ON THE COUNTING OF NILPOTENT HITCHIN BUNDLES
by

Pierre-Henri Chaudouard & Gérard Laumon

Abstract. — This paper is concerned with two problems. One is to count Hitchin bundles on a
projective curve and the other is to get an explicit formula for the nilpotent part of the Arthur—Selberg
trace formula for a simple test function. The fact that the two problems are indeed related has been
noticed in a previous paper cf. [6]. We expand the nilpotent part of the Arthur—Selberg trace formula
in a sum of adelic integrals indexed by nilpotent orbits. For «regular by blocks » orbits, we get an
explicit formula for these integrals in terms of the zeta function of the curve.

Résumé (Sur le comptage des fibrés de Hitchin nilpotents). — Cet article est une contribution a
la fois au calcul du nombre de fibrés de Hitchin sur une courbe projective et a I’explicitation de la
partie nilpotente de la formule des traces d’Arthur-Selberg pour une fonction test trés simple. Le lien
entre les deux questions a été établi dans [6]. On décompose cette partie nilpotente en une somme
d’intégrales adéliques indexées par les orbites nilpotentes. Pour les orbites de type «régulieres par
blocs », on explicite compleétement ces intégrales en termes de la fonction zéta de la courbe.
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1. Introduction

1.1. Let C be a smooth, projective, geometrically connected curve over a field k. Let D be a
divisor on C. Let n € N* and e € Z. By a Hitchin bundle of rank » and degree e, we mean a
pair (&, 6) where

— & is a vector bundle of degree e and rank n;

- 0:8 — E®p. Oc(D) is a morphism of Oc-modules.
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When the rank # is coprime to the degree e and when the divisor D is canonical, the moduli
space of stable Hitchin bundles is a quasi-projective and smooth algebraic variety over k (cf.
[13]). A fundamental problem is the computation of its Betti numbers. Hausel and Rodriguez-
Villegas (cf. [9]) proposed a rather sophisticated conjecture on what these Betti numbers should
be. Note that these authors do not work directly on the moduli space in question but on a certain
character variety, which is a complex affine algebraic variety that is diffeomorphic to it when
the base field & is the field of complex numbers. They managed to compute the E-polynomial
of the character variety they consider; based on this computation, they formulated a conjectural
expression for its mixed Hodge polynomial and hence, ipso facto, for its Poincaré polynomial.
Moreover, Garcia-Prada, Heinloth and Schmitt (cf. [7]) provided an algorithm to compute the
motive of the moduli space of Hitchin bundles. This allowed them to verify the conjecture
of Hausel and Rodriguez-Villegas in rank 4 and for small genus. Their approach exploits the
Bialynicki-Birula decomposition under the action of the multiplicative group and the geometry
of chain spaces. However, it does not seem straightforward to deduce the conjecture of Hausel
and Rodriguez-Villegas from their method. Let us note that Mozgovoy, based on the work of
Hausel and Rodriguez-Villegas, gave a conjectural formula for the motive (cf. [12]).

In this article, we follow another strategy, explained in [6], to (attempt to) prove the conjec-
tures of Hausel and Rodriguez-Villegas.

1.2. Counting Points.— We continue to assume that n is coprime to the degree e and that the
divisor is either canonical or of degree strictly greater than 2g¢c — 2, where g¢ is the genus of
the curve C. In this situation, Nitsure constructed the moduli space of stable Hitchin bundles,
which is still quasi-projective and smooth, together with a proper morphism, called the Hitchin
map, from this variety to an affine space. Furthermore, assume that the base field « is a finite
field. An argument based on homotopy, using an action of the multiplicative group, shows that
the cohomology of this moduli space is pure. Consequently, it is enough to compute the number
of points of the moduli space over finite fields in order to obtain its Betti numbers. In [6], it
is explained how this point count can be expressed via a nilpotent integral reminiscent of the
unipotent part of Arthur’s trace formula. This integral is an adelic integral of the following form

(1.2.1) / Kp(g) dg
G(F\G(A)*

where F is the function field of C, A is the ring of adeles of F, and G is the group GL(n).
The set G(A)¢ consists of the adelic elements of G of degree —e. The quotient G (F)\G (A)¢ is
equipped with a suitably normalized invariant measure with finite volume. The function Kp is
the value at 7 = O of the following function

. G ~
Kpr(g) = Y (-D)U™@®) X" 2p(Hp(5g) - T)Kp(58)
P 5eP(F)\G(F)

where P runs over the standard parabolic subgroups of G and

K@= Y [ el xrvgav

XGNMP ' (A)

We have denoted by P = MpNp the standard Levi decomposition of P, where Np is the unipotent
radical of P, NMP c mp(F) is the set of F-rational nilpotent elements of the Lie algebra mp
of Mp, and dU is a Haar measure on the Lie algebra np(A) of Np(A). The function 1p is a
characteristic function associated to the divisor D. For the reader not familiar with Arthur’s
work, the notations a$, £p and Hp can be found in §§ 2.2, 2.3 and 3.3. Let (N'©) be the finite set
of G (F)-nilpotent orbits in the Lie algebra g(F) of G(F). For every O € (N¢), we introduce



the following function of the variable g € G(A):

Kho= Y, [ vy
XeNMp_1G(x)=0 VP (#)

where the sum runs over those X € NMP whose Lusztig-Spaltenstein induction via P (cf. § 4)
is the orbit O. Clearly, one has

Kp(@) = >, Kpole).
0e(NG)
We also set
. G ~
Kpro(g) =Y (=DM X" 2p(Hp(s8) - T)K}p (68),
P 6eP(F)\G(F)
so that

Kpr(g)= ). Kpro(s).
0c(NO)
Here is the first main result of our article.
Theorem 1.2.1 (cf. Corollary 6.2.2). — For every parameter T, the integral

/ Kpr0(g)dg
G(F)\G(A)¢

converges absolutely. Moreover, its dependence on the parameter T is quasi-polynomial.
In particular, we have the following expansion

/ Kpr(g)dg = / Kpr0(g)dg.
G(F)\G(A)° G(F)\G(A)e

The merit of the preceding theorem is that it reduces the problem of counting Hitchin bundles
to the orbital-by-orbital computation of the integral

/ Kpro0(g)dg
G(F)\G(A)¢

at 7 = 0. There is an interpretation of this integral in terms of point counting. This is the
content of the following theorem. Here, we use the notions of the cardinality of a groupoid and
of T-semistability of a vector bundle; for these, we refer the reader simply to [6].

Theorem 1.2.2 (cf. Theorem 6.2.1). — For T deep enough in the positive Weyl chamber and
far enough from the walls, the quasi-polynomial part in T of the cardinality of the groupoid of
Hitchin bundles (&, 0) of rank n and degree e, whose underlying vector bundle & is T-semistable
and whose endomorphism 0 is generically in the orbit O, is given by the integral

(1.2.2) / Kpro(g)dg.
G(F)\G (&)

O€(N©G)

To connect this with Theorem 6.2.1 in the main body of the paper, the cardinality of the said
groupoid is expressed, via Weil’s adeles-bundles dictionary, by the following integral:

(1.2.3) / FO(g,T) D" 1p(g'Xg) dg,
G(F)\G(A)° x<o

where F¢(g,T) is the characteristic function of the compact subset of G(F)\G(A)¢ consisting
of those g for which the corresponding bundle is 7-semistable (for further details on these
back-and-forths between adeles and bundles, counting and integrals, we again refer the reader to
[6]). In particular, the integral above is clearly convergent. The existence of a quasi-polynomial



in T asymptotic to (1.2.3) is the analogue of a result of Arthur over number fields (cf. [3],
Theorem 4.2).

For certain orbits O, it is possible to give the value of the integral (1.2.2). This is the other
major result of this article. These orbits are of the following type: fix a divisor d > 1 of n and let
r = n/d; these are the orbits of nilpotent elements of g(F') whose Jordan decomposition consists
of d blocks of size r. Among these, one finds the zero orbit corresponding to d = n and the
regular orbit corresponding to d = 1. The answer obtained is expressed in terms of the group
G = SL(n,C), whose appearance is not surprising: it is the complex Langlands dual of the
group PG L(n), and the latter naturally appears because the notion of stability is invariant under
tensoring by a line bundle. Let M c G’ be the «standard » Levi subgroup of G’ that stabilizes
the r subspaces of C" of dimension d in direct sum generated by the d-tuples of « consecutive »
vectors of the canonical basis of C". For P ¢ G’ a standard parabolic subgroup of G’ with
Levi factor M, one defines a rational function on the torus Z}%I (the connected component of the

center of M ) by
@ (1) = ]—[ z4 (™)

where the product is taken over the set of P-dominant fundamental weights and where we
introduce the rational function in the formal variable X

Z¢ 5 (X) = XD 20 (g7 X) Zc (g7X) ... Ze(q7X),

with Z¢ being the zeta function of the curve C and ¢ the cardinality of the base field k. We also
set, for every e € Z and every ¢ € Z]%[,

@l (w - (12)).

: €U WEer

e =+

Here, we identify Z}%{ with (C*)”, on which the permutation group S, of order r! acts naturally.

The group u, of nth roots of unity is naturally identified with the center of G'. A priori the
rational function ¥% D(t) has a pole at t = 1 except when d = n, in which case P = G’ and
wle () = 1.
Theorem 1.2.3 (cf. Theorem 7.1.1). — 1. The rational function ‘Pd (1) has no pole at t =
L.
2. Let O C g(F) be the nilpotent orbit of elements whose Jordan decomposition consists of

d blocks of size r. When e is coprime to r, the integral (1.2.2) above associated to O and
with T = 0 is equal to

gD et 76 (7N Ze (g7 - Ze(q ) Y (),

where Z;(X) = (1 — gX)Zc(X).
When d = n, the integral (1.2.2) is equal to the volume of G (F)\G (A )¢, we have ‘Pg’i)(l) =
1, and the formula

2( g %, — _ -
¢ VZaNZe(q) - Ze(a™)
is none other than Siegel’s formula for this volume.

1.3. Thus, this article partially resolves the problem of counting Hitchin bundles: it remains to
compute the integrals (1.2.2) for the remaining orbits (i.e. those which are not block-regular).
Note that in [6], a refinement of the conjectures of Hausel-Rodriguez-Villegas and Mozgovoy
is stated which conjecturally gives the value of the integrals (1.2.2) at 7 = 0. In [6], it is also
verified that Theorem 1.2.3 is compatible in rank < 3 with this refined conjecture.



As can be seen, our method consists of making explicit the Arthurian integral (1.2.1), which
is essentially the nilpotent part of the trace formula for the test function 1p. In fact, the methods
used here should certainly adapt to test functions other than 1, and also to the case where F is
a number field. Note that in the case of a number field and for the regular orbit, a formula in
the same spirit as that of Theorem 1.2.3 was known independently to E. Lapid and T. Finis, the
latter of whom spoke about it in a talk in Orsay.

1.4. Organization of the Article.— The heart of the article is found in Section 6, where
Theorem 1.2.2 is proved. Once this result is established, one can, in the case of a block-regular
orbit, «renormalize » the integral (1.2.2). This is the subject of Section 7, in which the proof
of Theorem 1.2.3 is given. The integral then appears as a special value of a series that was
computed earlier in Section 3. However, in order to obtain a reasonably simple expression
for this special value, it was necessary to develop in Section 2 a variant of the combinatorial
results that Arthur uses in his developments on the trace formula. This section therefore also
has intrinsic interest. The remaining Sections 4 and 5 are devoted to some useful reminders.

2. Combinatorics of (G, M)-Cofamilies

2.1. Introduction.— In this section we develop the notion of a (G, M)-cofamily, which is very
close to that of a (G, M)-family of Arthur (cf. Definitions 2.10.1 and 2.18.1). The results of this
section will later be used to obtain explicit formulas for certain adelic integrals. Although our
article focuses on the group G L(n), the methods used should be adaptable to other reductive
groups. For future reference, we have written this section in the general framework of a reductive
group over an arbitrary field. The main results of this section are stated in Theorems 2.12.1 and
2.19.1.

The notations are, with a few variations, those that have become standard since Arthur’s
work on the trace formula (cf. [1, 2] or again [S]). We briefly recall them in the following
paragraphs.

2.2. Notations.— Let G be a reductive group over an arbitrary field . Fix a maximal F-split
torus of G, whose centralizer we denote by 7. Unless otherwise indicated, by a «parabolic
subgroup of G » we mean a parabolic subgroup of G in the usual sense which, in addition, is
defined over F and contains 7. Such a parabolic subgroup then has a unique Levi factor defined
over F and containing 7. Such subgroups of G are simply called Levi subgroups. For a subgroup
H of G, we denote by LC(H), respectively ¢ (H), the set of Levi subgroups, respectively
parabolic subgroups, of G which contain H. When H is a Levi subgroup, we denote by P (H)
the set of parabolic subgroups of G with Levi factor H. These notations remain valid if we
replace G by a Levi subgroup of G or by a parabolic subgroup Q of G (in the latter case, the
superscript Q means that one restricts to subgroups contained in Q). When the context is clear,
omitting the superscript (resp. the group H) means that we consider a situation relative to G
(resp. that we take H = T'). For example, the set of Levi subgroups of G is simply denoted by
L instead of LE(T).

For every P € ¥, we have the Levi decomposition P = MpNp, where Mp is the Levi factor
of P containing 7 and Np is the unipotent radical of P. Let Ap be the maximal split central torus
of Mp and X*(Ap) the group of rational characters of this torus. This latter group is a lattice in
the real vector space

a;R = X" (Ap) ®z R.
Let X*(Mp) be the group of rational characters of Mp defined over F. The restriction morphism
X*(Mp) — X*(Ap) induces an isomorphism X*(Mp) ®z R — a;R. Since this space depends



only on Mp, it will also be denoted by ajwp r- For any two parabolic subgroups P C Q, there
is a restriction morphism X*(Ap) — X*(Agp) hence a projection a, — a*Q g+ Using the
inclusion Mp C My and, dually, the corresponding restriction of character groups, one also has

an inclusion a*Q r — dpgr- We denote by x (without subscript R) the corresponding dual real
vector spaces. The orthogonal complement of agr in a}, , is denoted indifferently by ag’ﬁ; or

Mo ,* . ..
2 r- We have the direct sum decompositions

Ay

x  _ QO *
dpr = dpr ® g
and similarly for the dual spaces. Finally, we reserve the notation without the index R for the
C-spaces obtained by scalar extension, for example

* %
ap = GP,R‘X’RC-

p=dp
= -1, and we denote by Re(1) and Im(1) the real and imaginary parts of A € a’.

The Weyl group of (G, T) acts on a;R and we fix on this space a Euclidean product invariant
under W. The above decomposition is then orthogonal. We endow a”};’R with the corresponding
Euclidean measure.

For every P € P(T) and Q € F(P), let A2, respectively Ag’v, be the set of simple roots,
respectively coroots, of T'in Np N Mp. These sets form bases, respectively, of aIQ,’* and aIQ,. Let

Thus we have a decomposition of R-vector spaces a
2
i

. % . .
g ®lidpy where i € C satisfies

Ag and AIQ)’V be the dual bases, respectively bases of ag and a%’*. When the superscript Q is
omitted, this means that we take O = G.

One obtains bases Ap and Aé of ag’* and ag by projection of the sets Ap — AIQJ and Ay — AIQJ’V.
As the notation suggests, these bases do not depend on the choice of P € P2(T). By duality,

one obtains bases AQ and Aé of ag and ag’*. More generally, by the same procedure, for

any R € ¥(Q) one defines sets AS, Ag, etc., with the case R = G recovering the previous
construction. One will note that by construction Ag = Agg Mg where in the right-hand member
the construction is relative to the reductive group Mg.

Let Z(AIQ,’V), respectively Z(Ag), be the Z-submodule of aIQJ, respectively aIQ;*, generated by
A2V respectively A2
7 »respectively A%

2.3. Functions 7 and 7.— For every pair of parabolic subgroups P C Q, let Tg and fg be the
characteristic functions of the respective sets

{Hearg | (@, H) >0VaeA?)
and
{Hearr | {(w,Hy>0Vw e AIQJ}

Let ag’+ C ag’R be the open Weyl chamber defined by the condition Tg =1. Let

(ap”)* < apy

be the open Weyl chamber defined by the condition (1, @) > 0 for every @" € Ag’v. We denote

by ag’+ the closed Weyl chamber, i.e. defined by non-strict inequalities.

The functions 7 and 7 satisfy the following «orthogonality relations », where H € ar and
where the sum is taken over the parabolic subgroups R such that P ¢ R c Q (cf. [5] formulas
(8.10) and (8.11)):



- X 0 ifPcO,
(2.3.1) DT (=)EmeR R ()2 (H) = {1 o p_
{R|PCRCQ} it P =0,
and
. 0 ifPcO,
(2.3.2) Do (=)D R ()R (H) = {1 i p
{RIPCRCQ} P =0.

2.4. Projection.— For every pair of parabolic subgroups P C Q and every 4 € az., let /l% be the
projection of A onto (ag)* according to the decomposition
ay = ay” & (a9)" @ aj.

This decomposition depends only on the Levi factors of P and Q; the same holds for the
projection. Omitting the superscript (resp. the index) means that we take Q = G (resp. that
P e P(T)).

2.5. Rational Functions 6 and p. — For every pair of parabolic subgroups P ¢ Q c G, we
introduce the rational functions in the variable A € a,

NG
Vp

HWVGAg </la wv>

95 (1) =

where \31Q3 is the covolume in ag of the lattice generated by A2, and
o
Vp

Q) -
05 (1) = T, o (L)

0
P

Remark 2.5.1. — These functions ég (1) and 0% (A) are in fact the inverses of those introduced

where v is the covolume in ag of the lattice generated by Ag.

and denoted by the same name by Arthur (cf. [2] p. 15). Moreover, they depend only on /1?,. In
fact, one has

A0 _A M
(2.5.1) QP(/l) =0 0

M ) 0 _ o
Pr?MQ (4p) and 65(1) = Opamgy (4p)-

Similarly to the functions 7 and 7, the functions 9% (1) and 0% (A) satisfy the following
lemma.

Lemma 2.5.2. — (Arthur)

(2.5.2) D (=)EmERaR )% () = {(1) Z ﬁ - g’
{R|PCRcCQ} ’
and
(2.5.3) DT (=1)imEeRgf ()68 (1) = {(1) Z 1; - g’
{R|PCRcCQ} ’
Proof. — Equation (2.5.2) follows from (2.3.1) by a Fourier transform (see formula (6.1) p.33
of [2]). Similarly, (2.5.3) follows from (2.3.2). O



2.6. Functions cg(go, A).— Let Py be a parabolic subgroup and ¢ a function on aj;o. For any
P € P (M), let ¢” be the function on a}, defined by

o (1) = (7).
This function depends only on the projection A” of 1. For every pair of parabolic subgroups
PocPcCQcCg,set

2.6.1) )= D (~D)IERGE) R ()63 ().

{R|PCRcQ}
Remark 2.6.1. — This definition is formally very close to the definition (6.3) p. 33 of [2].
Apart from a sign, the only notable difference is that we consider the function (%) rather than
¢(Ag) as in Arthur’s work. Note, however, that our functions 6 are the inverses of Arthur’s.
When one takes the constant function 1, one has cg(l,/l) = (0 unless P = Q, in which case

cg(l, A) = 1 (this follows immediately from Lemma 2.5.2).

In what follows, following [2] Section 6, we develop the properties of these functions.
Lemma 2.6.2. — We have

M,
(@, ) = ¢y p(92,29).
Proof. — This follows immediately from (2.5.1). m|

Lemma 2.6.3. — For all parabolic subgroups Py C P C Q C G, one has the inversion formula
PN = > cfeiW.
{R|PCRCQ}
Proof. — Using formula (2.6.1), one obtains that the right-hand side equals

DT (DRl ()gS ()6f ()L ().

PcScRcQ
This equals
S (=DImEE S () D (-D)IERaR (142 (1),
PcScQ SCRcQ
By (2.5.3), the inner sum equals 0 if S € Q and 1 if § = Q. Hence we obtain
05 (D2 (),
which is exactly the left-hand side. O

Theorem 2.6.4. — For all parabolic subgroups Po ¢ P C Q C G and every function ¢

py the function cg(cp,/l) is also holomorphic in a

holomorphic in a neighborhood of 0 in a
neighborhood of 0 in a}‘,o.
The proof of Theorem 2.6.4 will be given in section 2.8. Before that, we need the auxiliary

constructions in the following paragraph.

2.7. Some Auxiliary Constructions.— In this paragraph, fix Py € ¥ (T') a parabolic subgroup
and let ¢ be a function holomorphic in a neighborhood of 0 in a}o.
Let P be a parabolic subgroup containing Py. Let (@, ), AG be the basis of ag dual to Ap.
For any A € ay, one has
Iy L Z (A, @) € af,.
a€Ap
For every parabolic subgroup Q of G containing P, set

A9/ = 2P 4 Z (1, @))a.

Q
a€Ap



IfA e (a?)*, then 12/F = A. The mapping 1 — A2/ is therefore a projector from ai. onto
( a?)*, which should not be confused with the projector A +— 12. However, we have

APIP = 2P,

Dually, one defines an analogous operator on functions by

(2.7.1) g'"(2) = p(19/7).
We also introduce the function
~ A Y 1 aQ ~
(2.7.2) CQ/P((,D,/D — Hg(/lQ/P) Z (_1)d1m( R)QDR/P(/I),
{R|PCRcCQ}

Lemma 2.7.1. — The function 2/F (¢, 1) is holomorphic in a neighborhood of 0 in aj{,o.
Proof. — 1t suffices to prove that the alternating sum

Z (_1)dim(ag)¢R/P(/l)
{R|PCRcCQ}
can be written as the product of a function holomorphic in a neighborhood of 0 in a’]‘go by
[ ]xer ).
aeAg

By Taylor’s formula, it is necessary and sufficient to show that this alternating sum vanishes for
those A for which there exists a € AIQ,

(2.7.3) (9P @Yy =0,
where (@, ) e A2 is the basis of ag dual to Ag. We have
A9/ = P 4 Z (1, @Y)B,
BeAl
and condition (2.7.3) implies
(2.7.4) (L, @)y =0.

Let @ € AS and A € ar such that (12/”, @) = 0. The parabolic subgroups R such that
P C R c Q occur in pairs (R, R’) characterized by AR" = AR U {«}. One has
ARIP — 2P 4 Z (@) + (1 @))a.

BeAk
Thus (2.7.4) implies

RIP _ RIP
and therefore

g Ir () = g"IP (),

which yields the desired cancellation. O

Lemma 2.7.2. — For every pair of parabolic subgroups P C R C Q, we have

OR(ARIPYG2 (A2/7) = 62(29/7).



Proof. — 1t follows from the definitions in section 2.5 and from the inclusion A% C AIQ, that to
prove the desired equality it suffices to verify

(2.7.5) ]_[ (ARIP oV = ]_[ (227 V).

WVGAI; wveﬁg—ﬁg
The set IQJ — A% can be described as {w, | @ € Aﬁ}. Since we have

A9/ = aP 4 Z 1, @))a,

aeAg

and
ARIP — AP 4 Z (A, wc\y/)a/,

aeA§

we obtain
l_[ (/IR/P,WV> — l_[ </l, wg>’
w"eAR BeAR
which yields the equality (2.7.5). O
Lemma 2.7.3. — We have the inversion formula
020N g2 () = > 08P (g, ),
{R|PCRCQ}

where the sum is taken over parabolic subgroups R.
Proof. — The right-hand side can be written as

s (AR AR & O~
(2.7.6) D, (DI QIE AR A).
{R|PCSCRcQ}
Using Lemma 2.7.2 we obtain
. Ry _ A ~ A ~ - . R
D, (CDEMRGIPERAT) = 0507 Y W)y (e,
{R|PCSCRcQ} {R|PcScQ} {S|ScRcQ}

Since the inner alternating sum is zero except when S = Q, we indeed obtain ég (AP g2/P (),
as desired. m]

2.8. Proof of Theorem 2.6.4.— By induction on the dimension of G, we may assume that the
statement holds for proper Levi subgroups of G. Using Lemma 2.6.2, one deduces that the

function c% (¢, A) is holomorphic in a neighborhood of 0 in a}}o for O € G. It remains to prove
that the function cg(go,/l) is holomorphic near 0. We have cg(go,/l) = ¢(A4) and, again by
induction, we may assume that for P C Q the function cg (¢, A) is holomorphic near 0 for every

function ¢ holomorphic near 0.
Let Q be a parabolic subgroup containing P. Let u = A2. Since 32/" = u, we obtain

0912 (1) = 0% (w)p(w) = 65 (a9"")g2/" (u).
Lemma 2.7.3 implies that
0% ()2 (1)

65 (A28 ()
02 (a2 (o, 1)
{R|PCRcQ}

R ()EIF (,29).
{R|PCRcCQ}

10



If we insert this last expression into the equality
di G\ A,
e )= > (=)D ()2 (oG (),
{QIPcQcG}
we obtain
. G A -
(2.8.1) Fle= ) (DLW (9,165 ).
{R,Q|PCRCcQcG}
The term corresponding to R = P is

S ()IMD2(29) (6. 29)65 (1) = p(A")cG(1,.2) =0,
{Q|PcQcG}

by Lemma 2.5.2. For each R, define yg(1) = é®/P (¢, 1). By Lemma 2.7.1, this is a function
holomorphic in a neighborhood of 0. Then we have the equality

cS(p, ) = Z G (Wr, 1),

{R|PCRCG}

which is holomorphic in a neighborhood of 0 since by the induction hypothesis each cg (YR, )
is.

2.9. Co-adjacent Parabolic Subgroups.— Let M € L be a Levi subgroup. We introduce the
following definition.
Definition 2.9.1. — Two elements P and P, of P (M) are said to be coadjacent if

|Ap] ﬂAle = |AP|| -1= |Ap2| - 1.

Remark 2.9.2. — For every P € P(M) and every @ € Ap, one can show that there exists a
unique root 5 of Ap in Np such that the set

{-p} U (Ap—{a})
is of the form Ap/ for some P’ € P(M). In particular, P and P’ are coadjacent.

For example, if P is a Borel subgroup of a split group G, one has P’ = ¥ P, where w is
the longest element of the Weyl group of G and w’ is the longest element of the Weyl group of
the maximal Levi subgroup L of G defined by AIL,ﬁ ; = Ap —{a}. The root g is the largest root
having coefficient 1 on .. For G = GL(n), the root § is simply the largest root.(!

Lemma 2.9.3. — Let Py and P, be two distinct elements of P(M). The following conditions
are equivalent:

1. The parabolic subgroups Py and P, are coadjacent.
2. There exists a unique maximal Levi subgroup L € L(M) such that
(@) PAPNL=PyNL,and
(b) P(L) = {LP1, LP>}. X X
3. There exists a unique coweight @’ € A}’,l N (—AlY,z) such that the respective sets of
restrictions of the elements of A}’,] —{@"} and A}/,z — {—~@"} to the hyperplane of ay
defined by w" coincide.
Proof. — We show that 1 implies 2. Let Q| and Q, be the maximal parabolic subgroups Q1
and Q> containing P; and P», respectively, determined by the condition
AS' = Ap, N Ap, = A2,

The groups Q1 and Q> have the same standard Levi factor which we denote by L. This Levi
L is maximal. By Lemma 2.9.4 (assertion 1 below), the groups Q; and Q, are distinct and

(D'We thank the referee for these remarks.

11



therefore necessarily opposite in the sense that Q1 N Q» = L. By construction, PN L = P, N L.
Lemma 2.9.4 (assertion 2) shows that one has Py = (P; N L)Np,, hence Q1 = LNp, = LPj,
and similarly for P,. The uniqueness of L follows from the fact that

LPy _ AL _ AL
Ap, ' =ALnp, = ALlnp, © Apy N Ap,,

and by a cardinality argument this inclusion is an equality.

Next, we show that 2 implies 3. Let Q; = LP; for i = 1,2. The maximal and distinct
parabolic subgroups Q1 and Q> have the same Levi factor L; hence they are opposite. Thus we
}}ave the equality of singletons Ag, = —Ap, and dually Aél = —Aéz. Let @ € Ap be such that
Aél ={@,}.

Fori = 1,2, one has
(2.9.1) AL, ={w" €A} | (@. @) =0forall @ € AS'}

so that @, € AIVJI N (—AIY,Z). The hyperplane of ay defined by @, is the subspace af,. The
projection of A;i - Agvzf onto aﬁf is precisely the dual basis of the basis A%. Since this does not
depend on i (it is simply AILDiﬂ 1)» the projection in question is independent of i. Uniqueness will
be shown below.

Finally, 3 implies 1. Define

Ap ={a € Ap, | {a, @’y =0}.

This is a subset of Ap, whose complement is a singleton. This set of roots is a basis for the
hyperplane {1 | {1,@") = 0}, dual to the restrictions of the elements of Api — {+w@"}. Since
these restrictions do not depend on 7, the same is true of A;i. The assertion 1 follows.

We now return to the question of uniqueness in assertion 3. Suppose there were another
coweight 7V # @ " satisfying the existence part of assertion 3. In that case, one can associate to
it, as above, a subset A}’,i C Ap, distinct from A}i and independent of i. Then Ap, = A;Di U A;’,i
would be independent of i, hence A}’Jl = Al\ﬁz, which is impossible under the hypothesis that
@ € A} n(-A}). O

In the above proof, we used the following lemma whose proof is left to the reader.

Lemma 2.9.4. — Let L € L(M). Then:
1. The sets PL(M), for Q € P(L), are pairwise disjoint.
2. For every Q € P (L), the mapping

P—»PNL
induces a bijection from P2 (M) onto PL(M) with inverse given by P’ +s P’'Ny.

2.10. The (G, M)-Cofamilies.— Arthur introduced the notion of a (G, M)-family: these are
families of functions indexed by the parabolic subgroups with a given Levi factor M satisfying
certain gluing conditions for adjacent parabolic subgroups (cf. [2] p.36). In what follows we
need the following notion, which is inspired by Arthur’s definition and is relative to coadjacency.
Definition 2.10.1. — Let M be a Levi subgroup of G. A (G, M)-cofamily on an open set € of
a), is a family (¢p)pep(ar) Of functions holomorphic on €2, indexed by the parabolic subgroups
P with Levi factor M, which satisfies the following gluing condition:
For every pair (P;, P;) € P(M)? consisting of coadjacent subgroups, one has

op, (1) = @p, (1)

for every u € aff N Q, where L € L(M) is the maximal Levi subgroup determined by P; and
P, (cf. assertion 2 of Lemma 2.9.3).
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Remark 2.10.2. — One may rephrase the gluing condition as follows: for every pair (Py, Py) €
P (M)? of coadjacent subgroups, the function ¢p, — @p, is divisible by (1, @") in the ring of
holomorphic functions on Q, where @ " is the coweight given by assertion 3 of Lemma 2.9.3.
Lemma 2.10.3. — Let ¢ be a function holomorphic on an open set Q of C. Forevery P € P (M),
define p on ay, by

er(D) = | | o1, @))).

a€eAp

Then the family (¢p)pep(m) is a (G, M)-cofamily on the open set of A € a’;, such that (A, @, ) €
Q.
Proof. — Let P and P’ be adjacent. Let w" € A} N (-A},) satisfying the condition of Lemma
2.9.3. One must verify that the functions ¢p and ¢p coincide on the hyperplane defined by
(4, @) = 0. This is obvious for the factors associated to +w" which both equal ¢(0). The
other factors are indexed by coweights which have the same restriction to the hyperplane defined
by @, and hence match pairwise. O

Lemma 2.10.4. — Let (¢p)pep(m) be a (G, M)-cofamily. Let L € L(M) and Q € P(L). For
every P € PL(M) and A € (alLVI)*, set

©2() = pny(A).

The family ¢ = (gog)PepL(M) is a (L, M)-cofamily. It does not depend on the choice of
Q € P(L). We denote it by ¢ henceforth.

Proof. — Let P} and P, be two coadjacent elements of PX(M). For i € {1,2}, let P; = P;Ny.
Then one has the equality

_ Q _ A 0
API _Aﬁl _APZ _Aﬁz.
Since AIQS' = Ap,, the parabolic subgroups P and P, are coadjacent. Let S be the maximal Levi

subgroup they determine. Then S = § N L is the maximal Levi subgroup defined by P; and P».

S,
M CcCa

S,

W o We have

Forevery u € a

90%1 (1) = ¢p, (1) = @p, (1) = 9022 (1),
where the extreme equalities follow from the definitions and the middle equality is the gluing
condition for the original cofamily. Therefore, the family € is a (L, M)-cofamily.
Next, we show that it does not depend on the choice of Q. For every pair (Q, Q) in P (L),
there exists a finite sequence of elements Qi,...,Q, in (L) such that Q; = Q, Q> = Q’, and

Q; and Q;4 are adjacent (in the usual sense: the acute chambers in ag associated to Q; and

Q;+1 share a wall). It suffices then to treat the case where Q and Q' are adjacent. In this case,
there exists R € ¥ (L) such that

1. L is a maximal Levi subgroup of Mg;
2. The parabolic subgroups S = Mg N Q and S’ = Mg N Q' are the two distinct (and hence
opposite) elements of PM&(L);
3. Q = SNR and Ql = S’NR.
Let P € PL(M). The subgroups Q and Q’ determine the elements PNy and PNy in P (M).
It remains to see that for all u € aﬁf,

(2.10.1) PN (1) = @pNy (1)

Note that N9 = NgNg and Nyp = Ng'Ng, so that PNg = PNgNg and PNg: = PNg Ng.
The subgroups PNs and PNy are two elements of PMr(M). Hence, the equality (2.10.1) is
equivalent to the following equality for the (Mg, M)-cofamily ¢® and for y € ak

L,
(2.10.2) Pins (1) = @By, ().
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The elements PN and PN are in fact two coadjacent elements of PM& (M). Thus, the equality
(2.10.2) is precisely the gluing condition for the (Mg, M)-cofamily ¢¥. O

2.11. Functions Associated to a (G, M )-Cofamily.— Arthur provided a procedure to construct
a smooth function from a (G, M)-family and the functions 6p (cf. [2] p.37). Dually, we have
the following statement for a (G, M)-cofamily and the functions @p.

Lemma 2.11.1. — Let (¢p)pcp(m) be a (G, M)-cofamily on an open set Q C a),. The function

eu( =) 05 Wer()
PeP (M)
is holomorphic on Q.
Proof. — We repeatedly use the following lemma, which is proved using Taylor’s formula.
Lemma 2.11.2. — Let ® be a meromorphic function in a neighborhood of zo € C" and let
l1,...,1l, be affine functions on C" such that the affine hyperplanes H; defined by l; = 0 are
pairwise distinct and such that the function

iz 0(2) [ (2)D(2)

extends to a holomorphic function in a neighborhood of zo € C".

Suppose that, for every index i such that H; contains z, the restriction of ¥ to H; is zero in
a neighborhood of zo. Then ® is holomorphic in a neighborhood of 7.

Let IT be a system of representatives of the quotient of |Jpep () A}/, by the relation of

proportionality. Introduce the polynomial functions on a;,:

Fu@) = | [ (4@")
wVell
and for every P € P(M),
Op(1) = Fri(d) - 0p(2).
According to Lemma 2.11.2, it suffices to show that the function

yu(D) = Fuen () = Y. Op(D)ep(d),
PeP (M)
which is clearly holomorphic on €, vanishes on the hyperplanes defined by (1, @") = 0 as @"
runs over I1. Let @" € IT and let §) be the associated hyperplane. Let P € P (M) be such that
w' € AX. Let Q be the maximal parabolic subgroup of Levi L defined by P ¢ Q and ) = aif.
Let P’ € P(M). The polynomial ®@p (1) vanishes trivially on b unless @" is proportional
to an element of AIVJ,. In that case, one defines a parabolic subgroup Q’ containing P’ by the

condition /
A% = {a € Ap | (@.@") =0}

Then Q' € P(L). Since P (L) consists of the pair of opposite parabolic subgroups {Q, O}, the
set of P’ such that @ is proportional to an element of AY, can be described using Lemma 2.9.4.
It is the disjoint union, over Py € PL(M), of pairs {PyNg, PoNg '} of coadjacent parabolic
subgroups. Let Py € PL(M) and {P, P»} be the associated pair. To prove that i, vanishes on
b, it suffices to show that

A (Op, (Dgp, () +Op, (D pp, (1))
vanishes on h N Q. By assertion 3 of Lemma 2.9.3, for 4 € Q N} we have

Or, (Dep, (1) = =Op,(Dep, (D).
Thus, it suffices to prove that
¢p, (4) = ¢p, (1)
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vanishes on ) N Q, which is exactly the gluing condition for (G, M )-cofamilies. |

Let (¢p)pep(m) be a (G, M)-cofamily. For every P € P (M) and every parabolic subgroup
Q containing P, let gog be the function on aAG/I’* defined by

$2(A) = pp(a9),
where, recall, 2¢ = AM¢ is the projection of A onto a%*.

Lemma 2.11.3. — Let ¢ = (¢p)pepm) be a (G, M)-cofamily. Let L € LE(M)and Q € P(L).

The function in the variable A € aAG/[’*

PIRAOAE)
PeP2(M)
depends only on the Levi subgroup L. It is equal to
oy (A5).
Remark 2.11.4. — In the statement of Lemma 2.11.3 above, we denote by ¢’ the (L, M)-
cofamily deduced from ¢ via the procedure of Lemma 2.10.4 and by <pﬁ4 the function obtained

from it by Lemma 2.11.1.
Proof. — For each term in the sum we have

05 (DS(A) = 05, (Vs ()

by Lemma 2.10.4. The mapping P — P N L induces a bijection from P2 (M) onto PL(M).
The lemma follows. O

2.12. Cofamilies and the Functions c p.— The following statement is the analogue of Corollary
6.4 in [2].

Theorem 2.12.1. — Let (¢p)pep(m) be a (G, M)-cofamily. Then for every A € a}, one has the
equality

en(1%) = Y cGlgp,A).
PeP (M)

Proof. — We expand the right-hand side using (2.6.1) to obtain
: LIG A
D DL (FDIMDa (gL ()eg ().

PeP(M) PcQcG
To avoid any ambiguity, note that cpg () is defined by
¢p() = ¢p(29).

Interchanging the two sums, we obtain
di G A
D EnedeSy T a2(0eS ).
QeFC (M) PePl(M)

By Lemma 2.11.3, the inner sum is recognized as the function cpAAjllQ (AMe). The preceding
expression becomes

dim(a$8 M
D, (=D)IMReS (gL (aMe)
QeF Y (M)

= D, (CNIDeRah Y g,

LeLG (M) Q€eP(L)
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According to [2] pp. 36 and 39, proof of Corollary 6.4, one has
0 if L ¢ G,

2, 5= {1 ?fL -G

0&P(L) nE=n

It follows that in the previous sum only the term L = G survives, which gives (1) as
required. m|

2.13. The Point {.— Let ¢ € arr. For every pair of parabolic subgroups P C Q, we define a
point

€18 e af

in the following manner. Let cfg be the projection of & onto aIQJ, which we write in the basis
Q’V.
Ap
&= D, (we.tf)a’.
aVEAIQ)’V
Then set

(€18 = D Kmwv,eDe,
a'VEAIQJ’v
where for any x € R, the symbol [x] denotes the smallest integer i such that i > x.

Lemma 2.13.1. — For every pair of parabolic subgroups P C R C Q, the projection of [f]g
0
R
Proof. — Forevery X € a

onto ag equals [£]

Q

P WE have

X = Z (wov, X)a".

aVEAg’V
Let p¥ be the projection onto a2. For every " € A" — AR’V, we have w,v € A2 and
pR p J R y P P R

(e, X) = (@av, p2(X)).

Thus,
PexX) = > Awe, X)pa(aY)
aveAd Y -ARY
= Z (wyv, X)a".
aVeAg’v
It follows that
PR€1d) = D (@ (€195 ()

VeraQV ARV
aveAp  -Ap,

= D, K@ edlpfi@”)

Ve aQsV ARV
aveAp  -Ap,

= ), Koeedla

VeAQsv
aveAy

= [£)9.
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2.14. Functions 9 and 9¢.— Throughout, fix ¢ an integer > 1. For every pair of parabolic
subgroups P C Q, we define the meromorphic functions in the variable A € a,

0, _ —(IE12) L
(2.14.1) dp7 () =g ]—[Qvl_q_u,avy
(xVEAP’
and
N 1
0/ _ .
(2.14.2) Up (1) = Hgvl— g
wVGAP’

We complete these definitions by setting ﬁﬁ’f(/l) =1 and 55(/1) = 1.

Lemma 2.14.1. — Let P C Q be parabolic subgroups. The Fourier series in the variable
A€ ay
D, TH=H,
Hez(A9Y)

converges for Re(/llQ)) € (aIQ,’*)+. On this domain of convergence, its sum coincides with the
function 19%’5(/1).
Proof. — Since the family AIQ,’V is dual to AIQ), the series equals the product over @ € A%’V of

geometric series
Z q—n(,(/l,arv),

n(Y

where n, € Z satisfies n, > (@,, £), or equivalently n, > [(@,, £)]. In particular, it converges

absolutely for Re({1,a")) > 0 for all " € Ag’v, ie. forde (ag’*)+.

These geometric series sum to, for each @ € Ag’v,

q_[<m’ﬂ/"§:>]</l’av>
1 — g~ -
Observing that (@,, &) = (wa,fg) and
> —l@a O 0"y = (4, [£]D),
aVeA%V

the result follows. o

Lemma 2.14.2. — Let & € ap, , be in general position, Q a parabolic subgroup, and M € L.
Then

> 9% = {0 e Mo.
PePO(M) I ifM = Mo.

Proof. — The case My = M is evident. So assume M ¢ My. Replacing G by My, it suffices
to treat the case Q = G. The proof relies on certain combinatorial lemmas due to Langlands
and Arthur (cf. [4] p.22). Let A € a),  be in general position and for every P € (M), let

AN ={a e Ap| (A a’)y <0}

Let (@y)aen, be the basis of ag’* dual to A}/, and let )(f,} be the characteristic function of those
H € ayp such that (w,, H) > 0if @ € A} and (@, H) < 0if @ € Ap — A}. According to

Arthur (loc. cit.), the function in the variable H € a% R

ou(H)= > (=D p(H)
PeP (M)
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is independent of A and satisfies
0 if H=+#0,
1 ifH=0.
Let Py € P(M) be defined by the condition A € (a*;,())*. For every A € aj such that
Re(Ap) € —(a}",o)+ and every P € (M), the series

(=D N p(H - g™

HEZ(A})

(2.14.3) o (H) = {

converges absolutely. This series, which is a product of geometric series, sums to
[(@a.£){d.a”) -[(@a.E)]+D){1a”)

( :
|AB] C[ q
( 1) l—[ —-q (/l av) 1—[ 1-— q(/l,av)

acA} a€Ap—AY
(@a.6)]{ ")
_ A | I q e Ap|.gé
( 1)| el _</lav> (_1)| P|ﬁp(/l)

a€Ap

Neither the cardinality |Ap| nor the lattice Z(A}) depends on the choice of P € P (M). It follows
that for all A € a7 such that Re(1p) € —(a P0)+ we have

(2.14.4) Do = (=Dl N oy (H - £)g A,
PeP (M) HEZ(AR )
Since ¢ is in general position, we have ¢ ¢ Z(A}’)O). By (2.14.3), the right-hand side of (2.14.4)

is zero, which is what we wanted to prove. By analytic continuation, it is also zero for all
A € aj. m]

2.15. Functions Fg(-, X, &).— For every parabolic subgroup P € ¥ (T), following Arthur (cf.
[2] p.13), we introduce the function of variables H and X € apr

(2.15.1) réH.x.6= Y (~1)Im@R) R (g — X)22(H - £),
ReF2(P)

This function depends only on the projections of H and X onto agR.
which refines a lemma of Arthur (cf. [2] Lemma 2.1), is stated.

Lemma 2.15.1. — There exists a constant C > 0 (depending on &) such that for all H and X in
apr with

The following lemma,

I'S(H, X, €) #0,

one has, for every a € A,

Bl < C(1+ 3 18 2)).

BeAS
In particular, the function Fg (-, X, &) has compact support on a]G)R.
Proof. — This is a variant of the proof of Lemma 2.1 in [2]. For every pair of parabolic

subgroups Q C R containing P, let ‘Fg be the characteristic function of the set

{H € app | {a, H) > 0Va € AR — A9}

We have £§ = 7§ and for every parabolic subgroup S containing R,
“R=S _ =S
TR = Ty
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Now introduce, for P C R parabolic subgroups, the function

FREX) = > (-)@RCH - x)zh(m)
QeFR(P)
= | | Galt) = 7o (H - X))
acAk

where 7, is the characteristic function of the set of H € apr such that (@, H) > 0. This function
takes only the values 0, 1, or —1. Moreover, F§ (H, X) # 0 only if for every a € Aﬁ

. H)| < [{a, X)|.

Furthermore, we have the following computation:

; Ry ~ - : R : Q
D (DR (H, X)E(H) (~DIm ) (~1) 72 (H - X)
PcRcS PcQcRcS
X £5 (H) T3 (H)
= > (D)IORH - X)L (H)R(H)
PcQcRcS
= Y ()R (H - X)ES(H)
PcQcS
dim(a? ~ dim(a®
= > ()" - x5 H) Y (-)med
PcQcS QCRcCS
= T;(H - X).
The last equality follows because the alternating sum in the previous line vanishes except when
Q = S. Using the above expression for T}E(H — X), it follows that

TE(H,X,8) = > (=)™ ef(H - X)2{ (H - &)
PcScG
= D (IR IR (H, X)E(H)RS (H - )
PCRcScG
. R\ ~ - N
= > (=DIMEIFRH,X) Y F(H)E (H - §).
PCRcG RcScG

We will prove that each term indexed by R in the above sum satisfies the conclusion of the
lemma.
When R = P, we have f£ (H,X) = 1 and the corresponding contribution does not depend
on X: it equals Fg (H,0,¢). The conclusion is then clear since it is known (cf. [2] Lemma 2.1)
thatif H € afj’R and Fg (H,0,¢) # 0, then H belongs to a compact set depending only on &.
For a term with R C P, we argue by induction. Let H be such that

(2.15.2) IR (H, X) Z T3 (H)S (H—€) #0.
RcScG

In particular, f}f(H, X) # 0, so that for every a € Aﬁ we have |(a, H)| < |{a@, X)|. It remains
to bound |{a, H)| for @ € Ap — Aﬁ. Write H = Hp + HX according to the decomposition

ag = ag @ aﬁ. Then for every a € AR,
(2.15.3) [, HY)| = (e, H)| < [, X)].
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Define
(HR = > (e, H")m, € af,
CZEAP—AI;

where (74)4en,- AR is the basis of ag dual to the basis obtained by projecting Ap — A§ onto

G,x
ag

(2.15.4) (a,I(H)) = (a, H"),

and hence the equality

. Then for every @ € Ap — Ag, we have

F3(H) = T(Hg + 1(H®)).
Taking this equality into account, we see that condition (2.15.2) becomes
FR(H", X) - TR (Hg, ~1(H®),€) £ 0.

By the induction hypothesis on I'¢, there exists C > 0 such that for every H satisfying the
previous condition and for every @ € Ap — Aﬁ, we have

K H)l = Ken HR) < C(1+ 3 [BAHRD).

BEAP—Ag
To conclude, note from (2.15.4) that |(B, [(HR))| = (8, HR)|, which can be bounded up to a
constant by ¥,cxx (7, HRY|, and then by Lyear [y, X)1, by (2.15.3). O

2.16. Dual Triplets.— The following definition will be convenient in what follows.
Definition 2.16.1. — Let M € L. A dual triplet for M is a triplet (!, b, b’) consisting of a

finite subset N of ; OZg’E; )Z(Ap), where P is an arbitrary element of (M), and integers b and

b’ > 1 satisfying the following two conditions:

1. For every P € (M) and every parabolic subgroup R containing P, one has

(2.16.1) Z(Ay) c Z(ARV) @ Z(A ) C Z(A );
2. For every P € P(M), the set N is a system of representatlves for the quotient
2mi 2nib’
Z(Ap) 1~ Z(Ap).
log(q) 0g(q)
Remark 2.16.2. — Such triplets exist. The respective projections onto aX of AX - A}g and AX

are the sets Aﬁ’v and {0}. Since all the projections are «defined over Q », the existence of b
and b’ in (2.16.1) is then clear. Finally, condition 2 causes no problem, since the lattice Z(Ap)
depends only on M.

Every dual triplet (R, b, b’) satisfies the following property: for every P € P (M) and every
H e Z(A ), one has

—(v,H) _ if H e Z(A )
(2.16.2) il Z {

0 otherwise.

2.17. A Variant of the Construction of section 2.6.— Let M € £ and (SR b,b’) be a dual
triplet for M. Let P € (M) and let ¢ be a function on a),. For every A € a}, set

X

vel {R|PCRcG}

217.1) (e D) = (=A@ IR A+ )R (A + V)G (A +v)/b).

This construction truly depends on the triplet (0N, b, b’), but to avoid further notational clutter
we omit the dependence on b and b’.
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Lemma 2.17.1. — Let X € Z(A}’J) and define X' = X — 3 ,cp, @,

1. The Fourier series
> TSH.X &g~
HezZ(AY,)

is a Laurent polynomial in the variables q_“’wfvr> for a € Ap. In particular, it is holomor-
phic on a,.
2. This series equals cg”i(go,/l) for the function (1) = q~**) and for any dual triplet
(M, b,b") for M.
Proof — Assertion 1 follows immediately from the compactness of the support of the function

H € a — T G(H X', &) (cf. Lemma 2.15.1). Assertion 2 is a calculation analogous to that
in Lemma 2. 2 p.-15 of [2]. For the convenience of the reader, we provide some details. Let

(M, b, b") be a dual triplet for M. The function cg’;ct (¢, A) is at least meromorphic. To show that
it coincides with the Fourier series of Fg(H , X', &) on a,, it suffices to verify this on the open
set defined by Re(19) € (ag’*)‘“. On this domain, one can compute the Fourier series term-by-

term according to the definition (2.15.1). Thus, one must compute, for Re(1¢) € (ag’*)+ and
R € F(P), the Fourier series of the expression

(2.17.2) (~D)Im@R R (H — X")#$ (H - &).

Let 9t be a dual set of Z(A}). By the inclusion (2.16.1) and equation (2.16.2) from Remark
2.16.2, the Fourier series of (2 17.2) can be written as

S D I e U O (VR YR
VGW HezZ(ARVe lz(A})

The inner series is then a product of geometric series that converge for A € a}, and whose
sum can be easily computed: one thus finds

LX) (A+v, @b (A b, v
Z( pydim(ag) g~ (@ X, n g [(@a b (A+0)/ V‘”
%] 1= g 1= g @m/ban)

veR acAR a€A§

Observing that
1—[ q—(a,X)(/Hv,w(V,) — q—((/HV)R,X}

aeAﬁ
one obtains

7 DI G (1)),
velt

which concludes the proof. O

The following theorem is a variant of Theorem 2.6.4.
Theorem 2.17.2. — Let (¢q)aca, be a family of meromorphic functions on the open disk

{zeCllzl<q"}

with r > 0, holomorphic away from the origin z = 0, and define

(2.17.3) o) = | | galg™*™)

aeAp

Let P be a parabolic subgroup of G. Then the function cIG,’gt(go, A) does not depend on the
choice of the dual triplet for Mp used in its definition. Moreover, this function is holomorphic
for those A such that Re({1, @, )) > —r for every a € Ap.

21



Remark 2.17.3. — For a function ¢ as in the above theorem we define
G, G,
2.17.4) cp (@, ) = 5 (9. 1)

for an arbitrary dual triplet (M, b, b”) for Mp, since the right-hand side does not depend on this
choice.

Proof. — Let P be a parabolic subgroup of G and (M, b, b’) a dual triplet for Mp. For every
g > 0, let Q, be the open neighborhood of iaj,‘,,R defined by the condition that | Re({(1, @y ))| < €

for all @ € Ap. The function ¢ (1) is holomorphic on the open set defined by Re({1, @, )) > —r.
Thus cg}i (¢, A) is meromorphic on this open set. Moreover, its possible singularities are simple
and lie on hyperplanes that intersect ia}, . By using Lemma 2.11.2, one sees that to obtain the

holomorphy of cg,}i(go, A), it ‘Suﬂ:lCCS tol prove it on some open set . for € > 0.
Introduce the Laurent series expansion of ¢,

(Pa'(z) = Z Sﬁa(n)zna
nez
where ¢, (n) = 0 for n sufficiently negative. Hence,

()= > pX)g™Y,

XeZ(A})

where for every family (kg )qea, € Z2F,
@(Z k(l/w(\y/) = n Pa(ka).
a€eA aeAp
Consequently, we have
G, A G, -
cha(@ ) = > @X)cpgla¥, ).
XeZ(A})

By Lemma 2.17.1, the function cg’gz

(M, b, b"). Hence, the same holds for cg’gz(go, A). Furthermore, cg’gt (q‘</l’X>, A) is holomorphic

(g=*%, ) does not depend on the choice of the dual triplet

G, . . .
on a). To prove the holomorphy of ¢ P’§t (¢, 4) on Q,, it suffices to prove that this series converges

uniformly on that open set. Again by Lemma 2.17.1, for every X € Z(A}’,) we have, with the
notation of that lemma, for all 1 € Qg,

G - ;o
cp’i(q o) = Z IS(H, X', €)q (AH)
HeZ(AY,)

Using Lemma 2.15.1, one sees that there exist constants ¢; > 0 and ¢, > 0 such that for all X
and H for which Fg (H,X’,¢) # 0and for all 1 € Q,, one has

—(/LH>| < aneAP|Re(<ﬂvw<\;>)|'|<a’sH>|

1 l—[ q862|AP|'|<0/’X>|_

a€Ap

lg

IA

Lemma 2.15.1 also implies that there is a polynomial in |Ap| variables with positive real
coefficients such that the number of H € Z(A}) satisfying Fg (H, X’,¢) # 01s bounded by

Ax = p( (1@ X)aear ).
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Thus, the uniform convergence follows if the series

Z |¢(X)|qu€CZIAPI-|<a,X>|
XeZ(A})

converges. It suffices to treat the case where the polynomial p is a monomial. Then one is
reduced to showing that for every k € N, the series

3 1@amlinf (g

nez

converges, which holds provided that ec;|Ap| < r. O

2.18. The Periodic (G, M)-Cofamilies.— We now introduce the following definition, which is
a variant of Definition 2.10.1.
Definition 2.18.1. — Let M be a Levi subgroup of G and let Q be an open neighborhood of
ia), p that is invariant under the action of the lattice lozg’Z;)Z(Ap) where P is any element of
P(M).

A (G, M)-cofamily (¢p)pep(m) on Q is said to be periodic if each function ¢p is invariant
under the lattice k)Zg%Z(A P).

The following is the counterpart of Lemma 2.11.1.

Lemma 2.18.2. — Let (pp)pep(m) be a periodic (G, M)-cofamily on Q. Then the function
en(D) = > g (Dep(A)

PeP (M)

is periodic and holomorphic on Q.
Proof. — Periodicity is clear. As for holomorphy in a neighborhood of y € €, it follows from
Lemma 2.11.1 applied to the (G, M)-cofamily in a neighborhood of A = 0 defined by

1 — q_</l+/l’w(\£>

a€Ap

(2.18.1) op(1+ p).

One must check that this indeed forms a (G, M)-cofamily. Let P; and P, be two coadjacent
elements of (M) and let w" € Al\ﬁl N (—sz) given by Lemma 2.9.3. One needs to verify that
the expressions (2.18.1) for P = Py and P = P, are equal on the hyperplane (1, @") = 0. If
(u, @") # 0, both vanish on this hyperplane. If (i, @") = 0, then ¢p, (1 + u) = @p, (1 + p)
on the hyperplane (1, @") = 0, since (¢p)pep(m) is a (G, M)-cofamily. By Lemma 2.9.3,
the product of the factors corresponding to any coweight distinct from +z" are equal on this
hyperplane. It remains only to verify the equality of the factors corresponding to +@": both are

equal to (log(g))~". O

2.19. The Main Theorem for Periodic (G, M)-Cofamilies.— The following theorem is the
analogue of Theorem 2.12.1.

Theorem 2.19.1. — Let (¢p)pep(m) be a periodic (G, M)-cofamily such that each p satisfies
the hypotheses of Theorem 2.17.2 (in particular, ¢p is of the form (2.17.3)). For every & in
general position, we have the following equality of functions holomorphic in a neighborhood of
iay,:

o) = > cGE(gp, ).
PeP (M)
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Proof. — The proof is similar to that of Theorem 2.12.1. To carry out the proof, fix a dual
triplet (3, b, b’) for M. According to (2.17.4) and Definition (2.17.1), the right-hand side can
be written as

1 s
Z ] Z Z (—=1)Im@DGR (A + )R (A + V)T (A +v) /D).
PeP(M) veR {R|PCRcG}

Interchanging the sums yields

%Z Do EDIMRIEE (b)Y IR+ e+ Y).

% veR ReF G (M) PePR(M)
By a variant of Lemma 2.11.3, the inner sum depends only on Mp; denote it by
e (A +)MR).
With this observation and by another interchange of sums, the previous expression becomes

TS e (b)Y 9 b).

1% veR Le LG (M) ReP(L)

Lemma 2.14.2 indicates that for ¢ in general position, the inner sum is zero unless L = G, in
which case it equals 1. The preceding expression then simplifies to

ﬁ Z om(A+v).

ven
Since ¢y, is invariant under the lattice lozg’(r; )Z(Ap) which contains &, we obtain ¢/(A1) as
desired. |

3. A Series Calculation

3.1. Adeles and Measures.— Let C be a smooth, projective, geometrically connected curve
whose field of constants is a finite field F, of cardinality g. Let g¢ be its genus, F its function
field, A the adele ring of F, and O C A the open, compact, and maximal subring of A with these
properties. Let D be a divisor on C, which we write in formal sum form

D = Z ne|cl,
C€E|F|

with integer coefficients n., almost all of which are zero, indexed by the set |F| of places of F.
Its degree is defined by

deg(D) = > n.deg(c),
ce|F|
where the degree of c is defined as the degree over F, of the residue field of the completion F,
of F at c. For every ¢ € |F|, let @, be a uniformizer of the completion F,. Define

wp = 1_[ w, " e AX.
CE|F|
There is a surjective degree morphism
deg : A —> Z,
normalized so that deg(O*) = 0 and deg(w,) = deg(c) forevery ¢ € |F|. One has deg(F*) = 0.
We use on the group A of ideles of F the absolute value
|| = g~ 420,
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Let n > 1 be an integer and set G = GL(n) over the finite field F,. Let g denote its Lie
algebra; more generally, the Lie algebras of the algebraic groups we consider are denoted by the
corresponding gothic letter. In this section we freely use the notations of Section 2 for the group
G and its maximal torus formed by the diagonal matrices.

Let 1p be the function on g(A) which is the characteristic function of wpg(Q). The
O-module wpg(O) does not depend on the choices of the uniformizers w,.

The composition of the determinant with the degree morphism provides a surjective degree
morphism

deg: G(A) - Z.
For every e € Z, we denote by G (A)¢ the fiber of this morphism over e.

We fix on G (A) the left Haar measure normalized so that vol(G (Q)) = 1. The Haar measure
on g(A) is normalized so that vol(g(F)\g(A)) = 1. The same normalizations are used for the
subgroups of G. These measure conventions yield the following lemma, whose proof is left to
the reader.

Lemma 3.1.1. — Let N be the unipotent radical of a parabolic subgroup of G and n its Lie
algebra. Then,

VOI(N(F)\N(A)) = g4mM(gc=D
and

/ 1,(U)dU = qdim(n)(l—gc+deg(D)).
n(A)

For s € C, let () denote the zeta function of the curve C. It is a rational function in g~*
which agrees on the half-plane Re(s) > 1 with the convergent series in g~*

/ |x|* dx,
AXNO

where the Haar measure on A* is normalized according to our conventions: vol(O*) = 1.

3.2. Choice of a « Block-Regular » Nilpotent Element.— Let (¢;)<;<, be the canonical basis
of . Let d > 1 be an integer dividing n, and let r = n/d be the quotient. For 1 < j <r, let V;
be the d-dimensional subspace generated by {e(;j_1)4+1,-..,€;q4}. Thus we have a direct sum
decomposition

Fo=Vie...eV,.
Let P be the stabilizer of the flag
VicVieV,c...cVie...aV,.

This is a parabolic subgroup of G whose Levi factor My = Mp, (see § 2.2) is identified with
GL(V1) X---xGL(V,). Let

X = X% e np,(F,)
be the nilpotent endomorphism of Fj defined by
XC(ejasi) = e(j-1ya+i

for2 < j<rand1 <i < d, and with X¢ being zero on Vi. The orbit of X is said to be
«block-regular ». When d = n, one obtains the zero orbit, and when d = 1, one obtains the
usual regular orbit. In general, the orbit obtained is that of a nilpotent element whose Jordan
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decomposition has d blocks of size r. In the canonical basis of F/, one has

07100 0
07 0 0

(3.2.1) X¢ = 0 . 0
0 I

0

Let P be a parabolic subgroup of G containing Py. Since X¢ € p(F,), it decomposes as
X9 = XP + Xp, with X¥ € mp(F,) and Xp € np(F,). In each GL block of Mp, the matrix of
Xp is of the form (3.2.1). In particular, one has X = 0 when P = Py,

Let Myr be the centralizer of X¥ in Mp. The centralizer of X¢ in G is the subgroup of
G L(n) consisting of matrices of the form

Al Ay Aj A,
A A
(3.2.2) A . Az |
Al A
Aq

where A; is a square matrix of size d, with A invertible. There is a similar description for Myr
in each GL block of M. Notice that we have Gyc C Pgand MyrNp C Py. The group Gx has
unipotent radical No N Gy and Levi factor My N G x (this latter group is isomorphic to G L(d)).

3.3. The Map Hy and Coweight Lattices.— We continue with the notations of the previous
paragraph. For every semi-standard parabolic subgroup P of G, the space apr, which is by

definition Homg (a}, 5, R) (see § 2.2), is also identified with Homz (X" (P),R), where X*(P) is

the group of algebraic characters of P. In this space, we distinguish the lattice
ap = Homz(X*(P),Z).
There is a surjective morphism (trivial on Np(A))
Hp: P(A) — ap,

given for every p € P(A) and every y € X*(P) by (x,Hp(p)) = —deg(x(p)). The Iwasawa
decomposition G(A) = P(A)G(O) allows one to extend Hp to a map

Hp:G(A) - ap
such that for all p € P(A) and k € G(O) one has Hp(pk) = Hp(p). We also use the map
HS : G(A) — agR,

obtained by composing Hp with the projection from apr onto agy according to the decompo-

R
sition apr = ag’R @ agRr.

These notations in particular apply to the parabolic subgroup Py from the previous paragraph.
By abuse of notation, we sometimes denote Hy and HOG the maps Hp, and Hgo. Note that if
P{ € P (M) is distinct from Py, then the maps Hp, and H p; are not equal; however, they have
the same image, namely

ay, = HOIIl(X*(Mo),Z) =ap,-

By taking as a basis for X*(My) the characters given by the determinant of the G L blocks
of My, one identifies X*(My) with Z". Similarly, one identifies X*(7) with Z". Dual to the
restriction morphism X*(Mp) — X*(T), there is a surjective morphism ar — ayy,, which, upon
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scalar extension to R, recovers the projection arr — aum,r (see §2.2). Asin § 2.2, we identify
anm,r With a subspace of ar r; this identification is given concretely by the map

1
(X1y..., %) E(xl,...,xl,xz,...,xz,...,xr,...,xr),

where each entry is repeated d times. The orthogonal projection ar g — apu, r is the projection
onto the subspace ay, r when ar g is identified with R"” with the canonical inner product.

For1 <i <r-1,lete; € Ag = Ap, be the root obtained by restricting the root (71, ..., #,) —
tidti‘d{rl of the torus 7. Then,

A ={@),....,@"},

where (a;, @) = 6; ;.

The hyperplane a$
orthogonal projection onto a
LZ(AY).

Let e € Z and set Mp(A)° = Mo(A) N G(A)°. Under the identification of ayy, with Z", the
set Hy(Mo(A)¢) is identified with the elements of Z" whose coordinates sum to —e. The set

HOG (My(A)¢), that is, the projection of Hy(M(A)¢) onto aﬁR, is identified with the subset of

in aryg is the set of points whose coordinates sum to zero. The

G

TR of the lattice ayy, (viewed as a subgroup of arr) is the group

%Z(Ag ) consisting of the elements

satisfying
r—1
Zjnj =—¢ modr.
j=1

Let Wy denote the Weyl group of M. It is the quotient of the normalizer of M in the Weyl
group of (G, T) by the Weyl group of (Mo, T). This group is identified with the permutation

group on the set {1, ..., r}. This group acts on M and therefore on the space a Mo via its natural
action on [F}, which permutes the subspaces V;. Likewise, it acts simply transitively on #(Mo).

Let (w1, ..., w,_1) be the basis of ajclfl’OR dual to Ag. One observes that for every w € Wy and
every i € {1,...,r — 1}, one has w - @w; — @; € dZ(Ap) and in particular, for the element y
defined below,
i
(3.3.1) wey—ve—L7(Ag).
log g
Lemma 3.3.1. — Let
. r—1 .
27mi 27
3.3.2 = j; = ————wWy_|.
( ) 4 rlogq;]% a’longr !

For every H € %Z(A%O), one has

r—1 . G .
(3.3.3) lzexp(_zm-ke Jr)g kAo = 1 ifH e Hy (Mo(A)°),
o 0 otherwise.

3.4. Zeta Functions Z,; p and Z, p.— For every s € C, define

Zin) = [ PRICILEEIREEDY [ twnaxe,

ec’ L(d.A)°
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and
Zap(s) = g% (1 = g=)g@ G Dy (s 4 1) (s +2) -+ L(s + d).

The first expression is a Laurent series in ¢~*, while the second is a rational function in g~°.
Lemma 3.4.1. — 1. The series defining Z, p (s + d) converges absolutely for Re(s) > 0. On
this domain, it is a rational function in q~° and equals

(deg(D)+1-g¢) _

q
g Zap(s).

Zd’D(S + d) =

2. The rational function Z4.p(s) in ¢~* is holomorphic for Re(s) > —1.
3. We have

Z4.p(0) = vol(GL(d, F)\GL(d, A)").

Proof. — By a change of variables followed by the Iwasawa decomposition, one obtains
Zip(s+d) = ¢/CrOeE®) / Lgi(a.0) (X)] det(X) " dX
GL(d,A)

qd(s+d) deg(D)é/(s +1)(s+2)---L(s+d).

Assertions (1) and (2) then follow from the classical properties of the ¢ function. Assertion (3)
is nothing but the classical formula for the volume of GL(d, F)\GL(d, A)°. O

3.5. Functions K g «~— We continue with the notations above. Let P € ¥ (Py). For every
g € G(A), define

(3.5.1) K} x(g) :/ " 1p(g~ ' (XP +U)g) aU.

Lemma 3.5.1. — The function K g y I8 left-invariant under Myr (F)Np(A) and right-invariant
under G(O). Moreover, for every m € M(A), one has

K5 (m) = g1-scrdes(D)dim(N) o Qpp-Hp(m) g (1= xP )

Proof. — To simplify notation, we omit the index P in Mp and Np. For g = nmk according to
the Iwasawa decomposition G (A) = N(A)M(A)G(O), one has

Kb (9) = / 1p(m " (X? + U)ym) dU
' np(A)
= 1p(m~'X"m) 1p(m~'Um) dU
np(A)
= 1p(m~ ' X m) q<2pP’HP(m)>/ 1p(U)dU
np(A)
— q(l—gc+deg(D)) dim(N) q<2PPsHP(m)>1D(m_1XPm)‘
The lemma follows. O

3.6. Integrals fg y(H).—LetH € Hg(Mo(A)) and P € F(Pyg). Let G(A)" denote the set of
g € G(A) such that Hp,(g) = H, and define

(3.6.1) I x(H) = / K} «(g) dg.
Np(F)Myp (F)\G(A)H
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Lemma 3.6.1. — For every H € HOG (Mo(A)), the integral IASX(H) converges and equals
VO](GL(d, F)\GL(d, A)0)|AP|+1 qdeg(D) dim(No)><

I [qnd(gc—l)/ 1p(Xo)| det(Xo)|? dXo|.

aeal GL(d,A) @-dH)
Moreover, I g « (H) depends only on the projection of H onto ago.
Proof. — To simplify notations, we omit the index P in Mp and Np. Let M(A)? = M(A) N
G(A)H. We use the Iwasawa decomposition G(A)? = N(A)M(A)”G(O) to decompose the
integral. This brings out a factor g~¢2#-fP(m) at the level of measures. Taking into account the
volumes vol(G (0)) = 1 and vol(Np(F)\Np(A)) = g8c=1dimNr) ‘and ysing Lemma 3.5.1, we
obtain

PP (H) = qdim(N)deg(D)/ 1y (= XPm) dim.

’ Myp (F)\M(A)H
Note that Mxr C M N Py. If we set M; = Mo N Mxpr and N; = Myr N Np,, then we have
a Levi decomposition Myr = Ni{M;. Thus, one can apply the Iwasawa decomposition to
descend the above integral to the parabolic subgroup M N Py of M. Let N(I)D = M N Np, and
Mo(A)T = My(A) N G(A). Denote by 2pg the sum of the roots of the diagonal torus in Ng .

‘We then obtain . .
IS,X(H) — qdlm(N) deg(D) q—(ZpO ,H)X

(3.6.2) / / 1p(m™'n ' X" m) dn dm.
M (F)\Mo(A)H JN{(F)\N{ (A)

We now calculate the inner integral. For this, denote by (nOP )’ the derived algebra of nOP ,and

by 2(p{)’ the sum of the roots of the diagonal torus in (n})’. By the following Lemma 3.6.2
(stated below), we obtain

/ 1p(m 0 ' XPn" m) dn = q(gc_l)dim(Né)) / 1p(m Y(XP + Uym) dU
Ni(F)\NJ (A) (nf) (&)

_ q(gc-l)dim(Ng’) q<2(p5)’,Ho(m)> 1p(m~' X m) /(n 1p(U)dU

§) (&)
- q(gc—l)dim(N(f) qdim((ng)’)(l—gc+deg(0)) q<2(p5)’,Ho(m)> 1p(m~'XPm).

Let M (A)° = M;(A) N G(A)H for H = 0. Note that the quotient M; (F)\M; (A)? has finite
volume. Then,

it (H) = g8e=DEmNG)~dim((n])) +deg(D)(im(N)+dim(()) . yol (M, (F)\M; (A)°)x

(3.6.3) g (20 +2(pg)"H) / 1p(m~'XPm) dm.
M1 (A)\Mo(A)H
One has 2p{ - 2(p{)’ = Loenr d’a. Next, we treat the integral in (3.6.3). Let r1d, . .., rd
be the sizes of the GL blocks of M, with r; + --- + rg = r. The group M is identified with the
product GL(d)". The centralizer M, of X* in M is identified with the group GL(d)* via the
embedding that sends the i-th G L(d) factor diagonally into the factor GL(d, A)":. Write, under
this identification, an element m € My(A) as (xy,...,x,). Then the map

-1 -1 -1 -1
(X1, x0) = (x] X2, .. s Xy 1K Xy 1 X425 ,xrs_lxrx)

induces a bijection
Mi(A)\Mo(&)" = | | GL(d, A) "™,

P
arer
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where GL(d, A){%) denotes the set of elements in GL(d, A) of degree (, dH) € Z. This
bijection preserves the measures so that we have

q—(2p§+2(p§)’,H> / 1p(m~ ' XPm) dm = l_l / 1p(xo)| det(xg)] dxg.
My (A)\Mo(A)H G

P L(d,A)W’dH)
Qe

In this product the integrals converge; they are coefficients in the series Z; p (see Lemma 3.4.1).
We deduce that the series defining [ g y (H) converges. The equality in the lemma then follows
from the above, along with the following equalities:

(gc = D(dim(Ng) - dim((ng)") = (gc — D?|AG],

deg(D)(dim(N) + dim((n§)")) = deg(D)(dim(No) - d*|Ag ),
and
vol(M; (F)\M,(A)°%) = vol(GL(d, F)\GL(d, &)°)/A¢I*1,
Finally, the last assertion is an immediate consequence of the above calculation. m|

In the proof above, we used the following lemma.
Lemma 3.6.2. — Let Nx be the centralizer of X in No and nj the derived subalgebra of n.
Then, for every function ¢ € C(n(A)), one has

/ o(n~'Xn - X) dn = g'&c~D dimNo) / e(U) dU.
Nx(F)\No(A)

5 (A)
Proof. — We introduce the isomorphism of algebraic varieties over F,
Nx\N my;
D - x\No — L
n — n Xn-X.

One shows that the change of variable 1 — ®~'(®(n) + Uy) for Uy € 1, (A) preserves the Haar
measure on No(A). Hence the integral on the left-hand side defines a Haar measure on 1 (A)
just as does the right-hand side. Consequently, the equality to be proved holds up to a constant
co. It remains to calculate c.

For this, evaluate both sides at the function ¢y = ln(/)(O)- We have

/ wo(n'Xn - X) dn vol(Nx (F)\Nx(A)) wo(n'Xn - X) dn
Nx(F)\No(&) Nx(A)\No(A)

Vol(Nx (F)\Nx (A)) X vol(Nx (0)\No(0))
g8 dim(Nx).

On the other hand,
/ @o(U) dU = vol(1}(0)) = g!178c) dim(np)
ny(A)

Thus, ¢ = ¢&c~DUAMNx)+dim(ng)) ‘\which yields the result since dim(Nx) +dim(n;) = dim(No).
O

3.7. The Series [i,p (X,1) and If)(X, A).— Let & € apyr and P € F(Py). For every 4 € ay,
introduce the series

(3.7.1) Iy p (X, 2) = Z tp(H = )17 (H)q™ @),
HeH{ (Mo(4))
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Then define the series

372) (X, (-D)ImE@R (X, )

PET(P())

Z [ Z (—l)dim(“g)?p(H—g)fS!X(H) g,

HeHS (My(A)) PEF (Po)

3.8. A Calculation of the Series If, (X, 1) and Ilf) (X, 1).— Let dim(QOy) be the dimension of
the orbit of X under G. Introduce the following function in the variable A € a}oz

v = | | Zap(a, a0,

a€Ag

By Lemma 3.4.1, this is a rational function in the q—</l,w‘i> for « € Ag. Moreover, this

function is holomorphic on the open set defined by Re({1, @, )) > —1 for every a € A.

The following statement involves the notations from Section 2.
Proposition 3.8.1. — Let (M, b, b’) be a dual triplet for My in the sense of Definition 2.16.1.
For every P € ¥ (Py), the series I; p (X, A) is absolutely convergent on the open set defined by
Re((4, @) > —1 for @ € AL and Re({1,a")) > 0 for & € Ap. Moreover, on this open set it
equals the product of

(3.8.1) vol(GL(d, F)\GL(d, A)O) qdeg(D) dim(Ox)/Z’
and
1 A
(3.8.2) W Zﬂl[;O(/l-'_ V) ¢P(ﬂ+ V) ﬁg’bd'f((/l+ v)/b).
veN

Proof. — To simplify notation, we omit the index P in Mp and Np. Taking into account Lemma
3.6.1 and the equalities

dim(Oyx) = dim(Np)/2,
and
w’() = w(A") = vol(GL(d, P\GL(d, &))** | | Za((a, ),
aeAl

(see Lemma 3.4.1 assertion (3)), it suffices to prove the convergence of the series
(3.8.3)

> wH-o ] [q"z(gc’l‘deg(m)/

ot 1p(X,)| det(X,)|“ an]q—(d/l,H>
HEH (Mo(4)) aeA? GL(d.A)

on the stated open set, and to show that on that set it equals the expression (3.8.2), with y*
replaced by the product [, AP Za({A, @)Y).

We have seen at the end of § 3.3 that the lattice HgO(MO(A)) is just %Z(A(\)’ ). By an obvious
change of variables, the series (3.8.3) rewrites as

H _1- -
G84) 3 wo(ge) [] | e e® /G 1 (Xo) | det(Xo) ¥ dX, | g~

4 (a.H)
HeZ(AY) aeAl Ld.A)
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Using the properties of a dual triplet (N, b, b’) for My, one can rewrite (3.8.4) in the form

w9 3 T fieg

veﬁt HezZ(AD")o 1 Z(A})

x [ ][ e toee@ / 1p(Xa)| det(Xo)|? dXy |~ 7.
weAP GL(d,A){a-H)
0

In (3.8.5), we now calculate the inner sum over H. To this end, decompose A + v as

A+v= Z A+v, @)+ Z A+v,a)YT,v.
aeAl a€Ap
Noting that the family ({(a, H)) ¢ AP TUNS over 725 and that the family ((@,v, H))aea, runs over

(%Z)AP, one sees that the sum over H can be expressed as a product whose certain factors yield
a zeta function while the others are geometric series that we have already encountered. One

then obtains
l—[ [qd2<gc—1—deg<D)>Z (d+ A+v wv>)] ~(L[bdg)) H
d,D » Wo 1-g- ((/l+v)/b av)

aeAg a€lAp

1_[ Zd’D((/l + v, w(\y/))

P
aeAO

(3.8.6) = 9 (A+) ITPE (A +v)/b).

This gives the desired equality. In the process, we also obtain the convergence on the open set

defined by Re((1, @y )) > —1 for @ € A} and Re({4, ")) > 0 for a € Ap. O
In the following statement we use Definition (2.17.4) of Remark 2.17.3.
Proposition 3.8.2. — The series defining If; (X, Q) is absolutely convergent on the open set

defined by Re({A, @) )) > —1 for every & € Ag. On this open set, it is equal to
Vol(GL(d, F)\GL(d, A)°) - q&(P) am(O0/2. Sy, 7).

Proof. — From a formal point of view, the desired equality is a consequence of Proposition
3.8.1 and of Definitions (2.17.1) and (2.17.4). By Proposition 3.8.1, the series I;f) (X, A)is atleast
absolutely convergent on the open set defined by Re({1, ")) > 0 for every @ € Aj. By Theorem

2.17.2, the function c]G,O’d‘f(w, A) is holomorphic on the open set defined by Re({1, @ )) > —1
for every @ € Ag. The proposition follows. O

3.9. The Series IeD’f(X ,1).— For every e € Z, we introduce the following variant of the series
15(X, A) from § 3.7:

. G n N _
= 3| Y (IR - I (H) g,
HeHS (Mo(4)¢) LPEF (Po)
We have the following corollary of Proposition 3.8.2.
Corollary 3.9.1. — The series defining I;’g(X , A) has the same convergence properties as the
series If; (X, A). Moreover, on its open set of convergence, it is equal to

' 1 r—1
vol(GL(d, F)\GL(d, A)°) - glee(?) dim(0x)/2  _ Zexp( amike/r) ¢y (. A + ky)
r

foreveryy € rlz(fgiqZ(Ao) satisfying the relation (3.3.3) of Lemma 3.3.1.
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Proof. — For every vy as above, relation (3.3.3) implies that
1 r—1
Ig’f(X, A) = - Z exp(—2rike/r) Ig(X, A+ky).
k=0
The corollary is then an immediate consequence of Proposition 3.8.2. O

3.10. A Calculation of the Mean of the Series.— The construction of the series I;’c)(X ,A)
depends on the choice of Py € (M) and of X. Any other parabolic P € P (M) is of the

form w - Py for a unique element of Wy, the Weyl group of M (cf. § 3.3). Let I;’C) (4, P;)) be the
series constructed for the data (w - Po, w - X). We observe that for every w € Wy, one has
154, Py) = )5 (X, w - A).
We then define the average of these series over £ (M) by

1
S6(A) = ———— Z (4, P).
PMo)l , 4,
For every e € Z, one similarly defines ¢ (A, P) for P € P(My) and S¢¢ (). In fact, one has
1 r—1 .
(3.10.1) S4() = ~ Z exp(=2mike/r)SE (A + ky)
r
k=0

or every y € =X o) satisfying the relation (3.3.3) of Lemma 3.3.1.
f Fea-Z(Ao) satisfying the relation (3.3.3) of L 33.1

For the purpose of stating our results, it is convenient to introduce the following notations:
— The rational function in ¢~*

@(s) = g e g2d9eD) r(s 4 1)L (5 +2) - (s + d);
— The family (¢p)pep(m,) defined by
er(D) = [ | o1, @))).
a€Ap

Proposition 3.10.1. — For every ¢ € ap, , the series S¢(Q) is convergent and holomorphic on
a neighborhood of iafwo g- Moreover, if £ is in general position, then the sum of this series is
independent of ¢ € ap,r and, on this neighborhood of convergence, it equals

g 1
Vol(GL(d, PI\GL(d, 4)°) - g* ¥ PO comnss B (),
PGP(MQ)

Proof. — Proposition 3.8.2 gives the convergence of S¢ (1) along with the following expression
for its sum, up to obvious factors,
G.d
D, e,

PGP(M())
where we define the (G, My)-cofamily (¥p)pep(m,) by
wp() = | | Zup(,@y)).
aeAp

Now assume further that & is in general position. Then Theorem 2.19.1 implies that the
above expression equals

DL 85w,

PEP(M())
Since ﬁg (DY p(A) = gp(A), the result follows. O
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Theorem 3.10.2. — Assume & = 0 and suppose that the degree e € Z is coprime to the integer
r (recall that r is the rank of the center of My). Then the value at A = 0 of the series IeD’O(X, A)

equals the value at A = 0 of the holomorphic expression, in a neighborhood of ia}kwo R’

1 r—1

VOl(GL(d, F)\GL(d, A)O),qdeg(D)-dim(Ox)/Z.—r |7)(M0)|

exp(—2nike/r)pp(A+ky),
k=0 PEP(M())

for every y € %Z(Ao) satisfying the relation (3.3.3) of Lemma 3.3.1. Moreover, this value

does not depend on the integer e coprime tor.
Proof. — The assumption that the degree e is coprime to r implies that for every H €
Ho(My(A)¢) and every @w € APO, one has (w, H) # 0. Otherwise, the weight @ would
determine a maximal parabolic subgroup P € F (P) by the condition A = {w}. There exists
some 1 < r’ < r such that P is the stabilizer of the subspace V| @ - - - & V,» (with the notations
of §3.2). The dimension of this subspace is r’d. For every H € Hy(My(A)¢), there exists an
integer ¢’ € Z such that
r'd ,

e=¢ ——e,

r

(w,H) =¢' —

where n = rd is the rank of G. Hence, the equality (@, H) = 0 would force re’ = r’e, and thus
r would divide 7/, contradicting 1 <’ <r.

It follows that for P € ¥ (Py), every H € Hyo(My(A)¢), every w € W, and every element
¢ € ay, g sufficiently close to 0, one has

tp(H) = tp(H —w - £).

Then, for such a &, we have I;O(X, A) = I;’f(X, A). In fact, for all P € P(Mp) and w € Wy such
that P = w - Py, one has

1504, P) = 150X, w - ) = 155 (X, w - ) = 155 (A, P).

It follows that the values at A = 0 of ISO(X ,A) and S%¢(1) are equal. Since we may further
assume ¢ is in general position, the theorem reduces to a simple combination of equality (3.10.1)
and Proposition 3.10.1. O

Remark 3.10.3. — Although we have not verified it, we expect that the value of the series
Ig’O(X ,A) at A = 0 is independent of the integer e coprime to r. At least, it should depend only
on the residue of e modulo ». When r is prime, one may sketch a proof of this independence.
With the notations above, it amounts to verifying that the limit as 4 — 0 of the following sum
is independent of e coprime to r:

r—1
Z Z exp(—2nike/r) l—[ e((w- (A +ky),@y)).

k=0 weW, [ ZSAY))

It is convenient to take y defined by (3.3.2). With the notations of § 3.3 and taking into account
relation (3.3.1), one sees that the above expression rewrites as

il Z exp(—2nike/r) ﬁ cp((w A @]) + 2mik) )
j=1

k=0 weW, rlogg

The contribution for £ = 0 is
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which has a limit as 4 — 0, evidently independent of e. The contribution for £ # 0 also has a
limit as 4 — 0 which is, up to a factor of |Wy|, given by

1 r—1

r—1 r—1 .. r— ..
, 2rik j 2rij ) .
Zexp( 27rzke/r)“go(rlogq) Hgo(rlogq Zexp( 2rike/r)

k=1 j=1 j=1 k=1
T 2nij
B n<p(rlo )’

and is therefore independent of e coprime to the prime number r.

4. Lusztig-Spaltenstein Induction

4.1. In this section we gather some useful results on Lusztig-Spaltenstein induction (cf. [11]).
The group G is the group G L(n) over an arbitrary field. The other notations are those used in
Sections 2 and 3.

4.2. Lusztig-Spaltenstein Induction.— Let P C G be a parabolic subgroup and write its
standard Levi decomposition as P = MNp. Let X € p and denote by O the P-orbit of X.
The variety OF @ np is irreducible and consists of nilpotent elements of g. Since there are only
finitely many nilpotent G-conjugacy classes in g, there exists a unique nilpotent orbit O such
that the intersection

0N (OF & np)

is a dense open subset of O @ np. This intersection is a single P-conjugacy class. We then
define

I5(X) =0.
We say that O is the induction of X from P to G. By construction, it depends only on the P-orbit
of X. One also sees that it depends only on the P/Mp-orbit of the projection of X onto p/np.
In particular, if OM is a nilpotent M-orbit in m, the induction Ig(X ) does not depend on the
choice of representative X € OM. Hence we denote it by

15(0M).

4.3. Transitivity— Let P; C P, C G be parabolic subgroups and let X € p;(F). Define a
nilpotent M;-orbit in m, by

I2(X) = Ip2 , (X),
where X = X, + U with X, e my N pyr and U € ny.
Lemma 4.3.1. — ForeveryY € 111312 (X), one has

Ig (V) = If (X).

Proof. — Write X = X; + U +V with X; € m|, U € ny N my, and V € ny. Let OF1(X),
OMi(X), and OF'""M2 (X, + U) denote the orbits of X under Py, of X; under M, and of X; + U
under P N M,, respectively. We have O (X) ® n; = OM (X)) ®n;. Let O = Igl (X). Thus,

O N (OMi (X)) @ ny) is a dense open subset of OM (X;) ® n;. Let O’ = Iﬁf(X). Since

oM™ (X + U) @ (m Nnmy) = OM1 (X)) @ () N'my),
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we deduce that O’ N [OM1(X}) @ (11; N'm»)] is a dense open subset of OM! (X)) & (n; Nmy).
Hence,

[0 n[0™ (X)) ® (m Nmy)]] &1y
is a dense open subset of O™ (X;) @ n;. Consequently,

O [[0'n[0M (X)) ® (m Nmy)]] ® 1]

is also a dense open subset of O™ (X;) @ n;. Therefore, O N (O’ @ 11») is nonempty and is an
open subset of Q" @ 1y, since

o ®ny C oM (X1) ®ny.

Thus, I (Y) = I (X). O

4.4. Growth of the Induction with Respect to Parabolic Subgroups.— Denote by O the
closure of a nilpotent orbit O.
Lemma 4.4.1. — Let Py C P, be parabolic subgroups of G. Then for every X € p(F),

Ig (X) c I§ (X).

Proof. — Let O'(X) be the Pj-orbit of X. LetY € I?Z(X). By conjugating Y, we may assume
that Y € X + n,. But we have

X+mcX+m cO'(X)en clf(X),
which yields the result. O
Lemma 4.4.2. — Let X € p|(F) and let Py C P be parabolic subgroups of G such that
Ig (X) = I (X).
Then for every parabolic subgroup Q with P1 C Q C P, one has
Ig(X) = I (X) = I§ (X).

Proof. — By Lemma 4.4.1, we have

I5(X) c I (X).

If the inclusion were strict, then Ig(X ) would lie in a proper closed subset of Igl (X) and we
would have

Ig(X) ¢ Ig (X).

But then by another application of Lemma 4.4.1, it follows that

I5,(X) c I5(X) € 1§ (X),

which contradicts the equality Igl (X) = Igz (X). O
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5. Some Auxiliary Results

5.1. Fourier Transform and the Poisson Summation Formula.— The notations are those of
Section 3. Let ¢ : F, — C* be a non-trivial additive character. Let wc be a non-zero rational
differential form on the curve C. For every place ¢ of C, one associates to w¢ and to ¥ an
additive character  of the field F,, the completion of F at c, by

¥ (x) = yo(tracey /r, (Res(x - wc))).

This determines an additive character, still denoted i, of the group A of adeles of F which is
trivial on F.

Let n and 1t be vector spaces over F, in duality via a perfect pairing (-,-). The groups
1n(A) and n(A) are equipped with the Haar measures which give volume 1 to n(F)\n(A) and
(F)\n(A). For every function f € CX(n(A)) (that is, locally constant and with compact
support), one defines a function f € Cr(n(A)) by

fy= [ rooux ) ax
n(A)
The Poisson summation formula is then the equality
fxy= > fm.
Xen(F) Yen(F)

Let Q¢ be the divisor of wc. One has deg(€2¢) = 2g¢ —2. For every divisor D on C, one has
at one’s disposal the function 1p € C°(n(A)) which is the characteristic function of wpn(0).
One has the following formula

(5.1.1) iD — qdim(n)(l—gc+deg(D))IQC_D.

Lemma 5.1.1. — In the case n = Fy, there exists a constant ¢ > 1 such that for a € AX and
every divisor D, one has

Z 1p(a™'X) < csup(giceP)=deel@) 1y,
XeF

Proof. — One has deg(wp) = —deg(D). Replacing a by wpa, one sees that it suffices to treat
the case D = 0. Let 1 be the characteristic function of O. If deg(a) > 0, one has 1(a™'X) =1
if and only if X = 0. Suppose next that deg(a) < 2 — 2g¢. By the Poisson summation formula,

one has
DU 1(a'X) = g!Eee@ N 1 (aX)
XeF XeF

and only X = 0 contributes non-trivially to the right-hand member. Hence in this case one has
Z 1(a”'X) = g'~sc—deg(@)
XeF

It remains to bound our expression for 2 —2g¢ < deg(a) < 0 by a constant ¢ > 1. The existence
of such a ¢ follows from the compactness of the set

{a € FF\A* |2 -2gc < deg(a) < 0}.

O

5.2. Reduction Theory and Arthur’s Functions.— We use the notations of Sections 2 and 3.
The group G is the group G L(n) over the finite field F,, equipped with B C G its standard Borel
subgroup and Ty C B its standard maximal subtorus. We reserve the letter 7 for a truncation
parameter; this is why the maximal subtorus of G ends up being saddled with an index 0. We
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often omit the indices 7 and B for the constructions associated to 7y and B. For example, we
write A = Ap (the set of simple roots of 7y in B).
Let n € A* be an idele of degree 1. The map

X (To) — To(A)

A = A
induces a bijection from the group X, (7p) of cocharacters of Tj onto a discrete subgroup, denoted
A, of Ty(A). One observes that if @ = A()~!, the canonical pairing between the cocharacter A

and a character @ € X* (7)) equals (@, A) = (@, Hg(a)) (cf. § 3.3 for the definition of Hp).
Let T} € ar be such that for every @ € A one has a(7}) < —2g¢. Let

A°(Ty)

(5.2.1)

be the image in A of the set
{1e X.(Tp) | Ya € A (a,A—=Ty) > 0}.
One then has the equality (we refer the reader to [8] for a reference)
G(A) = G(F) - B(&)"- A%(T1) - G(O)
where
B(A)" = B(A) N Ker(Hp).
Since B(F)\B(A)" is compact, it is permissible to fix Qp, a compact part of B(A), such that
G(A) =G(F)-Qp - A°(T) - G(O).
LetT € % and let A® (T}, T) be the image in A of the set
Qe X, (Ty) |Ya e A {@,A-T\) >0andVw € A (w,1-T) <0}.
Let
FO(-.T)
be the characteristic function of the set G(F) - Qg - A°(T;,T) - G(O). The function FC is
left-invariant under G (F). For every e € Z, the set
{g e GIH\G(A) | F(g.T) =1}

is compact.

The same construction is valid for every Levi subgroup M of G. The function FM(-,T)
on M (A) is the characteristic function of M (F)Q¥ AM(T;, T)M (O) for QY a certain compact
subset of B(A)? N M (A). It is permissible to assume that one has Qg =QpNM(A). For every
standard parabolic subgroup P, let F¥(-,T) be the function on Np(A)Mp(F)\G(A)/G(O)
which coincides on Mp(F)\Mp(A)/Mp(O) with FMP (-, T); the existence and the uniqueness
of F¥ follow from the Iwasawa decomposition.

Forevery T € ﬁ, one has (for a proof, cf., for example, Proposition 10.3.12 of [10])
(5.2.2) Z Z FP(5g,T)tp(Hp(5g) = T) = 1.
PeF (B) 6eP(F)\G(F)

Recall that the function Hp was defined in § 3.3; it is also the composition of Hp with the
projection onto ap.
Forevery T € a;, one has

FO(g,T)= . (=DIm@®) N 2p(Hp(6g) ~T).
PeF(B) SeP(F)\G(F)

This statement is a version of Lemma 2.1 of [3] for function fields; it is proved as in loc. cit.,
the key point being represented in our situation by the equality (5.2.2).
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Let Py C P, be standard parabolic subgroups of G. For every H € ag, g, let

dim(a?, N
op(H) = Y (=D)L (H)p(H).
PrcPcG

For every g € G(A) and every T € aj, let

X7 (g) = FP' (g, T)ap* (Hp, () = T).

This function is left-invariant under Np, (A)Mp, (F) and right-invariant under G(0O). We are
going to give an alternative description of it. For every T € ﬁ, let AP1P2(Ty, T) C A be the set
of a = A(n~") € A, for 1 € X*(Tp), which satisfy the following five conditions

l. Vo e AM (a,2-T)) > 0;

2. Vo € AMi (w,A-T) <0;

3.Va e Ay (a,A=T)>0;

4. Va € Ay, — Ay (@, A=T) <0;

5. VweAy, (w,1-T)>0.
Remark 5.2.1. —

— By virtue of conditions 1 and 2, one has A”vP2(T;,T) ¢ AM(Ty,T).

— If Py = P, = G, conditions 3 to 5 are empty and one has ACY(T,T) = A°(T\,T).

— If Py = P # G, condition 3 is empty, but conditions 4 and 5 are incompatible: one then
has APvP2(Ty,T) = 0.

— If T € aj, one has APvP2(Ty T) ¢ AM2(T)) (this follows from the lemma below).

Lemma 5.2.2. — Let P be a parabolic subgroup of G. Let T € ﬁ and X € apg which satisfy
l.Vo e A (w,X-T)<0;
2.Ya e Ap (a,X-T)>0.
Then for every a € A% — AP, one has (o, X = T) > 0.
Proof. — Let p be the projection of ag onto ap. Let A" = {w@, | @ € AP} be the basis of a}*
dual to (@"),ear. One has, for every X € agg,

X = Z (we, X)a" + p(X).
aeAP
For every 8 € A® — AP the projection 8p of 3 onto a belongs to Ap and
B.X) = D (@a, X)(B,a") + (B, X).
aeANP
Now (B, ") < 0. Hence if X satisfies conditions 1 and 2, one has

B.X)> > (wa, TY(B,a") + (Bp,T) = (B,T)

aeAP

whence the result. O
Lemma 5.2.3 (Arthur). — The function
m € Mi(A) — x2"(m)

is the characteristic function of M| (F) - Qg" - APYPA(T T - M (O).
Remark 5.2.4. — If Py = P, # G, the function )(;) rP g identically zero (cf. Remark 5.2.1).
Proof. — 1t suffices to combine [1], Lemma 6.1, with the description of the function F Pi g

The function )(ﬁ P2 will intervene via the following lemma.
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Lemma 5.2.5 (Arthur). — For every standard parabolic subgroup P of G, let K* be a function
on P(F)\G(A). One has the equality between

1= N fp(Hp(5g) - TIK (59)

BCPcCG 5eP(F)\G(F)
and
Xy T2 (5g)K 1 (sg)
BcPicPrcG §eP1(F)\G(F)
where
— one sets
(5.2.3) KPP gy = ) ()i kP (g),

PicPcP,

— in the sum above, the terms corresponding to Py = P, vanish except if P = P> = G, in
which case one obtains
FO(g. 1)K (g).

Proof. — Tt rests on the formal arguments used on pp. 41-43 in [5]. m|

5.3. An Upper Bound for Rational Sums.— Let @ € A and let Q be the maximal standard
parabolic subgroup of G defined by the condition

A-A2 = {a}.
Let 2 be the set of roots of Ty in ngp. One has a decomposition into weight spaces

Mo = @na.

(ZEZQ

o= P

Every element U € ng is written U = ) ,cq U, according to this decomposition. For every
polynomial g € F,[ng] and every @ € ®, we denote by deg,(g) the degree of g(U) in the
variable U,. We denote by V ((g;)icr) the closed subset of nge defined by a family of polynomials
(8iier-

Proposition 5.3.1. — Let d be an integer. For every divisor D on C, there exists a constant
¢ > 0 such that for every non-empty subset ® C X, every a € AC(T\) and every family of
polynomials, not all zero, (g;)ic1 of Fy[ne]| which satisfies

Viel, VBed, degﬁ(gi) <d,

For every ® C X, one sets

one has the inequality

[Tq @t > 1p(a~'Ua) < ¢ - g~(@Hs(@),

pe@ Ueng (F)NV((gi)ier)
Proof. — We shall argue by induction on the cardinality of ®. The case of a singleton ® = {8}
starts the induction. In this case, the number of zeros of a non-zero polynomial g; cannot exceed
d, and one therefore has

g BHs(@) Z 1p(a~'Ua) < dg=PHs@)
Ueng (F)NV((gi)ier)

There exists A” ¢ A—{a} such that § = @ + },cp- ¥ The upper bound —(y, Hg(a)) < —(y,T1)
fora € A®(Ty) and y € A’ gives the result.
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Suppose henceforth that ® = @' [ [{5} and |®’| > 1. Every U € ng is written U = U’ + Upg
according to the decomposition e = ne ®ng. Let I’ = I x{0, 1, ..., d}. One obtains a family
of polynomials (g/);c; of Fy[nq], not all zero, by writing for every i € 1

d
gi(U) = > gl (UUS.
k=0

To lighten the notation, we introduce V = V((g)ic;) and V' = V((g))icr). Let V0 be the
open subset of V formed by those U whose projection U’ does not belong to the closed subset
YV’ of ng,. One thus has a disjoint union

V= (V @&ng) UV

To conclude, it suffices to prove that the following contributions both satisfy the sought-for upper
bound

(5.3.1) l—[ g~ r-Hela) Z 1p(a~'U'a) x g~#-He(@) Z lp(a_lUﬁa)

yed’ U’engs (F)NV’ Ugeng(F)
and
(5.3.2) | [a @@ X 1p(a'Ua).

yed Ueng(F)NVO

In order to bound (5.3.1), one uses on the one hand the induction hypothesis applied to the
factor attached to @', and on the other hand the fact that the expression g~ #-H5(a)) DUgeng(F)

1p(a”'U sa) is bounded for a € A% (T) (this follows immediately from Lemma 5.1.1).
In order to bound (5.3.2), one begins by rewriting this expression in the form

1_[ g~ v-Ha(@) Z 1p(a~'U'a) x g~#-Hp@) Z 1p(a~'Uga).
yed’ Ueng (F), U ¢V’ Ugeng(F), U’ +UgeV

Using the case of the singleton {8} and of the family of polynomials (g; (U’ + -));cs (not all zero
since U’ ¢ V), one has the upper bound

g~ BH@) 3 1p(a~'Uga) < d - g~(@H(@),
UﬁERB(F), U'+UB€(V

It therefore remains to bound

n q—(%HB(a» Z ID(a_lU’a).

yeq’ U'eng/ (F), U’ ¢V’

One bounds this expression trivially by

n q_<79HB(a)> Z lD (a—lula)
yed’ U'eng (F)

which is again the product over y € @’ of

q—<7,HB(a)) Z 1p (a‘lUya).
Uyen, (F)

This expression is indeed bounded for a € A% (T}) (cf. Lemma 5.1.1). O
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6. Asymptotics of Truncated Nilpotent Integrals
6.1. The notations are those in force in Section 5.

6.2. Statements of the results.— Let N be the nilpotent cone of g(F). Let (NY) be
the (finite) set of orbits of G(F) in NC. For every nilpotent orbit O € (N©) and every
standard parabolic subgroup P of G, we introduce the following function of the variable g €
Mp(F)Np(A\G(A)/G(O)

Ko@) = Y / 1p(g™ (X +U)g) dU.
XeNMPp 1S (X)=0 np(4)

It may happen that the summation set is empty, in which case we set K g 0(8) = 0. This is the

case, for example, if O is the zero orbit and P is a proper parabolic subgroup.
For every g € G(F)\G(A), we set

im(aG A
(6.2.1) KSro(e) = > (=DIm@®) X" tp(Hp(6g) — T)Kp o(68).
BcPcG 6eP(F)\G(F)
We fix a Euclidean norm || - || on apr invariant under the Weyl group of (G, Tp). Here are

the two main results of this section. The proof of Corollary 6.2.2 is to be found in § 6.3. The
proof of Theorem 6.2.1 begins in § 6.4 and occupies the whole of the rest of the section.
Theorem 6.2.1. — Let e € Z. Let O € (N) and let D be a divisor on C. There exists a point
Tp € aj, such that for every &' > 0, there exist constants & > 0 and ¢ > 0 such that for every
T € Tp + aj, which satisfies, for every a € A,

(,T) > '||T]|,
one has

dg S C - q_SHT”.

/ FO(g,T) ) 1n(7'Xg) = K§ 1 5(8)
G(F)\G(4)° Xeo

Corollary 6.2.2. — The notations are those of Theorem 6.2.1. For every T € ap, the integral

(6.2.2) / Kpro(2)dg
G(P\G(4)

converges absolutely.
Moreover, the function

T € X.(Tp) — K51 o(g) dg
G(F)\G(A)°
is quasi-polynomial, in the sense that there exists a finite set
2mi

log(q)

and, for every v € {, a polynomial p, on ag such that this function coincides on X.(Ty) with
T > py(M)g ™.
vef

Remark 6.2.3. — The combination of Theorem 6.2.1 and of its Corollary 6.2.2 shows that the
integral

fc X*(To) ®z Q

Ji FO(e.1) Y 1p(s7' Xg) dg
G(F\G(4) =
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is asymptotic to the quasi-polynomial given by (6.2.2). This result is an analogue of a result of
Arthur over number fields (cf. [3], Theorem 4.2). It is even slightly better, in the sense that one
has in addition the integral formula (6.2.2).

6.3. Proof of Corollary 6.2.2.— It rests on Arthur’s methods. It is moreover very similar to the
proofs of Corollary 5.1.2 and Theorem 5.2.1 of [6]. According to Arthur (cf. [2], section 2), one
has, for every H and every T in ap,

im(a%) » ’
(6.3.1) #p(H-T) = Z (- Q)L ()T, (H, T)
PcQcG

where F’Q(H ,T) is the function Fg (H,0,T) defined in (2.15.1); for Q = G, the function F’G is
identically equal to 1. It follows that one has

(6.3.2) Ksro(@= D, > Tp(Ho(68), KD, ,(52)
BcQcG 6eQ(F)\G(F)

where we set, for g € G(A),

im(a$ 5
(6.3.3) KSoo@ = > (=nfmea) %" 2C(Hy(ng))K} o ().
BEPCO neP(FO(F)

For Q = G, one recovers ngT’ o forT =0. Let P C Q be standard parabolic subgroups.

Let S¢ c (NMe) be the (finite) set of orbits O¢ € (NM2) such that IS(OQ) = 0. One has
successively the following equalities for every m € Mp(A) and every n € Ng(A) (we write

ng =mg Nnp):

KS’O(nm)

Z / 1p(m™'n~ (X + U)nm) dU
np(A)

XeNMP 1§ (X)=0

_ 3 / L (m™ (X + U)m) dU

XeNMP [G(X)=0

= Z / / 1p(m™ (X + U + U")m) dU dU’
XeNMr 16 (x)=0 7 7 (&) o (#)

— q<2pQ,HQ(m)>qdim(NQ)(1—gc+d€g(D))

X Z Z /nQ i 1p(m™ (X + Uym) dU

0cS0 M, (&)
oves (XeNMP | 1,8, (=00} "

— q<2PQvHQ(m)>qdim(NQ)(l—gc+d€g(D)) Z KPOMQ(m)_

D,02
02eS2
One deduces from this that one has
; _ M
(6.3.4) Kg,o, o(nm) = g2Pe-Ho(m) dim(No)(1-gc+deg(D)) Z KD,((Q),OQ (m).
02eS2
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We are going to perform a series of formal manipulations which will be justified a posteriori.
By (6.3.2), and using the Iwasawa decomposition, we have

/ (Kg,r,o (g) - Kg,o,o (g)) dg
G(F)\G(A)¢

- >/ I, (Ho(9). TIKS, ) (8) dg
BCQCG Q(FI\G(A)®

| , .
3 ghmtorde®) 3 / Iy (Ho(m), T)KpS -, (m) dm
BCOCG 02es0 Y Mo (F)\Mg(A)NG(A)

gimio) dexD) 3 D I (H,T) KpQ oo (m) dm
BcQcG 0LeSe HEHQ(MQ(A)QG(A)") MQ(F)\MQ(A)H -

where, in the last line, My (A) is the set of m € My(A) such that Hyp(m) = H. For Q ¢ G,
the Levi subgroup My is a product of linear factors, each of rank strictly smaller than that of G.

The functions Kg% 00 and their integrals are also products indexed by these factors. Arguing by
- M

. . . Q
induction on the rank, one may therefore assume that the integrals / Mo (F)\Mo (4)H K D.0.00 (m)dm
are absolutely convergent. Since the function H +— Fb (H,T) has finite support on Hp (Mo (A)N
G(A)°) (cf. Lemma 2.15.1), this justifies the preceding manipulations and shows that the integral

GF\G(A) Kg’T, 0(8) dg is absolutely convergent for one 7' € ap if and only if it is so for every
T € ap. Since the integral

/ FO(g,T) ) 1p(g™'Xg) dg
GG (A =

is absolutely convergent (the integrand has compact support), Theorem 6.2.1 shows that there is
at least one such 7.

The function m € My(A) — Kg/[% 00 (m) is invariant under the action of the center Zp(A)
of Mg (A). It follows that the map -

H € Hp(Mg(A) N G(A)) / KM (m)dm

Mo(F)\Mo(ayn P00°

is invariant under the subgroup Hp(Zgp(A) N G(A)¢). Finally, for every H € Hp(Mgp(A) N
G(A)°), the function
T Z Ty (H +H',T)
H'€Hp(Zo(A)NG (A)°)

is quasi-polynomial (cf. Proposition 4.5.5 of [6]). This concludes.

6.4. A first reduction.— Theorem 6.2.1 is an immediate consequence of Lemma 5.2.5 and of
Proposition 6.4.1 below. The proof of the latter will be given in § 6.8 after lengthy preparations.
Proposition 6.4.1. — Under the hypotheses of Theorem 6.2.1, one has, for all standard
parabolic subgroups Py € P, of G,

/ X" (08) 1K) 5 (68)] dg < e - g~
GING(A) s5ep, (F\G(F)

where we set

: G
(6.4.1) Kpyre) = Y. (=D)Im@RKD ().
PiCPCP;p
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6.5. A first bound in the proof of Proposition 6.4.1.— In all that follows, we fix a nilpotent
orbit O € (N) and standard parabolic subgroups P; C P, of G. For every X € p(F), we set

(6.5.1) & (x) = Z (—1)dim(a?)
PiCPCP,, IS (X)=0

This expression is invariant under conjugation by M| (F) and depends only on the projection of
X onto my(F).

To lighten the notation, we write P; = M|N; (instead of Mp ,Np,) for the standard Levi
decomposition of the standard parabolic subgroup P;. Likewise for P;.
Proposition 6.5.1. — For every divisor D, there exists a point Tp € ay such that for all
T € Tp +a}, n € Ni(A) and m € M{(A) such that

xp(m) # 0
one has
KPI ) (nm) = dlm(n2)(1—gc+deg(D))+<2p2,H2(m)> Z 1p (m_]Xm)ggl’& (X).
XeNM2np(F)

Proof. — This is an immediate consequence of Lemma 6.5.4 below. O

Corollary 6.5.2. — For every divisor D, there exists a point Tp € aj, such that for every
T € Tp + aj; one has the inequality

/G D xR 6»)IK 5 (09)l dg

ENG(A) 5ep, (F\G(F)
< qdim(Nl)(gc—1)+dim(n2)(l—gc+deg(D))

g @I PPy N Ap(mT Xm)lEG T (X) | dim.

<
My (F)\M;(A)NG(A)¢ XeNM2np(F)

Proof. — One has
/ K2 69) KD P (59 dg = / AP ()IKD P (g)) d.
GFNG(A) 5ep, (F)\G(F) PI(F)\G(A)E

By the Iwasawa decomposition, one obtains

/ / / g~ @or R ) P2 (k) | K P12 (nmk) | dk dim din.
NI(F)\N1 (&) J M (F)\My (A)nG (L) JG(0)

The function )(; P2 i left-invariant under N, (A) and right-invariant under G (Q). The expres-

sion |KP 1 22(+)| is right-invariant under G (O). Taking into account the volume vol(G(0)) = 1,
one obtams

/ / g~ PPreHn ) 0 Gn) | K5 (nm) | dm din.
Ni(F)\N1(A) J Mi(F)\Mi(A)NG (A)¢

To finish, one uses the formula vol(N;(F)\N;(A)) = g4im®™)&c=1) and the expression given
by Proposition 6.5.1, which one bounds in the obvious way. O

Lemma 6.5.3. — Let P be a parabolic subgroup of G such that Py ¢ P C P,. The function
g€ G(A) — KP O(g) is left-invariant under Np(A). Moreover, for everyu € Mp(A) N N1 (A)

and every m € M 1(A), one has

KS,O(”’”) — qdim(np)(deg(D)+1—gc)+<2pP,HP(M)> Z 1p((um)™ Xum).
XeNMP 1§ (X)=0
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Proof. — Letn € Np(A) and g € G(A). One has

Khot)= Y [ o) (X + Ung)aU.
XeNMP, 1S (X)=0 np(4)

One performs the change of variable U’ = n~! (X + U)n — X, which gives

K o)=Y / 1p(g™ (X +U)g) dU
XeNMp 1S (X)=0 np(4)

and proves the desired invariance.
Let u € Mp(A) N Ni(A) and m € M;(A). By means of the change of variable U’ =
(um)~'Uum, one obtains the equality

Kgo(um) = ¢@prHpim) Z / 15 ((um)™ Xum + U) dU.
XeNMp 1S (x)=0 " "P (4)

Since one has (um)~'Xum € mp(A), the expression 1p((um)~'Xum + U) is the product of
15 ((um)~' Xum) by 1p(U). Using the equality

/ lD(U) dU = qdim(nP)(deg(D)+l—gC),
np(A)

one obtains the desired equality. O

Lemma 6.5.4. — Let P be a parabolic subgroup of G such that Py C P C P;. For every divisor
D, there exists a point Tp € a}, such that for all T € Tp + aj, n € N1(A) and m € M{(A) such
that

X (m) # 0
one has
K,g,o(nm) — qdim(nz)(deg(D)+1—gc)+<2P2,HP2(m)> Z 1p (m_le).
XeNManp (F), IS (X)=0
Proof. — By Lemma 6.5.3, one sees that it is a matter of obtaining the following equality
qdim(np)(deg(D)+1—gc)+<2pP,Hp(rn)> Z 1p((nm)~ Xnm)
XeNMP 1§ (X)=0
gdim(2) (deg(D)+1-gc)+(2p,Hp, (m)) Z 1p(m™'Xm)
XeNM2np (F), 1§ (X)=0
forn € Mp(A) N N1(A) and m € M;(A) such that Xﬁl’PZ(m) # 0.

We shall first show that for every n € Mp(A) N Ni(A) and every m € M;(A) such that
)(?’Pz (m) # 0, one has

(6.5.2) Z 15 ((nm)~' Xnm) = Z 1p(m~ ' Xm).

XeNMP 1§ (X)=0 XeNMP 1§ (X)=0

The result is tautological if P = P;. We therefore assume Py ¢ P. Since X;"Pz(m) # 0,
one has m € M (F) - le' - APCPA(T T) - M1(O) (cf. Lemma 5.2.3). After replacing n by

a conjugate under M;(F), one may assume m € Qg]l - APvP2(Ty, T) - Mi(O). Both sides of
(6.5.2) are invariant under right translations of m by M;(O) and under left translations of n by
Mp(F) N Ni(F). One may therefore assume m € Qg’l - APvP2(Ty,T) and n in a fixed compact
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subset € of Mp(A) N Ni(A). For every a € AP1P2(Ty, T) and every root a of Ty in Mp N Ni,
there exist @' ¢ AP and ®F # 0 c A” — A”1 such that

(@, Hp(@)y > > (B.Ti)+ Y (B.T)
Be®! Bedf
(here, one uses Lemma 5.2.2). Taking T suitably, it follows thatif T € Tp + a;;, then for every
a € APvP2(Ty, T) one has
a'(QyM'eQ) a ¢ Mp(0) N N1(0)

and therefore also m~'€m c Mp(O) N N1 (O). The equality (6.5.2) follows.
Let us next show that for every m € M| (A) such that )(;J P2 (1m) # 0, one has

(6.5.3) Z 1p(m™ ' Xm) = Z 1p(m™ ' Xm).

XeNMP, IS (X)=0 XeNMpPnp (F), IS (X)=0

One may assume m € Qg’l - APvP(Ty T). If the equality (6.5.3) fails, there exists X €

mp(F) — p1(F) Nm(F) such that 1p(m~"'Xm) # 0. There then exists a root @ of Ty in Mp NN
(where N is the unipotent radical « opposite » to N1) such that the projection onto 1, of m~! Xm
is nonzero. If, moreover, « is minimal (for the order defined by B), one necessarily has

—deg({a, Hp(a))) < deg(D).

Here again, one can find Tp such that this is not possible when T' € Tp +aj. This proves (6.5.3).
Finally, for m € M;(A), the expression

Z 1p(m~ ' Xm)
XeNM20p(F),IG(X)=0

is the product of

Z lD (m_le)
XeNMpPp (F), IS (X)=0
by
(6.5.4) Z 1p(m~" Xm).

Ye(npnmy)(F)

To conclude, it suffices to show that for m € M;(A) such that )(7[,) P2 (m) # 0, the expression

(6.5.4) is equal to
qdim(npﬂmz)(l—gc+deg(D))+<2p%,HB(m)>.

This equality is proved by means of the Poisson formula and by arguments similar to those
developed above. O

6.6. A second bound in the proof of Proposition 6.4.1.— For every parabolic subgroup
Q € FP1(B), let
1,2
A Q’e(T )
be the set of a € APvP2(Ty, T) N AMe(Ty,0) N G(A)¢ which satisfy Tgl (Hg(a)) = 1.
Proposition 6.6.1. — For every divisor D, there exist

— adivisor D’ on C,
: +
— apointTp € ag,
— forevery Q € FF1(B), a constant cg > 0
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such that for every T € Tp + a3, the integral

(6.6.1) / g @ Py N A (T Xm) €D (X)) dm
My (E)\My (4)1G (4)° XNt ()

is bounded by the sum over Q € ¥¥1(B) and a € Alee (T) of

co g et N1y (a7 Xa)lel P (X)),
XeNM2np,(F)

Proof. — Recall that the sum
D pmT Xm)lES (X))
XeNM2np;(F)

is, as a function of m € M (A), left-invariant under M (F). We insert into the integral (6.6.1) the
identity (5.2.2) for the group G = M| and the parameter T = 0. Consequently, the integral (6.6.1)
is equal to the sum over Q € 71 (B) of the integral over m € (Q N M;)(F)\M;(A) N G(A)¢ of

g~ et F i, 0) 2 (Ho (m) " (m) Y 1p(m™ Xm)lgh " (X)|.

XeNM2np(F)

Let us fix such a Q. By the Iwasawa decomposition for M| and the choice of our measures, one

obtains the integral over m € My (F)\Mg(A) N G(A)¢ and over n € (Ng N M;)(F)\(Ng N

M) (A) of

g~Prettet) péo (m, 0)r (Ho (m) ™ (nm) " 1p((m)™ Xnm)|£5"* (X)),

XeNManp(F)

We are going to bound this last expression. One may assume FM2(m,0) # 0. It follows that

one may assume m € QZIQAMQ (T1,0), with the notations of § 5.2. Since (No N M;)(F)\(Ng N

M) (A) is compact, we shall assume that n belongs to a fixed compact subset, denoted QL of

(No N M)(A). For a € AMe(Ty,0) such that 7'51 (Hp(a)) = 1, Lemma 5.2.2 shows that one

has (@, Hg(a)) > 0 for @ € AP — A2, Moreover, for @ € A2, one has {a, Hg(a)) > {(a,T}).

It follows that for a € AM2(Ty,0) such that 'rg‘ (Hgp(a)) = 1, the set a‘lﬂlQQZIQa remains

in a compact set independent of a. There therefore exists a divisor D’ such that for n € QlQ,

m e QZQ and a € AM2(T,0), one has
1p((nm)~' Xnm) < 1p/(a™'Xa).

One also has Ho(ma) = Hg(a) and x;'""*(nma) = o’ (Hp,(a) — T)F"'(nma,T). The
condition )(?’PZ (nma) # 0 implies that one has a € APP2(T, T).

The proposition follows by taking for the constant ¢ the product of the volumes of (Ng N
M) (F)\(Ng N M;)(A) and of Mg (F)\Mg(A)° (the exponent 0 meaning that one restricts to
the subset of those m € Mo (A) which satisfy Hp(m) = 0). O

6.7. A third bound.— In this paragraph, we fix a proper standard parabolic subgroup P C G.
Let P = MN be its standard Levi decomposition.

Proposition 6.7.1. — Let O € (N©) and let D be a divisor on C. For every a € A — A®, there
exists a constant ¢ > 0 such that for every a € A°(T,) one has

g e @5 Ip(a ' Xa)legC (0] < - g WOy 1p(aT X a).
XeNGnp(F) XeNM
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Before giving the proof of this proposition, let us mention the following corollary. The
notations are those of the preceding paragraphs.
Corollary 6.7.2. — For every parabolic subgroup Q € F1(B), every nilpotent orbit O € (N©)
and every divisor D on C, there exist constants ¢ > 0 and r > 0 such that for every a € AM2(Ty)
one has the following bound

(6.7.1) q—<2p2Q,HQ(a)> Z 1, (a_lXa)|§gl’P2 (X)|
XeNM2np(F)
(67.2) <c-g el [T gret@ . 3 1p(a'Xa).
aeA2-A! XeNM

Proof. — Let us observe that it suffices to bound, for every root @ € A> — Al, the expression
(6.7.1) by

(6.7.3) ¢ q oo @ gwts@) . N, (a7 Xa),

XeNMi
for some constant ¢ > 0. One deduces from this immediately the bound (6.7.2) forr=! = |A2—Al].
One obtains the majorant (6.7.3) as a consequence, on the one hand, of Lemma 6.7.3 below,
and, on the other hand, of Proposition 6.7.1 applied to the groups G = M, and P = P;. i

Lemma 6.7.3. — Let S ¢ (NM2) be the (possibly empty) set formed by the M, (F)-orbits of the
elements Y € my(F) such that Igz (Y) = O. For every nilpotent X € my(F) N p(F), one has

EGH(X) = ()R ST pM ),
O’eS

Proof. — The map P — P N M, induces a bijection between the set of parabolic subgroups P
of G such that P; € P C P, and the set of parabolic subgroups of M, lying between P; N M,
and M,. Let P be such a parabolic subgroup of G and let Y € Iﬁ% M, (X). By Lemma 4.3.1, one
has

Ig(X) = I (Y).
It follows that Ig (X) = O if and only if ]gz(Y) = 0. Hence one has Ig (X) = O if and only if

Iﬁ% M, (X) € S. The desired equality follows. O

Proof. — (of Proposition 6.7.1) Let @ € A — AP. We are going to prove Proposition 6.7.1 by
induction on the dimension of the orbit O. The case of the zero orbit (0) starts the induction
since, in this case, ffo’)c (X) = O unless X = 0, so that the expression to be bounded reduces to
q‘<2pP’HP(“)> fora € AG(Tl). Recalling that 2pp is the sum of the roots of 7 in Np, one sees
that the bound is obtained with the constant ¢ = g~{%r~®T1),

Let O be the closure of the orbit O and let

g0x) = ), &

0'eNG,0’cO
Z (_ 1)dim(ag)
R

where the sum is taken over the parabolic subgroups R of G which satisfy

-PCRCQG,
-IS(X) coO.
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Using the induction hypothesis, one sees that it suffices to bound the expression

(6.7.4) g e N 1p(a' Xa)ERC (X)L,
XeNGnp(F)
We then use the following vanishing lemma.

Lemma 6.7.4. — Let X € N¢ np(F). Suppose that there exists a maximal parabolic subgroup
of G which contains all the minimal elements, for inclusion, of the set

(6.7.5) {(ReFO(P)|IS(X) c O}.

Then one has
£20(X) =0.

Proof. — We assume the set (6.7.5) to be nonempty, for otherwise the desired vanishing is
obvious. By Lemma 4.4.1, if R belongs to the set (6.7.5), the same holds for every parabolic
subgroup containing it. Hence, if {R1, ..., R,} denotes the set of minimal elements of (6.7.5),
the latter is described as the set of parabolic subgroups of G which contain one of the R;.
Consequently, one has

E0x) = Y, (-)imeR,

{R|3i RicR}

Let Q € G be a maximal parabolic subgroup of G which contains all the R;. Let us prove
by induction on #n that for every family {Ry, ..., R,} of parabolic subgroups of G contained in
0, one has

Z (_l)dim(ag) -0.
(R|3i R;CR}

The result is well known if n = 1 and results from the bijection between the parabolic subgroups
R containing R; and the set of subsets of Ag,. If n > 1, one can write
: G : G : G
Z (_l)dlm(aR) _ Z (_1)d1m(aR) + Z (_1)d1m(aR)
{R|3i R;CR} R,CR {R|3i<n R;CR}
_ (_1)dim(ag),

{R | Ji<l (Rian)CR}

where we denote by (R;, R,) the smallest parabolic subgroup containing R; and R,. One has
(R;, R;) C Q. The induction hypothesis implies that each sum in the right-hand side vanishes.
Whence the result. O

Let Q be the maximal parabolic subgroup of G containing P defined by the condition
A—A2 = {a}. Let X € N N p(F) be such that fg’G (X) # 0. By Lemma 6.7 .4, there exists a

parabolic subgroup R such that

PCR¢Q
and which is a minimal element of the set (6.7.5). Let S = RN Q.
Lemma 6.7.5. — One has S C R. Moreover, if one decomposes
X=Xs+U+V

with Xg € mg(F), U € (mg Nng)(F) andV € ng(F), one has
Xs+U ¢ I§(Xs).

Proof. — If S = R, then R C Q, which is not the case. Suppose, arguing by contradiction, that
onehas X+ U €1 § (Xs). The transitivity of induction (cf. Lemma 4.3.1) implies that one has

IS (X) = I§ (Xs) = I (I§(Xs)) = IS (Xs + U) = I3 (X).
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Now, one has Ig(X ) C O since R belongs to the set (6.7.5). We have thus proved that one has
ISG (X) c O, hence that S belongs to the set (6.7.5). But this contradicts the minimality of R. O

One observes that the function |§§’G(X )| is always bounded by the number of parabolic

subgroups lying between P and G. It then follows from Lemmas 6.7.4 and 6.7.5 that, in order to
prove Proposition 6.7.1, it suffices to bound, for every parabolic subgroup R ¢ Q which contains
P and every nilpotent orbit 05 € (NMs) (with S = R N Q), the following expression

(6.7.6) q—<2p§,Hp(a)> Z 1p(a~' Xa)
XeOSnp(F)

6.7.7) x g~ s-Hs(@) Z 1p(a~'Ua),
U

where the sum is taken over the U € (mz Nng)(F) suchthat X + U ¢ [ §(X ), multiplied by

(6.7.8) g~ PPr-HR(@) Z 1p(a”'Va).
Veng (F)

The desired gain of the factor ¢g~(*#(®) will be provided by the expression (6.7.7). To this
end, one fixes X € O° and one bounds (6.7.7). The induced orbit / 5 (O%) is the unique orbit in

(NMr) such that the intersection
1X(0%) N (O° & (ng N'mp))

is a dense open subset. There exist finitely many polynomials, say fi, ..., fr, in F[s Nmg] such
that

(0% ® (ngNmg)) NV,

for V =V(fi,...,fr),is its complementary closed subset.

Lemma 6.7.6. — For every X € O3, there exists 1 < i < r such that the polynomial f;(X +-) €
F[ng N mg] is nonzero.

Proof. — Suppose the assertion fails. There exists X € O such that for every 1 < i < r, the
polynomial f;(X +-) € F[ng N'mg] is zero. Let us take a point ¥ € I§(OS). After conjugating
X by an element of Mg, one may assume thatY = X + U with U € (ngNmg)(F). Consequently,
forevery 1 <i < r,one has f;(Y) = fi(X+U) =0. HenceY € V(fi,..., f), which is the
desired contradiction. O

For fixed X € O5,let Vx = V(fi(X +-),..., f-(X +-)). The polynomials f;(X +-) are not
all zero by Lemma 6.7.6 above, and their partial degrees are bounded by those of the f;, hence
independently of X. The expression (6.7.7) may therefore be rewritten as

q—(2p§,Hs(a)> Z 1p(a'Ua).
Ue(merS)(F)ﬂ(Vx
By Proposition 5.3.1, this expression is bounded, up to a constant which does not depend on X,
by ¢~{*H(@) when a € A (T).
To conclude, it suffices to prove the following two assertions:
— for a € A%(T}), the expression (6.7.8) is bounded independently and the bound depends
only on D and T7;

— there exists a constant ¢ > 0 (depending only on D and 77) such that the expression (6.7.6)
is bounded by

c- Z 1p(a~'Xa).

XeNM
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Let us explain the second assertion (the first being treated in the same way). One has

Z 1p(a'Xa) < Z 1p(a'Xa) - Z 1p(a”'Ya).

XeOSnp(F) XeNM Yems(F)nnp(F)

Next, one has, by Lemma 5.1.1, the existence of ¢ > 0 such that for every a € A% (T})

q_<2pf)sHP(a)> . Z lD (a_IYa) S C - 1_[ Sup(qdeg(D)’ q_<ﬁvH(a)>)
Yemg(F)nmp(F) BexNpMs
< e [ sup(gleE®, g B,
BEZNPQMS

This concludes.

O

6.8. Proof of Proposition 6.4.1.— If one combines Corollary 6.5.2, Proposition 6.6.1 and

Corollary 6.7.2, one sees that it suffices to bound, for T € a;, the following expression

Z q—<2p}2,HQ<a)> n g rets@) . Z 1p(a~'Xa),

aeAgi(T) aeA2-Al XeNM

where D is a divisor on C, Q € F#71(B) and r > 0, the other notations being those of §§ 6.6 and

6.7.

First of all, one observes that there exists ¢ > 0 depending only on D and 7; such that for

every a € Alee (T) one has

q(_<2’)1Q’1LIQ(“)> Z 1p(a'Xa) < c.
XeNM
For this, one bounds the left-hand side above by
q—<2p1Q,HQ(a)> Z 1p(a~' Xa)
Xem((F)
and the latter is the product of the following three expressions:

6.8.1) g ®ete@ N 1p(a Xa),
Xeml(F)ﬂnQ(F)

(6.8.2) Z 1p(a ' Xa)
Xeml(F)ﬂnQ—(F)

and

(6.8.3) Z 1p(a ' Xa).

XETI’IQ(F)

One bounds these expressions by means of Lemma 5.1.1. The first two are bounded for
a € AM\(Ty) (a fortiori for a € AlQ’ze(T)). The last one is bounded for a € AM2(Ty,0) (hence a

fortiori for a € Agze(T)).
One is then reduced to bounding the following expression

ST aretsen.

aeAgze(T) a€A?-Al
Let H = Hg(a) fora € Aéi,ze(T)' One writes
_ gl 2 G
H=H +H{+H, +Hg
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G
Py

T'+ T} + TS + Tg. The component Hg does not depend on H (only on ¢). The component on

. .. P P . . .
according to the decomposition ap = a Bl @ a Pf ® ay ® ag. Likewise, one writes 7 =

P . .
a B' is written

H' = > (wp H)B".
BeAF1
Since a belongs in particular to AM(T}), one has (8, H) > (B8, T;) for every B € AP'. A fortiori,
one has (wg, H) > (wg,T1) for every g € AP, Moreover, since a belongs to APP2(Ty, T),
one also has (wg, H) < (wg,T) for every B € AP, Tt follows that the component H' lives
in a compact set: there are therefore only finitely many possible ones. Moreover, for every
@ € A> — Al and every 8 € A", one has (a, 8¥) < 0 and hence

~@,H") = = ) (wg H)a,B")

BeAP1
< = Y (@pT)a. ) = ~(a.T").
BeAP1
There therefore exists a constant ¢ > 0 such that for every T € % one has
684 3 [ a7 se [Ja+i@enp. [] a7,
H' aeA?-A! BeAP @eA2-A!

where the sum is taken over the (finite) set of possible components H'.
Let us fix Hf and look at the constraints which bear on HzG . These are the ones which

translate conditions 4 and 5 preceding Remarks 5.2.1. One thus has, for every @ € A — A%,
(a, Hg) <(a,T - H12>,
which translates the inequality (@, H) < (a, T). Moreover, for every @ € A, one has
(@, HYY = (@, H) > (@, T).

The component Hg is constrained to remain in a compact polyhedron which depends on H % and

on T. In particular, the number of such H2G is bounded by |P(T, H 12)| for a certain polynomial
P.
Let us retain from the conditions on H% the following one (it is condition 3 preceding

Remarks 5.2.1): for every @ € A2 — A!, one has {a, le) > (@, T?). One will observe that one

has (@, T?) > 0for T € %. Gathering together the preceding bounds, one sees that there exists
¢ > 0 such that

Z 1_[ q—r<04HB(a)>

acAy’,(T) acA?=A!
< e [Ja+kmenn- [ a7« dlip@apl ] ¢,
BeAP aeA2-A! H? a€A2-A!

where one sums over the set of possible components Hf. The sum over H% bears on a lattice
intersected with the cone defined by (@, H?) > (a, T}) for every @ € A* — Al. One then bounds

itby |Q(T)| - [1yeaz_at q_r<""T12 ) for a certain polynomial Q. Finally, one has proved that there
exists a polynomial P such that

Z l_l q—r(oz,HB(a)) < |P(T)| l—[ q—r(a,T>.

aeAl?, (T) @eA?=Al aeA2-A!

The result is then obvious.
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7. The Calculation of a « Block-Regular » Nilpotent Integral

7.1. Statement of the Main Result.— We continue with the notations of the preceding sections.
Letn > 1be aninteger and let G = G L(n) over the finite field F,. Let By C G and Ty C G be the
Borel subgroup of upper triangular matrices and the diagonal maximal subtorus respectively. We
identify the group X*(Tp) of characters of T with Z" in the following way: the character given

by the i-th entry corresponds to the i-th vector of the canonical basis of Z". Let G = GL(n,C).
Let By ¢ G and Ty ¢ G be the Borel subgroup of upper trlangular matrices and the d1agona1
maximal subtorus respectively. As before, we identify the group X* (TO) of characters of T with
Z". Dually, we thus have an identification of the groups of characters X, (7;) and X, (Ty) with
Z". From this we deduce isomorphisms

X*(Tp) = X.(Tp) and X.(Tp) = X" (Tp)

which send the set A of simple roots (resp AV of simple coroots) of Ty in By into that of the
simple coroots (resp. of the roots) of TO in BO

Let G’ = SL(n) be the derived group of G and Tjj = To N G’. One has a short exact sequence
between character groups whose intermediate arrows are given by restriction

0 — X*(G) — X" (Tp) — X*(T)) — 0.

The above groups are free Z-modules and, applying the functor Homz(- , Z), one obtains a new
exact sequence

0 — X.(Tj) — X.(Tp) — ag — 0,

where ag = Homz(X*(G),Z) and X.(-) denotes the group of cocharacters. The group X, (77)
is none other than the subgroup Z(A") of X.(Ty) generated by the set AV of simple coroots.
Using the isomorphism X, (7p) ~ X*(Ty) that we have fixed, one obtains an identification

ag = X*(To)/Z(A")
where one now interprets A as the set of simple roots of To in G. Let Zs C To be the center of
the group G. One thus has a natural pairing
Z@ Xag — C*.
The group X*(G) has a canonical generator, namely the determinant, which allows one to
identify ag with Z. One therefore also has a pairing
X

Z@ xX7Z — C

which we write
(z,e) = z°.

Let d and r be integers > 1 such that n = rd. Let P c G be the parabolic subgroup whose
standard Levi factor M is isomorphic to GL(d)". Let M’ = M N G’ and let 21(1)71' be the neutral

component of the center of M’. 1t is a torus defined over C of rank r — 1.
Let Z¢ be the zeta function of the curve C defined by the formal series

Ze () = exp( Y ICE, 01 1)
k=1

where F « denotes a finite field with g* elements. It is well known that Z¢ is in fact a rational
function in ¢ with denominator (1 — ¢)(1 — gt¢). One has moreover

{(s) =Zc(q™)
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with the notations of § 3.1. We also introduce the function

Zo() = (1 =qt)Zc(2)
which has no pole at t = ¢~
Let D be a divisor on C and let

Z¢ (1) = 0P 26 (70 Ze (g7 . Ze (g7 ).

Let the rational function on T\é = To N G’ be defined for ¢ € f(; by

Of (1) = l_[ Z¢ p(t?)
WEAPF
where A 7 denotes the set of P-dominant fundamental weights of Té: these are characters of 7’:6.
When P = g (i.i. when d = n), the set AG is empty and, by convention, d)’é’ p(t) = 1. Except
in the case P = G, the rational function CD”é p(t) hasapoleats = 1.
Let W; be the Weyl group of M: it is the quotient of the subgroup of G which normalizes

both Ty and M by the normalizer of Toin M. The group W has order r! and it acts on Z;. We
write w - ¢ for the action of w € Wy; on an element 7 € Z;. One observes that this action is
trivial on the subgroup Z. For every 1 € Z; and every z € Zz, one therefore has

w-(tz) = (w-1)z

which we simply write w - tz. For every e € Z and every ¢ € 21(1)71/’ let

WO = i O 0y T hplerd)

zeZ», WEWA

This defines a rational function on Z% . The group Z & 1s cyclic of order n. In particular, for
M/

every z € Zg,, the complex number z~*? is an r-th root of unity which depends only on the class

of e modulo 7. When d = n, one has W, (¢) = 1 for every 7.
Theorem 7.1.1. — 1. The rational function ‘I‘Z’ED (t) has no pole at t = 1.

2. Let O C g(F) be the nilpotent orbit of the elements whose Jordan decomposition consists
of d blocks of sizer. Let Kg 0.0 be the function on G (A) defined in (6.2.1) for the parameter
T=0.

When e is coprime to r, the integral below, which is absolutely convergent by Corol-

lary 6.2.2,
KS ,(2)dg
/G<F>\G<A)e b.00

- 1) - - —dygd-
q"" Ve PI2gdseN Ze (TN Ze(g7) - Ze (g ) RES (D).

Remark 7.1.2. — In the expression below, one has n(n — d) = dim(Q). The integral and
the expression above depend only on e modulo ». When d = n (the case of the zero orbit),
the integrand is identically 1 and the integral is none other than the volume of the quotient
G(F)\G(A)°. The expression above reduces to

20 ) n . — _ -
g e VZE (g NZe(g7) .. Ze(g™")

which is Siegel’s formula for the volume. The proof of Theorem 7.1.1 in fact uses this formula
without reproving it.
Proof. — 1Itis found in § 7.4. m|

is equal to
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7.2. The Element X € O.— We continue with the integers n = dr, and the notations are those
of Section 3. Recall that we denote by O c g(F) the orbit of the nilpotent elements which
possess d Jordan blocks of size r. It is again the orbit of the element X defined in § 3.2. Recall
also that the parabolic group Py is standard with reductive quotient GL(d)". For every standard
parabolic subgroup P of G, there exists an orbit OF € (N'M?) such that Ig (OP) = O if and only
if Py C P. In this case, the orbit O is uniquely defined. One has moreover O = I (0). With

the notations of § 3.2, it is also the orbit of X*.

7.3. The Functions K g y~— For every standard parabolic subgroup P with Levi decomposition
P = MN, we set Kg X(g) = O unless Py C P, in which case we define

a3 Khw= Y[ 10T &+ g dv.
5€Myp (F)N(F)\Po(F) ¥ (%)

Note that, by construction, K g x 1s a function on the quotient Po(F)\G(A). Recall that the

group Mypr is the centralizer in M of the element X¥ ¢ m(F,) defined in §3.2. One has
Myr € M N Py. With the notation (3.5.1) of § 3.5, one has

(73.2) Kpx(g) = > Kp x(68).
S€Myp (F)N(F)\Po(F)

Let O be the nilpotent orbit IIG’O(O)' To make the connection with the objects of § 6.2, one
observes the following relation:

(7.3.3) Kbole)= > Kpx(g)
5€Py(F)\P(F)
from which one deduces, for T € ag and g € G(A),
im(aC) ~
A34)  Kfro@= Y, | 3 0D e(Hp5g) - TR x(58) |-
6€Py(F)\P(F) BCPCG

The following theorem will be used in the proof of Theorem 7.1.1.
Theorem 7.3.1. — Let e € Z. The following integral is finite for every T € ap

e N .
/ (~ )M (Hp(g) — TVRE ()] dg < co.
PO(F)\G(A)E BCPCG

Proof. — 1t occupies the whole of § 7.5 below. O

7.4. Proof of Theorem 7.1.1.— By Theorem 7.3.1 below and the relation (7.3.4) above, one
has the equality

. aG n ~
aan | KGoo(e) g = [ S (1) 1 (Hp () RE, (g) d.
G(F)\G(A)¢ Po(F\G(A) ppce

Of course, in the integrand above, one may and will impose in the sum over P that one takes
only the parabolic subgroups containing Py. One can show that there exists a constant ¢ such
that if g € G(A) is such that

im(aS) A ~
> (1)Ut (Hp(g)) K] x(g) # 0
PocPcCG

then for every @ € APO, one has (@, Hp,(g)) > c (in fact, this property is already true for each
term of the sum; to see this, it suffices to make the function K g X(g) explicit, cf. Lemma 3.5.1
and the proof of Lemma 3.6.1).
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With the help of Theorem 7.3.1, one deduces that for every 4 in the open set Q of a}io defined
by Re({1,@")) > 0 for every @ € Ap,, the integral

_ (G A .
ZEN g @) N (IR, (p(9)) KD y (5) d
Po(F)\G(A)© PycPCG

is absolutely convergent and that its limit as A tends to 0 is equal to the integral (7.4.1). Moreover,
for A in the open set Q, the integral (7.4.2) is computed term by term as follows

. G _ R ~
>, i [ g~ 2 (Hp () KD, (9) dg.
PyCPCG Po(F)\G(A)®

The interchange is justified because, as we shall see, each integral above is absolutely convergent.
To convince oneself of this, one writes with the help of (7.3.2)

/ q—(A,Hpo(g»fP(HP(g))Ile;’X(g) dg
Po(F)\G(A)

=/ g~ M)t (Hp())KF 4 (8) dg
My (F)Np(F)(F)\G (4)¢
= > we(H)-If g (H) g
HeH (G (A))

*

If 2 moreover belongs to a Py all the terms are positive and the interchange is justified. In order
to conclude the absolute convergence of the integrals and the validity of the inversion, it suffices
to show that the series converges absolutely. Now, the coefficient I g’ « (H) is the one defined in
(3.6.1). In particular, one recognizes in the last expression above the series 12, p (X, 4/d) defined
in (3.7.1), whose absolute convergence on €2 is known by Proposition 3.8.1.

One deduces that the integral (7.4.2) is equal to the series Ig (X,1/d) defined in (3.7.2).
The theorem is then a simple translation of Theorem 3.10.2 which takes into account Siegel’s
formula recalled in Remark 7.1.2. It suffices to identify, by means of the exponential, the torus
Z%’ with a quotient of aﬁfl’*. The sum over £ (M) in Theorem 3.10.2 is replaced by the sum over
we W There exists a generator z of Z@, such that one has

774 = exp(—2xi/r)

and such that the pairings of z and y with the P-fundamental weights are equal. These pairings
are r-th roots of unity. This generator is well defined modulo the subgroup of order d of Z,.
One may then replace the sum over k by the sum of the first r powers of z, and then, at the cost
of dividing by n instead of r, by the sum over all the elements of Zz,. The result follows.

7.5. Proof of Theorem 7.3.1.— As in the proof of Corollary 6.2.2, one has the equality between
(a0 A .
D (=DM (Hp(g) - TIKS (2)
BcPcG
and
’ im(a9) » %
> Th(Hp(g).T) Y. (~D)ImED 2 (Hp(g))KE 4 (8):
BcQcG BcPcQ
the function F’Q above is the one which appears in (6.3.1). In the sum above we restrict ourselves

to the parabolic subgroups Q which contain Py, since otherwise their contribution is zero. One
has the following descent formula for Po € P ¢ Q, m € Mp(A) andn € Np(A)

Kg’x(nm) = q<ZPQ,HQ(m))qdim(NQ)(1—gc+deg(D))I€gw;/1Q (m).
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Here, I?g[%mp is the obvious analogue of (7.3.1) for the group M. It follows that one has, for
Py C Q, by the Iwasawa decomposition

. o . - .
/ Tp(Ho(9).7)| 3 (-1 D22 (Hp()) KD (3)] d = g Ne) e
Po(F)\G(A)® BcPcQ

/ im(a9) » ~MoNP

x Co(Ho(m). )| 3 (=)™ )22 (Hp(m) RS ()| dim.
(MgNPo)(F)\Mg (A)NG(A)° BCPCO

If Q ¢ G, then My is a product of linear groups of rank strictly smaller than that of G. The
above integral decomposes into a finite sum of products. Reasoning by induction as in the proof

of Corollary 6.2.2, one may therefore assume that, for Q € G, the integral

’ i 9 7
/ Cp(Ho(®). 7| Y (-1 D52 (Hp(2) R x (2)] de
Po(F)\G(A)¢ BcPcQ

is absolutely convergent. It then suffices to prove Theorem 7.3.1 for a single element 7', for
example an element deep enough in the positive Weyl chamber, which we assume in what
follows. .

Lemma 7.5.1. — For every T € aj, one has the equality between

; Gy . ~
D (=DM (Hp(g) - TIKS (2)
BcPcG
and

. G ~
X7 (5g) > (-1)ImERRE (2).
BcPcP,cG 6ePi(F)\G(F) {PeFP2(P))|6eP(F)}
Proof. — One uses (5.2.2) to obtain

Z (_l)dim(ag)fP(HP(g)_T)kgx(g): Z (_l)dim(ag)

BcPcG BcPcG
x[ Z Z F"'(6g,T)7} (Hp,(58) —T)]fp(Hp(g) -T)K} x(2).

BcPicP 6ePi(F)\P(F)
One has Tp(Hp(g) — T) = tp(Hp(6g) — T) for 6 € P(F). Next, one uses Arthur’s inversion
formula Tlfl TP = Xpcp,cG o'}i,)l2 (cf. [5], formula (8.2)). One obtains

. G ~
= > (=pdme@n N FPi (g, T)ap (Hp, (68) - TR 4 ().
BcP|cPcP,cG SeP1(F)\P(F)
To obtain the lemma, it suffices to interchange the sums over P and over 6. O

Taking into account Lemma 7.5.1 above, one sees that Theorem 7.3.1 follows from the next
lemma.
Lemma 7.5.2. — Let e € Z and let Py C P, be standard parabolic subgroups of G. There

exists a point T € % such that the integral below is finite

(7.5.1) D e Y (C)IEDRE ()] dg < .
PotFNG(A) 5ep, (F\G(F) (PeFP2(P,) | 5€P(F)}

Proof. — Let us first treat the case Py = P,. If Py # G, the function )(;)"P 2 is zero and the
result is obvious. If P; = P, = G, the integral is rewritten as

/ FY(g,T) Z 1p(g™'Xg) dg
Po(F)\G(A)© 0€Gx(F)\Po(F)
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or again

/ FO(g,T) ) 1p(g7'Vg) dg.
GIPNG(A)* =

This last one is taken over a compact set; convergence is therefore obvious. We now assume
Py € P,. Let us carry out some manipulations on the integral (7.5.1). It can also be written

/ > > xR (6602)
GFNG(4)°

60€Po(F)\G(F) 6€P1(F)\G(F)

. G\ ~
Y (C)IEDRE | (G0g)| de.
{PeFF2(Py)|6eP(F)}
By the change of variables 6 — 96y, it is equal to

Ji Sobhe Y

(FNG(A) sep, (F\G(F) S0Py (F)\G(F)
. G\ ~
X‘ Z (—l)d‘m(”P)Kg,X(éog)‘dg.
{PeFP2(P))| 66, eP(F)}

Recall that K}  is left-invariant under Py and even zero if Py ¢ P. In this case, the condition
(55(‘)1 € P(F) depends only on the class of 69 modulo Py (F).
By a further change of variables 6 — §od~', one obtains

Ji I

(FNG(A) sep (F\G(F) 80€Po(F)\G(F)
X) > (—1)dim<“g>l?§,x(5of5g)(dg
{PeFP2(Py)|65'eP(F)}
~ PP, dim(a$) P
_ PP (g ) (=1)MPIKE 4 (S08)| dg.
/PI(F>\G<A>E ! 2 2 ’

60€Po(F)\G(F) {PeF"2(Py) | 60€P(F)}

At this stage, one uses the Iwasawa decomposition to see that (7.5.1) is equal to

/ g~ M) PP
My (F)\M1 ()G (4)¢

x/ Z (—l)dim(ag)lgg’x(énm)‘dndm.
NUENNIA) 5epy(F\G(F) (PeFP2(Py) | 5eP(F)}

One then uses the two following lemmas.
Lemma 7.5.3. — Forall 5 € Py(F)\P(F), n € Np(A) and m € Mp(A), one has

Kg’x(énm) — qdim(np)(deg(D)+1—gc)+<2pP,HP (m)) Z 1p (m_lYm).
{Yemp(F)Ns~'ng(F)5 |15 (X)=0}

Proof. — One observes that both sides of the equality are zero if Po ¢ P. We assume in what
follows that Py C P. For every g € G(A), one has

K ((g) = Z / 1p(g7 (67 ' X6 + U)g) aU.
SeMyp (F)\(PonM)(F) ¥ (A)
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For § € Myr(F)\(Po N M)(F), the elements 6! X”§ are precisely the elements Y € 1y(F) N
m(F) such that I?(Y ) = O (cf. Section 4). Consequently, for every 6 € P(F), one has

Kpx(68) = > / 1p(g (Y + U)g) dU.
{YeNMPN6—Ing(F)5 | IS (X)=0} n(4)

The lemma follows easily (cf. the proof of Lemma 6.5.3). m|

Lemma 7.5.4. — There exists a point Tp such that for all T € Tp + ay, 6 € P(F), n € N1(A)

and m € My(A) such that )(;)"PZ (m) # 0, one has

(7.5.2)

Kg «(6nm) = qdim(nz)(deg(D)+1—gc)+<2P2,HP2(m)> Z 1p (m_lYm).
{Yepi (F)nmy(F)Ns~"ng(F)6 | 1§ (Y)=0}

Proof. — 1t is similar to that of Lemma 6.5.4, the role of Lemma 6.5.3 being played here by

Lemma 7.5.3. O

Let us set
: G
é:gi(}Pz (Y) = Z (_1)d1m(ap)
{PeFP2(P))|6eP(F), 15 (Y)=0}

and
By () = > ebnP (p)).
{6€Po(F)\G(F) | Y€s~!no(F)o}
From Lemmas 7.5.3 and 7.5.4, one deduces the following upper bound for the integral (7.5.1)
(up to a power of g which it is useless to specify here)

/ g P e PP ) N Ap(mT Y m) - EL(Y) dm.
M (F)\M;(A)NG (A)* YeNM20p (F)

One then uses the following lemma, whose proof (omitted) is word for word that of Propo-
sition 6.6.1 (the notations are those of § 6.6).
Lemma 7.5.5. — For every divisor D, there exist

— adivisor D’ on C,

—apointTp € ag,

— forevery Q € FF1(B), a constant cg > 0
such that for every T € Tp + aj, the integral

—{2p? - —_
(7.5.3) / e q (2p1.Hi (m))Xé’l,Pz(m) § 1p(m IYm) . :P(;l,Pz(Y) dm
MI(F)\MI (A)OG(A) YENM2ﬂp1(F)

is bounded above by the sum over Q € FF1(B) and a € Agze (T) of

co g e N 1 (a7Ya) B,
YeNM2np (F)

As in the proof of Proposition 6.4.1 (cf. § 6.8), what precedes shows that Lemma 7.5.2 is a
consequence of the following Lemma 7.5.6. This concludes the proof of Lemma 7.5.2. O

Lemma 7.5.6. — Let P\ be a standard parabolic subgroup of G. For every divisor D on C and
every @ € A — AP\, there exists a constant ¢ > 0 such that for every a € A%(T}), one has

g~ prHi(@) Z lD(a—IYa).EghG(y)Sc.q—<mHB<a>>. Z 1p(a'Ya).
YeNGNp; (F) YeNMi
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Proof. — LetY € N9 N p;(F). Recall that we denote by Py the standard parabolic subgroup
which satisfies I[G,O(O) = 0. Its Levi factor is isomorphic to GL(d)". One has

(7.5.4) ESI’G(Y) — Z‘Z(_l)dim(ag)
P; P

where the first sum runs over the parabolic subgroups P{ such that P is conjugate to Py and
Y € nj(F). The second sum runs over the parabolic subgroups P which contain Py and Py, and
such that Ig(Y) =0.

Let P, be a parabolic subgroup conjugate to Py which contains Y in its unipotent radical.
Let M be a Levi factor of P, and Aj its center. Let Ajj be the « simple roots » of A in nj. For
every «, let n, be the weight space of weight . As a vector space, we identify n, with gl(d).
The sum @qep; 1o is a complement in 1y of the derived algebra [ng, 1]. Let Q be the parabolic
subgroup containing P, such that the set of simple roots of Ajj in Ny is exactly the set of roots
@ € Aj such that the projection of ¥ onto 1, (which is a square matrix of size d) is of rank
< d. The set of parabolic subgroups P such that P C P and Ig (Y) = O then admits a simple
description: it is exactly the set of parabolic subgroups lying between P and Q.

In (7.5.4), the term associated with P, is always zero unless Py, the smallest parabolic
subgroup which contains P and P, is equal to Q, in which case it equals 1. Consequently, one
has

(155 g @@ N @ Ya)E O () < )Y g @) N 1, (a7 Y a)
YeNGp,(F) 0 P Y
where the sums run over

— the parabolic subgroups Q containing Py,
— the parabolic subgroups P, C Q such that P is conjugate to Py under G(F) and the
smallest parabolic subgroup containing Py and P is O,

— the elements Y € p; (F) N ny(F) such that the projection of ¥ onto mg belongs to Ig, (0)
0

and that of Y onto 1y belongs to the set of elements of ng (F) whose image in 1/ [n, n;]
(identified with gl(d)") consists of «blocks » of rank < d.

It remains to bound the right-hand term of (7.5.5). For this, one fixes a parabolic subgroup Q
as in this term (there are only finitely many). Let @ € A — A", This root determines a maximal
parabolic subgroup R which contains P;.

Suppose first that Q C R, and therefore ng C ng. For every PE) C Q as above, let (VP(') C ng
be the closed subset consisting of the Z € ng whose image in n;/[ng, n;] (identified with
al(d)") consists of «blocks » of rank < d. This is a closed subset defined by polynomials whose
degree is bounded. In this case, one has the following upper bound (P and Y are as above)

(7.56) Y g M@ X ap(a'yYa) < Y g @ N 1,507 (Y2 + Y + Yr)a)
’ Y P(/)

P YQ,YS,YR

where, in the right-hand member, P(’) is as above, Y2 runs over the elements of
mo(F) N pi(F) nug(F) N I, (0).

Yg runs over 1t (F) Nmg(F) and Yg runs over Vp, . It follows from Proposition 5.3.1 that there
exists a constant ¢ > 0 such that for a € A%(Ty),

q—<2PR,HR(a)> Z lp(a_l(YR)a) <c- q—<a,HB(a)>.
YRE(VP(/)

61



Let us next observe that the orbit I}% (0) does not depend on the choice of Pj c Q. Itis
0

moreover the orbit that we have denoted O2 previously. Furthermore, if Y € mo(F) N Ig, (0),
0

there exists a unique P C Q such that ¥ € nj. It follows that one obtains the following upper
bound for (7.5.6)

C - q—<Q,HB(a)> . q_<2pfe’H1(a)> Z 1D (a_lYa) *
Yepi (F)nmg(F)

The term between brackets is a crude upper bound, but one which is bounded for a € A®(T})
(cf. Lemma 5.1.1). This concludes the case Q C R.

Suppose next that one has QO ¢ R. Then RN My C Mg is a maximal parabolic subgroup of
Mp. Again by Lemma 5.1.1, for a € AS(T)), the sum

g~ (roHo(@) Z 1p(a~'Ya)
Yeng(F)

is bounded. At the cost of replacing G by My and Py by My N Py, one sees that it suffices to
treat the case Q = G. It is therefore a matter of bounding the following quantity

(7.5.7) Z g~ @o1Hi(@) Z 1,(a'Ya)
Py

YeOnp, (F)nm(F)

where the first sum is taken over the parabolic subgroups of G conjugate to Py such that the
smallest parabolic subgroup which contains both P, and P, is G itself. For every Y € p;(F),

one has Y € II(;(Y). If, moreover, Y € O N pi(F) N n,(F) where P is as above, then Y

belongs to the closed subset of Ig(Y ) complementary to Ig (Y). Indeed, suppose the contrary:

ifY € Ig(Y), one has Ig (Y) = O. In this case, the projection Y* of ¥ onto my (relative to

the decomposition r = Mg @ ng) is also «block-regular ». There therefore exists a parabolic

subgroup P C R which is G-conjugate to Py such that ¥ € nj(F) and Yy € Iﬁ,, (0). Such a
0

parabolic subgroup P{ is necessarily the stabilizer of the flags of the iterated images of Y. One
therefore has P’0 = Pg . In particular, one has PE) c R. Now, R contains P6 and Py, so by the
hypothesis on P, one has R = G, which contradicts the hypothesis that R is maximal.

As we have already used, for every Y € O, there exists a unique parabolic subgroup P
conjugate to Pg such that ¥ € nj. One may therefore bound (7.5.7) above by

(7.5.8) g~ e 2 Ip(a”'Ya).
{Yeonp, (F) | Y¢IS (Y)}

One then obtains the desired upper bound by the same reasoning as in the proof of Proposi-
tion 6.7.1 (more precisely, in the upper bound of (6.7.7)). O
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