy)7 is the maximal compact
subgroup of J,,, v(Ay)". O

Lemma 17.7.2. — We suppose that
— ha,, (c) is a smooth point of R, ;
— hy,,(c) does not belong to oM,
— the intersection of h,,,(C) with ‘R% is transverse at hg,,(c).

Then
M’l
(aM) = My = = 1.
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Proof. — The first equality is merely a particular case of the Langlands-Shelstad fundamental
lemma. The second follows from Lemma 17.7.1 above. The reader who would balk at using the
fundamental lemma may check the equality J %“, (apm) = 1directly: one reduces to a computation
on a group of semi-simple rank 1 which one does by hand (cf. also [29, §8.5.9]). O

Lemma 17.7.3. — We suppose that
— ha,, (c) does not belong to RM,;
— hg,, (c) is a smooth point of M,
— the intersection of hg,, (C) with DY " is transverse at hy 4 (€).

Then /

JAA//[[‘S/(CIM) = J]]:/I/[,:‘]/(CZM) # 0.
Proof. — Here again, the first equality is a particular case of the Langlands-Shelstad funda-
mental lemma. The integrand in

1/2 _
I = DM Xy ) / L (op) (Ad(m™ ") Xy, v) dm
Japg, v(AV)\M' (Ay))"

is positive and the integral is clearly bounded below by vol((Jy,,, V(Ov)\M (Ov))") > O Of

course, it is also possible to carry out directly the computations of M M. V(a m) and M V (one
reduces to a computation on a group of semi-simple rank 1, cf. also [29, §8.5.8]). O

17.8. Let V be a non-empty 7-stable set of closed points of C. Let s € T be such that
M = M, # M. Letay = (hay,t) € Ay (k)7. Let Jy - 85(s) U LE(M) — C be the
map defined for every H e Sﬁ(s) by Jv(H) = JH’,{V(aM) and for every L e Lé(ﬂ) by
(L) = 137 (am).
Lemma 17.8.1. — We suppose that V satisfies one of the three following conditions:

1. For everyv €V, the point hy,,(v) does not belong to DY
2. V is the orbit under 7 of a point v which satisfies assertion 1 of Theorem 17.3.1,
3. V is the orbit under v of a point v which satisfies assertion 2 of Theorem 17.3.1.

Then Jy is stabilizing and JV(M) # 0.

Proof. — Suppose assertion 1 holds. By Lemma 17.6.1, we have JV(H) = O unless H = M or
H = M’. Moreover, JV(M) JV(M’) =1 by Lemma 17.7.1. Hence Jy is stabilizing.
Suppose assertion 2 holds. In this case, &,,, (v) is a smooth point of RY,, and does not belong

to D', and the intersection of /, (V) with R is transverse at h,,, (v). Suppose moreover,
to begin with, that A,,,(v) does not belong to 9{]?,[ Consequently, the intersection of 4, (C)
with ‘R%, is transverse at h,,, (v). We thus have JV(M) = Jy(M) =1 by Lemma 17.7.2. By

Lemma 17.6.1, we have JV(Z) = ( for every Le La(ﬂ) with L # M. For every He Sﬁ(s),

we have H N M = M, consequently, A,,,(v) does not belong to 9{11:14’ and we have Jy (ﬁ )=0
by Lemma 17.6.1. Thus Jy is stabilizing.

Suppose still that assertion 2 holds but this time suppose that 4,,, (v) belongs to ‘Rf/lz under
our hypotheses, h,,,(v) is a point of transverse intersection of 4,,, (C) and 9%?4 and it does not
belong to DM,

Let Y, € t(O,), L € L%, n an integer and w an automorphism of L which preserves T,
such that these elements satisfy the conclusions of Lemma 17.6.2. Let us introduce the map
Jr : 84(1) — C defined by J7(T) = 1,

Jr(L) = |DE(x,)| V12| |dimlay) / Lo,y (Ad(I™HY,)vE(D) dl,
T(F,)" ™" \L(F,)»™"
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and JT(ﬁ) =0if H ¢ {T, Z}. For every He LG(M), the expression

(17.8.1) Z al(M, R)Jr(R)
ReLH(T)
equals
~ Jr(T) = 1=Jy(M) if H = M (cf. Lemma 17.7.1);
- dl! (M,L)Jr(L) = Jy(H) if H # M (cf. Lemma 17.6.2).

Hence the expressmn (17.8.1) is equal to JV(H) For every He &S v (8), we have h,,, (v) € R
if and only if LcH , and the expression

(17.8.2) > dE (', R)Jr(R) = Iy (i)
ReLH(T)

equals

— Jr(T) =1 = Jy(M’) if H = M’ (cf. Lemma 17.7.1);

- dfﬁ (M,L)Jr(L) = Jy(H) if L ¢ H (cf. Lemma 17.6.2);

~ 0if L ¢ H (Lemma 17.6.1).
In any case the expression (17.8.2) is equal to Jy. Since iT is (trivially) stabilizing, Jy is
stabilizing (cf. Proposition 16.3.7). Lemma 17.7.1 gives Jy(M) = Jy(M') =

Suppose now that assertion 3 holds. In this case, Lemma 17.6.1 1ndlcates that JV(H ) =0

unless H = M or M’. We have Jy (M) = Jy(M’) # 0 by Lemma 17.7.3. Hence Jy is stabilizing.
O

18. Truncated affine Springer fibers

18.1. In this section, the notation is that used throughout the article. We add the following
specifications. Let F = k((g)) and O = k[[&]]. Let val be the usual valuation of F. Let
Fy =F,((e)). We recall that we denote by T the Frobenius automorphism of k given by raising
to the power g. We again denote by 7 the Frobenius automorphism of F, so that we have
F"=Fy. Let Fbea separable closure of F'and / = Gal(F/F). Let F be the algebraic closure
of Fy in F. Letl = Gal(Fo/Fo)

We assume that the pair (G, T) is defined over F,. For every P € P (M), we define, as
in §11.6, a map

Hp : G(F) = X.(M)

defined for every 4 € X*(P) by A(Hp(g)) = —val(A(p)) where p € P(F) satisfies g € pG(O)
(by the Iwasawa decomposition).

We recall that a7 is equipped with a WC-invariant scalar product and that all its subspaces
are equipped with the Euclidean measure deduced from it (cf. §2.4). Let

G . G
Hp : G(F) — ajy;

be the composite of the map Hp with the orthogonal projection ay;, — a . The restrictions to
M (F) of these maps do not depend on the choice of P € P(M): we denote them respectively
by Hy and HY,.

18.2. Truncated affine Grassmannian. Let X© be the affine Grassmannian: it is a projective
ind-k-scheme whose set of k-points is the quotient G(F)/G(O). Let M € L. For every
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P € P(M), the map HS on G(F) induces a map HS : X% — a¥. Let £ € af. We define the

truncated affine Grassmannian
x5°

M
by the following condition: for every x € X%, we have x € %ff if and only if & belongs to the
convex hull of the projections onto aﬁ of the points —Hg (x) for P € P(M).
Proposition 18.2.1. — The truncated affine Grassmannian %ff is an open sub-ind-scheme of
X0,
Proof. — It is well known that the convex hull of the points —H}G, (x) is the intersection of the
cones —Hg (x) — *ap, where *ap is the positive obtuse Weyl chamber in a,; (this is a result of
Arthur, cf. [1]). It therefore suffices to show that the condition Hg (x) € =& — *ap defines an
open subset of X°. For that, we proceed as in [10, proof of Proposition 6.4]. O

18.3. Truncated affine Springer fiber. LetY € m(O) be a semi-simple and G-regular element.
Following Kazhdan-Lusztig (cf. [21]), we introduce the affine Springer fiber

X0 = {x e X | Ad(x" Y € g(0)}.

It is a closed sub-ind-scheme of X% . In fact, %? is a k-scheme locally of finite type and of finite
dimension (cf. [21]). The truncated affine Springer fiber %Z"i is the open subset of %? defined
by
G¢ _ 4G G.¢
X My = Xy nx, .
Let J be the centralizer of Y in G X; F. It is a maximal F-subtorus of G X; F. The group

J(F) acts on the set of k-points of %g It does not preserve the truncation %Zé; Let J’ be the
F-subtorus of J defined by

X.(J") =Ker(1 € X,.(J) — HAG/I(e’l)).

The group J'(F) acts on %? and preserves the truncation %AGfY Let

A=X.(J)
be the group of cocharacters of the maximal split subtorus of J’. Via the morphism A — &%, we
identify the discrete group A with a subgroup of J'(F).

Proposition 18.3.1. — The quotient A\%ff(Y ) is a quasi-projective variety defined over k.
Proof. — This is proved as in [21]. O

18.4. A local weighted orbital s-integral. We continue with the preceding notation, assuming
henceforth that 7(Y) = Y. In this case, J is equipped with an action of 7 and we have an exact
sequence in pointed set cohomology

(18.4.1) 1 — J(F)" — G(F)" — (J(F)\G(F))" — Ker(J(F); = G(F);) — 1,

where, as in §11.1, the index 7 denotes the set of 7-conjugacy classes. We equip the groups
J(F)" and G(F)" with the Haar measures which give measure 1 respectively to the maximal
compact subgroup of J(F)T and to the subgroup G(O)" of G(F)". By Kottwitz ([24, §7.6]),
we have a canonical exact sequence

(18.4.2) 00— J(F)) —J(F) — X.(J) — 0
which induces, at the level of the co-invariants under 7, an isomorphism

(18.4.3) J(F)r = X.(J)r.
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In particular, the group J(F); is discrete. We equip it with the counting measure. We deduce
from this a right G (F)"-invariant measure on the quotient (J(F)\G(F))".
Let
invy : (J(F)\G(F))" = X.())r
be the composite of the coboundary map of (18.4.1) with Kottwitz’s isomorphism (18.4.3).
Definition 18.4.1. — For Y and M as above and s € JT, the weighted orbital s-integral J]GW’S(Y )
is defined by

(1844)  JO5(¥) = [DO(1)[ / (s, invy () ooy (Ad™ (1)) v (g) dg
(J(F)\G(F))*

where

— the absolute value is | - |p = g~ ¥4 ();

— the pairing is the one between JT and X, (J)r;

— 14(0) is the characteristic function of g(O);

— Arthur’s weight v$,(g) is the volume in a{, of the convex hull of the points —H$ (g) for
PeP(M).

18.5. Geometric interpretation of the weighted orbital integrals. Since Y is t-stable, the

quotient A\%AGf;, is defined over F,. Let 7 € Homz(A, @X) be a character of finite order. We
assume that this character is fixed by 7 or, what amounts to the same, fixed by I'. By the choice
of an embedding of Q into Q,, we interpret 17 as a continuous ¢-adic character of A = Gal(k/F,)

trivial on the second factor. We deduce from this a local system L,] on A\%G * defined over
IF, which becomes trivial when it is pulled back by the covering x¢ M* — A\%G f The action
of J'(F) on %G’SC commutes with that of A. We deduce from this an action of J'(F) on the

cohomology H ‘(% My L,). By a homotopy lemma, this action factors through its group of
connected components. The latter is identified with the group X, (J’); by the sequence (18.4.2)
applied to the F-torus J ’. Now the discrete subgroup A of J'(F) acts by the character ! on

the cohomology H*® (% My L,). Since the image of A in X,.(J'); is of finite index, we deduce
from this the following decomposition'

(18.5.1) HY (X5, L) = EBH (X355 Lo

where the surn is taken over the ﬁnite set of s € (J')! = Hom(X,(J");,C¥) which induce the
character 7! on A and where H '(% My L)y denotes the direct factor of H '(% My L,) on

which J’(F) acts via the character s’ of X, (J");. Let p¢ »y be the orthogonal projection of ay,
onto af/l. The lattice HAG4 (J(F)T) is of finite index in pﬁ(X*(M)). Let u, ..., u, be a system
of representatives of the quotient. Let

YA - X (e =T (F)-

and
¢ X(J)r =J(F)r = Xo(N)r = J(F);

be the canonical maps, the isomorphisms being those given by (18.4.3). We note that the kernels
as well as the cokernel of ¢ are finite. Let

J(F)° = J(F) N Ker(H).

The quotient J(F)%7\J(F)T is discrete and it is equipped with the counting measure. We deduce
from this a Haar measure on J(F)%7.
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Theorem 18.5.1. — Let s € J' be an element of finite order. Let s € (J')' be the image of s

under the canonical morphism J' — (J))T. Let n € Homz(A, @X) be the character induced by
the inverse of s’.
For every & in general position, we have the equality

Gs(y) = cM(Y)Ztrace(T_l H* (X557 L)),

i=1

where

| Ker(y)]
| Coker(y)|

vol(AT\J(F)%7) DSy )|1/2.

G (y) —
ey () = vol(a$,/p$ (X.(M)))

- [ Ker(¢p)] -

18.6. Proof of Theorem 18.5.1. We continue with the preceding notation. For g € G(F), let
1, be the function on aAG/[ which is the characteristic function of the convex hull of the points

—Hp(g), P € P(M). For every ¢ € a9, let

wi(g) = Hp € pS(Xu(M)) | Ly g(é + p) = 1},

The weight w ¢ is right invariant under M (F), hence under J(F). We then define the weighted

orbital 1ntegral Iy GL.s by formula (18.4.4) in which we replace the weight v by w G

Proposition 18. 6 1. — Under the hypotheses of Theorem 18.5.1, for every f € a , we have

I () = G () - vol(a§ /p§ (X (M))) Ztrace(‘r CHE (X L)),
i=1

Proof. — This proposition generalizes to the truncated case Theorem 15.8 of the article [14]
of Goresky-Kottwitz-MacPherson. Our proof is inspired by theirs. Let j € J'(F). We do not
distinguish in the notation between j and its image in J'(F),. Let & € aAG/I. The Grothendieck-
Lefschetz trace formula gives the equality

(o', ) trace(GT) ™ HU (XG5, L)) = >0 (s w(A)))

xe(A\X; )T

where A, is the class in A; of an element A € A which satisfies 4j7(x) = x and where the pairing
is the canonical pairing between . The above expression depends only on the image of j in the
cokernel Coker(y) of ¥. We thus have

DL (s ) wace((jr) T H (XY, L)

jeCoker(y)

= [Ker(y)| > (5" 7y IANEGS)I.

Jj€l (F)-

By the decomposition (18.5.1), the left-hand side in the above expression equals

(18.6.1) | Coker(y)| trace(!, H® (xMy,Ln) ).
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With the help of Lang’s isogeny theorem, we see that we have
’ o T G, T
DAY IATNES)T
JjeJ' (F)«

= > LD g0 (Ad(g™)Y) i (£) dg
jer (), ATNGENT

= vl(ANIE) D () [ Ly(0)(Ad(g™)Y)w (g) d.

JeITh), (F)\G(F)I™

where

wie) = Y Lug(®)

heJ (F)%-T\J(F)*

is the number of points of the lattice §+H1€[ (J(F)T) in the convex hull of the —Hp(g), P € P(M).
We thus have

n
i G,
2w () = wi (2).
i=1

Consequently, when we sum the expression (18.6.1) over & + uy,...,& + uy,, we find
| Ker(y)| vol(A™\J(F)*7)
18.6.2 ;o - ,
186.2) x ) [ o) (Ade Y () de
jel (F). J(F)"\G(F)IT

We have (s’, j) = (s, ¢(j)) and J(F)"\G(F)’" is identified with the set of g € (J(F)\G(F))?
such that invy(g) = ¢(j). In fact, it follows from Lemma 11.4.4 that the map invy takes its
values in the image of ¢. The expression (18.6.2) is therefore equal to

| Ker(y)] - | Ker(g)| - vol(A\J(F)*7)|DC (Y)[V/21 55 ().
The proposition follows. O

Proposition 18.6.2. — With the notation of Theorem 18.5.1, for every & in general position, we
have
Gt s
JEE(Y) = vol(a$/pS (X (M)))IS (¥).

Proof. — Itis identical to the proof of Theorem 11.14.2 of [11]. O

18.7. Local constancy of the truncated affine Springer fibers. Let M € L and a € cary (O)
a generically G-regular element. We fix a Kostant section in m, denoted by ¢¥. We set
X, = eM(a). We denote by J, the centralizer of X, in M x; O: it is a smooth O-group scheme.

Let & € a$. We set

G, G,
X0 (a) = xMija.

The aim of this paragraph is to prove the following proposition, which generalizes to the truncated
case Proposition 3.5.1 of [29].
Proposition 18.7.1. — Let a € cary (O) N car
every a’ € cary (O) such that

;Zg(F). There exists an integer n such that for

a=a mod &"

there exists h € M(O) such that
1. Ad(h) induces an isomorphism of group schemes from J, onto J,;
2. left translation by h induces an isomorphism from XAGf(a) onto %ff(a’).

Moreover, if a and a’ are fixed by a power of T, we may further assume that h is also fixed by
the same power of 7.
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Proof. — Let r and ng be integers for which the conclusions of Lemma 18.7.3 hold for the
element X, and the group M. Let

v = val(det(ad(Xq)m);

it is an integer. Let  : n — N be an isomorphism of affine varieties and i an integer which
satisfy the conclusions of Lemma 18.7.2. Let ¢ > 0 be an integer such that

(18.7.1) VY € em(0) and Vn € ¢ (7 O) we have Ad(n" )Y —Y € n(0).

Let ¢; > max(1l,ng,c + r). We further assume that c; is large enough so that for every
a’ € cary(O) congruent to a modulo ! we have a’ € car™#(F) and val(det(ad(X,)n) = v.
By the approximation Lemma 18.7.3, for every a’ € cary(O) such that ' = a mod &°!, there
exists & € M(O) such that

(18.7.2) h=1 mod &°€
and
(18.7.3) [Ad(h)X,, X, ] =0.

Conjugation by & induces a morphism from J, onto the centralizer Inq(n)x, of Ad(h)X,,
which is none other than J, since X, and X, are generically semi-simple regular. By Propo-
sition 3.2.1, this morphism extends. Arguing with the inverse morphism Ad(4~'), we see that

Ad(h) induces an isomorphism from J, onto J,.. Let gG(O) € %Z’f(a). Let us show that

hgG(0) € %](l’;[’g(a). Let us note right away that we have Hy;(h) = O since h =1 mod €. In
particular, translation by & preserves the truncation. It therefore suffices to prove that we have

Ad(hg) ' X, € ¢(0).

Let P € P(M). By the Iwasawa decomposition, we may well assume that we have g = mn with
m € M(F) and n € N(F). Since gG(O) € X5,° (a), we have Ad(mn)~'X, € g(0). We write

Ad(mn)~'X, = [Ad(n" ") (Ad(m) "' X,) — Ad(m) "' X,] + Ad(m™") X,,

where the bracket belongs to n(F) and where Ad(m~')X, € m(F). We thus have the two
conditions

(18.7.4) Ad(m™H X, € m(0)
and
(18.7.5) Ad(n Y (Ad(m)'X,) - Ad(m)'X, € n(0).

LetY = Ad(m~')X,. Condition (18.7.4) implies that Y € m(O). Let Iy be the centralizer of Y
in M. The inner automorphism Ad(m~") induces an isomorphism on the generic fiber from J,,
onto Iy. By Proposition 3.2.1, we know that this isomorphism extends to a morphism of group
schemes over O from J, into Iy. In particular, we have

(18.7.6) Ad(m™ ) (Lie(J,)(0)) € Iy(0) c m(0).

Since Ad(A™')(X,) commutes with X,, we have Ad(h~!)(X,) € Lie(J,)(O). In view
of (18.7.6), we obtain

(18.7.7) Ad(m Y (Ad(h™ ) (X)) € m(O).

Conditions (18.7.2) and (18.7.3) imply that we have X, — Ad(h"1)X, € &°Lie(J,)(O).
By (18.7.6), we have

(18.7.8) Ad(m (X, - Ad(h")X,) € em(0).
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By Lemma 18.7.2, conditions (18.7.4) and (18.7.5) and the fact that v = val(det(ad(Xq)n))
imply that n € {(e7""n(0)). By (18.7.8) and (18.7.1), we have

(18.7.9)  Ad(n ) (Ad(m ") (X, - Ad(h"H X)) = Ad(m™ ) (X, - Ad(h" ) X,) € n(0).
Hence condition (18.7.5) implies the assertion
(18.7.10) Ad(n"H(Ad(m Y (Ad(h ) X,)) — Ad(m™ ) (Ad(h ) X,) € n(0)
which, combined with (18.7.7), gives

Ad(hmn)™ (Xy) € 6(0)

which is what we were seeking to prove. The same reasoning shows the converse implication.
The proposition follows, the last assertion resulting from the last assertion of 18.7.3. O

The following two lemmas were used in the proof of Proposition 18.7.1.
Lemma 18.7.2. — Let M € L and P € P(M). There exist an isomorphism of affine varieties
{ . — N, a morphism ¢ : n X m — n and an integer i such that for every Y € m with
det(ad(Y)}n) # O the morphism N — n induced by

ni- Ad(n )Y -Y
is an isomorphism with inverse U € 1 — {((det(ad(Y))) " ¢(U,Y)).

Proof. — This statement is probably well known, but for lack of a reference we sketch a proof.
Let B C P be a Borel subgroup which contains 7. Let Ap be the set of simple roots of 7" in
B and Ay, C Ap the subset of the roots outside M. The restriction of the roots in Ay, to the
neutral component, denoted by Ay, of the center of M is injective. We identify the elements
of Ay with their restriction to Ays. Let @V be the set of roots of 7 in N. The restriction of a
root in ®" to Ay is a linear combination with non-negative integer coefficients, not all zero, of
elements of Ay;. For every integer [, let <I>5V be the subset of the roots for which the sum of the
coeflicients on Ay, is equal to /. For [ large enough the set CI)?’ is empty. For every @ € ®V, we
fix an additive 1-parameter subgroup ¢, : G, — N such that tZ,(u)t™! = ¢, (a(t)u) fort € T
and u € G,.

For every @ € ®", let n, C n be the weight subspace of weight .. For every integer [ we set

and

N
By the choice of a basis, we identify n; with Gg)l . The morphism ¢; = Haeq,;v {q (the product
is the product in N according to an order fixed once and for all) sends 1n; onto a subvariety of N
denoted by N;. Let N I'= Njy1 - Njya - ... (the - denotes the product in N). We then have the
following properties for every [ > 0:
1. ny is stable under the adjoint action of M;
2. [n, ] cnl;
3. N'is a subgroup of N stable under conjugation by M and [N, N;] ¢ N';
4. the quotient N'/N'*! is commutative and the morphism ¢, induces a group isomorphism
from n;,; onto N/ /N1, We may furthermore assume that the differential of this morphism
is the canonical morphism 1n;4; — n! / ni*l,
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Let/ > 0, n € N and y € M. We thus have n"'yny™! € N!. There exists U € n4;
such that n € £, (U)N'*!. Using the above properties, we see that there exists a morphism
W e X M — gy such that n™'yny™! € 141 (¢(U, y))N**'. We note that the morphism v
is linear in the first variable. Taking a differential, we obtain the following relation for every
Yem:

(18.7.11) Ad(n Y -Y =¢/(U,Y)  mod (n'*)
for a certain bilinear map ¢’. Differentiating once more, we find
(18.7.12) '(U,Y)=[Y,U]  mod (n'*h).

This said, we are in a position to prove the lemma. Since the morphism n — Ad(n=")Y - ¥
sends N/ into 11/, we may refine the statement for the subgroups N’. By induction, we assume
the refined statement true for N'. It then remains to prove it for N° = N. Let us start from
V € n. Let V| be the projection of V onto nj along n = n; @ nl. Letn = £1(U) with U € n;.
From (18.7.11) and (18.7.12), we deduce

Adn )Y -Y =[Y, U] mod (n).

Let us further assume that det(ad(Y),) # 0. There then exists a unique U € n; such
that [Y,U] = Vi. Moreover U is a polynomial ¢; in V| and Y multiplied by the inverse of
det(ad(Y)}y,) # 0. For such a U, we thus have

Ad(n Y -Y -V enl.

Applying the induction hypothesis, an element of n; is of the form —(Ad(nl_l)Y —Y) with

n; € N!' which is given by a certain morphism of the type described in the statement. We then
have

Ad((nm) )Y =Y -V = Ad(n])(Ad(n™ )Y - Y) + Ad(n )Y -Y -V
=Adn Y -Y+Ad(nH)Y -Y -V mod (n?)
=0 mod (n?).
We obtain the lemma by induction. O

Lemma 18.7.3. — Let X € g(O) be a generically semi-simple regular element. Then there
exist integers r and ng such that for every n > ny and every Y € g(QO) such that

Y=X mod &"
there exists g € G(O) such that

I.g=1 mod &',

2. [Ad(g)X,Y] =0.
If, moreover, X and Y are fixed by a power 7, then we may require g to be fixed by the same
power of T.

Proof. — LetY € g(O). The functor which to every O-algebra A associates the set
{g€G(A) | [Ad(g)X,Y]}

is representable by a scheme over O. Let us assume ¥ = X mod &” for n large enough. The
generic fiber of this O-scheme is smooth, in particular if ¥ = X. This is not in general the case
for its special fiber. The unit section provides a point in O/&"O. By a variant of Lemma 1
of [13], using successive approximations, one can lift this section to an O-point which satisfies
the required conditions. O
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19. End of the proof of the weighted fundamental lemma

19.1. Let k be an algebraic closure of a finite field F, with g elements and 7 the Frobenius
of k/F,. Let K; =F,((g)) and K = k((g)). Let O; = F,[[¢]]. Let (G, T) be a pair consisting
of a connected reductive group defined over F, and a maximal sub-torus 7 split over F,. Let
M € £O(T). Lets € T and M’ = M. We assume that we have M # M’ and Z[% = ZI%I/. Let M’

be the group split over F, dual to M’. Then M’ is an “unramified” elliptic endoscopic group of
M. ForallY € m’(K;) and X € m(K;) semi-simple and G-regular, Langlands and Shelstad (cf.
[26]) have defined a transfer factor Ay (Y, X); more precisely, what is used here is a variant
of their definition adapted to Lie algebras and “deprived of the factor Ayy””, which Waldspurger
introduced in [30]. This factor is normalized by the choice of a pinning: here we take a pinning
of M which is stable under the Frobenius 7. Then the transfer factor does not depend on the
choice of such a pinning (cf. [18] I1.7).
For every Y € m’(K;) semi-simple and G-regular, let

T () =Y A (Y, X)| DY (X)['/2
X

x / Loy (Ad(g™H) X)W (g)de,
Jx(K1)\G (K1)

where the sum runs over the set of semi-simple G-regular elements of m(K;) taken modulo
M (K)-conjugacy. The weight vf,, is the Arthur weight considered previously. The conventions
on Haar measures are also those considered previously. Let us note that Ay (Y, X) is zero except
on a finite subset of the summation set.
Theorem 19.1.1 (Weighted fundamental lemma for Lie algebras over local fields of equal
characteristic)

We keep the notation and the hypotheses above. Let Y € m'(K|) be semi-simple and

G-regular. The map J : 8/?/] ()Y G—>C defined by
J(G) =TS, ,(Y)
and for all He 811(/;1 o (8) by
J(H) = J, 1 (Y)
is stabilizing.

Proof. — ltis entirely analogous to Ng6’s proof of the ordinary fundamental lemma (cf. [29,
§8.6]). Let Y € m’(K) be semi-simple and G-regular. We assume that y, (Y) € cary (01),
since otherwise the theorem is trivially true (J is then identically zero). The values of J depend
only on b = y(Y) € carpy(Op). Let by € cary (O;) be deduced from b by the canonical
morphism cary, — cary. For every choice of a pinning of M stable under the Frobenius 7,
one has a Kostant section gy, : cary; — m. Let Y| = gy(b1). By Kottwitz (cf. [25]), one has
Ay.m (Y, Y1) = 1, so that one checks that one has

(19.1.1) T (V) = J55T (1),

where the right-hand side is the one defined in (18.4.4) relative to the Frobenius 7.

Let n > 1 be an integer, K, = Fyn((¢)) and O, = F,n[[€]]. For every integer n > 1 and
every b € cary(O,), we define J,, , as the map J defined as above but associated with the field
K, and with an arbitrary lift ¥,, € m’(K},) of b (that is, y (Y;) = b). We always normalize the
transfer factors by a pinning stable under the Frobenius 7. As before, one has J,, , = J]GVI’S’Tn (¥7)
where Y] is deduced from b by the choice of a Kostant section attached to a pinning stable under
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the Frobenius 7 and where the right-hand side is the one defined in (18.4.4) but relative to the
Frobenius 7".

Let b € caxry(O;). It follows from Theorem 18.5.1 that there exist almost-zero families
of complex numbers (c¢;);en and (4;);en Which depend on b and G such that for every integer
n € N one has _

Jop(G) = Z cidll.
ieN
The same holds for every He 81\G4,e11(s)' Consequently, one deduces from a standard argument
(the use of a Van der Monde determinant) that the map J; 5 is stabilizing (which is our goal) as
soon as there exists an integer m such that for every integer n > m, the map J,, is stabilizing.
Let N be an integer such that for every n > 1 and every b’ € cary (O,) which satisfies

(19.1.2) b =b mod e,

1 G"i: G’E ’ H’f H?f ’
the aﬂiEe Springer fibers X * (b) and X ° (0’) on the one hand and X7 (b) and X7 (') for
every H € SAC/;] o1 ($) on the other hand satisfy the conclusions of Proposition 18.7.1. We also

assume that, under the condition (19.1.2), one has
(19.1.3) DC(b') € D¢ (b)OX.

By Proposition 18.7.1, such an N exists. For every b’ which satisfies (19.1.2), Proposition 18.7.1
and Theorem 18.5.1 imply that for every n > 1, one has

(1914) Jn,b’ = Jn,b-

We fix a geometrically connected projective curve Cy over IF, and two distinct points v and
oo in Cy(F,). Let g be its genus. We fix an isomorphism between K and the completion Fy, of
the function field of Cy at the point v. Thus b is identified with an element of car(Op,,) where
0., is the ring of integers of Fj,. Let D be a divisor of Cy whose support contains neither co
nor v and whose degree satisfies the following inequalities:

(19.1.5) val, (DY (b)) < 2|WC|!(deg(D) - 2g +2)
and
(19.1.6) Nrank(G) + 2g < deg(D).

This last inequality implies that the restriction map
(19.1.7) HY(Cy, catypp) — cary (O, /™)

is surjective. The closed subscheme Ay (b, N) of Ay formed of the (hg, t) such that i, has
the same image as b under the map (19.1.7) is of codimension N rank(G) in Ay, .

Let Ay (b, N)? be the open subset of Ay (b, N) formed of the a = (hy,t) such that, for
every point ¢ # v of Cy, if /1, (c) belongs to RG, U DM’ this point is smooth and the intersection
of ha(C) with R, U DM’ is transverse there. By a variant of a theorem of Bertini (cf. [29,
§8.6.6]), A (b, N)? is non-empty. Since the codimension of Ay — fﬂ;l[l, in App is > deg(D)
and since the codimension of Ay (b, N)? in Ay is Nrank(G) < deg(D) (cf. (19.1.6)), one
has Ay (b, N )0 N ﬂ]‘ﬂ[]/ # (. This intersection is even of dimension > 0. By Deligne’s theorem,
there exists an integer m such that for every n > m, there exists ay € Ay (k)™ which belongs
to this intersection. Now such a point satisfies the hypotheses of Theorem 9.1.3: the image of
ay in Ag therefore belongs to the open subset .7{'(’;"“. Theorem 17.3.1 then implies that the
map J,, »r, where b’ is the image of ays in caryy (O,), is stabilizing. Now J,,,» = J, 5 by the
equality (19.1.4). The map J, , is therefore stabilizing for every n > m. As we explained at the
beginning of the proof, this entails that Jj ; is stabilizing, which is what we had to prove. O
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