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1. Introduction

1.1. Objectives. — This work is the geometric part of our proof of the weighted fundamental
lemma, whose strategy follows that developed by Ngô Bao Châu in his proof of the Langlands-
Shelstad fundamental lemma.

This geometric part pursues two objectives. On the one hand, we truncate the Hitchin fibration
so that the truncated Hitchin fibers are proper. On the other hand, we express the number of
points over a finite field of such a fiber in terms of global weighted orbital integrals of Arthur that
appear in the Arthur-Selberg trace formula; more precisely, these are variants of these integrals
for Lie algebras.

Our constructions apply to any semisimple algebraic group and our results hold in this
generality. However, for the purposes of this introduction, we shall restrict ourselves to the case
of the group SL(𝑛).
1.2. The Hitchin Fibration for SL(𝑛). — Let 𝐶 be a projective, smooth, connected curve of
genus 𝑔 over an algebraically closed field 𝑘 , 𝑛 a positive integer, and 𝐷 an effective divisor on
𝐶 of degree 𝑑 > 2𝑔. We assume that the characteristic of 𝑘 is either zero or greater than 𝑛.

A Hitchin bundle for the group SL(𝑛) is a pair (E, 𝜃) where E is a vector bundle of rank
𝑛 on 𝐶, equipped with a trivialization of its determinant, and 𝜃 : E → E(𝐷) is a twisted
endomorphism of E with trace zero.

Let M denote the algebraic stack over 𝑘 of Hitchin bundles. The Hitchin fibration is the
morphism

𝑓 : M → A
with base the affine space

A =

𝑛⊕
𝑖=2

𝐻0(𝐶,O𝐶 (𝑖𝐷)),

which sends (E, 𝜃) to the characteristic polynomial of 𝜃, denoted
𝑃𝑎 (𝑢) := 𝑢𝑛 + 𝑎2𝑢

𝑛−2 + · · · + 𝑎𝑛,
with 𝑎𝑖 ∈ 𝐻0(𝐶,O𝐶 (𝑖𝐷)) for 2 ⩽ 𝑖 ⩽ 𝑛.

For every 𝑎 = (𝑎2, . . . , 𝑎𝑛) ∈ A, one has the spectral curve 𝑌𝑎 defined by the equation
𝑃𝑎 (𝑢) = 0

viewed on the ruled surface Σ𝐷 = V(O𝐶 (−𝐷)). This is a projective curve which, in general, is
neither smooth nor irreducible, nor even reduced. The canonical projection 𝜋𝑎 : 𝑌𝑎 → 𝐶 is a
finite covering of degree 𝑛.

Let Areg be the open subset where 𝑌𝑎 is reduced, that is, where the equation 𝑃𝑎 (𝑢) = 0 has
only simple roots at the generic point of 𝐶. The fiber over 𝑎 ∈ Areg of the Hitchin fibration can
be interpreted as the stack of torsion-free O𝑌𝑎-modules F that are of rank 1 at every generic point
of𝑌𝑎 and that are equipped with a trivialization of the determinant of 𝜋𝑎,∗F (cf. [BNR89]). The
open subset Areg contains the elliptic open subset Aell of those 𝑎 such that 𝑌𝑎 is irreducible and
hence integral. The Hitchin fiber at any point of the elliptic open is a proper Deligne-Mumford
stack. In contrast, the Hitchin fiber at a non-elliptic point 𝑎 of Areg is an Artin stack which is
neither separated nor of finite type.
1.3. Truncation. — In this work, we truncate the non-elliptic Hitchin fibers by a suitable
notion of stability. Our construction depends on auxiliary data that we now introduce.

Let ∞ be a closed point of 𝐶 which is not in the support of 𝐷. We restrict to the open subset
A∞-reg of Areg where 𝑃𝑎 (𝑢) has only simple roots at the point ∞. This is not very restrictive
since the opens A∞−reg cover Areg as the point ∞ varies. Let

A → Areg
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be the finite étale Galois cover with Galois group the symmetric group 𝔖𝑛, which consists, for
each point 𝑎 of Areg, in giving a total ordering on the roots of 𝑃𝑎 (𝑢) at the point ∞. Let

𝑓 : M → A
be the fibration deduced from the Hitchin fibration by the base change A → A. A point of M
is thus a triplet (E, 𝜃, 𝑡) consisting of

– a Hitchin bundle (E, 𝜃);
– a point 𝑡 = (𝑡1, . . . , 𝑡𝑛) in 𝑘𝑛 whose coordinates are pairwise distinct and whose sum is

zero;
which satisfy the following condition: the 𝑛-tuple (𝑡1, . . . , 𝑡𝑛) is the ordered collection of
eigenvalues of 𝜃∞ ∈ End(E∞).

Let 𝜉 ∈ R𝑛 be such that 𝜉1 + · · · + 𝜉𝑛 = 0. The fiber at ∞ of a vector subbundle F of E which
is preserved by 𝜃 is a direct sum of eigenspaces for 𝜃∞, that is, one has

F∞ =
⊕
𝑖∈𝐼

Ker(𝜃∞ − 𝑡𝑖)

for some subset 𝐼 ⊂ {1, . . . , 𝑛}. We then set

deg𝜉 (F ) = deg(F ) +
∑︁
𝑖∈𝐼

𝜉𝑖 .

Definition 1.3.1. — We say that (E, 𝜃, 𝑡∞) ∈ M is 𝜉-stable if for every nonzero proper subbundle
F ⊊ E preserved by 𝜃, one has

deg𝜉 (F )
rank(F ) < 0.

For 𝜉 = 0, we recover the usual notion of stability. We show that the condition of 𝜉-stability
is open and thus defines an open substack M𝜉 of M.
Theorem 1.3.2. — Assume that

∑
𝑖∈𝐼 𝜉𝑖 ∉ Z for every nonempty proper subset 𝐼 ⊊ {1, . . . , 𝑛}.

Then the stack M𝜉 is a Deligne-Mumford stack proper over A which is smooth over 𝑘 .
Our definition of 𝜉-stability is reminiscent of a weighted stability definition due to Esteves

[Est01] in the context of compactified Jacobians. For a general reductive group, our definition is
inspired by Arthur’s truncations as well as by the work of Behrend (cf. [Beh95]) on the stability
and canonical reduction of group schemes. Our definition of stability is close to that for ordinary
or Hitchin bundles with parabolic structure studied in [HS] and [BY96].

The above theorem is proved using Langton’s method [Lan75], as adapted by Nitsure [Nit91]
in the context of Hitchin bundles. In characteristic zero and for a general group, one may use
Faltings’ method (cf. [Fal93]). Our approach is in fact an adaptation of an adelic argument due
to Heinloth (cf. [Hei08]), which has the advantage of still working in positive characteristic.
1.4. Counting and Weighted Orbital Integrals. — From now on, the base field 𝑘 is an
algebraic closure of a finite field F𝑞. We assume that all our data are defined over F𝑞. Let 𝐹 be
the function field of 𝐶, A its ring of adeles, and O the maximal compact subring of A. Let 𝑉 be
the set of closed points of 𝐶 and let (𝑑𝑣)𝑣∈𝑉 be the almost-zero family of positive integers such
that 𝐷 =

∑
𝑣∈𝑉 𝑑𝑣𝑣. For every 𝑣 ∈ 𝑉 , let 𝜛𝑣 be a uniformizer of the completion of the local ring

at 𝑣. Set 𝜛−𝐷 = (𝜛−𝑑𝑣
𝑣 )𝑣∈𝑉 . We have

𝐻0(𝐶,O𝐶 (𝑖𝐷)) = 𝐹 ∩𝜛−𝑖𝐷O.
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Let (𝑎, 𝑡) be an F𝑞-rational point of A. Let 𝑃1, . . . , 𝑃𝑠 be the irreducible factors of 𝑃𝑎 (𝑢)
viewed as an element of 𝐹 [𝑢]. These factors can be written at the point ∞ as

𝑃 𝑗 (∞)(𝑢) =
∏
𝑖∈𝐼 𝑗

(𝑢 − 𝑡𝑖)

for a unique partition {1, . . . , 𝑛} = 𝐼1 ⨿ · · · ⨿ 𝐼𝑠. Let (𝑒𝑖)1⩽𝑖⩽𝑛 be the canonical basis of 𝑘𝑛 and,
for every 𝐼 ⊂ {1, . . . , 𝑛}, let 𝑉𝐼 be the subspace of 𝑘𝑛 spanned by 𝑒𝑖 for 𝑖 ∈ 𝐼. Let 𝑀 ⊂ SL(𝑛)
be the stabilizer of the subspaces 𝑉𝐼 𝑗 for 1 ⩽ 𝑗 ⩽ 𝑠. This is a Levi subgroup. Let 𝔪 and 𝔰𝔩(𝑛)
be the Lie algebras of 𝑀 and SL(𝑛), respectively. Let 𝑋 ∈ 𝔪(𝐹) be a semisimple element. We
assume that 𝑋 is regular in the sense that its centralizer 𝑇𝑋 in SL(𝑛) is a maximal torus. Note
that 𝑇𝑋 ⊂ 𝑀 . Let 𝜑 be a locally constant function with compact support on 𝔰𝔩(𝑛,A).

The weighted orbital integral 𝐽𝑀 (𝑋, 𝜑) is defined by the formula

𝐽𝑀 (𝑋, 𝜑) =
∫
𝑇𝑋 (A)\SL(𝑛,A)

𝜑(𝑔−1𝑋𝑔)v𝑀 (𝑔)d𝑔
d𝑡
,

where
– d𝑔 is the Haar measure on SL(𝑛,A) normalized so that the maximal compact subgroup

SL(𝑛,O) has volume 1;
– d𝑡 is a Haar measure on the torus 𝑇𝑋 (A);
– v𝑀 (𝑔) is Arthur’s weight function defined in terms of volume and is left-invariant under
𝑀 (A).

The volume
vol(𝑇𝑋 (𝐹)\𝑇𝑋 (A)1, d𝑡)

is finite, where 𝑇𝑋 (A)1 ⊂ 𝑇𝑋 (A) is the intersection of the kernels of all homomorphisms
𝑇𝑋 (A) → Z obtained by composing an 𝐹-rational character 𝑇𝑋 → G𝑚,𝐹 with the degree map
A× → Z.
Theorem 1.4.1. — Assume that

∑
𝑖∈𝐼 𝜉𝑖 ∉ Z for every nonempty proper subset 𝐼 ⊊ {1, . . . , 𝑛}.

Then the number of F𝑞-rational points of the fiber over (𝑎, 𝑡) of the truncated Hitchin fibration
M𝜉 → A does not depend on 𝜉. Up to a coefficient which depends only on the normalization of
Arthur’s weight function, it is equal to the following sum of weighted orbital integrals of Arthur∑︁

𝑋

vol(𝑇𝑋 (𝐹)\𝑇𝑋 (A)1, d𝑡)𝐽𝑀 (𝑋, 1𝐷),

where 1𝐷 is the characteristic function of 𝜛−𝐷𝔰𝔩(𝑛,O), and the sum is taken over the 𝑀 (𝐹)-
conjugacy classes of elements 𝑋 ∈ 𝔪(𝐹) such that the characteristic polynomial of the restriction
of 𝑋 to 𝑉𝐼 𝑗 is equal to 𝑃 𝑗 for 1 ⩽ 𝑗 ⩽ 𝑠.

1.5. Overview. — Let us briefly describe the organization of this article. Some reminders and
notations are given in Section 2. Section 3 introduces the base A of our Hitchin fibration and
gives its essential properties. In Section 4 we define the algebraic stack M of Hitchin triples
and the Hitchin morphism 𝑓 : M → A. We also explain there the notion of reduction of
a Hitchin triple to a parabolic subgroup and give a criterion for its existence and uniqueness.
In Section 5, we associate to each Hitchin triple a convex set which is constructed using the
degrees of the reductions of that triple to the semi-standard parabolic subgroups. Using this
convex set, we define in Section 6 the 𝜉-stability of a Hitchin triple. We also state there the main
theorem of this article, which generalizes Theorem 1.3.2 above (cf. Theorem 6.2.2). Section 7
provides an adelic description of Hitchin triples. Section 8 is entirely devoted to the proof of the
existence part of the valuative criterion of properness for the morphism 𝑓 restricted to the stack
of 𝜉-semi-stable Hitchin triples. In Section 9, we prove that the restriction of the morphism 𝑓

to the stack of 𝜉-stable Hitchin triples is separated. In Section 10, we prove that the stack of
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𝜉-stable Hitchin triples, for 𝜉 in “general position’́, is a Deligne–Mumford stack. In Section
11, we express the counting of the 𝜉-semi-stable Hitchin fibers in terms of Arthurś weighted
orbital integrals (cf. Theorem 11.1.1, which generalizes Theorem 1.4.1). The article concludes
in Section 12 with the study of an example of a non-elliptic Hitchin fiber for a semisimple group
of rank 1.

2. Characteristic Morphism

2.1. Notations. — Let 𝑘 be an algebraic closure of a finite field F𝑞. Let 𝐺 be a connected
reductive algebraic group over 𝑘 and let 𝔤 be its Lie algebra. In general, if an uppercase letter
denotes a group, its Lie algebra is denoted by the corresponding lowercase Gothic letter. Let Int
denote the action of 𝐺 on itself by inner automorphisms and Ad the adjoint representation. Let
𝑇 be a maximal subtorus of 𝐺 and 𝔱 its Lie algebra. Let

𝑊 = 𝑊𝐺 = 𝑊𝐺
𝑇

be the Weyl group of 𝑇 in 𝐺, and
Φ = Φ𝐺 = Φ𝐺

𝑇

the set of roots of 𝑇 in 𝐺. We denote by |𝑋 | the cardinality of a finite set 𝑋 . We assume that the
order |𝑊 | of the Weyl group is invertible in 𝑘 .
2.2. Characteristic Morphism. Let 𝑘 [𝔤] be the 𝑘-algebra of regular functions on 𝔤. The
group 𝐺 acts on its Lie algebra by the adjoint action and, by duality, on 𝑘 [𝔤]. Let 𝑘 [𝔤]𝐺 denote
the subalgebra of 𝐺-invariant functions and let

𝔠𝔞𝔯 = Spec(𝑘 [𝔤]𝐺)
be the categorical quotient of 𝔤 by 𝐺. Hence, we have a canonical 𝐺-invariant morphism
(2.2.1) 𝜒 : 𝔤 → 𝔠𝔞𝔯,

called the characteristic morphism.
Let 𝑘 [𝔱] be the 𝑘-algebra of regular functions on 𝔱 and let 𝑘 [𝔱]𝑊 be the subalgebra of functions

invariant under the Weyl group𝑊 . The restriction morphism 𝑘 [𝔤] → 𝑘 [𝔱] induces a morphism
𝑘 [𝔤]𝐺 → 𝑘 [𝔱]𝑊 ,

which is in fact an isomorphism by Chevalley’s theorem. It follows that, on the one hand, the
restriction of the morphism 𝜒 to 𝔱, still denoted 𝜒, induces an isomorphism

𝔱//𝑊 = Spec(𝑘 [𝔱]𝑊 ) ≃ 𝔠𝔞𝔯,

and on the other hand, there exist 𝑛 elements in 𝑘 [𝔤]𝐺 (with 𝑛 = rank(𝐺)), which are homoge-
neous and algebraically independent, that generate the 𝑘-algebra 𝑘 [𝔤]𝐺 (see [Bou68] Sections 5
and 6). The degrees of these elements depend only on the group 𝐺. In particular, the scheme
𝔠𝔞𝔯 is isomorphic to the standard affine space of dimension 𝑛 = rank(𝐺).
2.3. Discriminant. For every root 𝛼 ∈ Φ, let 𝑑𝛼 ∈ 𝑘 [𝔱] be its derivative. The discriminant
𝐷𝐺 defined by

𝐷𝐺 =
∏
𝛼∈Φ

𝑑𝛼

belongs to 𝑘 [𝔱]𝑊 . Let 𝔠𝔞𝔯reg be the regular open subset of 𝔠𝔞𝔯, i.e. the open subset where 𝐷𝐺

does not vanish.
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2.4. Some Properties of the Characteristic Morphism. By definition, an element of 𝔤 is
regular if its 𝐺-orbit has maximal dimension, i.e. equal to dim(𝐺) − rank(𝐺). Let 𝔤reg denote
the open subset of 𝔤 consisting of regular elements and

𝔱reg = 𝔱 ∩ 𝔤reg.

The morphism
𝜒 : 𝔱 → 𝔠𝔞𝔯

is a finite Galois covering with Galois group𝑊 . It induces on the regular opens an étale covering
𝔱reg → 𝔠𝔞𝔯reg.
2.5. Kostant Section. — For every 𝛼 ∈ Φ, the root space

𝔤𝛼 = {𝑋 ∈ 𝔤 | ∀𝑡 ∈ 𝑇, Ad(𝑡)𝑋 = 𝛼(𝑡)𝑋}
is one-dimensional over 𝑘 .

Let 𝐵 be a Borel subgroup of 𝐺 containing 𝑇 , and let Δ ⊂ Φ be the set of simple roots of 𝑇 in
𝐵. For every 𝛼 ∈ Δ, let 𝑋𝛼 be a nonzero element of 𝔤𝛼. Let 𝛼∨ be the coroot corresponding to
𝛼. Let 𝑋−𝛼 be the unique element of 𝔤−𝛼 such that [𝑋𝛼, 𝑋−𝛼] equals the coroot 𝛼∨, viewed as
an element of 𝔱. Define

𝑋± =
∑︁
𝛼∈Δ

𝑋±𝛼,

and let
𝔤𝑋+ = {𝑌 ∈ 𝔤 | [𝑌, 𝑋+] = 0}.

According to a theorem of Kostant (cf. [Kos63] or [Kot99, §2.4]), the affine space 𝑋− + 𝔤𝑋+
is contained in the regular open 𝔤reg, and the characteristic morphism 𝜒 : 𝔤 → 𝔠𝔞𝔯 induces an
isomorphism

𝑋− + 𝔤𝑋+ → 𝔠𝔞𝔯 .

The inverse morphism
𝜀 : 𝔠𝔞𝔯 → 𝑋− + 𝔤𝑋+

is simply denoted 𝜀, or more precisely 𝜀(𝐵,{𝑋𝛼}𝛼∈Δ) if one wishes to indicate the dependence on
the pinning (𝐵, {𝑋𝛼}𝛼∈Δ).
2.6. Parabolic Subgroups and Levi Subgroups. — For any subgroups 𝑀 and𝑄 of 𝐺, denote
by F𝑄 (𝑀) the set of parabolic subgroups 𝑃 of 𝐺 satisfying 𝑀 ⊂ 𝑃 ⊂ 𝑄. Let F = F 𝐺 (𝑇) be
the set of semi-standard parabolic subgroups of 𝐺 (in the sense that they contain 𝑇).

A Levi subgroup of 𝐺 is a Levi factor of a parabolic subgroup of 𝐺. Let L = L𝐺 (𝑇) be the
set of semi-standard Levi subgroups of 𝐺 (in the sense that they contain 𝑇).

For every 𝑃 ∈ F , let 𝑁𝑃 denote the unipotent radical of 𝑃, and let 𝑀𝑃 ∈ L be the unique
Levi subgroup of 𝑃 that contains 𝑇 . For every Levi subgroup 𝑀 ∈ L, let P(𝑀), respectively
L(𝑀), denote the subset of those 𝑃 ∈ F such that 𝑀𝑃 = 𝑀 , respectively those 𝐿 ∈ L such that
𝑀 ⊂ 𝐿.
2.7. The Schemes 𝔠𝔞𝔯𝑀 . — Let 𝑀 ∈ L. The notations of the preceding paragraphs, when
subscripted or superscripted by 𝑀 , apply to the reductive group 𝑀 . Take care not to confuse
the opens 𝔠𝔞𝔯𝐺- reg

𝑀
and 𝔠𝔞𝔯

𝑀- reg
𝑀

of 𝔠𝔞𝔯𝑀 : the first is the locus where 𝐷𝐺 does not vanish, while
the second is defined by 𝐷𝑀 ≠ 0. Since the latter does not appear in what follows, we set

𝔠𝔞𝔯
reg
𝑀

= 𝔠𝔞𝔯
𝐺- reg
𝑀

.

Similarly, we distinguish the 𝐺-regular open subset 𝔪𝐺- reg and the 𝑀-regular open subset
𝔪𝑀- reg of 𝔪. We will only be interested in the former; hence we set

𝔪reg = 𝔪𝐺- reg.
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Let 𝑃 ∈ F be a semi-standard parabolic subgroup and let 𝑀 = 𝑀𝑃. Let 𝑘 [𝔭] be the
algebra of regular functions on 𝔭, and 𝑘 [𝔭]𝑃 the subalgebra of 𝑃-invariant functions. Let
𝔠𝔞𝔯𝑃 = Spec(𝑘 [𝔭]𝑃) be the affine 𝑘-scheme, and consider the morphism
(2.7.1) 𝜒𝑃 : 𝔭 → 𝔠𝔞𝔯𝑃,

given by the inclusion 𝑘 [𝔭]𝑃 ⊂ 𝑘 [𝔭].
Lemma 2.7.1. — The restriction morphism 𝑘 [𝔭] → 𝑘 [𝔪] induces an algebra isomorphism
𝑘 [𝔭]𝑃 ≃ 𝑘 [𝔪]𝑀 and an isomorphism of schemes 𝔠𝔞𝔯𝑃 ≃ 𝔠𝔞𝔯𝑀 .
Proof. — Let 𝑁 = 𝑁𝑃 and let 𝔪′ ⊂ 𝔪 be the open subset consisting of 𝐺-regular semisimple
elements. The open subset 𝔪′ ⊕ 𝔫 of 𝔭 is the union of the 𝑁-conjugates of 𝔪′. It follows that
the morphism 𝑘 [𝔭]𝑃 → 𝑘 [𝔪]𝑀 is injective. It admits a section given by 𝜙 ∈ 𝑘 [𝔪]𝑀 ↦→ 𝜙 ◦ 𝑝 ∈
𝑘 [𝔭]𝑃, where 𝑝 is the projection 𝔪 ⊕ 𝔫 → 𝔪. □

3. Characteristic Schemes

3.1. Conventions. — Let 𝑆 be a 𝑘-scheme. For any 𝑘-scheme𝑈, let
𝑈𝑆 = 𝑈 ×𝑘 𝑆

be the fiber product of𝑈 and 𝑆 over 𝑘 . For all 𝑘-schemes𝑈 and 𝑉 and every 𝑘-morphism
𝜙 : 𝑈 → 𝑉,

let 𝜙𝑆 : 𝑈𝑆 → 𝑉𝑆 be the 𝑆-morphism obtained by base change. When 𝑆 = Spec(𝐾) is the
spectrum of a field 𝐾 extension of 𝑘 , we simply denote by 𝑈𝐾 the 𝐾-scheme and by 𝜙𝐾 the
corresponding 𝐾-morphism. If 𝑠 ∈ 𝑆, we denote by 𝑘 (𝑠) the residue field at 𝑠 and we set
𝑈𝑠 = 𝑈𝑘 (𝑠) , etc.

Let 𝑆 be a 𝑘-scheme and 𝐻 an affine algebraic group over 𝑘 . For any 𝐻-torsor E over 𝑆 and
any affine 𝑆-scheme 𝑈 equipped with a left action of 𝐻, the group 𝐻 acts on the fiber product
E ×𝑆 𝑈 on the right by

(𝑒, 𝑢).ℎ = (𝑒ℎ, ℎ−1𝑢)
for all ℎ ∈ 𝐻 and (𝑒, 𝑢) ∈ E ×𝑆 𝑈. Let E ×𝐻

𝑆
𝑈 denote the contracted product by 𝐻, i.e. the

quotient of E ×𝑆 𝑈 by 𝐻. When 𝑆 = Spec(𝑘), we omit the index 𝑆.
3.2. Notations. — Let 𝐶 be a projective, smooth, and connected curve over 𝑘 of genus 𝑔.
Let 𝐷 be an effective divisor of degree greater than 2𝑔, and let ∞ be a point in 𝐶 (𝑘) which is
disjoint from the support of 𝐷. Let L𝐷 be the G𝑚,𝑘 -torsor on 𝐶 associated to 𝐷, equipped with
its canonical trivialization on the open complement of the support of 𝐷.
3.3. The Bundles 𝔱𝐷 and 𝔠𝔞𝔯𝑀,𝐷 . — For any 𝑘-scheme 𝑉 equipped with an action of G𝑚,𝑘 , let

𝑉𝐷 = L𝐷 ×G𝑚,𝑘
𝑘

𝑉

be the contracted product. If 𝑉 is a 𝑘-vector space and if the action of G𝑚,𝑘 is linear, then 𝑉𝐷 is
a vector bundle over 𝐶.

Let 𝑀 ∈ L. The scaling action of the multiplicative group G𝑚,𝑘 on 𝔱 induces an action of
G𝑚,𝑘 on 𝔠𝔞𝔯𝑀 for which the characteristic morphism 𝜒𝑀 is G𝑚,𝑘 -equivariant. Moreover, the
respective actions of G𝑚,𝑘 on 𝔱 and 𝔠𝔞𝔯𝑀 preserve the open subsets 𝔱reg and 𝔠𝔞𝔯

reg
𝑀

. By the above
construction, one obtains a vector bundle 𝔱𝐷 and a bundle 𝔠𝔞𝔯𝑀,𝐷 , as well as the open subsets

𝔱
reg
𝐷

⊂ 𝔱𝐷

and
𝔠𝔞𝔯

reg
𝑀,𝐷

⊂ 𝔠𝔞𝔯𝑀,𝐷 .
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One also obtains a morphism, again abusively denoted 𝜒𝑀 ,
𝜒𝑀 : 𝔱𝐷 → 𝔠𝔞𝔯𝑀,𝐷 ,

which is a finite covering, Galois with group𝑊𝑀 , and étale over the open subset 𝔠𝔞𝔯reg
𝐷

.
When 𝑀 = 𝐺, we omit the index 𝑀 in the notations.

3.4. Characteristic Scheme A𝑀 . — Let 𝑀 ∈ L. Define A𝐺- reg
𝑀

to be the 𝑘-scheme such that
for every 𝑘-scheme 𝑆, the set A𝐺- reg

𝑀
(𝑆) of 𝑆-points is the set of pairs

(𝑎, 𝑡)
consisting of a section 𝑎 of the bundle 𝔠𝔞𝔯𝑀,𝐷,𝑆 over 𝐶𝑆 and a point 𝑡 ∈ 𝔱

𝐺- reg
𝐷

(𝑆) satisfying
𝑎(∞𝑆) = 𝜒𝑀 (𝑡).

In what follows, we call A𝐺- reg
𝑀

the characteristic scheme of 𝑀 .

Remark. — The superscript 𝐺- reg indicates that the point 𝑡 ∈ 𝔱
𝐺- reg
𝐷

(𝑆) is 𝐺-regular in the
sense that it belongs to 𝔤reg(𝑆). Henceforth, we omit this superscript and, abusively, write

A𝑀 = A𝐺- reg
𝑀

.

When 𝑀 = 𝐺, we omit the index 𝑀 and write
A = A𝐺 .

Proposition 3.4.1. — The scheme A𝑀 is smooth and irreducible of dimension

dim(A𝑀) = deg(𝐷)
( |Φ𝑀 |

2
+ rank(𝑀)

)
+ rank(𝑀) (1 − 𝑔).

Proof. — The forgetful morphism which omits the data 𝑡 makes A𝑀 into a finite, étale Galois
cover with Galois group𝑊𝑀 over the scheme of global sections of 𝔠𝔞𝔯𝑀,𝐷 that are 𝐺-regular at
the point ∞. But this latter scheme is an open subset of the scheme of global sections of 𝔠𝔞𝔯𝑀,𝐷 ,
which is non-canonically isomorphic to a vector space that one sees, by the Riemann–Roch
formula, to have the announced dimension (once deg(𝐷) > 2𝑔 − 2, cf. [Ngo08, Lemma 4.4.1]).

The forgetful morphism of the data 𝑎 is a surjective and open morphism from A𝑀 to 𝔱reg

whenever deg(𝐷) > 2𝑔 − 1 (cf. [Ngo08], proof of Lemma 5.5.2). Its fibers are isomorphic to
affine spaces. It follows that A𝑀 is irreducible. □

3.5. Morphisms Between Characteristic Schemes. — Let 𝑀 ⊂ 𝐿 be two semi-standard Levi
subgroups. Let

𝜒𝑀𝐿 : 𝔠𝔞𝔯𝑀 → 𝔠𝔞𝔯𝐿

be the morphism defined by the inclusion 𝑘 [𝔱]𝑊𝐿 ⊂ 𝑘 [𝔱]𝑊𝑀 . This is a finite morphism that is
étale over 𝔠𝔞𝔯reg

𝐿
. As this morphism is G𝑚,𝑘 -equivariant, it induces a finite morphism, étale over

𝔠𝔞𝔯
reg
𝐿,𝐷

,
𝜒𝑀𝐿,𝐷 : 𝔠𝔞𝔯𝑀,𝐷 → 𝔠𝔞𝔯𝐿,𝐷 .

Abusing notation, we still denote by 𝜒𝑀
𝐿

the morphism

𝜒𝑀𝐿 : A𝑀 → A𝐿 ,

which, for every affine 𝑘-scheme 𝑆, sends (𝑎, 𝑡) ∈ A𝑀 (𝑆) to the pair (𝜒𝑀
𝐿,𝐷

(𝑎), 𝑡) ∈ A𝐿 .
Proposition 3.5.1. — The morphism

𝜒𝑀𝐿 : A𝑀 → A𝐿

is a closed immersion.
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The proof of this proposition is postponed to §3.7.
3.6. Elliptic Characteristics. — Let 𝑀 ∈ L(𝑇). Define

A𝑀,ell = A𝑀 −
⋃

𝐿∈L, 𝐿⊊𝑀
A𝐿 .

We call A𝑀,ell the elliptic characteristic scheme of 𝑀 .
Proposition 3.6.1. — The scheme A𝑀,ell is a nonempty open subscheme of A𝑀 and a locally
closed subscheme of A. Its closure in A is the closed subscheme A𝑀 .
Proof. — First, A𝑀,ell is nonempty for dimension reasons (cf. the dimension formula in
Proposition 3.4.1). The remainder of the first assertion follows from Proposition 3.5.1. The
second assertion follows from the irreducibility of A𝑀 (cf. Proposition 3.4.1). □

Proposition 3.6.2. — The scheme A is the disjoint union of the locally closed subschemes
A𝑀,ell for 𝑀 ∈ L(𝑇), i.e.,

A =
⋃

𝑀∈L(𝑇)
A𝑀,ell.

The proof of this proposition is postponed to §3.10.
3.7. Proof of Proposition 3.5.1. — This is a variant of the proofs of Lemma 7.3 in [Ngo06] and
Proposition 6.3.5 in [Ngo08]. For the reader’s convenience, we recall here the main arguments
based in part on the following lemma (cf. Lemma 7.3 of [Ngo06]).
Lemma 3.7.1. — Let 𝑆 be a normal, integral 𝑘-scheme and let 𝑈 ⊂ 𝑆 be a nonempty open
subscheme. Let 𝑉 ′ and 𝑉 be two 𝑆-schemes. For any commutative diagram

𝑈

𝑖
��

ℎ′ // 𝑉 ′

𝜋

��
𝑆

ℎ // 𝑉,

where 𝑖 is the canonical inclusion, ℎ′ and ℎ are sections, and 𝜋 is a finite 𝑆-morphism, the
section ℎ′ extends uniquely to a section 𝑆 → 𝑉 ′ lifting ℎ.

First, we show that the morphism 𝜒𝑀
𝐿

is radiciel. That is, we must show that for every field 𝐾
extension of 𝑘 , the morphism 𝜒𝑀

𝐿
induces an injection on the corresponding sets of 𝐾-points.

For 𝑖 = 1, 2, let (𝑎𝑖, 𝑡𝑖) ∈ A𝑀 (𝐾) be two elements having the same image (𝑎, 𝑡) in A𝐿 . Thus
𝑡 = 𝑡1 = 𝑡2 and we have a commutative diagram

𝐶𝐾

𝑎1 //
𝑎2
//

𝑎
$$

𝔠𝔞𝔯𝑀,𝐷,𝐾

𝜒𝑀
𝐿

��
𝔠𝔞𝔯𝐿,𝐷,𝐾 .

Recall that the morphism 𝜒𝑀
𝐿,𝐷

is finite. By Lemma 3.7.1 above, for 𝑎1 = 𝑎2 it suffices that
𝑎1 and 𝑎2 coincide on an open subset of 𝐶𝐾 . But 𝑎1 and 𝑎2 take the same value at the point ∞𝐾 ,
namely 𝜒𝑀 (𝑡). Since 𝑡 is 𝐺-regular and the morphism 𝜒𝑀

𝐿
is étale over 𝔠𝔞𝔯reg

𝐿,𝐷,𝐾
, the sections

𝑎1 and 𝑎2 coincide on the spectrum of the completion of the local ring of 𝐶𝐾 at the point ∞𝐾 ,
hence they coincide on an open subset of 𝐶𝐾 .

Next, we show that the morphism 𝜒𝑀
𝐿,𝐷

is proper. For this, we apply the valuative criterion of
properness. Let 𝐴 be a discrete valuation ring with field of fractions 𝐾 . Let 𝑆 = Spec(𝐴). Let
(𝑎𝑀 , 𝑡𝑀) ∈ A𝑀 (𝐾) and (𝑎, 𝑡) ∈ A𝐿 (𝑆) be such that 𝜒𝑀

𝐿
((𝑎𝑀 , 𝑡𝑀)) = (𝑎, 𝑡). Thus 𝑡𝑀 = 𝑡. By
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Lemma 3.7.1 above, the section 𝑎1 extends uniquely to a morphism from 𝐶𝑆 to 𝔠𝔞𝔯𝑀,𝐷 which
fits (dotted) into the following commutative diagram:

𝐶𝐾
𝑎1 //

��

𝔠𝔞𝔯𝑀,𝐷,𝑆

𝜒𝑀
𝐿

��
𝐶𝑆

𝑎 //

::

𝔠𝔞𝔯𝐿,𝐷,𝑆 .

Once the extension of 𝑎1 is obtained, it remains to verify that 𝑎1 ◦ ∞𝑆 = 𝜒𝑀
𝐿
(𝑡). This equality

follows from the properness of the morphism 𝜒𝑀
𝐿

since the two sections 𝑎1 ◦∞𝑆 and 𝜒𝑀
𝐿,𝐷

(𝑡) fit
(dotted) into the commutative diagram

Spec(𝐾) 𝑎1◦∞𝐾 //

��

𝔠𝔞𝔯𝑀,𝐷,𝑆

𝜒𝑀
𝐿

��
𝑆

𝑎◦∞𝑆 //

88

𝔠𝔞𝔯𝐿,𝐷,𝑆 .

Next, we show that the morphism 𝜒𝑀
𝐿,𝐷

is unramified. Since A𝑀 and A𝐿 are smooth, it
suffices to show that the tangent map is injective. That is, one must show that 𝜒𝑀

𝐿
induces an

injection A𝑀 (𝑘 [𝜀]) → A𝐿 (𝑘 [𝜀]) (where 𝜀 is an indeterminate with 𝜀2 = 0). So let (𝑎1, 𝑡)
and (𝑎2, 𝑡) be two elements of A𝑀 (𝑘 [𝜀]) having the same image (𝑎, 𝑡) in A𝐿 (𝑘 [𝜀]). In what
follows, we denote by a subscript 𝜀 the base change from 𝑘 to 𝑘 [𝜀]. Let 𝑎0 be the section of
𝔠𝔞𝔯𝐿,𝐷 defined by restricting 𝑎 to 𝐶, and let 𝑈 ⊂ 𝐶 be the open subset defined as the inverse
image by 𝑎0 of the regular locus 𝔠reg

𝐿,𝐷
. Note that ∞ ∈ 𝑈. The section 𝑎 then induces a morphism

𝑈𝜀 → 𝔠
reg
𝐿,𝐷,𝜀

. Since the morphism 𝜒𝑀
𝐿,𝜀

is étale, hence unramified, over 𝔠reg
𝐿,𝐷,𝜀

, it follows that the
sections 𝑎1 and 𝑎2 coincide on𝑈𝜀, and hence on 𝐶𝜀 by flatness of 𝑘 [𝜀] over 𝑘 .

In conclusion, the morphism 𝜒𝑀
𝐿,𝐷

, which is radiciel, proper, and unramified, is a closed
immersion.
3.8. Conjugation and the Characteristic Morphism. — In this and the next paragraph, we
gather some useful results for what follows and for the proof of Proposition 3.6.2.
Lemma 3.8.1. — Let 𝑃 be a parabolic subgroup or a Levi subgroup of𝐺. Let 𝐹 be an extension
of 𝑘 and 𝐹𝑠 a separable closure of 𝐹. For all 𝑋 and𝑌 in 𝔭(𝐹𝑠) and any 𝑎 ∈ 𝔠𝔞𝔯

reg
𝑃

(𝐹𝑠) such that
𝜒𝑃 (𝑋) = 𝜒𝑃 (𝑌 ) = 𝑎,

there exists 𝑝 ∈ 𝑃(𝐹𝑠) such that 𝑋 = Ad(𝑝)𝑌 .
If, moreover, we assume that 𝐹 is an extension of transcendence degree 1 over an algebraically

closed field and that the elements 𝑋 and 𝑌 belong to 𝔭(𝐹), then one may even take 𝑝 ∈ 𝑃(𝐹).
Proof. — The 𝐹𝑠-scheme defined by

{𝑝 ∈ 𝑃 | Ad(𝑝)𝑋 = 𝑌 }
is nonempty since it has points over an algebraic closure of 𝐹. It is clearly a torsor under the
centralizer 𝑇𝑋 of 𝑋 in 𝐺 ×𝑘 𝐹𝑠. Since 𝑋 is semisimple and regular, this centralizer is a torus
over 𝐹𝑠. Hence the above scheme is smooth over 𝐹𝑠, so it has points in 𝐹𝑠.

Now suppose additionally that 𝑋 and 𝑌 belong to 𝔭(𝐹). Let 𝑝 ∈ 𝑃(𝐹𝑠) be such that
𝑋 = Ad(𝑝)𝑌 . Then for all 𝜎 ∈ Gal(𝐹𝑠/𝐹), the element 𝑝𝜎(𝑝)−1 belongs to 𝑇𝑋 (𝐹𝑠). Thus we
obtain a 1-cocycle of Gal(𝐹𝑠/𝐹) with values in𝑇𝑋 , which is a coboundary since𝑇𝑋 is connected;
in particular, if 𝐹 is of dimension ⩽ 1, then 𝐻1(𝐹𝑠/𝐹,𝑇𝑋) is trivial (see [Ser94], Chapter III,
§2 Theorem 1’ and the following remarks). This allows one to conclude since an extension of
transcendence degree 1 over an algebraically closed field is of dimension ⩽ 1. □
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We now use the following definition of an elliptic element.
Definition 3.8.2. — Let 𝐹 be an extension of 𝑘 and 𝑋 ∈ 𝔤reg(𝐹) a semisimple, 𝐺-regular
element. Let 𝑇𝑋 be its centralizer in 𝐺𝐹 (a maximal 𝐹-torus of 𝐺𝐹) and let 𝐴𝑋 ⊂ 𝑇𝑋 be the
maximal split 𝐹-subtorus of 𝑇𝑋 . We say that 𝑋 is an elliptic element of 𝔤(𝐹) if

𝐴𝑋 = 𝐴𝐺 ,

where 𝐴𝐺 is the connected component of the center of 𝐺𝐹 .

3.9. Characteristics and Regular Semisimple Elements. — Let 𝐾 be an extension of 𝑘 . Let
𝐹 be the function field of the curve 𝐶𝐾 over 𝐾 . Let O∞ be the completion of the local ring of
𝐶𝐾 at ∞𝐾 , and let 𝐹∞ be the field of fractions of O∞. With these notations, we can state the
following proposition.
Proposition 3.9.1. — For every (𝑎, 𝑡) ∈ A𝐺 (𝐾), let 𝑡𝑎 ∈ 𝔱reg(O∞) be the unique lift of 𝑡 such
that the restriction of 𝑎 to Spec(O∞) is equal to 𝜒(𝑡𝑎). Let 𝑎𝜂 ∈ 𝔠𝔞𝔯reg(𝐹) be the restriction of
𝑎 to the generic point of 𝐶𝐾 .

For every 𝑀 ∈ L(𝑇) and (𝑎, 𝑡) ∈ A𝐺 (𝐾), the following two assertions are equivalent:
1. (𝑎, 𝑡) ∈ 𝜒𝑀

𝐺
(A𝑀 (𝐾));

2. there exists 𝑋 , a semisimple, 𝐺-regular element in 𝔪(𝐹), and 𝑚 ∈ 𝑀 (𝐹∞) such that
(a) 𝜒𝐺 (𝑋) = 𝑎𝜂;
(b) Ad(𝑚)𝑋 = 𝑡𝑎.

Proof. — Let (𝑎, 𝑡) ∈ A𝐺 (𝐾). A point 𝑡𝑎 with the above properties exists and is unique since
𝜒 is étale over 𝔠𝔞𝔯reg.

First, we prove that (1) implies (2). Suppose (𝑎, 𝑡) ∈ 𝜒𝑀
𝐺
(A𝑀 (𝐾)), i.e. there exists (𝑎𝑀 , 𝑡) ∈

A𝑀 (𝐾) such that
(3.9.1) 𝜒𝑀𝐺 (𝑎𝑀) = 𝑎,
and
(3.9.2) 𝑎𝑀 (∞𝐾) = 𝜒𝑀 (𝑡).
Let 𝑎∞ and 𝑎𝑀,∞ be the restrictions of 𝑎 and 𝑎𝑀 to Spec(O∞), respectively. The morphisms given
by 𝑎𝑀,∞ and 𝜒𝑀 (𝑡𝑎) coincide on the special fiber by (3.9.2) and both fit into the commutative
diagram

Spec(O∞)
𝜒𝑀 (𝑡𝑎) //
𝑎𝑀,∞

//

𝑎∞ ((

𝔠𝔞𝔯
reg
𝑀

𝜒𝑀
𝐺
��

𝔠𝔞𝔯reg .

Since 𝜒𝑀
𝐺

is étale over 𝔠𝔞𝔯reg, we have
𝑎𝑀,∞ = 𝜒𝑀 (𝑡𝑎).

Let 𝑎𝑀,𝜂 ∈ 𝔠𝔞𝔯
reg
𝑀
(𝐹) be the restriction of 𝑎𝑀 to the generic point. Then there exists 𝑋 ∈ 𝔪(𝐹)

such that
(3.9.3) 𝜒𝑀 (𝑋) = 𝑎𝑀,𝜂 .
(to see this, one may use a Kostant section relative to 𝑀). Since 𝑎𝑀,𝜂 is 𝐺-regular, 𝑋 is
necessarily semisimple and 𝐺-regular. Thus, in 𝔠𝔞𝔯

reg
𝑀
(𝐹∞),

𝜒𝑀 (𝑡𝑎) = 𝜒𝑀 (𝑋).
By Lemma 3.8.1, there exists a finite Galois extension 𝐿 of 𝐹∞ and 𝑚 ∈ 𝑀 (𝐿) such that

Ad(𝑚)𝑋 = 𝑡𝑎 .
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From this equality, for every 𝜎 ∈ Gal(𝐿/𝐹∞), the element𝑚𝜎(𝑚)−1 normalizes 𝑡𝑎, so it belongs
to 𝑇 (𝐿). We thus obtain a 1-cochain of the Galois group Gal(𝐿/𝐹∞) with values in 𝑇 (𝐿) which
is a coboundary, since 𝑇 being a split torus the group 𝐻1(𝐿/𝐹∞, 𝑇 (𝐿)) is trivial; hence there
exists 𝑥 ∈ 𝑇 (𝐿) such that 𝑚𝜎(𝑚)−1 = 𝑥𝜎(𝑥)−1 for all 𝜎 ∈ Gal(𝐿/𝐹∞). Replacing 𝑚 by 𝑥−1𝑚,
we may assume that 𝑚 ∈ 𝑀 (𝐹∞). This proves condition 2.(b). Condition 2.(a) follows from
(3.9.1) and (3.9.3).

Now, we prove the converse. Suppose there exists 𝑋 ∈ 𝔪(𝐹), semisimple, 𝐺-regular, and
𝑚 ∈ 𝑀 (𝐹∞) satisfying conditions 2.(a) and 2.(b). Let
(3.9.4) 𝑎𝑀,𝜂 = 𝜒𝑀 (𝑋) ∈ 𝔠𝔞𝔯

reg
𝑀
(𝐹).

This 𝐹-point fits into the commutative diagram

Spec(𝐹)
𝑎𝑀,𝜂 //

��

𝔠𝔞𝔯𝑀,𝐷

𝜒𝑀
𝐺,𝐷

��
𝐶𝐾

𝑎 // 𝔠𝔞𝔯𝐺,𝐷 .

The properness of the morphism 𝜒𝑀
𝐺

implies that 𝑎𝑀,𝜂 extends to a morphism
𝑎𝑀 : 𝐶𝐾 → 𝔠𝔞𝔯𝑀,𝐷

lifting 𝑎. We have the following equality in 𝔠𝔞𝔯
reg
𝑀
(𝐾):

(3.9.5) 𝜒𝑀 (𝑡) = 𝑎𝑀 (∞𝐾).
Indeed, by (3.9.4), the restriction of 𝑎𝑀 to Spec(𝐹∞) equals 𝜒𝑀 (𝑋), hence equals 𝜒𝑀 (𝑡𝑎) by
2.(b). It follows that the restriction of 𝑎𝑀 to Spec(O∞) is also equal to 𝜒𝑀 (𝑡𝑎). Evaluating at
∞𝐾 yields (3.9.5).

Thus, the pair (𝑎𝑀 , 𝑡) defines an element of A𝑀 (𝐾). By the construction of 𝑎𝑀 , we have
𝜒𝑀𝐺 (𝑎𝑀 , 𝑡) = (𝑎, 𝑡),

which is assertion 1. □

Corollary 3.9.2. — With the notations of Proposition 3.9.1, the following two assertions are
equivalent:

1. (𝑎, 𝑡) ∈ 𝜒𝑀
𝐺
(A𝑀,ell(𝐾));

2. there exists 𝑋 , a semisimple, 𝐺-regular, and elliptic element in 𝔪(𝐹), and 𝑚 ∈ 𝑀 (𝐹∞)
such that

(a) 𝜒𝐺 (𝑋) = 𝑎𝜂;
(b) Ad(𝑚)𝑋 = 𝑡𝑎.

Proof. — Let (𝑎, 𝑡) ∈ A𝐺 (𝐾).
First, assume that (𝑎, 𝑡) ∈ 𝜒𝑀

𝐺
(A𝑀,ell(𝐾)). By Proposition 3.9.1, there exist 𝑋 ∈ 𝔪(𝐹),

semisimple and 𝐺-regular, and 𝑚 ∈ 𝑀 (𝐹∞) satisfying conditions 2.(a) and 2.(b) of Proposition
3.9.1. We will show that 𝑋 is necessarily elliptic in 𝔪(𝐹). Suppose, for contradiction, that it is
not. Let 𝐴𝑋 be the maximal split subtorus of 𝑇𝑋 , the centralizer of 𝑋 in 𝐺𝐹 . Up to conjugating
𝑋 by an element of 𝑀 (𝐹) and translating 𝑚 by the same element, we may assume that 𝐴𝑋 is
contained in the standard torus 𝑇𝐹 . Then there exists 𝐿 ∈ L𝐺 (𝑇) such that the centralizer of
𝐴𝑋 in 𝐺𝐹 is 𝐿𝐹 . Note that 𝐿 ⊂ 𝑀 and that this inclusion is strict since 𝑋 is not elliptic in 𝑀 .
However, condition 2.(b) of Proposition 3.9.1 implies

𝑚𝑇𝑋,𝐹∞𝑚
−1 = 𝑇𝐹∞ .
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Since the tori 𝑇𝑋,𝐹∞ and 𝑇𝐹∞ are two maximal 𝐹∞-split tori in 𝐿𝐹∞ , they are conjugate by an
element of 𝐿 (𝐹∞). Hence,

𝑚 ∈ Norm𝑀 (𝐹∞) (𝑇) 𝐿 (𝐹∞).
Since 𝑇 is a split torus over 𝑘 , we have Norm𝑀 (𝐹∞) (𝑇) = Norm𝑀 (𝑘) (𝑇) · 𝑇 (𝐹∞). Therefore,

there exists 𝑤 ∈ Norm𝑀 (𝑘) (𝑇) and 𝑙 ∈ 𝐿 (𝐹∞) such that
𝑚 = 𝑤𝑙.

Set 𝐿1 = 𝑤𝐿𝑤−1, 𝑙1 = 𝑤𝑙𝑤−1, and 𝑋1 = Ad(𝑤)𝑋 . By construction, 𝐿1 ∈ L(𝑇) is a proper
Levi subgroup of 𝑀; moreover, 𝑙1 ∈ 𝐿1(𝐹∞) and 𝑋1 ∈ 𝔩1(𝐹) satisfy 𝜒𝐺 (𝑋1) = 𝑎𝜂 and
Ad(𝑙1)𝑋1 = 𝑡𝑎. It then follows from Proposition 3.9.1 that (𝑎, 𝑡) ∈ 𝜒

𝐿1
𝐺
(A𝐿1 (𝐾)). This

contradicts our assumption, and hence 𝑋 is elliptic in 𝔪(𝐹).
Now, assume that assertion 2 holds. That is, there exist 𝑋 ∈ 𝔪(𝐹), semisimple,𝐺-regular, and

elliptic, and 𝑚 ∈ 𝑀 (𝐹∞) such that 𝜒𝐺 (𝑋) = 𝑎𝜂 and Ad(𝑚)𝑋 = 𝑡𝑎. Then, by Proposition 3.9.1,
we have (𝑎, 𝑡) ∈ 𝜒𝑀

𝐺
(A𝑀 (𝐾)). Let 𝐿 ∈ L(𝑇) be a semi-standard Levi subgroup contained in

𝑀 such that (𝑎, 𝑡) ∈ 𝜒𝐿
𝐺
(A𝐿,ell(𝐾)). Then there exists 𝑌 ∈ 𝔩(𝐹), semisimple, 𝐺-regular, and

elliptic, and 𝑙 ∈ 𝐿 (𝐹∞) such that 𝜒𝐺 (𝑌 ) = 𝑎𝜂 and Ad(𝑙)𝑌 = 𝑡𝑎. By Lemma 3.8.1, the equality
𝜒𝐺 (𝑋) = 𝜒𝐺 (𝑌 ) implies the existence of 𝑔 ∈ 𝐺 (𝐹𝑠), for some separable closure 𝐹𝑠 of 𝐹, such
that Ad(𝑔)𝑋 = 𝑌 . The centralizer of 𝑌 in 𝐺𝐹 is a maximal 𝐹-torus. For every 𝜎 ∈ Gal(𝐹𝑠/𝐹),
we have 𝜎(𝑔)𝑔−1 ∈ 𝑇𝑌 , and the inner automorphism Int(𝑔) of 𝐺𝐹𝑠 induces an 𝐹-isomorphism
from 𝑇𝑋 to 𝑇𝑌 , hence an 𝐹-isomorphism between the maximal 𝐹-split subtori 𝐴𝑋 and 𝐴𝑌 . But
these are nothing other than the connected centers 𝐴𝑀,𝐹 and 𝐴𝐿,𝐹 of the Levi subgroups 𝑀𝐹

and 𝐿𝐹 . Thus dim(𝐴𝑀) = dim(𝐴𝐿). Since we also have 𝐴𝑀 ⊂ 𝐴𝐿 , it follows that 𝐴𝑀 = 𝐴𝐿
and hence 𝑀 = 𝐿. Therefore, (𝑎, 𝑡) ∈ 𝜒𝑀

𝐺
(A𝑀,ell(𝐾)), as desired. □

3.10. Proof of Proposition 3.6.2. — In this paragraph, the only non-obvious point is that the

union is disjoint. We resume the notations from §3.9. Let (𝑎, 𝑡) ∈ A𝐺 (𝐾) and let 𝑀1 and 𝑀2
be two Levi subgroups in L(𝑇) such that 𝑎 lies in the intersection of the images of A𝑀1,ell(𝐾)
and A𝑀2,ell(𝐾). By Corollary 3.9.2, for 𝑖 = 1, 2, there exist 𝑋𝑖 ∈ 𝔪𝑖 (𝐹), elliptic and 𝐺-regular,
and 𝑚𝑖 ∈ 𝑀𝑖 (𝐹∞) such that Ad(𝑚𝑖)𝑋𝑖 = 𝑡𝑎 and 𝜒𝐺 (𝑋𝑖) = 𝑎𝜂. By Lemma 3.8.1, the equality
𝜒𝐺 (𝑋1) = 𝜒𝐺 (𝑋2) implies the existence of 𝑔 ∈ 𝐺 (𝐹𝑠), for a separable closure 𝐹𝑠 of 𝐹, such that
Ad(𝑔)𝑋1 = 𝑋2. Arguing as in the proof of Corollary 3.9.2, one deduces that

𝑔𝐴𝑀1𝑔
−1 = 𝐴𝑀2 .

But since 𝑔 conjugates 𝑋1 and 𝑋2, we have that 𝑚2𝑔𝑚
−1
1 centralizes 𝑡𝑎, which is 𝐺-regular.

Hence, 𝑚2𝑔𝑚
−1
1 ∈ 𝑇 (𝐹𝑠 ⊗𝐹 𝐹∞), so that 𝐴𝑀1 = 𝐴𝑀2 and consequently 𝑀1 = 𝑀2, as required.

4. The Hitchin Fibration

We continue with the notations from the previous sections.
4.1. Notations. — We complete the notations of Sections 3.1 through 3.3. Let 𝑆 be a 𝑘-scheme
and E a 𝐺-torsor over 𝑆. Define

Aut𝐺 (E) = E ×𝐺,Int
𝑘

𝐺

to be the group scheme over 𝑆 of 𝐺-equivariant automorphisms of E.
Let 𝑉 be a finite-dimensional 𝑘-vector space. For any linear algebraic representation

𝜌 : 𝐺 → 𝐺𝐿 (𝑉),
let

𝜌(E) = 𝐺 ×𝐺,𝜌
𝑘

𝑉
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be the vector bundle over 𝑆 obtained by pushing forward E via the representation 𝜌.
When E is a 𝐺-torsor over 𝐶𝑆 = 𝐶 ×𝑘 𝑆 (where 𝐶 is the curve of §3.2), we set

𝜌𝐷 (E) = E ×𝐺,𝜌
𝐶𝑆

𝑉𝐷,𝑆,

where 𝑉𝐷,𝑆 = 𝑉𝐷 ×𝑘 𝑆 is the vector bundle over 𝐶𝑆 deduced from the vector bundle 𝑉𝐷 on 𝐶
(see §3.3) by base change.
4.2. Generic trivialization of 𝐺-torsors. — Let 𝐾 be an extension of 𝑘 and E a 𝐺-torsor over
𝐶𝐾 . In what follows, we will make repeated use of the following lemma.
Lemma 4.2.1. — There exists a finite extension 𝐾′ of 𝐾 such that the 𝐺-torsor E ×𝐶𝐾 𝐶𝐾 ′ is
trivial at the generic point of 𝐶𝐾 ′ .
Proof. — Clearly, it suffices to prove the lemma when 𝐾 is algebraically closed. In this case,
the field of functions 𝐹 of 𝐶𝐾 has dimension ⩽ 1. Let 𝐹𝑠 be a separable closure of 𝐹. The
torsor E, which is smooth over 𝐶𝐾 , admits sections over 𝐹𝑠. Since 𝐺 is connected and 𝐹 has
dimension ⩽ 1, we know that the set 𝐻1(𝐹𝑠/𝐹, 𝐺) is trivial (see [Ser94] chap. III §2 theorem
1’ and the remarks that follow). □

4.3. Reductions of torsors to a subgroup. — We continue with the notations of the previous
paragraph. Let 𝑃 be an algebraic subgroup of 𝐺. A reduction of the 𝐺-torsor E over 𝑆 to 𝑃 is
the data of a 𝑃-torsor E𝑃 over 𝑆 together with an isomorphism of the 𝐺-torsor

E𝑃 ×𝑃 𝐺,
where 𝐺 is equipped with the left translation action by 𝑃, with E. The obvious 𝑃-equivariant
morphism E𝑃 → E𝑃 ×𝑃 𝐺 ≃ E gives, upon passing to the quotient by 𝑃, a section

𝜎𝑃 : 𝑆 → E/𝑃.
Conversely, E is a 𝑃-torsor over E/𝑃 which, when pulled back by a section of E/𝑃, yields a
reduction of E to 𝑃. In this way, we obtain a natural bijection between the sections of E/𝑃 and
the isomorphism classes of reductions of E to 𝑃.
4.4. Characteristic morphism. — Recall that in §3.2 a curve 𝐶 over 𝑘 and a point ∞ ∈ 𝐶 (𝑘)
were fixed. Let 𝑆 be a 𝑘-scheme and denote by 𝐶𝑆 and ∞𝑆 the objects obtained by base change.
Let E be a 𝐺-torsor over 𝐶𝑆. The construction of paragraph 4.1 gives a vector bundle Ad𝐷 (E)
over 𝐶𝑆. The characteristic morphism defined in §2.2 (2.2.1)

𝜒 : 𝔤 → 𝔠𝔞𝔯

is 𝐺-invariant and G𝑚,𝑘 -equivariant. It therefore induces a morphism, by abuse of notation still
denoted by 𝜒,

𝜒 : Ad𝐷 (E) → 𝔠𝔞𝔯𝐷,𝑆,

and hence a morphism, still denoted by the same symbol,
𝜒 : 𝐻0(𝐶𝑆,Ad𝐷 (E)) → 𝐻0(𝐶𝑆, 𝔠𝔞𝔯𝐷,𝑆).

The group scheme Aut𝐺 (E) acts on the bundle Ad𝐷 (E) by the adjoint action. For any section
𝜃 ∈ 𝐻0(𝐶𝑆,Ad𝐷 (E)), denote by

Aut𝐺 (E, 𝜃)
the subgroup scheme of Aut𝐺 (E) that centralizes 𝜃.
4.5. The Hitchin Algebraic Stack. — We now introduce the following definition.
Definition 4.5.1. — The Hitchin stack M𝐺 is the 𝑘-algebraic stack whose fiber category over a
𝑘-scheme 𝑆 is the groupoid whose objects are triples (E, 𝜃, 𝑡) satisfying the following conditions:

1. E is a 𝐺-torsor over 𝐶 ×𝑘 𝑆;
2. 𝜃 is a section of the vector bundle Ad𝐷 (E);
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3. 𝑡 belongs to 𝔱𝐺- reg(𝑆) and satisfies
𝜒(𝜃) (∞𝑆) = 𝜒(𝑡).

and the set of morphisms from an object (E, 𝜃, 𝑡) to another (E′, 𝜃′, 𝑡′) is given by
– the empty set if 𝑡 ≠ 𝑡′;
– the set of 𝐺-equivariant isomorphisms from E to E′ such that the induced isomorphism

from Ad𝐷 (E) to Ad𝐷 (E′) sends 𝜃 to 𝜃′.

Remark. — This is not the usual definition of the Hitchin stack which only considers pairs
(E, 𝜃). Here the additional datum of an element 𝑡 that is 𝐺-regular forces the section 𝜃 to be
regular semisimple at ∞𝑆, and hence generically as well. The morphism which forgets 𝑡 makes
our Hitchin stack an étale Galois covering with group𝑊 of an open substack of the usual Hitchin
stack.
4.6. The Hitchin Fibration. — This is the morphism

𝑓𝐺 : M𝐺 → A𝐺 ,

defined for every 𝑘-scheme 𝑆 and every triple 𝑚 = (E, 𝜃, 𝑡) in M(𝑆) by
𝑓 (𝑚) = (𝜒(𝜃), 𝑡).

In what follows, we will often omit the index 𝐺 and denote the above morphism by
𝑓 : M → A.

4.7. The Morphism 𝜒𝑃. — Let 𝐾 be an extension of 𝑘 and 𝑃 ∈ F a semi-standard parabolic
subgroup. Let E be a 𝑃-torsor over 𝐶𝐾 . Let Ad denote the adjoint action of 𝑃 on its Lie algebra
𝔭. The construction of paragraph 4.1 applied to the group 𝑃 provides a vector bundle Ad𝐷 (E)
over 𝐶𝐾 . The characteristic morphism defined in §2.6 (2.7.1)

𝜒𝑃 : 𝔭 → 𝔠𝔞𝔯𝑃

is 𝑃-invariant and G𝑚,𝑘 -equivariant. It therefore induces, by abuse of notation, morphisms still
denoted by 𝜒𝑃,

𝜒𝑃 : Ad𝐷 (E) → 𝔠𝔞𝔯𝑃,𝐷,𝑆,

and
𝜒𝑃 : 𝐻0(𝐶𝑆,Ad𝐷 (E)) → 𝐻0(𝐶𝑆, 𝔠𝔞𝔯𝑃,𝐷,𝑆).

4.8. Reduction to a Parabolic Subgroup. — Let 𝑆 be an affine 𝑘-scheme and 𝑚 = (E, 𝜃, 𝑡) ∈
M(𝑆). We introduce the following definition.
Definition 4.8.1. — A reduction of 𝑚 to 𝑃 is a triple 𝑚𝑃 = (E𝑃, 𝜃𝑃, 𝑡𝑃) consisting of

– a reduction E𝑃 of E to 𝑃, that is, a 𝑃-torsor E𝑃 over 𝐶 ×𝑘 𝑆 together with an isomorphism
(4.8.1) E𝑃 ×𝑃𝑘 𝐺 ≃ E ;

– a section 𝜃𝑃 of Ad𝐷 (E𝑃) over 𝐶 ×𝑘 𝑆;
– a point 𝑡𝑃 ∈ 𝔱𝐺- reg(𝑆) satisfying

𝜒𝑃 (𝜃𝑃) (∞𝑆) = 𝜒𝑃 (𝑡𝑃);
which furthermore satisfies the following two conditions:
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1. The isomorphism, deduced from (4.8.1),
Ad𝐷 (E𝑃 ×𝑃𝑘 𝐺) ≃ Ad𝐷 (E),

composed with the morphism

Ad𝐷 (E𝑃) ↩→ E𝑃 ×𝑃,Ad
𝑘

𝔤 ≃ Ad𝐷 (E𝑃 ×𝑃𝑘 𝐺),
sends the section 𝜃𝑃 to 𝜃;

2. The points 𝑡𝑃 and 𝑡 are equal.

In what follows, we say that two reductions (E𝑃, 𝜃𝑃, 𝑡) and (E′
𝑃
, 𝜃′
𝑃
, 𝑡) of 𝑚 are isomorphic

if there exists an isomorphism of 𝑃-torsors from E𝑃 to E′
𝑃

such that the induced isomorphism
Ad𝐷 (E𝑃) → Ad𝐷 (E′

𝑃
) sends 𝜃𝑃 to 𝜃′

𝑃
.

4.9. Existence of Reductions on an Open Set. — Let 𝑆 be a test 𝑘-scheme and (E, 𝜃, 𝑡) ∈
M(𝑆). Let 𝑀 ∈ L and (𝑎𝑀 , 𝑡) ∈ A𝑀 (𝑆) such that

𝑓 (𝑚) = 𝜒𝑀𝐺 ((𝑎𝑀 , 𝑡)).
Let 𝑈 be the open subset of 𝐶𝑆 defined as the inverse image via 𝑎𝑀 of the open set 𝔠𝔞𝔯reg

𝑀
. Let

𝑋 be a section of 𝔪 ×𝑘 𝑈 such that 𝜒𝑀 (𝑋) coincides with 𝑎𝑀 on the open set𝑈. The existence
of a Kostant section guarantees that such a section exists. Note that 𝑋 is everywhere 𝐺-regular
semisimple. Let 𝑇𝑋 be the torus subscheme of 𝑀𝑈 centralizing 𝑋 in 𝐺𝑈 . We then define E′

over 𝑈 as follows: for any 𝑈-scheme Ω, the sections of E′ over Ω are the sections of E over Ω
such that the induced isomorphism Ad𝐷 (EΩ) → 𝔤 ×𝑘 Ω sends 𝜃Ω to 𝑋Ω. Since locally for the
étale topology the torus subschemes of 𝐺 ×𝑘 𝑈 are conjugate to the constant torus 𝑇 ×𝑘 𝑈, and
since we have the equality

𝜒𝐺 (𝜃) = 𝜒𝑀𝐺 (𝑎𝑀) = 𝜒𝐺 (𝑋)
on 𝑈, we see that E′ has sections locally for the étale topology. It is then clear that E′ is a 𝑇𝑋-
torsor over 𝑈 which, when pushed forward via the morphism 𝑇𝑋 → 𝐺𝑈 , becomes isomorphic
to E𝑈 . In particular, for every parabolic subgroup 𝑃 ∈ F (𝑀), let E𝑃 be the 𝑃-torsor over
𝑈 obtained from E′ by pushing forward via the morphism 𝑇𝑋 → 𝑃𝑈 . One then verifies that
(E𝑃, 𝜃𝑈 , 𝑡𝑈) is a (natural) reduction of the triple obtained from (E, 𝜃, 𝑡) by base change to𝑈.
4.10. Existence and Uniqueness of Reductions. — We now state the main result concerning
the existence and uniqueness of reductions to a parabolic subgroup of a Hitchin triple over the
spectrum of a field 𝐾 extending 𝑘 .
Proposition 4.10.1. — Let 𝑚 ∈ M(𝐾) and 𝑀 ∈ L such that 𝑓 (𝑚) ∈ 𝜒𝑀

𝐺
(A𝑀,ell(𝐾)) (cf.

Proposition 3.6.2). Let 𝑃 ∈ F . We have the following alternative:
– either 𝑃 does not contain 𝑀: in this case, there is no reduction of 𝑚 to 𝑃;
– or 𝑃 contains𝑀: in this case, there exists a unique reduction of𝑚 to 𝑃 (up to isomorphism).

Proof. — Let 𝑃 ∈ F . We first show that the condition 𝑀 ⊂ 𝑃 is necessary for the
existence of a reduction to 𝑃. Suppose 𝑚𝑃 = (E𝑃, 𝜃𝑃, 𝑡) is a reduction of 𝑚 to 𝑃. The pair
(𝜒𝑃 (𝜃𝑃), 𝑡) defines an element ofA𝑀𝑃

(𝐾) whose image inA𝐺 (𝐾) equals 𝑓 (𝑚). The hypothesis
𝑓 (𝑚) ∈ 𝜒𝑀

𝐺
(A𝑀,ell(𝐾)) and Proposition 3.6.2 imply that 𝑀 ⊂ 𝑀𝑃, hence 𝑀 ⊂ 𝑃.

Now assume that 𝑀 ⊂ 𝑃. We first prove the existence of a reduction to 𝑃. The construction
in paragraph §4.9 provides a reduction of 𝑚 to 𝑃, but only over an open subset 𝑈 of 𝐶𝐾 . It
remains to show that this reduction extends, i.e., that the 𝑃-torsor E𝑃 extends to all of 𝐶𝐾 . By
the bijection described in §4.3, this amounts to showing that the section 𝑈 → E/𝑃 deduced
from E𝑃 extends to all of 𝐶𝐾 . But such a section extends by the properness of the quotient E/𝑃
over 𝐶, hence existence is proved.
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Finally, we prove the uniqueness of a reduction of 𝑚 to 𝑃. Let 𝑚𝑃 = (E𝑃, 𝜃𝑃, 𝑡) and
𝑚′
𝑃
= (E′

𝑃
, 𝜃′
𝑃
, 𝑡) be two such reductions. Let 𝜎𝑃 and 𝜎′

𝑃
be the sections of E/𝑃 deduced from

E𝑃 and E′
𝑃

by the construction described in §4.3. It suffices to prove that these sections are
equal, and by the properness of E/𝑃 over 𝐶𝐾 , it is enough to check at the generic point Spec(𝐹)
of 𝐶𝐾 , and even at the point Spec(𝐹𝑠) where 𝐹𝑠 is a separable closure of the function field 𝐹 of
𝐶𝐾 .

Now, the section 𝜎𝑃 gives a section Spec(𝐹𝑠) → E/𝑃, which is the 𝑃(𝐹𝑠)-orbit of the image
of a point 𝑒 ∈ E𝑃 (𝐹𝑠) via the morphism E𝑃 → E. Such a point 𝑒 ∈ E𝑃 (𝐹𝑠) gives a 𝑃-equivariant
isomorphism

Φ𝑃 : E𝑃,𝐹𝑠 → 𝑃 ×𝑘 𝐹𝑠,
an isomorphism of group schemes

𝜄𝑃 : Aut𝑃 (E𝐹𝑠 ) → 𝑃 ×𝑘 𝐹𝑠,
and a derived isomorphism

𝑑𝜄𝑃 : Ad𝑃 (E𝐹𝑠 ) → 𝔭 ×𝑘 𝐹𝑠 .
Let𝑌 = 𝑑𝜄𝑃 (𝜃𝐹𝑠 ) ∈ 𝔭(𝐹𝑠). By the definition of the reduction, 𝜒𝑃 (𝑌 ) equals 𝑎𝑀,𝐹𝑠 , the restriction
of the section 𝑎𝑀 : 𝐶 → 𝔠𝑀 to Spec(𝐹𝑠). Using Proposition 3.9.1 for the group 𝑀 (instead of
𝐺), we obtain the existence of 𝑋 ∈ 𝔪(𝐹) semisimple such that

1. 𝜒𝑀 (𝑋) is equal to the restriction 𝑎𝑀,𝐹 of 𝑎𝑀 at the generic point;
2. there exists 𝑚 ∈ 𝑀 (𝐹∞) such that Ad(𝑚)𝑋 = 𝑡𝑎, where 𝑡𝑎 ∈ 𝔱reg(O∞) lifts 𝑡 and satisfies
𝜒𝑀 (𝑡𝑎) = 𝑡.

Note that since 𝑎𝑀,𝐹 belongs to 𝔠𝔞𝔯
𝐺- reg
𝑀

, the elements 𝑋 and 𝑡𝑎 are automatically 𝐺-regular.
Since we have the equality 𝜒𝑃 (𝑌 ) = 𝜒𝑃 (𝑋) in 𝔠𝔞𝔯

𝐺- reg
𝑀

(𝐹𝑠), by Lemma 3.8.1 the elements 𝑋
and 𝑌 are conjugate under 𝑃(𝐹𝑠). After possibly translating 𝑒 by an element of 𝑃(𝐹𝑠), we may
assume that 𝑌 = 𝑋 . The image of 𝑒 in E(𝐹𝑠) gives a 𝐺-equivariant isomorphism
(4.10.1) Φ : E𝐹𝑠 → 𝐺 ×𝑘 𝐹𝑠,
an isomorphism of group schemes
(4.10.2) 𝜄 : Aut𝐺 (E𝐹𝑠 ) → 𝐺 ×𝑘 𝐹𝑠,
and a derived isomorphism
(4.10.3) 𝑑𝜄 : Ad𝐺 (E𝐹𝑠 ) → 𝔤 ×𝑘 𝐹𝑠 .
This latter isomorphism is such that 𝑋 = 𝑑𝜄(𝜃) is an element of 𝔪(𝐹) which is semisimple and
𝐺-regular and satisfies the assertions 1 and 2 above. Denote by a prime the objects attached to
the reduction 𝑚′

𝑃
. Let 𝑥 ∈ 𝐺 (𝐹𝑠) be such that 𝑒′ = 𝑒 · 𝑥. The automorphism of 𝔤 ×𝑘 𝐹𝑠 given by

𝑑𝜄′ ◦ 𝑑𝜄−1 is then equal to Ad(𝑥). Consequently, Ad(𝑥)𝑋 = 𝑋′. Hence, we have the equalities
𝑡𝑎 = Ad(𝑚′)𝑋′ = Ad(𝑚′𝑥)𝑋 = Ad(𝑚′𝑥𝑚−1)𝑡𝑎,

which implies that𝑚′𝑥𝑚−1 ∈ 𝑇 (𝐹∞⊗𝐹𝐹𝑠) since 𝑡𝑎 is𝐺-regular. It follows that 𝑥 ∈ 𝑀 (𝐹𝑠). Thus,
the sections 𝜎𝑃 and 𝜎′

𝑃
coincide at the generic point. Therefore, there exists an isomorphism

from E𝑃 to E′
𝑃
. With the previous notation, we have seen that 𝑋 and 𝑋′ are conjugate under

𝑀 (𝐹𝑠). Hence, we can choose this isomorphism so that 𝜃𝑃 is mapped to 𝜃′
𝑃

(at least at the point
Spec(𝐹𝑠), and hence everywhere). This completes the proof of uniqueness and the proposition.
□
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5. Convex Set Associated to a Hitchin Triple

5.1. The Spaces 𝔞𝑀 . — For any group 𝑀 defined over 𝑘 , let 𝑋∗(𝑀) be the group of rational
characters of 𝑀 and

𝑋∗(𝑀) = HomZ(𝑋∗(𝑀),Z).
When 𝑀 is a torus, we note that 𝑋∗(𝑀) identifies with the group of cocharacters of 𝑀 via the
natural duality between the groups of characters and cocharacters.

Let 𝑀 ∈ L be a semi-standard Levi subgroup and let 𝐴𝑀 be the connected component of the
center of 𝑀 . The restriction morphism

𝑋∗(𝑀) → 𝑋∗(𝐴𝑀)
is injective and its cokernel is finite. Let 𝔞∗

𝑀
be the R-vector space defined by

𝔞∗𝑀 = 𝑋∗(𝑀) ⊗Z R = 𝑋∗(𝐴𝑀) ⊗Z R.

Its dual, denoted 𝔞𝑀 , identifies with
𝔞𝑀 = HomZ(𝑋∗(𝑀),R).

We will not confuse 𝔞𝑀 with the Lie algebra of 𝐴𝑀 . For any 𝐿 ∈ L(𝑀), the restriction
morphisms

𝑋∗(𝐿) → 𝑋∗(𝑀) → 𝑋∗(𝐴𝐿)
induce morphisms

𝔞∗𝐿 → 𝔞∗𝑀 → 𝔞∗𝐿
whose composition is the identity. In this way, 𝔞∗

𝐿
identifies with a subspace of 𝔞∗

𝑀
. Let

(𝔞𝐿𝑀)∗ = Ker(𝔞∗𝑀 → 𝔞∗𝐿).
Thus, we have a decomposition

𝔞∗𝑀 = 𝔞∗𝐿 ⊕ (𝔞𝐿𝑀)∗

and, dualizing, a decomposition
𝔞𝑀 = 𝔞𝐿 ⊕ 𝔞𝐿𝑀

where 𝔞𝐿
𝑀

is the orthogonal complement of 𝔞∗
𝐿

in 𝔞𝑀 . Every 𝜉 ∈ 𝔞𝑀 can be written

(5.1.1) 𝜉 = 𝜉𝐿 + 𝜉𝐿

according to this decomposition.
We now generalize the preceding definitions to a parabolic subgroup 𝑃 ∈ F as follows. Let

𝐴𝑃 = 𝐴𝑀𝑃
and 𝔞𝑃 = 𝔞𝑀𝑃

. For any 𝑄 ∈ F (𝑃), set 𝔞𝑄
𝑃
= 𝔞

𝑀𝑄

𝑀𝑃
; we denote by an exponent ∗ the

dual of 𝔞𝑄
𝑃

. Thus, we have a decomposition

𝔞𝑃 = 𝔞
𝑄

𝑃
⊕ 𝔞𝑄

and every 𝜉 ∈ 𝔞𝑃 can be written
(5.1.2) 𝜉 = 𝜉𝑄 + 𝜉𝑄
according to this decomposition.
5.2. Roots and Coroots. — Let 𝐵 ∈ F (𝑇) be a Borel subgroup of 𝐺. Let Δ𝐵 be the set of
simple roots of 𝑇 in 𝐵. Let Δ∨

𝐵
be the set of simple coroots. The sets Δ𝐵 and Δ∨

𝐵
form respective

bases for the spaces (𝔞𝐺
𝑇
)∗ and 𝔞𝐺

𝑇
.

Let 𝑃 ∈ F (𝐵) and letΔ𝑃,𝐵 ⊂ Δ𝐵 be the subset consisting of the roots in 𝑁𝑃. LetΔ∨
𝑃,𝐵

⊂ Δ∨
𝐵

be
the corresponding subset of coroots. The restriction map 𝑋∗(𝑇) → 𝑋∗(𝐴𝑃) induces a bijection
from Δ𝑃,𝐵 onto a set denoted Δ𝑃. Similarly, the projection 𝔞𝑇 → 𝔞𝑃 induces a bijection from
Δ∨
𝑃,𝐵

onto a set denoted Δ∨
𝑃
. Since any Borel subgroup contained in 𝑃 and containing 𝑇 belongs
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to the orbit of 𝐵 under the Weyl group𝑊𝑀𝑃 (𝑇), the sets Δ𝑃 and Δ∨
𝑃

do not depend on the choice
of 𝐵. Moreover, Δ𝑃 and Δ∨

𝑃
form respective bases for 𝔞∗

𝑃
and 𝔞𝑃. Let Δ̂𝑃 be the basis of 𝔞∗

𝑃
dual

to Δ∨
𝑃
.

Lemma 5.2.1. — Let 𝑄 ∈ F (𝑃). Then we have the natural inclusion Δ̂𝑄 ⊂ Δ̂𝑃.
Proof. — Let 𝐵 ⊂ 𝑃 be a Borel subgroup containing 𝑇 . We have the inclusion Δ∨

𝑄,𝐵
⊂ Δ∨

𝑃,𝐵

and the complement Δ∨
𝑃,𝐵

− Δ∨
𝑄,𝐵

is contained in 𝔞
𝑄

𝑇
. Let Δ∨

𝑄,𝑃
be the image of Δ∨

𝑄,𝐵
under

the projection 𝔞𝑇 → 𝔞𝑃. Then the complement Δ∨
𝑃
− Δ∨

𝑄,𝑃
is contained in 𝔞

𝑄

𝑃
. The projection

𝔞𝑃 → 𝔞𝑄 induces a bijection from Δ∨
𝑄,𝑃

onto Δ∨
𝑄

.
Let 𝜛 ∈ Δ̂𝑄 ⊂ 𝔞∗

𝑄
. Let 𝛼∨ ∈ Δ∨

𝑄
be such that 𝜛(𝛼∨) = 1 and 𝜛 vanishes on Δ∨

𝑄
− {𝛼∨}. Let

𝛽∨ ∈ Δ∨
𝑃
. Then we have the following alternative. Either 𝛽∨ ∉ Δ∨

𝑄,𝑃
and then 𝜛(𝛽∨) = 0, or

𝛽∨ ∈ Δ∨
𝑄,𝑃

and then 𝜛(𝛽∨) equals 1 if 𝛽∨ is the unique element of Δ∨
𝑄,𝑃

and 0 otherwise. This
shows that 𝜛 ∈ Δ̂𝑃.

□

5.3. Cones in 𝔞𝑃. — Let 𝑃 ∈ F . Let +𝔞𝑃 be the obtuse open cone in 𝔞𝑃 defined by
+𝔞𝑃 = {𝐻 ∈ 𝔞𝑃 | 𝜛(𝐻) > 0 ∀𝜛 ∈ Δ̂𝑃}.

Let +𝔞𝑃 be the closure of +𝔞𝑃 in 𝔞𝑇 , i.e.,
+𝔞𝑃 = {𝐻 ∈ 𝔞𝑃 | 𝜛(𝐻) ⩾ 0 ∀𝜛 ∈ Δ̂𝑃}.

Lemma 5.3.1. — Let 𝑃 ⊊ 𝐺 be a semi-standard parabolic subgroup. We have the following
assertions:

1. for all 𝑄 ∈ F (𝑃), we have +𝔞𝑃 ⊂ +𝔞𝑄 + 𝔞
𝑄

𝑃
;

2. the cone +𝔞𝑃 is the intersection of the cones +𝔞𝑄 + 𝔞
𝑄

𝑃
as 𝑄 runs over the maximal proper

parabolic subgroups of 𝐺 containing 𝑃.
These assertions also hold for the closed cones.
Proof. — Let 𝑄 ∈ F (𝑃). It is clear that we have

+𝔞𝑄 + 𝔞
𝑄

𝑃
= {𝐻 ∈ 𝔞𝑃 | 𝜛(𝐻) > 0 ∀𝜛 ∈ Δ̂𝑄}.

The first assertion then follows from the inclusion Δ̂𝑄 ⊂ Δ̂𝑃 given by Lemma 5.2.1. To show
the second assertion, it suffices, by the first assertion, to prove that the intersection of the cones
+𝔞𝑄 + 𝔞

𝑄

𝑃
as 𝑄 runs over the maximal elements of F (𝑃) is contained in +𝔞𝑃. Let 𝐻 be in this

intersection. We need to show that 𝜛(𝐻) > 0 for all 𝜛 ∈ Δ̂𝑃. But this is clear since for every
𝜛 ∈ Δ̂𝑃 there exists a unique proper maximal parabolic subgroup 𝑄 containing 𝑃 such that
Δ̂𝑄 = {𝜛}. □

5.4. Degree of a Reduction. — Let 𝐾 be an extension of 𝑘 , 𝑚 ∈ M(𝐾) a Hitchin triple, 𝑃 ∈ F
a semi-standard parabolic subgroup and 𝑚𝑃 = (E, 𝜃, 𝑡) a reduction of 𝑚 to 𝑃 (cf. Definition
4.8.1). The degree of the reduction 𝑚𝑃 is the unique element deg(𝑚𝑃) ∈ 𝔞𝑃 that satisfies, for
every character 𝜇 ∈ 𝑋∗(𝑃), the following equality

𝜇(deg(𝑚𝑃)) = deg(𝜇(E))
where 𝜇(E) is the line bundle on 𝐶𝐾 obtained by pushing forward the torsor E via the represen-
tation

𝜇 : 𝑃 → GL(1)
and deg(𝜇(E)) is its degree.
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Lemma 5.4.1. — Let 𝑃 ∈ F and let 𝑚𝑃 be a reduction of 𝑚 to 𝑃. Let 𝑄 ∈ F (𝑃) and 𝑚𝑄 a
reduction of 𝑚 to 𝑄. Then the degree deg(𝑚𝑄) is equal to the projection of deg(𝑚𝑃) onto 𝔞𝑄

with respect to the decomposition 𝔞𝑃 = 𝔞𝑄 ⊕ 𝔞
𝑄

𝑃
.

Proof. — Recall that the reduction 𝑚𝑃 is a certain triple (E𝑃, 𝜃𝑃, 𝑡) (cf. Definition 4.8.1). Let
E𝑄 be defined by E𝑃 ×𝑃

𝑘
𝑄 and let 𝜃𝑄 be the section of Ad𝐷 (E𝑄) obtained by composing 𝜃𝑃

with the natural inclusion Ad𝐷 (E𝑃) ↩→ Ad𝐷 (E𝑄). One verifies that the triple (E𝑄 , 𝜃𝑄 , 𝑡) is a
reduction of 𝑚 to𝑄, so it is isomorphic to 𝑚𝑄 (cf. Proposition 4.10.1). Let 𝜇 ∈ 𝑋∗(𝑄). Clearly,
𝜇(E𝑄) is isomorphic to 𝜇(E𝑃). Hence,

𝜇(deg(𝑚𝑃)) = deg(𝜇(E𝑃)) = deg(𝜇(E𝑄)) = 𝜇(deg(𝑚𝑄)).
It follows that deg(𝑚𝑃) − deg(𝑚𝑄) belongs to 𝔞

𝑄

𝑃
, which proves the lemma.

□

5.5. Convex Sets Associated to a Hitchin Triple. — We continue with the notations of the
previous paragraph. Let 𝑀 be the unique semi-standard Levi subgroup such that 𝑓 (𝑚) belongs
to A𝑀,ell(𝐾) (cf. Proposition 3.6.2). For every 𝑃 in the set F (𝑀) of parabolic subgroups of 𝐺
containing 𝑀 , let 𝑚𝑃 be the unique reduction of 𝑚 to 𝑃 (cf. Proposition 4.10.1) and set

+C𝑃,𝑚 = − deg(𝑚𝑃) − +𝔞𝑃 + 𝔞𝑃𝑇

to be the open cylinder in 𝔞𝑇 with base the obtuse chamber − deg(𝑚𝑃) − +𝔞𝑃, and
+C𝑃,𝑚 = − deg(𝑚𝑃) − +𝔞𝑃 + 𝔞𝑃𝑇

its closure in 𝔞𝑇 . Note that, for 𝑃 = 𝐺, we have +C𝐺,𝑚 = 𝔞𝑇 .
Let C𝑚 be the open polyhedron contained in 𝔞𝑇 defined by

C𝑚 =
⋂

𝑃∈F (𝑀)

+C𝑃,𝑚

and let
C𝑚 =

⋂
𝑃∈F (𝑀)

+C𝑃,𝑚

be its closure.
If 𝑀 = 𝐺, then F (𝐺) = {𝐺} and C𝑚 = C𝑚 = 𝔞𝑇 .

Remarks. — We will see an equivalent definition of the preceding polyhedra in Proposition
5.8.1. These definitions are directly suggested by Arthur’s definition of the weights that appear
in the definition of weighted orbital integrals (cf. [Art76] §§2,3). The link with Arthur’s
constructions will become more evident once we have an adelic description of the Hitchin
triples (cf. §7.6). When 𝑀 = 𝑇 , one recovers the “complementary polyhedron” that Behrend
associates to the group scheme Aut𝐺 (E) and the torus 𝑇 (cf. [Beh95]§6).

Proposition 5.5.1. — With the above notations, in the definition of C𝑚 or C𝑚, one may replace
F (𝑀) by P(𝑀). If 𝑀 ⊊ 𝐺, one may replace F (𝑀) by the maximal elements of F (𝑀) − {𝐺}.
Proof. — This is an immediate consequence of the following lemma. □

Lemma 5.5.2. — Let 𝑃 ∈ F (𝑀) be a semi-standard parabolic subgroup. Then we have the
following assertions:

1. For all 𝑄 ∈ F (𝑃), we have +C𝑃,𝑚 ⊂ +C𝑄,𝑚;
2. The cone +C𝑃,𝑚 is the intersection of the cones +C𝑄,𝑚 as 𝑄 runs over the maximal proper

parabolic subgroups of 𝐺 containing 𝑃.
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These assertions also hold for the closed cones.
Proof. — Let 𝑄 ∈ F (𝑃). Lemma 5.4.1 implies that we have the equality

+C𝑄,𝑚 = − deg(𝑚𝑃) − +𝔞𝑄 + 𝔞
𝑄

𝑇
.

The lemma then follows immediately from Lemma 5.3.1. □

5.6. Semi-continuity of the Convex Sets. — Let 𝑆 be an affine 𝑘-scheme and 𝑚 ∈ M(𝑆). For
every 𝑠 ∈ 𝑆, let 𝑚𝑠 ∈ M(𝑘 (𝑠)) be the Hitchin triple over 𝑘 (𝑠), the residue field at 𝑠, deduced
from 𝑚 by base change. Let C𝑚, respectively C𝑚, be the function on 𝑆 which associates to each
𝑠 ∈ 𝑆 the open convex C𝑚𝑠 , respectively the closed convex C𝑚𝑠 . As one of the referees pointed
out to us, the following proposition and its proof are similar to Proposition 7.1.3 of Behrend’s
thesis (cf. [Beh]).
Proposition 5.6.1. — Suppose 𝑆 is noetherian. The function C𝑚 from M(𝑘 (𝑠)) into the set of
subsets of 𝔞𝑇 , ordered by inclusion, is lower semicontinuous, that is, for any subset Ξ of 𝔞𝑇 , the
set

{𝑠 ∈ 𝑆 |Ξ ⊂ C𝑚𝑠 }
is open. The same holds for the function C𝑚.
Proof. — Let 𝑚 = (E, 𝜃, 𝑡) ∈ M(𝑆). We treat only the function C𝑚 as the same proof applies
to C𝑚.

First, we show that C𝑚 is constructible and takes only a finite number of values on 𝑆. For this,
after possibly replacing 𝑆 by an irreducible component, we may assume that 𝑆 is irreducible.
Let 𝜂 be the generic point of 𝑆 and 𝐶𝜂 = 𝐶 ×𝑘 𝑘 (𝜂). Let 𝑚𝜂 = (E𝜂, 𝜃𝜂, 𝑡𝜂) be the Hitchin
triple on 𝐶𝜂 deduced from 𝑚 by the base change Spec(𝑘 (𝜂)) → 𝑆. Let 𝑀 ∈ L be such that
𝑓 (𝑚𝜂) ∈ 𝜒𝑀𝐺 (A𝑀,ell(𝑘 (𝜂))) (cf. Proposition 3.6.2). Let 𝑃 ∈ F (𝑀) and let𝑚𝑃,𝜂 = (E𝑃,𝜂, 𝜃𝜂, 𝑡𝜂)
be “the” reduction of 𝑚𝜂 to 𝑃 (cf. Proposition 4.10.1). To the 𝑃-reduction E𝑃,𝜂 described in
§4.3, one associates a section 𝐶𝜂 → E𝜂/𝑃. This section extends to all of 𝐶𝑆 minus a certain
closed subset. The image of this closed subset by the proper morphism 𝐶𝑆 → 𝑆 is a closed
subset which does not contain the generic point 𝜂. Let 𝑈 be the complement of this closed
subset in 𝑆. By construction, the section 𝐶𝜂 → E𝜂/𝑃 extends to a section 𝐶𝑈 → E𝜂/𝑃. Using
the bijection in §4.3, one deduces from this section a 𝑃-torsor E𝑃,𝑈 which is an extension of
E𝑃,𝜂 and is a reduction of E𝑈 to 𝑃. It follows that the triple (E𝑃,𝑈 , 𝜃𝑈 , 𝑡 |𝑈) is a reduction of 𝑚
to 𝑃 over 𝑈. Hence, the function that associates to 𝑢 ∈ 𝑈 the degree of 𝑚𝑃,𝑢 is constant. After
possibly shrinking𝑈, the above function is constant for every 𝑃 ∈ F (𝑀). After further reducing
𝑈, we may assume that 𝑓 (𝑚𝑢) ∈ 𝜒𝑀

𝐺
(A𝑀,ell(𝑘 (𝑢))) for all 𝑢 ∈ 𝑈. But then the function C𝑚

is constant on 𝑈. By noetherian induction, it takes only finitely many values and there exists a
partition of 𝑆 into constructible sets on which C𝑚 is constant.

Next, we show that for every Ξ ⊂ 𝔞𝑇 , the set
{𝑠 ∈ 𝑆 |Ξ ⊂ C𝑚𝑠 }

is open. By the previous discussion, it is constructible. It suffices to show that it is stable under
generization. For this question, we may assume that 𝑆 is the spectrum of a discrete valuation
ring. Let 𝑠 be the special point and 𝜂 the generic point of 𝑆. It suffices to show the inclusion
(5.6.1) C𝑚𝑠 ⊂ C𝑚𝜂 .
Let (𝑎, 𝑡) = 𝑓 (𝑚) ∈ A𝐺 (𝑆). Let 𝑀 ∈ L be such that (𝑎𝜂, 𝑡𝜂) belongs to 𝜒𝑀

𝐺
(A𝑀,ell(𝑘 (𝜂)))

(cf. Proposition 3.6.2). Since the morphism 𝜒𝑀
𝐺

is a closed immersion (cf. Proposition 3.5.1),
there exists a pair (𝑎𝑀 , 𝑡) ∈ A𝑀 (𝑆) whose image in A𝐺 (𝑆) is (𝑎, 𝑡). If 𝑀 = 𝐺, the inclusion
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(5.6.1) is trivial since then C𝑚𝜂 = 𝔞𝑇 . So assume 𝑀 ⊊ 𝐺. Using Proposition 5.5.1, we see that
it suffices to show that for every maximal 𝑃 ∈ F (𝑀), we have

+C𝑃,𝑚𝑠 ⊂ +C𝑃,𝑚𝜂
which amounts to showing that

𝜛(deg(𝑚𝑃,𝑠) − deg(𝑚𝑃,𝜂)) ⩾ 0

where 𝜛 is the unique element of Δ̂𝑃. Let
𝜌 : 𝐺 → 𝑉

be the irreducible finite-dimensional representation with highest weight 𝜛. Let 𝑉𝜛 ⊂ 𝑉 be the
line generated by a highest weight vector of weight 𝜛. In particular, this line is stable under the
action of 𝑃.

Let𝑈 be the open subset of 𝐶𝑆 defined as the inverse image via 𝑎𝑀 of the 𝐺-regular open set
𝔠𝔞𝔯

reg
𝑀

. In §4.9 we constructed a triple (E𝑃,𝑈 , 𝜃𝑈 , 𝑡𝑈) consisting of a reduction to 𝑃 of the triple
deduced from𝑚 by base change to𝑈. This yields a section𝑈 → E/𝑃 which, by the projectivity
of E/𝑃, extends to an open subset 𝑈1 ⊃ 𝑈 containing all codimension ⩽ 1 points of 𝐶𝑆. Note
that 𝑈1 contains 𝐶𝜂 as well as the generic point of 𝐶𝑠. We then obtain a 𝑃-torsor E𝑃,𝑈1 which
extends E𝑃,𝑈 (cf. §4.3). One verifies that the triple (E𝑃,𝑈1 , 𝜃𝑈1 , 𝑡𝑈1) is a reduction of 𝑚 to 𝑃
over𝑈1.

The line bundle E𝑃,𝑈1 ×
𝑃,𝜌

𝑘
𝑉𝜛 is a locally split subbundle of the restriction to𝑈1 of the vector

bundle 𝜌(E) = E ×𝑃,𝜌
𝑘
𝑉 . It extends uniquely to a line bundle V𝜛 which is a subsheaf of 𝜌(E).

However, it may happen that outside 𝑈1 this bundle is not locally split. Since 𝑈1 contains 𝐶𝜂,
we have the equality
(5.6.2) deg(V𝜛,𝜂) = 𝜛(deg(𝑚𝑃,𝜂)).

On the open set𝑈1 ∩𝐶𝑠 of 𝐶𝑠, by restricting the triple (E𝑃,𝑈1 , 𝜃𝑈1 , 𝑡𝑈1) we obtain a reduction
of 𝑚𝑠 to 𝑃. By the same arguments, this reduction extends to 𝐶𝑠. We then obtain a triple
(E𝑃,𝑠, 𝜃𝑠, 𝑡𝑠). The line bundle

V′
𝜛,𝑠 = E𝑃,𝑠 ×𝑃,𝜌𝑘 𝑉𝜛

is a locally split subbundle of 𝜌(E𝑠) and, as above, we have
(5.6.3) deg(V′

𝜛,𝑠) = 𝜛(deg(𝑚𝑃,𝑠)).
But this bundle V′

𝜛,𝑠 coincides with V𝜛,𝑠 on the open set 𝑈1 ∩ 𝐶𝑠. It follows that V′
𝜛,𝑠 is the

saturation of V𝜛,𝑠 in 𝜌(E𝑠). Hence,
deg(V′

𝜛,𝑠) ⩾ deg(V𝜛,𝑠)
with equality if and only if V′

𝜛,𝑠 = V𝜛,𝑠. Combining (5.6.2) and (5.6.3) yields
𝜛(deg(𝑚𝑃,𝑠)) = deg(V′

𝜛,𝑠) ⩾ deg(V𝜛,𝑠) = 𝜛(deg(𝑚𝑃,𝜂)),
as required. □

5.7. Reductions to Adjacent Parabolic Subgroups. — Let 𝐾 be an extension of 𝑘 . Before
stating the main result of this paragraph, we illustrate it in the case of 𝐺𝐿 (2) endowed with
its standard maximal torus 𝑇 . Let 𝑚 = (E, 𝜃, 𝑡) be a Hitchin triple in M𝐺𝐿 (2) (𝐾). The data
of (E, 𝜃) is equivalent to that of a rank 2 vector bundle V over 𝐶𝐾 , together with a twisted
endomorphism

𝜃 : V → V(𝐷)
(denoted again by 𝜃). Assume that 𝑓 (𝑚) is not elliptic. It follows that at the generic point
𝜂 of 𝐶𝐾 , the endomorphism 𝜃 is diagonal in a basis denoted (𝑒1, 𝑒2) of the vector space V𝜂.
Let V𝑖 ⊂ V be the line subbundle determined by 𝑒𝑖. The point 𝑡 ∈ 𝔱(𝐾) ≃ 𝐾2 writes as a
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pair 𝑡 = (𝑡1, 𝑡2). There is an indeterminacy in numbering the bundles V𝑖 which is removed by
requiring that at the point ∞ the endomorphism 𝜃 has eigenvalue 𝑡𝑖 on the space V𝑖,∞.

Let 𝐵 ⊂ 𝐺𝐿 (2) be the standard Borel subgroup and 𝐵 its opposite. It follows from Proposition
4.10.1 that there exist reductions 𝑚𝐵 and 𝑚 𝐵̄ of 𝑚 to 𝐵 and 𝐵 respectively. We identify 𝔞𝑇 with
R2 in the obvious way. One verifies the following formulas:

deg(𝑚𝐵) = (deg(V1), deg(V/V1))
and

deg(𝑚 𝐵̄) = (deg(V/V2), deg(V2)).
It follows that we have
(5.7.1) deg(𝑚 𝐵̄) − deg(𝑚𝐵) = length(V/(V1 +V2)) (1,−1)
where the length, denoted length, of the torsion module V/(V1 +V2) is given by

deg(V) − deg(V1) − deg(V2)
since the morphism between line bundles

V1 → V/V2

is injective.
At the generic point of 𝐶𝐾 , we have a direct sum

V𝜂 = V1,𝜂 ⊕ V2,𝜂 .

Let 𝑝𝑖 denote the projection ontoV𝑖,𝜂. This projection commutes with 𝜃, which acts on the factor
V𝑖,𝜂 by the global section 𝜆𝑖 of O(𝐷). Let 𝑝1(V) be the invertible sheaf image of V under 𝑝1.
The projection 𝑝1 induces an isomorphism from V/V2 onto 𝑝1(V). The restriction of 𝑝1 to
V1 is injective and induces an isomorphism from V1 onto a subsheaf of 𝑝1(V). Similarly, one
introduces the bundle 𝑝2(V) and obtains isomorphisms

𝑝1(V)/V1 ≃ V/(V1 +V2) ≃ 𝑝2(V)/V2

compatible with the twisted endomorphisms induced by 𝜃. Now, 𝜃 acts by the scalars 𝜆1 on
𝑝1(V) and 𝜆2 on 𝑝2(V). It follows that the scalar 𝜆1 − 𝜆2, which is zero since 𝜃 is regular, acts
by 0 on 𝑝1(V)/V1, hence

(𝜆1 − 𝜆2)𝑝1(V) ⊂ V1(𝐷),
from which one deduces the inequality

length(𝑝1(V)/V1) ⩽ 2 deg(𝐷),
or equivalently,
(5.7.2) length(V/(V1 +V2)) ⩽ 2 deg(𝐷).

It is these formulas (5.7.1) and (5.7.2) that we shall generalize to an arbitrary group. For any
Levi subgroup 𝑀 ∈ L, two parabolic subgroups 𝑃 and 𝑄 in P(𝑀) are said to be adjacent if the
intersection

Δ∨
𝑃 ∩ (−Δ∨

𝑄)
consists of a single element.
Lemma 5.7.1. — Let 𝑚 ∈ M(𝐾) and 𝑀 ∈ L such that 𝑓 (𝑚) ∈ A𝑀,ell(𝐾).

Let 𝑃 and 𝑄 be two adjacent parabolic subgroups in P(𝑀). Let 𝛼∨ be the unique coroot
satisfying

Δ∨
𝑃 ∩ (−Δ∨

𝑄) = {𝛼∨}.
Let 𝑚𝑃 and 𝑚𝑄 be the respective reductions of 𝑚 to 𝑃 and 𝑄 (cf. Proposition 4.10.1).
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There exists a unique rational number 𝑥𝛼 such that
(5.7.3) − deg(𝑚𝑃) + deg(𝑚𝑄) = 𝑥𝛼𝛼∨.
Furthermore, 𝑥𝛼 satisfies the inequality

(5.7.4) 0 ⩽ 𝑥𝛼 ⩽ 2𝜇(𝛼∨)−1
(

dim(𝔫𝑃/(𝔫𝑃 ∩ 𝔫𝑄))
)2

dim(𝔮/(𝔫𝑃 ∩ 𝔫𝑄)) deg(𝐷),

where the character 𝜇 ∈ 𝑋∗(𝑀) is given by det
(
Ad(·) |𝔫𝑃/(𝔫𝑃∩𝔫𝑄)

)
.

In particular, 𝑥𝛼 is bounded on M(𝐾).

Remarks. — The left-hand inequality in (5.7.4) is reminiscent of Lemma 3.6 in [Art76]. In
the context of reducing reductive group schemes to a Borel subgroup, it appears in [Beh95]
Proposition 6.6.
Proof. — Let 𝑚 = (E, 𝜃, 𝑡) be the given point in M(𝐾). Let 𝑚𝑃 = (E𝑃, 𝜃, 𝑡) and 𝑚𝑄 =

(E𝑄 , 𝜃, 𝑡) be its reductions to 𝑃 and 𝑄. The statement is trivial if 𝑀 = 𝐺. Thus, we assume
𝑀 ⊊ 𝐺 henceforth.

Let 𝑅 ∈ F (𝑀) be defined by Δ∨
𝑅
= Δ∨

𝑃
− {𝛼∨}. Thus, Δ∨

𝑅
∪ {−𝛼∨} = Δ∨

𝑄
. In particular, 𝑅

contains both 𝑃 and 𝑄. For every character 𝜇 ∈ 𝑋∗(𝑅), we then have
deg(𝜇(𝑚𝑅)) = deg(𝜇(𝑚𝑃)) = deg(𝜇(𝑚𝑄)).

Consequently, − deg(𝑚𝑃) + deg(𝑚𝑄) belongs to the space 𝔞𝑅
𝑀

, which is nothing but the line
spanned by 𝛼∨. This establishes the existence of 𝑥𝛼 satisfying (5.7.3).

It remains to verify inequality (5.7.4). We begin with the case where 𝑅 = 𝐺, that is, 𝑀 is
maximal in 𝐺. In this case, 𝑃 ∩𝑄 = 𝑀 . To simplify notation, let

V = Ad(E),
V1 = E𝑃 ×𝑃,Ad

𝑘
𝔫,

where 𝔫 is the Lie algebra of the unipotent radical of 𝑃, and

V2 = Ad(E𝑄) = E𝑄 ×𝑄,Ad
𝑘

𝔮.

Then V1 and V2 are two vector subbundles of the vector bundle V such that V1 ∩ V2 = 0. At
the generic point of 𝐶𝐾 , we have a direct sum

V𝜂 = V1,𝜂 ⊕ V2,𝜂 .

Let 𝑝𝑖 be the projection onto V𝑖,𝜂 and let 𝑝𝑖 (V) be the vector bundle image of V under 𝑝𝑖.
The section 𝜃 of V(𝐷) factors through V2(𝐷). The adjoint action ad(𝜃) of 𝜃 induces twisted
endomorphisms V1 → V1(𝐷) and V2 → V2(𝐷). The vector bundles V1 and V/V2 have the
same rank equal to dim(𝔫). The obvious morphism

V1 → V/V2

is injective. It follows that
deg(V1) ⩽ deg(V/V2)

with equality if and only if the morphism is an isomorphism. Let 𝜇 be the character in
𝑋∗(𝑃) = 𝑋∗(𝑀) given by det

(
Ad|𝔫

)
. Hence, 𝜇(𝛼∨) > 0. Note that 𝜇 is also equal to the

character of 𝑀 given by det
(
Ad|𝔤/𝔮

)
. It follows that

𝜇(deg(𝑚𝑃)) = deg(V1) ⩽ deg(V/V2) = 𝜇(deg(𝑚𝑄))
and

𝜇(𝛼∨)𝑥𝛼 = deg(V/V2) − deg(V1) = length(T ),
where T is the torsion sheaf defined by

T = V/(V1 +V2).
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Thus, we obtain the positivity in inequality (5.7.4). It remains to bound the length of T . For
this, we use the isomorphisms
(5.7.5) 𝑝1(V)/V1 ≃ T ≃ 𝑝2(V)/V2,

which are compatible with the twisted endomorphisms induced by ad(𝜃). Let 𝜒𝑖 be the char-
acteristic polynomial of the restriction of ad(𝜃) to V𝑖,𝜂 and let 𝜆 be the resultant of these two
polynomials. In fact, 𝜆 is even a nonzero section of O(𝑁𝐷) where

𝑁 = dim(𝔫) dim(𝔮).
By the Cayley–Hamilton theorem, 𝜒1(ad(𝜃)) induces the trivial twisted endomorphism of
𝑝1(V)/V1, hence also of 𝑝2(V)/V2 (via the isomorphism (5.7.5)), and likewise for 𝜒2(ad(𝜃)).
Therefore the twisted endomorphism 𝑝1(V) → 𝑝1(V)(𝑁𝐷) given by multiplication by 𝜆
induces the trivial twisted endomorphism of 𝑝1(V)/V1. Hence,

𝜆 𝑝1(V) ⊂ V1(𝑁𝐷),
and we obtain the bound

length(T ) ⩽ 2 dim(𝔫)𝑁 deg(𝐷),
which shows the right-hand bound in inequality (5.7.4) in the case where 𝑀 is maximal.

If 𝑀 is not maximal, we use the preceding results in the reductive group 𝑀𝑅, which is the
unique element of L that is a Levi factor of 𝑅. The Lie algebra of 𝑅 is 𝔭 + 𝔮 and that of 𝑀𝑅 is
isomorphic to (𝔭 + 𝔮)/(𝔫𝑃 ∩ 𝔫𝑄). □

5.8. Convex Envelopes Associated to a Hitchin Triple. — We continue with the notations of
the previous paragraph. Let 𝑚 ∈ M(𝐾) and 𝑀 ∈ L such that 𝑓 (𝑚) ∈ A𝑀,ell(𝐾). For every
𝑃 ∈ P(𝑀), let 𝑚𝑃 be a reduction of 𝑚 to 𝑃. Define

CV𝑚

to be the closed convex envelope of the points
− deg(𝑚𝑃)

for 𝑃 ∈ P(𝑀).
The positivity in Lemma 5.7.1 will allow us to give another description of the convex C𝑚 (for

similar results in analogous contexts, cf. [Art76] §§2,3 and [Beh95] §2).
Proposition 5.8.1. — For every 𝑚 ∈ M(𝐾), we have the following equality

C𝑚 = CV𝑚 + 𝔞𝑀𝑇 + 𝔞𝐺 .

Proof. — It suffices to prove the equality between two sets that are clearly convex and closed
subsets of 𝔞𝑇 , invariant under translation by 𝔞𝑀

𝑇
+ 𝔞𝐺 . Let 𝑋𝑃 be the projection of − deg(𝑚𝑃)

onto 𝔞𝐺
𝑀

. It then suffices to prove the following equality between subsets of 𝔞𝐺
𝑀

:⋂
𝑃∈P(𝑀)

(
𝑋𝑃 −

(
+𝔞𝑃 ∩ 𝔞𝐺𝑀

))
= cvx(𝑋𝑃),

where cvx(𝑋𝑃) is the convex envelope of the 𝑋𝑃 for 𝑃 ∈ P(𝑀).
We prove the inclusion ⊂. Let 𝐻 be a point in 𝔞𝐺

𝑀
that does not belong to cvx(𝑋𝑃). Then

there exists 𝜆 ∈ (𝔞𝐺
𝑀
)∗ such that

𝜆(𝐻) > sup
𝑃∈P(𝑀)

𝜆(𝑋𝑃).
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Let 𝑃 ∈ P(𝑀) be such that 𝜆 belongs to the cone positively generated by Δ̂𝑃. The inequality
𝜆(𝐻) > 𝜆(𝑋𝑃) implies that there exists 𝜛 ∈ Δ̂𝑃 such that

𝜛(𝐻) > 𝜛(𝑋𝑃).

Consequently, 𝐻 does not belong to 𝑋𝑃 −
(
+𝔞𝑃 ∩ 𝔞𝐺

𝑀

)
.

Conversely, we prove the inclusion ⊃. It suffices to see that for any parabolic subgroups 𝑃
and𝑄 in P(𝑀), the vector 𝑋𝑃 − 𝑋𝑄 belongs to the cone +𝔞𝑃 ∩ 𝔞𝐺

𝑀
. If 𝑃 and𝑄 are adjacent, this

follows from Lemma 5.7.1. More generally, by taking a minimal-length sequence 𝑃𝑖 ∈ P(𝑀)
for 𝑖 = 0, . . . , 𝑛 with 𝑃𝑖+1 and 𝑃𝑖 adjacent, 𝑃0 = 𝑃 and 𝑃𝑛 = 𝑄, one sees that 𝑋𝑃 − 𝑋𝑄 can be
written as a positive linear combination of roots of 𝐴𝑀 in 𝑁𝑃, which yields the desired result. □

6. The 𝜉-stability

6.1. Hitchin 𝜉-stable stacks. — Let 𝜉 ∈ 𝔞𝑇 .
Definition 6.1.1. — Let 𝑆 be an affine 𝑘-scheme and 𝑚 ∈ M(𝑆). We say that 𝑚 is 𝜉-stable,
resp. 𝜉-semi-stable, if for every 𝑠 ∈ 𝑆 we have

𝜉 ∈ C𝑚𝑠 ,
resp.

𝜉 ∈ C𝑚𝑠 .

Remarks. — Since C𝑚𝑠 is invariant under translation by 𝔞𝐺 , the 𝜉-(semi-)stability depends
only on the projection of 𝜉 onto 𝔞𝐺

𝑇
.

In the case 𝐺 = 𝐺𝐿 (𝑛), this definition of 𝜉-stability is reminiscent of a weighted stability
notion due to Esteves [Est01] in the setting of compactified Jacobians. When 𝜉 = 0, one recovers
the usual notion of stability for Hitchin bundles. Note also that this definition is very close to that
used for (ordinary or Hitchin) bundles with parabolic structure studied by Boden and Yokogawa
in [BY96] and Heinloth and Schmitt in [HS]. It is also inspired by the truncations and weights
that Arthur introduced in the context of the trace formula. Our presentation (in particular the
use of the convex C𝑚) is also inspired by Behrend’s work on the stability of reductive group
schemes in [Beh95].

Definition 6.1.2. — Let M𝜉 , resp. M𝜉 , be the substack of M such that for every affine
𝑘-scheme 𝑆, the category M𝜉 (𝑆), resp. M𝜉 (𝑆), is the full subcategory of M(𝑆) whose objects
are the 𝜉-stable, resp. 𝜉-semi-stable, points.

Definition 6.1.3. — We say that 𝜉 ∈ 𝔞𝑇 is in general position if for every 𝑃 ∈ F with 𝑃 ⊊ 𝐺,
the projection of 𝜉 onto 𝔞𝑃, with respect to the decomposition 𝔞𝑇 = 𝔞𝑃

𝑇
⊕ 𝔞𝑃, does not belong to

the lattice 𝑋∗(𝑃).

Remark. — It follows from Definition 6.1.2 that M𝜉 ⊂ M𝜉 . If 𝜉 is in general position, then for
any extension 𝐾 of 𝑘 and any Hitchin triple 𝑚 ∈ M(𝐾), the point 𝜉 cannot lie on the boundary
of C𝑚𝑠 . Hence, for all 𝜉 in general position we have

M𝜉 = M𝜉 .

Proposition 6.1.4. — The stacks M𝜉 and M𝜉 are open substacks of M.
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Proof. — It suffices to verify that for every affine 𝑘-scheme 𝑆 and every 𝑚 ∈ M(𝑆) the set
of 𝑠 ∈ 𝑆 such that 𝑚𝑠 belongs to M𝜉 , resp. M𝜉 , is open. Since M is locally of finite type, we
may assume that 𝑆 is noetherian, in which case the result follows from the semicontinuity of the
function C𝑚, resp. C𝑚 (cf. Proposition 5.6.1). □

Proposition 6.1.5. — If 𝐺 is semisimple, then the stacks M𝜉 and M𝜉 are stacks of finite type
over 𝑘 .
Proof. — Let 𝐵 ⊂ 𝐺 be a Borel subgroup containing 𝑇 . Let T𝐺 be the stack of 𝐺-torsors over
𝐶, and for every cocharacter 𝛿 ∈ 𝑋∗(𝑇), let T 𝛿

𝐵
be the stack of 𝐵-torsors of degree 𝛿 over 𝐶. It is

well known that the latter is a stack of finite type over 𝑘 . There is a morphism T 𝛿
𝐵

→ T𝐺 which
sends a 𝐵-torsor E to the 𝐺-torsor E ×𝐵 𝐺. Moreover, the morphism M → T𝐺 which sends a
triple (E, 𝜃, 𝑡) to the 𝐺-torsor E is of finite type. It therefore suffices to show that the image of
M𝜉 or M𝜉 under this morphism is of finite type. But this image is covered, by the following
lemma, by the images of the T 𝛿

𝐵
for 𝛿 ranging over a finite set. Hence it is indeed of finite type.

□

Lemma 6.1.6. — Let 𝐵 ⊂ 𝐺 be a Borel subgroup containing 𝑇 . There exists a finite set
X ⊂ 𝑋∗(𝑇) such that for every triple (E, 𝜃, 𝑡) ∈ M𝜉 (𝑘) there exists a reduction E𝐵 of E to 𝐵
satisfying

deg(E𝐵) ∈ X.

Proof. — According to Harder (cf. [Har69] Satz 2.1.1 and [Har74] p.253), there exists a
constant 𝑐 > 0 such that every 𝐺-torsor E over 𝐶 admits a reduction E𝐵 to 𝐵 whose degree
deg(E𝐵) belongs to the acute cone

𝔠 = {𝐻 ∈ 𝔞𝑇 | 𝛼(𝐻) ⩾ −𝑐 ∀𝛼 ∈ Δ𝐵},
where Δ𝐵 is the set of simple roots of 𝑇 in 𝐵. Let 𝑁 be an integer that bounds, for every root of
𝑇 in 𝐵, the sum of its coefficients in the basis Δ𝐵. Let 𝑑 be an integer satisfying
(6.1.1) 𝑑 > deg(𝐷) + 2𝑁𝑐.

Let 𝑃 be a parabolic subgroup of 𝐺 containing 𝐵 and let Δ𝑃 ⊂ Δ𝐵 be the subset of simple
roots in 𝑁𝑃. Let 𝔠𝑃 be the cone in 𝔞𝑇 defined by

𝔠𝑃 = {𝐻 ∈ 𝔞𝑇 | 𝛼(𝐻) ⩾ 𝑑 ∀𝛼 ∈ Δ𝑃 and 𝛼(𝐻) ⩽ 𝑑 ∀𝛼 ∈ Δ𝐵 − Δ𝑃}.
As 𝑃 runs over the standard parabolic subgroups, the cones 𝔠𝑃 cover 𝔞𝑇 . It thus suffices to prove
the following: there exists a finite set X𝑃 ⊂ 𝑋∗(𝑇) such that for every triple (E, 𝜃, 𝑡) ∈ M𝜉 (𝑘)
and every reduction E𝐵 of E to 𝐵 whose degree satisfies

deg(E𝐵) ∈ 𝔠 ∩ 𝔠𝑃,

we have deg(E𝐵) ∈ X𝑃.

Lemma 6.1.7. — Let (E, 𝜃, 𝑡) ∈ M𝜉 (𝑘) and let E𝐵 be a reduction of E to 𝐵 whose degree
satisfies

deg(E𝐵) ∈ 𝔠 ∩ 𝔠𝑃 .

Then 𝜃 factors through E𝐵 ×𝐵,Ad 𝔭𝐷 ↩→ Ad𝐷 (E).
Proof. — The adjoint action of 𝜃 induces a morphism of Lie algebra schemes

E ×𝐺,Ad 𝔤 → Ad𝐷 (E) = E ×𝐺,Ad 𝔤𝐷 .

It suffices to prove that this morphism sends E𝐵 ×𝐵 𝔟 into E𝐵 ×𝐵 𝔭𝐷 . Consider a filtration of 𝔤
(0) = 𝔟0 ⊂ 𝔟1 ⊂ . . . ⊂ 𝔟𝑟 = 𝔟 ⊂ 𝔭 = 𝔭𝑠 ⊂ 𝔭𝑠−1 ⊂ . . . ⊂ 𝔭0 = 𝔤
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by 𝐵-stable subspaces so that the successive quotients 𝔟𝑖+1/𝔟𝑖 and 𝔭𝑖/𝔭𝑖+1 are 1-dimensional.
We will show that for all 0 ⩽ 𝑖 ⩽ 𝑟 and 1 ⩽ 𝑗 ⩽ 𝑠, the adjoint action of 𝜃 sends E𝐵×𝐵,Ad𝔟𝑖 into

E𝐵 ×𝐵,Ad 𝔭 𝑗 ,𝐷 . The case 𝑖 = 𝑟 and 𝑗 = 𝑠 gives the desired result. We proceed by induction. The
case 𝑖 = 0, which is trivial, starts the induction. For a given pair (𝑖, 𝑗), the induction hypothesis
is that the assertion holds for every pair (𝑖′, 𝑗 ′) with either 𝑖′ < 𝑖 and 𝑗 ′ ⩽ 𝑠, or 𝑖′ = 𝑖 and 𝑗 ′ ⩽ 𝑗 .
First, assume 𝑗 < 𝑠. We prove the assertion for the pair (𝑖, 𝑗 + 1). By the induction hypothesis,
𝜃 sends E𝐵 ×𝐵,Ad 𝔟𝑖−1 into E𝐵 ×𝐵,Ad 𝔭𝐷 and E𝐵 ×𝐵,Ad 𝔟𝑖 into E𝐵 ×𝐵,Ad 𝔭 𝑗 ,𝐷 . In particular, 𝜃
induces a morphism of line bundles
(6.1.2) E𝐵 ×𝐵,Ad 𝔟𝑖/𝔟𝑖−1 → E𝐵 ×𝐵,Ad 𝔭 𝑗 ,𝐷/𝔭 𝑗+1,𝐷 .

If this morphism is nonzero, then the degree of the target must be greater than the degree of
the source. There exist characters, say 𝛼 ∈ Φ𝐵

𝑇
∪ {0} and 𝛽 ∈ Φ

𝑁𝑃
𝑇

, such that 𝑇 acts on the
quotients 𝔟𝑖/𝔟𝑖−1 and 𝔭 𝑗/𝔭 𝑗+1 by 𝛼 and −𝛽, respectively. It follows that the degree of the target
is −𝛽(deg(E𝐵)) + deg(𝐷) and that of the source is 𝛼(deg(E𝐵)). Hence we must have

(𝛼 + 𝛽) (deg(E𝐵)) ⩽ deg(𝐷).
But 𝛽 is a root of 𝑇 in 𝑁𝑃, so it has a nonzero component on at least one element of Δ𝑃. Since
deg(E𝐵) ∈ 𝔠 ∩ 𝔠𝑃, we have the lower bound

𝛽(deg(E𝐵)) ⩾ 𝑑 − 𝑁𝑐.
Trivially, 𝛼(deg(E𝐵)) ⩾ −𝑁𝑐, and thus we contradict inequality (6.1.1). Consequently, the
morphism (6.1.2) must vanish, which establishes the assertion for the pair (𝑖, 𝑗 + 1). When
𝑗 = 𝑠, one must prove that the assertion holds for the pair (𝑖 + 1, 1), which is demonstrated
similarly.

□

Let E𝑃 = E𝐵 ×𝐵 𝑃 be the 𝑃-torsor induced from E𝐵. By the preceding lemma, 𝜃 factors
through Ad𝐷 (E𝑃). A priori, one only knows that 𝜒𝐺 (𝑡) equals the value of 𝜒𝐺 (𝜃) at the point
∞, but there is no reason for 𝜒𝑃 (𝑡) to equal the value of 𝜒𝑃 (𝜃) at ∞. However, there exists an
element 𝑤 of the Weyl group𝑊 such that 𝜒𝑃 (𝑤 · 𝑡) equals the value of 𝜒𝑃 (𝜃) at ∞. It follows that
the triple (E𝑃, 𝜃, 𝑤 · 𝑡) is a reduction of (E, 𝜃, 𝑤 · 𝑡) to 𝑃. Clearly, by the definitions, (E, 𝜃, 𝑤 · 𝑡)
belongs to M𝑤·𝜉 . Replacing 𝜉 by 𝑤 · 𝜉 if necessary, we may assume henceforth that 𝑤 = 1.

If 𝑃 = 𝐺, then the cone 𝔠∩𝔠𝐺 is compact and deg(E𝐵) belongs to the finite set 𝑋∗(𝑇) ∩𝔠∩𝔠𝐺 .
If 𝑃 ≠ 𝐺, then by the 𝜉-semi-stability of (E, 𝜃, 𝑡) we have the condition

𝜉 ∈ − deg(E𝑃) − +𝔞𝑃 + 𝔞𝑃𝑇 .

Thus, deg(E𝐵) belongs to the compact convex
𝔠 ∩ 𝔠𝑃 ∩ (−𝜉 − +𝔞𝑃 + 𝔞𝑃𝑇 ),

and hence to a finite set.
□

6.2. The Main Theorem. — We introduce the following definition.

Definition 6.2.1. — Let 𝑓 𝜉 , resp. 𝑓 𝜉 , denote the restriction of the Hitchin morphism 𝑓 to M𝜉 ,
resp. M𝜉 .

We may now state our main result.
Theorem 6.2.2. — Let 𝜉 ∈ 𝔞𝑇 be in general position in the sense of Definition 6.1.3. Assume
that 𝐺 is semisimple. Then the stack M𝜉 is a Deligne-Mumford stack, smooth and of finite type
over 𝑘 . Moreover, the Hitchin morphism 𝑓 𝜉 is proper.
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Proof. — By Proposition 6.1.4, M𝜉 is an open substack of M. Moreover, M is smooth over
𝑘 (Biswas and Ramanan proved this by a deformation calculation in [BR94], which was later
recapitulated by Ngô; see [Ngo06] Proposition 5.3 and [Ngo08]), hence M𝜉 is smooth. We
have seen in Proposition 6.1.5 that the stack M𝜉 is of finite type. Later we will show that M𝜉

is a Deligne-Mumford stack (see the proof of Theorem 10.1.1). The properness of 𝑓 𝜉 follows
from the valuative criterion combining the results of Theorems 8.1.1 and 9.1.1, which will be
stated later. □

6.3. The 𝜉-Harder-Narasimhan points. — We equip the space 𝔞𝑇 with an inner product
⟨·, ·⟩ invariant under the Weyl group 𝑊𝐺 (𝑇), which turns 𝔞𝑇 into a Euclidean space. Then 𝔞𝑇
is canonically isomorphic to its dual 𝔞∗

𝑇
. Under this isomorphism, a root and its coroot differ

only by a strictly positive scalar. Let ∥ · ∥ be the Euclidean norm on 𝔞𝑇 associated to this inner
product. Note that the spaces 𝔞𝑀 and 𝔞𝑀

𝑇
(for 𝑀 ∈ L) are then orthogonal.

Let 𝐾 be an extension of 𝑘 and let 𝜉 ∈ 𝔞𝑇 .
Definition 6.3.1. — Let 𝑚 ∈ M(𝐾). The 𝜉-Harder-Narasimhan point of 𝑚 is the unique point
𝜚𝑚 ∈ C𝑚 which satisfies

∥𝜚𝑚 − 𝜉∥ = min
𝑋∈C𝑚

∥𝑋 − 𝜉∥.

Remark. — Since C𝑚 is a nonempty closed convex set (by Proposition 5.8.1), there exists a
unique 𝜉-Harder-Narasimhan point. For every parabolic subgroup 𝑃 ∈ F , let 𝔞+

𝑃
be the acute

open cone in 𝔞𝑃 defined by
(6.3.1) 𝔞+𝑃 = {𝐻 ∈ 𝔞𝑃 | 𝛼(𝐻) > 0 ∀𝛼 ∈ Δ𝑃}.
Thus, we obtain a partition of 𝔞𝑇
(6.3.2) 𝔞𝑇 =

⋃
𝑃∈F

𝔞+𝑃 .

The following proposition and its proof are essentially a reformulation of [Beh95] Proposition
3.13.
Proposition 6.3.2. — Let 𝑚 ∈ M(𝐾) and let 𝑀 ∈ L be such that 𝑓 (𝑚) ∈ A𝑀,ell. For every
𝑃 ∈ F (𝑀), let 𝑚𝑃 be a reduction of 𝑚 to 𝑃. Let 𝜚 ∈ C𝑚. The following assertions are
equivalent:

1. The point 𝜚 is the 𝜉-Harder-Narasimhan point of 𝑚;
2. There exists a parabolic subgroup 𝑄 ∈ F (𝑀) such that

(a) 𝜉 − 𝜚 ∈ 𝔞+
𝑄
∩ 𝔞𝐺

𝑇
;

(b) The projection of 𝜚 onto 𝔞𝐺
𝑀

belongs to the projection onto 𝔞𝐺
𝑀

of the convex envelope
of the points

− deg(𝑚𝑃)
for all 𝑃 ∈ P(𝑀) with 𝑃 ⊂ 𝑄;

3. There exists a parabolic subgroup 𝑄 ∈ F (𝑀) such that
(a) 𝜉 − 𝜚 ∈ 𝔞+

𝑄
∩ 𝔞𝐺

𝑇
;

(b) 𝜚 belongs to the affine subspace

− deg(𝑚𝑄) + 𝔞
𝑄

𝑇
+ 𝔞𝐺 .
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Proof. — We show that (1) implies (2). Suppose that 𝜚 is the 𝜉-Harder-Narasimhan point of
𝑚. Let 𝑄 be the unique element of F such that 𝜉 − 𝜚 ∈ 𝔞+

𝑄
, cf. the partition (6.3.2). Since C𝑚

is invariant under translation by 𝔞𝑀
𝑇

+ 𝔞𝐺 , we have

(6.3.3) 𝜉 − 𝜚 ∈ 𝔞𝐺𝑀 .

It follows that𝑄 must contain 𝑀 . Thus, (2)(a) is verified. We now check (2)(b). Let 𝑃0 ∈ P(𝑀)
be such that 𝑃0 ⊂ 𝑄. By Proposition 5.8.1, the point − deg(𝑚𝑃0) belongs to C𝑚. By convexity
of C𝑚, for every 0 ⩽ 𝜆 ⩽ 1, the point (1−𝜆)𝜚−𝜆 deg(𝑚𝑃0) also belongs to C𝑚, and the function

∥(1 − 𝜆)𝜚 − 𝜆 deg(𝑚𝑃0) − 𝜉∥2

attains its minimum at 𝜆 = 0. Differentiating at 𝜆 = 0, one obtains the condition
(6.3.4) ⟨𝜚 + deg(𝑚𝑃0), 𝜉 − 𝜚⟩ ⩾ 0.
Since 𝜉 − 𝜚 ∈ 𝔞+

𝑄
∩ 𝔞𝐺

𝑇
, we may write

(6.3.5) 𝜉 − 𝜚 =
∑︁
𝜛∈Δ̂𝑄

𝑦𝜛𝜛

with 𝑦𝜛 > 0. Condition (6.3.4) then implies

(6.3.6)
∑︁
𝜛∈Δ̂𝑄

𝑦𝜛𝜛(𝜚 + deg(𝑚𝑃0)) ⩾ 0.

For every 𝜛 ∈ Δ̂𝑄 , we have
𝜛(𝜚 + deg(𝑚𝑃0)) = 𝜛(𝜚 + deg(𝑚𝑄)),

and this quantity is negative since 𝜚 ∈ C𝑚. The inequality (6.3.6) is therefore possible only if
for every 𝜛 ∈ Δ̂𝑄 we have
(6.3.7) 𝜛(𝜚 + deg(𝑚𝑃0)) = 0.
For every 𝑃 ∈ P(𝑀), let 𝜆𝑃 ∈ R be such that

– 0 ⩽ 𝜆𝑃 ⩽ 1;
–

∑
𝑃∈P(𝑀) 𝜆𝑃 = 1;

– the projection of 𝜚 onto 𝔞𝐺
𝑀

equals the projection onto 𝔞𝐺
𝑀

of the point∑︁
𝑃∈P(𝑀)

−𝜆𝑃 deg(𝑚𝑃).

Such real numbers 𝜆𝑃 exist by Proposition 5.8.1. It remains to show that one may choose 𝜆𝑃 so
that 𝜆𝑃 = 0 if 𝑃 ⊄ 𝑄. By (6.3.7), we obtain

(6.3.8) 𝜛(deg(𝑚𝑃0)) =
∑︁

𝑃∈P(𝑀)
𝜆𝑃𝜛(deg(𝑚𝑃))

for every 𝜛 ∈ Δ̂𝑄 . Lemma 5.7.1 implies that for 𝑃 ∈ P(𝑀) the difference deg(𝑚𝑃) − deg(𝑚𝑄)
is a positive linear combination of elements ofΔ∨

𝑃
. Moreover,𝜛 takes only positive values onΔ∨

𝑃

and vanishes on Δ∨
𝑃
\ Δ∨

𝑄
. Let 𝑃 ∈ P(𝑀) be adjacent to 𝑃0. Then either deg(𝑚𝑃) = deg(𝑚𝑃0),

in which case we may take 𝜆𝑃 = 0, or
deg(𝑚𝑃) − deg(𝑚𝑃0) = 𝑥𝛼𝛼∨

with 𝑥𝛼 > 0 and {𝛼∨} = Δ∨
𝑃0

∩ (−Δ∨
𝑃
) (by Lemma 5.7.1). Equation (6.3.8) is then possible only

if for every 𝜛 ∈ Δ̂𝑄 we have 𝛼∨ ∉ Δ∨
𝑄

. But then 𝑃 ⊂ 𝑄. By induction on the cardinality of
Δ∨
𝑃0

∩ (−Δ∨
𝑃
), one sees that for every 𝑃 ∈ P(𝑀), either 𝑃 ⊂ 𝑄 or we may assume 𝜆𝑃 = 0. This

proves (2).
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Clearly, (2) implies (3) since for 𝑃 ⊂ 𝑄 the projection of deg(𝑚𝑃) onto 𝔞𝑄 equals deg(𝑚𝑄).
Finally, we show that (3) implies (1). Suppose there exists a parabolic subgroup 𝑄 ∈ F (𝑀)

such that conditions (3)(a) and (3)(b) hold. We must show that (1) holds, i.e., that 𝜚 is the
𝜉-Harder-Narasimhan point of 𝑚. Let 𝑋 ∈ C𝑚. We need to show that ∥𝑋 − 𝜉∥ ⩾ ∥𝜚 − 𝜉∥. We
have

∥𝑋 − 𝜉∥2 = ∥𝜚 − 𝜉∥2 + 2⟨𝜉 − 𝜚, 𝜚 − 𝑋⟩ + ∥𝑋 − 𝜚∥2(6.3.9)
⩾ ∥𝜚 − 𝜉∥2 + 2⟨𝜉 − 𝜚, 𝜚 − 𝑋⟩
⩾ ∥𝜚 − 𝜉∥2 +

∑︁
𝜛∈Δ̂𝑄

2𝑦𝜛𝜛(𝜚 − 𝑋).

where the 𝑦𝜛, defined in (6.3.5), are positive. By hypothesis, 𝜚 ∈ − deg(𝑚𝑄) + 𝔞
𝑄

𝑇
+ 𝔞𝐺 , and

since 𝑋 ∈ C𝑚, in particular

𝑋 ∈ − deg(𝑚𝑄) − +𝔞𝑄 + 𝔞
𝑄

𝑇
+ 𝔞𝐺 .

Hence,
𝜚 − 𝑋 ∈ +𝔞𝑄 + 𝔞

𝑄

𝑇
+ 𝔞𝐺 .

Therefore, for every 𝜛 ∈ Δ̂𝑄 , we have 𝜛(𝜚 − 𝑋) ⩾ 0, and (6.3.9) gives ∥𝑋 − 𝜉∥ ⩾ ∥𝜚 − 𝜉∥, as
desired. □

The preceding proposition immediately implies the following corollary.

Corollary 6.3.3. — Under the hypotheses of Proposition 6.3.2, let 𝜚 ∈ C𝑚 be the 𝜉-Harder-
Narasimhan point of 𝑚. Then there exists a unique 𝑄 ∈ F (𝑀) such that 𝜚 realizes the distance
from 𝜉 to the affine subspace − deg(𝑚𝑄) + 𝔞

𝑄

𝑇
+ 𝔞𝐺 .

7. Adelic Description of Hitchin Fibers

7.1. The Set 𝑉 . — Let 𝑉 be a finite set of closed points of 𝐶 which contains the point ∞ and
the support of the divisor 𝐷. The effective divisor 𝐷 can then be written as the formal sum

𝐷 =
∑︁
𝑣∈𝑉

𝑑𝑣 𝑣

where, for every 𝑣 ∈ 𝑉 , the integer 𝑑𝑣 is positive and is zero outside the support of 𝐷 (thus, in
particular, zero at ∞). Let 𝐶𝑉 be the open subset of 𝐶 complementary to 𝑉 . Let 𝑘 [𝐶𝑉 ] be the
algebra of regular functions on 𝐶𝑉 .
7.2. Notations. — For any 𝑘-algebra 𝐴, set 𝐶𝐴 = 𝐶 ×𝑘 Spec(𝐴) and 𝐶𝑉

𝐴
= 𝐶𝑉 ×𝑘 Spec(𝐴).

Let 𝐴[𝐶𝑉 ] = 𝑘 [𝐶𝑉 ] ⊗𝑘 𝐴. For every 𝑣 ∈ 𝑉 , the completion of the quasi-coherent algebra O𝐶𝐴
along the divisor 𝑣 ×𝜅 𝐴 is identified with the ring 𝐴[[𝑧𝑣]] via the choice of a uniformizer 𝑧𝑣.
Let 𝐴((𝑧𝑣)) be the ring of formal Laurent series in the variable 𝑧𝑣 with coefficients in 𝐴: it is the
localization of 𝐴[[𝑧𝑣]] obtained by inverting 𝑧𝑣. We have the following commutative diagram,
where the morphisms are the obvious ones:

(7.2.1) Spec(𝐴((𝑧𝑣)))
𝑖′
𝐴,𝑣
��

𝑗𝐴,𝑣 // Spec(𝐴[[𝑧𝑣]])
𝑖𝐴,𝑣

��
𝐶𝑉
𝐴

𝑗𝐴 // 𝐶𝐴

For every 𝑘-scheme 𝑆, we denote by 𝑆((𝑧𝑣)), respectively 𝑆[[𝑧𝑣]], the functor that, to every
𝑘-algebra 𝐴, associates the set of points 𝑆(𝐴((𝑧𝑣))), respectively 𝑆(𝐴[[𝑧𝑣]]).

33



7.3. Formal Descent à la Beauville-Laszlo and Uniformization. — With the notations of the
previous paragraphs, we can state the following proposition.
Proposition 7.3.1. — Let (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be a triple satisfying the following conditions:

1. 𝑋 is an element of 𝔤(𝐴[𝐶𝑉 ]);
2. for every 𝑣 ∈ 𝑉 , the element 𝑔𝑣 belongs to 𝐺 ((𝑧𝑣)) (𝐴) and satisfies

Ad(𝑔−1
𝑣 )𝑋 ∈ 𝑧−𝑑𝑣𝑣 𝔤[[𝑧𝑣]] (𝐴);

in particular, 𝜒(𝑋) ∈ 𝔠𝔞𝔯 [[𝑧∞]] (𝐴);
3. 𝑡 is an element of 𝔱reg(𝐴) whose characteristic 𝜒(𝑡) is equal to the reduction modulo 𝑧∞ of
𝜒(𝑋).

There exists a triple 𝑚 = (E, 𝜃, 𝑡) ∈ M(Spec(𝐴)) as well as 𝐺-equivariant isomorphisms
𝛼𝐴,𝑣 : 𝑖∗𝐴,𝑣E → 𝐺 ×𝑘 𝐴[[𝑧𝑣]]

and
𝛽𝐴 : 𝑗∗𝐴E → 𝐺 ×𝑘 𝐴[𝐶𝑉 ]

such that
– the 𝐺-equivariant automorphism of 𝐺 ×𝑘 𝐴((𝑧𝑣)) defined by

(𝑖′∗𝐴,𝑣) (𝛽𝐴) ◦ ( 𝑗∗𝐴,𝑣) (𝛼
−1
𝐴,𝑣)

is given by left translation by 𝑔𝑣 ∈ 𝐺 ((𝑧𝑣)) (𝐴);
– 𝛽𝐴 induces an isomorphism between Ad( 𝑗∗

𝐴
E) and 𝔤 ×𝑘 𝐴[𝐶𝑉 ] which sends 𝑗∗

𝐴
𝜃 to 𝑋 .

Moreover, the triple (𝑚, (𝛼𝐴,𝑣)𝑣∈𝑉 , 𝛽𝐴) is uniquely determined up to a unique isomorphism.
Every such triple arises from a unique triple (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) as above.
Proof. — This is a consequence of the formal descent result of Beauville-Laszlo (cf. [BL95],
where the case of vector bundles is treated). □

Let us now introduce the category 𝐶𝑎𝑡𝑉 (𝐴) whose objects are the triples
(𝑋, (𝑔𝑣𝐺 [[𝑧𝑣]] (𝐴))𝑣∈𝑉 , 𝑡) that satisfy conditions 1 to 3 of Proposition 7.3.1 (note that con-
dition 2 on 𝑔𝑣 is clearly stable under translation by elements of 𝐺 [[𝑧𝑣]] (𝐴)) and where the set
of morphisms between two objects (𝑋, (𝑔𝑣𝐺 [[𝑧𝑣]] (𝐴))𝑣∈𝑉 , 𝑡) and (𝑋′, (𝑔′𝑣𝐺 [[𝑧𝑣]] (𝐴))𝑣∈𝑉 , 𝑡′)
is given by

– the empty set if 𝑡 ≠ 𝑡′;
– the set of 𝛿 ∈ 𝐺 (𝐴[𝐶𝑉 ]) such that Ad(𝛿)𝑋 = 𝑋′ and for every 𝑣 ∈ 𝑉

𝛿𝑔𝑣𝐺 [[𝑧𝑣]] (𝐴) = 𝑔′𝑣𝐺 [[𝑧𝑣]] (𝐴).

Corollary 7.3.2. — The construction of Proposition 7.3.1 induces an equivalence of categories
between

– the category 𝐶𝑎𝑡𝑉 (𝐴);
– the full subcategory of M(Spec(𝐴)) consisting of triples (E, 𝜃, 𝑡) ∈ M(Spec(𝐴)) for

which the 𝐺-torsor E is trivial on 𝐶𝑉
𝐴

and on Spec(𝐴[[𝑧𝑣]]) for every 𝑣 ∈ 𝑉 .

7.4. Reductions. — Let 𝐾 be an extension of 𝑘 . Let (𝑎, 𝑡) ∈ A𝐺 (𝐾). Let 𝑡𝑎 ∈ 𝔱reg [[𝑧∞]] (𝐾)
be the lift of 𝑡 such that 𝑎 and 𝜒(𝑡𝑎) coincide on Spec(𝐾 [[𝑧∞]]) (cf. Proposition 3.9.1). Let
𝑀 ∈ L be such that (𝑎, 𝑡) ∈ 𝜒𝑀

𝐺
(A𝑀,ell(𝐾)) (cf. Proposition 3.6.2). Let 𝑚 = (E, 𝜃, 𝑡) ∈ M(𝐾)

be such that 𝑓 (𝑚) = (𝑎, 𝑡). Let 𝛼𝐾𝑣 and 𝛽𝐾 be trivializations of E respectively on Spec(𝐾 [[𝑧𝑣]])
and on 𝐶𝑉

𝐾
. We assume that these trivializations satisfy the conditions of Proposition 7.3.1. Let

(𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be the triple deduced by Proposition 7.3.1. We further assume that 𝑋 is an
element of 𝔪(𝐾 [𝐶𝑉 ]) such that 𝑋 and 𝑡𝑎 are conjugate under 𝑀 ((𝑧∞)) (𝐾).
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Proposition 7.4.1. — Let 𝑃 ∈ F (𝑀). For every 𝑣 ∈ 𝑉 , let 𝑝𝑣 ∈ 𝑃((𝑧𝑣)) (𝐾) be such that
𝑔𝑣 ∈ 𝑝𝑣 𝐺 [[𝑧𝑣]] (𝐾).

Then there exists a triple (E𝑃, 𝜃𝑃, 𝑡) which is a reduction of 𝑚 to 𝑃 and trivializations 𝛼𝑃
𝐾,𝑣

and
𝛽𝑃
𝐾

of E𝑃 respectively on Spec(𝐾 [[𝑧𝑣]]) and on 𝐶𝑉
𝐾

such that
– the 𝑃-equivariant automorphism of 𝐺 ×𝑘 𝐾 ((𝑧𝑣)) defined by

(𝑖′∗𝐾,𝑣) (𝛽𝑃𝐾) ◦ ( 𝑗∗𝐾,𝑣) (𝛼𝑃𝐾,𝑣)−1

is given by left translation by 𝑝𝑣 ∈ 𝑃((𝑧𝑣)) (𝐾);
– 𝛽𝑃

𝐾
induces an isomorphism between Ad( 𝑗∗

𝐾
E𝑃) and 𝔭 ×𝑘 𝐾 [𝐶𝑉 ] which sends 𝑗∗

𝐾
𝜃𝑃 to 𝑋 .

Proof. — From the relation Ad(𝑔−1
𝑣 )𝑋 ∈ 𝑧−𝑑𝑣𝑣 𝔤[[𝑧𝑣]] (𝐾) and the fact that 𝑋 ∈ 𝔪(𝐾 [𝐶𝑉 ]), it

follows that
Ad(𝑝−1

𝑣 )𝑋 ∈ 𝑧−𝑑𝑣𝑣 𝔭[[𝑧𝑣]] (𝐾).
In particular, 𝜒𝑃 (𝑋) ∈ 𝔠𝔞𝔯𝑀 [[𝑧∞]] (𝐾). Since we have assumed that 𝑋 and 𝑡𝑎 are conjugate
under 𝑀 (𝐹∞), it follows that 𝜒𝑃 (𝑋) = 𝜒𝑃 (𝑡𝑎). Thus, (𝑋, (𝑝𝑣)𝑣∈𝑉 , 𝑡) is a triple satisfying
conditions 1 to 3 of Proposition 7.3.1 relative to 𝑃. Applying Proposition 7.3.1 to the group 𝑃
yields a triple (E𝑃, 𝜃𝑃, 𝑡). One verifies that this is indeed a reduction of 𝑚 to 𝑃. □

7.5. Functions 𝐻𝑃. — We continue with the notations of the previous paragraph.
Definition 7.5.1. — Let 𝑃 ∈ F (𝑇) and 𝑣 ∈ 𝑉 , and define

𝐻𝑃 : 𝐺 ((𝑧𝑣)) (𝐾) → 𝔞𝑃

to be the map satisfying, for every 𝜇 ∈ 𝑋∗(𝑃) and 𝑔 ∈ 𝐺 ((𝑧𝑣)) (𝐾),
𝜇(𝐻𝑃 (𝑔)) = − val𝑣 (𝜇(𝑝)),

where val𝑣 is the usual valuation on𝐾 ((𝑧𝑣)) and 𝑝 is an element of 𝑃((𝑧𝑣)) (𝐾), uniquely defined
up to left translation by an element of 𝑃[[𝑧𝑣]] (𝐾), such that

𝑔 ∈ 𝑝 𝐺 (𝐾 [[𝑧𝑣]]).
The existence of such an element 𝑝 is ensured by the Iwasawa decomposition.

More generally, for a family (𝑔𝑣)𝑣∈𝑉 of elements of 𝐺 ((𝑧𝑣)) (𝐾), we set

𝐻𝑃 ((𝑔𝑣)𝑣∈𝑉 ) =
∑︁
𝑣∈𝑉

𝐻𝑃 (𝑔𝑣).

This definition makes sense when 𝑉 is infinite provided that 𝑔𝑣 belongs to 𝐺 [[𝑧𝑣]] for all 𝑣
outside a finite set. In particular, the function 𝐻𝑃 is well defined on the 𝐺-points valued in the
adeles of 𝐹.

We now state a corollary to Proposition 7.4.1.
Corollary 7.5.2. — Under the assumptions and notations of §7.4 and Proposition 7.4.1, we
have the following equality for every 𝑃 ∈ F (𝑀) and every reduction 𝑚𝑃 of 𝑚 to 𝑃:

deg(𝑚𝑃) = 𝐻𝑃
(
(𝑔𝑣)𝑣∈𝑉

)
.

Proof. — Let 𝑃 ∈ F (𝑀). Proposition 7.4.1 shows that there exists a reduction (E𝑃, 𝜃𝑃, 𝑡)
of 𝑚 to 𝑃 such that the 𝑃-torsor E𝑃 is defined by the gluing data 𝑝𝑣 ∈ 𝑃((𝑧𝑣)) (𝐾) where, for
every 𝑣 ∈ 𝑉 , we have 𝑔𝑣 ∈ 𝑝𝑣 𝐺 [[𝑧𝑣]]. Therefore, for every character 𝜇 ∈ 𝑋∗(𝑃), the family
(𝜇(𝑝𝑣))𝑣∈𝑉 serves as gluing data for the line bundle 𝜇(E𝑃). One verifies the equality

deg
(
𝜇(E𝑃)

)
= −

∑︁
𝑣∈𝑉

val𝑣
(
𝜇(𝑝𝑣)

)
= 𝜇

(
𝐻𝑃

(
(𝑔𝑣)𝑣∈𝑉

) )
,
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which yields the result. □

7.6. Adelic Description of Hitchin Fibers. — We continue with the notations of the previous
paragraphs except that now 𝑉 denotes the set of all closed points of 𝐶. Let 𝐹 be the function
field of the curve 𝐶. Let 𝜉 ∈ 𝔞𝑇 and (𝑎, 𝑡) ∈ A(𝑘).

Definition 7.6.1. — Let X(𝑎,𝑡) be the set of pairs (𝑋, (𝑔𝑣)𝑣∈𝑉 ) satisfying
1. 𝑋 is a semisimple, 𝐺-regular element of 𝔤(𝐹) whose characteristic 𝜒(𝑋) is equal to the

restriction of 𝑎 at the generic point of 𝐶;
2. for every 𝑣 ∈ 𝑉 , the element 𝑔𝑣 belongs to 𝐺 ((𝑧𝑣)) (𝑘)/𝐺 [[𝑧𝑣]] (𝑘) and satisfies the

following three conditions:
(a) for all 𝑣 ∈ 𝑉 outside a finite set, 𝑔𝑣 is the trivial class;
(b) Ad(𝑔−1

𝑣 )𝑋 ∈ 𝑧−𝑑𝑣𝑣 𝔤[[𝑧𝑣]] (𝑘);
(c) the characteristic 𝜒(𝑡) is equal to the reduction modulo 𝑧∞ of 𝜒(𝑋).

Remark. — The condition 2.(b) implies that the restriction of 𝜒(𝑋) to Spec(𝑘 ((𝑧∞))) belongs
to 𝔠𝔞𝔯 [[𝑧∞]] (𝑘). Therefore, condition 2.(c) makes sense.

Let 𝑡𝑎 ∈ 𝔱reg [[𝑧∞]] (𝑘) be the unique lift of 𝑡 such that 𝜒(𝑡𝑎) equals the restriction of 𝑎 to
Spec(𝑘 [[𝑧∞]]) (cf. Proposition 3.9.1). Let 𝑀 ∈ L be such that (𝑎, 𝑡) ∈ 𝜒𝑀

𝐺
(A𝑀,ell(𝑘)) (cf.

Proposition 3.6.2).

Definition 7.6.2. — Let X𝜉

(𝑎,𝑡) be the subset of X(𝑎,𝑡) consisting of those pairs (𝑋, (𝑔𝑣)𝑣∈𝑉 )
which satisfy
(bis) 𝑋 is a semisimple, elliptic, 𝐺-regular element of 𝔪(𝐹) that is conjugate, via an element

of 𝑀 ((𝑧∞)) (𝑘), to 𝑡𝑎;
1. (d) the projection of 𝜉 onto 𝔞𝐺

𝑀
belongs to the projection onto 𝔞𝐺

𝑀
of the convex hull of

the points
−𝐻𝑃

(
(𝑔𝑣)𝑣∈𝑉

)
= −

∑︁
𝑣∈𝑉

𝐻𝑃 (𝑔𝑣).

For every 𝛿 ∈ 𝐺 (𝐹) and every pair (𝑋, (𝑔𝑣)𝑣∈𝑉 ) in X(𝑎,𝑡) , the pair (Ad(𝛿)𝑋, (𝛿𝑔𝑣)𝑣∈𝑉 ) also
belongs to X(𝑎,𝑡) . This gives rise to a left action of 𝐺 (𝐹) on X(𝑎,𝑡) . The induced action of 𝑀 (𝐹)
preserves X𝜉

(𝑎,𝑡) . Conditions 1.(bis) and 2.(d) above are preserved by the action of 𝑀 (𝐹): the
first trivially so, and the second because

𝐻𝑃
(
(𝑚𝑔𝑣)𝑣∈𝑉

)
= 𝐻𝑃

(
(𝑔𝑣)𝑣∈𝑉

)
for every 𝑚 ∈ 𝑀 (𝐹). (More precisely, for every 𝜇 ∈ 𝑋∗(𝑃) and every 𝑚 ∈ 𝑀 (𝐹),

𝜇

(
𝐻𝑃

(
(𝑚𝑔𝑣)𝑣∈𝑉

) )
= 𝜇

(
𝐻𝑃

(
(𝑔𝑣)𝑣∈𝑉

) )
−

∑︁
𝑣∈𝑉

val𝑣
(
𝜇(𝑚)

)
,

and the sum over 𝑉 is zero by the product formula.)
When an abstract group 𝐺 acts on a set X, we denote by

(7.6.1) [𝐺\X]
the quotient groupoid whose objects are the elements of X and for any two objects 𝑥 and 𝑥′, the
set of morphisms from 𝑥 to 𝑥′ is the set of 𝑔 ∈ 𝐺 such that 𝑔 · 𝑥 = 𝑥′.
Proposition 7.6.3. — The construction of Proposition 7.3.1 induces an equivalence of categories
between the quotient groupoid [𝑀 (𝐹)\X𝜉

(𝑎,𝑡)] and the fiber 𝑓 𝜉
−1
(𝑎, 𝑡).

Proof. — Let𝑚 = (E, 𝜃, 𝑡) ∈ M𝜉 (𝑘) such that 𝑓 (𝑚) = (𝑎, 𝑡). Since the field 𝑘 is algebraically
closed, the𝐺-torsor E admits a generic trivialization (cf. Lemma 4.2.1). Fix such a trivialization
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to deduce a generic trivialization of Ad𝐷 (E), hence an element 𝑋 ∈ 𝔤(𝐹) which is the image of
𝜃 under this trivialization. Let 𝑌 be a semisimple, 𝐺-regular, and elliptic element in 𝔪(𝐹) such
that

– 𝜒𝐺 (𝑌 ) equals 𝑎𝜂, the restriction of 𝑎 at the generic point 𝜂 of 𝐶;
– 𝑌 is conjugate to 𝑡𝑎 by an element of 𝑀 ((𝑧∞)) (𝑘).

Such a 𝑌 exists (cf. Corollary 3.9.2). It follows from Lemma 3.8.1 that 𝑋 and 𝑌 are conjugate
under 𝐺 (𝐹). After possibly changing the trivialization of E, we may (and will) assume that
𝑋 = 𝑌 .

A choice of trivializations of E on the formal neighborhoods Spec(𝑘 [[𝑧𝑣]]) gives rise, via the
construction of Proposition 7.3.1, to elements 𝑔𝑣 ∈ 𝐺 ((𝑧𝑣)). The class of 𝑔𝑣 modulo 𝐺 [[𝑧𝑣]]
does not depend on this choice. Thus, we obtain a pair (𝑋, (𝑔𝑣)𝑣∈𝑉 ) in X(𝑎,𝑡) which furthermore
satisfies condition 1.(bis) of Definition 7.6.1. Using Proposition 7.4.1 and the fact that the
considered generic trivialization extends to an open subset of 𝐶, one sees that

deg(𝑚𝑃) =
∑︁
𝑣∈𝑉

𝐻𝑃 (𝑔𝑣)

for every 𝑃 ∈ P(𝑀). By Proposition 5.8.1, the 𝜉-semistability condition translates into condition
2.(d) of Definition 7.6.1. Hence, (𝑋, (𝑔𝑣)𝑣∈𝑉 ) belongs to X𝜉

(𝑎,𝑡) . The reader is invited to verify
that this construction indeed gives an equivalence of categories as stated.

□

8. Valuative Criterion: Existence

8.1. Statement. — Let 𝜉 be an arbitrary element of 𝔞𝑇 . The goal of this section is to
prove the existence part of the valuative criterion for properness for the morphism 𝑓 𝜉 , which is
summarized by the following theorem.
Theorem 8.1.1. — Let 𝜅 be an algebraically closed extension of 𝑘 . Let 𝑅 be a discrete valuation
ring, complete and with residue field 𝜅. Let 𝐾 be the field of fractions of 𝑅 and 𝐾 an algebraic
closure of 𝐾 .

Let (𝑎, 𝑡) ∈ A(𝑅) and let 𝑚𝐾 ∈ M𝜉 (𝐾) be such that 𝑓 (𝑚𝐾) = (𝑎, 𝑡).
Then there exists a finite extension 𝐾′ ⊂ 𝐾 of 𝐾 and an element 𝑚 ∈ M𝜉 (𝑅′), where 𝑅′ is the

integral closure of 𝑅 in 𝐾′, such that
1. the image of 𝑚 in M𝜉 (𝐾′) is isomorphic to that of 𝑚𝐾;
2. 𝑓 (𝑚) = (𝑎, 𝑡).

The proof of Theorem 8.1.1 will occupy us until the end of this section.
8.2. A few words on the proof. — In [Lan75] (Section 3, Theorem), Langton showed that the
moduli stack of semistable vector bundles on a smooth projective curve satisfies the existence
part of the valuative criterion of properness. By adapting Langton’s arguments, Nitsure (cf.
[Nit91], Section 6) proved Theorem 8.1.1 in the case𝐺 = 𝐺𝐿 (𝑛) and 𝜉 = 0. Faltings succeeded
in extending this proof to any reductive group𝐺 in the case of a base field of characteristic 0 and
for 𝜉 = 0 (cf. [Fal93], Theorem II.4). However, his proof does not seem to extend to the case
of a base field of positive characteristic. In [Hei08], Heinloth proved the analogue of Langton’s
theorem for the moduli stack of 𝐺-bundles on a smooth projective curve over a base field of
characteristic zero or “not too small”. Our proof partly follows Heinloth’s arguments, which
themselves were inspired by Langton’s.

Let us sketch the broad outline of our proof. The notations are those of Theorem 8.1.1. Let
𝐶𝐾 and 𝐶𝜅 be respectively the generic and the special fiber of the curve 𝐶 ×𝑘 𝑅 over 𝑅. Let
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(𝑎, 𝑡) ∈ A(𝑅) and let 𝑚𝐾 ∈ M𝜉 (𝐾) be a 𝜉-semi-stable Hitchin triple over 𝐶𝐾 of characteristic
(𝑎, 𝑡). The existence statements that follow sometimes require replacing 𝐾 by a finite extension,
which we shall not recall each time. Such a triple𝑚𝐾 extends to a triple𝑚𝑅 over the whole curve
𝐶𝑅 (cf. §8.4). The special fiber 𝑚𝜅 of the extension is not necessarily 𝜉-semi-stable. However,
one may choose the extension 𝑚𝑅 so that the special fiber 𝑚𝜅 is as little “𝜉-unstable” as possible,
by which we mean that the distance 𝑑 from 𝜉 to the convex set C𝑚𝜅 (defined in Section 5)
is minimal (cf. §8.7). If it is zero, 𝑚𝜅 is 𝜉-semi-stable. Otherwise, there exists a maximal
parabolic subgroup𝑄 of 𝐺 such that the face of C𝑚𝜅 associated to𝑄 contains the point at which
this distance is attained (cf. §8.8). The extension 𝑚𝑅 is given by “gluing data” (cf. §8.13; the
result of [DS95] plays a crucial role there and requires the reduction to the semisimple case of
§8.5). By conjugating these data by a suitable 𝐾-point of the center of 𝑄, one obtains another
triple 𝑚′

𝑅
which is isomorphic to 𝑚𝐾 on the generic fiber and whose face of C𝑚′

𝜅
associated

to the parabolic subgroup 𝑄− opposite to 𝑄 is equal to the face of C𝑚𝜅 associated to 𝑄. By
minimality of 𝑑, this forces the convex set C𝑚′

𝜅
to be degenerate: the faces of C𝑚′

𝜅
associated

to 𝑄 and to 𝑄− lie in the same affine hyperplane. But this implies that the reduction to 𝑄 of
𝑚𝜅 lifts to a reduction to 𝑄 of the triple 𝑚𝑅/(𝜋)2 ∈ M(𝑅/(𝜋)2) deduced from 𝑚𝑅 by the base
change 𝑅 → 𝑅/(𝜋)2, where (𝜋) ⊂ 𝑅 is the maximal ideal. One may iterate this process by
changing the 𝐾-point of the center of 𝑄 (cf. §8.16). One then obtains a reduction of 𝑚 to 𝑄
over the formal completion lim−−→𝑛

𝐶 ×𝑘 𝑅/𝜋𝑛. By a theorem of Grothendieck, this reduction to 𝑄
algebraizes, and this then contradicts the 𝜉-stability of 𝑚𝐾 (cf. §8.17).

8.3. Notations. — From now on, we fix the objects 𝑅, 𝜅, 𝐾 , and 𝐾 as in the statement of
Theorem 8.1.1. By choosing a uniformizer 𝜋, we identify 𝑅 with the ring 𝜅 [[𝜋]].
8.4. Theorem 8.1.1 for the stack M. — First, we show that Theorem 8.1.1 holds when we
replace the stack M𝜉 by the entire stack M. This is well known. We give an argument here for
the sake of completeness. We recall the assumptions of Theorem 8.1.1 except that we do not
assume that the point 𝑚𝐾 ∈ M(𝐾) is 𝜉-semistable. The point 𝑚𝐾 can be written explicitly as a
Hitchin triple (E𝐾 , 𝜃𝐾 , 𝑡). Let 𝜂 be the generic point of 𝐶𝐾 = 𝐶 ×𝑘 𝐾 . After possibly replacing
𝐾 by a finite extension, we may and do assume that the bundle E𝐾 is trivial at the point 𝜂 (cf.
Lemma 4.2.1). Fix such a trivialization; one then obtains a trivialization of Ad𝐷 (E) at 𝜂, and
hence an element 𝑌 ∈ 𝔤(𝐹), where 𝐹 is the function field of 𝐶𝐾 , which is the image of 𝜃 under
this trivialization. Note that 𝜒(𝑌 ) is equal to the restriction 𝑎𝜂 of 𝑎 to 𝜂.

Let 𝐵 be the local ring of the generic point of the special fiber of 𝐶𝑅 = 𝐶 ×𝑘 Spec(𝑅). This
is a discrete valuation ring with field of fractions 𝐹. By taking a Kostant section (for example),
one sees that there exists 𝑋 ∈ 𝔤(𝐵) such that 𝜒(𝑋) = 𝑎 |Spec(𝐵) . Since 𝜒(𝑋) = 𝜒(𝑌 ), Lemma
3.8.1 implies that, after possibly replacing 𝐾 by a finite extension, we may assume that there
exists 𝑔 ∈ 𝐺 (𝐹) such that Ad(𝑔)𝑋 = 𝑌 . One may then, with this element 𝑔 ∈ 𝐺 (𝐹), glue
the bundle E𝐾 and the section 𝜃 with the pair (𝐺 ×𝑘 𝐵, 𝑋) over Spec(𝐵). Thus one obtains
a pair (E𝑈 , 𝜃𝑈) that extends (E𝐾 , 𝜃𝐾) to an open subset 𝑈 of 𝐶𝑅 which contains all points of
codimension ⩽ 1. But every 𝐺-bundle over such an open set𝑈 extends uniquely to a 𝐺-bundle
over all of 𝐶𝑅 (cf. [CS79], Theorem 6.13). One thus obtains a 𝐺-bundle E over 𝐶𝑅 extending
E𝐾 . The bundle Ad𝐷 (E) possesses a section over𝑈, namely 𝜃𝑈 . But since𝑈 contains all points
of codimension ⩽ 1 and Ad𝐷 (E) is affine over 𝐶, this section extends uniquely over 𝐶𝑅 (cf.
[Gro67], Corollary 20.4.12). We have thus obtained a pair (E, 𝜃). The points 𝜒(𝜃) (∞𝑅) and
𝜒(𝑡) are two points of 𝔠𝔞𝔯(𝑅). They are in fact equal since their images in 𝔠𝔞𝔯(𝐾) are equal.
Thus the triple (E, 𝜃, 𝑡) ∈ M(𝑅), hence proving Theorem 8.1.1 for M.
8.5. Reduction to the semisimple case. — In this paragraph, we show that Theorem 8.1.1 for
every semisimple group implies Theorem 8.1.1 for every reductive group.
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Let 𝐺 be a connected reductive group over 𝑘 with Lie algebra 𝔤 and let 𝑇 be a maximal torus.
Let 𝐺der be the derived subgroup of 𝐺 and 𝔤der its Lie algebra. The decomposition

𝔤 = 𝔤der ⊕ 𝔷

induces a decomposition
(8.5.1) 𝔠𝔞𝔯𝐺 = 𝔠𝔞𝔯𝐺der ⊕𝔷.

Let 𝐴𝐺 be the connected center of 𝐺 and 𝔷 its Lie algebra. Let 𝐺′ = 𝐺/𝐴𝐺 . This is a
semisimple group with Lie algebra 𝔤′ = 𝔤/𝔷 and which admits 𝑇 ′ = 𝑇/𝐴𝐺 as a maximal torus.
The obvious morphism 𝔤 → 𝔤′ induces isomorphisms 𝔤der → 𝔤′ and
(8.5.2) 𝔠𝔞𝔯𝐺der ≃ 𝔠𝔞𝔯𝐺′ .

The projection of 𝔠𝔞𝔯𝐺 onto 𝔠𝔞𝔯𝐺der defined by (8.5.1), composed with the isomorphism (8.5.2)
and the obvious morphism 𝔱 → 𝔱′ = 𝔱/𝔷, induces a morphism A𝐺 → A𝐺′ . The obvious
bijection L𝐺 (𝑇) → L𝐺′ (𝑇 ′) is compatible with the decomposition of Proposition 3.6.2.

Let 𝑆 be an affine 𝑘-scheme and let 𝑚 = (E, 𝜃, 𝑡) ∈ M𝐺 (𝑆). Let E′ be the 𝐺′-bundle
obtained by pushing forward E via the morphism𝐺 → 𝐺′. The section 𝜃 pushed forward by the
morphism 𝔤 → 𝔤′ yields a section 𝜃′ of Ad𝐷 (E′). Let 𝑡′ be the image of 𝑡 under the morphism
𝔱 → 𝔱′ = 𝔱/𝔷. The triple 𝑚′ = (E′, 𝜃′, 𝑡′) belongs to M𝐺′ (𝑆). Thus, one obtains a morphism
M𝐺 → M𝐺′ which sends 𝑚 to 𝑚′. It fits into the commutative diagram

M𝐺

𝑓𝐺
��

//M𝐺′

𝑓𝐺′
��

A𝐺
// A𝐺′

.

Using the morphism 𝑃 → 𝑃/𝐴𝐺 , it is clear that every reduction of 𝑚 to a parabolic subgroup
𝑃 gives naturally a reduction of 𝑚′ to 𝑃/𝐴𝐺 . If 𝑆 is the spectrum of a field, one obtains a
natural bijection between the reductions of 𝑚 and those of 𝑚′ compatible with the bijection
F 𝐺 (𝑇) → F 𝐺′ (𝑇 ′). The obvious surjective map 𝔞𝑇 → 𝔞𝑇 ′ induces an isomorphism 𝔞𝐺

𝑇
≃ 𝔞𝑇 ′ .

It is then evident from the definitions that 𝑚 is 𝜉-semistable if and only if 𝑚′ is 𝜉𝐺-semistable,
where 𝜉𝐺 is the projection of 𝜉 onto 𝔞𝐺

𝑇
.

Returning to the situation of Theorem 8.1.1, let (𝑎, 𝑡) ∈ A𝐺 (𝑅) and let 𝑚𝐾 = (E𝐾 , 𝜃𝐾 , 𝑡) ∈
M𝜉

𝐺
(𝐾) such that 𝑓𝐺 (𝑚𝐾) = (𝑎, 𝑡). Let𝑚′

𝐾
= (E′

𝐾
, 𝜃′
𝐾
, 𝑡′) ∈ M𝜉

𝐺′ (𝐾) be the image of𝑚𝐾 under
the morphism M𝐺 → M𝐺′ . Let (𝑎′, 𝑡′) = 𝑓𝐺′ (𝑚′

𝐾
). The point (𝑎′, 𝑡′) belongs to A𝐺′ (𝑅) since

it is the image of (𝑎, 𝑡). Theorem 8.1.1 for the semisimple group 𝐺′ implies that, after possibly
replacing 𝐾 by a finite extension 𝐾′ in 𝐾 and 𝑅 by its integral closure in 𝐾′, we may assume
that 𝑚′

𝐾
extends to a triple 𝑚′ = (E′, 𝜃′, 𝑡′) ∈ M𝜉

𝐺′ (𝑅) extending 𝑚𝐾 . After again possibly
replacing 𝐾 and 𝑅 as above, we may assume that the 𝐺′-bundle E′ is trivial on the spectrum
of 𝐵, the local ring of the point of 𝐶𝑅 defined by (𝜋) (cf. [DS95], Theorem 2). Fix such a
trivialization. One then obtains a trivialization of Ad𝐷 (E′) on Spec(𝐵); this sends 𝜃′ to a point
𝑌 ′ ∈ 𝔤′(𝐵) ≃ 𝔤der(𝐵) such that 𝜒𝐺′ (𝑌 ′) = 𝑎′|Spec(𝐵) . Note that 𝑎 |Spec(𝐵) = 𝑎′|Spec(𝐵) ⊕ 𝑍 with
𝑍 ∈ 𝔷(𝐵) according to (8.5.1) and (8.5.2); hence we obtain a point 𝑌 = 𝑌 ′ + 𝑍 ∈ 𝔤(𝐵). Any
trivialization of E𝐾 over an open set𝑈 of 𝐶𝐾 gives trivializations of E′

𝐾
and Ad𝐷 (E′

𝐾
) over the

same open set as well as sections 𝑋 and 𝑋′ of 𝔤 ×𝑘 𝑈 and 𝔤′ ×𝑘 𝑈, respectively, deduced from
𝜃 and 𝜃′. The gluing condition for the trivializations of (E′, 𝜃′) over Spec(𝐵) and 𝑈 translates
into the existence of an element 𝑔′ ∈ 𝐺′(𝐹) such that Ad(𝑔′)𝑋′ = 𝑌 ′, where 𝐹 is the function
field of 𝐶𝑅. Any lift 𝑔 ∈ 𝐺 (𝐹) of 𝑔′ then satisfies Ad(𝑔)𝑋 = 𝑌 by the construction of 𝑌 . But
the obstruction to such a lift lives in 𝐻1(𝐹, 𝐴𝐺). After possibly replacing 𝐾 by an extension, we
may assume that this group is trivial (cf. [Ser94], Chapter III §2), and hence such a lift exists.
From such a lift, one deduces, as in Paragraph 8.4, an extension 𝑚 = (E, 𝜃, 𝑡) ∈ M𝐺 (𝑅) of 𝑚𝐾 .
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By construction, the image of (E, 𝜃, 𝑡) in M𝐺′ (𝑅) coincides with 𝑚′ on an open subset of 𝐶𝑅
containing all points of codimension ≤ 1. By an argument already mentioned in Paragraph 8.4,
the image of (E, 𝜃, 𝑡) is then (isomorphic to) 𝑚′. It follows that 𝑚 ∈ M𝜉

𝐺
(𝑅) as desired.

8.6. The points 𝑚𝐾 , (𝑎, 𝑡) and (𝑎̄, 𝑡). — From now on and until the end of the proof of
Theorem 8.1.1, assume that 𝐺 is semisimple. We work under the hypotheses of Theorem 8.1.1.
Let (𝑎, 𝑡) ∈ A(𝑅) and let 𝑚𝐾 ∈ M𝜉 (𝐾) be such that 𝑓 (𝑚𝐾) = (𝑎, 𝑡). Let (𝑎̄, 𝑡) ∈ A(𝜅) be the
point obtained from (𝑎, 𝑡) by base change Spec(𝜅) → Spec(𝑅).
8.7. The real number 𝑑 and the point 𝑚 = (E, 𝜃, 𝑡) ∈ M(𝑅). — For every finite extension
𝐾′ ⊂ 𝐾 of 𝐾 , let 𝑚𝐾 ′ ∈ M𝜉 (𝐾′) be the point obtained from 𝑚𝐾 by base change Spec(𝐾′) →
Spec(𝐾). Let 𝑅′ be the integral closure of 𝑅 in 𝐾′. Let 𝑚𝑅′ ∈ M(𝑅′) be an extension of 𝑚𝐾 ′

to 𝐶 ×𝑘 𝑅′. The ring 𝑅′ is a discrete valuation ring with residue field 𝜅. Let 𝑚𝜅 be the point of
M(𝜅) obtained from 𝑚𝑅′ by base change Spec(𝜅) → Spec(𝑅′). Let

𝑑 (C𝑚𝜅 , 𝜉)
denote the distance from 𝜉 to the convex set C𝑚𝜅 defined in Section 5.

Lemma 8.7.1. — The set of real numbers 𝑑 (C𝑚𝜅 , 𝜉), as 𝑅′ and 𝑚𝑅′ vary as above, has a
minimum.
Proof. — This set is nonempty (cf. §8.4) and is bounded below by 0. In fact, it is even discrete
and closed in 𝔞𝑇 since it is contained in the set of distances from 𝜉 to the subspaces 𝑋 + 𝔞

𝑄

𝑇
+ 𝔞𝐺

for 𝑋 ∈ 𝑋∗(𝑄) and 𝑄 ∈ F (cf. Corollary 6.3.3). It therefore contains its infimum. □

Let 𝑑 ⩾ 0 be the smallest element of the set considered in Lemma 8.7.1. After possibly
replacing 𝐾 by a finite extension, we may and do assume that there exists

𝑚 = (E, 𝜃, 𝑡) ∈ M(𝑅)
whose image in M(𝐾) is the starting point 𝑚𝐾 and such that the distance from 𝜉 to the convex
set C𝑚𝜅 is 𝑑, where 𝑚𝜅 ∈ M(𝜅) is the image of 𝑚. From now on, we fix such an 𝑚.

Since 𝑚 is 𝜉-semistable over 𝐶𝐾 , it will be 𝜉-semistable if and only if it is also 𝜉-semistable
over 𝐶𝜅. Thus, we have the equivalences:

𝑚 ∈ M𝜉 (𝑅) ⇔ 𝑚𝜅 ∈ M𝜉 (𝜅) ⇔ 𝑑 = 0.
Thus, Theorem 8.1.1 holds for the point 𝑚𝐾 if and only if 𝑑 = 0. In what follows, we assume
that

𝑑 > 0
and we will show that this leads to a contradiction.
8.8. The Levi subgroup 𝐿 and the parabolic subgroups 𝑄0 and 𝑄. — Let 𝐿 ∈ L be such
that 𝑓 (𝑚𝜅) ∈ 𝜒𝐿

𝐺
(A𝐿,ell(𝜅)) (cf. Proposition 3.6.2). Let 𝜚 be the Harder-Narasimhan 𝜉-point

of 𝑚𝜅. According to Proposition 6.3.2, there exists a parabolic subgroup 𝑄0 ∈ F (𝐿) such that
– 𝜉 − 𝜚 ∈ 𝔞+

𝑄0
∩ 𝔞𝐺

𝑇
;

– 𝜚 belongs to the affine subspace

− deg(𝑚𝜅,𝑄0) + 𝔞
𝑄0
𝑇
.

where 𝑚𝜅,𝑄0 is a reduction of 𝑚𝜅 to 𝑄0 (here 𝔞𝐺 = {0} since 𝐺 is semisimple). By hypothesis,
the distance from 𝜚 to C𝑚𝜅 is nonzero; hence the parabolic subgroup 𝑄0 is proper. In the
remainder, fix 𝑄 ∈ F (𝑄0) maximal among the proper parabolic subgroups of 𝐺 that contain
𝑄0. Let𝑄− be the parabolic subgroup opposite to𝑄, in the sense that𝑄−∩𝑄 is the unique Levi
factor of 𝑄 containing 𝑇 .
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8.9. Some notations: 𝑉 , 𝑖𝑅,𝑣, 𝑗𝑅,𝑣, etc. — Let 𝑉 be a finite set of closed points of 𝐶𝜅 which
contains the support of the divisor

𝐷𝜅 = 𝐷 ×𝑘 𝜅 =
∑︁
𝑣∈𝑉

𝑑𝑣 𝑣,

as well as the point∞𝜅. Let𝐶𝑉𝜅 = 𝐶𝜅−𝑉 and let 𝜅 [𝐶𝑉 ] denote the algebra of regular functions on
𝐶𝑉𝜅 . We recall the notations of Section 7, in particular diagram (7.2.1) for the curve𝐶𝜅 = 𝐶×𝑘 𝜅,
where the morphisms 𝑗𝐴, 𝑖𝐴,𝑣, etc. are defined for every point 𝑣 ∈ 𝑉 and for every 𝜅-algebra.
8.10. The point 𝑡𝑎. — Let 𝑡𝑎 be the unique point of 𝔱𝐺- reg [[𝑧∞]] (𝑅) which satisfies the
following two conditions:

– the reduction modulo 𝑧∞ of 𝑡𝑎 is the point 𝑡 ∈ 𝔱𝐺- reg(𝑅);
– 𝜒𝐺 (𝑡𝑎) = 𝜒𝐷 (𝜃) ◦ 𝑖𝑅,∞.

The existence and uniqueness of 𝑡𝑎 follow from the fact that 𝜒 induces an étale morphism from
𝔱𝐺- reg onto 𝔠𝐺- reg. Let

𝑡𝑎 ∈ 𝔱𝐺- reg [[𝑧∞]] (𝜅)
be the reduction modulo 𝜋 of 𝑡𝑎. Note that we have 𝑡𝑎 = 𝑡𝑎̄, where 𝑡𝑎̄ is the unique point of
𝔱𝐺- reg [[𝑧∞]] (𝜅) with reduction 𝑡 and characteristic 𝑎̄.
8.11. Trivialization of 𝑚 on an open subset of the special fiber. — Let 𝑚𝜅 = (E𝜅, 𝜃𝜅, 𝑡) ∈
M(𝜅) be the point obtained from𝑚 by base change Spec(𝜅) → Spec(𝑅). We have the following
lemma.
Lemma 8.11.1. — After possibly adding a finite number of points to 𝑉 , we are in the following
situation. There exists a trivialization of the 𝐺-bundle 𝑗∗𝜅 (E𝜅) over 𝐶𝑉𝜅

𝛽𝜅 : 𝑗∗𝜅 (E𝜅) → 𝐺 ×𝑘 𝐶𝑉𝜅 ,
such that the induced isomorphism of group schemes

𝜄𝜅 : Aut𝐺 ( 𝑗∗𝜅 (E𝜅)) → 𝐺 ×𝑘 𝐶𝑉𝜅
satisfies the following condition: the element 𝑑𝜄𝜅 ( 𝑗∗𝜅𝜃), where 𝑑𝜄𝜅 is the derivative of 𝜄𝜅, satisfies:

1. 𝑑𝜄𝜅 ( 𝑗∗𝜅𝜃) belongs to 𝔩(𝜅 [𝐶𝑉𝜅 ]);
2. 𝑑𝜄𝜅 ( 𝑗∗𝜅𝜃) is conjugate to 𝑡∞ by an element of 𝐿 ((𝑧∞)) (𝜅).

Proof. — Let 𝐹 be the function field of 𝐶𝜅. Since 𝜅 is algebraically closed, the 𝐺-bundle
E𝜅 is trivial at the generic point of 𝐶𝜅 (cf. Lemma 4.2.1). By choosing a trivialization, one
also obtains a generic trivialization of Ad𝐷 (E𝜅) which sends 𝜃 to some element 𝑋 ∈ 𝔤(𝐹). Let
(𝑎̄, 𝑡) = 𝑓 (𝑚𝜅). This element belongs to A𝐿,ell(𝜅) by the definition of 𝐿 (cf. §8.8). According
to Corollary 3.9.2, there exist 𝑋′ semisimple and 𝐺-regular in 𝔩(𝐹) and 𝑙 ∈ 𝐿 ((𝑧∞)) (𝜅) such
that
(A) 𝜒𝐺 (𝑋′) = 𝑎̄ |Spec(𝐹);
(B) Ad(𝑙)𝑋′ = 𝑡∞.

Note that we have 𝜒𝐺 (𝑋) = 𝜒𝐺 (𝑋′) by the definition of 𝑎̄. Lemma 3.8.1 implies that, after
changing the generic trivialization of E𝜅, we may assume that 𝑋 satisfies conditions (A) and (B)
above.

We then obtain the lemma since any generic trivialization of E𝜅 extends to an open subset of
𝐶𝜅 and the element 𝑋 likewise extends. □

8.12. Trivialization of 𝑚 on formal disks of the special fiber. — Fix a trivialization
(8.12.1) 𝛽𝜅 : 𝑗∗𝜅 (E𝜅) → 𝐺 ×𝑘 𝐶𝑉𝜅 ,
which satisfies the conditions of Lemma 8.11.1.
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For every 𝑣 ∈ 𝑉 , let
(8.12.2) 𝛼𝜅,𝑣 : 𝑖∗𝜅,𝑣 (E𝜅) → 𝐺 ×𝑘 𝜅 [[𝑧𝑣]]
be a 𝐺-equivariant isomorphism. Such an isomorphism exists because it amounts to giving a
section of the torsor 𝑖∗𝜅,𝑣 (E𝜅) over Spec(𝜅 [[𝑧𝑣]]). Such a section exists at least over the special
point and, by smoothness, extends to Spec(𝜅 [[𝑧𝑣]]).
Lemma 8.12.1. — One may choose the trivializations 𝛼𝜅,𝑣 so that the triple
(8.12.3) ( 𝑋̄, (𝑔̄𝑣)𝑣∈𝑉 , 𝑡)
associated to the point𝑚𝜅 = (E𝜅, 𝜃𝜅, 𝑡) ∈ M(𝜅) and the trivializations (𝛼𝜅,𝑣, 𝛽𝜅) via the bijection
of Proposition 7.3.1 satisfies the following conditions:

1. 𝑔̄𝑣 ∈ 𝑄((𝑧𝑣)) (𝜅);
2. 𝛼𝜅,∞(𝑖∗𝜅,∞𝜃) = 𝑡𝑎;
3. 𝑔̄∞ ∈ 𝐿 ((𝑧∞)) (𝜅).

Proof. — For any choice of 𝛼𝜅,𝑣, we have
𝑔̄𝑣 ∈ 𝐺 ((𝑧𝑣)) (𝜅).

The Iwasawa decomposition
𝐺 ((𝑧𝑣)) (𝜅) = 𝑄((𝑧𝑣)) (𝜅) · 𝐺 [[𝑧𝑣]] (𝜅)

shows that one can always modify 𝛼𝜅,𝑣 so that
(8.12.4) 𝑔̄𝑣 ∈ 𝑄((𝑧𝑣)) (𝜅),
which gives assertion 1.

We have
Ad(𝑔̄∞)−1 𝑋̄ ∈ 𝔤[[𝑧∞]] (𝜅).

The element 𝜒( 𝑋̄), after base change to Spec(𝑘 [[𝑧∞]]), belongs to 𝔠𝔞𝔯 [[𝑧∞]] (𝜅) and its reduc-
tion modulo 𝑧∞ coincides with that of 𝜒(𝑡∞). Since 𝜒 is étale over 𝔠𝔞𝔯reg, we have

𝜒(Ad(𝑔̄∞)−1 𝑋̄) = 𝜒( 𝑋̄) = 𝜒(𝑡∞).
Lemma 8.12.2 below shows that one can modify 𝛼𝜅,∞ so that

(8.12.5) Ad(𝑔̄∞)−1 𝑋̄ = 𝑡∞.

But by Lemma 8.11.1, 𝑋̄ and 𝑡∞ are conjugate under 𝐿 ((𝑧∞)) (𝜅). Hence, we also have
𝑔̄∞ ∈ 𝐿 ((𝑧∞)) (𝜅). □

Lemma 8.12.2. — Let 𝑌 ∈ 𝔤[[𝑧∞]] (𝑅) be such that 𝜒𝐺 (𝑌 ) = 𝜒𝐺 (𝑡𝑎). Then there exists
𝑔 ∈ 𝐺 [[𝑧∞]] (𝑅) such that Ad(𝑔)𝑌 = 𝑡𝑎.
The same statement holds when replacing 𝑅 by 𝜅 and 𝑡𝑎 by 𝑡𝑎.
Proof. — Let T be the 𝑅[[𝑧∞]]-scheme defined for every 𝑅[[𝑧∞]]-algebra 𝐵 by

T (𝐵) = {ℎ ∈ 𝐺 (𝐵) | Ad(ℎ) (𝑌 ) = 𝑡𝑎}.
We show that the scheme T is smooth over Spec(𝑅[[𝑧∞]]). First, note that the centralizers

of 𝑌 and 𝑡𝑎 in 𝐺 ×𝑘 𝑅[[𝑧∞]] are subgroup schemes that are tori; this follows from the fact
that 𝜃∞ ∈ 𝔱𝐺- reg(𝑅[[𝑧∞]]) and 𝜒𝐺 (𝑡𝑎) = 𝜒𝐺 (𝑌 ). Consequently, locally in the étale topology,
these centralizers are conjugate. Since 𝑌 and 𝑡𝑎 have the same characteristic, these elements
are locally conjugate in the étale topology. Thus, the scheme T has local sections for the étale
topology. It is therefore a torsor under the torus 𝑇 ×𝑘 𝑅[[𝑧∞]], and hence smooth.
By Lemma 3.8.1, the scheme T ×𝑅[[𝑧∞]] 𝜅 has sections. By the smoothness of T over 𝑅[[𝑧∞]]
and by the completeness of 𝑅[[𝑧∞]] ≃ 𝜅 [[𝜋, 𝑧∞]], this section lifts to a section ℎ ∈ 𝐺 [[𝑧∞]] (𝑅)
of T .
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The second statement is proved similarly. □

8.13. Admissible trivializations of (E, 𝜃, 𝑡). — From now on, we fix trivializations (𝛼𝜅,𝑣, 𝛽𝜅)
of 𝑚𝜅 that satisfy Lemmas 8.11.1 and 8.12.1. Let 𝐶𝑉

𝑅
= 𝐶𝑉𝜅 ×𝜅 𝑅. Let 𝑅[𝐶𝑉 ] = 𝜅 [𝐶𝑉 ] ⊗𝜅 𝑅.

Definition 8.13.1. — An admissible trivialization of 𝑚 = (E, 𝜃, 𝑡) is the data of 𝐺-equivariant
isomorphisms
(8.13.1) 𝛽𝑅 : 𝑗∗𝑅E → 𝐺 ×𝑘 𝑅[𝐶𝑉 ],
and for each 𝑣 ∈ 𝑉
(8.13.2) 𝛼𝑅,𝑣 : 𝑖∗𝑅,𝑣E → 𝐺 ×𝑘 𝑅[[𝑧𝑣]],
which satisfy the following conditions:

1. the isomorphism 𝛽𝑅 specializes to the isomorphism 𝛽𝜅 in (8.12.1);
2. the isomorphism 𝛼𝑅,𝑣 specializes to the isomorphism 𝛼𝜅,𝑣 in (8.12.2);
3. 𝛼𝑅,∞(𝑖∗

𝑅,∞𝜃) = 𝑡𝑎.

Remark. — Let (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be the triple associated to 𝑚 ∈ M(𝑅) and the trivializa-
tions (8.13.1) and (8.13.2) by Proposition 7.3.1. Then these trivializations form an admissible
trivialization of 𝑚 if and only if

– the reduction modulo 𝜋 of the triple (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) is the triple ( 𝑋̄, (𝑔̄𝑣)𝑣∈𝑉 , 𝑡) defined in
(8.12.3);

– Ad(𝑔∞)−1𝑋 = 𝑡𝑎.

Lemma 8.13.2. — After possibly replacing 𝐾 by a finite extension and 𝑅 by its integral closure
in that extension, we may assume that there exist admissible trivializations of (E, 𝜃, 𝑡).
Proof. — After possibly replacing 𝐾 by a finite extension, we may and do assume that 𝑗∗

𝑅
E

is trivial over 𝐶𝑉
𝑅

(since 𝐺 is semisimple, this is possible by Theorem 3 of [DS95]). Hence,
the 𝐺-bundle 𝑗∗

𝑅
E has sections over 𝐶𝑉

𝑅
. This yields an isomorphism 𝛽𝑅 as in (8.13.1). By

translating this section by an element of 𝐺 (𝜅 [𝐶𝑉 ]), we may assume that 𝛽𝑅 satisfies condition
1 above.
For each 𝑣 ∈ 𝑉 , by using the smoothness of E over 𝐶𝑅, one sees that the bundle 𝑖∗

𝑅,𝑣
E has

sections over Spec(𝑅[[𝑧𝑣]]). Hence, one obtains isomorphisms 𝛼𝑅,𝑣 as in (8.13.2). As before,
we may assume that 𝛼𝑅,𝑣 satisfies condition 2.
By Proposition 7.3.1, one deduces from 𝛽𝑅 and the 𝛼𝑅,𝑣 a triple (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) as above. Let

𝑌 = Ad(𝑔−1
∞ )𝑋.

This is an element of 𝔤[[𝑧∞]] (𝑅) satisfying 𝜒𝐺 (𝑌 ) = 𝜒𝐺 (𝑋) = 𝜒𝐺 (𝑡𝑎). Lemma 8.12.2 shows
that 𝑌 and 𝑡𝑎 are conjugate under 𝐺 [[𝑧∞]] (𝑅). This allows us to conclude. □

8.14. Unipotent subgroups. — Let Φ+ = Φ
𝑁𝑄

𝑇
and Φ− = Φ

𝑁𝑄−
𝑇

be the respective sets of roots
of 𝑇 in the unipotent radicals 𝑁𝑄 and 𝑁𝑄− . The connected component 𝐴𝑄 of the center of 𝑀𝑄

is a torus of dimension 1. Let
(8.14.1) 𝜆 : G𝑚 → 𝐴𝑄

be the unique isomorphism that satisfies 𝛼(𝜆) > 0 for every 𝛼 ∈ Φ+. For every integer 𝑖 > 0,
define

Φ+
𝑖 = {𝛼 ∈ Φ+ | 𝛼(𝜆) = 𝑖},

and set
Φ−
𝑖 = −Φ+

𝑖

(with additive notation).
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For every 𝛼 ∈ Φ+ ∪Φ−, let 𝑁𝛼 be the associated unipotent subgroup and let
(8.14.2) 𝜁𝛼 : G𝑎 → 𝑁𝛼

be the one-parameter subgroup associated to 𝛼. For every integer 𝑖 > 0, let 𝑁𝑖 be the unipotent
subgroup generated by the subgroups 𝑁𝛼 such that 𝛼(𝜆) ≤ −𝑖. This yields a decreasing sequence
of unipotent subgroups

. . . ⊂ 𝑁𝑖 ⊂ . . . ⊂ 𝑁1 = 𝑁𝑄− ,

and for 𝑖 sufficiently large, we have
𝑁𝑖 = {1}.

One verifies the following commutator relation:
[𝑁𝑖, 𝑁 𝑗 ] ⊂ 𝑁𝑖+ 𝑗 .

8.15. Auxiliary condition on 𝑉 . — We begin with the following lemma.
Lemma 8.15.1. — There exists a nonempty finite set 𝑉0 of closed points of 𝐶𝜅 such that for
every Γ(𝐶𝜅 −𝑉0,O𝐶𝜅 )-algebra 𝐵 and every integer 𝑖 ≥ 1, the map from 𝑁𝑖 (𝐵) to 𝔫𝑖 (𝐵) defined
by

𝑛 ∈ 𝑁𝑖 (𝐵) ↦→ Ad(𝑛−1) 𝑋̄ − 𝑋̄
is bijective.
Proof. — Let 𝐹 be the function field of 𝐶 ×𝑘 𝜅. We leave to the reader the task of proving that
the morphism 𝑛 ↦→ Ad(𝑛−1) 𝑋̄ − 𝑋̄ induces an isomorphism from 𝑁𝑖 ×𝑘 𝐹 onto 𝔫𝑖 ×𝑘 𝐹. Hence,
it extends to an isomorphism on a Zariski open subset of 𝐶𝜅, whose complement is a finite set
𝑉0. The lemma follows. □

After enlarging 𝑉 if necessary, we henceforth assume that 𝑉 contains the finite set 𝑉0 given
by Lemma 8.15.1.
8.16. Constructions of certain admissible trivializations. — Let 𝑟 be the least common
multiple of the integers 𝑖 such that Φ+

𝑖
≠ 0. Let 𝑅′ = 𝑅[𝜋 1

𝑟 ] and let 𝐾′ be the field of fractions
of 𝑅′. For every integer 𝑗 , define 𝑧 𝑗 ∈ 𝐴𝑄 (𝐾′) by

𝑧 𝑗 = 𝜆

(
𝜋
𝑗

𝑟

)
,

where 𝜆 is the isomorphism G𝑚 → 𝐴𝑄 defined in (8.14.1).
Let (𝛽𝑅, (𝛼𝑅,𝑣)𝑣∈𝑉 ) be an admissible trivialization of 𝑚 = (E, 𝜃, 𝑡) (cf. Definition 8.13.1).

Let (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be the triple deduced from 𝑚 via Proposition 7.3.1.
Definition 8.16.1. — Define

𝑗 (𝛽𝑅, (𝛼𝑅,𝑣)) ∈ N ∪ {∞}
to be the supremum of the set of integers 𝑗 ∈ N satisfying

1. Ad(𝑧 𝑗 )𝑋 ∈ 𝔤(𝑅′[𝐶𝑉 ]);
2. for every 𝑣 ∈ 𝑉 ,

𝑧 𝑗𝑔𝑣𝑧
−1
𝑗 ∈ 𝐺 ((𝑧𝑣)) (𝑅′).

Proposition 8.16.2. — For every integer 𝑗 ∈ N, there exists an admissible trivialization
(𝛽𝑅, (𝛼𝑅,𝑣)) of 𝑚 = (E, 𝜃, 𝑡) such that

𝑗 (𝛽𝑅, (𝛼𝑅,𝑣)) ⩾ 𝑗 .
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Proof. — Assume by contradiction that the proposition fails. Let 𝑗 ∈ N be the smallest integer
such that

𝑗 ⩾ 𝑗 (𝛽𝑅, (𝛼𝑅,𝑣))
for every admissible trivialization (𝛽𝑅, (𝛼𝑅,𝑣)) of 𝑚. Since we have 𝑋̄ ∈ 𝔩(𝜅 [𝐶𝑉 ]) and 𝑔̄𝑣 ∈
𝑄((𝑧𝑣)) (𝜅) (cf. assertion 1 of Lemma 8.11.1 and assertion 1 of Lemma 8.12.1), we have

𝑗 ⩾ 1.
Let (𝛽𝑅, (𝛼𝑅,𝑣)) be an admissible trivialization of 𝑚 such that

𝑗 = 𝑗 (𝛽𝑅, (𝛼𝑅,𝑣)).
Let (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be the triple deduced from 𝑚 via Proposition 7.3.1.
Let val𝜋 denote the valuation on 𝑅, normalized by val𝜋 (𝜋) = 1. This valuation extends to 𝑅′

and to 𝑅′[𝐶𝑉 ] in the obvious way. For every 𝛼 ∈ Φ±, the 𝑘-vector space 𝔫𝛼 is one-dimensional.
For any vector 𝑋𝛼 ∈ 𝔫𝛼 (𝑅′[𝐶𝑉 ]), let val𝜋 (𝑋𝛼) denote the valuation of the coefficient of 𝑋𝛼 with
respect to a nonzero vector of 𝔫𝛼 (𝑘).

According to the decomposition into eigenspaces for 𝐴𝑄

(
⊕
𝛼∈Φ±

𝔫𝛼) ⊕ 𝔪𝑄 ,

write
(8.16.1) 𝑋 =

∑︁
𝛼∈Φ±

𝑋𝛼 + 𝑋𝑀𝑄 .

Since the reduction modulo 𝜋 of 𝑋 is 𝑋̄ ∈ 𝔩(𝜅 [𝐶𝑉 ]), we have
(8.16.2) val𝜋 (𝑋𝛼) ⩾ 1
for every 𝛼 ∈ Φ±. Moreover, the reduction modulo 𝜋 of 𝑋𝑀𝑄 is 𝑋̄ .

Since the order of the Weyl group is invertible in 𝑘 (cf. §2.1), we have the decomposition

Ad(𝑧 𝑗 )𝑋 =
∑︁
𝛼∈Φ±

𝜋
𝑗 𝛼(𝜆)
𝑟 𝑋𝛼 + 𝑋𝑀𝑄 .

By condition 1 in Definition 8.16.1, for every 𝛼 ∈ Φ±,

(8.16.3)
𝑗𝛼(𝜆)
𝑟

+ val𝜋 (𝑋𝛼) ⩾ 0.

For 𝛼 ∈ Φ+, this inequality is strict.
Lemma 8.16.3. — There exists an admissible trivialization (𝛽𝑅, (𝛼𝑅,𝑣)) of 𝑚 for which

– 𝑗 = 𝑗 ((𝛽𝑅, (𝛼𝑅,𝑣)));
– the inequality (8.16.3) is strict for every 𝛼 ∈ Φ−.

Proof. — Start with an admissible trivialization (𝛽𝑅, (𝛼𝑅,𝑣)) of 𝑚 for which there exists some
𝛼 ∈ Φ− such that

(8.16.4)
𝑗𝛼(𝜆)
𝑟

+ val𝜋 (𝑋𝛼) = 0.

Let 𝑖 be the smallest integer such that there exists 𝛼 ∈ Φ−
𝑖

satisfying (8.16.4). Let

𝑌 = Ad(𝑧 𝑗 )𝑋 ∈ 𝔤(𝑅′[𝐶𝑉 ])

and let 𝑌 be the reduction modulo 𝜋
1
𝑟 of 𝑌 . Then 𝑌 belongs to 𝑋̄ + 𝔫𝑖 (𝜅 [𝐶𝑉 ]). By Lemma

8.15.1, there exists 𝑛𝑖 ∈ 𝑁𝑖 (𝜅 [𝐶𝑉 ]) such that
(8.16.5) Ad(𝑛−1

𝑖 ) 𝑋̄ = 𝑌 .
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For every 𝛼 ∈ Φ−
𝑖
, choose 𝑢𝛼 ∈ 𝜅 [𝐶𝑉 ] and let 𝑛𝑖+1 ∈ 𝑁𝑖+1(𝜅 [𝐶𝑉 ]) such that

(8.16.6) 𝑛𝑖 = 𝑛𝑖+1𝑛,

with
𝑛 =

∏
𝛼∈Φ−

𝑖

𝜁𝛼 (𝑢𝛼).

Since 𝑛𝑖+1 ∈ 𝑁𝑖+1(𝜅 [𝐶𝑉 ]), we have
Ad(𝑛−1

𝑖+1) 𝑋̄ ∈ 𝑋̄ + 𝔫𝑖+1(𝜅 [𝐶𝑉 ]).
Comparing with (8.16.5) and (8.16.6), we obtain
(8.16.7) Ad(𝑛)𝑌 ∈ 𝑋̄ + 𝔫𝑖+1(𝜅 [𝐶𝑉 ]).
Note that

𝑧−1
𝑗 𝑛𝑧 𝑗 =

∏
𝛼∈Φ−

𝑖

𝜁𝛼

(
𝜋
𝑗𝑖

𝑟 𝑢𝛼

)
belongs to 𝑁𝑖 (𝑅[𝐶𝑉 ]) and its reduction modulo 𝜋 is trivial. Indeed, by assumption, there exists
𝛼 ∈ Φ−

𝑖
for which (8.16.4) holds. Hence, by (8.16.2),

𝑗𝑖

𝑟
= − 𝑗𝛼(𝜆)

𝑟
= val𝜋 (𝑋𝛼) ∈ N∗.

The triple (Ad(𝑧−1
𝑗
𝑛𝑧 𝑗 )𝑋, (𝑧−1

𝑗
𝑛𝑧 𝑗𝑔𝑣)𝑣∈𝑉 , 𝑡) defines, via Proposition 7.3.1, a trivialization of

𝑚, say (𝛽′
𝑅
, (𝛼′

𝑅,𝑣
)), which is still admissible. Clearly by Definition 8.16.1 we have

𝑗 (𝛽′𝑅, (𝛼′𝑅,𝑣)) ⩾ 𝑗

(and by the maximality of 𝑗 we even have equality). Replacing (𝛽𝑅, (𝛼𝑅,𝑣)) by (𝛽′
𝑅
, (𝛼′

𝑅,𝑣
)), and

using (8.16.7), we reduce to the case where 𝑌 ∈ 𝑋̄ + 𝔫𝑖+1(𝜅 [𝐶𝑉 ]). By induction, we may even
assume that 𝑌 = 𝑋̄ . But then the inequality (8.16.3) is strict. □

Now let (𝛽𝑅, (𝛼𝑅,𝑣)) be an admissible trivialization of𝑚 satisfying the conclusions of Lemma
8.16.3. Let (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be the triple deduced from 𝑚 by Proposition 7.3.1. Thus, we have

(8.16.8) min
𝛼∈Φ−

(
− 𝑟

𝛼(𝜆) val𝜋 (𝑋𝛼)
)
> 𝑗 .

Note that, by the definition of 𝑟 , the left-hand side of this inequality is an integer.
For each 𝑣 ∈ 𝑉 , let 𝐵𝑣 be the ring obtained from 𝑅((𝑧𝑣)) by localizing at the prime ideal

generated by 𝜋. It is a discrete valuation ring with residue field 𝜅((𝑧𝑣)). Denote again by val𝜋
the valuation normalized by val𝜋 (𝜋) = 1. The point 𝑔𝑣 ∈ 𝐺 ((𝑧𝑣)) (𝑅) then induces a morphism
from the trait Spec(𝐵𝑣) into 𝐺. Since the reduction modulo 𝜋 of 𝑔𝑣 is 𝑔̄𝑣 and 𝑔̄𝑣 ∈ 𝑄((𝑧𝑣)) (𝜅)
(cf. (8.12.4)), the image of the special point by this morphism lies in the open subset 𝑁𝑄𝑀𝑄𝑁𝑄− .
It follows that the image of the entire trait is contained in the open set 𝑁𝑄𝑀𝑄𝑁𝑄− . Therefore,
for each 𝑣 ∈ 𝑉 , there exist 𝑥𝑣 ∈ 𝑀𝑄 (𝐵𝑣) and elements 𝑏𝛼,𝑣 ∈ 𝐵𝑣 for each 𝛼 ∈ Φ± such that

(8.16.9) 𝑔𝑣 =

( ∏
𝛼∈Φ+

𝜁𝛼 (𝑏𝛼,𝑣)
)
· 𝑥𝑣 ·

( ∏
𝛼∈Φ−

𝜁𝛼 (𝑏𝛼,𝑣)
)
.

Let 𝑥𝑣 ∈ 𝑀𝑄 ((𝑧𝑣)) (𝜅) be the reduction modulo 𝜋 of 𝑥𝑣. Since the reduction 𝑔̄𝑣 of 𝑔𝑣 modulo 𝜋
belongs to 𝑄((𝑧𝑣)) (𝜅), we have val𝜋 (𝑏𝛼,𝑣) ⩾ 1 for 𝛼 ∈ Φ− and
(8.16.10) 𝑔̄𝑣 ∈ 𝑥𝑣𝑁𝑄 ((𝑧𝑣)) (𝜅).
We have

(8.16.11) 𝑧 𝑗𝑔𝑣𝑧
−1
𝑗 =

( ∏
𝛼∈Φ+

𝜁𝛼

(
𝜋
𝑗 𝛼(𝜆)
𝑟 𝑏𝛼,𝑣

))
· 𝑥𝑣 ·

( ∏
𝛼∈Φ−

𝜁𝛼

(
𝜋
𝑗 𝛼(𝜆)
𝑟 𝑏𝛼,𝑣

))
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and this element belongs to𝐺 ((𝑧𝑣)) (𝑅′) by the definition of 𝑗 . Thus, for every 𝛼 ∈ Φ±, we have

(8.16.12)
𝑗𝛼(𝜆)
𝑟

+ val𝜋 (𝑏𝛼,𝑣) ⩾ 0.

The inequality (8.16.12) is strict for 𝛼 ∈ Φ+.
Lemma 8.16.4. — There exists an admissible trivialization (𝛽𝑅, (𝛼𝑅,𝑣)) of 𝑚 such that:

1. 𝑗 = 𝑗 ((𝛽𝑅, (𝛼𝑅,𝑣)));
2. the inequality (8.16.8) holds;
3. the inequality (8.16.12) is strict for every 𝛼 ∈ Φ−.

Proof. — Let (𝛽𝑅, (𝛼𝑅,𝑣)) be an admissible trivialization of 𝑚 satisfying the conclusions of
Lemma 8.16.3 (i.e., the first two assertions). Let (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be the corresponding triple
from Proposition 7.3.1. We now use the notations introduced above, in particular in (8.16.9)
and (8.16.10). Define

ℎ𝑣 = 𝑧 𝑗𝑔𝑣𝑧
−1
𝑗 ∈ 𝐺 ((𝑧𝑣)) (𝑅[𝜋

1
𝑟 ])

and
𝑌 = Ad(𝑧 𝑗 )𝑋 ∈ 𝔤(𝑅[𝐶𝑉 ] [𝜋 1

𝑟 ]).

Lemma 8.16.5. — The following assertions hold:
1. The triple (𝑌, (ℎ𝑣)𝑣∈𝑉 , 𝑡) is a triple satisfying the conditions of Proposition 7.3.1 for the

ring 𝑅′.
2. Let 𝑚′ ∈ M(𝑅′) be the point associated to this triple by Proposition 7.3.1. Then, after

base change to 𝐾′, the points 𝑚′ and 𝑚 become isomorphic.

Proof. — For assertion 1, one needs to check that the triple (𝑌, (ℎ𝑣)𝑣∈𝑉 , 𝑡) satisfies:
– 𝑌 ∈ 𝔤(𝑅′[𝐶𝑉 ]);
– For every 𝑣 ∈ 𝑉 , ℎ𝑣 ∈ 𝐺 ((𝑧𝑣)) (𝑅′) and

Ad(ℎ−1
𝑣 )𝑌 ∈ 𝑧−𝑑𝑣𝑣 𝔤[[𝑧𝑣]] (𝑅′);

– 𝑡 is an element of 𝔱reg(𝑅′) whose characteristic 𝜒(𝑡) equals the reduction modulo 𝑧∞ of
𝜒𝐺 (𝑌 ).

The first condition and the fact that ℎ𝑣 ∈ 𝐺 ((𝑧𝑣)) (𝑅′) follow from the definition of 𝑗 . Hence,
Ad(ℎ−1

𝑣 )𝑌 ∈ 𝔤((𝑧𝑣)) (𝑅′).
In fact, we can replace 𝔤((𝑧𝑣)) by 𝔤[[𝑧𝑣]] because on one hand,

Ad(ℎ−1
𝑣 )𝑌 = Ad(𝑧 𝑗 ) (Ad(𝑔−1

𝑣 )𝑋),
and on the other hand,

Ad(𝑔−1
𝑣 )𝑋 ∈ 𝑧−𝑑𝑣𝑣 𝔤[[𝑧𝑣]] (𝑅).

Similarly, the third condition holds since 𝑋 and 𝑌 , being conjugate, have the same character-
istic.

For assertion 2, note that 𝑧 𝑗 ∈ 𝐺 (𝐾′) and we conclude using Corollary 7.3.2. □

Lemma 8.16.6. — Continuing with the notations of Lemma 8.16.5. Let 𝑚′
𝜅 ∈ M(𝜅) be the

point obtained from 𝑚′ by base change Spec(𝜅) → Spec(𝑅). Then:
1. 𝑓 (𝑚′) ∈ A𝐿,ell(𝜅);
2. For every 𝑃 ∈ F (𝐿) and every reduction 𝑚′

𝜅,𝑃
of 𝑚′

𝜅 to 𝑃, we have

deg(𝑚′
𝜅,𝑃) = 𝐻𝑃 (( ℎ̄𝑣)𝑣∈𝑉 ),

where ℎ̄𝑣 ∈ 𝐺 ((𝑧𝑣)) (𝜅) is the reduction modulo 𝜋 1
𝑟 of ℎ𝑣;
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3. For every 𝑃 ∈ F (𝐿) such that 𝑃 ⊂ 𝑄, let 𝑚𝜅,𝑃 be a reduction of 𝑚𝜅 to 𝑃 and 𝑚′
𝜅,𝑃− a

reduction of 𝑚′
𝜅 to 𝑃− = (𝑀𝑄 ∩ 𝑃)𝑁𝑄− ; then we have the equality

deg(𝑚′
𝜅,𝑃− ) = deg(𝑚𝜅,𝑃).

Proof. — The triple (𝑌, ( ℎ̄𝑣)𝑣∈𝑉 , 𝑡) is the reduction modulo 𝜋
1
𝑟 of the triple (𝑌, (ℎ𝑣)𝑣∈𝑉 , 𝑡).

Therefore, the point𝑚′
𝜅 is obtained from the triple (𝑌, ( ℎ̄𝑣)𝑣∈𝑉 , 𝑡) via the bijection of Proposition

7.3.1. The inequality (8.16.8) implies that 𝑌 equals 𝑋̄ as defined in (8.12.3). It follows that
𝑓 (𝑚′

𝜅) = 𝑓 (𝑚𝜅), and this point belongs to A𝐿,ell(𝜅) (cf. §8.8), which gives assertion 1. Recall
that 𝑋̄ ∈ 𝔩(𝜅 [𝐶𝑉 ]) is conjugate to 𝑡𝑎 via 𝑔̄∞ ∈ 𝐿 ((𝑧∞)) (𝜅) (cf. assertions 2 and 3 of Lemma
8.12.1). Then assertion 2 follows from Corollary 7.5.2.

To prove assertion 3, let 𝑃 ∈ F (𝐿) such that 𝑃 ⊂ 𝑄. Let 𝑃− ∈ F (𝐿) be defined by
𝑃− = (𝑀𝑄 ∩ 𝑃)𝑁𝑄− . Then 𝑃− ⊂ 𝑄−. From equality (8.16.11) and the fact that inequality
(8.16.12) is strict for 𝛼 ∈ Φ+, we deduce

ℎ̄𝑣 ∈ 𝑁𝑄− ((𝑧𝑣)) (𝜅) 𝑥𝑣,
and

deg(𝑚′
𝜅,𝑃− ) = 𝐻𝑃− (( ℎ̄𝑣)𝑣∈𝑉 ) = 𝐻𝑃−∩𝑀𝑄 ((𝑥𝑣)𝑣∈𝑉 ).

But equality (8.16.10) also implies that
deg(𝑚𝜅,𝑃) = 𝐻𝑃 ((𝑔̄𝑣)𝑣∈𝑉 ) = 𝐻𝑃∩𝑀𝑄 ((𝑥𝑣)𝑣∈𝑉 ).

Since 𝑃 ∩ 𝑀𝑄 = 𝑃− ∩ 𝑀𝑄 , we have
deg(𝑚′

𝜅,𝑃− ) = deg(𝑚𝜅,𝑃).
□

According to the notations in Paragraph 8.8 and the equivalences in Proposition 6.3.2, 𝜚 is
the 𝜉-Harder-Narasimhan point of 𝑚𝜅 and 𝑄0 is the parabolic subgroup in F (𝐿) satisfying
(A) 𝜉 − 𝜚 ∈ 𝔞+

𝑄0
∩ 𝔞𝐺

𝑇
;

(B) the projection of 𝜚 onto 𝔞𝐺
𝐿

belongs to the projection of the convex hull of the points
− deg(𝑚𝜅,𝑃) for 𝑃 ∈ P(𝐿) with 𝑃 ⊂ 𝑄0 and for every reduction 𝑚𝜅,𝑃 of 𝑚𝜅 to 𝑃.

Assertion (B) above and assertion 3 of Lemma 8.16.6 show that the projection of 𝜚 onto 𝔞𝐺
𝐿

belongs to the projection onto 𝔞𝐺
𝐿

of the convex hull of the points − deg(𝑚′
𝜅,𝑃− ) for 𝑃 ∈ F𝑄0 (𝐿)

(with the notations of Lemma 8.16.6). Proposition 5.8.1 then implies that the point 𝜚 belongs
to the convex set C𝑚′

𝜅
associated to 𝑚′

𝜅.
It follows that we have the following inequality between distances

𝑑 (C𝑚′
𝜅
, 𝜉) ⩽ 𝑑 (𝜚𝑚𝜅 , 𝜉) = 𝑑 (C𝑚𝜅 , 𝜉) = 𝑑.

But by the definition of 𝑑 (cf. §8.7) we necessarily have equality in the above inequality. Hence
𝜚 is also the 𝜉-Harder-Narasimhan point of 𝑚′

𝜅. Since 𝜉 − 𝜚 ∈ 𝔞+
𝑄0

∩ 𝔞𝐺
𝑇

, the parabolic subgroup
satisfying assertion (2) of Proposition 6.3.2 for 𝑚′

𝜅 is necessarily 𝑄0. The projection of 𝜚 onto
𝔞𝐺
𝐿

is therefore equal to the projection onto 𝔞𝐺
𝐿

of the convex hull of the points − deg(𝑚′
𝜅,𝑃

)
associated to the reductions 𝑚′

𝜅,𝑃
of 𝑚′

𝜅 to the subgroups 𝑃 ∈ P(𝑀) with 𝑃 ⊂ 𝑄0. In particular,
the projection of 𝜚 onto the line 𝔞𝐺

𝑄
equals the point − deg(𝑚′

𝜅,𝑄
), where 𝑚′

𝜅,𝑄
is a reduction of

𝑚′
𝜅 to 𝑄 (since 𝔞𝐺 = {0} as 𝐺 is semisimple). Assertion (B) also implies that this projection

equals − deg(𝑚𝜅,𝑄). Hence,
deg(𝑚′

𝜅,𝑄) = deg(𝑚𝜅,𝑄),
which, combined with assertion 3 of Lemma 8.16.6, gives

deg(𝑚′
𝜅,𝑄) = deg(𝑚′

𝜅,𝑄− ).
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Equivalently, by assertion 2 of Lemma 8.16.6,
(8.16.13) 𝐻𝑄− (( ℎ̄𝑣)𝑣∈𝑉 ) = 𝐻𝑄 (( ℎ̄𝑣)𝑣∈𝑉 ).
Lemma 8.16.7 below then implies that for every 𝑣 ∈ 𝑉 , we have
(8.16.14) ℎ̄𝑣 ∈ 𝑀𝑄 ((𝑧𝑣)) (𝜅)𝐺 [[𝑧𝑣]] (𝜅).

Now consider first the point 𝑣 = ∞𝜅. By condition 3 defining an admissible trivialization, we
have Ad(𝑔−1

∞ )𝑋 = 𝑡𝑎, hence
Ad(ℎ−1

∞ )𝑌 = 𝑡𝑎 .

Inequality (8.16.8) implies that 𝑌 = 𝑋̄ . Reducing modulo 𝜋
1
𝑟 , we obtain

Ad( ℎ̄−1
∞ ) 𝑋̄ = 𝑡𝑎 .

But 𝑋̄ and 𝑡𝑎 are conjugate by 𝑔̄∞ ∈ 𝐿 ((𝑧∞)) (𝜅) (cf. assertion 3 of Lemma 8.12.1). Hence,
we also have ℎ̄∞ ∈ 𝐿 ((𝑧∞)) (𝜅). Consequently, inequality (8.16.12) is strict for 𝑣 = ∞𝜅 and for
every 𝛼 ∈ Φ±.

Now suppose 𝑣 ≠ ∞𝜅. Also, suppose that there exists 𝛼 ∈ Φ− such that inequality (8.16.12)
is an equality, i.e.,

(8.16.15)
𝑗𝛼(𝜆)
𝑟

+ val𝜋 (𝑏𝛼,𝑣) = 0.

Let 𝑖 be the largest integer such that there exists 𝛼 ∈ Φ−
𝑖

satisfying (8.16.15). Then

(8.16.16) ℎ̄𝑣 ∈ 𝑥𝑣𝑁𝑖 ((𝑧𝑣)) (𝜅).
Comparing with (8.16.14), we deduce that
(8.16.17) ℎ̄𝑣 ∈ 𝑥𝑣𝑁𝑖 [[𝑧𝑣]] (𝜅).
For every 𝛼 ∈ Φ−

𝑖
, choose 𝑢𝛼 ∈ 𝜅 [[𝑧𝑣]] and define

𝑛 =
∏
𝛼∈Φ−

𝑖

𝜁𝛼 (𝑢𝛼),

where the one-parameter groups 𝜁𝛼 are those defined in (8.14.2). such that
ℎ̄𝑣𝑛 ∈ 𝑥𝑣𝑁𝑖+1 [[𝑧𝑣]] (𝜅).

Let 𝑛′ = 𝑧−1
𝑗
𝑛𝑧 𝑗 . Then,

𝑛′ = 𝜁𝛼
(
𝜋
𝑖 𝑗

𝑟 𝑢𝛼

)
.

Equality (8.16.15) implies that 𝑖 𝑗

𝑟
is a strictly positive integer. Consequently, 𝑛′ belongs to

𝑁𝑄 ((𝑧𝑣)) (𝑅) and its reduction modulo 𝜋 is trivial. Replacing 𝑔𝑣 by 𝑔𝑣𝑛′, we see that we reduce
to the case where

ℎ̄𝑣 ∈ 𝑥𝑣𝑁𝑖+1 [[𝑧𝑣]] (𝜅),
and by induction to the case where ℎ̄𝑣 = 𝑥𝑣. But in that case, inequality (8.16.12) is strict for
every 𝛼 ∈ Φ±. This completes the proof of Lemma 8.16.4. □

Now let (𝛽𝑅, (𝛼𝑅,𝑣)) be an admissible trivialization of 𝑚 satisfying the conditions of Lemma
8.16.4. Let (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be the triple deduced from 𝑚 via Proposition 7.3.1. Define

𝑗1 = min
(

min
𝛼∈Φ−

(
− 𝑟

𝛼(𝜆) val𝜋 (𝑋𝛼)
)
, min
𝑣∈𝑉,𝛼∈Φ−

(
− 𝑟

𝛼(𝜆) val𝜋 (𝑏𝛼,𝑣)
))
.

This is an integer satisfying 𝑗1 > 𝑗 , with
Ad(𝑧 𝑗1)𝑋 ∈ 𝔤(𝑅[𝐶𝑉 ])

and for every 𝑣 ∈ 𝑉 ,
𝑧 𝑗1𝑔𝑣𝑧

−1
𝑗1

∈ 𝐺 ((𝑧𝑣)) (𝑅).
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This is clearly the desired contradiction, and it completes the proof of Proposition 8.16.2. □

The following lemma was used in the previous proof (in the proof of Proposition 8.16.2).
Lemma 8.16.7. — Let𝑄 and𝑄− be two opposite parabolic subgroups in F 𝐺 . For every 𝑣 ∈ 𝑉 ,
let 𝑔𝑣 ∈ 𝐺 ((𝑧𝑣)) (𝜅). The equality
(8.16.18) 𝐻𝑄 ((𝑔𝑣)𝑣∈𝑉 ) = 𝐻𝑄− ((𝑔𝑣)𝑣∈𝑉 )
implies that for every 𝑣 ∈ 𝑉 , there exist 𝑚𝑣 ∈ 𝑀𝑄 ((𝑧𝑣)) (𝜅) and 𝑘𝑣 ∈ 𝐺 [[𝑧𝑣]] (𝜅) such that

𝑔𝑣 = 𝑚𝑣 𝑘𝑣 .

The proof of Lemma 8.16.7 will use the following lemma.
Lemma 8.16.8. — Let 𝐵 and 𝐵′ in F 𝐺 be two adjacent Borel subgroups. Let 𝛼 be the unique
root of 𝑇 in 𝐺 which is positive for 𝐵 and negative for 𝐵′. Let 𝜁𝛼 be an isomorphism from G𝑎
onto the root subgroup 𝑁𝛼 corresponding to the root 𝛼. For every 𝑔 ∈ 𝐺 ((𝑧)) (𝜅), there exist
𝑡 ∈ 𝑇 ((𝑧)) (𝜅), 𝑢 ∈ (𝑁𝐵 ∩ 𝑁𝐵′) (𝜅((𝑧))), 𝑥 ∈ 𝜅((𝑧)) and ℎ ∈ 𝐺 [[𝑧]] (𝜅) such that 𝑔 = 𝑡𝑢𝜁𝛼 (𝑥)ℎ.
For any such decomposition, we have

𝐻𝐵′ (𝑔) − 𝐻𝐵 (𝑔) = sup(− val(𝑥), 0) 𝛼∨.

Proof. — This lemma is well known. We give the proof for the reader’s convenience. The
existence of the decomposition of 𝑔 follows from the Iwasawa decomposition and from the
equality 𝑁𝐵 = (𝑁𝐵 ∩ 𝑁𝐵′)𝑁𝛼. With the notations of the statement, write 𝑔 = 𝑡𝑢𝜁𝛼 (𝑥)ℎ. We
have

𝐻𝐵′ (𝑔) − 𝐻𝐵 (𝑔) = 𝐻𝐵′ (𝜁𝛼 (𝑥)).
If val(𝑥) ⩾ 0, then 𝐻𝐵′ (𝜁𝛼 (𝑥)) = 0. Suppose now that val(𝑥) < 0. The following equality in
𝑆𝐿2((𝑧)) (𝜅) (

1 𝑥

0 1

)
=

(
𝑥 0
0 𝑥−1

) (
1 0
𝑥 1

) (
𝑥−1 1
−1 0

)
shows that

𝜁𝛼 (𝑥) ∈ 𝛼∨(𝑥) 𝑁𝐵′ ((𝑧)) (𝜅)𝐺 [[𝑧]] (𝜅)
and hence

𝐻𝐵′ (𝜁𝛼 (𝑥)) = 𝐻𝐵′ (𝛼∨(𝑥)) = − val(𝑥)𝛼∨,
which is what had to be proved. □

We can now prove Lemma 8.16.7.
Proof. — Let us first treat the case where 𝑉 = {𝑣} is a singleton. To lighten the notations,
we omit the index 𝑣. Let 𝑔 ∈ 𝐺 ((𝑧)) (𝜅). We shall show that −𝐻𝑄 (𝑔) + 𝐻𝑄− (𝑔) is a sum with
positive coefficients of coroots 𝛼∨ in Δ∨

𝑄
, and that this sum is zero if and only if there exist

𝑚 ∈ 𝑀𝑄 ((𝑧)) (𝜅) and 𝑘 ∈ 𝐺 [[𝑧]] (𝜅) such that 𝑔 = 𝑚𝑘 . By the Iwasawa decomposition, we
may and do assume that 𝑔 ∈ 𝑁𝑄 ((𝑧)) (𝜅).

Let 𝐵 ⊂ 𝑄 and 𝐵− ⊂ 𝑄− be two opposite Borel subgroups of F 𝐺 . Let 𝑛 = |Φ𝐺 |/2 and let
𝐵0 = 𝐵, 𝐵1, . . . , 𝐵𝑛 = 𝐵− be a minimal chain of Borel subgroups of F 𝐺 such that 𝐵𝑖 and 𝐵𝑖+1
are adjacent for 0 ⩽ 𝑖 < 𝑛. By Lemma 8.16.8, the difference

𝐻𝐵− (𝑔) − 𝐻𝐵 (𝑔) =
𝑛−1∑︁
𝑖=0

(
𝐻𝐵𝑖+1 (𝑔) − 𝐻𝐵𝑖 (𝑔)

)
is a linear combination with positive coefficients of coroots of 𝑇 in 𝐵. Since 𝐻𝑄− (𝑔) − 𝐻𝑄 (𝑔)
is the image of 𝐻𝐵− (𝑔) − 𝐻𝐵 (𝑔) under the canonical morphism 𝔞𝐵 → 𝔞𝑄 , the difference
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𝐻𝑄− (𝑔) − 𝐻𝑄 (𝑔) is a linear combination with positive coefficients of elements of Δ∨
𝑄

. Suppose
from now on that

𝐻𝑄− (𝑔) − 𝐻𝑄 (𝑔) = 0.
Number the roots (𝛼𝑖)1⩽𝑖⩽𝑛 of 𝑇 in 𝐵 so that for every 0 ⩽ 𝑖 < 𝑛

Φ𝐵 ∩Φ𝐵𝑖 = {𝛼𝑖+1, . . . , 𝛼𝑛}.
Let 𝐼 ⊂ {1, . . . , 𝑛} be such that Φ𝑁𝑄 = {𝛼𝑖 | 𝑖 ∈ 𝐼}. For every 𝑖 ∈ 𝐼 we therefore have
(8.16.19) 𝐻𝐵𝑖 (𝑔) − 𝐻𝐵𝑖−1 (𝑔) = 0.
For every 1 ⩽ 𝑖 ⩽ 𝑛, let 𝜁𝑖 be an isomorphism from G𝑎 onto the root subgroup corresponding to
the root 𝛼𝑖. We have assumed 𝑔 ∈ 𝑁𝑄 ((𝑧)) (𝜅). There therefore exist 𝑥𝑖 ∈ 𝜅((𝑧)) for 1 ⩽ 𝑖 ⩽ 𝑛

such that 𝑥𝑖 = 0 if 𝑖 ∉ 𝐼 and
𝑔 = 𝜁𝑛 (𝑥𝑛)𝜁𝑛−1(𝑥𝑛−1) · · · 𝜁1(𝑥1).

Note that for 1 ⩽ 𝑖 < 𝑛 we have
𝜁𝑛 (𝑥𝑛)𝜁𝑛−1(𝑥𝑛−1) · · · 𝜁𝑖+1(𝑥𝑖+1) ∈ (𝑁𝐵𝑖 ∩ 𝑁𝐵𝑖−1) (𝜅((𝑧))).

Using Lemma 8.16.8 and equality (8.16.19), one sees by induction on 𝑖 that val(𝑥𝑖) ⩾ 0 for
every 1 ⩽ 𝑖 ⩽ 𝑛. In particular 𝑔 ∈ 𝑁𝑄 [[𝑧]] (𝜅), as desired. This concludes the proof when 𝑉 is
a singleton.

Let us return to the general case of a finite nonempty set 𝑉 . We have just seen that for every
𝑣 ∈ 𝑉 the difference −𝐻𝑄 (𝑔𝑣) +𝐻𝑄− (𝑔𝑣) is a combination with positive coefficients of elements
of Δ𝑄 . It follows that the equality

𝐻𝑄 ((𝑔𝑣)𝑣∈𝑉 ) = 𝐻𝑄− ((𝑔𝑣)𝑣∈𝑉 )
holds if and only if for every 𝑣 ∈ 𝑉

𝐻𝑄 (𝑔𝑣) = 𝐻𝑄− (𝑔𝑣).
We are thus reduced to the singleton case. □

8.17. Where the Contradiction is Obtained. — For every integer 𝑛, let
𝑅𝑛 = 𝑅/𝜋𝑛𝑅.

Let 𝑛 ⩾ 1 be an integer. Let (𝛽𝑅, 𝛼𝑅,𝑣) be an admissible trivialization of 𝑚 satisfying
(8.17.1) 𝑗 (𝛽𝑅, 𝛼𝑅,𝑣) ⩾ 𝑛,

(cf. Proposition 8.16.2). Let (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝑡) be the triple associated to 𝑚 and this trivialization
via Proposition 7.3.1. Let (𝑋𝑛, (𝑔𝑛,𝑣)𝑣∈𝑉 , 𝑡𝑛) be the triple obtained by reduction modulo 𝜋𝑛. This
triple satisfies the following:

1. 𝑋𝑛 ∈ 𝔮(𝑅𝑛 [𝐶𝑉 ]);
2. For every 𝑣 ∈ 𝑉 , 𝑔𝑛,𝑣 ∈ 𝑄((𝑧𝑣)) (𝑅𝑛);
3. Ad(𝑔𝑛,∞)−1𝑋𝑛 = 𝑡𝑎,𝑛, where 𝑡𝑎,𝑛 is the reduction modulo 𝜋𝑛 of 𝑡𝑎.
From this triple, by Proposition 7.3.1 applied to the group 𝑄, one deduces a triple 𝑚𝑄,𝑛 =

(E𝑄,𝑛, 𝜃𝑄,𝑛, 𝑡𝑛) consisting of a 𝑄-bundle E𝑄,𝑛 over
𝐶𝑛 = 𝐶 ×𝑘 𝑅𝑛,

with a section 𝜃𝑄,𝑛 of Ad𝐷 (E𝑄,𝑛) such that 𝜒𝑄 (𝜃𝑄,𝑛 (∞𝑅𝑛)) = 𝜒𝑄 (𝑡𝑛). Moreover, this triple is a
reduction to 𝑄 of the point 𝑚𝑛 ∈ M(𝑅𝑛) obtained by base change to 𝑅𝑛.

The algorithm used in the proof of Proposition 8.16.2 consists of conjugating 𝑋 (and trans-
lating 𝑔𝑣 on the right accordingly), respectively translating 𝑔𝑣 on the left, by elements of the
form 𝜁𝛼 (𝑢𝛼) (where 𝑢𝛼 ∈ 𝑅[𝐶𝑉 ], respectively in 𝑅((𝑧𝑣)), with 𝜋-adic valuation at least 𝑛), so
as to obtain a triple (𝑋′, (𝑔′𝑣)𝑣∈𝑉 , 𝑡) associated to an admissible trivialization whose associated
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𝑗 is greater than 𝑛 + 1. In particular, the reduction modulo 𝜋𝑛 of (𝑋′, (𝑔′𝑣)𝑣∈𝑉 , 𝑡) is equal to
(𝑋𝑛, (𝑔𝑛,𝑣)𝑣∈𝑉 , 𝑡𝑛). Let (𝑋𝑛+1, (𝑔𝑛+1,𝑣)𝑣∈𝑉 , 𝑡𝑛+1) be the reduction modulo 𝜋𝑛+1 of (𝑋′, (𝑔′𝑣)𝑣∈𝑉 , 𝑡).
Let𝑚𝑄,𝑛+1 = (E𝑄,𝑛+1, 𝜃𝑄,𝑛+1, 𝑡𝑛+1) be the reduction to𝑄 of𝑚𝑛+1 ∈ M(𝑅𝑛+1) deduced as above.
The base change of 𝑚𝑄,𝑛+1 to 𝐶𝑛 recovers 𝑚𝑄,𝑛.

By induction, we obtain for every integer 𝑛 a reduction 𝑚𝑄,𝑛 = (E𝑄,𝑛, 𝜃𝑄,𝑛, 𝑡𝑛) to 𝑄 of the
point 𝑚𝑛 = (E𝑛, 𝜃𝑛, 𝑡𝑛) ∈ M(𝑅𝑛) deduced from 𝑚 ∈ M(𝑅) by base change, such that the image
of 𝑚𝑛+1 in M(𝑅𝑛) is isomorphic to 𝑚𝑛. The 𝑄-equivariant morphism

E𝑄,𝑛 → E𝑄,𝑛 ×𝐺𝑘 𝑄 ≃ E𝑛
induces, after taking the quotient, a section

𝜎𝑛 : 𝐶𝑛 → E𝑛/𝑄.
When 𝑛 varies, the sections obtained form a commutative diagram

E𝑛/𝑄 // E𝑛+1/𝑄

𝐶𝑛 //

𝜎𝑛

OO

𝐶𝑛+1

𝜎𝑛+1

OO

where the horizontal morphisms are the canonical transition maps. They form an inductive
system 𝜎̂ = (𝜎𝑛)𝑛⩾1. Let

𝐶̂ = lim−−→
𝑛

𝐶𝑛

and �E/𝑄 = lim−−→
𝑛

E𝑛/𝑄.

The inductive system 𝜎̂ gives an element, still denoted 𝜎̂, in

HomSpf (𝑅) (𝐶̂,�E/𝑄).
Since 𝐶𝑅 is proper over Spec(𝑅) and E/𝑄 is separated and of finite type over Spec(𝑅), by
Grothendieck’s algebraization theorem (Theorem 5.4.1 of [Gro61]), the natural map

HomSpec(𝑅) (𝐶𝑅, E/𝑄) → HomSpf (𝑅) (𝐶̂,�E/𝑄)
is a bijection. Therefore, there exists 𝜎 ∈ HomSpec(𝑅) (𝐶𝑅, E/𝑄) which maps to 𝜎̂ under the
above bijection. By again using the algebraization theorem, we see that 𝜎 is in fact a section of
E/𝑄. Let E𝑄 be the 𝑄-bundle over 𝐶𝑅 defined by

E𝑄 = 𝐶𝑅 ×𝜎,E/𝑄 E .
By construction, E𝑄 is a reduction of E to 𝑄.

Let �Ad𝐷 (E𝑄) = lim−−→
𝑛

Ad𝐷 (E𝑄,𝑛).

For every integer 𝑛 ⩾ 1, the section 𝜃𝑛 of Ad𝐷 (E𝑛) factors through the section 𝜃𝑄,𝑛 of Ad𝐷 (E𝑄,𝑛).
By construction, the sections 𝜃𝑛 form an inductive system and hence an element, denoted 𝜃, in

HomSpf (𝑅) (𝐶̂, �Ad𝐷 (E𝑄)).
By the aforementioned algebraization theorem, it follows that 𝜃 factors through a section 𝜃𝑄 of
Ad𝐷 (E𝑄).

By construction, the reduction modulo 𝜋𝑛 of 𝜒𝑄 (𝜃𝑄) (∞𝑅) equals 𝜒𝑄 (𝜃𝑄,𝑛) (∞𝑅𝑛) = 𝜒𝑄 (𝑡𝑛).
It follows that

𝜒𝑄 (𝜃𝑄) (∞𝑅) = 𝜒𝑄 (𝑡).
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Therefore, the triple 𝑚𝑄 = (E𝑄 , 𝜃𝑄 , 𝑡) is a reduction of 𝑚 to 𝑄. Let 𝑚𝑄,𝐾 and 𝑚𝑄,𝜅 be the
reductions to𝑄 of 𝑚𝐾 and 𝑚𝜅, respectively, obtained by base change. By the flatness of E𝑄 over
𝐶𝑅, we have

deg(𝑚𝑄,𝐾) = deg(𝑚𝑄,𝜅).
But 𝑚𝐾 is 𝜉-semistable; hence,

𝜉 ∈ − deg(𝑚𝑄,𝐾) − +𝔞𝑄 + 𝔞
𝑄

𝑇
.

In Paragraph 8.8, we introduced the parabolic subgroup𝑄0 ⊂ 𝑄 which satisfies 𝜉 − 𝜚 ∈ 𝔞+
𝑄0

and
𝜚 ∈ − deg(𝑚𝑄0,𝜅) + 𝔞

𝑄0
𝑇

. Therefore,

𝜉 ∈ − deg(𝑚𝑄0,𝜅) + 𝔞+𝑄0
+ 𝔞

𝑄0
𝑇
.

It follows that

𝜉 ∈
(
− deg(𝑚𝑄,𝐾) − +𝔞𝑄 + 𝔞

𝑄

𝑇

)
∩

(
− deg(𝑚𝑄0,𝜅) + 𝔞+𝑄0

+ 𝔞
𝑄0
𝑇

)
.

Since deg(𝑚𝑄,𝐾) = deg(𝑚𝑄,𝜅), we deduce that(
− +𝔞𝑄 + 𝔞

𝑄

𝑇

)
∩

(
𝔞+𝑄0

+ 𝔞
𝑄0
𝑇

)
≠ ∅.

Projecting onto 𝔞𝑄 , we find
−+𝔞𝑄 ∩ 𝔞+𝑄 ≠ ∅,

which is impossible (see the end of §8.7). This is the desired contradiction.

9. Separation of the Morphism 𝑓 𝜉

9.1. Statement. — The aim of this section is to prove the following theorem.
Theorem 9.1.1. — Suppose 𝐺 is semisimple. For every 𝜉 ∈ 𝔞𝑇 , the morphism

𝑓 𝜉 : M𝜉 → A
is separated.

Remark. — The statement and the proof of Theorem 9.1.1 are inspired by a theorem of Langton
(cf. [Lan75, §3, Theorem]). Faltings gave a proof of Theorem 9.1.1 for 𝜉 = 0 and when the
base field is of characteristic zero (cf. [Fal93, Theorem II.4]).

In all that follows, we suppose 𝐺 semisimple. By the valuative criterion of separation, it is
equivalent to prove the following statement.
Proposition 9.1.2. — Let 𝜅 be an algebraically closed extension of 𝑘 . Let 𝑅 be a complete
discrete valuation ring, with fraction field 𝐾 and residue field 𝜅. Let 𝑚 and 𝑚′ be two elements
of M𝜉 (𝑅), and let 𝑚𝐾 and 𝑚′

𝐾
be the elements of M𝜉 (𝐾) deduced from them by base change.

Suppose that these objects satisfy the following two conditions:
– 𝑓 𝜉 (𝑚) = 𝑓 𝜉 (𝑚′);
– there exists an isomorphism 𝜙𝐾 : 𝑚′

𝐾
→ 𝑚𝐾 .

Then there exists a unique isomorphism 𝜙 : 𝑚′ → 𝑚 which extends 𝜙𝐾 .

9.2. Where We Reduce to a Problem on a Trait. — In all that follows, let 𝑚 = (E, 𝜃, 𝑡)
and 𝑚′ = (E′, 𝜃′, 𝑡) be two triples in M𝜉 (𝑅) such that 𝑓 𝜉 (𝑚) = 𝑓 𝜉 (𝑚′). Let 𝑚𝐾 = (E𝐾 , 𝜃𝐾 , 𝑡)
and 𝑚′

𝐾
= (E′

𝐾
, 𝜃′
𝐾
, 𝑡) be the triples of M𝜉 (𝐾) deduced from them by base change. Let

𝜙𝐾 : 𝑚′
𝐾
→ 𝑚𝐾 be an isomorphism. We again denote by 𝜙𝐾 the underlying 𝐺-equivariant

isomorphism
𝜙𝐾 : E′

𝐾 → E𝐾 .
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The isomorphism deduced from it
Ad𝐷 (𝜙𝐾) : Ad𝐷 (E′

𝐾) → Ad𝐷 (E𝐾)
sends 𝜃′

𝐾
to 𝜃𝐾 . We seek to extend 𝜙𝐾 to a 𝐺-equivariant isomorphism

𝜙 : E′ → E
in such a way that the isomorphism deduced from it

Ad𝐷 (𝜙) : Ad𝐷 (E′) → Ad𝐷 (E)
sends 𝜃′ to 𝜃. Let 𝜋 be a uniformizer of 𝑅 and let 𝐵 be the local ring of 𝐶𝑅 at the point of
codimension 1 defined by the ideal (𝜋). It is therefore a discrete valuation ring whose residue
field is the function field 𝜅(𝐶) of the curve 𝐶𝜅 and whose fraction field is the function field 𝐹 of
the curve 𝐶𝐾 .
Lemma 9.2.1. — In order for 𝜙𝐾 to extend to 𝐶𝑅 = 𝐶 ×𝑘 𝑅 it is necessary and sufficient that it
extend to Spec(𝐵). Moreover, such extensions, if they exist, are unique.
Proof. — A 𝐺-equivariant isomorphism from E′ onto E is nothing but a global section of the
𝐶𝑅-scheme

Isom𝐺 (E′, E) = (E′ ×𝐶𝑅 E)/𝐺
where 𝐺 acts diagonally on the right on E′ ×𝐶𝑅 E. The isomorphism 𝜙𝐾 defines a section 𝜎𝐾
of Isom𝐺 (E′, E) over 𝐶𝐾 . Any extension of this section to 𝐶𝑅 is necessarily unique, whence
the uniqueness in the statement. Suppose that 𝜙𝐾 extends to Spec(𝐵). The section 𝜎𝐾 then
extends to Spec(𝐵), and consequently to an open subset of 𝐶𝑅 which contains all the points of
codimension ⩽ 1. Since Isom𝐺 (E′, E) is affine over 𝐶𝑅 — it is even a torsor under Aut𝐺 (E) —
such a section extends automatically to 𝐶𝑅 (cf. [Gro67, Corollary 20.4.12]). □

Note that if 𝜙𝐾 extends to an isomorphism 𝜙, the isomorphism Ad𝐷 (𝜙) necessarily sends 𝜃′
to 𝜃, since the sections Ad𝐷 (𝜙) (𝜃′) and 𝜃, which coincide on an open subset of 𝐶𝑅, are in fact
equal.
9.3. Study on the Trait Spec(𝐵). — For every finite extension 𝐾′ of 𝐾 , let 𝑅′ be the integral
closure of 𝑅 in 𝐾′. Let 𝐹′ be the function field of the relative curve 𝐶𝑅′ = 𝐶 ×𝑘 𝑅′ and let 𝐵′ be
the integral closure of 𝐵 in 𝐹′. In the proof of Lemma 9.2.1, we saw that 𝜙𝐾 is interpreted as a
section of the affine 𝐶𝑅-scheme Isom𝐺 (E′, E), and that extending 𝜙𝐾 amounts to extending this
section to Spec(𝐵). Since 𝐵 is normal, 𝜙𝐾 extends to Spec(𝐵) if and only if the base change of
𝜙𝐾 to 𝐾′ extends to 𝐵′. In what follows, we may always, if need be, replace 𝐾 by 𝐾′.

Let (𝑎, 𝑡) ∈ A𝐺 (𝑅) be defined by (𝑎, 𝑡) = 𝑓 𝜉 (𝑚). Let 𝑡𝑎 ∈ 𝔱𝐺- reg [[𝑧∞]] (𝑅) be the unique
element whose characteristic is the restriction of 𝑎 to Spec(𝑅[[𝑧∞]]) and whose reduction
modulo 𝑧∞ is 𝑡.

Let 𝑀 ⊂ 𝐿 be the two Levi subgroups in L such that (𝑎, 𝑡) belongs, in the generic fiber,
to 𝜒𝐿

𝐺
(A𝐿,ell(𝐾)) and, in the special fiber, to 𝜒𝑀

𝐺
(A𝑀,ell(𝜅)) (cf. Proposition 3.6.2). Let

(𝑎𝐿 , 𝑡) ∈ A𝐿 (𝑅) be the unique point such that (𝑎, 𝑡) = 𝜒𝐿
𝐺
((𝑎𝐿 , 𝑡)) (cf. Proposition 3.5.1).

Lemma 9.3.1. — After possibly replacing 𝐾 by a large enough finite extension 𝐾′ and 𝑅 by 𝑅′,
we are in the following situation:

1. there exists a point 𝑋 ∈ 𝔩(𝐵) which satisfies:
(a) 𝜒𝐿 (𝑋) coincides with 𝑎𝐿 on Spec(𝐵);
(b) the reduction 𝑋̄ of 𝑋 modulo 𝜋 belongs to 𝔪(𝜅(𝐶)) and is conjugate to the reduction

modulo 𝜋 of 𝑡𝑎 by an element of 𝑀 ((𝑧∞)) (𝜅);
2. there exist trivializations of the 𝐺-torsors E and E′ over Spec(𝐵) such that the trivializa-

tions of Ad𝐷 (E) and Ad𝐷 (E′) deduced from them send 𝜃 and 𝜃′ to 𝑋 .
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Proof. — The Kostant section shows that a point 𝑋 ∈ 𝔩(𝐵) satisfying (1)(a) exists. By
Proposition 3.9.1 and Lemma 3.8.1, we may suppose that, after possibly conjugating 𝑋 by an
element of 𝐿 (𝜅(𝐶)), assertion (1)(b) is also satisfied.

If the extension 𝐾′ is large enough, the torsors E and E′ are trivial over Spec(𝐵′) (Theorem
2 of [DS95]). After possibly replacing 𝑅 by 𝑅′, we may suppose that the torsors E and E′

are trivial over Spec(𝐵) and even, by Lemma 9.3.2 below, that there exist trivializations which
satisfy assertion (2). □

Lemma 9.3.2. — Let 𝑎 ∈ 𝔠𝔞𝔯reg(𝐵). Let 𝑋 and 𝑌 be two elements of 𝔤(𝐵) such that
𝜒𝐺 (𝑋) = 𝜒𝐺 (𝑌 ).

There exists a finite extension 𝐾′ of 𝐾 such that 𝑋 and 𝑌 are conjugate by an element of 𝐺 (𝐵′),
where 𝐵′ is the integral closure of 𝐵 in the function field of 𝐶𝐾 ′ .
Proof. — For every 𝐵-algebra 𝐴, let

𝑇 (𝐴) = {𝑔 ∈ 𝐺 (𝐴) | Ad(𝑔)𝑋 = 𝑌 }.
Recall that the fraction field of 𝐵 is the function field 𝐹 of 𝐶𝐾 and that its residue field is the
function field 𝜅(𝐶) of 𝐶𝜅. By Lemma 3.8.1, the set 𝑇 (𝜅(𝐶)) is nonempty and, after possibly
replacing 𝐾 by a finite extension, we may suppose that the same holds for 𝑇 (𝐹). We deduce
that the functor 𝑇 is represented by a torsor, still denoted 𝑇 , under the group scheme 𝑇𝑋 which
centralizes 𝑋 . Now, in view of the hypothesis 𝑎 ∈ 𝔠𝔞𝔯reg(𝐵), this group scheme is a torus
scheme. Since the torsor 𝑇 is trivial in the generic fiber Spec(𝐹), it is trivial globally (cf. for
example [CS78, Proposition 2.2]). It therefore possesses a section over Spec(𝐵). □

From now on we fix 𝑋 ∈ 𝔤(𝐵) and trivializations of E and E′ over Spec(𝐵) which satisfy the
assertions of Lemma 9.3.1. We then obtain a trivialization of 𝜙𝐾 which is identified with left
translation by an element 𝛿 ∈ 𝐺 (𝐹) which satisfies

Ad(𝛿−1)𝑋 = 𝑋.

It follows from Lemma 9.2.1 and the above considerations that we have the following lemma.
Lemma 9.3.3. — The morphism 𝜙𝐾 extends if and only if 𝛿 ∈ 𝐺 (𝐵).

Since the restriction of 𝑎 defines an element of 𝔠𝔞𝔯reg(𝐵), the reduction modulo 𝜋 of 𝑋 is still
regular semisimple. The centralizer of 𝑋 in 𝐺 ×𝑘 𝐵 is therefore a torus scheme over 𝐵. Since
𝐵 is normal, it is known that such a torus scheme is isotrivial. In other words, the torus 𝑇𝑋,𝐹
splits over a separable and unramified extension. We deduce that there exist 𝜆 ∈ 𝑋∗(𝑇𝑋) and an
element ℎ ∈ 𝑇𝑋 (𝐹) ∩ 𝐺 (𝐵) such that

𝛿 = 𝜆(𝜋)ℎ.
Since ℎ ∈ 𝐺 (𝐵) centralizes 𝑋 , we may compose the trivialization of E with ℎ without affecting
condition (2) of Lemma 9.3.1. After possibly changing the trivialization, we may and shall
suppose that ℎ = 1. Note that 𝜆 is necessarily fixed under Gal(𝐹𝑠/𝐹). The characteristic 𝜒𝐿 (𝑋)
is equal to the restriction of 𝑎𝐿 to Spec(𝐵). Since (𝑎𝐿 , 𝑡) defines, in the generic fiber, a point of
A𝐿,ell(𝐾), the torus 𝑇𝑋,𝐹 is an elliptic 𝐹-subtorus of 𝐿 (cf. Corollary 3.9.2 and Lemma 3.8.1),
which translates into the equality

𝑋∗(𝑇𝑋)Gal(𝐹𝑠/𝐹) = 𝑋∗(𝐴𝐿)
where 𝐴𝐿 is the connected center of 𝐿. Thus 𝜆 ∈ 𝑋∗(𝐴𝐿). The following lemma, combined
with Lemma 9.3.3, shows the existence of the extension of 𝜙𝐾 .
Lemma 9.3.4. — Under the above hypotheses, we have 𝜆 = 0.
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9.4. Proof of Lemma 9.3.4. — We continue with the notations of the previous paragraph.
Note first that the lemma is obvious if 𝐿 = 𝐺, since in that case 𝑋∗(𝐴𝐺) = 0. In what follows,
we therefore suppose that 𝐿 ≠ 𝐺. We argue by contradiction, supposing 𝜆 ≠ 0, and we seek a
contradiction. Let 𝑃, respectively 𝑃̄, be the parabolic subgroup in F (𝐿) defined by the following
condition: the roots 𝛼 of 𝑇 in 𝑃 satisfy the inequality 𝛼(𝜆) ⩾ 0, respectively 𝛼(𝜆) ⩽ 0. These
subgroups are opposite, in the sense that the intersection 𝑃 ∩ 𝑃̄ is a common Levi subgroup.
Note that this intersection contains the Levi subgroup 𝑀 defined in §9.3, and that these parabolic
subgroups are proper since 𝜆 is not zero. Let 𝑟 be the largest integer 𝛼(𝜆) as 𝛼 runs over the set
Φ𝐺
𝑇

of roots of 𝑇 in 𝐺. Let
𝔤 =

⊕
𝛼∈𝑋∗ (𝑇)

𝔤𝛼

be the decomposition of 𝔤 into eigenspaces for the action of 𝑇 . For every integer 𝑖 satisfying
−𝑟 ⩽ 𝑖 ⩽ 𝑟, let

𝔤𝑖 =
⊕

{𝛼∈𝑋∗ (𝑇) |𝛼(𝜆)=𝑖}
𝔤𝛼

and
𝔤+ =

⊕
{−𝑟<𝑖⩽𝑟}

𝔤𝑖 .

The subspaces 𝔤+ and 𝔤𝑟 are stable under 𝑃, and 𝔤−𝑟 is stable under 𝑃̄.
The inclusion

(9.4.1) 𝜋𝑟 Ad(𝜆(𝜋))𝔤(𝐵) ⊂ 𝔤(𝐵)
is an inclusion between two sub-𝐵-modules of 𝔤(𝐹), free and of maximal rank, each of which
provides an extension to 𝐶𝑅 of the vector bundle Ad𝐷 (E𝐾) over 𝐶𝐾 (cf. [Lan75, Proposition
6]). The one associated to 𝔤(𝐵) is none other than Ad𝐷 (E), and we denote the other by V. In
what follows, we denote by E𝜅 and V𝜅 the 𝐺-torsor and the vector bundle over 𝐶𝜅 = 𝐶 ×𝑘 𝜅
deduced from E and V by base change. From the inclusion (9.4.1) we deduce a morphism of
vector bundles
(9.4.2) V → Ad𝐷 (E).
Let W and Q be the kernel and the image of the morphism V𝜅 → Ad𝐷 (E𝜅). Note that W is
locally a direct factor of V𝜅. This is not the case for Q, which is simply a locally free subsheaf
of Ad𝐷 (E𝜅). We have

deg(V𝜅) = 0.
Indeed, by flatness we have deg(V𝜅) = deg(V𝐾), and on the other hand deg(V𝐾) =

deg(Ad𝐷 (E𝐾)) = 0. Since deg(V𝜅) = 0, we have
(9.4.3) deg(W) = − deg(Q).

Let
Ad𝐷 (E′) → V

be the unique isomorphism which, in the generic fiber, is the composite of the isomorphism
Ad𝐷 (𝜙𝐾) : Ad𝐷 (E′

𝐾) → Ad𝐷 (E𝐾)
with the homothety of ratio 𝜋𝑟 , and which on Spec(𝐵) coincides with the isomorphism

𝔤(𝐵) → 𝜋𝑟 Ad(𝜆(𝜋))𝔤(𝐵)
given by 𝜋𝑟 Ad(𝜆(𝜋)). Composing this isomorphism with the morphism V → Ad𝐷 (E) defined
in (9.4.2), we obtain a morphism of vector bundles over 𝐶𝑅
(9.4.4) Ad𝐷 (E′) → Ad𝐷 (E),
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which gives, in the special fiber, a morphism
(9.4.5) Ad𝐷 (E′

𝜅) → Ad𝐷 (E𝜅),
whose kernel we denote by W′. By construction, we have W′ ≃ W and the image of this
morphism is the vector bundle Q. In view of (9.4.3), we have
(9.4.6) deg(W′) = − deg(Q).

We fixed in §9.3 trivializations ofE andE′ over Spec(𝐵) which satisfy the assertions of Lemma
9.3.1. Through these choices, the parabolic subgroup 𝑃 of 𝐺 defines a generic reduction of E′

𝜅

to 𝑃 which extends automatically to a reduction, denoted E′
𝑃,𝜅

, of E′
𝜅 to 𝑃 over 𝐶𝜅. Likewise, we

denote by E𝑃̄,𝜅 the reduction of E𝜅 to 𝑃̄ which extends the generic reduction given by 𝑃̄ ⊂ 𝐺.
Lemma 9.4.1. — With the above notations, we have:

1. an equality E′
𝑃,𝜅

×𝑃,Ad
𝑘

𝔤+ = W′;
2. an injection Q ↩→ E𝑃̄,𝜅 ×𝑃̄,Ad

𝑘
𝔤−𝑟 between vector bundles of the same rank.

Proof. — Since E′
𝑃,𝜅

×𝑃,Ad
𝑘

𝔤+ and W′ are vector subbundles of Ad𝐷 (E′
𝜅), it suffices to check

1 at the generic point of 𝐶𝜅. Likewise, since Q and E𝑃̄,𝜅 ×𝑃̄,Ad
𝑘

𝔤−𝑟 are locally free subsheaves
of Ad𝐷 (E𝜅), and since E𝑃̄,𝜅 ×𝑃̄,Ad

𝑘
𝔤−𝑟 is even locally a direct factor, it suffices to check 2 at the

generic point of 𝐶𝜅. Now, in the trivializations of E and E′ over Spec(𝐵) that we fixed in §9.3,
the morphism (9.4.4) is the morphism 𝔤(𝐵) → 𝔤(𝐵) given by 𝜋𝑟 Ad(𝜆(𝜋)). In particular, upon
reduction modulo 𝜋, this morphism is the projection of 𝔤(𝜅(𝐶)) onto 𝔤−𝑟 (𝜅(𝐶)) with kernel
𝔤+(𝜅(𝐶)). The lemma is then clear. □

Lemma 9.4.2. — Let 𝜇 ∈ 𝑋∗(𝑃) be the determinant of the adjoint action of 𝑃 on 𝔤+. We have
the inequality
(9.4.7) deg(𝜇(E′

𝑃,𝜅)) ⩾ deg(𝜇(E𝑃̄,𝜅)).

Remark. — The character 𝜇 is a highest weight in the representation of 𝐺 on
∧dim(𝔤+) 𝔤. It is

therefore written in the basis Δ̂𝑃 with positive coefficients, at least one of which is nonzero.
Proof. — By assertion (1) of Lemma 9.4.1, we have

deg(W′) = deg(E′
𝑃,𝜅 ×

𝑃,Ad
𝑘

𝔤+) = deg(𝜇(E′
𝑃,𝜅)).

By assertion (2) of Lemma 9.4.1, we have

deg(Q) ⩽ deg(E𝑃̄,𝜅 ×𝑃̄,Ad
𝑘

𝔤−𝑟) = − deg(𝜇(E𝑃̄,𝜅)).
We may then conclude, since deg(W′) = − deg(Q) (cf. (9.4.6)). □

We defined in §9.3 a Levi subgroup 𝑀 . Since 𝑃 and 𝑃̄ both contain 𝑀 , it follows from
Proposition 4.10.1 and from its proof that the torsors E′

𝑃,𝜅
and E𝑃̄,𝜅 are the first factors of triples

𝑚′
𝑃,𝜅

and 𝑚𝑃̄,𝜅 which are reductions to 𝑃 and 𝑃̄ of 𝑚′
𝜅 and 𝑚𝜅. Now, by hypothesis, these Hitchin

triples are 𝜉-stable. We therefore have, on the one hand,
𝜉 ∈ − deg(𝑚′

𝑃,𝜅) − +𝔞𝑃 + 𝔞𝑀𝑇

(recall that 𝔞𝐺 = {0} since 𝐺 is semisimple), whence (cf. the remark following Lemma 9.4.2)
𝜇(𝜉) < −𝜇(deg(𝑚′

𝑃,𝜅)) = − deg(𝜇(E′
𝑃,𝜅))

and, on the other hand,
𝜉 ∈ − deg(𝑚𝑃̄,𝜅) − +𝔞𝑃̄ + 𝔞𝑀𝑇
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which implies the inequality
−𝜇(𝜉) < 𝜇(deg(𝑚𝑃̄,𝜅)) = deg(𝜇(E𝑃̄,𝜅)).

We therefore have
deg(𝜇(E′

𝑃,𝜅)) < −𝜇(𝜉) < deg(𝜇(E𝑃̄,𝜅))
which contradicts inequality (9.4.7) of Lemma 9.4.2. This was the contradiction sought at the
beginning of this paragraph.

10. M𝜉 is a Deligne–Mumford Stack

10.1. Statement. — The object of this section is to prove the following theorem.
Theorem 10.1.1. — For every semisimple group 𝐺 and every parameter 𝜉 in general position
(cf. Definition 6.1.3), the stack M𝜉

𝐺
is a Deligne–Mumford stack.

The proof is to be found in the following paragraph.
10.2. Proof. — We fix a semisimple group 𝐺 and a parameter 𝜉 in general position. Let
(E, 𝜃, 𝑡) ∈ M𝜉 (𝑘) and let Aut𝐺 (E, 𝜃) be the group subscheme of Aut𝐺 (E) which centralizes
𝜃. The functor which associates to a 𝑘-scheme 𝑆 the group of sections over 𝐶 ×𝑘 𝑆 of the
group scheme Aut𝐺 (E, 𝜃) ×𝑘 𝑆 is represented by a group scheme over 𝑘 . It remains to see
that this group is unramified, or again, by a differential criterion, that its tangent space over 𝑘
is trivial. Now this tangent space admits the following description: it is the space of sections
𝜑 ∈ 𝐻0(𝐶,Ad(E)) which commute with 𝜃, that is to say such that the bracket [𝜃, 𝜑] is zero.
The vanishing of the tangent space therefore results from the following proposition.
Proposition 10.2.1. — For every section 𝜑 ∈ 𝐻0(𝐶,Ad(E)) such that [𝜃, 𝜑] = 0 we have

𝜑 = 0.

Proof. — Let 𝜑 be as above. Note that, by the obvious lemma below, the characteristic of 𝜑 is
constant.
Lemma 10.2.2. — The space of sections 𝐻0(𝐶, 𝔠𝔞𝔯𝐺) is identified with 𝔠𝔞𝔯𝐺 (𝑘).

Let 𝑀 ∈ L be such that 𝑓 (E, 𝜃, 𝑡) ∈ 𝜒𝑀
𝐺
(A𝑀,ell(𝑘)) and let 𝐹 be the function field of the

curve 𝐶.
Lemma 10.2.3. — There exists a generic trivialization of E which satisfies the following two
assertions:

1. the identification of Ad𝐷 (E) with 𝔤(𝐹) which results from it sends 𝜃 to an element 𝑋 ∈
𝔪(𝐹) which is semisimple, 𝐺-regular and elliptic in 𝑀 , and which satisfies assertion (1)
of Definition 7.6.1;

2. the identification of Ad(E) with 𝔤(𝐹) which results from it sends 𝜑 to an element𝑌 ∈ 𝔱(𝑘).

Proof. — We saw in the proof of Proposition 7.6.3 that there exists a generic trivialization of
E which satisfies assertion (1). In the identification of Ad(E) with 𝔤(𝐹), the section 𝜑 is sent
to an element of 𝔤(𝐹), denoted 𝑍 . Since 𝑍 commutes with 𝑋 and since the centralizer of 𝑋 in
𝔤 is contained in 𝔪, we deduce that 𝑍 belongs to 𝔪(𝐹). The characteristic 𝜒𝑀 (𝑍) ∈ 𝔠𝔞𝔯𝑀 (𝐹)
is sent by 𝜒𝑀

𝐺
to the characteristic of 𝜑, which by the previous lemma is an element of 𝔠𝔞𝔯𝐺 (𝑘).

It follows that 𝜒𝑀 (𝑍) belongs to 𝔠𝔞𝔯𝑀 (𝑘) and that we can find an element 𝑌 ∈ 𝔱(𝑘) such that
𝜒𝑀 (𝑌 ) = 𝜒𝑀 (𝑍). Lemma 3.8.1 shows that 𝑌 and 𝑍 are conjugate by an element of 𝑀 (𝐹). The
lemma is then obvious. □
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From now on we fix a generic trivialization of E which satisfies Lemma 10.2.3. Let 𝑋 ∈ 𝔪(𝐹)
and 𝑌 ∈ 𝔱(𝑘) be the elements deduced from it. Let 𝐿 be the centralizer of 𝑌 in 𝐺. One checks
that 𝐿 is an element of L𝐺 (𝑇) which contains 𝑀 . Let 𝑄 be a parabolic subgroup of 𝐺 with
Levi 𝐿. We shall note the following lemma, whose proof is left to the reader.
Lemma 10.2.4. — The morphism 𝑁𝑄 → 𝔫𝑄 given by 𝑛 ↦→ Ad(𝑛−1)𝑌 − 𝑌 is an isomorphism.

Let𝑉 be the set of closed points of𝐶. We resume the notations of Section 7. From the generic
trivialization of the torsor E and from the existence of a trivialization on a formal neighborhood
of every point 𝑣 ∈ 𝑉 , we deduce a family (𝑔𝑣)𝑣∈𝑉 such that:

1. 𝑔𝑣 ∈ 𝐺 ((𝑧𝑣)) (𝑘)/𝐺 [[𝑧𝑣]] (𝑘) is trivial except for finitely many 𝑣;
2. Ad(𝑔−1

𝑣 )𝑌 ∈ 𝔤[[𝑧𝑣]] (𝑘);
3. the projection of 𝜉 onto 𝔞𝐺

𝑀
belongs to the projection onto 𝔞𝐺

𝑀
of the convex hull of the

points
−𝐻𝑃 ((𝑔𝑣)𝑣∈𝑉 ) = −

∑︁
𝑣∈𝑉

𝐻𝑃 (𝑔𝑣).

Condition (2) expresses the fact that 𝜑 is a global section of Ad(E), and condition (3) the
𝜉-stability of the triple (E, 𝜃, 𝑡) (cf. condition (d) of Definition 7.6.1).
Lemma 10.2.5. — For every 𝑣 ∈ 𝑉 , the class 𝑔𝑣 lifts to an element of 𝐿 ((𝑧𝑣)) (𝑘).
Proof. — Let 𝑄 be a parabolic subgroup of 𝐺 with Levi 𝐿. By the Iwasawa decomposition,
the element 𝑔𝑣 lifts to an element 𝑙𝑣𝑛𝑣 with 𝑙𝑣 ∈ 𝐿 ((𝑧𝑣)) (𝑘) and 𝑛𝑣 ∈ 𝑁𝑄 ((𝑧𝑣)) (𝑘). The fact
that 𝐿 centralizes 𝑌 together with relation (1) above then implies that

Ad(𝑛−1
𝑣 )𝑌 ∈ 𝔤[[𝑧𝑣]] (𝑘)

whence
Ad(𝑛−1

𝑣 )𝑌 − 𝑌 ∈ 𝔫𝑄 [[𝑧𝑣]] (𝑘).
By Lemma 10.2.4, we then have 𝑛𝑣 ∈ 𝑁𝑄 [[𝑧𝑣]] (𝑘). Whence the lemma. □

The previous lemma implies that the triple (E, 𝜃, 𝑡) possesses a “reduction” to the Levi
subgroup 𝐿. It also implies that the projection onto 𝔞𝐺

𝐿
of the convex hull in 3 above is reduced

to a point, which is necessarily a point of the lattice 𝑋∗(𝐿) defined in §5.1. The 𝜉-stability
entails that the projection of 𝜉 onto 𝔞𝐺

𝐿
belongs to this lattice. If 𝐿 ≠ 𝐺, this contradicts the fact

that 𝜉 is in general position. We therefore have 𝐿 = 𝐺 and 𝑌 = 0, whence 𝜑 = 0. □

11. Counting Rational Points in a Fiber

11.1. The Main Theorem. — Here is the situation that will occupy us until the end of this
section. Recall that in §3.2 we fixed a curve 𝐶 over 𝑘 as well as a divisor 𝐷 and a point
∞ ∈ 𝐶 (𝑘). We assume that 𝐶 arises by base change from a curve 𝐶0 over F𝑞. Let 𝜏 be the
Frobenius automorphism of 𝑘 given by 𝑥 ↦→ 𝑥𝑞. We again denote by 𝜏 the automorphism 1 × 𝜏
of 𝐶 = 𝐶0 ×F𝑞 𝑘 . We assume that 𝐷 and ∞ are fixed under 𝜏.

Let 𝐹 be the function field of 𝐶. The automorphism 𝜏 of 𝐶 induces an automorphism of 𝐹,
still denoted by 𝜏, whose set of fixed points is precisely the field 𝐹0 of the curve 𝐶0. Let 𝑉 ,
respectively 𝑉0, be the set of closed points of 𝐶, respectively of 𝐶0. For every 𝑣0 ∈ 𝑉0, let 𝐹0,𝑣0

be the completion of 𝐹0 at 𝑣0; we simply denote by 𝜏 the automorphism 𝜏 ⊗ 1 of

𝐹 ⊗̂𝐹0𝐹0,𝑣0 =
∏

𝑣∈𝑉, 𝑣 |𝑣0

𝐹𝑣

where 𝐹𝑣 is the completion of 𝐹 at 𝑣. We identify 𝐹𝑣 with 𝑘 ((𝑧𝑣)) and 𝐹0,𝑣0 with F𝑞 ((𝑧𝑣0)) by
the choice of uniformizers. Let A be the ring of adeles of 𝐹. This ring is naturally equipped
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with an action of 𝜏 for which the subring of points fixed under 𝜏 is identified with the ring A0
of adeles of 𝐹0.

We assume that the group 𝐺 is semi-simple and that the pair (𝐺,𝑇) (cf. §2) arises from an
analogous pair (𝐺0, 𝑇0) defined over F𝑞 such that the torus 𝑇0 is split over F𝑞. In this case, all
the Levi or parabolic subgroups of𝐺 which contain 𝑇 arise from analogous objects defined over
F𝑞 relative to (𝐺0, 𝑇0). We again denote by 𝜏 the automorphism of 𝐺 = 𝐺0 ×F𝑞 𝑘 given by
1 × 𝜏. From this we deduce an automorphism, still denoted by 𝜏, of the groups of points of 𝐺
with values in 𝐹, A or 𝐹 ⊗𝐹0 𝐹0,𝑣0 for every 𝑣0 ∈ 𝑉0.

Since the divisor 𝐷 on 𝐶 is fixed by 𝜏, it descends to a divisor 𝐷0 on 𝐶0 of the form∑︁
𝑣∈𝑉0

𝑑𝑣𝑣.

Let 1𝐷0 be the function on 𝔤(A0) which is the characteristic function of the set∏
𝑣∈𝑉0

𝑧
−𝑑𝑣
𝑣 𝔤[[𝑧𝑣]] (F𝑞).

To lighten the notation a little, we set

𝐾 =
∏
𝑣∈𝑉0

𝐺 [[𝑧𝑣]] (F𝑞),

which is an open and compact subgroup of 𝐺 (A0). Moreover, the function 1𝐷0 is invariant
under the adjoint action of 𝐾 .

For every 𝛿 ∈ 𝑀 (𝐹), let 𝑀𝛿 (𝐹0) ⊂ 𝑀 (𝐹), respectively 𝔪𝛿 (𝐹0) ⊂ 𝔪(𝐹), be the subgroup of
points fixed under Int(𝛿) ◦ 𝜏, respectively the Lie subalgebra of points fixed under Ad(𝛿) ◦ 𝜏.

The Frobenius automorphism 𝜏 also acts on the spaces A and A𝑀 for every 𝑀 ∈ L. Let
(𝑎, 𝑡) ∈ A(𝑘) be an element fixed by 𝜏. There exist 𝑀 ∈ L and (𝑎𝑀 , 𝑡) ∈ A𝑀,ell(𝑘) such that

(𝑎, 𝑡) = 𝜒𝑀𝐺 ((𝑎𝑀 , 𝑡)).
By Propositions 3.5.1 and 3.6.2, such elements exist and are unique: in particular they are fixed
under 𝜏.

Here is the main theorem of this section. It expresses the number of rational points of a fiber
of 𝑓 𝜉 in terms of weighted orbital integrals of Arthur.
Theorem 11.1.1. — Let 𝜉 be in general position. Let 𝑀 ∈ L be a Levi subgroup, (𝑎𝑀 , 𝑡) ∈
A𝑀,ell(𝑘) fixed by 𝜏 and (𝑎, 𝑡) = 𝜒𝑀

𝐺
((𝑎𝑀 , 𝑡)). The cardinality of the groupoid of rational

points of the fiber of 𝑓 𝜉 at (𝑎, 𝑡) is equal to

vol(𝔞𝑀/𝑋∗(𝑀))−1 · vol(𝑎, 𝑡) ·
∑︁
ℎ

∑︁
𝑋

𝐽𝐺𝑀 (Ad(ℎ−1)𝑋, 1𝐷0)

where:
– ℎ runs through the set of double cosets

ℎ ∈ 𝑀 (𝐹)\𝑀 (A)/𝑀 (A0)
which satisfy

𝛿 = ℎ𝜏(ℎ)−1 ∈ 𝑀 (𝐹);
– 𝑋 runs through a system of representatives of the set of 𝑀𝛿 (𝐹0)-conjugacy classes in the

set
{𝑋 ∈ 𝔪𝛿 (𝐹0) | 𝜒𝑀 (𝑋) = 𝑎𝑀 | Spec(𝐹0)}

of those 𝑋 ∈ 𝔪𝛿 (𝐹0) whose characteristic 𝜒𝑀 (𝑋) is equal to the restriction of 𝑎𝑀 to
Spec(𝐹0);

– 𝐽𝐺
𝑀
(Ad(ℎ−1)𝑋, 1𝐷0) is the weighted orbital integral of Arthur defined in (11.11.1);
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– the volume vol(𝑎, 𝑡) is defined in §11.5, line (11.5.3).

Remarks. — The weighted orbital integrals considered above depend on choices of Haar
measures on 𝔞𝑀 (cf. §11.11) and on certain tori (cf. §11.5). Since these choices also enter
into the factors vol(𝔞𝑀/𝑋∗(𝑀)) and vol(𝑎, 𝑡), the sum that appears in Theorem 11.1.1 does not
depend on any choice.

The cardinality of a 𝜉-stable Hitchin fiber does not depend on the choice of generic 𝜉. As one
of the referees of this article notes, it would be interesting to have an explanation of a geometric
nature. It is clear that the notion of 𝜉-stability depends only on the connected component of 𝜉 in
the “generic” open set. Ngô has constructed an action of a Picard stack on a Hitchin fiber M𝑎

(cf. [Ngo06]). Via a degree morphism, this stack also acts on 𝔞𝑇 in such a way that if the action
sends 𝜉 to 𝜉′, the truncation M𝜉

𝑎 is sent to M𝜉′
𝑎 . However, the action of this stack is in general

not transitive on the set of connected components of the generic open set. One would have to
analyze what happens when one “crosses a wall” (this is probably related to the works [DH98]
and [Tha96]).

When the cohomology set 𝐻1(Gal(𝐹sep
0 /𝐹0), 𝐺 (𝐹sep

0 )) is trivial (where 𝐹sep
0 is a separable

closure of 𝐹0), for example when the group 𝐺 is semi-simple simply connected, one can show
that the set of double cosets ℎ reduces to a single element. In particular, Theorem 11.1.1 does
indeed give Theorem 1.4.1 of the introduction. The proof of Theorem 11.1.1 rests on the adelic
description of a Hitchin fiber, of which one takes the points “fixed by Frobenius”. When the
above 𝐻1 is trivial, the Hitchin triples over the curve 𝐶0 are generically trivial and, for the
counting, one could just as well use an adelic description of the Hitchin triples over 𝐶0.

Before beginning the proof of Theorem 11.1.1, which will occupy us until the end of this
section, we shall give some reminders on the cardinality of a quotient groupoid and on its fixed
points under an automorphism.
11.2. Fixed Points Under an Automorphism. — Let X be a set and 𝐺 an abstract group
acting on the left on X. Let 𝜏 be an automorphism of 𝐺. Let there be a bijection of X, again
denoted by 𝜏, compatible with the automorphism of 𝐺 in the sense that one has

𝜏(𝑔 · 𝑥) = 𝜏(𝑔) · 𝜏(𝑥).
By definition, the groupoid of points of [𝐺\X] fixed under 𝜏 is the groupoid [𝐺\X𝜏] where:

– X𝜏 is the set of pairs (𝑥, 𝑔) ∈ X × 𝐺 such that
𝑔 · 𝜏(𝑥) = 𝑥;

– 𝐺 acts on the left on X𝜏 by
ℎ · (𝑥, 𝑔) = (ℎ𝑥, ℎ𝑔𝜏(ℎ)−1).

11.3. Cardinality of a Groupoid. — Let X be a set and 𝐺 an abstract group acting on the
left on X. We assume that for every 𝑥 ∈ X, the stabilizer stab𝐺 (𝑥) of 𝑥 in 𝐺 is finite. We
also assume that the set 𝐺\X of orbits of X under 𝐺 is finite. The cardinality of the quotient
groupoid [𝐺\X] (cf. (7.6.1) of §7.6) is by definition

card( [𝐺\X]) =
∑︁
𝑥∈𝐺\X

1
| stab𝐺 (𝑥) |

.

11.4. First Step. — In what follows, we fix𝑀 ∈ L and pairs (𝑎𝑀 , 𝑡) and (𝑎, 𝑡) as in the statement
of Theorem 11.1.1. Let 𝜉 ∈ 𝔞𝑇 be an arbitrary element. The fiber of the Hitchin morphism
𝑓 𝜉 above (𝑎, 𝑡) is identified, by Proposition 7.6.3, with the quotient groupoid [𝑀 (𝐹)\X𝜉

(𝑎,𝑡)]
where the set X𝜉

(𝑎,𝑡) is the one of Definition 7.6.1 of paragraph 7.6. Our hypotheses imply that 𝜏
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induces a bijection of this set compatible with the action of 𝜏 on 𝑀 (𝐹) (in the sense of §11.2).
We are looking for an expression for the number of points over F𝑞 of this fiber, that is to say
the cardinality of the groupoid of points of [𝑀 (𝐹)\X𝜉

(𝑎,𝑡)] fixed under 𝜏, in terms of weighted

orbital integrals. Since the Hitchin morphism 𝑓 𝜉 is of finite type (cf. Proposition 6.1.5), the
required finiteness hypotheses (cf. §11.3) are indeed satisfied.

Following paragraph 11.2, we introduce the set X𝜉,𝜏

(𝑎,𝑡) formed of the triples (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝛿)
such that (𝑋, (𝑔𝑣)𝑣∈𝑉 ) ∈ X𝜉

(𝑎,𝑡) and 𝛿 ∈ 𝑀 (𝐹) satisfy the relations

(11.4.1) Ad(𝛿)𝜏(𝑋) = 𝑋

and
(11.4.2) 𝛿𝜏((𝑔𝑣)𝑣∈𝑉 ) = (𝑔𝑣)𝑣∈𝑉 .

The group 𝑀 (𝐹) acts on the first two factors by the action described in §7.6 and by 𝜏-
conjugation on the second factor (that is to say an element 𝛾 ∈ 𝑀 (𝐹) acts on 𝛿 ∈ 𝑀 (𝐹) by
𝛾𝛿𝜏(𝛾)−1). The first step of the counting consists in describing a system of representatives of the
orbits of X𝜉,𝜏

(𝑎,𝑡) under the action of 𝑀 (𝐹). To this end, we introduce a few additional notations.
For every 𝑔 ∈ 𝐺 (A), let 1𝑀,𝑔 be the function on 𝔞𝑀 which is the characteristic function of the

convex hull of the points −𝐻𝑃 (𝑔) for 𝑃 ∈ P(𝑀). Definition 7.5.1 of §7.5, applied to the group
𝑀 and to its parabolic subgroup 𝑃 = 𝑀 , gives a morphism

𝐻𝑀 : 𝑀 (A) → 𝔞𝑀 .

Let 𝜉𝑀 be the projection of 𝜉 onto 𝔞𝑀 according to the decomposition 𝔞𝑇 = 𝔞𝑀 ⊕ 𝔞𝑀
𝑇

.
Lemma 11.4.1. — Consider the following sets:

1. a system of representatives in 𝑀 (A) of the set of double cosets
ℎ ∈ 𝑀 (𝐹)\𝑀 (A)/𝑀 (A0)

which satisfy
ℎ𝜏(ℎ)−1 ∈ 𝑀 (𝐹);

2. for every 𝛿 ∈ 𝑀 (𝐹), a system of representatives in 𝔪𝛿 (𝐹0) of the set of 𝑀𝛿 (𝐹0)-conjugacy
classes in the set

{𝑋 ∈ 𝔪𝛿 (𝐹0) | 𝜒𝑀 (𝑋) = 𝑎𝑀 | Spec(𝐹0)}
of those 𝑋 ∈ 𝔪𝛿 (𝐹0) whose characteristic 𝜒𝑀 (𝑋) is equal to the restriction of 𝑎𝑀 to
Spec(𝐹0);

3. for all ℎ ∈ 𝑀 (A) and 𝛿 ∈ 𝑀 (𝐹) such that 𝛿 = ℎ𝜏(ℎ)−1 and every semi-simple 𝐺-regular
𝑋 ∈ 𝔪𝛿 (𝐹0), a system of representatives in 𝐺 (A0) of the set of double cosets

Int(ℎ−1)𝑇𝑋 (𝐹0)\𝐺 (A0)/𝐾,
where 𝑇𝑋 (𝐹0) is the centralizer of 𝑋 in 𝑀𝛿 (𝐹0), which satisfy the two conditions:

(a) 1𝐷0 (Ad(𝑔−1) Ad(ℎ−1)𝑋) = 1;
(b) 1𝑀,𝑔 (𝜉𝑀 + 𝐻𝑀 (ℎ)) = 1.

The map
(𝑋, 𝑔, ℎ) ↦→ (𝑋, ℎ𝑔𝐺 (O), ℎ𝜏(ℎ)−1)

from the set formed of the triples (𝑋, 𝑔, ℎ) such that ℎ, 𝑋 and 𝑔 belong to the sets described
respectively in (1), (2) and (3) (for 𝛿 = ℎ𝜏(ℎ)−1) to X𝜉,𝜏

(𝑎,𝑡) is injective and its image is a system
of representatives of the set of classes 𝑀 (𝐹)\X𝜉,𝜏

(𝑎,𝑡) .
Moreover, the cardinality of the stabilizer in 𝑀 (𝐹) of the image of (𝑋, 𝑔, ℎ) is given by the

cardinality of the finite set
(Int(ℎ−1)𝑇𝑋 (𝐹0)) ∩ 𝑔𝐾𝑔−1.
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Proof. — We must show that the map in question induces a bijective map on the quotient
𝑀 (𝐹)\X𝜉,𝜏

(𝑎,𝑡) . Let us first show surjectivity. Let us start from a triple (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝛿) in X𝜉,𝜏

(𝑎,𝑡) .
Recall that 𝑔𝑣 denotes a class in 𝐺 ((𝑧𝑣)) (𝑘)/𝐺 [[𝑧𝑣]] (𝑘). Let 𝑔 ∈ 𝐺 (A) be an element such
that for every 𝑣 the component at 𝑣 lifts 𝑔𝑣. By relation (11.4.2) above, one has

𝑔−1𝛿𝜏(𝑔) ∈
∏
𝑣∈𝑉

𝐺 [[𝑧𝑣]] (𝑘).

By Lang’s theorem (applied to the (connected) quotients of the pro-algebraic 𝑘-group 𝐺 [[𝑧𝑣]]),
one knows that such an element can be written 𝑥𝜏(𝑥−1) for a certain 𝑥 ∈ ∏

𝑣∈𝑉 𝐺 [[𝑧𝑣]] (𝑘).
After possibly replacing 𝑔 by 𝑔𝑥, we may and will assume that one has
(11.4.3) 𝑔−1𝛿𝜏(𝑔) = 1
in other words the 𝜏-conjugacy class of 𝛿 in 𝐺 (A) is trivial. This implies that the 𝜏-conjugacy
class of 𝛿 in 𝑀 (A) is trivial (we have not found a reference: an argument will be given in the
following article). There therefore exists ℎ ∈ 𝑀 (A) such that

𝛿 = ℎ𝜏(ℎ)−1.

After possibly letting 𝑀 (𝐹) act on the triple (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝛿), one may assume that ℎ belongs to
the set described in (1).

By relation (11.4.1), the element 𝑋 belongs to 𝔪𝛿 (𝐹0). Let 𝑡𝑎 ∈ 𝔱reg [[𝑧∞]] (𝑘) be the unique
lift of 𝑡 whose characteristic is 𝑎. In the same way, one can define a point 𝑡𝑎𝑀 associated with
the pair (𝑎𝑀 , 𝑡). But by uniqueness of 𝑡𝑎, one has 𝑡𝑎 = 𝑡𝑎𝑀 . Thus the characteristic 𝜒𝑀 (𝑡𝑎) is
𝑎𝑀 . Condition (1)(bis) of Definition 7.6.2 implies that 𝑋 is conjugate to 𝑡𝑎 by an element of
𝑀 ((𝑧∞)) (𝑘), whence

𝜒𝑀 (𝑋) = 𝜒𝑀 (𝑡𝑎) = 𝑎𝑀 .
After possibly letting 𝑀𝛿 (𝐹0) act on the triple (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝛿), which changes neither 𝛿 nor
condition (11.4.3), one may assume that 𝑋 belongs to the set described in (2).

Let us set 𝑔0 = ℎ−1𝑔. Then relation (11.4.3) translates into
𝑔0 ∈ 𝐺 (A0).

After possibly letting 𝑇𝑋 (𝐹0) (which is contained in 𝑀𝛿 (𝐹0)) act on the triple (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝛿),
one may assume moreover that 𝑔0 belongs to the set described in (3). Conditions (2)(b) and
(2)(d) of Definitions 7.6.1 and 7.6.2 translate into conditions (3)(a) and (b) above. We have thus
proved the desired surjectivity. We leave it to the reader to verify injectivity.

The centralizer of (𝑋, (𝑔𝑣)𝑣∈𝑉 , 𝛿) = (𝑋, ℎ𝑔𝐺 (O), ℎ𝜏(ℎ)−1) in 𝑀 (𝐹) is the group

{𝑡 ∈ 𝑇𝑋 (𝐹0) | (𝑡𝑔𝑣)𝑣∈𝑉 = (𝑔𝑣)𝑣∈𝑉 } = 𝑇𝑋 (𝐹0) ∩
∏
𝑣∈𝑉

𝑔𝑣𝐺 [[𝑧𝑣]] (𝑘)𝑔−1
𝑣

≃ (Int(ℎ−1)𝑇𝑋 (𝐹0)) ∩ 𝑔𝐾𝑔−1

which gives the last assertion. □

11.5. Haar Measures. — We equip 𝐺 (A0) with the Haar measure normalized by
vol(𝐾) = 1.

More generally, for every semi-standard parabolic subgroup 𝑃 of 𝐺, the groups 𝑀𝑃 (A0) and
𝑁𝑃 (A0) are equipped with the Haar measures normalized by

vol(𝑀𝑃 (A0) ∩ 𝐾) = 1 and vol(𝑁𝑃 (A0) ∩ 𝐾) = 1.
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Let 𝑋0 ∈ 𝔪(𝐹0) whose characteristic is equal to the restriction of 𝑎𝑀 to Spec(𝐹0). Such an
𝑋0 exists by the Kostant section relative to 𝑀 . We equip 𝑇𝑋0 (A0) with a Haar measure. Let

𝑇𝑋0 (A0)1 = 𝑇𝑋0 (A0) ∩ Ker(𝐻𝑀);
this is an open subgroup of 𝑇𝑋0 (A0) which we equip with the induced measure. We equip
𝑇𝑋0 (𝐹0) with the counting measure and 𝑇𝑋0 (𝐹0)\𝑇𝑋0 (A0)1 with the quotient measure.
Lemma 11.5.1. — The volume of the quotient below is finite
(11.5.1) vol(𝑇𝑋0 (𝐹0)\𝑇𝑋0 (A0)1) < ∞.

Proof. — By Corollary 3.9.2, there exists an element 𝑋 ∈ 𝔪(𝐹) which is semi-simple,
𝐺-regular and elliptic in 𝔪(𝐹). By Lemma 3.8.1, 𝑋 and 𝑋0 are conjugate under 𝑀 (𝐹). One
deduces from this that the largest 𝐹0-split subtorus of 𝑇𝑋0 is contained in the connected center
of 𝑀 × 𝐹0 (and in fact equal to it). Thus 𝑇𝑋0 is 𝐹0-elliptic in 𝑀 and it is well known that the
quotient 𝑇𝑋0 (𝐹0)\𝑇𝑋0 (A0)1 is then compact (cf. for example [Spr79, Theorem 4.11]), whence
the finiteness of the volume. □

Let 𝛿 ∈ 𝑀 (𝐹) and ℎ ∈ 𝑀 (A) be such that 𝛿 = ℎ𝜏(ℎ)−1. Let 𝑋 ∈ 𝔪𝛿 (𝐹0) of characteristic 𝑎𝑀 .
The condition on the characteristic implies that there exists𝑚 ∈ 𝑀 (𝐹) such that 𝑋 = Ad(𝑚−1)𝑋0
(cf. Lemma 3.8.1). Let

𝑌 = Ad(ℎ−1)𝑋 = Ad((ℎ𝑚)−1)𝑋0.

One notes that 𝑌 ∈ 𝔪(A0). Let 𝑇𝑌 (A0) be the centralizer of 𝑌 in 𝑀 (A0). The automorphism
Int(ℎ𝑚)−1 induces an isomorphism from 𝑇𝑋0 (A0) onto 𝑇𝑌 (A0). We equip the latter with the
Haar measure obtained by transport under this automorphism. Let us set, somewhat abusively,

𝑇𝑌 (𝐹0) = Int(ℎ𝑚)−1𝑇𝑋0 (𝐹0).
This group is discrete and one has, by our choices of measures,
(11.5.2) vol(𝑇𝑌 (𝐹0)\𝑇𝑌 (A0)1) = vol(𝑇𝑋0 (𝐹0)\𝑇𝑋0 (A0)1),
where we set 𝑇𝑌 (A0)1 = 𝑇𝑌 (A0) ∩ Ker(𝐻𝑀). We denote by
(11.5.3) vol(𝑎, 𝑡)
the above volume.
11.6. Lattices in 𝔞𝑀 . — Let 𝐺sc be the simply connected covering of 𝐺. Let 𝐿 ∈ L𝐺 (𝑇) be a
semi-standard Levi subgroup. Let 𝐿sc be the inverse image of 𝐿 in 𝐺sc. Let 𝐿der be the derived
group of 𝐿 and 𝐿SC the simply connected covering of 𝐿der. One should not confuse 𝐿sc and 𝐿SC.
The group 𝐿SC is in fact the derived group of 𝐿sc. We again denote by 𝑇? the torus obtained as
the inverse image of 𝑇 in ?, where ? may be any one of the three groups 𝐿der, 𝐿SC or 𝐿sc. Let

𝜋1(𝐿der) = coker(𝑋∗(𝑇𝐿SC) → 𝑋∗(𝑇𝐿der)).
The restriction morphism 𝑋∗(𝐿) → 𝑋∗(𝑇) gives dually a morphism 𝑋∗(𝑇) → 𝑋∗(𝐿), where

we have set 𝑋∗(𝐿) = HomZ(𝑋∗(𝐿),Z).

64



Lemma 11.6.1. — One has a commutative diagram with exact rows and columns.

0

��

0

��

0

��
0 // 𝑋∗(𝑇𝐿SC)

��

// 𝑋∗(𝑇𝐺sc)

��

// 𝑋∗(𝐿sc)

��

// 0

0 // 𝑋∗(𝑇𝐿der)

��

// 𝑋∗(𝑇)

��

// 𝑋∗(𝐿)

��

// 0

0 // 𝜋1(𝐿der)

��

// 𝜋1(𝐺)

��

// 𝑋∗(𝐿)/𝑋∗(𝐿sc)

��

// 0

0 0 0

Proof. — Let us treat the exactness of the second row. It is a matter of a sequence of free
Z-modules whose dual sequence is the exact sequence

0 −→ 𝑋∗(𝐿) −→ 𝑋∗(𝑇) −→ 𝑋∗(𝑇𝐿der) −→ 0.
Only surjectivity is less obvious. It follows from the isomorphisms

𝑇/𝑇𝐿der = 𝑍
0
𝐿/(𝑍

0
𝐿 ∩ 𝐿der) = 𝐿/𝐿der,

where 𝑍0
𝐿

is the connected center of 𝐿, and from the equality 𝑋∗(𝐿) = 𝑋∗(𝐿der).
The exactness of the first row is deduced from that of the second upon replacing 𝐿 by 𝐿sc.

The injectivity of the first two vertical arrows is well known. We recall that 𝑋∗(𝑇𝐺sc) is the
sub-Z-module of 𝑋∗(𝑇) generated by the coroots of 𝑇 in𝐺. The rest of the diagram then follows
from the snake lemma and from the injectivity of

𝜋1(𝐿der) −→ 𝜋1(𝐺)
that is to say from the inclusion

𝑋∗(𝑇𝐿der) ∩ 𝑋∗(𝑇𝐺sc) ⊂ 𝑋∗(𝑇𝐿SC).
This last is obvious since 𝑋∗(𝑇𝐿SC) is of finite index in 𝑋∗(𝑇𝐿der) and since on the other hand
𝑋∗(𝑇𝐿SC) is a direct factor in 𝑋∗(𝑇𝐺sc). □

Lemma 11.6.1 shows that the projection 𝔞𝑇 → 𝔞𝑀 maps 𝑋∗(𝑇) surjectively onto 𝑋∗(𝑀). On
the other hand, it maps the sub-Z-module 𝑋∗(𝑇𝐺sc) surjectively onto the sub-Z-module 𝑋∗(𝑀sc)
of 𝑋∗(𝑀).
11.7. The Weight w𝜉

𝑀
. — For every 𝑔 ∈ 𝐺 (A), we introduce the weight

w𝜉

𝑀
(𝑔) = |{𝜇 ∈ 𝑋∗(𝑀) | 1𝑀,𝑔 (𝜉𝑀 + 𝜇) = 1}|

which is the (finite) number of points of the set 𝜉𝑀 + 𝑋∗(𝑀) which belong to the convex hull of
the points −𝐻𝑃 (𝑔) for 𝑃 ∈ P(𝑀).
Lemma 11.7.1. — The weight function 𝑔 ∈ 𝐺 (A) ↦→ w𝜉

𝑀
(𝑔) is left invariant under 𝑀 (A).

Let ℎ and 𝑋 be two elements respectively of the sets described in (1) and (2) of Lemma 11.4.1
for 𝛿 = ℎ𝜏(ℎ)−1. Let 𝑌 = Ad(ℎ)−1𝑋 . One has an exact sequence (with the notations of §11.5)

1 −→ 𝑇𝑌 (A0)1 −→ 𝑇𝑌 (A0)
𝐻𝑀−→ 𝑋∗(𝑀) −→ 0.
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Proof. — The left action of ℎ ∈ 𝑀 (A) translates the convex hull of the points −𝐻𝑃 (𝑔) by the
vector 𝐻𝑀 (ℎ). Since the latter belongs to 𝑋∗(𝑀), this does not change w𝜉

𝑀
(𝑔).

In the exact sequence, only the surjectivity on the right is not obvious. Let 𝑋0 ∈ 𝔪(𝐹0) of
characteristic 𝑎𝑀 . Since the map 𝐻𝑀 is invariant under the adjoint action of 𝑀 (A) and since
there exists an element of 𝑀 (A) which conjugates 𝑌 and 𝑋0 on the one hand and 𝑇𝑌 (A0) and
𝑇𝑋0 (A0) on the other hand (cf. §11.5), one may assume that one has 𝑌 = 𝑋0. Combining
Lemma 3.8.1 and Proposition 3.9.1, one shows that 𝑋0 and 𝑡𝑎 are conjugate by𝑚 ∈ 𝑀 ((𝑧∞)) (𝑘)
(𝑡𝑎 ∈ 𝔱reg [[𝑧∞]] (𝑘) being the element defined in Proposition 3.9.1). One will note that one even
has 𝑡𝑎 ∈ 𝔱reg [[𝑧∞]] (F𝑞). It follows that the automorphism Int(𝑚) then induces an isomorphism
between 𝑇𝑋0 (F𝑞 ((𝑧∞))) and 𝑇 (F𝑞 ((𝑧∞))). Since the map 𝐻𝑀 restricted to 𝑇 (F𝑞 ((𝑧∞))) is
surjective, the same holds for its restriction to 𝑇𝑋0 (F𝑞 ((𝑧∞))) and a fortiori to 𝑇𝑋0 (A0). □

11.8. Weighted Orbital Integrals 𝐽𝜉
𝑀

. — Let ℎ and 𝑋 be two elements respectively of the
sets described in (1) and (2) of Lemma 11.4.1 for 𝛿 = ℎ𝜏(ℎ)−1. Let 𝑌 = Ad(ℎ−1)𝑋 . We have
equipped in §11.5 the centralizer 𝑇𝑌 (A0) of𝑌 in𝐺 (A0) with a Haar measure. We then introduce
the following weighted orbital integral

(11.8.1) 𝐽
𝜉

𝑀
(𝑌, 1𝐷0) =

∫
𝑇𝑌 (A0)\𝐺 (A0)

1𝐷0 (Ad(𝑔−1)𝑌 )w𝜉

𝑀
(𝑔) 𝑑𝑔.

We have equipped 𝑇𝑌 (A0)\𝐺 (A0) with the quotient measure. The integral converges since the
integrand has compact support. To lighten the notation, we omit the function 1𝐷0 and we set

𝐽
𝜉

𝑀
(𝑌 ) = 𝐽𝜉

𝑀
(𝑌, 1𝐷0).

Remark. — This weighted orbital integral is not the one that Arthur usually uses. The link
with Arthur’s will be made in §11.14.
11.9. A First Count. — Here is a first expression for the cardinality of a fiber.
Proposition 11.9.1. — One has the equality

card( [𝑀 (𝐹)\X𝜉,𝜏

(𝑎,𝑡)]) = vol(𝑎, 𝑡)
∑︁
ℎ

∑︁
𝑋

𝐽
𝜉

𝑀
(Ad(ℎ−1)𝑋)

where ℎ and 𝑋 run respectively through the sets described in (1) and (2) of Lemma 11.4.1 for
𝛿 = ℎ𝜏(ℎ)−1.
Proof. — By the formula given in §11.3 and Lemma 11.4.1, the cardinality of the groupoid
[𝑀 (𝐹)\X𝜉,𝜏

(𝑎,𝑡)] can be written as the sum over the elements ℎ and 𝑋 of the sets described
respectively in (1) and (2) of Lemma 11.4.1 (for 𝛿 = ℎ𝜏(ℎ)−1) of∑︁

𝑔∈𝑇𝑌 (𝐹0)\𝐺 (A0)/𝐾

1
|𝑇𝑌 (𝐹0) ∩ 𝑔𝐾𝑔−1 |

1𝐷0 (Ad(𝑔−1)𝑌 )1𝑀,𝑔 (𝜉𝑀 + 𝐻𝑀 (ℎ)),

where we have set 𝑌 = Ad(ℎ−1)𝑋 and 𝑇𝑌 (𝐹0) is the group defined in §11.5. By our choice of
measure on 𝐺 (A0), this expression can also be written∫

𝑇𝑌 (𝐹0)\𝐺 (A0)
1𝐷0 (Ad(𝑔−1)𝑌 )1𝑀,𝑔 (𝜉𝑀 + 𝐻𝑀 (ℎ)) 𝑑𝑔,

where the centralizer 𝑇𝑌 (A0) of 𝑌 in 𝐺 (A0) is equipped with the Haar measure of §11.5. Since
𝑔 ↦→ 1𝐷0 (Ad(𝑔−1)𝑌 ) is right invariant under 𝑇𝑌 (A0), the preceding expression can be written∫

𝑇𝑌 (A0)\𝐺 (A0)
1𝐷0 (Ad(𝑔−1)𝑌 )

∫
𝑇𝑌 (𝐹0)\𝑇𝑌 (A0)

1𝑀,𝑡𝑔 (𝜉𝑀 + 𝐻𝑀 (ℎ)) 𝑑𝑡 𝑑𝑔
𝑑𝑡
.
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Using the equality
1𝑀,𝑡𝑔 (𝜉𝑀 + 𝐻𝑀 (ℎ)) = 1𝑀,𝑔 (𝜉𝑀 + 𝐻𝑀 (ℎ) + 𝐻𝑀 (𝑡)),

our choices of measures and Lemma 11.7.1, one sees that one has∫
𝑇𝑌 (𝐹0)\𝑇𝑌 (A0)

1𝑀,𝑡𝑔 (𝜉𝑀 + 𝐻𝑀 (ℎ)) 𝑑𝑡 = vol(𝑇𝑌 (𝐹0)\𝑇𝑌 (A0)1) · w𝜉

𝑀
(𝑔).

The result follows. □

11.10. A Formula for the Weight w𝜉

𝑀
. — The aim of this section is to give an analytic formula

for the weight w𝜉

𝑀
. This will then allow us to compare this weight with the one Arthur considers

in his works. For this, we follow, up to a few details, Arthur (cf. [Art91, §6]). We introduced
in §11.6 the sub-Z-module 𝑋∗(𝑀sc) of 𝑋∗(𝑀). Let 𝑃 ∈ P(𝑀). The set Δ∨

𝑃
defined in §5.2

provides a basis of 𝑋∗(𝑀sc). Every 𝜆 ∈ 𝔞𝑀 can be written in a unique way
(11.10.1) 𝜆 = [𝜆]𝑃 + {𝜆}𝑃
with [𝜆]𝑃 ∈ 𝑋∗(𝑀sc) and

{𝜆}𝑃 =
∑︁
𝛼∈Δ𝑃

𝑟𝛼𝛼
∨

with 0 < 𝑟𝜆 ⩽ 1.
For every Λ ∈ 𝔞∗

𝑀
, let

c𝑃 (Λ) =
∏
𝛼∈Δ𝑃

(exp(Λ(𝛼∨)) − 1).

When 𝑀 = 𝐺, this product equals 1 (by convention every product over the empty set equals 1).
In what follows, we say that Λ ∈ 𝔞∗

𝑀
is generic if c𝑃 (Λ) ≠ 0 for every 𝑃 ∈ P(𝑀), that is to say

Λ(𝛼∨) ≠ 0 for all 𝑃 ∈ P(𝑀) and 𝛼∨ ∈ Δ∨
𝑃
.

Proposition 11.10.1. — For every 𝑔 ∈ 𝐺 (A), one has the following equality

w𝜉

𝑀
(𝑔) = lim

Λ→0

∑︁
𝜇0∈𝑋∗ (𝑀)/𝑋∗ (𝑀sc)

∑︁
𝑃∈P(𝑀)

c𝑃 (Λ)−1 exp(−Λ(𝐻𝑃 (𝑔) + [𝜇0 + 𝜉𝑀]𝑃))

where the limit is taken over the generic Λ ∈ 𝔞∗
𝑀

.

Remark. — In the limit, the inner sum depends on the choice of a system of representatives
of 𝑋∗(𝑀)/𝑋∗(𝑀sc). Changing 𝜇0 into 𝜇0 + 𝜇 with 𝜇 ∈ 𝑋∗(𝑀sc) multiplies the inner sum by
exp(−Λ(𝜇)). This therefore does not affect the limit at Λ = 0.
Proof. — It rests entirely on Arthur’s methods. Let us give a few indications for the convenience
of the reader. Let (𝜛𝛼)𝛼∈Δ𝑃 be the basis of 𝔞∗

𝑀
dual to Δ∨

𝑃
. For every generic Λ ∈ 𝔞∗

𝑀
(in the

sense defined above) and every 𝑃 ∈ P(𝑀), let
ΔΛ
𝑃 = {𝛼 ∈ Δ𝑃 | Λ(𝛼∨) < 0}

and let 𝜑Λ
𝑃

be the characteristic function of those 𝜆 ∈ 𝔞𝑀 such that𝜛𝛼 (𝜆) > 0 for all 𝛼 ∈ ΔΛ
𝑃

and
𝜛𝛼 (𝜆) ⩽ 0 for 𝛼 ∈ Δ𝑃 −ΔΛ

𝑃
. Let 𝑔 ∈ 𝐺 (A). By a lemma due to Langlands (cf. [Art91, formula

(3.8), p. 22]), the characteristic function of the convex hull of the points −𝐻𝑃 (𝑔) is equal to the
function

𝜇 ↦→
∑︁

𝑃∈P(𝑀)
(−1) |ΔΛ

𝑃
|𝜑Λ𝑃 (𝜇 + 𝐻𝑃 (𝑔))

of the variable 𝜇 ∈ 𝔞𝑀 . This formula is valid in our context since the family (−𝐻𝑃 (𝑔))𝑃∈P(𝑀)
is orthogonal positive in the sense of Arthur (cf. [Art91, pp. 19–20]). It follows that one has

w𝜉

𝑀
(𝑔) =

∑︁
𝜇∈𝑋∗ (𝑀)

∑︁
𝑃∈P(𝑀)

(−1) |ΔΛ
𝑃
|𝜑Λ𝑃 (𝜇 + 𝜉𝑀 + 𝐻𝑃 (𝑔)).
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Following Arthur (cf. [Art91, §6]), we introduce for 𝑃 ∈ P(𝑀) the Fourier series

𝑆𝑃 (Λ) =
∑︁

𝜇∈𝑋∗ (𝑀)
𝜑Λ𝑃 (𝜇 + 𝜉𝑀 + 𝐻𝑃 (𝑔)) exp(Λ(𝜇)).

This series is absolutely convergent on the complement in 𝔞∗
𝑀

of the hyperplanes with equation
Λ(𝛼∨) = 0 for 𝛼 ∈ Δ𝑃. Its sum is a continuous function on this open set. Moreover, the
alternating sum ∑︁

𝑃∈P(𝑀)
(−1) |ΔΛ

𝑃
|𝑆𝑃 (Λ)

has as limit at Λ = 0 (where the limit is taken over the generic Λ) the weight w𝜉

𝑀
(𝑔).

To conclude, it remains for us to compute the sum of the series 𝑆𝑃 (Λ). Since𝐻𝑃 (𝑔) ∈ 𝑋∗(𝑀),
one has by an obvious change of variable

𝑆𝑃 (Λ) =
∑︁

𝜇∈𝑋∗ (𝑀)
𝜑Λ𝑃 (𝜇 + 𝜉𝑀) exp(Λ(𝜇 − 𝐻𝑃 (𝑔))).

In the above sum, it is more convenient to sum first over 𝑋∗(𝑀sc) and then over a system of
representatives of 𝑋∗(𝑀)/𝑋∗(𝑀sc). Let 𝜇0 ∈ 𝑋∗(𝑀)/𝑋∗(𝑀sc). The contribution of 𝜇0 to 𝑆𝑃 (Λ)
is ∑︁

𝜇∈𝑋∗ (𝑀sc)
𝜑Λ𝑃 (𝜇 + 𝜇0 + 𝜉𝑀) exp(Λ(𝜇 + 𝜇0 − 𝐻𝑃 (𝑔))).

By a change of variable and the use of the decomposition
𝜇0 + 𝜉𝑀 = [𝜇0 + 𝜉𝑀]𝑃 + {𝜇0 + 𝜉𝑀}𝑃,

one sees that the above sum is equal to

exp(Λ(𝜇0 − [𝜇0 + 𝜉]𝑃 − 𝐻𝑃 (𝑔)))
∑︁

𝜇∈𝑋∗ (𝑀sc)
𝜑Λ𝑃 (𝜇 + {𝜇0 + 𝜉𝑀}𝑃) exp(Λ(𝜇)).

Since one has {𝜇0 + 𝜉𝑀}𝑃 =
∑
𝛼∈Δ𝑃 𝑟𝛼𝛼

∨ with 0 < 𝑟𝛼 ⩽ 1 and since Δ∨
𝑃

is a basis of 𝑋∗(𝑀sc),
the above sum is equal to ∑︁

(𝑚𝛼)𝛼∈Δ𝑃

exp
(
Λ

( ∑︁
𝛼∈Δ𝑃

𝑚𝛼𝛼
∨
))

where one sums over the families of integers (𝑚𝛼)𝛼∈Δ𝑃 which satisfy 𝑚𝛼 ⩾ 0 for 𝛼 ∈ ΔΛ
𝑃

and
𝑚𝛼 ⩽ −1 for 𝛼 ∈ Δ𝑃 − ΔΛ

𝑃
. These geometric series have as sum∑︁

(𝑚𝛼)𝛼∈Δ𝑃

exp
(
Λ

( ∑︁
𝛼∈Δ𝑃

𝑚𝛼𝛼
∨
))

= (−1) |ΔΛ
𝑃
|c𝑃 (Λ)−1.

The announced result follows. □

11.11. Arthur’s Weights and Weighted Orbital Integrals. — As in §6.3, we equip 𝔞𝑇 with a
scalar product invariant under𝑊 . For every 𝐿 ∈ L, we equip 𝔞𝐿 with the Haar measure which
gives covolume 1 to the lattices generated by orthonormal bases in 𝔞𝐿 . By definition, for every
𝑔 ∈ 𝐺 (A), Arthur’s weight

v𝑀 (𝑔)
is the volume in 𝔞𝑀 of the convex hull of the points −𝐻𝑃 (𝑔). We shall recall the analytic
expression due to Arthur of this weight. Beforehand, for all 𝑃 ∈ P(𝑀) and Λ ∈ 𝔞∗

𝑀
, we

introduce the polynomial

d𝑃 (Λ) = vol(𝔞𝑀/𝑋∗(𝑀sc))−1
∏
𝛼∈Δ𝑃

Λ(𝛼∨).
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For 𝑀 = 𝐺, one has, by convention, vol(𝔞𝐺/𝑋∗(𝐺sc)) = 1 and the above polynomial is the
constant polynomial equal to 1.
Proposition 11.11.1. — (Arthur [Art76, pp. 219–220]). For every 𝑔 ∈ 𝐺 (A), one has the
following equality

v𝑀 (𝑔) = lim
Λ→0

∑︁
𝑃∈P(𝑀)

d𝑃 (Λ)−1 exp(−Λ(𝐻𝑃 (𝑔)))

where the limit is taken over the generic Λ ∈ 𝔞∗
𝑀

.
Proof. — It is analogous to the proof of Proposition 11.10.1, whose notations we take up
again. By the lemma of Langlands already mentioned, the weight v𝑀 (𝑔) is equal to the limit at
Λ = 0 of the Fourier transform∫

𝔞𝑀

∑︁
𝑃∈P(𝑀)

(−1) |ΔΛ
𝑃
|𝜑Λ𝑃 (𝜇 + 𝐻𝑃 (𝑔)) exp(Λ(𝜇)) 𝑑𝜇.

Now this can be computed and equals
∑
𝑃∈P(𝑀) d𝑃 (Λ)−1 exp(−Λ(𝐻𝑃 (𝑔))). □

Let us take up again the notations of §11.8. When one lets 𝑇𝑌 (A0) act by left translation on
𝐺 (A0), the convex hull of the points (−𝐻𝑃 (𝑔)) for 𝑃 ∈ P(𝑀) undergoes a translation by a
vector of 𝐻𝑀 (𝑇𝑌 (A0)). The volume v𝑀 (𝑔) is therefore left invariant under 𝑇𝑌 (A0). Arthur’s
weighted orbital integral (cf. [Art78, §8]) is defined by the formula

(11.11.1) 𝐽𝑀 (𝑌 ) = 𝐽𝑀 (𝑌, 1𝐷0) =
∫
𝑇𝑌 (A0)\𝐺 (A0)

1𝐷0 (Ad(𝑔−1)𝑌 )v𝑀 (𝑔) 𝑑𝑔.

These are in fact analogues for Lie algebras of Arthur’s weighted orbital integrals. These
integrals appear naturally in an analogue for Lie algebras of the Arthur–Selberg trace formula
(cf. [Cha02]).
11.12. The (𝐺, 𝑀)-Families. — In [Art81], Arthur introduced the notion of (𝐺, 𝑀)-family. A
(𝐺, 𝑀)-family is a family of functions (b𝑃)𝑃∈P(𝑀) which are smooth on 𝔞∗

𝑀
and which satisfy,

for a pair (𝑃, 𝑃′) of adjacent parabolic subgroups, the “gluing” condition
b𝑃 (Λ) = b𝑃′ (Λ)

on the hyperplane Λ(𝛼∨) = 0 where 𝛼∨ is the unique element of Δ∨
𝑃
∩ (−Δ∨

𝑃′). One can then
define, a priori only for generic Λ, the function

(11.12.1) b𝑀 (Λ) =
∑︁

𝑃∈P(𝑀)
d𝑃 (Λ)−1b𝑃 (Λ)

and Arthur shows that this function extends to a smooth function on 𝔞∗
𝑀

(cf. [Art81, Lemma
6.2]). One sets

b𝑀 = b𝑀 (0).
The examples of (𝐺, 𝑀)-families that we shall consider are the following two. The first example,
which depends on 𝑔 ∈ 𝐺 (A), is the family (v𝑃 (𝑔))𝑃∈P(𝑀) where, for every 𝑃 ∈ P(𝑀), one
introduces the function of the variable Λ
(11.12.2) v𝑃 (𝑔,Λ) = exp(−Λ(𝐻𝑃 (𝑔))).
The gluing condition follows from Lemma 5.7.1. The second example is the family
(w𝑃 (𝜇))𝑃∈P(𝑀) which depends on 𝜇 ∈ 𝔞𝑀 and which is defined by

(11.12.3) w𝑃 (𝜇,Λ) =
d𝑃 (Λ)
c𝑃 (Λ)

exp(−Λ( [𝜇]𝑃)).

The reader will verify immediately that the lemma below implies that the preceding family is a
(𝐺, 𝑀)-family.
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Lemma 11.12.1. — Let 𝜇 ∈ 𝔞𝑀 . Let 𝑃 and 𝑃′ be two adjacent parabolic subgroups in P(𝑀)
and let 𝛼∨ be the unique element of Δ∨

𝑃
∩ (−Δ∨

𝑃′). For every Λ ∈ 𝔞∗
𝑀

which satisfies Λ(𝛼∨) = 0,
one has

Λ( [𝜇]𝑃) = Λ( [𝜇]𝑃′).

Proof. — The hyperplane of 𝔞∗
𝑀

with equation Λ(𝛼∨) = 0 is none other than the subspace 𝔞∗
𝑄

where 𝑄 is the smallest parabolic subgroup of 𝐺 which contains both 𝑃 and 𝑃′. The projection
𝑝𝑄 from 𝔞𝑀 onto 𝔞𝑄 according to the decomposition 𝔞𝑀 = 𝔞𝑄 ⊕ 𝔞

𝑄

𝑀
induces a bijection from

Δ∨
𝑃
− {𝛼∨}, respectively Δ∨

𝑃′ − {−𝛼∨}, onto Δ∨
𝑄

. Let 𝜇 ∈ 𝔞𝑀 . Let us write this element in the
bases Δ∨

𝑃
and Δ∨

𝑃′

𝜇 =
∑︁
𝛽∈Δ𝑃

𝑥𝛽𝛽
∨ =

∑︁
𝛾∈Δ𝑃′

𝑦𝛾𝛾
∨.

For all 𝛽 ∈ Δ𝑃 and 𝛾 ∈ Δ𝑃′ distinct from ±𝛼 such that 𝑝𝑄 (𝛽∨) = 𝑝𝑄 (𝛾∨) one therefore has
𝑥𝛽 = 𝑦𝛾. Using the notation [·] for the integer part, one therefore has

𝑝𝑄 ( [𝜇]𝑃) =
∑︁

𝛽∈Δ𝑃−{𝛼}
[𝑥𝛽]𝑝𝑄 (𝛽∨) =

∑︁
𝛾∈Δ𝑃′−{𝛼}

[𝑦𝛾]𝑝𝑄 (𝛾∨) = 𝑝𝑄 ( [𝜇]𝑃′)

whence
Λ( [𝜇]𝑃) = Λ( [𝜇]𝑃′)

for every Λ ∈ 𝔞∗
𝑄

. □

11.13. Product of Two (𝐺, 𝑀)-Families. — The product of two (𝐺, 𝑀)-families is obviously
a (𝐺, 𝑀)-family. We denote by (v · w) (𝑔, 𝜇) the product of the families v(𝑔) and w(𝜇) defined
in (11.12.2) and (11.12.3) above. In the following lemma, we reformulate Propositions 11.10.1
and 11.11.1.
Lemma 11.13.1. — For every 𝑔 ∈ 𝑔(A), the weights w𝜉

𝑀
(𝑔) and v(𝑔) are respectively the

values at Λ = 0 of the smooth functions∑︁
𝜇∈𝑋∗ (𝑀)/𝑋∗ (𝑀sc)

(v · w)𝑀 (𝑔, 𝜇 + 𝜉𝑀 ,Λ)

and
v𝑀 (𝑔,Λ).

The key to our problem of comparison of weighted orbital integrals is a formula for the
product (v · w)𝑀 due to Arthur. Before being able to state it in Lemma 11.13.4, we shall need a
few additional notations.

Let b be a (𝐺, 𝑀)-family and 𝐿 ∈ L(𝑀). For every 𝑄 ∈ P(𝐿), the function on 𝔞∗
𝐿

obtained
by restriction of b𝑃 does not depend on the choice of the parabolic subgroup 𝑃 ∈ P𝑄 (𝑀). The
family (b𝑄)𝑄∈P(𝐿) is a (𝐺, 𝐿)-family. By formula (11.12.1) applied to the Levi subgroup 𝐿, one
obtains a smooth function denoted b𝐿 (Λ) on 𝔞∗

𝐿
and one sets

b𝐿 = b𝐿 (0).

Lemma 11.13.2. — Let 𝐿 ∈ L(𝑀). For every 𝜇 ∈ 𝔞𝑀 let (w𝑄 (𝜇,Λ))𝑄∈P(𝐿) be the (𝐺, 𝐿)-
family deduced as above from the (𝐺, 𝑀)-family (w𝑃 (𝜇,Λ))𝑃∈P(𝑀) defined in (11.12.3). Then
one has ∑︁

𝜇∈𝑋∗ (𝑀)/𝑋∗ (𝑀sc)
w𝐿 (𝜇 + 𝜉𝑀) =

vol(𝔞𝐿/𝑋∗(𝐿))
vol(𝔞𝑀/𝑋∗(𝑀)) · w𝜉

𝐿
(1)

where:
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– by convention, one sets vol(𝔞𝐺/𝑋∗(𝐺)) = 1;
– 1 is the neutral element of 𝐺 (A0);
– the right-hand side is the one defined in §11.7 when one replaces 𝑀 by 𝐿.

Proof. — The left-hand side equals by definition

lim
Λ→0

∑︁
𝜇0∈𝑋∗ (𝑀)/𝑋∗ (𝑀sc)

∑︁
𝑄∈P(𝐿)

d𝑄 (Λ)−1 · d𝑃 (Λ)
c𝑃 (Λ)

· exp(−Λ( [𝜇0 + 𝜉𝑀]𝑃))

where:
– the limit is taken over the generic Λ ∈ 𝔞∗

𝐿
;

– for each 𝑄 ∈ P(𝐿), one chooses 𝑃 ∈ P𝑄 (𝑀);
– the fraction d𝑃 (Λ)/c𝑃 (Λ) is well defined at the generic points of 𝔞∗

𝑀
and extends to a

smooth function on 𝔞∗
𝑀

.
For such Λ, 𝑄 and 𝑃, one verifies the formulas

d𝑃 (Λ)
c𝑃 (Λ)

=
vol(𝔞𝐿/𝑋∗(𝐿sc))
vol(𝔞𝑀/𝑋∗(𝑀sc))

·
d𝑄 (Λ)
c𝑄 (Λ)

and
[𝜇0 + 𝜉𝑀]𝑃 = [𝜇′0 + 𝜉𝐿]𝑄

where 𝜇′0 is the projection of 𝜇0 onto 𝔞𝐿 . Lemma 11.6.1 implies that the projection from 𝔞𝑀
onto 𝔞𝐿 induces a surjection from 𝑋∗(𝑀)/𝑋∗(𝑀sc) onto 𝑋∗(𝐿)/𝑋∗(𝐿sc). The order of its kernel
combines with the ratio of the covolumes of the lattices 𝑋∗(𝐿sc) and 𝑋∗(𝑀sc) to give the factor

vol(𝔞𝐿/𝑋∗(𝐿))
vol(𝔞𝑀/𝑋∗(𝑀)) .

One concludes the proof by applying Proposition 11.10.1 to the Levi subgroup 𝐿 and to 𝑔 = 1.
□

Let 𝑄 be a parabolic subgroup with Levi 𝐿. Arthur also defines an (𝐿, 𝑀)-family b𝑄 in the
following way: for every 𝑃 ∈ P𝐿 (𝑀), b𝑄

𝑃
(Λ) is the smooth function on 𝔞∗

𝑀
defined by

b𝑄
𝑃
(Λ) = b𝑃𝑁𝑄 (Λ),

where the group 𝑃𝑁𝑄 is the element of P(𝑀) generated by 𝑃 and 𝑁𝑄 . One can then form a
smooth function

b𝑄
𝑀
(Λ) =

∑︁
𝑃∈P𝐿 (𝑀)

d𝑄
𝑃
(Λ)−1b𝑄

𝑃
(Λ)

using the coefficient
d𝑄
𝑃
(Λ) = vol(𝔞𝑄

𝑀
/𝑋∗(𝑀′))−1

∏
𝛼∈Δ𝑄

𝑃

Λ(𝛼∨)

where Δ
𝑄

𝑃
⊂ Δ𝑃 is the subset of the roots in 𝐿 and 𝑀′ is the inverse image of 𝑀 in the simply

connected covering of the derived group of 𝐿. The Z-module 𝑋∗(𝑀′) is then the lattice of 𝔞𝑄
𝑀

generated by Δ
𝑄

𝑃
.

Let us note the following lemma, which is due to Arthur and whose proof we leave to the
reader.
Lemma 11.13.3. — Let 𝐿 ∈ L(𝑀) and 𝑄 ∈ P(𝐿). Let 𝑔 ∈ 𝐺 (A0).

Let v𝑄 (𝑔) be the (𝐿, 𝑀)-family deduced from v(𝑔).
For every 𝑙 ∈ 𝐿 (A0), let v𝐿 (𝑙) be the (𝐿, 𝑀)-family defined by v𝐿

𝑃
(𝑙,Λ) = exp(−Λ(𝐻𝑃 (𝑙))).

One has the equality of (𝐿, 𝑀)-families
v𝑄 (𝑔) = v𝐿 (𝑙𝑄 (𝑔))
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where 𝑙𝑄 (𝑔) ∈ 𝐿 (A0) is given by the Iwasawa decomposition
𝑔 ∈ 𝑙𝑄 (𝑔)𝑁𝑄 (A0)𝐾.

In particular, one has the equality

(11.13.1) v𝑄
𝑀
(𝑔) = v𝐿𝑀 (𝑙𝑄 (𝑔)).

Arthur also deduces from a (𝐺, 𝑀)-family b a smooth function on 𝔞∗
𝑄

denoted b′
𝑄
(Λ) (cf.

[Art81, §6 (6.3) and Lemma 6.1]). We shall not recall its definition; only the following two
properties will be useful to us.
Lemma 11.13.4. — (Cf. [Art81, Lemma 6.3 and Corollary 6.4]). Let b be a (𝐺, 𝑀)-family.

1. For every 𝐿 ∈ L(𝑀) and Λ ∈ 𝔞∗
𝐿
, one has

b𝐿 (Λ) =
∑︁

𝑄∈P(𝐿)
b′𝑄 (Λ).

2. Let e be a (𝐺, 𝑀)-family and e · b the product of e and b. For every Λ ∈ 𝔞∗
𝑀

, one has the
equality

(e · b)𝑀 (Λ) =
∑︁

𝑄∈F (𝑀)
e𝑄
𝑀
(Λ)b′𝑄 (Λ).

11.14. Comparison of Weighted Orbital Integrals. — Let 𝐿 ∈ L(𝑀) and 𝑄 ∈ P(𝐿). We
take up again the notations of §11.8. The “weights” v𝑄

𝑀
and v𝐿

𝑀
deduced from the eponymous

(𝐿, 𝑀)-families make it possible to define the weighted orbital integrals below

𝐽
𝑄

𝑀
(𝑌, 1𝐷0) =

∫
𝑇𝑌 (A0)\𝐺 (A0)

1𝐷0 (Ad(𝑔−1)𝑌 )v𝑄
𝑀
(𝑔) 𝑑𝑔

and
𝐽𝐿𝑀 (𝑌, 1𝐷0) =

∫
𝑇𝑌 (A0)\𝐿 (A0)

1𝐷0 (Ad(𝑙−1)𝑌 ) v𝐿𝑀 (𝑙) 𝑑𝑙.

For𝑄 = 𝐺 or 𝐿 = 𝐺, one recovers the integral 𝐽𝑀 defined in (11.11.1). The two integrals are
related by the descent formula stated below.
Lemma 11.14.1. — With the notations below, one has

𝐽
𝑄

𝑀
(𝑌, 1𝐷0) = 𝑞dim(𝔫𝑄) deg(𝐷0)𝐽𝐿𝑀 (𝑌, 1𝐷0).

Proof. — It rests on formula (11.13.1) of Lemma 11.13.3, on the Iwasawa decomposition
𝐺 (A0) = 𝐿 (A0)𝑁𝑄 (A0)𝐾 , which is compatible with our choices of measures, as well as, for
𝑙 ∈ 𝐿 (A0), on the change of variables 𝑛 ↦→ Ad(𝑙𝑛)−1𝑌 − 𝑌 which induces an isomorphism
between the measured spaces 𝑁𝑄 (A0) and 𝔫𝑄 (A0), the latter being equipped with the Haar
measure which gives volume 1 to the product

∏
𝑣∈𝑉0 𝔫𝑄 [[𝑧𝑣]] (F𝑞). The factor in 𝑞 comes from

the equality ∫
𝔫𝑄 (A0)

1𝐷0 (𝑍) 𝑑𝑍 = 𝑞dim(𝔫𝑄) deg(𝐷0) .

□

One can then state the following theorem.
Theorem 11.14.2. — With the notations above, one has

𝐽
𝜉

𝑀
(𝑌 ) =

∑︁
𝐿∈L(𝑀)

𝑞1/2(dim(𝐺)−dim(𝐿)) deg(𝐷0) · vol(𝔞𝐿/𝑋∗(𝐿))
vol(𝔞𝑀/𝑋∗(𝑀)) · 𝐽

𝐿
𝑀 (𝑌 ) · w𝜉

𝐿
(1)
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where 1 ∈ 𝐺 (A0) is the neutral element.
Proof. — Let 𝑔 ∈ 𝐺 (A0) and 𝜇 ∈ 𝔞𝑀 . By assertion (2) of Lemma 11.13.4, one has

(v · w)𝑀 (𝑔, 𝜇,Λ) =
∑︁

𝑄∈F (𝑀)
v𝑄
𝑀
(𝑔,Λ)w′

𝑄 (𝜇,Λ).

Using this formula and Lemma 11.13.1, one obtains

w𝜉

𝑀
(𝑔) =

∑︁
𝑄∈F (𝑀)

v𝑄
𝑀
(𝑔) ·

( ∑︁
𝜇∈𝑋∗ (𝑀)/𝑋∗ (𝑀sc)

w′
𝑄 (𝜇 + 𝜉𝑀)

)
whence one deduces the relation

(11.14.1) 𝐽
𝜉

𝑀
(𝑌 ) =

∑︁
𝑄∈L(𝑀)

𝐽
𝑄

𝑀
(𝑌 ) ·

( ∑︁
𝜇∈𝑋∗ (𝑀)/𝑋∗ (𝑀sc)

w′
𝑄 (𝜇 + 𝜉𝑀)

)
.

Using the descent formula of Lemma 11.14.1, line (11.14.1) above can be rewritten
(11.14.2)

𝐽
𝜉

𝑀
(𝑌 ) =

∑︁
𝐿∈L(𝑀)

𝑞1/2(dim(𝐺)−dim(𝐿)) deg(𝐷0)𝐽𝐿𝑀 (𝑌 ) ·
( ∑︁
𝜇∈𝑋∗ (𝑀)/𝑋∗ (𝑀sc)

∑︁
𝑄∈P(𝐿)

w′
𝑄 (𝜇 + 𝜉𝑀)

)
.

By assertion (1) of Lemma 11.13.4, one has∑︁
𝑄∈P(𝐿)

w′
𝑄 (𝜇 + 𝜉𝑀) = w𝐿 (𝜇 + 𝜉𝑀)

and by Lemma 11.13.2, one has∑︁
𝜇∈𝑋∗ (𝑀)/𝑋∗ (𝑀sc)

w𝐿 (𝜇 + 𝜉𝑀) =
vol(𝔞𝐿/𝑋∗(𝐿))

vol(𝔞𝑀/𝑋∗(𝑀)) · w𝜉

𝐿
(1).

This concludes the proof. □

Corollary 11.14.3. — With the notations above, one has for every 𝜉 ∈ 𝔞𝑇 in general position
the equality

𝐽
𝜉

𝑀
(𝑌 ) = vol(𝔞𝑀/𝑋∗(𝑀))−1 · 𝐽𝐺𝑀 (𝑌 ).

Proof. — Let 𝐿 ∈ L(𝑀). By definition (cf. §11.7), the weight w𝜉

𝐿
(1) equals 1 if 0 belongs to

𝜉𝐿 + 𝑋∗(𝐿) and 0 otherwise. Now since 𝜉 is in general position, the first case is only possible if
𝐿 = 𝐺 (cf. Definition 6.1.3). Whence the corollary. □

11.15. Proof of Theorem 11.1.1. — Theorem 11.1.1 is simply a reformulation of Proposition
11.9.1, for 𝜉 in general position, by means of Corollary 11.14.3.

12. The Example of a Rank One Semisimple Group

12.1. Introduction. — The aim of this section is to describe, in a simple case, a non-elliptic
Hitchin fiber. The situation will be the following. The base field 𝑘 is an algebraic closure of a
finite field of characteristic ≠ 2. The group 𝐺 is the group PGL(2) or SL(2) over 𝑘 . Let 𝑇 ⊂ 𝐺
be the standard maximal torus, with Lie algebra 𝔱 ⊂ 𝔤. Let 𝔤 be the Lie algebra common to
PGL(2) and SL(2): it is the Lie algebra of square matrices of size 2 and trace zero. The other
notations are those used in the article (in particular §§ 2 and 3).

The algebra 𝑘 [𝔤]𝐺 is the subalgebra of 𝑘 [𝔤] generated by the determinant. One therefore
identifies the space 𝔠𝔞𝔯 with the affine line A1

𝑘
, and the characteristic morphism 𝜒 : 𝔤 → 𝔠𝔞𝔯
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is identified with the morphism 𝔤 → A1 given by the determinant. This morphism is G𝑚,𝑘 -
equivariant when G𝑚,𝑘 acts naturally on 𝔤 and through 𝑧 ↦→ 𝑧2 on A1

𝑘
. The open subset 𝔠𝔞𝔯reg is

the open subset formed by the affine line with the origin removed.
The curve𝐶 is the standard projective line P1

𝑘
, which we equip with homogeneous coordinates

(𝑋 : 𝑌 ). Let 0 and ∞ be the points of respective coordinates (0 : 1) and (1 : 0). We thus have
P1
𝑘 − {∞} = Spec(𝑘 [𝑥])

and
P1
𝑘 − {0} = Spec(𝑘 [𝑦])

with 𝑥 = 𝑋/𝑌 and 𝑦 = 𝑌/𝑋 . Let 𝐷 be the divisor
𝐷 = 2[0] .

One obtains the ruled surface 𝔠𝔞𝔯𝐷 → 𝐶 by gluing Spec(𝑘 [𝑥, 𝑢]) → Spec(𝑘 [𝑥]) and
Spec(𝑘 [𝑦, 𝑣]) → Spec(𝑘 [𝑦]) along the open subsets 𝑥 ≠ 0 and 𝑦 ≠ 0 by the change of
coordinates

𝑦 = 1/𝑥 and 𝑣 = 𝑢/𝑥4.

In an analogous way, one obtains the ruled surface 𝔱𝐷 → 𝐶 by gluing the same open subsets as
previously but according to the change of coordinates

𝑦 = 1/𝑥 and 𝑣 = 𝑢/𝑥2.

12.2. The Base of the Hitchin Fibration. — By the above description of the ruled surface
𝔠𝔞𝔯𝐷 , one has the identification

𝐻0(𝐶, 𝔠𝔞𝔯𝐷) = {𝑎 ∈ 𝑘 [𝑦] | deg(𝑎) ⩽ 4}
so that the base of the Hitchin fibration is the 5-dimensional scheme

A = {(𝑎, 𝑡) ∈ 𝑘 [𝑦] × 𝑘× | deg(𝑎) ⩽ 4 and 𝑡2 = 𝑎(0)}.
Likewise, one has

A𝑇 = {(𝑎, 𝑡) ∈ 𝑘 [𝑦] × 𝑘× | deg(𝑎) ⩽ 2 and 𝑡 = 𝑎(0)}.
The closed immersion A𝑇 ↩→ A is given by

(𝑎, 𝑡) ↦→ (𝑎2, 𝑡).
The elliptic open subset

Aell = A −A𝑇

is formed of the pairs (𝑎, 𝑡) such that 𝑎 is not a square in 𝑘 [𝑦].
12.3. The Hitchin Fibration. — The Hitchin space MSL(2) (cf. § 4) is isomorphic to the
stack of triples (V, 𝜃, 𝑡) where V is a rank 2 vector bundle equipped with a trivialization of its
determinant,

𝜃 : V → V(𝐷)
is a homomorphism ofO𝐶-modules of trace zero such that 𝜃∞ : V∞ → V∞ is regular, semisimple
and of determinant equal to 𝑡2. The Hitchin space MPGL(2) is isomorphic to the stack of triples
(V, 𝜃, 𝑡), where V is a rank 2 vector bundle and (𝜃, 𝑡) is as above, taken “up to tensorization” by
a line bundle on 𝐶. In both cases, the Hitchin morphism sends a triple (V, 𝜃, 𝑡) to (det(𝜃), 𝑡).
12.4. Connected Components. — It is well known that the total space MSL(2) of the Hitchin
fibration for SL(2) is connected. The same does not hold for MPGL(2) , as we shall see. The
exact sequence

1 → 𝜇2 → SL(2) → PGL(2) → 1
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induces an exact sequence of groups
0 → 𝐻0(𝐶, 𝜇2) → 𝐻0(𝐶, SL(2)) → 𝐻0(𝐶, PGL(2)) → 1

which is none other than the initial exact sequence, and an exact sequence of pointed sets
(12.4.1) 0 → 𝐻1(𝐶, SL(2)) → 𝐻1(𝐶, PGL(2)) → 𝐻2(𝐶, 𝜇2) → 1.
Note that one has 𝐻1(𝐶, 𝜇2) = (1) since 𝐶 = P1

𝑘
and

𝐻2(𝐶, 𝜇2) ≃ Z/2Z.
Let us verify the surjectivity on the right in the sequence (12.4.1). We start from the sequence

1 → 𝜇2 → 𝑇SL(2) → 𝑇PGL(2) → 1
where 𝑇SL(2) is a maximal subtorus of SL(2) and 𝑇PGL(2) is its image in PGL(2). One deduces
the sequence

0 → 𝐻1(𝐶,𝑇PGL(2)) → 𝐻2(𝐶, 𝜇2) → 𝐻2(𝐶,𝑇SL(2)).
But 𝐻2(𝐶,𝑇SL(2)) = (1) since 𝑇SL(2) ≃ G𝑚,𝑘 and 𝑘 is algebraically closed, whence the surjectiv-
ity of the arrow 𝐻1(𝐶,𝑇PGL(2)) → 𝐻2(𝐶, 𝜇2) and a fortiori of 𝐻1(𝐶, PGL(2)) → 𝐻2(𝐶, 𝜇2).

The sequence (12.4.1) implies that the space MPGL(2) possesses two connected components
M𝑖

PGL(2) indexed by 𝑖 ∈ Z/2Z. The natural morphism

MSL(2) → M0
PGL(2)

is a 𝜇2-gerbe. Indeed, by the sequence (12.4.1), every PGL(2)-torsor whose class has trivial
image in 𝐻2(𝐶, 𝜇2) lifts to an SL(2)-torsor, and this lifting is unique up to an element of

𝜇2 = Ker(𝐻0(𝐶, SL(2)) → 𝐻0(𝐶, PGL(2))).

12.5. A Hyperbolic Fiber. — From now on, we restrict ourselves to the case 𝐺 = PGL(2)
and we simply write M = M𝐺 . We are going to study the Hitchin fiber M𝑎 above the point
𝑎 = (𝑦2 − 1,−1) ∈ A𝑇 (which is also identified with the point ((𝑦2 − 1)2,−1) ∈ A𝐺). Let

𝑈 = P1
𝑘 − {−1, 1} = Spec

(
𝑘

[(
𝑦 + 1
𝑦 − 1

)±1
])
.

Let 𝑋 ∈ 𝔱(𝑘 [𝑦]) be defined by

𝑋 =

(
𝑦2 − 1 0

0 1 − 𝑦2

)
.

This element is 𝐺-regular on 𝑈 with centralizer the constant torus scheme 𝑇 ×𝑘 𝑈. Indeed, its
trace is always zero and its determinant does not vanish on 𝑈. Let (E, 𝜃, 𝑡) ∈ M𝑎. It follows
from the considerations of § 4.9 that (E, 𝜃, 𝑡) possesses on 𝑈 a canonical reduction to 𝑇 , say
(E𝑇 , 𝜃, 𝑡). We identify 𝑇 once and for all with G𝑚,𝑘 via the morphism

𝑧 ↦→
(
𝑧 0
0 1

)
∗

where ∗ indicates that one takes the image in PGL(2). Since every G𝑚,𝑘 -torsor is trivial on 𝑈,
one may choose a trivialization of E𝑇 . Let X𝑎 be the scheme formed of the triples

(E, 𝜃, 𝜄)
such that (E, 𝜃, 𝑡) is a Hitchin triple above 𝑎 and 𝜄 is a trivialization of E on𝑈 which sends 𝜃 to
𝑋 . The group

𝐻0(𝑈,𝑇) ≃ G𝑚,𝑘 (𝑈) = 𝑘×
(
𝑦 + 1
𝑦 − 1

)Z
≃ 𝑘× × Z
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acts on the left on X by the obvious action on the factor 𝜄. The fiber M𝑎 is therefore isomorphic
to the quotient stack [G𝑚,𝑘 × Z\X𝑎].
12.6. Affine Springer Fibers. — Let 𝑧 be an indeterminate over 𝑘 . Let O = 𝑘 [[𝑧]] and
𝐹 = 𝑘 ((𝑧)) its field of fractions. Let 𝔭 be the ideal of O generated by 𝑧. Let

val : 𝐹× → Z

be the discrete valuation normalized by val(𝑧) = 1. Let

𝑌 =

(
𝑧 0
0 −𝑧

)
∈ 𝔱(O)

and 𝑀 the affine Springer fiber (cf. [KL88] and [GKM04]) defined by
𝑀 = {𝑔 ∈ 𝐺 (𝐹)/𝐺 (O) | Ad(𝑔−1)𝑌 ∈ 𝔤(O)}.

This is a 𝑘-scheme locally of finite type which possesses two connected components corre-
sponding to the fibers of the map

𝑀 → Z/2Z
which associates to 𝑔 the class val(det(𝑔̃)) mod 2Z, where 𝑔̃ ∈ GL(2, 𝐹) is an arbitrary lift of
𝑔. Using the bijection between GL(2, 𝐹)/GL(2,O) and the set of O-lattices of 𝐹2 = 𝐹 ⊕ 𝐹,
one sees that 𝑀 is identified with the scheme of classes of lattices of 𝐹2 stable under the
endomorphism 𝑌 , for the equivalence relation on lattices defined by the homotheties with ratio
in 𝑧Z. One obtains the component of index 𝑖 ∈ Z/2Z by considering only the lattices of index in
𝑖 + 2Z (where the index of the standard lattice O ⊕ O is 0 by definition). The matrix

(12.6.1)
(
𝑧 0
0 1

)
∗

acts on 𝑀 (according to the points of view: either by left translation on 𝑔, or by its natural action
on the classes of lattices) and permutes the connected components of 𝑀 . It therefore suffices
to describe the component 𝑀0 of the lattices of index 0 mod 2Z. Let 𝑛 ∈ Z and let 𝑀0

𝑛 be the
set of classes of lattices of 𝐹2, of index 0 mod 2Z, which admit a representative 𝑅 (necessarily
unique) satisfying the inclusions
(12.6.2) 𝔭1−𝑛 ⊕ 𝔭𝑛 ⊊ 𝑅 ⊊ 𝔭−𝑛 ⊕ 𝔭𝑛−1.

Such lattices are automatically stable under𝑌 , in other words𝑀0
𝑛 ⊂ 𝑀0. A lattice 𝑅 satisfying the

above inclusions defines a line of the 2-dimensional quotient 𝑘-vector space 𝔭1−𝑛⊕𝔭𝑛\𝔭−𝑛⊕𝔭𝑛−1.
One then obtains a bijection

𝑀0
𝑛 → P(𝔭1−𝑛 ⊕ 𝔭𝑛\𝔭−𝑛 ⊕ 𝔭𝑛−1) ≃ P1

𝑘

from 𝑀0
𝑛 onto the 𝑘-points of the projective line P1

𝑘
, which sends the class of the lattice 𝔭−𝑛 ⊕ 𝔭𝑛

to the point (1 : 0) (in homogeneous coordinates) and that of the lattice 𝔭1−𝑛 ⊕ 𝔭𝑛−1 to the point
(0 : 1). These two classes are the only ones in 𝑀0

𝑛 that are classes of decomposed lattices. In
this way one identifies 𝑀0 with the chain of projective lines 𝑀0

𝑛 , 𝑛 ∈ Z, the lines 𝑀0
𝑛 and 𝑀0

𝑛+1
being glued at the point corresponding to the class of the lattice 𝔭−𝑛 ⊕ 𝔭𝑛.

The left action of 𝑇 (𝐹) on 𝐺 (𝐹) preserves 𝑀 . One deduces from it an action of 𝐹× on 𝑀 via
the isomorphism G𝑚,𝑘 ≃ 𝑇 . The subgroup of the elements of 𝐹× of valuation 2 stabilizes 𝑀0.
This group is written as a direct product

𝑧2Z × 𝑘× × (1 + 𝔭).
The component (1 + 𝔭) acts trivially on 𝑀0. The action of 𝑧2𝑘 induces a translation in the
chain of projective lines which sends 𝑀0

𝑛 to 𝑀0
𝑛−𝑘 . The action of 𝑘× stabilizes each irreducible

component 𝑀0
𝑛 . In homogeneous coordinates, one has 𝜆 · (𝑥 : 𝑦) = (𝜆𝑥 : 𝑦). This action
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therefore possesses on each 𝑀0
𝑛 two fixed points, which are the two classes of decomposed

lattices, and the action of 𝑘× on 𝑀0
𝑛 with these two points removed is simply transitive.

Let us describe in terms of lattices the functions 𝐻𝐵 and 𝐻
𝐵

(cf. Definition 7.5.1) where 𝐵 is
the “upper” Borel subgroup and 𝐵 is its opposite. The space 𝔞𝑇 is of dimension 1. Let 𝛼 be the
root of𝑇 in 𝐵: it induces onG𝑚,𝑘 ≃ 𝑇 the identity isomorphismG𝑚,𝑘 → G𝑚,𝑘 . This root (viewed
as an element of 𝔞∗

𝑇
) induces an isomorphism 𝔞𝑇 ≃ R. We set, for every 𝑔 ∈ 𝐺 (𝐹)/𝐺 (O),

ℎ𝐵 (𝑔) = 𝛼(𝐻𝐵 (𝑔)) and ℎ
𝐵
(𝑔) = 𝛼(𝐻

𝐵
(𝑔)).

For a lattice 𝑅 of 𝐹2, let 𝑅1 = 𝑅 ∩ (𝐹 ⊕ (0)) and let 𝑝1(𝑅) be the projection of 𝑅 onto 𝐹 ⊕ (0).
Using 0 ⊕ 𝐹, one defines 𝑅2 and 𝑝2(𝑅). For every fractional ideal 𝔭𝑛 of 𝐹, we set val(𝔭𝑛) = 𝑛.
This definition thus applies to 𝑅1, 𝑝1(𝑅), etc. We then set

ℎ𝐵 (𝑅) = val(𝑝2(𝑅)) − val(𝑅1) and ℎ
𝐵
(𝑅) = val(𝑅2) − val(𝑝1(𝑅)).

This definition depends only on the class of the lattice 𝑅. We leave to the reader the task of
verifying that if the class of 𝑅 corresponds to 𝑔 then one has ℎ𝐵 (𝑅) = ℎ𝐵 (𝑔) and ℎ

𝐵
(𝑅) = ℎ

𝐵
(𝑔)

(cf. [CL08, §9.1], where the function 𝐻𝐵 of that article is the opposite of our function 𝐻𝐵).
Note that one has

ℎ
𝐵
(𝑅) − ℎ𝐵 (𝑅) = val(𝑅1) − val(𝑝1(𝑅)) + val(𝑅2) − val(𝑝2(𝑅)) ⩾ 0

(as it should be, cf. Lemma 5.7.1) and that this difference is zero only if 𝑅 is a decomposed
lattice. If the class 𝑅 belongs to 𝑀 , then by the inclusions (12.6.2) one sees that one has

0 ⩽ val(𝑅1) − val(𝑝1(𝑅)) ⩽ 1.
Therefore for a class of lattices 𝑅 in 𝑀 that is not decomposed, one has

ℎ
𝐵
(𝑅) − ℎ𝐵 (𝑅) = 2.

Moreover, for a class of lattices 𝑅 in 𝑀0
𝑛 , one has

(12.6.3) ℎ𝐵 (𝑅) =
{

2𝑛 if 𝑅 = 𝔭−𝑛 ⊕ 𝔭𝑛;
2(𝑛 − 1) otherwise;

and

(12.6.4) ℎ
𝐵
(𝑅) =

{
2(𝑛 − 1) if 𝑅 = 𝔭1−𝑛 ⊕ 𝔭𝑛−1;
2𝑛 otherwise.

12.7. A Non-Separated Fiber. — We are going to see that the fiber M𝑎 of § 12.5 is neither
separated nor of finite type. We have seen that M𝑎 is isomorphic to a certain quotient of X𝑎. It
follows from the considerations of Section 7 that X𝑎 is identified with a product of two Springer
fibers. More precisely, the formal gluing of Beauville–Laszlo identifies X𝑎 with the product of

𝑀+ = {𝑔 ∈ 𝐺 (𝑘 ((𝑦 − 1)))/𝐺 (𝑘 [[𝑦 − 1]]) | Ad(𝑔−1)𝑋 ∈ 𝔤(𝑘 [[𝑦 − 1]])}
with

𝑀− = {𝑔 ∈ 𝐺 (𝑘 ((𝑦 + 1)))/𝐺 (𝑘 [[𝑦 + 1]]) | Ad(𝑔−1)𝑋 ∈ 𝔤(𝑘 [[𝑦 + 1]])}
where

𝑋 =

(
𝑦2 − 1 0

0 1 − 𝑦2

)
and the embeddings 𝑘 [𝑦] ↩→ 𝑘 [[𝑦 − 1]] and 𝑘 [𝑦] ↩→ 𝑘 [[𝑦 + 1]] are the obvious embeddings.
Since 𝑦 + 1 is a unit in 𝑘 [[𝑦 − 1]], one sees clearly that 𝑀+ is the Springer fiber 𝑀 defined in
§ 12.6. Likewise 𝑀− = 𝑀 .

Let us now interpret the action of G𝑚,𝑘 × Z on X𝑎. This corresponds to the diagonal action of
𝑘× × ((𝑦 + 1)/(𝑦 − 1))𝑛 on 𝐺 (𝑘 ((𝑦 − 1))) × 𝐺 (𝑘 ((𝑦 + 1))). In terms of 𝑀+ ×𝑘 𝑀−, one sees
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that G𝑚,𝑘 acts diagonally on 𝑀+ ×𝑘 𝑀− and that Z acts on 𝑀+ ×𝑘 𝑀− through 𝑛 ↦→ (−𝑛, 𝑛), the
actions on each factor being those described in § 12.6.

We saw in § 12.4 that M possesses two connected components M𝑖 indexed by 𝑖 ∈ Z/2Z. The
fiber M𝑖

𝑎 = M𝑎 ∩M𝑖 is therefore the quotient by G𝑚,𝑘 × Z of the product of the components

𝑀
𝑖+
+ ×𝑘 𝑀 𝑖−

−

for 𝑖+ + 𝑖− = 𝑖, where 𝑀 𝑖±
± is the component of 𝑀± of index 𝑖±. In fact, the action of the

matrix (12.6.1) on one of the factors exchanges the connected components, which are therefore
isomorphic. To simplify the discussion, in what follows we consider only the component M0

𝑎.
The action of 1 ∈ Z, which is identified with (𝑦+1)/(𝑦−1), permutes 𝑀0

+×𝑘 𝑀0
− and 𝑀1

+×𝑘 𝑀1
−.

It follows that M0
𝑎 is identified with the quotient of 𝑀0

+×𝑘 𝑀0
− by the action of G𝑚,𝑘 ×2Z. Figure

1 below represents 𝑀0
+ ×𝑘 𝑀0

−, that is to say the product of two chains of P1
𝑘
. The vertices

of the (infinite) grid correspond to the pairs of decomposed lattices, the vertical, respectively
horizontal, segments to the pairs of lattices whose first, respectively second, component is a
decomposed lattice. The points in the interior of the squares are the pairs of classes of lattices
which are not decomposed.

The action of G𝑚,𝑘 preserves each square (which is a product 𝑀0
+,𝑛+ ×𝑘 𝑀

0
−,𝑛− ) and the action

of 2 ∈ 2Z translates a square by 1 to the right and by 1 downwards. One thus sees that the
quotient of 𝑀0

+ ×𝑘 𝑀0
− by 2Z × G𝑚,𝑘 is not of finite type.

Figure 1. The product of two chains of P1
𝑘
.

In Figure 2 below, the vertices of the square (symbolized by the small circles) are fixed points
of the action of G𝑚,𝑘 . The residual gerbe of such points is 𝐵(G𝑚). We have represented in thin
lines the orbits of G𝑚,𝑘 of dimension 1. The quotient of the square with the vertices removed
is therefore a non-separated projective line, symbolized by a bold line with its two origins and
its two points at infinity, which are the quotients by G𝑚 of the sides of the square. This line is
isomorphic to the one obtained by gluing two standard projective lines along the open subset
complementary to the origin and to the point at infinity.

In particular, M0
𝑎, with the points corresponding to the vertices of the grid removed, is an

infinite chain of two-sided Néron polygons (cf. Figure 3 above).
More precisely, each Néron polygon of this chain is indexed by 𝑛 ∈ Z. Such a polygon is

the union of two projective lines 𝑃𝑛 and 𝑃′𝑛 over 𝑘 . The open subsets (𝑃𝑛 ∪ 𝑃′𝑛) − 𝑃𝑛 and
(𝑃𝑛 ∪ 𝑃′𝑛) − 𝑃′𝑛 are isomorphic to G𝑚,𝑘 . In this chain, one glues the polygon 𝑃𝑛 ∪ 𝑃′𝑛 to the
polygon 𝑃𝑛+1 ∪ 𝑃′

𝑛+1 by identifying (𝑃𝑛 ∪ 𝑃′𝑛) − 𝑃𝑛 with (𝑃𝑛+1 ∪ 𝑃′
𝑛+1) − 𝑃

′
𝑛+1. In Figure 4

below, we have represented a piece of this chain of polygons. In order to suggest that this chain
is infinite, and so that the reader may recognize in Figure 4 the non-separated line represented
in bold in Figure 2, the extremal polygons are only partially drawn (they have been amputated
of a G𝑚,𝑘 ). The reader who would like to recover Figure 4 will note that the line of Figure 2 is
every other time “reversed”.
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Figure 2. In thin lines, some orbits of G𝑚,𝑘 on P1
𝑘
× P1

𝑘
with the vertices removed, and

in bold the non-separated quotient.
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Figure 3. A two-sided Néron polygon.
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Figure 4. A chain of two-sided Néron polygons.

12.8. A 𝜉-Stable Hyperbolic Fiber. — As we are going to see, the situation improves radically
when one takes the 𝜉-stable fiber M𝜉

𝑎 for a 𝜉 in general position (cf. Section 6). Let 𝜉 ∈ 𝔞𝑇 ≃ R.
Let M𝜉,0

𝑎 be the component of index 0 of M𝜉
𝑎: it is the quotient of (𝑀0

+ ×𝑘 𝑀0
−)𝜉 by the action

of G𝑚,𝑘 × 2Z, where (𝑀0
+ ×𝑘 𝑀0

−)𝜉 ⊂ 𝑀0
+ ×𝑘 𝑀0

− is the open subset formed of the (classes of)
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lattices (𝑅+, 𝑅−) which satisfy
(12.8.1) −ℎ

𝐵
(𝑅+) − ℎ𝐵 (𝑅−) < 𝜉 < −ℎ𝐵 (𝑅+) − ℎ𝐵 (𝑅−).

It follows from (12.6.3) and (12.6.4) that if 𝜉 ∉ 2Z, the above inequalities are always strict. In
what follows, in order to lighten the discussions we take 𝜉 = 1. Let us remark that condition
(12.8.1) excludes the pairs of decomposed lattices. Let 𝑅+ be a lattice in the class of 𝔭−𝑛 ⊕ 𝔭𝑛

and 𝑅− such that (𝑅+, 𝑅−) ∈ (𝑀0
+ ×𝑘 𝑀0

−)𝜉 . By (12.6.3) and (12.6.4), the inequality (12.8.1)
becomes

−2𝑛 − ℎ
𝐵
(𝑅−) < 1 < −2𝑛 − ℎ𝐵 (𝑅−)

so necessarily ℎ𝐵 (𝑅−) = −2𝑛 − 2 and ℎ
𝐵
(𝑅−) = −2𝑛, so 𝑅− is a non-decomposed lattice of

𝑀0
−,−𝑛. Likewise, if 𝑅− = 𝔭−𝑛 ⊕ 𝔭𝑛, every lattice 𝑅+ such that (𝑅+, 𝑅−) ∈ (𝑀0

+ ×𝑘 𝑀0
−)𝜉 is a

non-decomposed lattice of 𝑀0
+,−𝑛.

Let (𝑅+, 𝑅−) be a pair of non-decomposed lattices with 𝑅+ ∈ 𝑀0
+,𝑛. By (12.6.3) and (12.6.4),

the inequality (12.8.1) becomes
−2𝑛 − ℎ

𝐵
(𝑅−) < 1 < −2𝑛 + 2 − ℎ𝐵 (𝑅−).

There are therefore two possibilities for ℎ𝐵 (𝑅−), namely −2𝑛 and −2𝑛 − 2, so 𝑅− ∈ 𝑀0
−,−𝑛 ∪

𝑀0
−,−𝑛−1.
One may therefore represent (𝑀0

+ ×𝑘 𝑀0
−)𝜉 by Figure 5.

g g g
g g g g

g g g
Figure 5. A 𝜉-stable open subset of the product P1

𝑘
× P1

𝑘
.

In Figure 5 above, (𝑀0
+ ×𝑘 𝑀0

−)𝜉 is the open subset which is the union of the interiors of the
squares that are drawn (namely the products 𝑀0

+,𝑛 ×𝑘 𝑀0
−,−𝑛 and 𝑀0

+,𝑛 ×𝑘 𝑀0
−,−𝑛−1 for 𝑛 ∈ Z) and

of the open segments in bold. The vertices, that is to say the pairs of decomposed lattices, are
symbolized by small circles and are removed. The group G𝑚,𝑘 × 2Z preserves, as it should, this
open subset. The quotient of (𝑀0

+×𝑘 𝑀0
−)𝜉 by the factor G𝑚,𝑘 is a chain of projective lines (from

now on non-separated) on which the factor 2 ∈ 2Z acts by translation by 2. The quotient M0,𝜉
𝑎

is therefore a two-sided Néron polygon (cf. Figure 3). The 𝜉-stability, for 𝜉 in general position,
therefore keeps only a single polygon in the chain of Néron polygons of Figure 4.
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