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Abstract. — This paper is concerned with two problems. One is to count Hitchin bundles on a
projective curve and the other is to get an explicit formula for the nilpotent part of the Arthur–Selberg
trace formula for a simple test function. The fact that the two problems are indeed related has been
noticed in a previous paper cf. [6]. We expand the nilpotent part of the Arthur–Selberg trace formula
in a sum of adelic integrals indexed by nilpotent orbits. For « regular by blocks » orbits, we get an
explicit formula for these integrals in terms of the zeta function of the curve.

Résumé (Sur le comptage des fibrés de Hitchin nilpotents). — Cet article est une contribution à
la fois au calcul du nombre de fibrés de Hitchin sur une courbe projective et à l’explicitation de la
partie nilpotente de la formule des traces d’Arthur-Selberg pour une fonction test très simple. Le lien
entre les deux questions a été établi dans [6]. On décompose cette partie nilpotente en une somme
d’intégrales adéliques indexées par les orbites nilpotentes. Pour les orbites de type « régulières par
blocs », on explicite complètement ces intégrales en termes de la fonction zêta de la courbe.
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1. Introduction

1.1. Let 𝐶 be a smooth, projective, geometrically connected curve over a field 𝑘 . Let 𝐷 be a
divisor on 𝐶. Let 𝑛 ∈ N∗ and 𝑒 ∈ Z. By a Hitchin bundle of rank 𝑛 and degree 𝑒, we mean a
pair (E, 𝜃) where

– E is a vector bundle of degree 𝑒 and rank 𝑛;
– 𝜃 : E → E ⊗O𝐶

O𝐶 (𝐷) is a morphism of O𝐶-modules.
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When the rank 𝑛 is coprime to the degree 𝑒 and when the divisor 𝐷 is canonical, the moduli
space of stable Hitchin bundles is a quasi-projective and smooth algebraic variety over 𝑘 (cf.
[13]). A fundamental problem is the computation of its Betti numbers. Hausel and Rodriguez-
Villegas (cf. [9]) proposed a rather sophisticated conjecture on what these Betti numbers should
be. Note that these authors do not work directly on the moduli space in question but on a certain
character variety, which is a complex affine algebraic variety that is diffeomorphic to it when
the base field 𝑘 is the field of complex numbers. They managed to compute the 𝐸-polynomial
of the character variety they consider; based on this computation, they formulated a conjectural
expression for its mixed Hodge polynomial and hence, ipso facto, for its Poincaré polynomial.
Moreover, Garcia-Prada, Heinloth and Schmitt (cf. [7]) provided an algorithm to compute the
motive of the moduli space of Hitchin bundles. This allowed them to verify the conjecture
of Hausel and Rodriguez-Villegas in rank 4 and for small genus. Their approach exploits the
Bialynicki-Birula decomposition under the action of the multiplicative group and the geometry
of chain spaces. However, it does not seem straightforward to deduce the conjecture of Hausel
and Rodriguez-Villegas from their method. Let us note that Mozgovoy, based on the work of
Hausel and Rodriguez-Villegas, gave a conjectural formula for the motive (cf. [12]).

In this article, we follow another strategy, explained in [6], to (attempt to) prove the conjec-
tures of Hausel and Rodriguez-Villegas.

1.2. Counting Points.— We continue to assume that 𝑛 is coprime to the degree 𝑒 and that the
divisor is either canonical or of degree strictly greater than 2𝑔𝐶 − 2, where 𝑔𝐶 is the genus of
the curve 𝐶. In this situation, Nitsure constructed the moduli space of stable Hitchin bundles,
which is still quasi-projective and smooth, together with a proper morphism, called the Hitchin
map, from this variety to an affine space. Furthermore, assume that the base field 𝑘 is a finite
field. An argument based on homotopy, using an action of the multiplicative group, shows that
the cohomology of this moduli space is pure. Consequently, it is enough to compute the number
of points of the moduli space over finite fields in order to obtain its Betti numbers. In [6], it
is explained how this point count can be expressed via a nilpotent integral reminiscent of the
unipotent part of Arthur’s trace formula. This integral is an adelic integral of the following form

(1.2.1)
∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐾𝐷 (𝑔) 𝑑𝑔

where 𝐹 is the function field of 𝐶, A is the ring of adeles of 𝐹, and 𝐺 is the group 𝐺𝐿 (𝑛).
The set 𝐺 (A)𝑒 consists of the adelic elements of 𝐺 of degree −𝑒. The quotient 𝐺 (𝐹)\𝐺 (A)𝑒 is
equipped with a suitably normalized invariant measure with finite volume. The function 𝐾𝐷 is
the value at 𝑇 = 0 of the following function

𝐾𝐷,𝑇 (𝑔) =
∑︁
𝑃

(−1)dim(𝑎𝐺
𝑃
)

∑︁
𝛿∈𝑃(𝐹)\𝐺 (𝐹)

𝜏𝑃 (𝐻𝑃 (𝛿𝑔) − 𝑇)𝐾𝑃𝐷 (𝛿𝑔)

where 𝑃 runs over the standard parabolic subgroups of 𝐺 and

𝐾𝑃𝐷 (𝑔) =
∑︁

𝑋∈N𝑀𝑃

∫
𝔫𝑃 (A)

1𝐷 (𝑔−1(𝑋 +𝑈)𝑔) 𝑑𝑈.

We have denoted by 𝑃 = 𝑀𝑃𝑁𝑃 the standard Levi decomposition of 𝑃, where 𝑁𝑃 is the unipotent
radical of 𝑃, N𝑀𝑃 ⊂ 𝔪𝑃 (𝐹) is the set of 𝐹-rational nilpotent elements of the Lie algebra 𝔪𝑃

of 𝑀𝑃, and 𝑑𝑈 is a Haar measure on the Lie algebra 𝔫𝑃 (A) of 𝑁𝑃 (A). The function 1𝐷 is a
characteristic function associated to the divisor 𝐷. For the reader not familiar with Arthur’s
work, the notations 𝑎𝐺

𝑃
, 𝜏𝑃 and 𝐻𝑃 can be found in §§ 2.2, 2.3 and 3.3. Let (N𝐺) be the finite set

of 𝐺 (𝐹)-nilpotent orbits in the Lie algebra 𝔤(𝐹) of 𝐺 (𝐹). For every O ∈ (N𝐺), we introduce
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the following function of the variable 𝑔 ∈ 𝐺 (A):

𝐾𝑃
𝐷,O (𝑔) =

∑︁
𝑋∈N𝑀𝑃 , 𝐼𝐺

𝑃
(𝑋)=O

∫
𝔫𝑃 (A)

1𝐷 (𝑔−1(𝑋 +𝑈)𝑔) 𝑑𝑈,

where the sum runs over those 𝑋 ∈ N𝑀𝑃 whose Lusztig-Spaltenstein induction via 𝑃 (cf. § 4)
is the orbit O. Clearly, one has

𝐾𝑃𝐷 (𝑔) =
∑︁

O∈(N𝐺)
𝐾𝑃
𝐷,O (𝑔).

We also set

𝐾𝐷,𝑇,O (𝑔) =
∑︁
𝑃

(−1)dim(𝑎𝐺
𝑃
)

∑︁
𝛿∈𝑃(𝐹)\𝐺 (𝐹)

𝜏𝑃 (𝐻𝐵 (𝛿𝑔) − 𝑇)𝐾𝑃𝐷,O (𝛿𝑔),

so that
𝐾𝐷,𝑇 (𝑔) =

∑︁
O∈(N𝐺)

𝐾𝐷,𝑇,O (𝑔).

Here is the first main result of our article.
Theorem 1.2.1 (cf. Corollary 6.2.2). — For every parameter 𝑇 , the integral∫

𝐺 (𝐹)\𝐺 (A)𝑒
𝐾𝐷,𝑇,O (𝑔) 𝑑𝑔

converges absolutely. Moreover, its dependence on the parameter 𝑇 is quasi-polynomial.
In particular, we have the following expansion∫

𝐺 (𝐹)\𝐺 (A)𝑒
𝐾𝐷,𝑇 (𝑔) 𝑑𝑔 =

∑︁
O∈(N𝐺)

∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐾𝐷,𝑇,O (𝑔) 𝑑𝑔.

The merit of the preceding theorem is that it reduces the problem of counting Hitchin bundles
to the orbital-by-orbital computation of the integral∫

𝐺 (𝐹)\𝐺 (A)𝑒
𝐾𝐷,𝑇,O (𝑔) 𝑑𝑔

at 𝑇 = 0. There is an interpretation of this integral in terms of point counting. This is the
content of the following theorem. Here, we use the notions of the cardinality of a groupoid and
of 𝑇-semistability of a vector bundle; for these, we refer the reader simply to [6].
Theorem 1.2.2 (cf. Theorem 6.2.1). — For 𝑇 deep enough in the positive Weyl chamber and
far enough from the walls, the quasi-polynomial part in 𝑇 of the cardinality of the groupoid of
Hitchin bundles (E, 𝜃) of rank 𝑛 and degree 𝑒, whose underlying vector bundle E is𝑇-semistable
and whose endomorphism 𝜃 is generically in the orbit O, is given by the integral

(1.2.2)
∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐾𝐷,𝑇,O (𝑔) 𝑑𝑔.

To connect this with Theorem 6.2.1 in the main body of the paper, the cardinality of the said
groupoid is expressed, via Weil’s adeles-bundles dictionary, by the following integral:

(1.2.3)
∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐹𝐺 (𝑔, 𝑇)
∑︁
𝑋∈O

1𝐷 (𝑔−1𝑋𝑔) 𝑑𝑔,

where 𝐹𝐺 (𝑔, 𝑇) is the characteristic function of the compact subset of 𝐺 (𝐹)\𝐺 (A)𝑒 consisting
of those 𝑔 for which the corresponding bundle is 𝑇-semistable (for further details on these
back-and-forths between adeles and bundles, counting and integrals, we again refer the reader to
[6]). In particular, the integral above is clearly convergent. The existence of a quasi-polynomial
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in 𝑇 asymptotic to (1.2.3) is the analogue of a result of Arthur over number fields (cf. [3],
Theorem 4.2).

For certain orbits O, it is possible to give the value of the integral (1.2.2). This is the other
major result of this article. These orbits are of the following type: fix a divisor 𝑑 ≥ 1 of 𝑛 and let
𝑟 = 𝑛/𝑑; these are the orbits of nilpotent elements of 𝔤(𝐹) whose Jordan decomposition consists
of 𝑑 blocks of size 𝑟. Among these, one finds the zero orbit corresponding to 𝑑 = 𝑛 and the
regular orbit corresponding to 𝑑 = 1. The answer obtained is expressed in terms of the groupˆ︁𝐺′ = 𝑆𝐿 (𝑛,C), whose appearance is not surprising: it is the complex Langlands dual of the
group 𝑃𝐺𝐿 (𝑛), and the latter naturally appears because the notion of stability is invariant under
tensoring by a line bundle. Let ˆ︁𝑀 ⊂ ˆ︁𝐺′ be the « standard » Levi subgroup of ˆ︁𝐺′ that stabilizes
the 𝑟 subspaces of C𝑛 of dimension 𝑑 in direct sum generated by the 𝑑-tuples of « consecutive »
vectors of the canonical basis of C𝑛. For ˆ︁𝑃 ⊂ ˆ︁𝐺′ a standard parabolic subgroup of ˆ︁𝐺′ with
Levi factor ˆ︁𝑀 , one defines a rational function on the torus 𝑍0ˆ︁𝑀 (the connected component of the
center of ˆ︁𝑀) by

Φ𝑑
𝐶,𝐷 (𝑡) =

∏︂
𝜛

𝑍𝑑𝐶,𝐷 (𝑡
𝜛),

where the product is taken over the set of ˆ︁𝑃-dominant fundamental weights and where we
introduce the rational function in the formal variable 𝑋

𝑍𝑑𝐶,𝐷 (𝑋) = 𝑋−𝑑 deg(𝐷)𝑍𝐶 (𝑞−1𝑋)𝑍𝐶 (𝑞−2𝑋) . . . 𝑍𝐶 (𝑞−𝑑𝑋),
with 𝑍𝐶 being the zeta function of the curve 𝐶 and 𝑞 the cardinality of the base field 𝑘 . We also
set, for every 𝑒 ∈ Z and every 𝑡 ∈ 𝑍0ˆ︁𝑀 ,

Ψ
𝑑,𝑒

𝐶,𝐷
(𝑡) = 1

𝑛 · 𝑟!
∑︁
𝑧∈𝜇𝑛

∑︁
𝑤∈𝔖𝑟

𝑧−𝑑𝑒Φ𝑑
𝐶,𝐷 (𝑤 · (𝑡𝑧)).

Here, we identify 𝑍0ˆ︁𝑀 with (C×)𝑟 , on which the permutation group 𝔖𝑟 of order 𝑟! acts naturally.

The group 𝜇𝑛 of 𝑛th roots of unity is naturally identified with the center of ˆ︁𝐺′. A priori the
rational function Ψ

𝑑,𝑒

𝐶,𝐷
(𝑡) has a pole at 𝑡 = 1 except when 𝑑 = 𝑛, in which case ˆ︁𝑃 = ˆ︁𝐺′ and

Ψ
𝑑,𝑒

𝐶,𝐷
(𝑡) = 1.

Theorem 1.2.3 (cf. Theorem 7.1.1). — 1. The rational function Ψ
𝑑,𝑒

𝐶,𝐷
(𝑡) has no pole at 𝑡 =

1.
2. Let O ⊂ 𝔤(𝐹) be the nilpotent orbit of elements whose Jordan decomposition consists of
𝑑 blocks of size 𝑟. When 𝑒 is coprime to 𝑟, the integral (1.2.2) above associated to O and
with 𝑇 = 0 is equal to

𝑞𝑛(𝑛−𝑑) deg(𝐷)/2 𝑞𝑛𝑑 (𝑔𝐶−1) 𝑍∗
𝐶 (𝑞

−1)𝑍𝐶 (𝑞−2) . . . 𝑍𝐶 (𝑞−𝑑) Ψ𝑑,𝑒

𝐶,𝐷
(1),

where 𝑍∗
𝐶
(𝑋) = (1 − 𝑞𝑋)𝑍𝐶 (𝑋).

When 𝑑 = 𝑛, the integral (1.2.2) is equal to the volume of𝐺 (𝐹)\𝐺 (A)𝑒, we have Ψ𝑑,𝑒

𝐶,𝐷
(1) =

1, and the formula
𝑞𝑛

2 (𝑔𝐶−1)𝑍∗
𝐶 (𝑞

−1)𝑍𝐶 (𝑞−2) . . . 𝑍𝐶 (𝑞−𝑛)
is none other than Siegel’s formula for this volume.

1.3. Thus, this article partially resolves the problem of counting Hitchin bundles: it remains to
compute the integrals (1.2.2) for the remaining orbits (i.e. those which are not block-regular).
Note that in [6], a refinement of the conjectures of Hausel–Rodriguez-Villegas and Mozgovoy
is stated which conjecturally gives the value of the integrals (1.2.2) at 𝑇 = 0. In [6], it is also
verified that Theorem 1.2.3 is compatible in rank ≤ 3 with this refined conjecture.

4



As can be seen, our method consists of making explicit the Arthurian integral (1.2.1), which
is essentially the nilpotent part of the trace formula for the test function 1𝐷 . In fact, the methods
used here should certainly adapt to test functions other than 1𝐷 and also to the case where 𝐹 is
a number field. Note that in the case of a number field and for the regular orbit, a formula in
the same spirit as that of Theorem 1.2.3 was known independently to E. Lapid and T. Finis, the
latter of whom spoke about it in a talk in Orsay.

1.4. Organization of the Article.— The heart of the article is found in Section 6, where
Theorem 1.2.2 is proved. Once this result is established, one can, in the case of a block-regular
orbit, « renormalize » the integral (1.2.2). This is the subject of Section 7, in which the proof
of Theorem 1.2.3 is given. The integral then appears as a special value of a series that was
computed earlier in Section 3. However, in order to obtain a reasonably simple expression
for this special value, it was necessary to develop in Section 2 a variant of the combinatorial
results that Arthur uses in his developments on the trace formula. This section therefore also
has intrinsic interest. The remaining Sections 4 and 5 are devoted to some useful reminders.

2. Combinatorics of (𝐺, 𝑀)-Cofamilies

2.1. Introduction.— In this section we develop the notion of a (𝐺, 𝑀)-cofamily, which is very
close to that of a (𝐺, 𝑀)-family of Arthur (cf. Definitions 2.10.1 and 2.18.1). The results of this
section will later be used to obtain explicit formulas for certain adelic integrals. Although our
article focuses on the group 𝐺𝐿 (𝑛), the methods used should be adaptable to other reductive
groups. For future reference, we have written this section in the general framework of a reductive
group over an arbitrary field. The main results of this section are stated in Theorems 2.12.1 and
2.19.1.

The notations are, with a few variations, those that have become standard since Arthur’s
work on the trace formula (cf. [1, 2] or again [5]). We briefly recall them in the following
paragraphs.

2.2. Notations.— Let 𝐺 be a reductive group over an arbitrary field 𝐹. Fix a maximal 𝐹-split
torus of 𝐺, whose centralizer we denote by 𝑇 . Unless otherwise indicated, by a « parabolic
subgroup of 𝐺 » we mean a parabolic subgroup of 𝐺 in the usual sense which, in addition, is
defined over 𝐹 and contains 𝑇 . Such a parabolic subgroup then has a unique Levi factor defined
over 𝐹 and containing𝑇 . Such subgroups of𝐺 are simply called Levi subgroups. For a subgroup
𝐻 of 𝐺, we denote by L𝐺 (𝐻), respectively F 𝐺 (𝐻), the set of Levi subgroups, respectively
parabolic subgroups, of 𝐺 which contain 𝐻. When 𝐻 is a Levi subgroup, we denote by P𝐺 (𝐻)
the set of parabolic subgroups of 𝐺 with Levi factor 𝐻. These notations remain valid if we
replace 𝐺 by a Levi subgroup of 𝐺 or by a parabolic subgroup 𝑄 of 𝐺 (in the latter case, the
superscript 𝑄 means that one restricts to subgroups contained in 𝑄). When the context is clear,
omitting the superscript (resp. the group 𝐻) means that we consider a situation relative to 𝐺
(resp. that we take 𝐻 = 𝑇). For example, the set of Levi subgroups of 𝐺 is simply denoted by
L instead of L𝐺 (𝑇).

For every 𝑃 ∈ F , we have the Levi decomposition 𝑃 = 𝑀𝑃𝑁𝑃, where 𝑀𝑃 is the Levi factor
of 𝑃 containing 𝑇 and 𝑁𝑃 is the unipotent radical of 𝑃. Let 𝐴𝑃 be the maximal split central torus
of 𝑀𝑃 and 𝑋∗(𝐴𝑃) the group of rational characters of this torus. This latter group is a lattice in
the real vector space

𝑎∗𝑃,R = 𝑋∗(𝐴𝑃) ⊗Z R.

Let 𝑋∗(𝑀𝑃) be the group of rational characters of 𝑀𝑃 defined over 𝐹. The restriction morphism
𝑋∗(𝑀𝑃) → 𝑋∗(𝐴𝑃) induces an isomorphism 𝑋∗(𝑀𝑃) ⊗Z R → 𝑎∗

𝑃,R. Since this space depends
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only on 𝑀𝑃, it will also be denoted by 𝑎∗
𝑀𝑃 ,R

. For any two parabolic subgroups 𝑃 ⊂ 𝑄, there
is a restriction morphism 𝑋∗(𝐴𝑃) → 𝑋∗(𝐴𝑄) hence a projection 𝑎∗

𝑃,R → 𝑎∗
𝑄,R. Using the

inclusion 𝑀𝑃 ⊂ 𝑀𝑄 and, dually, the corresponding restriction of character groups, one also has
an inclusion 𝑎∗

𝑄,R → 𝑎∗
𝑃,R. We denote by ∗ (without subscript R) the corresponding dual real

vector spaces. The orthogonal complement of 𝑎𝑄,R in 𝑎∗
𝑃,R is denoted indifferently by 𝑎𝑄,∗

𝑃,R or
𝑎
𝑀𝑄 ,∗
𝑀𝑃 ,R

. We have the direct sum decompositions

𝑎∗𝑃,R = 𝑎
𝑄,∗
𝑃,R ⊕ 𝑎∗𝑄,R,

and similarly for the dual spaces. Finally, we reserve the notation without the index R for the
C-spaces obtained by scalar extension, for example

𝑎∗𝑃 = 𝑎∗𝑃,R ⊗R C.

Thus we have a decomposition of R-vector spaces 𝑎∗
𝑃
= 𝑎∗

𝑃,R ⊕ 𝑖𝑎∗
𝑃,R where 𝑖 ∈ C satisfies

𝑖2 = −1, and we denote by Re(𝜆) and Im(𝜆) the real and imaginary parts of 𝜆 ∈ 𝑎∗
𝑃
.

The Weyl group of (𝐺,𝑇) acts on 𝑎∗
𝑃,R and we fix on this space a Euclidean product invariant

under𝑊 . The above decomposition is then orthogonal. We endow 𝑎∗
𝑃,R with the corresponding

Euclidean measure.
For every 𝑃 ∈ P(𝑇) and 𝑄 ∈ F (𝑃), let Δ𝑄

𝑃
, respectively Δ

𝑄,∨
𝑃

, be the set of simple roots,
respectively coroots, of 𝑇 in 𝑁𝑃 ∩𝑀𝑄 . These sets form bases, respectively, of 𝑎𝑄,∗

𝑃
and 𝑎𝑄

𝑃
. Let

Δ̂
𝑄

𝑃
and Δ̂

𝑄,∨
𝑃

be the dual bases, respectively bases of 𝑎𝑄
𝑃

and 𝑎𝑄,∗
𝑃

. When the superscript 𝑄 is
omitted, this means that we take 𝑄 = 𝐺.

One obtains basesΔ𝑄 andΔ∨
𝑄

of 𝑎𝐺,∗
𝑄

and 𝑎𝐺
𝑄

by projection of the setsΔ𝑃−Δ𝑄𝑃 andΔ∨
𝑃
−Δ𝑄,∨

𝑃
.

As the notation suggests, these bases do not depend on the choice of 𝑃 ∈ P𝑄 (𝑇). By duality,
one obtains bases Δ̂𝑄 and Δ̂∨

𝑄
of 𝑎𝐺

𝑄
and 𝑎𝐺,∗

𝑄
. More generally, by the same procedure, for

any 𝑅 ∈ F (𝑄) one defines sets Δ𝑅
𝑄

, Δ̂𝑅
𝑄

, etc., with the case 𝑅 = 𝐺 recovering the previous
construction. One will note that by construction Δ𝑅

𝑄
= Δ

𝑀𝑅

𝑄∩𝑀𝑅
, where in the right-hand member

the construction is relative to the reductive group 𝑀𝑅.
Let Z(Δ𝑄,∨

𝑃
), respectively Z(Δ𝑄

𝑃
), be the Z-submodule of 𝑎𝑄

𝑃
, respectively 𝑎𝑄,∗

𝑃
, generated by

Δ
𝑄,∨
𝑃

, respectively Δ
𝑄

𝑃
.

2.3. Functions 𝜏 and 𝜏.— For every pair of parabolic subgroups 𝑃 ⊂ 𝑄, let 𝜏𝑄
𝑃

and 𝜏𝑄
𝑃

be the
characteristic functions of the respective sets

{𝐻 ∈ 𝑎𝑇,R | ⟨𝛼, 𝐻⟩ > 0 ∀𝛼 ∈ Δ
𝑄

𝑃
}

and
{𝐻 ∈ 𝑎𝑇,R | ⟨𝜛, 𝐻⟩ > 0 ∀𝜛 ∈ Δ̂

𝑄

𝑃
}.

Let 𝑎𝑄,+
𝑃

⊂ 𝑎𝑄
𝑃,R be the open Weyl chamber defined by the condition 𝜏𝑄

𝑃
= 1. Let

(𝑎𝑄,∗
𝑃

)+ ⊂ 𝑎𝑄,∗
𝑃,R

be the open Weyl chamber defined by the condition ⟨𝜆, 𝛼∨⟩ > 0 for every 𝛼∨ ∈ Δ
𝑄,∨
𝑃

. We denote

by 𝑎𝑄,+
𝑃

the closed Weyl chamber, i.e. defined by non-strict inequalities.
The functions 𝜏 and 𝜏 satisfy the following « orthogonality relations », where 𝐻 ∈ 𝑎𝑇 and

where the sum is taken over the parabolic subgroups 𝑅 such that 𝑃 ⊂ 𝑅 ⊂ 𝑄 (cf. [5] formulas
(8.10) and (8.11)):
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(2.3.1)
∑︁

{𝑅 |𝑃⊂𝑅⊂𝑄}
(−1)dim(𝑎𝑅

𝑃
)𝜏𝑅𝑃 (𝐻)𝜏

𝑄

𝑅
(𝐻) =

{︄
0 if 𝑃 ⊊ 𝑄,

1 if 𝑃 = 𝑄,

and

(2.3.2)
∑︁

{𝑅 |𝑃⊂𝑅⊂𝑄}
(−1)dim(𝑎𝑅

𝑃
)𝜏𝑅𝑃 (𝐻)𝜏

𝑄

𝑅
(𝐻) =

{︄
0 if 𝑃 ⊊ 𝑄,

1 if 𝑃 = 𝑄.

2.4. Projection.— For every pair of parabolic subgroups 𝑃 ⊂ 𝑄 and every 𝜆 ∈ 𝑎∗
𝑇
, let 𝜆𝑄

𝑃
be the

projection of 𝜆 onto (𝑎𝑄
𝑃
)∗ according to the decomposition

𝑎∗𝑇 = 𝑎
𝑃,∗
𝑇

⊕ (𝑎𝑄
𝑃
)∗ ⊕ 𝑎∗𝑄 .

This decomposition depends only on the Levi factors of 𝑃 and 𝑄; the same holds for the
projection. Omitting the superscript (resp. the index) means that we take 𝑄 = 𝐺 (resp. that
𝑃 ∈ P(𝑇)).

2.5. Rational Functions 𝜃𝑃 and 𝜃𝑃. — For every pair of parabolic subgroups 𝑃 ⊂ 𝑄 ⊂ 𝐺, we
introduce the rational functions in the variable 𝜆 ∈ 𝑎∗

𝑇

𝜃
𝑄

𝑃
(𝜆) =

𝑣̂
𝑄

𝑃∏︁
𝜛∨∈Δ̂𝑄

𝑃

⟨𝜆, 𝜛∨⟩

where 𝑣̂𝑄
𝑃

is the covolume in 𝑎𝑄
𝑃

of the lattice generated by Δ̂
𝑄

𝑃
, and

𝜃
𝑄

𝑃
(𝜆) =

𝑣
𝑄

𝑃∏︁
𝛼∈Δ𝑄

𝑃

⟨𝜆, 𝛼∨⟩

where 𝑣𝑄
𝑃

is the covolume in 𝑎𝑄
𝑃

of the lattice generated by Δ
𝑄

𝑃
.

Remark 2.5.1. — These functions 𝜃𝑄
𝑃
(𝜆) and 𝜃𝑄

𝑃
(𝜆) are in fact the inverses of those introduced

and denoted by the same name by Arthur (cf. [2] p. 15). Moreover, they depend only on 𝜆𝑄
𝑃

. In
fact, one has

(2.5.1) 𝜃
𝑄

𝑃
(𝜆) = 𝜃𝑀𝑄

𝑃∩𝑀𝑄
(𝜆𝑄
𝑃
) and 𝜃

𝑄

𝑃
(𝜆) = 𝜃𝑀𝑄

𝑃∩𝑀𝑄
(𝜆𝑄
𝑃
).

Similarly to the functions 𝜏 and 𝜏, the functions 𝜃𝑄
𝑃
(𝜆) and 𝜃𝑄

𝑃
(𝜆) satisfy the following

lemma.
Lemma 2.5.2. — (Arthur)

(2.5.2)
∑︁

{𝑅 |𝑃⊂𝑅⊂𝑄}
(−1)dim(𝑎𝑅

𝑃
)𝜃𝑅𝑃 (𝜆)𝜃

𝑄

𝑅
(𝜆) =

{︄
0 if 𝑃 ⊊ 𝑄,

1 if 𝑃 = 𝑄,

and

(2.5.3)
∑︁

{𝑅 |𝑃⊂𝑅⊂𝑄}
(−1)dim(𝑎𝑅

𝑃
)𝜃𝑅𝑃 (𝜆)𝜃

𝑄

𝑅
(𝜆) =

{︄
0 if 𝑃 ⊊ 𝑄,

1 if 𝑃 = 𝑄.

Proof. — Equation (2.5.2) follows from (2.3.1) by a Fourier transform (see formula (6.1) p.33
of [2]). Similarly, (2.5.3) follows from (2.3.2). □
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2.6. Functions 𝑐𝑄
𝑃
(𝜑, 𝜆).— Let 𝑃0 be a parabolic subgroup and 𝜑 a function on 𝑎∗

𝑃0
. For any

𝑃 ∈ P(𝑀), let 𝜑𝑃 be the function on 𝑎∗
𝑃0

defined by

𝜑𝑃 (𝜆) = 𝜑(𝜆𝑃).
This function depends only on the projection 𝜆𝑃 of 𝜆. For every pair of parabolic subgroups
𝑃0 ⊂ 𝑃 ⊂ 𝑄 ⊂ 𝐺, set

(2.6.1) 𝑐
𝑄

𝑃
(𝜑, 𝜆) =

∑︁
{𝑅 |𝑃⊂𝑅⊂𝑄}

(−1)dim(𝑎𝑄
𝑅
)𝜃𝑅𝑃 (𝜆)𝜑𝑅 (𝜆)𝜃

𝑄

𝑅
(𝜆).

Remark 2.6.1. — This definition is formally very close to the definition (6.3) p. 33 of [2].
Apart from a sign, the only notable difference is that we consider the function 𝜑(𝜆𝑅) rather than
𝜑(𝜆𝑅) as in Arthur’s work. Note, however, that our functions 𝜃 are the inverses of Arthur’s.
When one takes the constant function 1, one has 𝑐𝑄

𝑃
(1, 𝜆) = 0 unless 𝑃 = 𝑄, in which case

𝑐
𝑄

𝑄
(1, 𝜆) = 1 (this follows immediately from Lemma 2.5.2).
In what follows, following [2] Section 6, we develop the properties of these functions.

Lemma 2.6.2. — We have
𝑐
𝑄

𝑃
(𝜑, 𝜆) = 𝑐𝑀𝑄

𝑀𝑄∩𝑃 (𝜑
𝑄 , 𝜆𝑄).

Proof. — This follows immediately from (2.5.1). □

Lemma 2.6.3. — For all parabolic subgroups 𝑃0 ⊂ 𝑃 ⊂ 𝑄 ⊂ 𝐺, one has the inversion formula

𝜑𝑄 (𝜆)𝜃𝑄
𝑃
(𝜆) =

∑︁
{𝑅 |𝑃⊂𝑅⊂𝑄}

𝑐𝑅𝑃 (𝜑, 𝜆)𝜃
𝑄

𝑅
(𝜆).

Proof. — Using formula (2.6.1), one obtains that the right-hand side equals∑︁
𝑃⊂𝑆⊂𝑅⊂𝑄

(−1)dim(𝑎𝑅
𝑃
)𝜃𝑆𝑃 (𝜆)𝜑

𝑆 (𝜆)𝜃𝑅𝑆 (𝜆)𝜃
𝑄

𝑅
(𝜆).

This equals ∑︁
𝑃⊂𝑆⊂𝑄

(−1)dim(𝑎𝑄
𝑃
)𝜃𝑆𝑃 (𝜆)𝜑

𝑆 (𝜆)
∑︁

𝑆⊂𝑅⊂𝑄
(−1)dim(𝑎𝑄

𝑅
)𝜃𝑅𝑆 (𝜆)𝜃

𝑄

𝑅
(𝜆).

By (2.5.3), the inner sum equals 0 if 𝑆 ⊊ 𝑄 and 1 if 𝑆 = 𝑄. Hence we obtain

𝜃
𝑄

𝑃
(𝜆)𝜑𝑄 (𝜆),

which is exactly the left-hand side. □

Theorem 2.6.4. — For all parabolic subgroups 𝑃0 ⊂ 𝑃 ⊂ 𝑄 ⊂ 𝐺 and every function 𝜑

holomorphic in a neighborhood of 0 in 𝑎∗
𝑃0

, the function 𝑐𝑄
𝑃
(𝜑, 𝜆) is also holomorphic in a

neighborhood of 0 in 𝑎∗
𝑃0

.
The proof of Theorem 2.6.4 will be given in section 2.8. Before that, we need the auxiliary

constructions in the following paragraph.

2.7. Some Auxiliary Constructions.— In this paragraph, fix 𝑃0 ∈ F (𝑇) a parabolic subgroup
and let 𝜑 be a function holomorphic in a neighborhood of 0 in 𝑎∗

𝑃0
.

Let 𝑃 be a parabolic subgroup containing 𝑃0. Let (𝜛∨
𝛼 )𝛼∈Δ𝐺

𝑃
be the basis of 𝑎𝐺

𝑃
dual to Δ𝑃.

For any 𝜆 ∈ 𝑎∗
𝑇
, one has

𝜆 − 𝜆𝑃 −
∑︁
𝛼∈Δ𝑃

⟨𝜆, 𝜛∨
𝛼 ⟩𝛼 ∈ 𝑎∗𝐺 .

For every parabolic subgroup 𝑄 of 𝐺 containing 𝑃, set

𝜆̃𝑄/𝑃 = 𝜆𝑃 +
∑︁
𝛼∈Δ𝑄

𝑃

⟨𝜆, 𝜛∨
𝛼 ⟩𝛼.
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If 𝜆 ∈ (𝑎𝑄
𝑇
)∗, then 𝜆̃𝑄/𝑃 = 𝜆. The mapping 𝜆 ↦→ 𝜆̃𝑄/𝑃 is therefore a projector from 𝑎∗

𝑇
onto

(𝑎𝑄
𝑇
)∗, which should not be confused with the projector 𝜆 ↦→ 𝜆𝑄 . However, we have

𝜆̃𝑃/𝑃 = 𝜆𝑃 .

Dually, one defines an analogous operator on functions by

(2.7.1) 𝜑̃𝑄/𝑃 (𝜆) = 𝜑(𝜆̃𝑄/𝑃).

We also introduce the function

(2.7.2) 𝑐𝑄/𝑃 (𝜑, 𝜆) = 𝜃𝑄
𝑃
(𝜆̃𝑄/𝑃)

∑︁
{𝑅 |𝑃⊂𝑅⊂𝑄}

(−1)dim(𝑎𝑄
𝑅
) 𝜑̃𝑅/𝑃 (𝜆).

Lemma 2.7.1. — The function 𝑐𝑄/𝑃 (𝜑, 𝜆) is holomorphic in a neighborhood of 0 in 𝑎∗
𝑃0

.
Proof. — It suffices to prove that the alternating sum∑︁

{𝑅 |𝑃⊂𝑅⊂𝑄}
(−1)dim(𝑎𝑄

𝑅
) 𝜑̃𝑅/𝑃 (𝜆)

can be written as the product of a function holomorphic in a neighborhood of 0 in 𝑎∗
𝑃0

by∏︂
𝛼∈Δ𝑄

𝑃

⟨𝜆̃𝑄/𝑃, 𝜛∨
𝛼 ⟩.

By Taylor’s formula, it is necessary and sufficient to show that this alternating sum vanishes for
those 𝜆 for which there exists 𝛼 ∈ Δ

𝑄

𝑃

(2.7.3) ⟨𝜆̃𝑄/𝑃, 𝜛∨
𝛼 ⟩ = 0,

where (𝜛∨
𝛼 )𝛼∈Δ𝑄

𝑃

is the basis of 𝑎𝑄
𝑃

dual to Δ
𝑄

𝑃
. We have

𝜆̃𝑄/𝑃 = 𝜆𝑃 +
∑︁
𝛽∈Δ𝑄

𝑃

⟨𝜆, 𝜛∨
𝛽 ⟩𝛽,

and condition (2.7.3) implies

(2.7.4) ⟨𝜆, 𝜛∨
𝛼 ⟩ = 0.

Let 𝛼 ∈ Δ
𝑄

𝑃
and 𝜆 ∈ 𝑎𝑇 such that ⟨𝜆̃𝑄/𝑃, 𝜛∨

𝛼 ⟩ = 0. The parabolic subgroups 𝑅 such that
𝑃 ⊂ 𝑅 ⊂ 𝑄 occur in pairs (𝑅, 𝑅′) characterized by Δ𝑅

′
𝑃

= Δ𝑅
𝑃
∪ {𝛼}. One has

𝜆̃𝑅
′/𝑃 = 𝜆𝑃 +

∑︁
𝛽∈Δ𝑅

𝑃

⟨𝜆, 𝜛∨
𝛽 ⟩𝛽 + ⟨𝜆, 𝜛∨

𝛼 ⟩𝛼.

Thus (2.7.4) implies
𝜆̃𝑅

′/𝑃 = 𝜆̃𝑅/𝑃,

and therefore
𝜑̃𝑅

′/𝑃 (𝜆) = 𝜑̃𝑅/𝑃 (𝜆),
which yields the desired cancellation. □

Lemma 2.7.2. — For every pair of parabolic subgroups 𝑃 ⊂ 𝑅 ⊂ 𝑄, we have

𝜃𝑅𝑃 (𝜆̃𝑅/𝑃)𝜃
𝑄

𝑅
(𝜆̃𝑄/𝑃) = 𝜃𝑄

𝑃
(𝜆̃𝑄/𝑃).
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Proof. — It follows from the definitions in section 2.5 and from the inclusion Δ̂
𝑄

𝑅
⊂ Δ̂

𝑄

𝑃
that to

prove the desired equality it suffices to verify

(2.7.5)
∏︂

𝜛∨∈Δ̂𝑅
𝑃

⟨𝜆̃𝑅/𝑃, 𝜛∨⟩ =
∏︂

𝜛∨∈Δ̂𝑄

𝑃
−Δ̂𝑄

𝑅

⟨𝜆̃𝑄/𝑃, 𝜛∨⟩.

The set Δ̂𝑄
𝑃
− Δ̂

𝑄

𝑅
can be described as {𝜛∨

𝛼 | 𝛼 ∈ Δ𝑅
𝑃
}. Since we have

𝜆̃𝑄/𝑃 = 𝜆𝑃 +
∑︁
𝛼∈Δ𝑄

𝑃

⟨𝜆, 𝜛∨
𝛼 ⟩𝛼,

and
𝜆̃𝑅/𝑃 = 𝜆𝑃 +

∑︁
𝛼∈Δ𝑅

𝑃

⟨𝜆, 𝜛∨
𝛼 ⟩𝛼,

we obtain ∏︂
𝜛∨∈Δ̂𝑅

𝑃

⟨𝜆̃𝑅/𝑃, 𝜛∨⟩ =
∏︂
𝛽∈Δ𝑅

𝑃

⟨𝜆, 𝜛∨
𝛽 ⟩,

which yields the equality (2.7.5). □

Lemma 2.7.3. — We have the inversion formula

𝜃
𝑄

𝑃
(𝜆̃𝑄/𝑃)𝜑̃𝑄/𝑃 (𝜆) =

∑︁
{𝑅 |𝑃⊂𝑅⊂𝑄}

𝜃
𝑄

𝑅
(𝜆̃𝑄/𝑃)𝑐𝑅/𝑃 (𝜑, 𝜆),

where the sum is taken over parabolic subgroups 𝑅.
Proof. — The right-hand side can be written as

(2.7.6)
∑︁

{𝑅 |𝑃⊂𝑆⊂𝑅⊂𝑄}
(−1)dim(𝑎𝑅

𝑆
) 𝜑̃𝑆/𝑃 (𝜆)𝜃𝑅𝑃 (𝜆̃𝑅/𝑃)𝜃

𝑄

𝑅
(𝜆̃𝑄/𝑃).

Using Lemma 2.7.2 we obtain∑︁
{𝑅 |𝑃⊂𝑆⊂𝑅⊂𝑄}

(−1)dim(𝑎𝑅
𝑆
) 𝜑̃𝑆/𝑃 (𝜆)𝜃𝑄

𝑃
(𝜆̃𝑄/𝑃) = 𝜃𝑄

𝑃
(𝜆̃𝑄/𝑃)

∑︁
{𝑅 |𝑃⊂𝑆⊂𝑄}

𝜑̃𝑆/𝑃 (𝜆)
∑︁

{𝑆 |𝑆⊂𝑅⊂𝑄}
(−1)dim(𝑎𝑅

𝑆
) .

Since the inner alternating sum is zero except when 𝑆 = 𝑄, we indeed obtain 𝜃𝑄
𝑃
(𝜆̃𝑄/𝑃)𝜑̃𝑄/𝑃 (𝜆),

as desired. □

2.8. Proof of Theorem 2.6.4.— By induction on the dimension of 𝐺, we may assume that the
statement holds for proper Levi subgroups of 𝐺. Using Lemma 2.6.2, one deduces that the
function 𝑐𝑄

𝑃
(𝜑, 𝜆) is holomorphic in a neighborhood of 0 in 𝑎∗

𝑃0
for 𝑄 ⊊ 𝐺. It remains to prove

that the function 𝑐𝐺
𝑃
(𝜑, 𝜆) is holomorphic near 0. We have 𝑐𝐺

𝐺
(𝜑, 𝜆) = 𝜑(𝜆) and, again by

induction, we may assume that for 𝑃 ⊊ 𝑄 the function 𝑐𝐺
𝑄
(𝜑, 𝜆) is holomorphic near 0 for every

function 𝜑 holomorphic near 0.
Let 𝑄 be a parabolic subgroup containing 𝑃. Let 𝜇 = 𝜆𝑄 . Since 𝜇̃𝑄/𝑃 = 𝜇, we obtain

𝜃
𝑄

𝑃
(𝜆)𝜑𝑄 (𝜆) = 𝜃𝑄

𝑃
(𝜇)𝜑(𝜇) = 𝜃𝑄

𝑃
( 𝜇̃𝑄/𝑃)𝜑̃𝑄/𝑃 (𝜇).

Lemma 2.7.3 implies that

𝜃
𝑄

𝑃
(𝜆)𝜑𝑄 (𝜆) = 𝜃

𝑄

𝑃
( 𝜇̃𝑄/𝑃)𝜑̃𝑄/𝑃 (𝜇)

=
∑︁

{𝑅 |𝑃⊂𝑅⊂𝑄}
𝜃
𝑄

𝑅
( 𝜇̃𝑄/𝑃)𝑐𝑅/𝑃 (𝜑, 𝜇)

=
∑︁

{𝑅 |𝑃⊂𝑅⊂𝑄}
𝜃
𝑄

𝑅
(𝜆)𝑐𝑅/𝑃 (𝜑, 𝜆𝑄).
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If we insert this last expression into the equality

𝑐𝐺𝑃 (𝜑, 𝜆) =
∑︁

{𝑄 |𝑃⊂𝑄⊂𝐺}
(−1)dim(𝑎𝐺

𝑄
)
𝜃
𝑄

𝑃
(𝜆)𝜑𝑄 (𝜆)𝜃𝐺𝑄 (𝜆),

we obtain

(2.8.1) 𝑐𝐺𝑃 (𝜑, 𝜆) =
∑︁

{𝑅,𝑄 |𝑃⊂𝑅⊂𝑄⊂𝐺}
(−1)dim(𝑎𝐺

𝑄
)
𝜃
𝑄

𝑅
(𝜆)𝑐𝑅/𝑃 (𝜑, 𝜆𝑄)𝜃𝐺𝑄 (𝜆).

The term corresponding to 𝑅 = 𝑃 is∑︁
{𝑄 |𝑃⊂𝑄⊂𝐺}

(−1)dim(𝑎𝐺
𝑄
)
𝜃
𝑄

𝑃
(𝜆𝑄)𝑐𝑃/𝑃 (𝜑, 𝜆𝑄)𝜃𝐺𝑄 (𝜆) = 𝜑(𝜆

𝑃)𝑐𝐺𝑃 (1, 𝜆) = 0,

by Lemma 2.5.2. For each 𝑅, define 𝜓𝑅 (𝜆) = 𝑐𝑅/𝑃 (𝜑, 𝜆). By Lemma 2.7.1, this is a function
holomorphic in a neighborhood of 0. Then we have the equality

𝑐𝐺𝑃 (𝜑, 𝜆) =
∑︁

{𝑅 |𝑃⊊𝑅⊂𝐺}
𝑐𝐺𝑅 (𝜓𝑅, 𝜆),

which is holomorphic in a neighborhood of 0 since by the induction hypothesis each 𝑐𝐺
𝑅
(𝜓𝑅, 𝜆)

is.

2.9. Co-adjacent Parabolic Subgroups.— Let 𝑀 ∈ L be a Levi subgroup. We introduce the
following definition.
Definition 2.9.1. — Two elements 𝑃1 and 𝑃2 of P(𝑀) are said to be coadjacent if

|Δ𝑃1 ∩ Δ𝑃2 | = |Δ𝑃1 | − 1 = |Δ𝑃2 | − 1.
Remark 2.9.2. — For every 𝑃 ∈ P(𝑀) and every 𝛼 ∈ Δ𝑃, one can show that there exists a
unique root 𝛽 of 𝐴𝑃 in 𝑁𝑃 such that the set

{−𝛽} ∪ (Δ𝑃 − {𝛼})
is of the form Δ𝑃′ for some 𝑃′ ∈ P(𝑀). In particular, 𝑃 and 𝑃′ are coadjacent.

For example, if 𝑃 is a Borel subgroup of a split group 𝐺, one has 𝑃′ = 𝑤′𝑤𝑃, where 𝑤 is
the longest element of the Weyl group of 𝐺 and 𝑤′ is the longest element of the Weyl group of
the maximal Levi subgroup 𝐿 of 𝐺 defined by Δ𝐿

𝑃∩𝐿 = Δ𝑃 − {𝛼}. The root 𝛽 is the largest root
having coefficient 1 on 𝛼. For 𝐺 = 𝐺𝐿 (𝑛), the root 𝛽 is simply the largest root.(1)
Lemma 2.9.3. — Let 𝑃1 and 𝑃2 be two distinct elements of P(𝑀). The following conditions
are equivalent:

1. The parabolic subgroups 𝑃1 and 𝑃2 are coadjacent.
2. There exists a unique maximal Levi subgroup 𝐿 ∈ L(𝑀) such that

(a) 𝑃1 ∩ 𝐿 = 𝑃2 ∩ 𝐿, and
(b) P(𝐿) = {𝐿𝑃1, 𝐿𝑃2}.

3. There exists a unique coweight 𝜛∨ ∈ Δ̂∨
𝑃1

∩ (−Δ̂∨
𝑃2
) such that the respective sets of

restrictions of the elements of Δ̂∨
𝑃1

− {𝜛∨} and Δ̂∨
𝑃2

− {−𝜛∨} to the hyperplane of 𝑎𝑀
defined by 𝜛∨ coincide.

Proof. — We show that 1 implies 2. Let 𝑄1 and 𝑄2 be the maximal parabolic subgroups 𝑄1
and 𝑄2 containing 𝑃1 and 𝑃2, respectively, determined by the condition

Δ
𝑄1
𝑃1

= Δ𝑃1 ∩ Δ𝑃2 = Δ
𝑄2
𝑃2
.

The groups 𝑄1 and 𝑄2 have the same standard Levi factor which we denote by 𝐿. This Levi
𝐿 is maximal. By Lemma 2.9.4 (assertion 1 below), the groups 𝑄1 and 𝑄2 are distinct and

(1)We thank the referee for these remarks.
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therefore necessarily opposite in the sense that𝑄1 ∩𝑄2 = 𝐿. By construction, 𝑃1 ∩ 𝐿 = 𝑃2 ∩ 𝐿.
Lemma 2.9.4 (assertion 2) shows that one has 𝑃1 = (𝑃1 ∩ 𝐿)𝑁𝑄1 , hence 𝑄1 = 𝐿𝑁𝑄1 = 𝐿𝑃1,
and similarly for 𝑃2. The uniqueness of 𝐿 follows from the fact that

Δ
𝐿𝑃1
𝑃1

= Δ𝐿𝐿∩𝑃1
= Δ𝐿𝐿∩𝑃2

⊂ Δ𝑃1 ∩ Δ𝑃2 ,

and by a cardinality argument this inclusion is an equality.
Next, we show that 2 implies 3. Let 𝑄𝑖 = 𝐿𝑃𝑖 for 𝑖 = 1, 2. The maximal and distinct

parabolic subgroups 𝑄1 and 𝑄2 have the same Levi factor 𝐿; hence they are opposite. Thus we
have the equality of singletons Δ𝑄1 = −Δ𝑄2 and dually Δ̂∨

𝑄1
= −Δ̂∨

𝑄2
. Let 𝜛∨

0 ∈ Δ̂∨
𝑃1

be such that
Δ̂∨
𝑄1

= {𝜛∨
0 }.

For 𝑖 = 1, 2, one has

(2.9.1) Δ̂∨
𝑄𝑖

= {𝜛∨ ∈ Δ̂∨
𝑃1

| ⟨𝛼, 𝜛∨⟩ = 0 for all 𝛼 ∈ Δ
𝑄𝑖

𝑃𝑖
}

so that 𝜛∨
0 ∈ Δ̂∨

𝑃1
∩ (−Δ̂∨

𝑃2
). The hyperplane of 𝑎𝑀 defined by 𝜛∨

0 is the subspace 𝑎𝐿
𝑀

. The
projection of Δ̂∨

𝑃𝑖
− Δ̂∨

𝑄𝑖
onto 𝑎𝐿,∗

𝑀
is precisely the dual basis of the basis Δ𝑄𝑖

𝑃𝑖
. Since this does not

depend on 𝑖 (it is simply Δ𝐿
𝑃𝑖∩𝐿), the projection in question is independent of 𝑖. Uniqueness will

be shown below.
Finally, 3 implies 1. Define

Δ′
𝑃𝑖

= {𝛼 ∈ Δ𝑃𝑖 | ⟨𝛼, 𝜛∨⟩ = 0}.
This is a subset of Δ𝑃𝑖 whose complement is a singleton. This set of roots is a basis for the
hyperplane {𝜆 | ⟨𝜆, 𝜛∨⟩ = 0}, dual to the restrictions of the elements of Δ̂𝑃𝑖 − {±𝜛∨}. Since
these restrictions do not depend on 𝑖, the same is true of Δ′

𝑃𝑖
. The assertion 1 follows.

We now return to the question of uniqueness in assertion 3. Suppose there were another
coweight 𝜋∨ ≠ 𝜛∨ satisfying the existence part of assertion 3. In that case, one can associate to
it, as above, a subset Δ′′

𝑃𝑖
⊂ Δ𝑃𝑖 distinct from Δ′

𝑃𝑖
and independent of 𝑖. Then Δ𝑃𝑖 = Δ′

𝑃𝑖
∪ Δ′′

𝑃𝑖

would be independent of 𝑖, hence Δ̂∨
𝑃1

= Δ̂∨
𝑃2

, which is impossible under the hypothesis that
𝜛∨ ∈ Δ̂∨

𝑃1
∩ (−Δ̂∨

𝑃2
). □

In the above proof, we used the following lemma whose proof is left to the reader.
Lemma 2.9.4. — Let 𝐿 ∈ L(𝑀). Then:

1. The sets P𝑄 (𝑀), for 𝑄 ∈ P(𝐿), are pairwise disjoint.
2. For every 𝑄 ∈ P(𝐿), the mapping

𝑃 ↦→ 𝑃 ∩ 𝐿
induces a bijection from P𝑄 (𝑀) onto P𝐿 (𝑀) with inverse given by 𝑃′ ↦→ 𝑃′𝑁𝑄 .

2.10. The (𝐺, 𝑀)-Cofamilies.— Arthur introduced the notion of a (𝐺, 𝑀)-family: these are
families of functions indexed by the parabolic subgroups with a given Levi factor 𝑀 satisfying
certain gluing conditions for adjacent parabolic subgroups (cf. [2] p.36). In what follows we
need the following notion, which is inspired by Arthur’s definition and is relative to coadjacency.
Definition 2.10.1. — Let 𝑀 be a Levi subgroup of 𝐺. A (𝐺, 𝑀)-cofamily on an open set Ω of
𝑎∗
𝑀

is a family (𝜑𝑃)𝑃∈P(𝑀) of functions holomorphic on Ω, indexed by the parabolic subgroups
𝑃 with Levi factor 𝑀 , which satisfies the following gluing condition:

For every pair (𝑃1, 𝑃2) ∈ P(𝑀)2 consisting of coadjacent subgroups, one has

𝜑𝑃1 (𝜇) = 𝜑𝑃2 (𝜇)

for every 𝜇 ∈ 𝔞
𝐿,∗
𝑀

∩ Ω, where 𝐿 ∈ L(𝑀) is the maximal Levi subgroup determined by 𝑃1 and
𝑃2 (cf. assertion 2 of Lemma 2.9.3).
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Remark 2.10.2. — One may rephrase the gluing condition as follows: for every pair (𝑃1, 𝑃2) ∈
P(𝑀)2 of coadjacent subgroups, the function 𝜑𝑃1 − 𝜑𝑃2 is divisible by ⟨𝜆, 𝜛∨⟩ in the ring of
holomorphic functions on Ω, where 𝜛∨ is the coweight given by assertion 3 of Lemma 2.9.3.
Lemma 2.10.3. — Let 𝜑 be a function holomorphic on an open setΩ ofC. For every 𝑃 ∈ P(𝑀),
define 𝜑𝑃 on 𝑎∗

𝑀
by

𝜑𝑃 (𝜆) =
∏︂
𝛼∈Δ𝑃

𝜑(⟨𝜆, 𝜛∨
𝛼 ⟩).

Then the family (𝜑𝑃)𝑃∈P(𝑀) is a (𝐺, 𝑀)-cofamily on the open set of 𝜆 ∈ 𝑎∗
𝑀

such that ⟨𝜆, 𝜛∨
𝛼 ⟩ ∈

Ω.
Proof. — Let 𝑃 and 𝑃′ be adjacent. Let 𝜛∨ ∈ Δ̂∨

𝑃
∩ (−Δ̂∨

𝑃′) satisfying the condition of Lemma
2.9.3. One must verify that the functions 𝜑𝑃 and 𝜑𝑃′ coincide on the hyperplane defined by
⟨𝜆, 𝜛∨⟩ = 0. This is obvious for the factors associated to ±𝜛∨ which both equal 𝜑(0). The
other factors are indexed by coweights which have the same restriction to the hyperplane defined
by 𝜛∨, and hence match pairwise. □

Lemma 2.10.4. — Let (𝜑𝑃)𝑃∈P(𝑀) be a (𝐺, 𝑀)-cofamily. Let 𝐿 ∈ L(𝑀) and 𝑄 ∈ P(𝐿). For
every 𝑃 ∈ P𝐿 (𝑀) and 𝜆 ∈ (𝑎𝐿

𝑀
)∗, set

𝜑
𝑄

𝑃
(𝜆) = 𝜑𝑃𝑁𝑄

(𝜆).

The family 𝜑𝑄 = (𝜑𝑄
𝑃
)𝑃∈P𝐿 (𝑀) is a (𝐿, 𝑀)-cofamily. It does not depend on the choice of

𝑄 ∈ P(𝐿). We denote it by 𝜑𝐿 henceforth.
Proof. — Let 𝑃1 and 𝑃2 be two coadjacent elements of P𝐿 (𝑀). For 𝑖 ∈ {1, 2}, let 𝑃̃𝑖 = 𝑃𝑖𝑁𝑄 .
Then one has the equality

Δ𝑃̃1
− Δ

𝑄

𝑃̃1
= Δ𝑃̃2

− Δ
𝑄

𝑃̃2
.

Since Δ𝑄
𝑃̃𝑖

= Δ𝑃𝑖 , the parabolic subgroups 𝑃̃1 and 𝑃̃2 are coadjacent. Let 𝑆 be the maximal Levi
subgroup they determine. Then 𝑆 = 𝑆 ∩ 𝐿 is the maximal Levi subgroup defined by 𝑃1 and 𝑃2.
For every 𝜇 ∈ 𝑎𝑆,∗

𝑀
⊂ 𝑎𝑆,∗

𝑀
, we have

𝜑
𝑄

𝑃1
(𝜇) = 𝜑𝑃̃1

(𝜇) = 𝜑𝑃̃2
(𝜇) = 𝜑𝑄

𝑃2
(𝜇),

where the extreme equalities follow from the definitions and the middle equality is the gluing
condition for the original cofamily. Therefore, the family 𝜑𝑄 is a (𝐿, 𝑀)-cofamily.

Next, we show that it does not depend on the choice of 𝑄. For every pair (𝑄,𝑄′) in P(𝐿),
there exists a finite sequence of elements 𝑄1, . . . , 𝑄𝑟 in P(𝐿) such that 𝑄1 = 𝑄, 𝑄2 = 𝑄′, and
𝑄𝑖 and 𝑄𝑖+1 are adjacent (in the usual sense: the acute chambers in 𝑎𝐺

𝐿
associated to 𝑄𝑖 and

𝑄𝑖+1 share a wall). It suffices then to treat the case where 𝑄 and 𝑄′ are adjacent. In this case,
there exists 𝑅 ∈ F (𝐿) such that

1. 𝐿 is a maximal Levi subgroup of 𝑀𝑅;
2. The parabolic subgroups 𝑆 = 𝑀𝑅 ∩ 𝑄 and 𝑆′ = 𝑀𝑅 ∩ 𝑄′ are the two distinct (and hence

opposite) elements of P𝑀𝑅 (𝐿);
3. 𝑄 = 𝑆𝑁𝑅 and 𝑄′ = 𝑆′𝑁𝑅.

Let 𝑃 ∈ P𝐿 (𝑀). The subgroups 𝑄 and 𝑄′ determine the elements 𝑃𝑁𝑄 and 𝑃𝑁𝑄′ in P𝐺 (𝑀).
It remains to see that for all 𝜇 ∈ 𝑎𝐿,∗

𝑀
,

(2.10.1) 𝜑𝑃𝑁𝑄
(𝜇) = 𝜑𝑃𝑁𝑄′ (𝜇).

Note that 𝑁𝑄 = 𝑁𝑆𝑁𝑅 and 𝑁𝑄′ = 𝑁𝑆′𝑁𝑅, so that 𝑃𝑁𝑄 = 𝑃𝑁𝑆𝑁𝑅 and 𝑃𝑁𝑄′ = 𝑃𝑁𝑆′𝑁𝑅.
The subgroups 𝑃𝑁𝑆 and 𝑃𝑁𝑆′ are two elements of P𝑀𝑅 (𝑀). Hence, the equality (2.10.1) is
equivalent to the following equality for the (𝑀𝑅, 𝑀)-cofamily 𝜑𝑅 and for 𝜇 ∈ 𝑎𝐿,∗

𝑀
:

(2.10.2) 𝜑𝑅𝑃𝑁𝑆
(𝜇) = 𝜑𝑅𝑃𝑁𝑆′

(𝜇).
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The elements 𝑃𝑁𝑆 and 𝑃𝑁𝑆′ are in fact two coadjacent elements of P𝑀𝑅 (𝑀). Thus, the equality
(2.10.2) is precisely the gluing condition for the (𝑀𝑅, 𝑀)-cofamily 𝜑𝑅. □

2.11. Functions Associated to a (𝐺, 𝑀)-Cofamily.— Arthur provided a procedure to construct
a smooth function from a (𝐺, 𝑀)-family and the functions 𝜃𝑃 (cf. [2] p.37). Dually, we have
the following statement for a (𝐺, 𝑀)-cofamily and the functions 𝜃𝑃.
Lemma 2.11.1. — Let (𝜑𝑃)𝑃∈P(𝑀) be a (𝐺, 𝑀)-cofamily on an open set Ω ⊂ 𝑎∗

𝑀
. The function

𝜑𝑀 (𝜆) =
∑︁

𝑃∈P(𝑀)
𝜃𝐺𝑃 (𝜆)𝜑𝑃 (𝜆)

is holomorphic on Ω.
Proof. — We repeatedly use the following lemma, which is proved using Taylor’s formula.
Lemma 2.11.2. — Let Φ be a meromorphic function in a neighborhood of 𝑧0 ∈ C𝑛 and let
𝑙1, . . . , 𝑙𝑟 be affine functions on C𝑛 such that the affine hyperplanes 𝐻𝑖 defined by 𝑙𝑖 = 0 are
pairwise distinct and such that the function

Ψ : 𝑧 ↦→ 𝑙1(𝑧) · · · 𝑙𝑟 (𝑧)Φ(𝑧)
extends to a holomorphic function in a neighborhood of 𝑧0 ∈ C𝑛.

Suppose that, for every index 𝑖 such that 𝐻𝑖 contains 𝑧0, the restriction of Ψ to 𝐻𝑖 is zero in
a neighborhood of 𝑧0. Then Φ is holomorphic in a neighborhood of 𝑧0.

Let Π be a system of representatives of the quotient of
⋃︁
𝑃∈P(𝑀) Δ̂

∨
𝑃

by the relation of
proportionality. Introduce the polynomial functions on 𝑎∗

𝑀
:

𝐹Π (𝜆) =
∏︂
𝜛∨∈Π

⟨𝜆, 𝜛∨⟩

and for every 𝑃 ∈ P(𝑀),
Θ̂𝑃 (𝜆) = 𝐹Π (𝜆) · 𝜃𝑃 (𝜆).

According to Lemma 2.11.2, it suffices to show that the function

𝜓𝑀 (𝜆) = 𝐹Π (𝜆)𝜑𝑀 (𝜆) =
∑︁

𝑃∈P(𝑀)
Θ̂𝑃 (𝜆)𝜑𝑃 (𝜆),

which is clearly holomorphic on Ω, vanishes on the hyperplanes defined by ⟨𝜆, 𝜛∨⟩ = 0 as 𝜛∨

runs over Π. Let 𝜛∨ ∈ Π and let 𝔥 be the associated hyperplane. Let 𝑃 ∈ P(𝑀) be such that
𝜛∨ ∈ Δ̂∨

𝑃
. Let 𝑄 be the maximal parabolic subgroup of Levi 𝐿 defined by 𝑃 ⊂ 𝑄 and 𝔥 = 𝔞

𝐿,∗
𝑀

.
Let 𝑃′ ∈ P(𝑀). The polynomial Θ̂𝑃′ (𝜆) vanishes trivially on 𝔥 unless 𝜛∨ is proportional

to an element of Δ̂∨
𝑃′ . In that case, one defines a parabolic subgroup 𝑄′ containing 𝑃′ by the

condition
Δ
𝑄′

𝑃′ = {𝛼 ∈ Δ𝑃 | ⟨𝛼, 𝜛∨⟩ = 0}.
Then 𝑄′ ∈ P(𝐿). Since P(𝐿) consists of the pair of opposite parabolic subgroups {𝑄, 𝑄̄}, the
set of 𝑃′ such that𝜛∨ is proportional to an element of Δ̂∨

𝑃′ can be described using Lemma 2.9.4.
It is the disjoint union, over 𝑃0 ∈ P𝐿 (𝑀), of pairs {𝑃0𝑁𝑄 , 𝑃0𝑁𝑄′} of coadjacent parabolic
subgroups. Let 𝑃0 ∈ P𝐿 (𝑀) and {𝑃1, 𝑃2} be the associated pair. To prove that 𝜓𝑀 vanishes on
𝔥, it suffices to show that

𝜆 ↦→
(︁
Θ̂𝑃1 (𝜆)𝜑𝑃1 (𝜆) + Θ̂𝑃2 (𝜆)𝜑𝑃2 (𝜆)

)︁
vanishes on 𝔥 ∩Ω. By assertion 3 of Lemma 2.9.3, for 𝜆 ∈ Ω ∩ 𝔥 we have

Θ̂𝑃1 (𝜆)𝜑𝑃1 (𝜆) = −Θ̂𝑃2 (𝜆)𝜑𝑃1 (𝜆).
Thus, it suffices to prove that

𝜑𝑃1 (𝜆) − 𝜑𝑃2 (𝜆)
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vanishes on 𝔥 ∩Ω, which is exactly the gluing condition for (𝐺, 𝑀)-cofamilies. □

Let (𝜑𝑃)𝑃∈P(𝑀) be a (𝐺, 𝑀)-cofamily. For every 𝑃 ∈ P(𝑀) and every parabolic subgroup
𝑄 containing 𝑃, let 𝜑𝑄

𝑃
be the function on 𝑎𝐺,∗

𝑀
defined by

𝜑
𝑄

𝑃
(𝜆) = 𝜑𝑃 (𝜆𝑄),

where, recall, 𝜆𝑄 = 𝜆𝑀𝑄 is the projection of 𝜆 onto 𝑎𝑄,∗
𝑀

.
Lemma 2.11.3. — Let 𝜑 = (𝜑𝑃)𝑃∈P(𝑀) be a (𝐺, 𝑀)-cofamily. Let 𝐿 ∈ L𝐺 (𝑀) and𝑄 ∈ P(𝐿).
The function in the variable 𝜆 ∈ 𝑎𝐺,∗

𝑀 ∑︁
𝑃∈P𝑄 (𝑀)

𝜃
𝑄

𝑃
(𝜆)𝜑𝑄

𝑃
(𝜆)

depends only on the Levi subgroup 𝐿. It is equal to

𝜑𝐿𝑀 (𝜆𝐿).
Remark 2.11.4. — In the statement of Lemma 2.11.3 above, we denote by 𝜑𝐿 the (𝐿, 𝑀)-
cofamily deduced from 𝜑 via the procedure of Lemma 2.10.4 and by 𝜑𝐿

𝑀
the function obtained

from it by Lemma 2.11.1.
Proof. — For each term in the sum we have

𝜃
𝑄

𝑃
(𝜆)𝜑𝑄

𝑃
(𝜆) = 𝜃𝐿𝑃∩𝐿 (𝜆)𝜑𝐿𝑃∩𝐿 (𝜆)

by Lemma 2.10.4. The mapping 𝑃 ↦→ 𝑃 ∩ 𝐿 induces a bijection from P𝑄 (𝑀) onto P𝐿 (𝑀).
The lemma follows. □

2.12. Cofamilies and the Functions 𝑐𝑃.— The following statement is the analogue of Corollary
6.4 in [2].
Theorem 2.12.1. — Let (𝜑𝑃)𝑃∈P(𝑀) be a (𝐺, 𝑀)-cofamily. Then for every 𝜆 ∈ 𝑎∗

𝑀
one has the

equality
𝜑𝑀 (𝜆𝐺) =

∑︁
𝑃∈P(𝑀)

𝑐𝐺𝑃 (𝜑𝑃, 𝜆).

Proof. — We expand the right-hand side using (2.6.1) to obtain∑︁
𝑃∈P(𝑀)

∑︁
𝑃⊂𝑄⊂𝐺

(−1)dim(𝑎𝐺
𝑄
)
𝜃
𝑄

𝑃
(𝜆)𝜑𝑄

𝑃
(𝜆)𝜃𝐺𝑄 (𝜆).

To avoid any ambiguity, note that 𝜑𝑄
𝑃
(𝜆) is defined by

𝜑
𝑄

𝑃
(𝜆) = 𝜑𝑃 (𝜆𝑄).

Interchanging the two sums, we obtain∑︁
𝑄∈F𝐺 (𝑀)

(−1)dim(𝑎𝐺
𝑄
)
𝜃𝐺𝑄 (𝜆)

∑︁
𝑃∈P𝑄 (𝑀)

𝜃
𝑄

𝑃
(𝜆)𝜑𝑄

𝑃
(𝜆).

By Lemma 2.11.3, the inner sum is recognized as the function 𝜑
𝑀𝑄

𝑀
(𝜆𝑀𝑄 ). The preceding

expression becomes ∑︁
𝑄∈F𝐺 (𝑀)

(−1)dim(𝑎𝐺
𝑄
)
𝜃𝐺𝑄 (𝜆)𝜑

𝑀𝑄

𝑀
(𝜆𝑀𝑄 )

=
∑︁

𝐿∈L𝐺 (𝑀)
(−1)dim(𝑎𝐺

𝐿
)𝜑𝐿𝑀 (𝜆𝐿)

∑︁
𝑄∈P(𝐿)

𝜃𝐺𝑄 (𝜆).
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According to [2] pp. 36 and 39, proof of Corollary 6.4, one has∑︁
𝑄∈P(𝐿)

𝜃𝐺𝑄 (𝜆) =
{︄

0 if 𝐿 ⊊ 𝐺,

1 if 𝐿 = 𝐺.

It follows that in the previous sum only the term 𝐿 = 𝐺 survives, which gives 𝜑𝑀 (𝜆𝐺) as
required. □

2.13. The Point 𝜉.— Let 𝜉 ∈ 𝑎𝑇,R. For every pair of parabolic subgroups 𝑃 ⊂ 𝑄, we define a
point

[𝜉]𝑄
𝑃
∈ 𝑎𝑄

𝑃,R

in the following manner. Let 𝜉𝑄
𝑃

be the projection of 𝜉 onto 𝑎𝑄
𝑃

, which we write in the basis
Δ
𝑄,∨
𝑃

:
𝜉
𝑄

𝑃
=

∑︁
𝛼∨∈Δ𝑄,∨

𝑃

⟨𝜛𝛼∨ , 𝜉
𝑄

𝑃
⟩𝛼∨.

Then set
[𝜉]𝑄

𝑃
=

∑︁
𝛼∨∈Δ𝑄,∨

𝑃

[⟨𝜛𝛼∨ , 𝜉
𝑄

𝑃
⟩]𝛼∨,

where for any 𝑥 ∈ R, the symbol [𝑥] denotes the smallest integer 𝑖 such that 𝑖 > 𝑥.
Lemma 2.13.1. — For every pair of parabolic subgroups 𝑃 ⊂ 𝑅 ⊂ 𝑄, the projection of [𝜉]𝑄

𝑃

onto 𝑎𝑄
𝑅

equals [𝜉]𝑄
𝑅

.
Proof. — For every 𝑋 ∈ 𝑎𝑄

𝑃
, we have

𝑋 =
∑︁

𝛼∨∈Δ𝑄,∨
𝑃

⟨𝜛𝛼∨ , 𝑋⟩𝛼∨.

Let 𝑝𝑄
𝑅

be the projection onto 𝑎𝑄
𝑅

. For every 𝛼∨ ∈ Δ
𝑄,∨
𝑃

− Δ
𝑅,∨
𝑃

, we have 𝜛𝛼∨ ∈ Δ̂
𝑄

𝑅
and

⟨𝜛𝛼∨ , 𝑋⟩ = ⟨𝜛𝛼∨ , 𝑝
𝑄

𝑅
(𝑋)⟩.

Thus,

𝑝
𝑄

𝑅
(𝑋) =

∑︁
𝛼∨∈Δ𝑄,∨

𝑃
−Δ𝑅,∨

𝑃

⟨𝜛𝛼∨ , 𝑋⟩𝑝𝑄𝑅 (𝛼
∨)

=
∑︁

𝛼∨∈Δ𝑄,∨
𝑅

⟨𝜛𝛼∨ , 𝑋⟩𝛼∨.

It follows that

𝑝
𝑄

𝑅
( [𝜉]𝑄

𝑃
) =

∑︁
𝛼∨∈Δ𝑄,∨

𝑃
−Δ𝑅,∨

𝑃

⟨𝜛𝛼∨ , [𝜉]𝑄𝑃 ⟩𝑝
𝑄

𝑅
(𝛼∨)

=
∑︁

𝛼∨∈Δ𝑄,∨
𝑃

−Δ𝑅,∨
𝑃

[⟨𝜛𝛼∨ , 𝜉
𝑄

𝑃
⟩]𝑝𝑄

𝑅
(𝛼∨)

=
∑︁

𝛼∨∈Δ𝑄,∨
𝑅

[⟨𝜛𝛼∨ , 𝜉
𝑄

𝑅
⟩]𝛼∨

= [𝜉]𝑄
𝑅
.

□
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2.14. Functions 𝜗̂ and 𝜗𝜉 .— Throughout, fix 𝑞 an integer > 1. For every pair of parabolic
subgroups 𝑃 ⊊ 𝑄, we define the meromorphic functions in the variable 𝜆 ∈ 𝑎∗

𝑇

(2.14.1) 𝜗
𝑄,𝜉

𝑃
(𝜆) = 𝑞−⟨𝜆,[𝜉]

𝑄

𝑃
⟩

∏︂
𝛼∨∈Δ𝑄,∨

𝑃

1
1 − 𝑞−⟨𝜆,𝛼∨⟩

,

and

(2.14.2) 𝜗̂
𝑄

𝑃
(𝜆) =

∏︂
𝜛∨∈Δ̂𝑄,∨

𝑃

1
1 − 𝑞−⟨𝜆,𝜛∨⟩ .

We complete these definitions by setting 𝜗𝑃,𝜉
𝑃

(𝜆) = 1 and 𝜗̂𝑃
𝑃
(𝜆) = 1.

Lemma 2.14.1. — Let 𝑃 ⊂ 𝑄 be parabolic subgroups. The Fourier series in the variable
𝜆 ∈ 𝑎∗

𝑇 ∑︁
𝐻∈Z(Δ𝑄,∨

𝑃
)

𝜏
𝑄

𝑃
(𝐻 − 𝜉)𝑞−⟨𝜆,𝐻⟩,

converges for Re(𝜆𝑄
𝑃
) ∈ (𝑎𝑄,∗

𝑃
)+. On this domain of convergence, its sum coincides with the

function 𝜗𝑄,𝜉
𝑃

(𝜆).
Proof. — Since the family Δ

𝑄,∨
𝑃

is dual to Δ̂
𝑄

𝑃
, the series equals the product over 𝛼∨ ∈ Δ

𝑄,∨
𝑃

of
geometric series ∑︁

𝑛𝛼

𝑞−𝑛𝛼⟨𝜆,𝛼
∨⟩,

where 𝑛𝛼 ∈ Z satisfies 𝑛𝛼 > ⟨𝜛𝛼, 𝜉⟩, or equivalently 𝑛𝛼 ≥ [⟨𝜛𝛼, 𝜉⟩]. In particular, it converges
absolutely for Re(⟨𝜆, 𝛼∨⟩) > 0 for all 𝛼∨ ∈ Δ

𝑄,∨
𝑃

, i.e. for 𝜆 ∈ (𝑎𝑄,∗
𝑃

)+.
These geometric series sum to, for each 𝛼∨ ∈ Δ

𝑄,∨
𝑃

,

𝑞−[⟨𝜛𝛼,𝜉⟩]⟨𝜆,𝛼∨⟩

1 − 𝑞−⟨𝜆,𝛼∨⟩
.

Observing that ⟨𝜛𝛼, 𝜉⟩ = ⟨𝜛𝛼, 𝜉
𝑄

𝑃
⟩ and∑︁

𝛼∨∈Δ𝑄,∨
𝑃

−[⟨𝜛𝛼, 𝜉⟩]⟨𝜆, 𝛼∨⟩ = −⟨𝜆, [𝜉]𝑄
𝑃
⟩,

the result follows. □

Lemma 2.14.2. — Let 𝜉 ∈ 𝑎∗
𝑃,R be in general position, 𝑄 a parabolic subgroup, and 𝑀 ∈ L𝑄 .

Then ∑︁
𝑃∈P𝑄 (𝑀)

𝜗
𝑄,𝜉

𝑃
(𝜆) =

{︄
0 if 𝑀 ⊊ 𝑀𝑄 ,

1 if 𝑀 = 𝑀𝑄 .

Proof. — The case 𝑀𝑄 = 𝑀 is evident. So assume 𝑀 ⊊ 𝑀𝑄 . Replacing 𝐺 by 𝑀𝑄 , it suffices
to treat the case 𝑄 = 𝐺. The proof relies on certain combinatorial lemmas due to Langlands
and Arthur (cf. [4] p.22). Let Λ ∈ 𝑎∗

𝑀,R be in general position and for every 𝑃 ∈ P(𝑀), let

ΔΛ
𝑃 = {𝛼 ∈ Δ𝑃 | ⟨Λ, 𝛼∨⟩ < 0}.

Let (𝜛𝛼)𝛼∈Δ𝑃
be the basis of 𝑎𝐺,∗

𝑃
dual to Δ∨

𝑃
and let 𝜒Λ

𝑃
be the characteristic function of those

𝐻 ∈ 𝑎𝑀,R such that ⟨𝜛𝛼, 𝐻⟩ > 0 if 𝛼 ∈ ΔΛ
𝑃

and ⟨𝜛𝛼, 𝐻⟩ ≤ 0 if 𝛼 ∈ Δ𝑃 − ΔΛ
𝑃
. According to

Arthur (loc. cit.), the function in the variable 𝐻 ∈ 𝑎𝐺
𝑀,R

𝜎𝑀 (𝐻) =
∑︁

𝑃∈P(𝑀)
(−1) |ΔΛ

𝑃
|𝜒Λ𝑃 (𝐻)
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is independent of Λ and satisfies

(2.14.3) 𝜎𝑀 (𝐻) =
{︄

0 if 𝐻 ≠ 0,
1 if 𝐻 = 0.

Let 𝑃0 ∈ P(𝑀) be defined by the condition Λ ∈ (𝑎∗
𝑃0
)+. For every 𝜆 ∈ 𝑎∗

𝑇
such that

Re(𝜆𝑃) ∈ −(𝑎∗
𝑃0
)+ and every 𝑃 ∈ P(𝑀), the series

(−1) |ΔΛ
𝑃
|

∑︁
𝐻∈Z(Δ∨

𝑃
)
𝜒Λ𝑃 (𝐻 − 𝜉)𝑞−⟨𝜆,𝐻⟩

converges absolutely. This series, which is a product of geometric series, sums to

(−1) |ΔΛ
𝑃
|
∏︂
𝛼∈ΔΛ

𝑃

𝑞−[⟨𝜛𝛼,𝜉⟩]⟨𝜆,𝛼∨⟩

1 − 𝑞−⟨𝜆,𝛼∨⟩
∏︂

𝛼∈Δ𝑃−ΔΛ
𝑃

𝑞 (−[⟨𝜛𝛼,𝜉⟩]+1)⟨𝜆,𝛼∨⟩

1 − 𝑞⟨𝜆,𝛼∨⟩
.

= (−1) |Δ𝑃 |
∏︂
𝛼∈Δ𝑃

𝑞−[⟨𝜛𝛼,𝜉⟩]⟨𝜆,𝛼∨⟩

1 − 𝑞−⟨𝜆,𝛼∨⟩
= (−1) |Δ𝑃 |𝜗𝜉

𝑃
(𝜆).

Neither the cardinality |Δ𝑃 | nor the lattice Z(Δ∨
𝑃
) depends on the choice of 𝑃 ∈ P(𝑀). It follows

that for all 𝜆 ∈ 𝑎∗
𝑇

such that Re(𝜆𝑃) ∈ −(𝑎∗
𝑃0
)+ we have

(2.14.4)
∑︁

𝑃∈P(𝑀)
𝜗
𝜉

𝑃
(𝜆) = (−1) |Δ𝑃0 |

∑︁
𝐻∈Z(Δ∨

𝑃0
)
𝜎𝑀 (𝐻 − 𝜉)𝑞−⟨𝜆,𝐻⟩ .

Since 𝜉 is in general position, we have 𝜉 ∉ Z(Δ∨
𝑃0
). By (2.14.3), the right-hand side of (2.14.4)

is zero, which is what we wanted to prove. By analytic continuation, it is also zero for all
𝜆 ∈ 𝑎∗

𝑇
. □

2.15. Functions Γ𝑄
𝑃
(·, 𝑋, 𝜉).— For every parabolic subgroup 𝑃 ∈ F (𝑇), following Arthur (cf.

[2] p.13), we introduce the function of variables 𝐻 and 𝑋 ∈ 𝑎𝑃,R

(2.15.1) Γ
𝑄

𝑃
(𝐻, 𝑋, 𝜉) =

∑︁
𝑅∈F𝑄 (𝑃)

(−1)dim(𝑎𝑄
𝑅
)𝜏𝑅𝑃 (𝐻 − 𝑋)𝜏𝑄

𝑅
(𝐻 − 𝜉).

This function depends only on the projections of 𝐻 and 𝑋 onto 𝑎𝐺
𝑃,R. The following lemma,

which refines a lemma of Arthur (cf. [2] Lemma 2.1), is stated.
Lemma 2.15.1. — There exists a constant 𝐶 > 0 (depending on 𝜉) such that for all 𝐻 and 𝑋 in
𝑎𝑃,R with

Γ𝐺𝑃 (𝐻, 𝑋, 𝜉) ≠ 0,
one has, for every 𝛼 ∈ Δ𝐺

𝑃
,

|⟨𝛼, 𝐻⟩| ≤ 𝐶
(︂
1 +

∑︁
𝛽∈Δ𝐺

𝑃

|⟨𝛽, 𝑋⟩|
)︂
.

In particular, the function Γ𝐺
𝑃
(·, 𝑋, 𝜉) has compact support on 𝑎𝐺

𝑃,R.
Proof. — This is a variant of the proof of Lemma 2.1 in [2]. For every pair of parabolic
subgroups 𝑄 ⊂ 𝑅 containing 𝑃, let 𝜏𝑅

𝑄
be the characteristic function of the set

{𝐻 ∈ 𝑎𝑃,R | ⟨𝛼, 𝐻⟩ > 0 ∀𝛼 ∈ Δ𝑅𝑃 − Δ
𝑄

𝑃
}.

We have 𝜏𝑅
𝑃
= 𝜏𝑅

𝑃
and for every parabolic subgroup 𝑆 containing 𝑅,

𝜏𝑅𝑄𝜏
𝑆
𝑅 = 𝜏𝑆𝑄 .
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Now introduce, for 𝑃 ⊂ 𝑅 parabolic subgroups, the function

Γ̃𝑅𝑃 (𝐻, 𝑋) =
∑︁

𝑄∈F 𝑅 (𝑃)
(−1)dim(𝑎𝑄

𝑃
)𝜏𝑄
𝑃
(𝐻 − 𝑋)𝜏𝑅𝑄 (𝐻)

=
∏︂
𝛼∈Δ𝑅

𝑃

(𝜏𝛼 (𝐻) − 𝜏𝛼 (𝐻 − 𝑋))

where 𝜏𝛼 is the characteristic function of the set of 𝐻 ∈ 𝑎𝑃,R such that ⟨𝛼, 𝐻⟩ > 0. This function
takes only the values 0, 1, or −1. Moreover, Γ̃𝑅

𝑃
(𝐻, 𝑋) ≠ 0 only if for every 𝛼 ∈ Δ𝑅

𝑃

|⟨𝛼, 𝐻⟩| ≤ |⟨𝛼, 𝑋⟩|.

Furthermore, we have the following computation:∑︁
𝑃⊂𝑅⊂𝑆

(−1)dim(𝑎𝑅
𝑃
) Γ̃𝑅𝑃 (𝐻, 𝑋)𝜏𝑆𝑅 (𝐻) =

∑︁
𝑃⊂𝑄⊂𝑅⊂𝑆

(−1)dim(𝑎𝑅
𝑃
) (−1)dim(𝑎𝑄

𝑃
)𝜏𝑄
𝑃
(𝐻 − 𝑋)

× 𝜏𝑅𝑄 (𝐻)𝜏
𝑆
𝑅 (𝐻)

=
∑︁

𝑃⊂𝑄⊂𝑅⊂𝑆
(−1)dim(𝑎𝑅

𝑄
)
𝜏
𝑄

𝑃
(𝐻 − 𝑋)𝜏𝑅𝑄 (𝐻)𝜏

𝑆
𝑅 (𝐻)

=
∑︁

𝑃⊂𝑄⊂𝑆
(−1)dim(𝑎𝑆

𝑄
)
𝜏
𝑄

𝑃
(𝐻 − 𝑋)𝜏𝑆𝑄 (𝐻)

=
∑︁

𝑃⊂𝑄⊂𝑆
(−1)dim(𝑎𝑆

𝑄
)
𝜏
𝑄

𝑃
(𝐻 − 𝑋)𝜏𝑆𝑄 (𝐻)

∑︁
𝑄⊂𝑅⊂𝑆

(−1)dim(𝑎𝑅
𝑄
)

= 𝜏𝑆𝑃 (𝐻 − 𝑋).

The last equality follows because the alternating sum in the previous line vanishes except when
𝑄 = 𝑆. Using the above expression for 𝜏𝑆

𝑃
(𝐻 − 𝑋), it follows that

Γ𝐺𝑃 (𝐻, 𝑋, 𝜉) =
∑︁

𝑃⊂𝑆⊂𝐺
(−1)dim(𝑎𝐺

𝑆
)𝜏𝑆𝑃 (𝐻 − 𝑋)𝜏𝐺𝑆 (𝐻 − 𝜉)

=
∑︁

𝑃⊂𝑅⊂𝑆⊂𝐺
(−1)dim(𝑎𝑅

𝑃
) (−1)dim(𝑎𝐺

𝑆
) Γ̃𝑅𝑃 (𝐻, 𝑋)𝜏𝑆𝑅 (𝐻)𝜏

𝐺
𝑆 (𝐻 − 𝜉)

=
∑︁

𝑃⊂𝑅⊂𝐺
(−1)dim(𝑎𝑅

𝑃
) Γ̃𝑅𝑃 (𝐻, 𝑋)

∑︁
𝑅⊂𝑆⊂𝐺

𝜏𝑆𝑅 (𝐻)𝜏
𝐺
𝑆 (𝐻 − 𝜉).

We will prove that each term indexed by 𝑅 in the above sum satisfies the conclusion of the
lemma.

When 𝑅 = 𝑃, we have Γ̃𝑃
𝑃
(𝐻, 𝑋) = 1 and the corresponding contribution does not depend

on 𝑋: it equals Γ𝐺
𝑃
(𝐻, 0, 𝜉). The conclusion is then clear since it is known (cf. [2] Lemma 2.1)

that if 𝐻 ∈ 𝑎𝐺
𝑃,R and Γ𝐺

𝑃
(𝐻, 0, 𝜉) ≠ 0, then 𝐻 belongs to a compact set depending only on 𝜉.

For a term with 𝑅 ⊊ 𝑃, we argue by induction. Let 𝐻 be such that

(2.15.2) Γ̃𝑅𝑃 (𝐻, 𝑋)
∑︁

𝑅⊂𝑆⊂𝐺
𝜏𝑆𝑅 (𝐻)𝜏

𝐺
𝑆 (𝐻 − 𝜉) ≠ 0.

In particular, Γ̃𝑅
𝑃
(𝐻, 𝑋) ≠ 0, so that for every 𝛼 ∈ Δ𝑅

𝑃
we have |⟨𝛼, 𝐻⟩| ≤ |⟨𝛼, 𝑋⟩|. It remains

to bound |⟨𝛼, 𝐻⟩| for 𝛼 ∈ Δ𝑃 − Δ𝑅
𝑃
. Write 𝐻 = 𝐻𝑅 + 𝐻𝑅 according to the decomposition

𝑎𝐺
𝑃
= 𝑎𝐺

𝑅
⊕ 𝑎𝑅

𝑃
. Then for every 𝛼 ∈ Δ𝑅

𝑃
,

(2.15.3) |⟨𝛼, 𝐻𝑅⟩| = |⟨𝛼, 𝐻⟩| ≤ |⟨𝛼, 𝑋⟩|.
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Define
𝑙 (𝐻𝑅) =

∑︁
𝛼∈Δ𝑃−Δ𝑅

𝑃

⟨𝛼, 𝐻𝑅⟩𝜋𝛼 ∈ 𝑎𝐺𝑅 ,

where (𝜋𝛼)𝛼∈Δ𝑃−Δ𝑅
𝑃

is the basis of 𝑎𝐺
𝑅

dual to the basis obtained by projecting Δ𝑃 − Δ𝑅
𝑃

onto
𝑎
𝐺,∗
𝑅

. Then for every 𝛼 ∈ Δ𝑃 − Δ𝑅
𝑃
, we have

(2.15.4) ⟨𝛼, 𝑙 (𝐻𝑅)⟩ = ⟨𝛼, 𝐻𝑅⟩,
and hence the equality

𝜏𝑆𝑅 (𝐻) = 𝜏
𝑆
𝑅 (𝐻𝑅 + 𝑙 (𝐻

𝑅)).
Taking this equality into account, we see that condition (2.15.2) becomes

Γ̃𝑅𝑃 (𝐻𝑅, 𝑋) · Γ𝐺𝑅 (𝐻𝑅,−𝑙 (𝐻
𝑅), 𝜉) ≠ 0.

By the induction hypothesis on Γ𝐺
𝑅

, there exists 𝐶 > 0 such that for every 𝐻 satisfying the
previous condition and for every 𝛼 ∈ Δ𝑃 − Δ𝑅

𝑃
, we have

|⟨𝛼, 𝐻⟩| = |⟨𝛼, 𝐻𝑅⟩| ≤ 𝐶
(︂
1 +

∑︁
𝛽∈Δ𝑃−Δ𝑅

𝑃

|⟨𝛽, 𝑙 (𝐻𝑅)⟩|
)︂
.

To conclude, note from (2.15.4) that |⟨𝛽, 𝑙 (𝐻𝑅)⟩| = |⟨𝛽, 𝐻𝑅⟩|, which can be bounded up to a
constant by

∑︁
𝛾∈Δ𝑅

𝑃
|⟨𝛾, 𝐻𝑅⟩|, and then by

∑︁
𝛾∈Δ𝑅

𝑃
|⟨𝛾, 𝑋⟩|, by (2.15.3). □

2.16. Dual Triplets.— The following definition will be convenient in what follows.
Definition 2.16.1. — Let 𝑀 ∈ L. A dual triplet for 𝑀 is a triplet (𝔑, 𝑏, 𝑏′) consisting of a
finite subset 𝔑 of 2𝜋𝑖

log(𝑞)Z(Δ𝑃), where 𝑃 is an arbitrary element of P(𝑀), and integers 𝑏 and
𝑏′ ≥ 1 satisfying the following two conditions:

1. For every 𝑃 ∈ P(𝑀) and every parabolic subgroup 𝑅 containing 𝑃, one has

(2.16.1) Z(Δ̂∨
𝑃) ⊂ Z(Δ̂𝑅,∨

𝑃
) ⊕ 1

𝑏
Z(Δ∨

𝑅) ⊂
1
𝑏′
Z(Δ̂∨

𝑃);

2. For every 𝑃 ∈ P(𝑀), the set 𝔑 is a system of representatives for the quotient
2𝜋𝑖

log(𝑞)Z(Δ𝑃)/
2𝜋𝑖𝑏′

log(𝑞)Z(Δ𝑃).

Remark 2.16.2. — Such triplets exist. The respective projections onto 𝑎𝑅
𝑃

of Δ̂∨
𝑃
− Δ̂∨

𝑅
and Δ̂∨

𝑅

are the sets Δ̂
𝑅,∨
𝑃

and {0}. Since all the projections are « defined over Q », the existence of 𝑏
and 𝑏′ in (2.16.1) is then clear. Finally, condition 2 causes no problem, since the lattice Z(Δ𝑃)
depends only on 𝑀 .

Every dual triplet (𝔑, 𝑏, 𝑏′) satisfies the following property: for every 𝑃 ∈ P(𝑀) and every
𝐻 ∈ 1

𝑏′Z(Δ̂
∨
𝑃
), one has

(2.16.2)
1
|𝔑|

∑︁
𝜈∈𝔑

𝑞−⟨𝜈,𝐻⟩ =

{︄
1 if 𝐻 ∈ Z(Δ̂∨

𝑃
),

0 otherwise.

2.17. A Variant of the Construction of section 2.6.— Let 𝑀 ∈ L and (𝔑, 𝑏, 𝑏′) be a dual
triplet for 𝑀 . Let 𝑃 ∈ P(𝑀) and let 𝜑 be a function on 𝑎∗

𝑃
. For every 𝜆 ∈ 𝑎∗

𝑃
, set

(2.17.1) 𝑐
𝐺,𝜉

𝑃,𝔑
(𝜑, 𝜆) = 1

|𝔑|
∑︁
𝜈∈𝔑

∑︁
{𝑅 |𝑃⊂𝑅⊂𝐺}

(−1)dim(𝑎𝐺
𝑅
) 𝜗̂𝑅𝑃 (𝜆 + 𝜈)𝜑𝑅 (𝜆 + 𝜈)𝜗

𝐺,𝑏𝜉

𝑅
((𝜆 + 𝜈)/𝑏).

This construction truly depends on the triplet (𝔑, 𝑏, 𝑏′), but to avoid further notational clutter
we omit the dependence on 𝑏 and 𝑏′.
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Lemma 2.17.1. — Let 𝑋 ∈ Z(Δ̂∨
𝑃
) and define 𝑋′ = 𝑋 −∑︁

𝛼∈Δ𝑃
𝜛∨
𝛼 .

1. The Fourier series ∑︁
𝐻∈Z(Δ̂∨

𝑃
)

Γ𝐺𝑃 (𝐻, 𝑋
′, 𝜉)𝑞−⟨𝜆,𝐻⟩

is a Laurent polynomial in the variables 𝑞−⟨𝜆,𝜛∨
𝛼⟩ for 𝛼 ∈ Δ𝑃. In particular, it is holomor-

phic on 𝑎∗
𝑃
.

2. This series equals 𝑐𝐺,𝜉
𝑃,𝔑

(𝜑, 𝜆) for the function 𝜑(𝜆) = 𝑞−⟨𝜆,𝑋⟩ and for any dual triplet
(𝔑, 𝑏, 𝑏′) for 𝑀 .

Proof. — Assertion 1 follows immediately from the compactness of the support of the function
𝐻 ∈ 𝑎𝐺

𝑃
↦→ Γ𝐺

𝑃
(𝐻, 𝑋′, 𝜉) (cf. Lemma 2.15.1). Assertion 2 is a calculation analogous to that

in Lemma 2.2 p.15 of [2]. For the convenience of the reader, we provide some details. Let
(𝔑, 𝑏, 𝑏′) be a dual triplet for 𝑀 . The function 𝑐𝐺,𝜉

𝑃,𝔑
(𝜑, 𝜆) is at least meromorphic. To show that

it coincides with the Fourier series of Γ𝐺
𝑃
(𝐻, 𝑋′, 𝜉) on 𝑎∗

𝑃
, it suffices to verify this on the open

set defined by Re(𝜆𝐺) ∈ (𝑎𝐺,∗
𝑃

)+. On this domain, one can compute the Fourier series term-by-
term according to the definition (2.15.1). Thus, one must compute, for Re(𝜆𝐺) ∈ (𝑎𝐺,∗

𝑃
)+ and

𝑅 ∈ F (𝑃), the Fourier series of the expression

(2.17.2) (−1)dim(𝑎𝐺
𝑅
)𝜏𝑅𝑃 (𝐻 − 𝑋′)𝜏𝐺𝑅 (𝐻 − 𝜉).

Let 𝔑 be a dual set of Z(Δ∨
𝑃
). By the inclusion (2.16.1) and equation (2.16.2) from Remark

2.16.2, the Fourier series of (2.17.2) can be written as
1
|𝔑|

∑︁
𝜈∈𝔑

∑︁
𝐻∈Z(Δ̂𝑅,∨

𝑃
)⊕ 1

𝑏
Z(Δ∨

𝑅
)

(−1)dim(𝑎𝐺
𝑅
)𝜏𝑅𝑃 (𝐻 − 𝑋′)𝜏𝐺𝑅 (𝐻 − 𝜉)𝑞−⟨𝜆+𝜈,𝐻⟩ .

The inner series is then a product of geometric series that converge for 𝜆 ∈ 𝑎+
𝑃

and whose
sum can be easily computed: one thus finds

1
|𝔑|

∑︁
𝜈∈𝔑

(−1)dim(𝑎𝐺
𝑅
)
∏︂
𝛼∈Δ𝑅

𝑃

𝑞−⟨𝛼,𝑋⟩⟨𝜆+𝜈,𝜛
∨
𝛼⟩

1 − 𝑞−⟨𝜆+𝜈,𝜛∨
𝛼⟩

∏︂
𝛼∈Δ𝐺

𝑅

𝑞−[⟨𝜛𝛼,𝑏𝜉⟩]⟨(𝜆+𝜈)/𝑏,𝛼∨⟩

1 − 𝑞−⟨(𝜆+𝜈)/𝑏,𝛼∨⟩
.

Observing that ∏︂
𝛼∈Δ𝑅

𝑃

𝑞−⟨𝛼,𝑋⟩⟨𝜆+𝜈,𝜛
∨
𝛼⟩ = 𝑞−⟨(𝜆+𝜈)

𝑅 ,𝑋⟩,

one obtains
1
|𝔑|

∑︁
𝜈∈𝔑

(−1)dim(𝑎𝐺
𝑅
) 𝜗̂𝑅𝑃 (𝜆 + 𝜈)𝑞−⟨(𝜆+𝜈)

𝑅 ,𝑋⟩𝜗𝐺,𝑏𝜉
𝑅

((𝜆 + 𝜈)/𝑏),

which concludes the proof. □

The following theorem is a variant of Theorem 2.6.4.
Theorem 2.17.2. — Let (𝜑𝛼)𝛼∈Δ𝑃

be a family of meromorphic functions on the open disk

{𝑧 ∈ C | |𝑧 | < 𝑞𝑟}
with 𝑟 > 0, holomorphic away from the origin 𝑧 = 0, and define

(2.17.3) 𝜑(𝜆) =
∏︂
𝛼∈Δ𝑃

𝜑𝛼 (𝑞−⟨𝜆,𝜛
∨
𝛼⟩).

Let 𝑃 be a parabolic subgroup of 𝐺. Then the function 𝑐𝐺,𝜉
𝑃,𝔑

(𝜑, 𝜆) does not depend on the
choice of the dual triplet for 𝑀𝑃 used in its definition. Moreover, this function is holomorphic
for those 𝜆 such that Re(⟨𝜆, 𝜛∨

𝛼 ⟩) > −𝑟 for every 𝛼 ∈ Δ𝑃.
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Remark 2.17.3. — For a function 𝜑 as in the above theorem we define

(2.17.4) 𝑐
𝐺,𝜉

𝑃
(𝜑, 𝜆) = 𝑐𝐺,𝜉

𝑃,𝔑
(𝜑, 𝜆)

for an arbitrary dual triplet (𝔑, 𝑏, 𝑏′) for 𝑀𝑃, since the right-hand side does not depend on this
choice.
Proof. — Let 𝑃 be a parabolic subgroup of 𝐺 and (𝔑, 𝑏, 𝑏′) a dual triplet for 𝑀𝑃. For every
𝜀 > 0, let Ω𝜀 be the open neighborhood of 𝑖𝑎∗

𝑃,R defined by the condition that | Re(⟨𝜆, 𝜛∨
𝛼 ⟩) | < 𝜀

for all 𝛼 ∈ Δ𝑃. The function 𝜑(𝜆) is holomorphic on the open set defined by Re(⟨𝜆, 𝜛∨
𝛼 ⟩) > −𝑟 .

Thus 𝑐𝐺,𝜉
𝑃,𝔑

(𝜑, 𝜆) is meromorphic on this open set. Moreover, its possible singularities are simple
and lie on hyperplanes that intersect 𝑖𝑎∗

𝑃,R. By using Lemma 2.11.2, one sees that to obtain the
holomorphy of 𝑐𝐺,𝜉

𝑃,𝔑
(𝜑, 𝜆), it suffices to prove it on some open set Ω𝜀 for 𝜀 > 0.

Introduce the Laurent series expansion of 𝜑𝛼

𝜑𝛼 (𝑧) =
∑︁
𝑛∈Z

𝜑̂𝛼 (𝑛)𝑧𝑛,

where 𝜑̂𝛼 (𝑛) = 0 for 𝑛 sufficiently negative. Hence,

𝜑(𝜆) =
∑︁

𝑋∈Z(Δ̂∨
𝑃
)

𝜑̂(𝑋)𝑞−⟨𝜆,𝑋⟩,

where for every family (𝑘𝛼)𝛼∈Δ𝑃
∈ ZΔ𝑃 ,

𝜑̂

(︂∑︁
𝛼∈Δ

𝑘𝛼𝜛
∨
𝛼

)︂
=

∏︂
𝛼∈Δ𝑃

𝜑̂𝛼 (𝑘𝛼).

Consequently, we have

𝑐
𝐺,𝜉

𝑃,𝔑
(𝜑, 𝜆) =

∑︁
𝑋∈Z(Δ̂∨

𝑃
)

𝜑̂(𝑋) · 𝑐𝐺,𝜉
𝑃,𝔑

(︁
𝑞−⟨𝜆,𝑋⟩, 𝜆

)︁
.

By Lemma 2.17.1, the function 𝑐𝐺,𝜉
𝑃,𝔑

(︁
𝑞−⟨𝜆,𝑋⟩, 𝜆

)︁
does not depend on the choice of the dual triplet

(𝔑, 𝑏, 𝑏′). Hence, the same holds for 𝑐𝐺,𝜉
𝑃,𝔑

(𝜑, 𝜆). Furthermore, 𝑐𝐺,𝜉
𝑃,𝔑

(︁
𝑞−⟨𝜆,𝑋⟩, 𝜆

)︁
is holomorphic

on 𝑎∗
𝑃
. To prove the holomorphy of 𝑐𝐺,𝜉

𝑃,𝔑
(𝜑, 𝜆) onΩ𝜀, it suffices to prove that this series converges

uniformly on that open set. Again by Lemma 2.17.1, for every 𝑋 ∈ Z(Δ̂∨
𝑃
) we have, with the

notation of that lemma, for all 𝜆 ∈ Ω𝜀,

𝑐
𝐺,𝜉

𝑃,𝔑

(︁
𝑞−⟨𝜆,𝑋⟩, 𝜆

)︁
=

∑︁
𝐻∈Z(Δ̂∨

𝑃
)

Γ𝐺𝑃 (𝐻, 𝑋
′, 𝜉)𝑞−⟨𝜆,𝐻⟩ .

Using Lemma 2.15.1, one sees that there exist constants 𝑐1 > 0 and 𝑐2 > 0 such that for all 𝑋
and 𝐻 for which Γ𝐺

𝑃
(𝐻, 𝑋′, 𝜉) ≠ 0 and for all 𝜆 ∈ Ω𝜀, one has

|𝑞−⟨𝜆,𝐻⟩ | ≤ 𝑞
∑︁

𝛼∈Δ𝑃 | Re(⟨𝜆,𝜛∨
𝛼⟩) |·|⟨𝛼,𝐻⟩|

≤ 𝑐1
∏︂
𝛼∈Δ𝑃

𝑞𝜀𝑐2 |Δ𝑃 |·|⟨𝛼,𝑋⟩| .

Lemma 2.15.1 also implies that there is a polynomial in |Δ𝑃 | variables with positive real
coefficients such that the number of 𝐻 ∈ Z(Δ̂∨

𝑃
) satisfying Γ𝐺

𝑃
(𝐻, 𝑋′, 𝜉) ≠ 0 is bounded by

𝐴𝑋 = 𝑝

(︂
( |⟨𝛼, 𝑋⟩|)𝛼∈Δ𝑃

)︂
.
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Thus, the uniform convergence follows if the series∑︁
𝑋∈Z(Δ̂∨

𝑃
)

|𝜑̂(𝑋) |𝐴𝑋𝑞𝜀𝑐2 |Δ𝑃 |·|⟨𝛼,𝑋⟩|

converges. It suffices to treat the case where the polynomial 𝑝 is a monomial. Then one is
reduced to showing that for every 𝑘 ∈ N, the series∑︁

𝑛∈Z
|𝜑̂𝛼 (𝑛) | |𝑛|𝑘 (𝑞𝜀𝑐2 |Δ𝑃 |) |𝑛|

converges, which holds provided that 𝜀𝑐2 |Δ𝑃 | < 𝑟. □

2.18. The Periodic (𝐺, 𝑀)-Cofamilies.— We now introduce the following definition, which is
a variant of Definition 2.10.1.
Definition 2.18.1. — Let 𝑀 be a Levi subgroup of 𝐺 and let Ω be an open neighborhood of
𝑖𝑎∗
𝑀,R that is invariant under the action of the lattice 2𝜋𝑖

log(𝑞)Z(Δ𝑃) where 𝑃 is any element of
P(𝑀).

A (𝐺, 𝑀)-cofamily (𝜑𝑃)𝑃∈P(𝑀) on Ω is said to be periodic if each function 𝜑𝑃 is invariant
under the lattice 2𝜋𝑖

log(𝑞)Z(Δ𝑃).
The following is the counterpart of Lemma 2.11.1.

Lemma 2.18.2. — Let (𝜑𝑃)𝑃∈P(𝑀) be a periodic (𝐺, 𝑀)-cofamily on Ω. Then the function

𝜑𝑀 (𝜆) =
∑︁

𝑃∈P(𝑀)
𝜗̂𝐺𝑃 (𝜆)𝜑𝑃 (𝜆)

is periodic and holomorphic on Ω.
Proof. — Periodicity is clear. As for holomorphy in a neighborhood of 𝜇 ∈ Ω, it follows from
Lemma 2.11.1 applied to the (𝐺, 𝑀)-cofamily in a neighborhood of 𝜆 = 0 defined by

(2.18.1)

[︄ ∏︂
𝛼∈Δ𝑃

⟨𝜆, 𝜛∨
𝛼 ⟩

1 − 𝑞−⟨𝜆+𝜇,𝜛∨
𝛼⟩

]︄
𝜑𝑃 (𝜆 + 𝜇).

One must check that this indeed forms a (𝐺, 𝑀)-cofamily. Let 𝑃1 and 𝑃2 be two coadjacent
elements of P(𝑀) and let 𝜛∨ ∈ Δ∨

𝑃1
∩ (−Δ∨

𝑃2
) given by Lemma 2.9.3. One needs to verify that

the expressions (2.18.1) for 𝑃 = 𝑃1 and 𝑃 = 𝑃2 are equal on the hyperplane ⟨𝜆, 𝜛∨⟩ = 0. If
⟨𝜇, 𝜛∨⟩ ≠ 0, both vanish on this hyperplane. If ⟨𝜇, 𝜛∨⟩ = 0, then 𝜑𝑃1 (𝜆 + 𝜇) = 𝜑𝑃2 (𝜆 + 𝜇)
on the hyperplane ⟨𝜆, 𝜛∨⟩ = 0, since (𝜑𝑃)𝑃∈P(𝑀) is a (𝐺, 𝑀)-cofamily. By Lemma 2.9.3,
the product of the factors corresponding to any coweight distinct from ±𝜛∨ are equal on this
hyperplane. It remains only to verify the equality of the factors corresponding to ±𝜛∨: both are
equal to (log(𝑞))−1. □

2.19. The Main Theorem for Periodic (𝐺, 𝑀)-Cofamilies.— The following theorem is the
analogue of Theorem 2.12.1.
Theorem 2.19.1. — Let (𝜑𝑃)𝑃∈P(𝑀) be a periodic (𝐺, 𝑀)-cofamily such that each 𝜑𝑃 satisfies
the hypotheses of Theorem 2.17.2 (in particular, 𝜑𝑃 is of the form (2.17.3)). For every 𝜉 in
general position, we have the following equality of functions holomorphic in a neighborhood of
𝑖𝑎∗
𝑀

:

𝜑𝑀 (𝜆) =
∑︁

𝑃∈P(𝑀)
𝑐
𝐺,𝜉

𝑃
(𝜑𝑃, 𝜆).
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Proof. — The proof is similar to that of Theorem 2.12.1. To carry out the proof, fix a dual
triplet (𝔑, 𝑏, 𝑏′) for 𝑀 . According to (2.17.4) and Definition (2.17.1), the right-hand side can
be written as∑︁

𝑃∈P(𝑀)

1
|𝔑|

∑︁
𝜈∈𝔑

∑︁
{𝑅 |𝑃⊂𝑅⊂𝐺}

(−1)dim(𝑎𝐺
𝑅
) 𝜗̂𝑅𝑃 (𝜆 + 𝜈)𝜑𝑅𝑃 (𝜆 + 𝜈)𝜗

𝐺,𝑏𝜉

𝑅
((𝜆 + 𝜈)/𝑏).

Interchanging the sums yields
1
|𝔑|

∑︁
𝜈∈𝔑

∑︁
𝑅∈F𝐺 (𝑀)

(−1)dim(𝑎𝐺
𝑅
)𝜗𝐺,𝑏𝜉
𝑅

((𝜆 + 𝜈)/𝑏)
∑︁

𝑃∈P𝑅 (𝑀)
𝜗̂𝑅𝑃 (𝜆 + 𝜈)𝜑𝑅𝑃 (𝜆 + 𝜈).

By a variant of Lemma 2.11.3, the inner sum depends only on 𝑀𝑅; denote it by

𝜑
𝑀𝑅

𝑀
((𝜆 + 𝜈)𝑀𝑅 ).

With this observation and by another interchange of sums, the previous expression becomes
1
|𝔑|

∑︁
𝜈∈𝔑

∑︁
𝐿∈L𝐺 (𝑀)

(−1)dim(𝑎𝐺
𝐿
)𝜑𝐿𝑀 ((𝜆 + 𝜈)𝐿)

∑︁
𝑅∈P(𝐿)

𝜗
𝐺,𝑏𝜉

𝑅
((𝜆 + 𝜈)/𝑏).

Lemma 2.14.2 indicates that for 𝜉 in general position, the inner sum is zero unless 𝐿 = 𝐺, in
which case it equals 1. The preceding expression then simplifies to

1
|𝔑|

∑︁
𝜈∈𝔑

𝜑𝑀 (𝜆 + 𝜈).

Since 𝜑𝑀 is invariant under the lattice 2𝜋𝑖
log(𝑞)Z(Δ𝑃) which contains 𝔑, we obtain 𝜑𝑀 (𝜆) as

desired. □

3. A Series Calculation

3.1. Adèles and Measures.— Let 𝐶 be a smooth, projective, geometrically connected curve
whose field of constants is a finite field F𝑞 of cardinality 𝑞. Let 𝑔𝐶 be its genus, 𝐹 its function
field, A the adele ring of 𝐹, and O ⊂ A the open, compact, and maximal subring of A with these
properties. Let 𝐷 be a divisor on 𝐶, which we write in formal sum form

𝐷 =
∑︁
𝑐∈|𝐹 |

𝑛𝑐 [𝑐],

with integer coefficients 𝑛𝑐, almost all of which are zero, indexed by the set |𝐹 | of places of 𝐹.
Its degree is defined by

deg(𝐷) =
∑︁
𝑐∈|𝐹 |

𝑛𝑐 deg(𝑐),

where the degree of 𝑐 is defined as the degree over F𝑞 of the residue field of the completion 𝐹𝑐
of 𝐹 at 𝑐. For every 𝑐 ∈ |𝐹 |, let 𝜛𝑐 be a uniformizer of the completion 𝐹𝑐. Define

𝜛𝐷 =
∏︂
𝑐∈|𝐹 |

𝜛−𝑛𝑐
𝑐 ∈ A×.

There is a surjective degree morphism
deg : A× → Z,

normalized so that deg(O×) = 0 and deg(𝜛𝑐) = deg(𝑐) for every 𝑐 ∈ |𝐹 |. One has deg(𝐹×) = 0.
We use on the group A× of idèles of 𝐹 the absolute value

| · | = 𝑞− deg(·) .
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Let 𝑛 ≥ 1 be an integer and set 𝐺 = 𝐺𝐿 (𝑛) over the finite field F𝑞. Let 𝔤 denote its Lie
algebra; more generally, the Lie algebras of the algebraic groups we consider are denoted by the
corresponding gothic letter. In this section we freely use the notations of Section 2 for the group
𝐺 and its maximal torus formed by the diagonal matrices.

Let 1𝐷 be the function on 𝔤(A) which is the characteristic function of 𝜛𝐷𝔤(O). The
O-module 𝜛𝐷𝔤(O) does not depend on the choices of the uniformizers 𝜛𝑐.

The composition of the determinant with the degree morphism provides a surjective degree
morphism

deg : 𝐺 (A) → Z.

For every 𝑒 ∈ Z, we denote by 𝐺 (A)𝑒 the fiber of this morphism over 𝑒.
We fix on𝐺 (A) the left Haar measure normalized so that vol(𝐺 (O)) = 1. The Haar measure

on 𝔤(A) is normalized so that vol(𝔤(𝐹)\𝔤(A)) = 1. The same normalizations are used for the
subgroups of 𝐺. These measure conventions yield the following lemma, whose proof is left to
the reader.
Lemma 3.1.1. — Let 𝑁 be the unipotent radical of a parabolic subgroup of 𝐺 and 𝔫 its Lie
algebra. Then,

vol(𝑁 (𝐹)\𝑁 (A)) = 𝑞dim(𝑁) (𝑔𝐶−1) ,

and ∫
𝔫(A)

1𝐷 (𝑈) 𝑑𝑈 = 𝑞dim(𝔫) (1−𝑔𝐶+deg(𝐷)) .

For 𝑠 ∈ C, let 𝜁 (𝑠) denote the zeta function of the curve 𝐶. It is a rational function in 𝑞−𝑠
which agrees on the half-plane Re(𝑠) > 1 with the convergent series in 𝑞−𝑠∫

A×∩O
|𝑥 |𝑠 𝑑𝑥,

where the Haar measure on A× is normalized according to our conventions: vol(O×) = 1.

3.2. Choice of a « Block-Regular » Nilpotent Element.— Let (𝑒𝑖)1≤𝑖≤𝑛 be the canonical basis
of F𝑛𝑞. Let 𝑑 ≥ 1 be an integer dividing 𝑛, and let 𝑟 = 𝑛/𝑑 be the quotient. For 1 ≤ 𝑗 ≤ 𝑟, let 𝑉 𝑗
be the 𝑑-dimensional subspace generated by {𝑒( 𝑗−1)𝑑+1, . . . , 𝑒 𝑗 𝑑}. Thus we have a direct sum
decomposition

F𝑛𝑞 = 𝑉1 ⊕ . . . ⊕ 𝑉𝑟 .

Let 𝑃0 be the stabilizer of the flag

𝑉1 ⊂ 𝑉1 ⊕ 𝑉2 ⊂ . . . ⊂ 𝑉1 ⊕ . . . ⊕ 𝑉𝑟 .

This is a parabolic subgroup of 𝐺 whose Levi factor 𝑀0 = 𝑀𝑃0 (see § 2.2) is identified with
𝐺𝐿 (𝑉1) × · · · × 𝐺𝐿 (𝑉𝑟). Let

𝑋 = 𝑋𝐺 ∈ 𝔫𝑃0 (F𝑞)

be the nilpotent endomorphism of F𝑛𝑞 defined by

𝑋𝐺 (𝑒 𝑗 𝑑+𝑖) = 𝑒( 𝑗−1)𝑑+𝑖

for 2 ≤ 𝑗 ≤ 𝑟 and 1 ≤ 𝑖 ≤ 𝑑, and with 𝑋𝐺 being zero on 𝑉1. The orbit of 𝑋 is said to be
« block-regular ». When 𝑑 = 𝑛, one obtains the zero orbit, and when 𝑑 = 1, one obtains the
usual regular orbit. In general, the orbit obtained is that of a nilpotent element whose Jordan
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decomposition has 𝑑 blocks of size 𝑟. In the canonical basis of F𝑛𝑞, one has

(3.2.1) 𝑋𝐺 =

©­­­­­«
0 𝐼 0 0 0

0 𝐼 0 0
0 . . . 0

0 𝐼

0

ª®®®®®¬
.

Let 𝑃 be a parabolic subgroup of 𝐺 containing 𝑃0. Since 𝑋𝐺 ∈ 𝔭(F𝑞), it decomposes as
𝑋𝐺 = 𝑋𝑃 + 𝑋𝑃, with 𝑋𝑃 ∈ 𝔪𝑃 (F𝑞) and 𝑋𝑃 ∈ 𝔫𝑃 (F𝑞). In each 𝐺𝐿 block of 𝑀𝑃, the matrix of
𝑋𝑃 is of the form (3.2.1). In particular, one has 𝑋𝑃0 = 0 when 𝑃 = 𝑃0.

Let 𝑀𝑋𝑃 be the centralizer of 𝑋𝑃 in 𝑀𝑃. The centralizer of 𝑋𝐺 in 𝐺 is the subgroup of
𝐺𝐿 (𝑛) consisting of matrices of the form

(3.2.2)

©­­­­­­«

𝐴1 𝐴2 𝐴3 𝐴𝑟

𝐴1 𝐴2
. . .

𝐴1
. . . 𝐴3
𝐴1 𝐴2

𝐴1

ª®®®®®®¬
,

where 𝐴𝑖 is a square matrix of size 𝑑, with 𝐴1 invertible. There is a similar description for 𝑀𝑋𝑃

in each 𝐺𝐿 block of 𝑀 . Notice that we have 𝐺𝑋𝐺 ⊂ 𝑃0 and 𝑀𝑋𝑃𝑁𝑃 ⊂ 𝑃0. The group 𝐺𝑋 has
unipotent radical 𝑁0 ∩𝐺𝑋 and Levi factor 𝑀0 ∩𝐺𝑋 (this latter group is isomorphic to 𝐺𝐿 (𝑑)).

3.3. The Map 𝐻0 and Coweight Lattices.— We continue with the notations of the previous
paragraph. For every semi-standard parabolic subgroup 𝑃 of 𝐺, the space 𝑎𝑃,R, which is by
definition HomR(𝑎∗𝑃,R,R) (see § 2.2), is also identified with HomZ(𝑋∗(𝑃),R), where 𝑋∗(𝑃) is
the group of algebraic characters of 𝑃. In this space, we distinguish the lattice

𝔞𝑃 = HomZ(𝑋∗(𝑃),Z).
There is a surjective morphism (trivial on 𝑁𝑃 (A))

𝐻𝑃 : 𝑃(A) → 𝔞𝑃,

given for every 𝑝 ∈ 𝑃(A) and every 𝜒 ∈ 𝑋∗(𝑃) by ⟨𝜒, 𝐻𝑃 (𝑝)⟩ = − deg(𝜒(𝑝)). The Iwasawa
decomposition 𝐺 (A) = 𝑃(A)𝐺 (O) allows one to extend 𝐻𝑃 to a map

𝐻𝑃 : 𝐺 (A) → 𝔞𝑃

such that for all 𝑝 ∈ 𝑃(A) and 𝑘 ∈ 𝐺 (O) one has 𝐻𝑃 (𝑝𝑘) = 𝐻𝑃 (𝑝). We also use the map

𝐻𝐺𝑃 : 𝐺 (A) → 𝑎𝐺𝑃,R,

obtained by composing 𝐻𝑃 with the projection from 𝑎𝑃,R onto 𝑎𝐺
𝑃,R according to the decompo-

sition 𝑎𝑃,R = 𝑎𝐺
𝑃,R ⊕ 𝑎𝐺,R.

These notations in particular apply to the parabolic subgroup 𝑃0 from the previous paragraph.
By abuse of notation, we sometimes denote 𝐻0 and 𝐻𝐺0 the maps 𝐻𝑃0 and 𝐻𝐺

𝑃0
. Note that if

𝑃′0 ∈ P(𝑀0) is distinct from 𝑃0, then the maps 𝐻𝑃0 and 𝐻𝑃′
0

are not equal; however, they have
the same image, namely

𝔞𝑀0 = Hom(𝑋∗(𝑀0),Z) = 𝔞𝑃0 .

By taking as a basis for 𝑋∗(𝑀0) the characters given by the determinant of the 𝐺𝐿 blocks
of 𝑀0, one identifies 𝑋∗(𝑀0) with Z𝑟 . Similarly, one identifies 𝑋∗(𝑇) with Z𝑛. Dual to the
restriction morphism 𝑋∗(𝑀0) → 𝑋∗(𝑇), there is a surjective morphism 𝔞𝑇 → 𝔞𝑀0 , which, upon
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scalar extension to R, recovers the projection 𝑎𝑇,R → 𝑎𝑀0,R (see § 2.2). As in § 2.2, we identify
𝑎𝑀0,R with a subspace of 𝑎𝑇,R; this identification is given concretely by the map

(𝑥1, . . . , 𝑥𝑟) ↦→
1
𝑑
(𝑥1, . . . , 𝑥1, 𝑥2, . . . , 𝑥2, . . . , 𝑥𝑟 , . . . , 𝑥𝑟),

where each entry is repeated 𝑑 times. The orthogonal projection 𝑎𝑇,R → 𝑎𝑀0,R is the projection
onto the subspace 𝑎𝑀0,R when 𝑎𝑇,R is identified with R𝑛 with the canonical inner product.

For 1 ≤ 𝑖 ≤ 𝑟−1, let 𝛼𝑖 ∈ Δ0 = Δ𝑃0 be the root obtained by restricting the root (𝑡1, . . . , 𝑡𝑛) ↦→
𝑡𝑖𝑑𝑡

−1
𝑖𝑑+1 of the torus 𝑇 . Then,

Δ̂∨
0 = {𝜛∨

1 , . . . , 𝜛
∨
𝑟−1},

where ⟨𝛼 𝑗 , 𝜛∨
𝑖
⟩ = 𝛿𝑖, 𝑗 .

The hyperplane 𝑎𝐺
𝑇,R in 𝑎𝑇,R is the set of points whose coordinates sum to zero. The

orthogonal projection onto 𝑎𝐺
𝑇,R of the lattice 𝔞𝑀0 (viewed as a subgroup of 𝑎𝑇,R) is the group

1
𝑑
Z(Δ̂∨

0 ).
Let 𝑒 ∈ Z and set 𝑀0(A)𝑒 = 𝑀0(A) ∩ 𝐺 (A)𝑒. Under the identification of 𝔞𝑀0 with Z𝑟 , the

set 𝐻0(𝑀0(A)𝑒) is identified with the elements of Z𝑟 whose coordinates sum to −𝑒. The set
𝐻𝐺0 (𝑀0(A)𝑒), that is, the projection of 𝐻0(𝑀0(A)𝑒) onto 𝑎𝐺

𝑇,R, is identified with the subset of
1
𝑑
Z(Δ̂∨

0 ) consisting of the elements

𝐻 =
1
𝑑

𝑟−1∑︁
𝑗=1

𝑛 𝑗𝜛
∨
𝑗

satisfying
𝑟−1∑︁
𝑗=1

𝑗𝑛 𝑗 ≡ −𝑒 mod 𝑟.

Let𝑊0 denote the Weyl group of 𝑀0. It is the quotient of the normalizer of 𝑀0 in the Weyl
group of (𝐺,𝑇) by the Weyl group of (𝑀0, 𝑇). This group is identified with the permutation
group on the set {1, . . . , 𝑟}. This group acts on 𝑀0 and therefore on the space 𝑎∗

𝑀0
via its natural

action on F𝑛𝑞, which permutes the subspaces 𝑉𝑖. Likewise, it acts simply transitively on P(𝑀0).
Let (𝜛1, . . . , 𝜛𝑟−1) be the basis of 𝑎𝐺,R

𝑀0
dual to Δ∨

0 . One observes that for every 𝑤 ∈ 𝑊0 and
every 𝑖 ∈ {1, . . . , 𝑟 − 1}, one has 𝑤 · 𝜛𝑖 − 𝜛𝑖 ∈ 𝑑Z(Δ0) and in particular, for the element 𝛾
defined below,

(3.3.1) 𝑤 · 𝛾 − 𝛾 ∈ 2𝜋𝑖
log 𝑞

Z(Δ0).

Lemma 3.3.1. — Let

(3.3.2) 𝛾 =
2𝜋𝑖
𝑟 log 𝑞

𝑟−1∑︁
𝑗=1

𝑗𝛼 𝑗 =
2𝜋𝑖
𝑑 log 𝑞

𝜛𝑟−1.

For every 𝐻 ∈ 1
𝑑
Z(Δ̂∨

𝑃0
), one has

(3.3.3)
1
𝑟

𝑟−1∑︁
𝑘=0

exp(−2𝜋𝑖𝑘𝑒/𝑟)𝑞−𝑘𝑑⟨𝛾,𝐻⟩ =
{︄

1 if 𝐻 ∈ 𝐻𝐺0 (𝑀0(A)𝑒),
0 otherwise.

3.4. Zeta Functions 𝑍𝑑,𝐷 and 𝑍̃𝑑,𝐷 .— For every 𝑠 ∈ C, define

𝑍𝑑,𝐷 (𝑠) =
∫
𝐺𝐿 (𝑑,A)

1𝐷 (𝑋) | det(𝑋) |𝑠 𝑑𝑋 =
∑︁
𝑒∈Z

∫
𝐺𝐿 (𝑑,A)𝑒

1𝐷 (𝑋) 𝑑𝑋 𝑞−𝑒𝑠,
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and
𝑍̃𝑑,𝐷 (𝑠) = 𝑞𝑠𝑑 deg(𝐷) (1 − 𝑞−𝑠)𝑞𝑑2 (𝑔𝐶−1)𝜁 (𝑠 + 1)𝜁 (𝑠 + 2) · · · 𝜁 (𝑠 + 𝑑).

The first expression is a Laurent series in 𝑞−𝑠, while the second is a rational function in 𝑞−𝑠.
Lemma 3.4.1. — 1. The series defining 𝑍𝑑,𝐷 (𝑠+ 𝑑) converges absolutely for Re(𝑠) > 0. On

this domain, it is a rational function in 𝑞−𝑠 and equals

𝑍𝑑,𝐷 (𝑠 + 𝑑) =
𝑞𝑑

2 (deg(𝐷)+1−𝑔𝐶 )

1 − 𝑞−𝑠 𝑍̃𝑑,𝐷 (𝑠).

2. The rational function 𝑍̃𝑑,𝐷 (𝑠) in 𝑞−𝑠 is holomorphic for Re(𝑠) > −1.
3. We have

𝑍̃𝑑,𝐷 (0) = vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0).
Proof. — By a change of variables followed by the Iwasawa decomposition, one obtains

𝑍𝑑,𝐷 (𝑠 + 𝑑) = 𝑞𝑑 (𝑠+𝑑) deg(𝐷)
∫
𝐺𝐿 (𝑑,A)

1𝔤𝔩(𝑑,O) (𝑋) | det(𝑋) |𝑠+𝑑 𝑑𝑋

= 𝑞𝑑 (𝑠+𝑑) deg(𝐷)𝜁 (𝑠 + 1)𝜁 (𝑠 + 2) · · · 𝜁 (𝑠 + 𝑑).

Assertions (1) and (2) then follow from the classical properties of the 𝜁 function. Assertion (3)
is nothing but the classical formula for the volume of 𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0. □

3.5. Functions 𝐾𝑃
𝐷,𝑋

.— We continue with the notations above. Let 𝑃 ∈ F (𝑃0). For every
𝑔 ∈ 𝐺 (A), define

(3.5.1) 𝐾𝑃𝐷,𝑋 (𝑔) =
∫
𝔫𝑃 (A)

1𝐷 (𝑔−1(𝑋𝑃 +𝑈)𝑔) 𝑑𝑈.

Lemma 3.5.1. — The function 𝐾𝑃
𝐷,𝑋

is left-invariant under 𝑀𝑋𝑃 (𝐹)𝑁𝑃 (A) and right-invariant
under 𝐺 (O). Moreover, for every 𝑚 ∈ 𝑀 (A), one has

𝐾𝑃𝐷,𝑋 (𝑚) = 𝑞 (1−𝑔𝐶+deg(𝐷)) dim(𝑁) 𝑞⟨2𝜌𝑃 ,𝐻𝑃 (𝑚)⟩1𝐷 (𝑚−1𝑋𝑃𝑚).

Proof. — To simplify notation, we omit the index 𝑃 in 𝑀𝑃 and 𝑁𝑃. For 𝑔 = 𝑛𝑚𝑘 according to
the Iwasawa decomposition 𝐺 (A) = 𝑁 (A)𝑀 (A)𝐺 (O), one has

𝐾𝑃𝐷,𝑋 (𝑔) =

∫
𝔫𝑃 (A)

1𝐷 (𝑚−1(𝑋𝑃 +𝑈)𝑚) 𝑑𝑈

= 1𝐷 (𝑚−1𝑋𝑃𝑚)
∫
𝔫𝑃 (A)

1𝐷 (𝑚−1𝑈𝑚) 𝑑𝑈

= 1𝐷 (𝑚−1𝑋𝑃𝑚) 𝑞⟨2𝜌𝑃 ,𝐻𝑃 (𝑚)⟩
∫
𝔫𝑃 (A)

1𝐷 (𝑈) 𝑑𝑈

= 𝑞 (1−𝑔𝐶+deg(𝐷)) dim(𝑁) 𝑞⟨2𝜌𝑃 ,𝐻𝑃 (𝑚)⟩1𝐷 (𝑚−1𝑋𝑃𝑚).

The lemma follows. □

3.6. Integrals 𝐼𝑃
𝐷,𝑋

(𝐻).— Let 𝐻 ∈ 𝐻𝐺0 (𝑀0(A)) and 𝑃 ∈ F (𝑃0). Let 𝐺 (A)𝐻 denote the set of
𝑔 ∈ 𝐺 (A) such that 𝐻𝑃0 (𝑔) = 𝐻, and define

(3.6.1) 𝐼𝑃𝐷,𝑋 (𝐻) =
∫
𝑁𝑃 (𝐹)𝑀𝑋𝑃 (𝐹)\𝐺 (A)𝐻

𝐾𝑃𝐷,𝑋 (𝑔) 𝑑𝑔.
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Lemma 3.6.1. — For every 𝐻 ∈ 𝐻𝐺0 (𝑀0(A)), the integral 𝐼𝑃
𝐷,𝑋

(𝐻) converges and equals

vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0) |Δ𝑃 |+1 𝑞deg(𝐷) dim(𝑁0)×∏︂
𝛼∈Δ𝑃

0

[︂
𝑞𝑛𝑑 (𝑔𝐶−1)

∫
𝐺𝐿 (𝑑,A) ⟨𝛼,𝑑𝐻 ⟩

1𝐷 (𝑋𝛼) | det(𝑋𝛼) |𝑑 𝑑𝑋𝛼
]︂
.

Moreover, 𝐼𝑃
𝐷,𝑋

(𝐻) depends only on the projection of 𝐻 onto 𝑎𝐺
𝑃0

.
Proof. — To simplify notations, we omit the index 𝑃 in 𝑀𝑃 and 𝑁𝑃. Let 𝑀 (A)𝐻 = 𝑀 (A) ∩
𝐺 (A)𝐻 . We use the Iwasawa decomposition 𝐺 (A)𝐻 = 𝑁 (A)𝑀 (A)𝐻𝐺 (O) to decompose the
integral. This brings out a factor 𝑞−⟨2𝜌𝑃 ,𝐻𝑃 (𝑚)⟩ at the level of measures. Taking into account the
volumes vol(𝐺 (O)) = 1 and vol(𝑁𝑃 (𝐹)\𝑁𝑃 (A)) = 𝑞 (𝑔𝐶−1) dim(𝑁𝑃) , and using Lemma 3.5.1, we
obtain

𝐼𝑃𝐷,𝑋 (𝐻) = 𝑞dim(𝑁) deg(𝐷)
∫
𝑀

𝑋𝑃 (𝐹)\𝑀 (A)𝐻
1𝐷 (𝑚−1𝑋𝑃𝑚) 𝑑𝑚.

Note that 𝑀𝑋𝑃 ⊂ 𝑀 ∩ 𝑃0. If we set 𝑀1 = 𝑀0 ∩ 𝑀𝑋𝑃 and 𝑁1 = 𝑀𝑋𝑃 ∩ 𝑁𝑃0 , then we have
a Levi decomposition 𝑀𝑋𝑃 = 𝑁1𝑀1. Thus, one can apply the Iwasawa decomposition to
descend the above integral to the parabolic subgroup 𝑀 ∩ 𝑃0 of 𝑀 . Let 𝑁𝑃0 = 𝑀 ∩ 𝑁𝑃0 and
𝑀0(A)𝐻 = 𝑀0(A) ∩ 𝐺 (A)𝐻 . Denote by 2𝜌𝑃0 the sum of the roots of the diagonal torus in 𝑁𝑃0 .
We then obtain

𝐼𝑃𝐷,𝑋 (𝐻) = 𝑞dim(𝑁) deg(𝐷) 𝑞−⟨2𝜌
𝑃
0 ,𝐻⟩×

(3.6.2)
∫
𝑀1 (𝐹)\𝑀0 (A)𝐻

∫
𝑁1 (𝐹)\𝑁𝑃

0 (A)
1𝐷 (𝑚−1𝑛−1𝑋𝑃𝑛−1𝑚) 𝑑𝑛 𝑑𝑚.

We now calculate the inner integral. For this, denote by (𝔫𝑃0 )
′ the derived algebra of 𝔫𝑃0 , and

by 2(𝜌𝑃0 )
′ the sum of the roots of the diagonal torus in (𝔫𝑃0 )

′. By the following Lemma 3.6.2
(stated below), we obtain∫

𝑁1 (𝐹)\𝑁𝑃
0 (A)

1𝐷 (𝑚−1𝑛−1𝑋𝑃𝑛−1𝑚) 𝑑𝑛 = 𝑞 (𝑔𝐶−1) dim(𝑁𝑃
0 )

∫
(𝔫𝑃

0 )′ (A)
1𝐷 (𝑚−1(𝑋𝑃 +𝑈)𝑚) 𝑑𝑈

= 𝑞 (𝑔𝐶−1) dim(𝑁𝑃
0 ) 𝑞⟨2(𝜌

𝑃
0 )

′,𝐻0 (𝑚)⟩ 1𝐷 (𝑚−1𝑋𝑃𝑚)
∫
(𝔫𝑃

0 )′ (A)
1𝐷 (𝑈) 𝑑𝑈

= 𝑞 (𝑔𝐶−1) dim(𝑁𝑃
0 ) 𝑞dim((𝔫𝑃

0 )
′) (1−𝑔𝐶+deg(𝐷)) 𝑞⟨2(𝜌

𝑃
0 )

′,𝐻0 (𝑚)⟩ 1𝐷 (𝑚−1𝑋𝑃𝑚).
Let 𝑀1(A)0 = 𝑀1(A) ∩𝐺 (A)𝐻 for 𝐻 = 0. Note that the quotient 𝑀1(𝐹)\𝑀1(A)0 has finite

volume. Then,

𝐼𝑃𝐷,𝑋 (𝐻) = 𝑞 (𝑔𝐶−1) (dim(𝑁𝑃
0 )−dim((𝔫𝑃

0 )
′))+deg(𝐷) (dim(𝑁)+dim((𝔫𝑃

0 )
′)) · vol(𝑀1(𝐹)\𝑀1(A)0)×

(3.6.3) 𝑞−⟨2𝜌
𝑃
0 +2(𝜌𝑃0 )

′,𝐻⟩
∫
𝑀1 (A)0\𝑀0 (A)𝐻

1𝐷 (𝑚−1𝑋𝑃𝑚) 𝑑𝑚.

One has 2𝜌𝑃0 − 2(𝜌𝑃0 )
′ =

∑︁
𝛼∈Δ𝑃

0
𝑑2𝛼. Next, we treat the integral in (3.6.3). Let 𝑟1𝑑, . . . , 𝑟𝑠𝑑

be the sizes of the 𝐺𝐿 blocks of 𝑀 , with 𝑟1 + · · · + 𝑟𝑠 = 𝑟. The group 𝑀0 is identified with the
product 𝐺𝐿 (𝑑)𝑟 . The centralizer 𝑀1 of 𝑋𝑃 in 𝑀0 is identified with the group 𝐺𝐿 (𝑑)𝑠 via the
embedding that sends the 𝑖-th 𝐺𝐿 (𝑑) factor diagonally into the factor 𝐺𝐿 (𝑑,A)𝑟𝑖 . Write, under
this identification, an element 𝑚 ∈ 𝑀0(A) as (𝑥1, . . . , 𝑥𝑟). Then the map

(𝑥1, . . . , 𝑥𝑟) ↦→ (𝑥−1
1 𝑥2, . . . , 𝑥

−1
𝑟1−1𝑥𝑟1 , 𝑥

−1
𝑟1+1𝑥𝑟1+2, . . . , 𝑥

−1
𝑟𝑠−1𝑥𝑟𝑠 )

induces a bijection
𝑀1(A)0\𝑀0(A)𝐻 ≃

∏︂
𝛼∈Δ𝑃

0

𝐺𝐿 (𝑑,A)⟨𝛼,𝑑𝐻⟩,
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where 𝐺𝐿 (𝑑,A)⟨𝛼,𝑑𝐻⟩ denotes the set of elements in 𝐺𝐿 (𝑑,A) of degree ⟨𝛼, 𝑑𝐻⟩ ∈ Z. This
bijection preserves the measures so that we have

𝑞−⟨2𝜌
𝑃
0 +2(𝜌𝑃0 )

′,𝐻⟩
∫
𝑀1 (A)0\𝑀0 (A)𝐻

1𝐷 (𝑚−1𝑋𝑃𝑚) 𝑑𝑚 =
∏︂
𝛼∈Δ𝑃

0

∫
𝐺𝐿 (𝑑,A) ⟨𝛼,𝑑𝐻 ⟩

1𝐷 (𝑥𝛼) | det(𝑥𝛼) |𝑑 𝑑𝑥𝛼 .

In this product the integrals converge; they are coefficients in the series 𝑍𝑑,𝐷 (see Lemma 3.4.1).
We deduce that the series defining 𝐼𝑃

𝐷,𝑋
(𝐻) converges. The equality in the lemma then follows

from the above, along with the following equalities:

(𝑔𝐶 − 1) (dim(𝑁𝑃0 ) − dim((𝔫𝑃0 )
′)) = (𝑔𝐶 − 1)𝑑2 |Δ𝑃0 |,

deg(𝐷) (dim(𝑁) + dim((𝔫𝑃0 )
′)) = deg(𝐷) (dim(𝑁0) − 𝑑2 |Δ𝑃0 |),

and
vol(𝑀1(𝐹)\𝑀1(A)0) = vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0) |Δ𝑃 |+1.

Finally, the last assertion is an immediate consequence of the above calculation. □

In the proof above, we used the following lemma.
Lemma 3.6.2. — Let 𝑁𝑋 be the centralizer of 𝑋 in 𝑁0 and 𝔫′0 the derived subalgebra of 𝔫0.
Then, for every function 𝜑 ∈ C(𝔫′0(A)), one has∫

𝑁𝑋 (𝐹)\𝑁0 (A)
𝜑(𝑛−1𝑋𝑛 − 𝑋) 𝑑𝑛 = 𝑞 (𝑔𝐶−1) dim(𝑁0)

∫
𝔫′0 (A)

𝜑(𝑈) 𝑑𝑈.

Proof. — We introduce the isomorphism of algebraic varieties over F𝑞

Φ : 𝑁𝑋\𝑁0 → 𝔫′0
𝑛 ↦→ 𝑛−1𝑋𝑛 − 𝑋.

One shows that the change of variable 𝑛 ↦→ Φ−1(Φ(𝑛) +𝑈0) for𝑈0 ∈ 𝔫′0(A) preserves the Haar
measure on 𝑁0(A). Hence the integral on the left-hand side defines a Haar measure on 𝔫′0(A)
just as does the right-hand side. Consequently, the equality to be proved holds up to a constant
𝑐0. It remains to calculate 𝑐0.

For this, evaluate both sides at the function 𝜑0 = 1𝔫′0 (O) . We have∫
𝑁𝑋 (𝐹)\𝑁0 (A)

𝜑0(𝑛−1𝑋𝑛 − 𝑋) 𝑑𝑛 = vol(𝑁𝑋 (𝐹)\𝑁𝑋 (A))
∫
𝑁𝑋 (A)\𝑁0 (A)

𝜑0(𝑛−1𝑋𝑛 − 𝑋) 𝑑𝑛

= vol(𝑁𝑋 (𝐹)\𝑁𝑋 (A)) × vol(𝑁𝑋 (O)\𝑁0(O))
= 𝑞 (𝑔𝐶−1) dim(𝑁𝑋) .

On the other hand, ∫
𝔫′0 (A)

𝜑0(𝑈) 𝑑𝑈 = vol(𝔫′0(O)) = 𝑞 (1−𝑔𝐶 ) dim(𝔫′0) .

Thus, 𝑐0 = 𝑞 (𝑔𝐶−1) (dim(𝑁𝑋)+dim(𝔫′0)) , which yields the result since dim(𝑁𝑋)+dim(𝔫′0) = dim(𝑁0).
□

3.7. The Series 𝐼𝜉
𝑃,𝐷

(𝑋, 𝜆) and 𝐼𝜉
𝐷
(𝑋, 𝜆).— Let 𝜉 ∈ 𝑎𝑃0,R and 𝑃 ∈ F (𝑃0). For every 𝜆 ∈ 𝑎∗0,

introduce the series

(3.7.1) 𝐼
𝜉

𝑃,𝐷
(𝑋, 𝜆) =

∑︁
𝐻∈𝐻𝐺

0 (𝑀0 (A))

𝜏𝑃 (𝐻 − 𝜉)𝐼𝑃𝐷,𝑋 (𝐻)𝑞−⟨𝑑𝜆,𝐻⟩ .
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Then define the series

𝐼
𝜉

𝐷
(𝑋, 𝜆) =

∑︁
𝑃∈F (𝑃0)

(−1)dim(𝑎𝐺
𝑃
) 𝐼𝜉
𝑃,𝐷

(𝑋, 𝜆)(3.7.2)

=
∑︁

𝐻∈𝐻𝐺
0 (𝑀0 (A))

[︂ ∑︁
𝑃∈F (𝑃0)

(−1)dim(𝑎𝐺
𝑃
)𝜏𝑃 (𝐻 − 𝜉)𝐼𝑃𝐷,𝑋 (𝐻)

]︂
𝑞−⟨𝑑𝜆,𝐻⟩ .

3.8. A Calculation of the Series 𝐼𝜉
𝑃,𝐷

(𝑋, 𝜆) and 𝐼𝜉
𝐷
(𝑋, 𝜆).— Let dim(O𝑋) be the dimension of

the orbit of 𝑋 under 𝐺. Introduce the following function in the variable 𝜆 ∈ 𝑎∗
𝑃0

:

𝜓(𝜆) =
∏︂
𝛼∈Δ0

𝑍̃𝑑,𝐷 (⟨𝜆, 𝜛∨
𝛼 ⟩).

By Lemma 3.4.1, this is a rational function in the 𝑞−⟨𝜆,𝜛∨
𝛼⟩ for 𝛼 ∈ Δ0. Moreover, this

function is holomorphic on the open set defined by Re(⟨𝜆, 𝜛∨
𝛼 ⟩) > −1 for every 𝛼 ∈ Δ0.

The following statement involves the notations from Section 2.
Proposition 3.8.1. — Let (𝔑, 𝑏, 𝑏′) be a dual triplet for 𝑀0 in the sense of Definition 2.16.1.
For every 𝑃 ∈ F (𝑃0), the series 𝐼𝜉

𝑃,𝐷
(𝑋, 𝜆) is absolutely convergent on the open set defined by

Re(⟨𝜆, 𝜛∨
𝛼 ⟩) > −1 for 𝛼 ∈ Δ𝑃0 and Re(⟨𝜆, 𝛼∨⟩) > 0 for 𝛼 ∈ Δ𝑃. Moreover, on this open set it

equals the product of

(3.8.1) vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0) 𝑞deg(𝐷) dim(O𝑋)/2,

and

(3.8.2)
1
|𝔑|

∑︁
𝜈∈𝔑

𝜗̂𝑃𝑃0
(𝜆 + 𝜈) 𝜓𝑃 (𝜆 + 𝜈) 𝜗𝐺,𝑏𝑑𝜉

𝑃
((𝜆 + 𝜈)/𝑏).

Proof. — To simplify notation, we omit the index 𝑃 in 𝑀𝑃 and 𝑁𝑃. Taking into account Lemma
3.6.1 and the equalities

dim(O𝑋) = dim(𝑁0)/2,

and
𝜓𝑃 (𝜆) = 𝜓(𝜆𝑃) = vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0) |Δ𝑃 |

∏︂
𝛼∈Δ𝑃

0

𝑍̃𝑑 (⟨𝜆, 𝜛∨
𝛼 ⟩),

(see Lemma 3.4.1 assertion (3)), it suffices to prove the convergence of the series
(3.8.3)∑︁
𝐻∈𝐻𝐺

𝑃0
(𝑀0 (A))

𝜏𝑃 (𝐻 − 𝜉)
∏︂
𝛼∈Δ𝑃

0

[︂
𝑞𝑑

2 (𝑔𝐶−1−deg(𝐷))
∫
𝐺𝐿 (𝑑,A) ⟨𝛼,𝑑𝐻 ⟩

1𝐷 (𝑋𝛼) | det(𝑋𝛼) |𝑑 𝑑𝑋𝛼
]︂
𝑞−⟨𝑑𝜆,𝐻⟩

on the stated open set, and to show that on that set it equals the expression (3.8.2), with 𝜓𝑃
replaced by the product

∏︁
𝛼∈Δ𝑃

0
𝑍̃𝑑 (⟨𝜆, 𝜛∨

𝛼 ⟩).
We have seen at the end of § 3.3 that the lattice 𝐻𝐺

𝑃0
(𝑀0(A)) is just 1

𝑑
Z(Δ̂∨

0 ). By an obvious
change of variables, the series (3.8.3) rewrites as

(3.8.4)
∑︁

𝐻∈Z(Δ̂∨
0 )

𝜏𝑃

(︂𝐻
𝑑
−𝜉

)︂ ∏︂
𝛼∈Δ𝑃

0

[︂
𝑞𝑑

2 (𝑔𝐶−1−deg(𝐷))
∫
𝐺𝐿 (𝑑,A) ⟨𝛼,𝐻 ⟩

1𝐷 (𝑋𝛼) | det(𝑋𝛼) |𝑑 𝑑𝑋𝛼
]︂
𝑞−⟨𝜆,𝐻⟩ .
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Using the properties of a dual triplet (𝔑, 𝑏, 𝑏′) for 𝑀0, one can rewrite (3.8.4) in the form

(3.8.5)
1
|𝔑 |

∑︁
𝜈∈𝔑

∑︁
𝐻∈Z(Δ̂𝑃,∨

0 )⊕ 1
𝑏
Z(Δ∨

𝑃
)

𝜏𝑃

(︂𝐻
𝑑
− 𝜉

)︂
×

∏︂
𝛼∈Δ𝑃

0

[︂
𝑞𝑑

2 (𝑔𝐶−1−deg(𝐷))
∫
𝐺𝐿 (𝑑,A) ⟨𝛼,𝐻 ⟩

1𝐷 (𝑋𝛼) | det(𝑋𝛼) |𝑑 𝑑𝑋𝛼
]︂
𝑞−⟨(𝜆+𝜈),𝐻⟩ .

In (3.8.5), we now calculate the inner sum over 𝐻. To this end, decompose 𝜆 + 𝜈 as

𝜆 + 𝜈 =
∑︁
𝛼∈Δ𝑃

0

⟨𝜆 + 𝜈, 𝜛∨
𝛼 ⟩𝛼 +

∑︁
𝛼∈Δ𝑃

⟨𝜆 + 𝜈, 𝛼∨⟩𝜛𝛼∨ .

Noting that the family (⟨𝛼, 𝐻⟩)𝛼∈Δ𝑃
0

runs over ZΔ𝑃
0 and that the family (⟨𝜛𝛼∨ , 𝐻⟩)𝛼∈Δ𝑃

runs over
( 1
𝑏
Z)Δ𝑃 , one sees that the sum over 𝐻 can be expressed as a product whose certain factors yield

a zeta function while the others are geometric series that we have already encountered. One
then obtains ∏︂

𝛼∈Δ𝑃
0

[︂
𝑞𝑑

2 (𝑔𝐶−1−deg(𝐷))𝑍𝑑,𝐷
(︂
𝑑 + ⟨𝜆 + 𝜈, 𝜛∨

𝛼 ⟩
)︂]︂
𝑞−⟨𝜆,[𝑏𝑑𝜉]⟩

∏︂
𝛼∈Δ𝑃

1
1 − 𝑞−⟨(𝜆+𝜈)/𝑏,𝛼∨⟩

= 𝜗̂𝑃𝑃0
(𝜆 + 𝜈)

[︄ ∏︂
𝛼∈Δ𝑃

0

𝑍̃𝑑,𝐷

(︂
⟨𝜆 + 𝜈, 𝜛∨

𝛼 ⟩
)︂]︄
𝜗
𝐺,𝑏𝑑𝜉

𝑃
((𝜆 + 𝜈)/𝑏).(3.8.6)

This gives the desired equality. In the process, we also obtain the convergence on the open set
defined by Re(⟨𝜆, 𝜛∨

𝛼 ⟩) > −1 for 𝛼 ∈ Δ𝑃0 and Re(⟨𝜆, 𝛼∨⟩) > 0 for 𝛼 ∈ Δ𝑃. □

In the following statement we use Definition (2.17.4) of Remark 2.17.3.
Proposition 3.8.2. — The series defining 𝐼

𝜉

𝐷
(𝑋, 𝜆) is absolutely convergent on the open set

defined by Re(⟨𝜆, 𝜛∨
𝛼 ⟩) > −1 for every 𝛼 ∈ Δ0. On this open set, it is equal to

vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0) · 𝑞deg(𝐷) dim(O𝑋)/2 · 𝑐𝐺,𝑑𝜉
𝑃0

(𝜓, 𝜆).
Proof. — From a formal point of view, the desired equality is a consequence of Proposition
3.8.1 and of Definitions (2.17.1) and (2.17.4). By Proposition 3.8.1, the series 𝐼𝜉

𝐷
(𝑋, 𝜆) is at least

absolutely convergent on the open set defined by Re(⟨𝜆, 𝛼∨⟩) > 0 for every 𝛼 ∈ Δ0. By Theorem
2.17.2, the function 𝑐𝐺,𝑑𝜉

𝑃0
(𝜓, 𝜆) is holomorphic on the open set defined by Re(⟨𝜆, 𝜛∨

𝛼 ⟩) > −1
for every 𝛼 ∈ Δ0. The proposition follows. □

3.9. The Series 𝐼𝑒,𝜉
𝐷

(𝑋, 𝜆).— For every 𝑒 ∈ Z, we introduce the following variant of the series
𝐼
𝜉

𝐷
(𝑋, 𝜆) from § 3.7:

𝐼
𝑒,𝜉

𝐷
(𝑋, 𝜆) =

∑︁
𝐻∈𝐻𝐺

0 (𝑀0 (A)𝑒)

[︄ ∑︁
𝑃∈F (𝑃0)

(−1)dim(𝑎𝐺
𝑃
)𝜏𝑃 (𝐻 − 𝜉)𝐼𝑃𝐷,𝑋 (𝐻)

]︄
𝑞−⟨𝑑𝜆,𝐻⟩ .

We have the following corollary of Proposition 3.8.2.
Corollary 3.9.1. — The series defining 𝐼𝑒,𝜉

𝐷
(𝑋, 𝜆) has the same convergence properties as the

series 𝐼𝜉
𝐷
(𝑋, 𝜆). Moreover, on its open set of convergence, it is equal to

vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0) · 𝑞deg(𝐷) dim(O𝑋)/2 · 1
𝑟

𝑟−1∑︁
𝑘=0

exp(−2𝜋𝑖𝑘𝑒/𝑟) 𝑐𝐺,𝑑𝜉
𝑃0

(𝜓, 𝜆 + 𝑘𝛾)

for every 𝛾 ∈ 2𝜋𝑖
𝑟 log 𝑞Z(Δ0) satisfying the relation (3.3.3) of Lemma 3.3.1.
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Proof. — For every 𝛾 as above, relation (3.3.3) implies that

𝐼
𝑒,𝜉

𝐷
(𝑋, 𝜆) = 1

𝑟

𝑟−1∑︁
𝑘=0

exp(−2𝜋𝑖𝑘𝑒/𝑟) 𝐼𝜉
𝐷
(𝑋, 𝜆 + 𝑘𝛾).

The corollary is then an immediate consequence of Proposition 3.8.2. □

3.10. A Calculation of the Mean of the Series.— The construction of the series 𝐼𝜉
𝐷
(𝑋, 𝜆)

depends on the choice of 𝑃0 ∈ P(𝑀0) and of 𝑋 . Any other parabolic 𝑃′0 ∈ P(𝑀0) is of the
form 𝑤 · 𝑃0 for a unique element of𝑊0, the Weyl group of 𝑀0 (cf. § 3.3). Let 𝐼𝜉

𝐷
(𝜆, 𝑃′0) be the

series constructed for the data (𝑤 · 𝑃0, 𝑤 · 𝑋). We observe that for every 𝑤 ∈ 𝑊0, one has

𝐼
𝜉

𝐷
(𝜆, 𝑃′0) = 𝐼

𝑤·𝜉
𝐷

(𝑋, 𝑤 · 𝜆).
We then define the average of these series over P(𝑀0) by

𝑆𝜉 (𝜆) = 1
|P(𝑀0) |

∑︁
𝑃∈P(𝑀0)

𝐼
𝜉

𝐷
(𝜆, 𝑃).

For every 𝑒 ∈ Z, one similarly defines 𝐼𝑒,𝜉 (𝜆, 𝑃) for 𝑃 ∈ P(𝑀0) and 𝑆𝑒,𝜉 (𝜆). In fact, one has

(3.10.1) 𝑆𝑒,𝜉 (𝜆) = 1
𝑟

𝑟−1∑︁
𝑘=0

exp(−2𝜋𝑖𝑘𝑒/𝑟)𝑆𝜉 (𝜆 + 𝑘𝛾)

for every 𝛾 ∈ 2𝜋𝑖
𝑟 log 𝑞Z(Δ0) satisfying the relation (3.3.3) of Lemma 3.3.1.

For the purpose of stating our results, it is convenient to introduce the following notations:
– The rational function in 𝑞−𝑠

𝜑(𝑠) = 𝑞𝑑2 (𝑔𝐶−1) 𝑞𝑠𝑑 deg(𝐷) 𝜁 (𝑠 + 1)𝜁 (𝑠 + 2) · · · 𝜁 (𝑠 + 𝑑);
– The family (𝜑𝑃)𝑃∈P(𝑀0) defined by

𝜑𝑃 (𝜆) =
∏︂
𝛼∈Δ𝑃

𝜑(⟨𝜆, 𝜛∨
𝛼 ⟩).

Proposition 3.10.1. — For every 𝜉 ∈ 𝑎𝑃0,R, the series 𝑆𝜉 (𝜆) is convergent and holomorphic on
a neighborhood of 𝑖𝑎∗

𝑀0,R
. Moreover, if 𝜉 is in general position, then the sum of this series is

independent of 𝜉 ∈ 𝑎𝑃0,R and, on this neighborhood of convergence, it equals

vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0) · 𝑞deg(𝐷)·dim(O𝑋)/2 · 1
|P(𝑀0) |

∑︁
𝑃∈P(𝑀0)

𝜑𝑃 (𝜆).

Proof. — Proposition 3.8.2 gives the convergence of 𝑆𝜉 (𝜆) along with the following expression
for its sum, up to obvious factors, ∑︁

𝑃∈P(𝑀0)
𝑐
𝐺,𝑑𝜉

𝑃
(𝜓𝑃, 𝜆),

where we define the (𝐺, 𝑀0)-cofamily (𝜓𝑃)𝑃∈P(𝑀0) by

𝜓𝑃 (𝜆) =
∏︂
𝛼∈Δ𝑃

𝑍̃𝑑,𝐷 (⟨𝜆, 𝜛∨
𝛼 ⟩).

Now assume further that 𝜉 is in general position. Then Theorem 2.19.1 implies that the
above expression equals ∑︁

𝑃∈P(𝑀0)
𝜗̂𝐺𝑃 (𝜆)𝜓𝑃 (𝜆).

Since 𝜗̂𝐺
𝑃
(𝜆)𝜓𝑃 (𝜆) = 𝜑𝑃 (𝜆), the result follows. □
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Theorem 3.10.2. — Assume 𝜉 = 0 and suppose that the degree 𝑒 ∈ Z is coprime to the integer
𝑟 (recall that 𝑟 is the rank of the center of 𝑀0). Then the value at 𝜆 = 0 of the series 𝐼𝑒,0

𝐷
(𝑋, 𝜆)

equals the value at 𝜆 = 0 of the holomorphic expression, in a neighborhood of 𝑖𝑎∗
𝑀0,R

,

vol(𝐺𝐿 (𝑑, 𝐹)\𝐺𝐿 (𝑑,A)0) ·𝑞deg(𝐷)·dim(O𝑋)/2 · 1
𝑟 |P(𝑀0) |

𝑟−1∑︁
𝑘=0

∑︁
𝑃∈P(𝑀0)

exp(−2𝜋𝑖𝑘𝑒/𝑟)𝜑𝑃 (𝜆+𝑘𝛾),

for every 𝛾 ∈ 2𝜋𝑖
𝑟 log 𝑞Z(Δ0) satisfying the relation (3.3.3) of Lemma 3.3.1. Moreover, this value

does not depend on the integer 𝑒 coprime to 𝑟.
Proof. — The assumption that the degree 𝑒 is coprime to 𝑟 implies that for every 𝐻 ∈
𝐻0(𝑀0(A)𝑒) and every 𝜛 ∈ Δ̂𝑃0 , one has ⟨𝜛, 𝐻⟩ ≠ 0. Otherwise, the weight 𝜛 would
determine a maximal parabolic subgroup 𝑃 ∈ F (𝑃) by the condition Δ̂ = {𝜛}. There exists
some 1 ≤ 𝑟′ < 𝑟 such that 𝑃 is the stabilizer of the subspace 𝑉1 ⊕ · · · ⊕ 𝑉𝑟 ′ (with the notations
of § 3.2). The dimension of this subspace is 𝑟′𝑑. For every 𝐻 ∈ 𝐻0(𝑀0(A)𝑒), there exists an
integer 𝑒′ ∈ Z such that

⟨𝜛, 𝐻⟩ = 𝑒′ − 𝑟
′𝑑

𝑛
𝑒 = 𝑒′ − 𝑟

′

𝑟
𝑒,

where 𝑛 = 𝑟𝑑 is the rank of 𝐺. Hence, the equality ⟨𝜛, 𝐻⟩ = 0 would force 𝑟𝑒′ = 𝑟′𝑒, and thus
𝑟 would divide 𝑟′, contradicting 1 ≤ 𝑟′ < 𝑟.

It follows that for 𝑃 ∈ F (𝑃0), every 𝐻 ∈ 𝐻0(𝑀0(A)𝑒), every 𝑤 ∈ 𝑊0, and every element
𝜉 ∈ 𝑎𝑀0,R sufficiently close to 0, one has

𝜏𝑃 (𝐻) = 𝜏𝑃 (𝐻 − 𝑤 · 𝜉).

Then, for such a 𝜉, we have 𝐼𝑒,0
𝐷

(𝑋, 𝜆) = 𝐼𝑒,𝜉
𝐷

(𝑋, 𝜆). In fact, for all 𝑃 ∈ P(𝑀0) and 𝑤 ∈ 𝑊0 such
that 𝑃 = 𝑤 · 𝑃0, one has

𝐼
𝑒,0
𝐷

(𝜆, 𝑃) = 𝐼𝑒,0
𝐷

(𝑋, 𝑤 · 𝜆) = 𝐼𝑒,𝑤·𝜉
𝐷

(𝑋, 𝑤 · 𝜆) = 𝐼𝑒,𝜉
𝐷

(𝜆, 𝑃).

It follows that the values at 𝜆 = 0 of 𝐼𝑒,0
𝐷

(𝑋, 𝜆) and 𝑆𝑒,𝜉 (𝜆) are equal. Since we may further
assume 𝜉 is in general position, the theorem reduces to a simple combination of equality (3.10.1)
and Proposition 3.10.1. □

Remark 3.10.3. — Although we have not verified it, we expect that the value of the series
𝐼
𝑒,0
𝐷

(𝑋, 𝜆) at 𝜆 = 0 is independent of the integer 𝑒 coprime to 𝑟. At least, it should depend only
on the residue of 𝑒 modulo 𝑟. When 𝑟 is prime, one may sketch a proof of this independence.
With the notations above, it amounts to verifying that the limit as 𝜆 → 0 of the following sum
is independent of 𝑒 coprime to 𝑟:

𝑟−1∑︁
𝑘=0

∑︁
𝑤∈𝑊0

exp(−2𝜋𝑖𝑘𝑒/𝑟)
∏︂
𝛼∈Δ0

𝜑(⟨𝑤 · (𝜆 + 𝑘𝛾), 𝜛∨
𝛼 ⟩).

It is convenient to take 𝛾 defined by (3.3.2). With the notations of § 3.3 and taking into account
relation (3.3.1), one sees that the above expression rewrites as

𝑟−1∑︁
𝑘=0

∑︁
𝑤∈𝑊0

exp(−2𝜋𝑖𝑘𝑒/𝑟)
𝑟−1∏︂
𝑗=1

𝜑

(︂
⟨𝑤 · 𝜆, 𝜛∨

𝑗 ⟩ +
2𝜋𝑖𝑘 𝑗
𝑟 log 𝑞

)︂
.

The contribution for 𝑘 = 0 is ∑︁
𝑤∈𝑊0

𝑟−1∏︂
𝑗=1

𝜑

(︂
⟨𝑤 · 𝜆, 𝜛∨

𝑗 ⟩
)︂
,
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which has a limit as 𝜆 → 0, evidently independent of 𝑒. The contribution for 𝑘 ≠ 0 also has a
limit as 𝜆 → 0 which is, up to a factor of |𝑊0 |, given by

𝑟−1∑︁
𝑘=1

exp(−2𝜋𝑖𝑘𝑒/𝑟)
𝑟−1∏︂
𝑗=1

𝜑

(︂ 2𝜋𝑖𝑘 𝑗
𝑟 log 𝑞

)︂
=

𝑟−1∏︂
𝑗=1

𝜑

(︂ 2𝜋𝑖 𝑗
𝑟 log 𝑞

)︂ 𝑟−1∑︁
𝑘=1

exp(−2𝜋𝑖𝑘𝑒/𝑟)

= −
𝑟−1∏︂
𝑗=1

𝜑

(︂ 2𝜋𝑖 𝑗
𝑟 log 𝑞

)︂
,

and is therefore independent of 𝑒 coprime to the prime number 𝑟.

4. Lusztig-Spaltenstein Induction

4.1. In this section we gather some useful results on Lusztig-Spaltenstein induction (cf. [11]).
The group 𝐺 is the group 𝐺𝐿 (𝑛) over an arbitrary field. The other notations are those used in
Sections 2 and 3.

4.2. Lusztig-Spaltenstein Induction.— Let 𝑃 ⊂ 𝐺 be a parabolic subgroup and write its
standard Levi decomposition as 𝑃 = 𝑀𝑁𝑃. Let 𝑋 ∈ 𝔭 and denote by O𝑃 the 𝑃-orbit of 𝑋 .
The variety O𝑃 ⊕ 𝔫𝑃 is irreducible and consists of nilpotent elements of 𝔤. Since there are only
finitely many nilpotent 𝐺-conjugacy classes in 𝔤, there exists a unique nilpotent orbit O such
that the intersection

O ∩ (O𝑃 ⊕ 𝔫𝑃)
is a dense open subset of O𝑃 ⊕ 𝔫𝑃. This intersection is a single 𝑃-conjugacy class. We then
define

𝐼𝐺𝑃 (𝑋) = O.
We say that O is the induction of 𝑋 from 𝑃 to𝐺. By construction, it depends only on the 𝑃-orbit
of 𝑋 . One also sees that it depends only on the 𝑃/𝑀𝑃-orbit of the projection of 𝑋 onto 𝔭/𝔫𝑃.
In particular, if O𝑀 is a nilpotent 𝑀-orbit in 𝔪, the induction 𝐼𝐺

𝑃
(𝑋) does not depend on the

choice of representative 𝑋 ∈ O𝑀 . Hence we denote it by

𝐼𝐺𝑃 (O
𝑀).

4.3. Transitivity.— Let 𝑃1 ⊂ 𝑃2 ⊂ 𝐺 be parabolic subgroups and let 𝑋 ∈ 𝔭1(𝐹). Define a
nilpotent 𝑀2-orbit in 𝔪2 by

𝐼
𝑃2
𝑃1
(𝑋) = 𝐼𝑀2

𝑃1∩𝑀2
(𝑋2),

where 𝑋 = 𝑋2 +𝑈 with 𝑋2 ∈ 𝔪2 ∩ 𝔭1 and𝑈 ∈ 𝔫2.
Lemma 4.3.1. — For every 𝑌 ∈ 𝐼𝑃2

𝑃1
(𝑋), one has

𝐼𝐺𝑃2
(𝑌 ) = 𝐼𝐺𝑃1

(𝑋).

Proof. — Write 𝑋 = 𝑋1 + 𝑈 + 𝑉 with 𝑋1 ∈ 𝔪1, 𝑈 ∈ 𝔫1 ∩ 𝔪2, and 𝑉 ∈ 𝔫2. Let O𝑃1 (𝑋),
O𝑀1 (𝑋1), and O𝑃1∩𝑀2 (𝑋1 +𝑈) denote the orbits of 𝑋 under 𝑃1, of 𝑋1 under 𝑀1, and of 𝑋1 +𝑈
under 𝑃1 ∩ 𝑀2, respectively. We have O𝑃1 (𝑋) ⊕ 𝔫1 = O𝑀1 (𝑋1) ⊕ 𝔫1. Let O = 𝐼𝐺

𝑃1
(𝑋). Thus,

O ∩ (O𝑀1 (𝑋1) ⊕ 𝔫1) is a dense open subset of O𝑀1 (𝑋1) ⊕ 𝔫1. Let O′ = 𝐼𝑃2
𝑃1
(𝑋). Since

O𝑃1∩𝑀2 (𝑋1 +𝑈) ⊕ (𝔫1 ∩𝔪2) = O𝑀1 (𝑋1) ⊕ (𝔫1 ∩𝔪2),
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we deduce that O′ ∩ [O𝑀1 (𝑋1) ⊕ (𝔫1 ∩𝔪2)] is a dense open subset of O𝑀1 (𝑋1) ⊕ (𝔫1 ∩𝔪2).
Hence,

[O′ ∩ [O𝑀1 (𝑋1) ⊕ (𝔫1 ∩𝔪2)]] ⊕ 𝔫2

is a dense open subset of O𝑀1 (𝑋1) ⊕ 𝔫1. Consequently,

O ∩ [[O′ ∩ [O𝑀1 (𝑋1) ⊕ (𝔫1 ∩𝔪2)]] ⊕ 𝔫2]

is also a dense open subset of O𝑀1 (𝑋1) ⊕ 𝔫1. Therefore, O ∩ (O′ ⊕ 𝔫2) is nonempty and is an
open subset of O′ ⊕ 𝔫2, since

O′ ⊕ 𝔫2 ⊂ O𝑀1 (𝑋1) ⊕ 𝔫1.

Thus, 𝐼𝐺
𝑃2
(𝑌 ) = 𝐼𝐺

𝑃1
(𝑋). □

4.4. Growth of the Induction with Respect to Parabolic Subgroups.— Denote by O the
closure of a nilpotent orbit O.
Lemma 4.4.1. — Let 𝑃1 ⊂ 𝑃2 be parabolic subgroups of 𝐺. Then for every 𝑋 ∈ 𝔭1(𝐹),

𝐼𝐺𝑃2
(𝑋) ⊂ 𝐼𝐺

𝑃1
(𝑋).

Proof. — Let O1(𝑋) be the 𝑃1-orbit of 𝑋 . Let 𝑌 ∈ 𝐼𝐺
𝑃2
(𝑋). By conjugating 𝑌 , we may assume

that 𝑌 ∈ 𝑋 + 𝔫2. But we have

𝑋 + 𝔫2 ⊂ 𝑋 + 𝔫1 ⊂ O1(𝑋) ⊕ 𝔫1 ⊂ 𝐼𝐺
𝑃1
(𝑋),

which yields the result. □

Lemma 4.4.2. — Let 𝑋 ∈ 𝔭1(𝐹) and let 𝑃1 ⊂ 𝑃2 be parabolic subgroups of 𝐺 such that

𝐼𝐺𝑃1
(𝑋) = 𝐼𝐺𝑃2

(𝑋).

Then for every parabolic subgroup 𝑄 with 𝑃1 ⊂ 𝑄 ⊂ 𝑃2, one has

𝐼𝐺𝑄 (𝑋) = 𝐼
𝐺
𝑃1
(𝑋) = 𝐼𝐺𝑃2

(𝑋).

Proof. — By Lemma 4.4.1, we have

𝐼𝐺𝑄 (𝑋) ⊂ 𝐼𝐺
𝑃1
(𝑋).

If the inclusion were strict, then 𝐼𝐺
𝑄
(𝑋) would lie in a proper closed subset of 𝐼𝐺

𝑃1
(𝑋) and we

would have

𝐼𝐺
𝑄
(𝑋) ⊊ 𝐼𝐺

𝑃1
(𝑋).

But then by another application of Lemma 4.4.1, it follows that

𝐼𝐺𝑃2
(𝑋) ⊂ 𝐼𝐺

𝑄
(𝑋) ⊊ 𝐼𝐺

𝑃1
(𝑋),

which contradicts the equality 𝐼𝐺
𝑃1
(𝑋) = 𝐼𝐺

𝑃2
(𝑋). □

36



5. Some Auxiliary Results

5.1. Fourier Transform and the Poisson Summation Formula.— The notations are those of
Section 3. Let 𝜓0 : F𝑞 → C× be a non-trivial additive character. Let 𝜔𝐶 be a non-zero rational
differential form on the curve 𝐶. For every place 𝑐 of 𝐶, one associates to 𝜔𝐶 and to 𝜓0 an
additive character 𝜓 of the field 𝐹𝑐, the completion of 𝐹 at 𝑐, by

𝜓(𝑥) = 𝜓0(trace𝑘𝑐/F𝑞 (Res(𝑥 · 𝜔𝐶))).
This determines an additive character, still denoted 𝜓, of the group A of adeles of 𝐹 which is
trivial on 𝐹.

Let 𝔫 and 𝔫̄ be vector spaces over F𝑞 in duality via a perfect pairing ⟨·, ·⟩. The groups
𝔫(A) and 𝔫̄(A) are equipped with the Haar measures which give volume 1 to 𝔫(𝐹)\𝔫(A) and
𝔫̄(𝐹)\𝔫̄(A). For every function 𝑓 ∈ 𝐶∞

𝑐 (𝔫(A)) (that is, locally constant and with compact
support), one defines a function 𝑓 ∈ 𝐶∞

𝑐 (𝔫̄(A)) by

𝑓 (𝑌 ) =
∫
𝔫(A)

𝑓 (𝑋)𝜓(⟨𝑋,𝑌⟩) 𝑑𝑋.

The Poisson summation formula is then the equality∑︁
𝑋∈𝔫(𝐹)

𝑓 (𝑋) =
∑︁

𝑌∈𝔫̄(𝐹)
𝑓 (𝑌 ).

Let Ω𝐶 be the divisor of𝜔𝐶 . One has deg(Ω𝐶) = 2𝑔𝐶 −2. For every divisor 𝐷 on𝐶, one has
at one’s disposal the function 1𝐷 ∈ 𝐶∞

𝑐 (𝔫(A)) which is the characteristic function of 𝜛𝐷𝔫(O).
One has the following formula

(5.1.1) 1̂𝐷 = 𝑞dim(𝔫) (1−𝑔𝐶+deg(𝐷))1Ω𝐶−𝐷 .

Lemma 5.1.1. — In the case 𝔫 = F𝑞, there exists a constant 𝑐 ≥ 1 such that for 𝑎 ∈ A× and
every divisor 𝐷, one has ∑︁

𝑋∈𝐹
1𝐷 (𝑎−1𝑋) ≤ 𝑐 sup(𝑞deg(𝐷)−deg(𝑎) , 1).

Proof. — One has deg(𝜛𝐷) = − deg(𝐷). Replacing 𝑎 by𝜛𝐷𝑎, one sees that it suffices to treat
the case 𝐷 = 0. Let 1 be the characteristic function of O. If deg(𝑎) > 0, one has 1(𝑎−1𝑋) = 1
if and only if 𝑋 = 0. Suppose next that deg(𝑎) < 2 − 2𝑔𝐶 . By the Poisson summation formula,
one has ∑︁

𝑋∈𝐹
1(𝑎−1𝑋) = 𝑞1−𝑔𝐶−deg(𝑎)

∑︁
𝑋∈𝐹

1Ω𝐶
(𝑎𝑋)

and only 𝑋 = 0 contributes non-trivially to the right-hand member. Hence in this case one has∑︁
𝑋∈𝐹

1(𝑎−1𝑋) = 𝑞1−𝑔𝐶−deg(𝑎) .

It remains to bound our expression for 2− 2𝑔𝐶 ≤ deg(𝑎) ≤ 0 by a constant 𝑐 ≥ 1. The existence
of such a 𝑐 follows from the compactness of the set

{𝑎 ∈ 𝐹×\A× | 2 − 2𝑔𝐶 ≤ deg(𝑎) ≤ 0}.
□

5.2. Reduction Theory and Arthur’s Functions.— We use the notations of Sections 2 and 3.
The group𝐺 is the group𝐺𝐿 (𝑛) over the finite field F𝑞, equipped with 𝐵 ⊂ 𝐺 its standard Borel
subgroup and 𝑇0 ⊂ 𝐵 its standard maximal subtorus. We reserve the letter 𝑇 for a truncation
parameter; this is why the maximal subtorus of 𝐺 ends up being saddled with an index 0. We
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often omit the indices 𝑇0 and 𝐵 for the constructions associated to 𝑇0 and 𝐵. For example, we
write Δ = Δ𝐵 (the set of simple roots of 𝑇0 in 𝐵).

Let 𝜂 ∈ A× be an idèle of degree 1. The map

(5.2.1) 𝑋∗(𝑇0) → 𝑇0(A)
𝜆 ↦→ 𝜆(𝜂)−1

induces a bijection from the group 𝑋∗(𝑇0) of cocharacters of𝑇0 onto a discrete subgroup, denoted
𝐴, of 𝑇0(A). One observes that if 𝑎 = 𝜆(𝜂)−1, the canonical pairing between the cocharacter 𝜆
and a character 𝛼 ∈ 𝑋∗(𝑇0) equals ⟨𝛼, 𝜆⟩ = ⟨𝛼, 𝐻𝐵 (𝑎)⟩ (cf. § 3.3 for the definition of 𝐻𝐵).

Let 𝑇1 ∈ 𝑎R be such that for every 𝛼 ∈ Δ one has 𝛼(𝑇1) < −2𝑔𝐶 . Let

𝐴𝐺 (𝑇1)
be the image in 𝐴 of the set

{𝜆 ∈ 𝑋∗(𝑇0) | ∀𝛼 ∈ Δ ⟨𝛼, 𝜆 − 𝑇1⟩ > 0}.
One then has the equality (we refer the reader to [8] for a reference)

𝐺 (A) = 𝐺 (𝐹) · 𝐵(A)0 · 𝐴𝐺 (𝑇1) · 𝐺 (O)
where

𝐵(A)0 = 𝐵(A) ∩ Ker(𝐻𝐵).
Since 𝐵(𝐹)\𝐵(A)0 is compact, it is permissible to fix Ω𝐵, a compact part of 𝐵(A)0, such that

𝐺 (A) = 𝐺 (𝐹) · Ω𝐵 · 𝐴𝐺 (𝑇1) · 𝐺 (O).
Let 𝑇 ∈ 𝑎+

𝐵
and let 𝐴𝐺 (𝑇1, 𝑇) be the image in 𝐴 of the set

{𝜆 ∈ 𝑋∗(𝑇0) | ∀𝛼 ∈ Δ ⟨𝛼, 𝜆 − 𝑇1⟩ > 0 and ∀𝜛 ∈ Δ̂ ⟨𝜛, 𝜆 − 𝑇⟩ ≤ 0}.
Let

𝐹𝐺 (· , 𝑇)
be the characteristic function of the set 𝐺 (𝐹) · Ω𝐵 · 𝐴𝐺 (𝑇1, 𝑇) · 𝐺 (O). The function 𝐹𝐺 is
left-invariant under 𝐺 (𝐹). For every 𝑒 ∈ Z, the set

{𝑔 ∈ 𝐺 (𝐹)\𝐺 (A)𝑒 | 𝐹 (𝑔, 𝑇) = 1}
is compact.

The same construction is valid for every Levi subgroup 𝑀 of 𝐺. The function 𝐹𝑀 (· , 𝑇)
on 𝑀 (A) is the characteristic function of 𝑀 (𝐹)Ω𝑀

𝐵
𝐴𝑀 (𝑇1, 𝑇)𝑀 (O) for Ω𝑀

𝐵
, a certain compact

subset of 𝐵(A)0 ∩𝑀 (A). It is permissible to assume that one has Ω𝑀
𝐵
= Ω𝐵 ∩𝑀 (A). For every

standard parabolic subgroup 𝑃, let 𝐹𝑃 (· , 𝑇) be the function on 𝑁𝑃 (A)𝑀𝑃 (𝐹)\𝐺 (A)/𝐺 (O)
which coincides on 𝑀𝑃 (𝐹)\𝑀𝑃 (A)/𝑀𝑃 (O) with 𝐹𝑀𝑃 (· , 𝑇); the existence and the uniqueness
of 𝐹𝑃 follow from the Iwasawa decomposition.

For every 𝑇 ∈ 𝑎+
𝐵
, one has (for a proof, cf., for example, Proposition 10.3.12 of [10])

(5.2.2)
∑︁

𝑃∈F (𝐵)

∑︁
𝛿∈𝑃(𝐹)\𝐺 (𝐹)

𝐹𝑃 (𝛿𝑔, 𝑇)𝜏𝑃 (𝐻𝑃 (𝛿𝑔) − 𝑇) = 1.

Recall that the function 𝐻𝑃 was defined in § 3.3; it is also the composition of 𝐻𝐵 with the
projection onto 𝑎𝑃.

For every 𝑇 ∈ 𝑎+
𝐵
, one has

𝐹𝐺 (𝑔, 𝑇) =
∑︁

𝑃∈F (𝐵)
(−1)dim(𝑎𝐺

𝑃
)

∑︁
𝛿∈𝑃(𝐹)\𝐺 (𝐹)

𝜏𝑃 (𝐻𝑃 (𝛿𝑔) − 𝑇).

This statement is a version of Lemma 2.1 of [3] for function fields; it is proved as in loc. cit.,
the key point being represented in our situation by the equality (5.2.2).
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Let 𝑃1 ⊂ 𝑃2 be standard parabolic subgroups of 𝐺. For every 𝐻 ∈ 𝑎𝑇0,R, let

𝜎
𝑃2
𝑃1
(𝐻) =

∑︁
𝑃2⊂𝑃⊂𝐺

(−1)dim(𝑎𝑃
𝑃2
)
𝜏𝑃𝑃1

(𝐻)𝜏𝑃 (𝐻).

For every 𝑔 ∈ 𝐺 (A) and every 𝑇 ∈ 𝑎+
𝐵
, let

𝜒
𝑃1,𝑃2
𝑇

(𝑔) = 𝐹𝑃1 (𝑔, 𝑇)𝜎𝑃2
𝑃1
(𝐻𝑃1 (𝑔) − 𝑇).

This function is left-invariant under 𝑁𝑃1 (A)𝑀𝑃1 (𝐹) and right-invariant under 𝐺 (O). We are
going to give an alternative description of it. For every 𝑇 ∈ 𝑎+

𝐵
, let 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) ⊂ 𝐴 be the set

of 𝑎 = 𝜆(𝜂−1) ∈ 𝐴, for 𝜆 ∈ 𝑋∗(𝑇0), which satisfy the following five conditions
1. ∀𝛼 ∈ Δ𝑀1 ⟨𝛼, 𝜆 − 𝑇1⟩ > 0;
2. ∀𝜛 ∈ Δ̂𝑀1 ⟨𝜛, 𝜆 − 𝑇⟩ ≤ 0;
3. ∀𝛼 ∈ Δ

𝑀2
𝑀1

⟨𝛼, 𝜆 − 𝑇⟩ > 0;
4. ∀𝛼 ∈ Δ𝑀1 − Δ

𝑀2
𝑀1

⟨𝛼, 𝜆 − 𝑇⟩ ≤ 0;
5. ∀𝜛 ∈ Δ̂𝑀2 ⟨𝜛, 𝜆 − 𝑇⟩ > 0.

Remark 5.2.1. —
– By virtue of conditions 1 and 2, one has 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) ⊂ 𝐴𝑀1 (𝑇1, 𝑇).
– If 𝑃1 = 𝑃2 = 𝐺, conditions 3 to 5 are empty and one has 𝐴𝐺,𝐺 (𝑇1, 𝑇) = 𝐴𝐺 (𝑇1, 𝑇).
– If 𝑃1 = 𝑃2 ≠ 𝐺, condition 3 is empty, but conditions 4 and 5 are incompatible: one then

has 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) = ∅.
– If 𝑇 ∈ 𝑎+

𝐵
, one has 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) ⊂ 𝐴𝑀2 (𝑇1) (this follows from the lemma below).

Lemma 5.2.2. — Let 𝑃 be a parabolic subgroup of 𝐺. Let 𝑇 ∈ 𝑎+
𝐵

and 𝑋 ∈ 𝑎𝐵,R which satisfy
1. ∀𝜛 ∈ Δ̂𝑃 ⟨𝜛, 𝑋 − 𝑇⟩ ≤ 0;
2. ∀𝛼 ∈ Δ𝑃 ⟨𝛼, 𝑋 − 𝑇⟩ > 0.

Then for every 𝛼 ∈ Δ𝐺 − Δ𝑃, one has ⟨𝛼, 𝑋 − 𝑇⟩ > 0.
Proof. — Let 𝑝 be the projection of 𝑎𝐵 onto 𝑎𝑃. Let Δ̂𝑃 = {𝜛𝛼 | 𝛼 ∈ Δ𝑃} be the basis of 𝑎𝑃,∗

𝐵

dual to (𝛼∨)𝛼∈Δ𝑃 . One has, for every 𝑋 ∈ 𝑎𝐵,R,

𝑋 =
∑︁
𝛼∈Δ𝑃

⟨𝜛𝛼, 𝑋⟩𝛼∨ + 𝑝(𝑋).

For every 𝛽 ∈ Δ𝐺 − Δ𝑃, the projection 𝛽𝑃 of 𝛽 onto 𝑎∗
𝑃

belongs to Δ𝑃 and

⟨𝛽, 𝑋⟩ =
∑︁
𝛼∈Δ𝑃

⟨𝜛𝛼, 𝑋⟩⟨𝛽, 𝛼∨⟩ + ⟨𝛽𝑃, 𝑋⟩.

Now ⟨𝛽, 𝛼∨⟩ ≤ 0. Hence if 𝑋 satisfies conditions 1 and 2, one has

⟨𝛽, 𝑋⟩ >
∑︁
𝛼∈Δ𝑃

⟨𝜛𝛼, 𝑇⟩⟨𝛽, 𝛼∨⟩ + ⟨𝛽𝑃, 𝑇⟩ = ⟨𝛽, 𝑇⟩

whence the result. □

Lemma 5.2.3 (Arthur). — The function

𝑚 ∈ 𝑀1(A) ↦→ 𝜒
𝑃1,𝑃2
𝑇

(𝑚)

is the characteristic function of 𝑀1(𝐹) · Ω𝑀1
𝐵

· 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) · 𝑀1(O).
Remark 5.2.4. — If 𝑃1 = 𝑃2 ≠ 𝐺, the function 𝜒𝑃1,𝑃1

𝑇
is identically zero (cf. Remark 5.2.1).

Proof. — It suffices to combine [1], Lemma 6.1, with the description of the function 𝐹𝑃1 . □

The function 𝜒𝑃1,𝑃2
𝑇

will intervene via the following lemma.
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Lemma 5.2.5 (Arthur). — For every standard parabolic subgroup 𝑃 of𝐺, let 𝐾𝑃 be a function
on 𝑃(𝐹)\𝐺 (A). One has the equality between∑︁

𝐵⊂𝑃⊂𝐺
(−1)dim(𝑎𝐺

𝑃
)

∑︁
𝛿∈𝑃(𝐹)\𝐺 (𝐹)

𝜏𝑃 (𝐻𝑃 (𝛿𝑔) − 𝑇)𝐾𝑃 (𝛿𝑔)

and ∑︁
𝐵⊂𝑃1⊂𝑃2⊂𝐺

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝑔)𝐾𝑃1,𝑃2 (𝛿𝑔)

where
– one sets

(5.2.3) 𝐾𝑃1,𝑃2 (𝑔) =
∑︁

𝑃1⊂𝑃⊂𝑃2

(−1)dim(𝑎𝐺
𝑃
)𝐾𝑃 (𝑔),

– in the sum above, the terms corresponding to 𝑃1 = 𝑃2 vanish except if 𝑃1 = 𝑃2 = 𝐺, in
which case one obtains

𝐹𝐺 (𝑔, 𝑇)𝐾𝐺 (𝑔).
Proof. — It rests on the formal arguments used on pp. 41–43 in [5]. □

5.3. An Upper Bound for Rational Sums.— Let 𝛼 ∈ Δ and let 𝑄 be the maximal standard
parabolic subgroup of 𝐺 defined by the condition

Δ − Δ𝑄 = {𝛼}.
Let Σ𝑄 be the set of roots of 𝑇0 in 𝔫𝑄 . One has a decomposition into weight spaces

𝔫𝑄 =
⨁︂
𝛼∈Σ𝑄

𝔫𝛼 .

For every Φ ⊂ Σ𝑄 , one sets
𝔫Φ =

⨁︂
𝛼∈Φ

𝔫𝛼 .

Every element 𝑈 ∈ 𝔫Φ is written 𝑈 =
∑︁
𝛼∈Φ𝑈𝛼 according to this decomposition. For every

polynomial 𝑔 ∈ F𝑞 [𝔫Φ] and every 𝛼 ∈ Φ, we denote by deg𝛼 (𝑔) the degree of 𝑔(𝑈) in the
variable𝑈𝛼. We denote byV((𝑔𝑖)𝑖∈𝐼) the closed subset of 𝔫Φ defined by a family of polynomials
(𝑔𝑖)𝑖∈𝐼 .
Proposition 5.3.1. — Let 𝑑 be an integer. For every divisor 𝐷 on 𝐶, there exists a constant
𝑐 > 0 such that for every non-empty subset Φ ⊂ Σ𝑄 , every 𝑎 ∈ 𝐴𝐺 (𝑇1) and every family of
polynomials, not all zero, (𝑔𝑖)𝑖∈𝐼 of F𝑞 [𝔫Φ] which satisfies

∀𝑖 ∈ 𝐼, ∀𝛽 ∈ Φ, deg𝛽 (𝑔𝑖) ≤ 𝑑,
one has the inequality∏︂

𝛽∈Φ
𝑞−⟨𝛽,𝐻𝐵 (𝑎)⟩

∑︁
𝑈∈𝔫Φ (𝐹)∩V((𝑔𝑖)𝑖∈𝐼 )

1𝐷 (𝑎−1𝑈𝑎) ≤ 𝑐 · 𝑞−⟨𝛼,𝐻𝐵 (𝑎)⟩ .

Proof. — We shall argue by induction on the cardinality of Φ. The case of a singleton Φ = {𝛽}
starts the induction. In this case, the number of zeros of a non-zero polynomial 𝑔𝑖 cannot exceed
𝑑, and one therefore has

𝑞−⟨𝛽,𝐻𝐵 (𝑎)⟩
∑︁

𝑈∈𝔫Φ (𝐹)∩V((𝑔𝑖)𝑖∈𝐼 )
1𝐷 (𝑎−1𝑈𝑎) ≤ 𝑑𝑞−⟨𝛽,𝐻𝐵 (𝑎)⟩ .

There exists Δ′ ⊂ Δ− {𝛼} such that 𝛽 = 𝛼+∑︁
𝛾∈Δ′ 𝛾. The upper bound −⟨𝛾, 𝐻𝐵 (𝑎)⟩ < −⟨𝛾, 𝑇1⟩

for 𝑎 ∈ 𝐴𝐺 (𝑇1) and 𝛾 ∈ Δ′ gives the result.
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Suppose henceforth that Φ = Φ′∐︁{𝛽} and |Φ′| ≥ 1. Every𝑈 ∈ 𝔫Φ is written𝑈 = 𝑈′ +𝑈𝛽
according to the decomposition 𝔫Φ = 𝔫Φ′ ⊕ 𝔫𝛽. Let 𝐼′ = 𝐼 × {0, 1, . . . , 𝑑}. One obtains a family
of polynomials (𝑔′

𝑖
)𝑖∈𝐼′ of F𝑞 [𝔫Φ′], not all zero, by writing for every 𝑖 ∈ 𝐼

𝑔𝑖 (𝑈) =
𝑑∑︁
𝑘=0

𝑔′𝑖,𝑘 (𝑈
′)𝑈𝑘

𝛽 .

To lighten the notation, we introduce V = V((𝑔𝑖)𝑖∈𝐼) and V′ = V((𝑔′
𝑖
)𝑖∈𝐼′). Let V0 be the

open subset of V formed by those 𝑈 whose projection 𝑈′ does not belong to the closed subset
V′ of 𝔫Φ′ . One thus has a disjoint union

V = (V′ ⊕ 𝔫𝛽) ∪ V0.

To conclude, it suffices to prove that the following contributions both satisfy the sought-for upper
bound

(5.3.1)
∏︂
𝛾∈Φ′

𝑞−⟨𝛾,𝐻𝐵 (𝑎)⟩
∑︁

𝑈′∈𝔫Φ′ (𝐹)∩V′

1𝐷 (𝑎−1𝑈′𝑎) × 𝑞−⟨𝛽,𝐻𝐵 (𝑎)⟩
∑︁

𝑈𝛽∈𝔫𝛽 (𝐹)
1𝐷 (𝑎−1𝑈𝛽𝑎)

and

(5.3.2)
∏︂
𝛾∈Φ

𝑞−⟨𝛾,𝐻𝐵 (𝑎)⟩
∑︁

𝑈∈𝔫Φ (𝐹)∩V0

1𝐷 (𝑎−1𝑈𝑎).

In order to bound (5.3.1), one uses on the one hand the induction hypothesis applied to the
factor attached to Φ′, and on the other hand the fact that the expression 𝑞−⟨𝛽,𝐻𝐵 (𝑎)⟩ ∑︁

𝑈𝛽∈𝔫𝛽 (𝐹)
1𝐷 (𝑎−1𝑈𝛽𝑎) is bounded for 𝑎 ∈ 𝐴𝐺 (𝑇1) (this follows immediately from Lemma 5.1.1).

In order to bound (5.3.2), one begins by rewriting this expression in the form∏︂
𝛾∈Φ′

𝑞−⟨𝛾,𝐻𝐵 (𝑎)⟩
∑︁

𝑈′∈𝔫Φ′ (𝐹),𝑈′∉V′

1𝐷 (𝑎−1𝑈′𝑎) × 𝑞−⟨𝛽,𝐻𝐵 (𝑎)⟩
∑︁

𝑈𝛽∈𝔫𝛽 (𝐹),𝑈′+𝑈𝛽∈V
1𝐷 (𝑎−1𝑈𝛽𝑎).

Using the case of the singleton {𝛽} and of the family of polynomials (𝑔𝑖 (𝑈′+ ·))𝑖∈𝐼 (not all zero
since𝑈′ ∉ V′), one has the upper bound

𝑞−⟨𝛽,𝐻𝐵 (𝑎)⟩
∑︁

𝑈𝛽∈𝔫𝛽 (𝐹),𝑈′+𝑈𝛽∈V
1𝐷 (𝑎−1𝑈𝛽𝑎) ≤ 𝑑 · 𝑞−⟨𝛼,𝐻𝐵 (𝑎)⟩ .

It therefore remains to bound∏︂
𝛾∈Φ′

𝑞−⟨𝛾,𝐻𝐵 (𝑎)⟩
∑︁

𝑈′∈𝔫Φ′ (𝐹),𝑈′∉V′

1𝐷 (𝑎−1𝑈′𝑎).

One bounds this expression trivially by∏︂
𝛾∈Φ′

𝑞−⟨𝛾,𝐻𝐵 (𝑎)⟩
∑︁

𝑈′∈𝔫Φ′ (𝐹)
1𝐷 (𝑎−1𝑈′𝑎)

which is again the product over 𝛾 ∈ Φ′ of

𝑞−⟨𝛾,𝐻𝐵 (𝑎)⟩
∑︁

𝑈𝛾∈𝔫𝛾 (𝐹)
1𝐷 (𝑎−1𝑈𝛾𝑎).

This expression is indeed bounded for 𝑎 ∈ 𝐴𝐺 (𝑇1) (cf. Lemma 5.1.1). □
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6. Asymptotics of Truncated Nilpotent Integrals

6.1. The notations are those in force in Section 5.

6.2. Statements of the results.— Let N𝐺 be the nilpotent cone of 𝔤(𝐹). Let (N𝐺) be
the (finite) set of orbits of 𝐺 (𝐹) in N𝐺 . For every nilpotent orbit O ∈ (N𝐺) and every
standard parabolic subgroup 𝑃 of 𝐺, we introduce the following function of the variable 𝑔 ∈
𝑀𝑃 (𝐹)𝑁𝑃 (A)\𝐺 (A)/𝐺 (O)

𝐾𝑃
𝐷,O (𝑔) =

∑︁
𝑋∈N𝑀𝑃 , 𝐼𝐺

𝑃
(𝑋)=O

∫
𝔫𝑃 (A)

1𝐷 (𝑔−1(𝑋 +𝑈)𝑔) 𝑑𝑈.

It may happen that the summation set is empty, in which case we set 𝐾𝑃
𝐷,O (𝑔) = 0. This is the

case, for example, if O is the zero orbit and 𝑃 is a proper parabolic subgroup.
For every 𝑔 ∈ 𝐺 (𝐹)\𝐺 (A), we set

(6.2.1) 𝐾𝐺
𝐷,𝑇,O (𝑔) =

∑︁
𝐵⊂𝑃⊂𝐺

(−1)dim(𝑎𝐺
𝑃
)

∑︁
𝛿∈𝑃(𝐹)\𝐺 (𝐹)

𝜏𝑃 (𝐻𝐵 (𝛿𝑔) − 𝑇)𝐾𝑃𝐷,O (𝛿𝑔).

We fix a Euclidean norm ∥ · ∥ on 𝑎𝐵,R invariant under the Weyl group of (𝐺,𝑇0). Here are
the two main results of this section. The proof of Corollary 6.2.2 is to be found in § 6.3. The
proof of Theorem 6.2.1 begins in § 6.4 and occupies the whole of the rest of the section.
Theorem 6.2.1. — Let 𝑒 ∈ Z. Let O ∈ (N) and let 𝐷 be a divisor on 𝐶. There exists a point
𝑇𝐷 ∈ 𝑎+

𝐵
such that for every 𝜀′ > 0, there exist constants 𝜀 > 0 and 𝑐 > 0 such that for every

𝑇 ∈ 𝑇𝐷 + 𝑎+
𝐵

which satisfies, for every 𝛼 ∈ Δ,

⟨𝛼,𝑇⟩ ≥ 𝜀′∥𝑇 ∥,
one has ∫

𝐺 (𝐹)\𝐺 (A)𝑒

�����𝐹𝐺 (𝑔, 𝑇) ∑︁
𝑋∈O

1𝐷 (𝑔−1𝑋𝑔) − 𝐾𝐺
𝐷,𝑇,O (𝑔)

����� 𝑑𝑔 ≤ 𝑐 · 𝑞−𝜀∥𝑇 ∥ .

Corollary 6.2.2. — The notations are those of Theorem 6.2.1. For every 𝑇 ∈ 𝑎𝐵, the integral

(6.2.2)
∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐾𝐺
𝐷,𝑇,O (𝑔) 𝑑𝑔

converges absolutely.
Moreover, the function

𝑇 ∈ 𝑋∗(𝑇0) ↦→
∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐾𝐺
𝐷,𝑇,O (𝑔) 𝑑𝑔

is quasi-polynomial, in the sense that there exists a finite set

𝔣 ⊂ 2𝜋𝑖
log(𝑞) 𝑋

∗(𝑇0) ⊗Z Q

and, for every 𝜈 ∈ 𝔣, a polynomial 𝑝𝜈 on 𝑎𝐵 such that this function coincides on 𝑋∗(𝑇0) with

𝑇 ↦→
∑︁
𝜈∈𝔣

𝑝𝜈 (𝑇)𝑞⟨𝜈,𝑇⟩ .

Remark 6.2.3. — The combination of Theorem 6.2.1 and of its Corollary 6.2.2 shows that the
integral ∫

𝐺 (𝐹)\𝐺 (A)𝑒
𝐹𝐺 (𝑔, 𝑇)

∑︁
𝑋∈O

1𝐷 (𝑔−1𝑋𝑔) 𝑑𝑔
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is asymptotic to the quasi-polynomial given by (6.2.2). This result is an analogue of a result of
Arthur over number fields (cf. [3], Theorem 4.2). It is even slightly better, in the sense that one
has in addition the integral formula (6.2.2).

6.3. Proof of Corollary 6.2.2.— It rests on Arthur’s methods. It is moreover very similar to the
proofs of Corollary 5.1.2 and Theorem 5.2.1 of [6]. According to Arthur (cf. [2], section 2), one
has, for every 𝐻 and every 𝑇 in 𝑎𝐵,

(6.3.1) 𝜏𝑃 (𝐻 − 𝑇) =
∑︁

𝑃⊂𝑄⊂𝐺
(−1)dim(𝑎𝐺

𝑄
)
𝜏
𝑄

𝑃
(𝐻)Γ′

𝑄 (𝐻,𝑇)

where Γ′
𝑄
(𝐻,𝑇) is the function Γ𝐺

𝑄
(𝐻, 0, 𝑇) defined in (2.15.1); for 𝑄 = 𝐺, the function Γ′

𝐺
is

identically equal to 1. It follows that one has

(6.3.2) 𝐾𝐺
𝐷,𝑇,O (𝑔) =

∑︁
𝐵⊂𝑄⊂𝐺

∑︁
𝛿∈𝑄(𝐹)\𝐺 (𝐹)

Γ′
𝑄 (𝐻𝑄 (𝛿𝑔), 𝑇)𝐾

𝑄

𝐷,0,O (𝛿𝑔)

where we set, for 𝑔 ∈ 𝐺 (A),

(6.3.3) 𝐾
𝑄

𝐷,0,O (𝑔) =
∑︁

𝐵⊂𝑃⊂𝑄
(−1)dim(𝑎𝑄

𝑃
)

∑︁
𝜂∈𝑃(𝐹)\𝑄(𝐹)

𝜏
𝑄

𝑃
(𝐻𝐵 (𝜂𝑔))𝐾𝑃𝐷,O (𝜂𝑔).

For 𝑄 = 𝐺, one recovers 𝐾𝐺
𝐷,𝑇,O for 𝑇 = 0. Let 𝑃 ⊂ 𝑄 be standard parabolic subgroups.

Let S𝑄 ⊂ (N𝑀𝑄 ) be the (finite) set of orbits O𝑄 ∈ (N𝑀𝑄 ) such that 𝐼𝐺
𝑄
(O𝑄) = O. One has

successively the following equalities for every 𝑚 ∈ 𝑀𝑄 (A) and every 𝑛 ∈ 𝑁𝑄 (A) (we write
𝔫
𝑄

𝑃
= 𝔪𝑄 ∩ 𝔫𝑃):

𝐾𝑃
𝐷,O (𝑛𝑚) =

∑︁
𝑋∈N𝑀𝑃 , 𝐼𝐺

𝑃
(𝑋)=O

∫
𝔫𝑃 (A)

1𝐷 (𝑚−1𝑛−1(𝑋 +𝑈)𝑛𝑚) 𝑑𝑈

=
∑︁

𝑋∈N𝑀𝑃 , 𝐼𝐺
𝑃
(𝑋)=O

∫
𝔫𝑃 (A)

1𝐷 (𝑚−1(𝑋 +𝑈)𝑚) 𝑑𝑈

=
∑︁

𝑋∈N𝑀𝑃 , 𝐼𝐺
𝑃
(𝑋)=O

∫
𝔫
𝑄

𝑃
(A)

∫
𝔫𝑄 (A)

1𝐷 (𝑚−1(𝑋 +𝑈 +𝑈′)𝑚) 𝑑𝑈 𝑑𝑈′

= 𝑞⟨2𝜌𝑄 ,𝐻𝑄 (𝑚)⟩𝑞dim(𝑁𝑄) (1−𝑔𝐶+deg(𝐷))

×
∑︁

O𝑄∈S𝑄

∑︁
{𝑋∈N𝑀𝑃 | 𝐼

𝑀𝑄

𝑃∩𝑀𝑄
(𝑋)=O𝑄}

∫
𝔫
𝑄

𝑃
(A)

1𝐷 (𝑚−1(𝑋 +𝑈)𝑚) 𝑑𝑈

= 𝑞⟨2𝜌𝑄 ,𝐻𝑄 (𝑚)⟩𝑞dim(𝑁𝑄) (1−𝑔𝐶+deg(𝐷))
∑︁

O𝑄∈S𝑄

𝐾
𝑃∩𝑀𝑄

𝐷,O𝑄
(𝑚).

One deduces from this that one has

(6.3.4) 𝐾
𝑄

𝐷,0,O (𝑛𝑚) = 𝑞
⟨2𝜌𝑄 ,𝐻𝑄 (𝑚)⟩𝑞dim(𝑁𝑄) (1−𝑔𝐶+deg(𝐷))

∑︁
O𝑄∈S𝑄

𝐾
𝑀𝑄

𝐷,0,O𝑄
(𝑚).
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We are going to perform a series of formal manipulations which will be justified a posteriori.
By (6.3.2), and using the Iwasawa decomposition, we have∫
𝐺 (𝐹)\𝐺 (A)𝑒

(︁
𝐾𝐺
𝐷,𝑇,O (𝑔) − 𝐾

𝐺
𝐷,0,O (𝑔)

)︁
𝑑𝑔

=
∑︁

𝐵⊂𝑄⊊𝐺

∫
𝑄(𝐹)\𝐺 (A)𝑒

Γ′
𝑄 (𝐻𝑄 (𝑔), 𝑇)𝐾

𝑄

𝐷,0,O (𝑔) 𝑑𝑔

=
∑︁

𝐵⊂𝑄⊊𝐺
𝑞dim(𝑁𝑄) deg(𝐷)

∑︁
O𝑄∈S𝑄

∫
𝑀𝑄 (𝐹)\𝑀𝑄 (A)∩𝐺 (A)𝑒

Γ′
𝑄 (𝐻𝑄 (𝑚), 𝑇)𝐾

𝑀𝑄

𝐷,0,O𝑄
(𝑚) 𝑑𝑚

=
∑︁

𝐵⊂𝑄⊊𝐺
𝑞dim(𝑁𝑄) deg(𝐷)

∑︁
O𝑄∈S𝑄

∑︁
𝐻∈𝐻𝑄 (𝑀𝑄 (A)∩𝐺 (A)𝑒)

Γ′
𝑄 (𝐻,𝑇)

∫
𝑀𝑄 (𝐹)\𝑀𝑄 (A)𝐻

𝐾
𝑀𝑄

𝐷,0,O𝑄
(𝑚) 𝑑𝑚

where, in the last line, 𝑀𝑄 (A)𝐻 is the set of 𝑚 ∈ 𝑀𝑄 (A) such that 𝐻𝑄 (𝑚) = 𝐻. For 𝑄 ⊊ 𝐺,
the Levi subgroup 𝑀𝑄 is a product of linear factors, each of rank strictly smaller than that of 𝐺.
The functions 𝐾𝑀𝑄

𝐷,0,O𝑄
and their integrals are also products indexed by these factors. Arguing by

induction on the rank, one may therefore assume that the integrals
∫
𝑀𝑄 (𝐹)\𝑀𝑄 (A)𝐻 𝐾

𝑀𝑄

𝐷,0,O𝑄
(𝑚) 𝑑𝑚

are absolutely convergent. Since the function𝐻 ↦→ Γ′
𝑄
(𝐻,𝑇) has finite support on𝐻𝑄 (𝑀𝑄 (A)∩

𝐺 (A)𝑒) (cf. Lemma 2.15.1), this justifies the preceding manipulations and shows that the integral∫
𝐺 (𝐹)\𝐺 (A)𝑒 𝐾

𝐺
𝐷,𝑇,O (𝑔) 𝑑𝑔 is absolutely convergent for one 𝑇 ∈ 𝑎𝐵 if and only if it is so for every

𝑇 ∈ 𝑎𝐵. Since the integral ∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐹𝐺 (𝑔, 𝑇)
∑︁
𝑋∈O

1𝐷 (𝑔−1𝑋𝑔) 𝑑𝑔

is absolutely convergent (the integrand has compact support), Theorem 6.2.1 shows that there is
at least one such 𝑇 .

The function 𝑚 ∈ 𝑀𝑄 (A) ↦→ 𝐾
𝑀𝑄

𝐷,0,O𝑄
(𝑚) is invariant under the action of the center 𝑍𝑄 (A)

of 𝑀𝑄 (A). It follows that the map

𝐻 ∈ 𝐻𝑄 (𝑀𝑄 (A) ∩ 𝐺 (A)𝑒) ↦→
∫
𝑀𝑄 (𝐹)\𝑀𝑄 (A)𝐻

𝐾
𝑀𝑄

𝐷,0,O𝑄
(𝑚) 𝑑𝑚

is invariant under the subgroup 𝐻𝑄 (𝑍𝑄 (A) ∩ 𝐺 (A)𝑒). Finally, for every 𝐻 ∈ 𝐻𝑄 (𝑀𝑄 (A) ∩
𝐺 (A)𝑒), the function

𝑇 ↦→
∑︁

𝐻′∈𝐻𝑄 (𝑍𝑄 (A)∩𝐺 (A)𝑒)
Γ′
𝑄 (𝐻 + 𝐻′, 𝑇)

is quasi-polynomial (cf. Proposition 4.5.5 of [6]). This concludes.

6.4. A first reduction.— Theorem 6.2.1 is an immediate consequence of Lemma 5.2.5 and of
Proposition 6.4.1 below. The proof of the latter will be given in § 6.8 after lengthy preparations.
Proposition 6.4.1. — Under the hypotheses of Theorem 6.2.1, one has, for all standard
parabolic subgroups 𝑃1 ⊊ 𝑃2 of 𝐺,∫

𝐺 (𝐹)\𝐺 (A)𝑒

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝑔) |𝐾𝑃1,𝑃2
𝐷,O (𝛿𝑔) | 𝑑𝑔 ≤ 𝑐 · 𝑞−𝜀∥𝑇 ∥

where we set

(6.4.1) 𝐾
𝑃1,𝑃2
𝐷,O (𝑔) =

∑︁
𝑃1⊂𝑃⊂𝑃2

(−1)dim(𝑎𝐺
𝑃
)𝐾𝑃

𝐷,O (𝑔).
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6.5. A first bound in the proof of Proposition 6.4.1.— In all that follows, we fix a nilpotent
orbit O ∈ (N) and standard parabolic subgroups 𝑃1 ⊊ 𝑃2 of 𝐺. For every 𝑋 ∈ 𝔭1(𝐹), we set

(6.5.1) 𝜉
𝑃1,𝑃2
O (𝑋) =

∑︁
𝑃1⊂𝑃⊂𝑃2, 𝐼

𝐺
𝑃
(𝑋)=O

(−1)dim(𝑎𝐺
𝑃
) .

This expression is invariant under conjugation by 𝑀1(𝐹) and depends only on the projection of
𝑋 onto 𝔪1(𝐹).

To lighten the notation, we write 𝑃1 = 𝑀1𝑁1 (instead of 𝑀𝑃1𝑁𝑃1) for the standard Levi
decomposition of the standard parabolic subgroup 𝑃1. Likewise for 𝑃2.
Proposition 6.5.1. — For every divisor 𝐷, there exists a point 𝑇𝐷 ∈ 𝑎+

𝐵
such that for all

𝑇 ∈ 𝑇𝐷 + 𝑎+
𝐵
, 𝑛 ∈ 𝑁1(A) and 𝑚 ∈ 𝑀1(A) such that

𝜒
𝑃1,𝑃2
𝑇

(𝑚) ≠ 0

one has

𝐾
𝑃1,𝑃2
𝐷,O (𝑛𝑚) = 𝑞dim(𝔫2) (1−𝑔𝐶+deg(𝐷))+⟨2𝜌2,𝐻2 (𝑚)⟩

∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹)

1𝐷 (𝑚−1𝑋𝑚)𝜉𝑃1,𝑃2
O (𝑋).

Proof. — This is an immediate consequence of Lemma 6.5.4 below. □

Corollary 6.5.2. — For every divisor 𝐷, there exists a point 𝑇𝐷 ∈ 𝑎+
𝐵

such that for every
𝑇 ∈ 𝑇𝐷 + 𝑎+

𝐵
one has the inequality∫

𝐺 (𝐹)\𝐺 (A)𝑒

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝑔) |𝐾𝑃1,𝑃2
𝐷,O (𝛿𝑔) | 𝑑𝑔

≤ 𝑞dim(𝑁1) (𝑔𝐶−1)+dim(𝔫2) (1−𝑔𝐶+deg(𝐷))

×
∫
𝑀1 (𝐹)\𝑀1 (A)∩𝐺 (A)𝑒

𝑞−⟨2𝜌
2
1,𝐻1 (𝑚)⟩𝜒𝑃1,𝑃2

𝑇
(𝑚)

∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹)

1𝐷 (𝑚−1𝑋𝑚) |𝜉𝑃1,𝑃2
O (𝑋) | 𝑑𝑚.

Proof. — One has∫
𝐺 (𝐹)\𝐺 (A)𝑒

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝑔) |𝐾𝑃1,𝑃2
𝐷,O (𝛿𝑔) | 𝑑𝑔 =

∫
𝑃1 (𝐹)\𝐺 (A)𝑒

𝜒
𝑃1,𝑃2
𝑇

(𝑔) |𝐾𝑃1,𝑃2
𝐷,O (𝑔) | 𝑑𝑔.

By the Iwasawa decomposition, one obtains∫
𝑁1 (𝐹)\𝑁1 (A)

∫
𝑀1 (𝐹)\𝑀1 (A)∩𝐺 (A)𝑒

∫
𝐺 (O)

𝑞−⟨2𝜌𝑃1 ,𝐻𝑃1 (𝑚)⟩𝜒𝑃1,𝑃2
𝑇

(𝑛𝑚𝑘) |𝐾𝑃1,𝑃2
𝐷,O (𝑛𝑚𝑘) | 𝑑𝑘 𝑑𝑚 𝑑𝑛.

The function 𝜒𝑃1,𝑃2
𝑇

is left-invariant under 𝑁1(A) and right-invariant under 𝐺 (O). The expres-
sion |𝐾𝑃1,𝑃2

𝐷,O (·) | is right-invariant under 𝐺 (O). Taking into account the volume vol(𝐺 (O)) = 1,
one obtains∫

𝑁1 (𝐹)\𝑁1 (A)

∫
𝑀1 (𝐹)\𝑀1 (A)∩𝐺 (A)𝑒

𝑞−⟨2𝜌𝑃1 ,𝐻𝑃1 (𝑚)⟩𝜒𝑃1,𝑃2
𝑇

(𝑚) |𝐾𝑃1,𝑃2
𝐷,O (𝑛𝑚) | 𝑑𝑚 𝑑𝑛.

To finish, one uses the formula vol(𝑁1(𝐹)\𝑁1(A)) = 𝑞dim(𝑁1) (𝑔𝐶−1) and the expression given
by Proposition 6.5.1, which one bounds in the obvious way. □

Lemma 6.5.3. — Let 𝑃 be a parabolic subgroup of 𝐺 such that 𝑃1 ⊂ 𝑃 ⊂ 𝑃2. The function
𝑔 ∈ 𝐺 (A) ↦→ 𝐾𝑃

𝐷,O (𝑔) is left-invariant under 𝑁𝑃 (A). Moreover, for every 𝑢 ∈ 𝑀𝑃 (A) ∩ 𝑁1(A)
and every 𝑚 ∈ 𝑀1(A), one has

𝐾𝑃
𝐷,O (𝑢𝑚) = 𝑞

dim(𝔫𝑃) (deg(𝐷)+1−𝑔𝐶 )+⟨2𝜌𝑃 ,𝐻𝑃 (𝑚)⟩
∑︁

𝑋∈N𝑀𝑃 , 𝐼𝐺
𝑃
(𝑋)=O

1𝐷 ((𝑢𝑚)−1𝑋𝑢𝑚).
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Proof. — Let 𝑛 ∈ 𝑁𝑃 (A) and 𝑔 ∈ 𝐺 (A). One has

𝐾𝑃
𝐷,O (𝑛𝑔) =

∑︁
𝑋∈N𝑀𝑃 , 𝐼𝐺

𝑃
(𝑋)=O

∫
𝔫𝑃 (A)

1𝐷 ((𝑛𝑔)−1(𝑋 +𝑈)𝑛𝑔) 𝑑𝑈.

One performs the change of variable𝑈′ = 𝑛−1(𝑋 +𝑈)𝑛 − 𝑋 , which gives

𝐾𝑃
𝐷,O (𝑛𝑔) =

∑︁
𝑋∈N𝑀𝑃 , 𝐼𝐺

𝑃
(𝑋)=O

∫
𝔫𝑃 (A)

1𝐷 (𝑔−1(𝑋 +𝑈)𝑔) 𝑑𝑈

and proves the desired invariance.
Let 𝑢 ∈ 𝑀𝑃 (A) ∩ 𝑁1(A) and 𝑚 ∈ 𝑀1(A). By means of the change of variable 𝑈′ =

(𝑢𝑚)−1𝑈𝑢𝑚, one obtains the equality

𝐾𝑃
𝐷,O (𝑢𝑚) = 𝑞

⟨2𝜌𝑃 ,𝐻𝑃 (𝑚)⟩
∑︁

𝑋∈N𝑀𝑃 , 𝐼𝐺
𝑃
(𝑋)=O

∫
𝔫𝑃 (A)

1𝐷 ((𝑢𝑚)−1𝑋𝑢𝑚 +𝑈) 𝑑𝑈.

Since one has (𝑢𝑚)−1𝑋𝑢𝑚 ∈ 𝔪𝑃 (A), the expression 1𝐷 ((𝑢𝑚)−1𝑋𝑢𝑚 + 𝑈) is the product of
1𝐷 ((𝑢𝑚)−1𝑋𝑢𝑚) by 1𝐷 (𝑈). Using the equality∫

𝔫𝑃 (A)
1𝐷 (𝑈) 𝑑𝑈 = 𝑞dim(𝔫𝑃) (deg(𝐷)+1−𝑔𝐶 ) ,

one obtains the desired equality. □

Lemma 6.5.4. — Let 𝑃 be a parabolic subgroup of𝐺 such that 𝑃1 ⊂ 𝑃 ⊂ 𝑃2. For every divisor
𝐷, there exists a point 𝑇𝐷 ∈ 𝑎+

𝐵
such that for all 𝑇 ∈ 𝑇𝐷 + 𝑎+

𝐵
, 𝑛 ∈ 𝑁1(A) and 𝑚 ∈ 𝑀1(A) such

that
𝜒
𝑃1,𝑃2
𝑇

(𝑚) ≠ 0
one has

𝐾𝑃
𝐷,O (𝑛𝑚) = 𝑞

dim(𝔫2) (deg(𝐷)+1−𝑔𝐶 )+⟨2𝜌2,𝐻𝑃2 (𝑚)⟩
∑︁

𝑋∈N𝑀2∩𝔭1 (𝐹), 𝐼𝐺𝑃 (𝑋)=O

1𝐷 (𝑚−1𝑋𝑚).

Proof. — By Lemma 6.5.3, one sees that it is a matter of obtaining the following equality

𝑞dim(𝔫𝑃) (deg(𝐷)+1−𝑔𝐶 )+⟨2𝜌𝑃 ,𝐻𝑃 (𝑚)⟩
∑︁

𝑋∈N𝑀𝑃 , 𝐼𝐺
𝑃
(𝑋)=O

1𝐷 ((𝑛𝑚)−1𝑋𝑛𝑚)

= 𝑞dim(𝔫2) (deg(𝐷)+1−𝑔𝐶 )+⟨2𝜌2,𝐻𝑃2 (𝑚)⟩
∑︁

𝑋∈N𝑀2∩𝔭1 (𝐹), 𝐼𝐺𝑃 (𝑋)=O

1𝐷 (𝑚−1𝑋𝑚)

for 𝑛 ∈ 𝑀𝑃 (A) ∩ 𝑁1(A) and 𝑚 ∈ 𝑀1(A) such that 𝜒𝑃1,𝑃2
𝑇

(𝑚) ≠ 0.
We shall first show that for every 𝑛 ∈ 𝑀𝑃 (A) ∩ 𝑁1(A) and every 𝑚 ∈ 𝑀1(A) such that

𝜒
𝑃1,𝑃2
𝑇

(𝑚) ≠ 0, one has

(6.5.2)
∑︁

𝑋∈N𝑀𝑃 , 𝐼𝐺
𝑃
(𝑋)=O

1𝐷 ((𝑛𝑚)−1𝑋𝑛𝑚) =
∑︁

𝑋∈N𝑀𝑃 , 𝐼𝐺
𝑃
(𝑋)=O

1𝐷 (𝑚−1𝑋𝑚).

The result is tautological if 𝑃 = 𝑃1. We therefore assume 𝑃1 ⊊ 𝑃. Since 𝜒𝑃1,𝑃2
𝑇

(𝑚) ≠ 0,
one has 𝑚 ∈ 𝑀1(𝐹) · Ω𝑀1

𝐵
· 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) · 𝑀1(O) (cf. Lemma 5.2.3). After replacing 𝑛 by

a conjugate under 𝑀1(𝐹), one may assume 𝑚 ∈ Ω
𝑀1
𝐵

· 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) · 𝑀1(O). Both sides of
(6.5.2) are invariant under right translations of 𝑚 by 𝑀1(O) and under left translations of 𝑛 by
𝑀𝑃 (𝐹) ∩ 𝑁1(𝐹). One may therefore assume 𝑚 ∈ Ω

𝑀1
𝐵

· 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) and 𝑛 in a fixed compact
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subset ℭ of 𝑀𝑃 (A) ∩ 𝑁1(A). For every 𝑎 ∈ 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) and every root 𝛼 of 𝑇0 in 𝑀𝑃 ∩ 𝑁1,
there exist Φ1 ⊂ Δ𝑃1 and Φ𝑃

1 ≠ ∅ ⊂ Δ𝑃 − Δ𝑃1 such that

⟨𝛼, 𝐻𝐵 (𝑎)⟩ >
∑︁
𝛽∈Φ1

⟨𝛽, 𝑇1⟩ +
∑︁
𝛽∈Φ𝑃

1

⟨𝛽, 𝑇⟩

(here, one uses Lemma 5.2.2). Taking 𝑇𝐷 suitably, it follows that if 𝑇 ∈ 𝑇𝐷 + 𝑎+
𝐵
, then for every

𝑎 ∈ 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) one has

𝑎−1(Ω𝑀1
𝐵
)−1ℭΩ𝑀1

𝐵
𝑎 ⊂ 𝑀𝑃 (O) ∩ 𝑁1(O)

and therefore also 𝑚−1ℭ𝑚 ⊂ 𝑀𝑃 (O) ∩ 𝑁1(O). The equality (6.5.2) follows.
Let us next show that for every 𝑚 ∈ 𝑀1(A) such that 𝜒𝑃1,𝑃2

𝑇
(𝑚) ≠ 0, one has

(6.5.3)
∑︁

𝑋∈N𝑀𝑃 , 𝐼𝐺
𝑃
(𝑋)=O

1𝐷 (𝑚−1𝑋𝑚) =
∑︁

𝑋∈N𝑀𝑃∩𝔭1 (𝐹), 𝐼𝐺𝑃 (𝑋)=O

1𝐷 (𝑚−1𝑋𝑚).

One may assume 𝑚 ∈ Ω
𝑀1
𝐵

· 𝐴𝑃1,𝑃2 (𝑇1, 𝑇). If the equality (6.5.3) fails, there exists 𝑋 ∈
𝔪𝑃 (𝐹) −𝔭1(𝐹) ∩𝔪(𝐹) such that 1𝐷 (𝑚−1𝑋𝑚) ≠ 0. There then exists a root 𝛼 of 𝑇0 in 𝑀𝑃 ∩𝑁1
(where 𝑁1 is the unipotent radical « opposite » to 𝑁1) such that the projection onto 𝔫𝛼 of𝑚−1𝑋𝑚
is nonzero. If, moreover, 𝛼 is minimal (for the order defined by 𝐵), one necessarily has

− deg(⟨𝛼, 𝐻𝐵 (𝑎)⟩) ≤ deg(𝐷).
Here again, one can find 𝑇𝐷 such that this is not possible when 𝑇 ∈ 𝑇𝐷 + 𝑎+

𝐵
. This proves (6.5.3).

Finally, for 𝑚 ∈ 𝑀1(A), the expression∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹), 𝐼𝐺𝑃 (𝑋)=O

1𝐷 (𝑚−1𝑋𝑚)

is the product of ∑︁
𝑋∈N𝑀𝑃∩𝔭1 (𝐹), 𝐼𝐺𝑃 (𝑋)=O

1𝐷 (𝑚−1𝑋𝑚)

by

(6.5.4)
∑︁

𝑌∈(𝔫𝑃∩𝔪2) (𝐹)
1𝐷 (𝑚−1𝑋𝑚).

To conclude, it suffices to show that for 𝑚 ∈ 𝑀1(A) such that 𝜒𝑃1,𝑃2
𝑇

(𝑚) ≠ 0, the expression
(6.5.4) is equal to

𝑞dim(𝔫𝑃∩𝔪2) (1−𝑔𝐶+deg(𝐷))+⟨2𝜌2
𝑃
,𝐻𝐵 (𝑚)⟩ .

This equality is proved by means of the Poisson formula and by arguments similar to those
developed above. □

6.6. A second bound in the proof of Proposition 6.4.1.— For every parabolic subgroup
𝑄 ∈ F 𝑃1 (𝐵), let

𝐴
1,2
𝑄,𝑒

(𝑇)

be the set of 𝑎 ∈ 𝐴𝑃1,𝑃2 (𝑇1, 𝑇) ∩ 𝐴𝑀𝑄 (𝑇1, 0) ∩ 𝐺 (A)𝑒 which satisfy 𝜏𝑃1
𝑄
(𝐻𝑄 (𝑎)) = 1.

Proposition 6.6.1. — For every divisor 𝐷, there exist
– a divisor 𝐷′ on 𝐶,
– a point 𝑇𝐷 ∈ 𝑎+

𝐵
,

– for every 𝑄 ∈ F 𝑃1 (𝐵), a constant 𝑐𝑄 > 0
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such that for every 𝑇 ∈ 𝑇𝐷 + 𝑎+
𝐵
, the integral

(6.6.1)
∫
𝑀1 (𝐹)\𝑀1 (A)∩𝐺 (A)𝑒

𝑞−⟨2𝜌
2
1,𝐻1 (𝑚)⟩𝜒𝑃1,𝑃2

𝑇
(𝑚)

∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹)

1𝐷 (𝑚−1𝑋𝑚) |𝜉𝑃1,𝑃2
O (𝑋) | 𝑑𝑚

is bounded by the sum over 𝑄 ∈ F 𝑃1 (𝐵) and 𝑎 ∈ 𝐴1,2
𝑄,𝑒

(𝑇) of

𝑐𝑄 · 𝑞−⟨2𝜌
2
𝑄
,𝐻𝑄 (𝑎)⟩

∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹)

1𝐷′ (𝑎−1𝑋𝑎) |𝜉𝑃1,𝑃2
O (𝑋) |.

Proof. — Recall that the sum ∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹)

1𝐷 (𝑚−1𝑋𝑚) |𝜉𝑃1,𝑃2
O (𝑋) |

is, as a function of𝑚 ∈ 𝑀1(A), left-invariant under𝑀1(𝐹). We insert into the integral (6.6.1) the
identity (5.2.2) for the group𝐺 = 𝑀1 and the parameter𝑇 = 0. Consequently, the integral (6.6.1)
is equal to the sum over 𝑄 ∈ F 𝑃1 (𝐵) of the integral over 𝑚 ∈ (𝑄 ∩𝑀1) (𝐹)\𝑀1(A) ∩𝐺 (A)𝑒 of

𝑞−⟨2𝜌
2
1,𝐻1 (𝑚)⟩𝐹𝑄 (𝑚, 0)𝜏𝑃1

𝑄
(𝐻𝑄 (𝑚))𝜒𝑃1,𝑃2

𝑇
(𝑚)

∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹)

1𝐷 (𝑚−1𝑋𝑚) |𝜉𝑃1,𝑃2
O (𝑋) |.

Let us fix such a 𝑄. By the Iwasawa decomposition for 𝑀1 and the choice of our measures, one
obtains the integral over 𝑚 ∈ 𝑀𝑄 (𝐹)\𝑀𝑄 (A) ∩ 𝐺 (A)𝑒 and over 𝑛 ∈ (𝑁𝑄 ∩ 𝑀1) (𝐹)\(𝑁𝑄 ∩
𝑀1) (A) of

𝑞
−⟨2𝜌2

𝑄
,𝐻𝑄 (𝑚)⟩

𝐹𝑀𝑄 (𝑚, 0)𝜏𝑃1
𝑄
(𝐻𝑄 (𝑚))𝜒𝑃1,𝑃2

𝑇
(𝑛𝑚)

∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹)

1𝐷 ((𝑛𝑚)−1𝑋𝑛𝑚) |𝜉𝑃1,𝑃2
O (𝑋) |.

We are going to bound this last expression. One may assume 𝐹𝑀𝑄 (𝑚, 0) ≠ 0. It follows that
one may assume 𝑚 ∈ Ω

𝑀𝑄

𝐵
𝐴𝑀𝑄 (𝑇1, 0), with the notations of § 5.2. Since (𝑁𝑄 ∩𝑀1) (𝐹)\(𝑁𝑄 ∩

𝑀1) (A) is compact, we shall assume that 𝑛 belongs to a fixed compact subset, denoted Ω1
𝑄

, of
(𝑁𝑄 ∩ 𝑀1) (A). For 𝑎 ∈ 𝐴𝑀𝑄 (𝑇1, 0) such that 𝜏𝑃1

𝑄
(𝐻𝑄 (𝑎)) = 1, Lemma 5.2.2 shows that one

has ⟨𝛼, 𝐻𝐵 (𝑎)⟩ > 0 for 𝛼 ∈ Δ𝑃1 − Δ𝑄 . Moreover, for 𝛼 ∈ Δ𝑄 , one has ⟨𝛼, 𝐻𝐵 (𝑎)⟩ > ⟨𝛼,𝑇1⟩.
It follows that for 𝑎 ∈ 𝐴𝑀𝑄 (𝑇1, 0) such that 𝜏𝑃1

𝑄
(𝐻𝑄 (𝑎)) = 1, the set 𝑎−1Ω1

𝑄
Ω
𝑀𝑄

𝐵
𝑎 remains

in a compact set independent of 𝑎. There therefore exists a divisor 𝐷′ such that for 𝑛 ∈ Ω1
𝑄

,
𝑚 ∈ Ω

𝑀𝑄

𝐵
and 𝑎 ∈ 𝐴𝑀𝑄 (𝑇1, 0), one has

1𝐷 ((𝑛𝑚)−1𝑋𝑛𝑚) ≤ 1𝐷′ (𝑎−1𝑋𝑎).
One also has 𝐻𝑄 (𝑚𝑎) = 𝐻𝑄 (𝑎) and 𝜒

𝑃1,𝑃2
𝑇

(𝑛𝑚𝑎) = 𝜎
𝑃2
𝑃1
(𝐻𝑃1 (𝑎) − 𝑇)𝐹𝑃1 (𝑛𝑚𝑎,𝑇). The

condition 𝜒𝑃1,𝑃2
𝑇

(𝑛𝑚𝑎) ≠ 0 implies that one has 𝑎 ∈ 𝐴𝑃1,𝑃2 (𝑇1, 𝑇).
The proposition follows by taking for the constant 𝑐𝑄 the product of the volumes of (𝑁𝑄 ∩

𝑀1) (𝐹)\(𝑁𝑄 ∩ 𝑀1) (A) and of 𝑀𝑄 (𝐹)\𝑀𝑄 (A)0 (the exponent 0 meaning that one restricts to
the subset of those 𝑚 ∈ 𝑀𝑄 (A) which satisfy 𝐻𝑄 (𝑚) = 0). □

6.7. A third bound.— In this paragraph, we fix a proper standard parabolic subgroup 𝑃 ⊊ 𝐺.
Let 𝑃 = 𝑀𝑁 be its standard Levi decomposition.
Proposition 6.7.1. — Let O ∈ (N𝐺) and let 𝐷 be a divisor on 𝐶. For every 𝛼 ∈ Δ − Δ𝑃, there
exists a constant 𝑐 > 0 such that for every 𝑎 ∈ 𝐴𝐺 (𝑇1) one has

𝑞−⟨2𝜌𝑃 ,𝐻𝑃 (𝑎)⟩
∑︁

𝑋∈N𝐺∩𝔭(𝐹)
1𝐷 (𝑎−1𝑋𝑎) |𝜉𝑃,𝐺O (𝑋) | ≤ 𝑐 · 𝑞−⟨𝛼,𝐻𝐵 (𝑎)⟩ ·

∑︁
𝑋∈N𝑀

1𝐷 (𝑎−1𝑋𝑎).
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Before giving the proof of this proposition, let us mention the following corollary. The
notations are those of the preceding paragraphs.
Corollary 6.7.2. — For every parabolic subgroup𝑄 ∈ F 𝑃1 (𝐵), every nilpotent orbitO ∈ (N𝐺)
and every divisor 𝐷 on 𝐶, there exist constants 𝑐 > 0 and 𝑟 > 0 such that for every 𝑎 ∈ 𝐴𝑀2 (𝑇1)
one has the following bound

𝑞
−⟨2𝜌2

𝑄
,𝐻𝑄 (𝑎)⟩

∑︁
𝑋∈N𝑀2∩𝔭1 (𝐹)

1𝐷 (𝑎−1𝑋𝑎) |𝜉𝑃1,𝑃2
O (𝑋) |(6.7.1)

≤ 𝑐 · 𝑞−⟨2𝜌
1
𝑄
,𝐻𝑄 (𝑎)⟩

∏︂
𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝐻𝐵 (𝑎)⟩ ·
∑︁

𝑋∈N𝑀1

1𝐷 (𝑎−1𝑋𝑎).(6.7.2)

Proof. — Let us observe that it suffices to bound, for every root 𝛼 ∈ Δ2 − Δ1, the expression
(6.7.1) by

(6.7.3) 𝑐 · 𝑞−⟨2𝜌
1
𝑄
,𝐻𝑄 (𝑎)⟩

𝑞−⟨𝛼,𝐻𝐵 (𝑎)⟩ ·
∑︁

𝑋∈N𝑀1

1𝐷 (𝑎−1𝑋𝑎),

for some constant 𝑐 > 0. One deduces from this immediately the bound (6.7.2) for 𝑟−1 = |Δ2−Δ1 |.
One obtains the majorant (6.7.3) as a consequence, on the one hand, of Lemma 6.7.3 below,
and, on the other hand, of Proposition 6.7.1 applied to the groups 𝐺 = 𝑀2 and 𝑃 = 𝑃1. □

Lemma 6.7.3. — Let S ⊂ (N𝑀2) be the (possibly empty) set formed by the 𝑀2(𝐹)-orbits of the
elements 𝑌 ∈ 𝔪2(𝐹) such that 𝐼𝐺

𝑃2
(𝑌 ) = O. For every nilpotent 𝑋 ∈ 𝔪2(𝐹) ∩ 𝔭1(𝐹), one has

𝜉
𝑃1,𝑃2
O (𝑋) = (−1)dim(𝑎𝐺

𝑃2
) ∑︁
O′∈S

𝜉
𝑃1∩𝑀2,𝑀2
O′ (𝑋).

Proof. — The map 𝑃 ↦→ 𝑃 ∩ 𝑀2 induces a bijection between the set of parabolic subgroups 𝑃
of 𝐺 such that 𝑃1 ⊂ 𝑃 ⊂ 𝑃2 and the set of parabolic subgroups of 𝑀2 lying between 𝑃1 ∩ 𝑀2
and 𝑀2. Let 𝑃 be such a parabolic subgroup of 𝐺 and let 𝑌 ∈ 𝐼𝑃2

𝑃∩𝑀2
(𝑋). By Lemma 4.3.1, one

has
𝐼𝐺𝑃 (𝑋) = 𝐼

𝐺
𝑃2
(𝑌 ).

It follows that 𝐼𝐺
𝑃
(𝑋) = O if and only if 𝐼𝐺

𝑃2
(𝑌 ) = O. Hence one has 𝐼𝐺

𝑃
(𝑋) = O if and only if

𝐼
𝑃2
𝑃∩𝑀2

(𝑋) ∈ S. The desired equality follows. □

Proof. — (of Proposition 6.7.1) Let 𝛼 ∈ Δ − Δ𝑃. We are going to prove Proposition 6.7.1 by
induction on the dimension of the orbit O. The case of the zero orbit (0) starts the induction
since, in this case, 𝜉𝑃,𝐺(0) (𝑋) = 0 unless 𝑋 = 0, so that the expression to be bounded reduces to
𝑞−⟨2𝜌𝑃 ,𝐻𝑃 (𝑎)⟩ for 𝑎 ∈ 𝐴𝐺 (𝑇1). Recalling that 2𝜌𝑃 is the sum of the roots of 𝑇0 in 𝑁𝑃, one sees
that the bound is obtained with the constant 𝑐 = 𝑞−⟨2𝜌𝑃−𝛼,𝑇1⟩.

Let O be the closure of the orbit O and let

𝜉
𝑃,𝐺

O
(𝑋) =

∑︁
O′∈N𝐺 ,O′⊂O

𝜉
𝑃,𝐺

O′ (𝑋)

=
∑︁
𝑅

(−1)dim(𝑎𝐺
𝑅
)

where the sum is taken over the parabolic subgroups 𝑅 of 𝐺 which satisfy
– 𝑃 ⊂ 𝑅 ⊂ 𝐺,
– 𝐼𝐺

𝑃
(𝑋) ⊂ O.
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Using the induction hypothesis, one sees that it suffices to bound the expression

(6.7.4) 𝑞−⟨2𝜌𝑃 ,𝐻𝑃 (𝑎)⟩
∑︁

𝑋∈N𝐺∩𝔭(𝐹)
1𝐷 (𝑎−1𝑋𝑎) |𝜉𝑃,𝐺

O
(𝑋) |.

We then use the following vanishing lemma.
Lemma 6.7.4. — Let 𝑋 ∈ N𝐺 ∩𝔭(𝐹). Suppose that there exists a maximal parabolic subgroup
of 𝐺 which contains all the minimal elements, for inclusion, of the set

(6.7.5) {𝑅 ∈ F 𝐺 (𝑃) | 𝐼𝐺𝑃 (𝑋) ⊂ O}.
Then one has

𝜉
𝑃,𝐺

O
(𝑋) = 0.

Proof. — We assume the set (6.7.5) to be nonempty, for otherwise the desired vanishing is
obvious. By Lemma 4.4.1, if 𝑅 belongs to the set (6.7.5), the same holds for every parabolic
subgroup containing it. Hence, if {𝑅1, . . . , 𝑅𝑛} denotes the set of minimal elements of (6.7.5),
the latter is described as the set of parabolic subgroups of 𝐺 which contain one of the 𝑅𝑖.
Consequently, one has

𝜉
𝑃,𝐺

O
(𝑋) =

∑︁
{𝑅 | ∃𝑖 𝑅𝑖⊂𝑅}

(−1)dim(𝑎𝐺
𝑅
) .

Let 𝑄 ⊂ 𝐺 be a maximal parabolic subgroup of 𝐺 which contains all the 𝑅𝑖. Let us prove
by induction on 𝑛 that for every family {𝑅1, . . . , 𝑅𝑛} of parabolic subgroups of 𝐺 contained in
𝑄, one has ∑︁

{𝑅 | ∃𝑖 𝑅𝑖⊂𝑅}
(−1)dim(𝑎𝐺

𝑅
) = 0.

The result is well known if 𝑛 = 1 and results from the bijection between the parabolic subgroups
𝑅 containing 𝑅1 and the set of subsets of Δ𝑅1 . If 𝑛 > 1, one can write∑︁

{𝑅 | ∃𝑖 𝑅𝑖⊂𝑅}
(−1)dim(𝑎𝐺

𝑅
) =

∑︁
𝑅𝑛⊂𝑅

(−1)dim(𝑎𝐺
𝑅
) +

∑︁
{𝑅 | ∃𝑖<𝑛 𝑅𝑖⊂𝑅}

(−1)dim(𝑎𝐺
𝑅
)

−
∑︁

{𝑅 | ∃𝑖<1 (𝑅𝑖 ,𝑅𝑛)⊂𝑅}
(−1)dim(𝑎𝐺

𝑅
) ,

where we denote by (𝑅𝑖, 𝑅𝑛) the smallest parabolic subgroup containing 𝑅𝑖 and 𝑅𝑛. One has
(𝑅𝑖, 𝑅𝑛) ⊂ 𝑄. The induction hypothesis implies that each sum in the right-hand side vanishes.
Whence the result. □

Let 𝑄 be the maximal parabolic subgroup of 𝐺 containing 𝑃 defined by the condition
Δ − Δ𝑄 = {𝛼}. Let 𝑋 ∈ N𝐺 ∩ 𝔭(𝐹) be such that 𝜉𝑃,𝐺

O
(𝑋) ≠ 0. By Lemma 6.7.4, there exists a

parabolic subgroup 𝑅 such that
𝑃 ⊂ 𝑅 ⊄ 𝑄

and which is a minimal element of the set (6.7.5). Let 𝑆 = 𝑅 ∩𝑄.
Lemma 6.7.5. — One has 𝑆 ⊊ 𝑅. Moreover, if one decomposes

𝑋 = 𝑋𝑆 +𝑈 +𝑉
with 𝑋𝑆 ∈ 𝔪𝑆 (𝐹),𝑈 ∈ (𝔪𝑅 ∩ 𝔫𝑆) (𝐹) and 𝑉 ∈ 𝔫𝑅 (𝐹), one has

𝑋𝑆 +𝑈 ∉ 𝐼𝑅𝑆 (𝑋𝑆).
Proof. — If 𝑆 = 𝑅, then 𝑅 ⊂ 𝑄, which is not the case. Suppose, arguing by contradiction, that
one has 𝑋𝑆 +𝑈 ∈ 𝐼𝑅

𝑆
(𝑋𝑆). The transitivity of induction (cf. Lemma 4.3.1) implies that one has

𝐼𝐺𝑆 (𝑋) = 𝐼
𝐺
𝑆 (𝑋𝑆) = 𝐼

𝐺
𝑅 (𝐼

𝑅
𝑆 (𝑋𝑆)) = 𝐼

𝐺
𝑅 (𝑋𝑆 +𝑈) = 𝐼

𝐺
𝑅 (𝑋).
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Now, one has 𝐼𝐺
𝑅
(𝑋) ⊂ O since 𝑅 belongs to the set (6.7.5). We have thus proved that one has

𝐼𝐺
𝑆
(𝑋) ⊂ O, hence that 𝑆 belongs to the set (6.7.5). But this contradicts the minimality of 𝑅. □

One observes that the function |𝜉𝑃,𝐺
O

(𝑋) | is always bounded by the number of parabolic
subgroups lying between 𝑃 and𝐺. It then follows from Lemmas 6.7.4 and 6.7.5 that, in order to
prove Proposition 6.7.1, it suffices to bound, for every parabolic subgroup 𝑅 ⊄ 𝑄 which contains
𝑃 and every nilpotent orbit O𝑆 ∈ (N𝑀𝑆 ) (with 𝑆 = 𝑅 ∩𝑄), the following expression

𝑞−⟨2𝜌
𝑆
𝑃
,𝐻𝑃 (𝑎)⟩

∑︁
𝑋∈O𝑆∩𝔭(𝐹)

1𝐷 (𝑎−1𝑋𝑎)(6.7.6)

× 𝑞−⟨2𝜌𝑅𝑆 ,𝐻𝑆 (𝑎)⟩
∑︁
𝑈

1𝐷 (𝑎−1𝑈𝑎),(6.7.7)

where the sum is taken over the𝑈 ∈ (𝔪𝑅 ∩ 𝔫𝑆) (𝐹) such that 𝑋 +𝑈 ∉ 𝐼𝑅
𝑆
(𝑋), multiplied by

(6.7.8) 𝑞−⟨2𝜌𝑅 ,𝐻𝑅 (𝑎)⟩
∑︁

𝑉∈𝔫𝑅 (𝐹)
1𝐷 (𝑎−1𝑉𝑎).

The desired gain of the factor 𝑞−⟨𝛼,𝐻 (𝑎)⟩ will be provided by the expression (6.7.7). To this
end, one fixes 𝑋 ∈ O𝑆 and one bounds (6.7.7). The induced orbit 𝐼𝑅

𝑆
(O𝑆) is the unique orbit in

(N𝑀𝑅 ) such that the intersection

𝐼𝑅𝑆 (O
𝑆) ∩ (O𝑆 ⊕ (𝔫𝑆 ∩𝔪𝑅))

is a dense open subset. There exist finitely many polynomials, say 𝑓1, . . . , 𝑓𝑟 , in 𝐹 [𝔰∩𝔪𝑅] such
that

(O𝑆 ⊕ (𝔫𝑆 ∩𝔪𝑅)) ∩ V,

for V = V( 𝑓1, . . . , 𝑓𝑟), is its complementary closed subset.
Lemma 6.7.6. — For every 𝑋 ∈ O𝑆, there exists 1 ≤ 𝑖 ≤ 𝑟 such that the polynomial 𝑓𝑖 (𝑋 + ·) ∈
𝐹 [𝔫𝑆 ∩𝔪𝑅] is nonzero.
Proof. — Suppose the assertion fails. There exists 𝑋 ∈ O𝑆 such that for every 1 ≤ 𝑖 ≤ 𝑟, the
polynomial 𝑓𝑖 (𝑋 + ·) ∈ 𝐹 [𝔫𝑆 ∩𝔪𝑅] is zero. Let us take a point 𝑌 ∈ 𝐼𝑅

𝑆
(O𝑆). After conjugating

𝑋 by an element of 𝑀𝑆, one may assume that𝑌 = 𝑋 +𝑈 with𝑈 ∈ (𝔫𝑆∩𝔪𝑅) (𝐹). Consequently,
for every 1 ≤ 𝑖 ≤ 𝑟, one has 𝑓𝑖 (𝑌 ) = 𝑓𝑖 (𝑋 + 𝑈) = 0. Hence 𝑌 ∈ V( 𝑓1, . . . , 𝑓𝑟), which is the
desired contradiction. □

For fixed 𝑋 ∈ O𝑆, let V𝑋 = V( 𝑓1(𝑋 + ·), . . . , 𝑓𝑟 (𝑋 + ·)). The polynomials 𝑓𝑖 (𝑋 + ·) are not
all zero by Lemma 6.7.6 above, and their partial degrees are bounded by those of the 𝑓𝑖, hence
independently of 𝑋 . The expression (6.7.7) may therefore be rewritten as

𝑞−⟨2𝜌
𝑅
𝑆
,𝐻𝑆 (𝑎)⟩

∑︁
𝑈∈(𝔪𝑅∩𝔫𝑆) (𝐹)∩V𝑋

1𝐷 (𝑎−1𝑈𝑎).

By Proposition 5.3.1, this expression is bounded, up to a constant which does not depend on 𝑋 ,
by 𝑞−⟨𝛼,𝐻 (𝑎)⟩ when 𝑎 ∈ 𝐴𝐺 (𝑇1).

To conclude, it suffices to prove the following two assertions:
– for 𝑎 ∈ 𝐴𝐺 (𝑇1), the expression (6.7.8) is bounded independently and the bound depends

only on 𝐷 and 𝑇1;
– there exists a constant 𝑐 > 0 (depending only on 𝐷 and 𝑇1) such that the expression (6.7.6)

is bounded by
𝑐 ·

∑︁
𝑋∈N𝑀

1𝐷 (𝑎−1𝑋𝑎).
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Let us explain the second assertion (the first being treated in the same way). One has∑︁
𝑋∈O𝑆∩𝔭(𝐹)

1𝐷 (𝑎−1𝑋𝑎) ≤
∑︁
𝑋∈N𝑀

1𝐷 (𝑎−1𝑋𝑎) ·
∑︁

𝑌∈𝔪𝑆 (𝐹)∩𝔫𝑃 (𝐹)
1𝐷 (𝑎−1𝑌𝑎).

Next, one has, by Lemma 5.1.1, the existence of 𝑐 > 0 such that for every 𝑎 ∈ 𝐴𝐺 (𝑇1)

𝑞−⟨2𝜌
𝑆
𝑃
,𝐻𝑃 (𝑎)⟩ ·

∑︁
𝑌∈𝔪𝑆 (𝐹)∩𝔫𝑃 (𝐹)

1𝐷 (𝑎−1𝑌𝑎) ≤ 𝑐 ·
∏︂

𝛽∈Σ𝑁𝑃∩𝑀𝑆

sup(𝑞deg(𝐷) , 𝑞−⟨𝛽,𝐻 (𝑎)⟩)

≤ 𝑐 ·
∏︂

𝛽∈Σ𝑁𝑃∩𝑀𝑆

sup(𝑞deg(𝐷) , 𝑞−⟨𝛽,𝑇1⟩).

This concludes. □

6.8. Proof of Proposition 6.4.1.— If one combines Corollary 6.5.2, Proposition 6.6.1 and
Corollary 6.7.2, one sees that it suffices to bound, for 𝑇 ∈ 𝑎+

𝐵
, the following expression∑︁

𝑎∈𝐴1,2
𝑄,𝑒

(𝑇)

𝑞
−⟨2𝜌1

𝑄
,𝐻𝑄 (𝑎)⟩

∏︂
𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝐻𝐵 (𝑎)⟩ ·
∑︁

𝑋∈N𝑀1

1𝐷 (𝑎−1𝑋𝑎),

where 𝐷 is a divisor on 𝐶, 𝑄 ∈ F 𝑃1 (𝐵) and 𝑟 > 0, the other notations being those of §§ 6.6 and
6.7.

First of all, one observes that there exists 𝑐 > 0 depending only on 𝐷 and 𝑇1 such that for
every 𝑎 ∈ 𝐴1,2

𝑄,𝑒
(𝑇) one has

𝑞
−⟨2𝜌1

𝑄
,𝐻𝑄 (𝑎)⟩

∑︁
𝑋∈N𝑀1

1𝐷 (𝑎−1𝑋𝑎) ≤ 𝑐.

For this, one bounds the left-hand side above by

𝑞
−⟨2𝜌1

𝑄
,𝐻𝑄 (𝑎)⟩

∑︁
𝑋∈𝔪1 (𝐹)

1𝐷 (𝑎−1𝑋𝑎)

and the latter is the product of the following three expressions:

(6.8.1) 𝑞
−⟨2𝜌1

𝑄
,𝐻𝑄 (𝑎)⟩

∑︁
𝑋∈𝔪1 (𝐹)∩𝔫𝑄 (𝐹)

1𝐷 (𝑎−1𝑋𝑎),

(6.8.2)
∑︁

𝑋∈𝔪1 (𝐹)∩𝔫𝑄̄ (𝐹)
1𝐷 (𝑎−1𝑋𝑎)

and
(6.8.3)

∑︁
𝑋∈𝔪𝑄 (𝐹)

1𝐷 (𝑎−1𝑋𝑎).

One bounds these expressions by means of Lemma 5.1.1. The first two are bounded for
𝑎 ∈ 𝐴𝑀1 (𝑇1) (a fortiori for 𝑎 ∈ 𝐴1,2

𝑄,𝑒
(𝑇)). The last one is bounded for 𝑎 ∈ 𝐴𝑀𝑄 (𝑇1, 0) (hence a

fortiori for 𝑎 ∈ 𝐴1,2
𝑄,𝑒

(𝑇)).
One is then reduced to bounding the following expression∑︁

𝑎∈𝐴1,2
𝑄,𝑒

(𝑇)

∏︂
𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝐻𝐵 (𝑎)⟩ .

Let 𝐻 = 𝐻𝐵 (𝑎) for 𝑎 ∈ 𝐴1,2
𝑄,𝑒

(𝑇). One writes

𝐻 = 𝐻1 + 𝐻2
1 + 𝐻𝐺2 + 𝐻𝐺

52



according to the decomposition 𝑎𝐵 = 𝑎
𝑃1
𝐵

⊕ 𝑎
𝑃2
𝑃1

⊕ 𝑎𝐺
𝑃2

⊕ 𝑎𝐺 . Likewise, one writes 𝑇 =

𝑇1 + 𝑇2
1 + 𝑇𝐺2 + 𝑇𝐺 . The component 𝐻𝐺 does not depend on 𝐻 (only on 𝑒). The component on

𝑎
𝑃1
𝐵

is written
𝐻1 =

∑︁
𝛽∈Δ𝑃1

⟨𝜛𝛽, 𝐻⟩𝛽∨.

Since 𝑎 belongs in particular to 𝐴𝑀1 (𝑇1), one has ⟨𝛽, 𝐻⟩ > ⟨𝛽, 𝑇1⟩ for every 𝛽 ∈ Δ𝑃1 . A fortiori,
one has ⟨𝜛𝛽, 𝐻⟩ > ⟨𝜛𝛽, 𝑇1⟩ for every 𝛽 ∈ Δ𝑃1 . Moreover, since 𝑎 belongs to 𝐴𝑃1,𝑃2 (𝑇1, 𝑇),
one also has ⟨𝜛𝛽, 𝐻⟩ ≤ ⟨𝜛𝛽, 𝑇⟩ for every 𝛽 ∈ Δ𝑃1 . It follows that the component 𝐻1 lives
in a compact set: there are therefore only finitely many possible ones. Moreover, for every
𝛼 ∈ Δ2 − Δ1 and every 𝛽 ∈ Δ𝑃1 , one has ⟨𝛼, 𝛽∨⟩ ≤ 0 and hence

−⟨𝛼, 𝐻1⟩ = −
∑︁
𝛽∈Δ𝑃1

⟨𝜛𝛽, 𝐻⟩⟨𝛼, 𝛽∨⟩

≤ −
∑︁
𝛽∈Δ𝑃1

⟨𝜛𝛽, 𝑇⟩⟨𝛼, 𝛽∨⟩ = −⟨𝛼,𝑇1⟩.

There therefore exists a constant 𝑐 > 0 such that for every 𝑇 ∈ 𝑎+
𝐵

one has

(6.8.4)
∑︁
𝐻1

∏︂
𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝐻
1⟩ ≤ 𝑐 ·

∏︂
𝛽∈Δ𝑃1

(1 + |⟨𝜛𝛽, 𝑇⟩|) ·
∏︂

𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝑇
1⟩,

where the sum is taken over the (finite) set of possible components 𝐻1.
Let us fix 𝐻2

1 and look at the constraints which bear on 𝐻𝐺2 . These are the ones which
translate conditions 4 and 5 preceding Remarks 5.2.1. One thus has, for every 𝛼 ∈ Δ1 − Δ2

1,

⟨𝛼, 𝐻𝐺2 ⟩ ≤ ⟨𝛼,𝑇 − 𝐻2
1⟩,

which translates the inequality ⟨𝛼, 𝐻⟩ ≤ ⟨𝛼,𝑇⟩. Moreover, for every 𝜛 ∈ Δ̂2, one has
⟨𝜛, 𝐻𝐺2 ⟩ = ⟨𝜛, 𝐻⟩ > ⟨𝜛,𝑇⟩.

The component 𝐻𝐺2 is constrained to remain in a compact polyhedron which depends on 𝐻2
1 and

on 𝑇 . In particular, the number of such 𝐻𝐺2 is bounded by |𝑃(𝑇, 𝐻2
1) | for a certain polynomial

𝑃.
Let us retain from the conditions on 𝐻2

1 the following one (it is condition 3 preceding
Remarks 5.2.1): for every 𝛼 ∈ Δ2 − Δ1, one has ⟨𝛼, 𝐻2

1⟩ > ⟨𝛼,𝑇2
1 ⟩. One will observe that one

has ⟨𝛼,𝑇2
1 ⟩ ≥ 0 for 𝑇 ∈ 𝑎+

𝐵
. Gathering together the preceding bounds, one sees that there exists

𝑐 > 0 such that∑︁
𝑎∈𝐴1,2

𝑄,𝑒
(𝑇)

∏︂
𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝐻𝐵 (𝑎)⟩

≤ 𝑐 ·
∏︂
𝛽∈Δ𝑃1

(1 + |⟨𝜛𝛽, 𝑇⟩|) ·
∏︂

𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝑇
1⟩
∑︁
𝐻2

1

|𝑃(𝑇, 𝐻2
1) |

∏︂
𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝐻
2
1⟩,

where one sums over the set of possible components 𝐻2
1 . The sum over 𝐻2

1 bears on a lattice
intersected with the cone defined by ⟨𝛼, 𝐻2

1⟩ > ⟨𝛼,𝑇2
1 ⟩ for every 𝛼 ∈ Δ2 −Δ1. One then bounds

it by |𝑄(𝑇) | ·∏︁𝛼∈Δ2−Δ1 𝑞−𝑟 ⟨𝛼,𝑇
2
1 ⟩ for a certain polynomial 𝑄. Finally, one has proved that there

exists a polynomial 𝑃 such that∑︁
𝑎∈𝐴1,2

𝑄,𝑒
(𝑇)

∏︂
𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝐻𝐵 (𝑎)⟩ ≤ |𝑃(𝑇) |
∏︂

𝛼∈Δ2−Δ1

𝑞−𝑟 ⟨𝛼,𝑇⟩ .

The result is then obvious.
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7. The Calculation of a « Block-Regular » Nilpotent Integral

7.1. Statement of the Main Result.— We continue with the notations of the preceding sections.
Let 𝑛 ≥ 1 be an integer and let𝐺 = 𝐺𝐿 (𝑛) over the finite field F𝑞. Let 𝐵0 ⊂ 𝐺 and𝑇0 ⊂ 𝐺 be the
Borel subgroup of upper triangular matrices and the diagonal maximal subtorus respectively. We
identify the group 𝑋∗(𝑇0) of characters of 𝑇0 with Z𝑛 in the following way: the character given
by the 𝑖-th entry corresponds to the 𝑖-th vector of the canonical basis of Z𝑛. Let ˆ︁𝐺 = 𝐺𝐿 (𝑛,C).
Let ˆ︁𝐵0 ⊂ ˆ︁𝐺 and ˆ︁𝑇0 ⊂ ˆ︁𝐺 be the Borel subgroup of upper triangular matrices and the diagonal
maximal subtorus respectively. As before, we identify the group 𝑋∗(ˆ︁𝑇0) of characters of ˆ︁𝑇0 with
Z𝑛. Dually, we thus have an identification of the groups of characters 𝑋∗(𝑇0) and 𝑋∗(ˆ︁𝑇0) with
Z𝑛. From this we deduce isomorphisms

𝑋∗(𝑇0) ≃ 𝑋∗(ˆ︁𝑇0) and 𝑋∗(𝑇0) ≃ 𝑋∗(ˆ︁𝑇0)
which send the set Δ of simple roots (resp. Δ∨ of simple coroots) of 𝑇0 in 𝐵0 into that of the
simple coroots (resp. of the roots) of ˆ︁𝑇0 in ˆ︁𝐵0.

Let𝐺′ = 𝑆𝐿 (𝑛) be the derived group of 𝐺 and 𝑇 ′
0 = 𝑇0 ∩𝐺′. One has a short exact sequence

between character groups whose intermediate arrows are given by restriction

0 −→ 𝑋∗(𝐺) −→ 𝑋∗(𝑇0) −→ 𝑋∗(𝑇 ′
0) −→ 0.

The above groups are free Z-modules and, applying the functor HomZ(· ,Z), one obtains a new
exact sequence

0 −→ 𝑋∗(𝑇 ′
0) −→ 𝑋∗(𝑇0) −→ 𝔞𝐺 −→ 0,

where 𝔞𝐺 = HomZ(𝑋∗(𝐺),Z) and 𝑋∗(·) denotes the group of cocharacters. The group 𝑋∗(𝑇 ′
0)

is none other than the subgroup Z(Δ∨) of 𝑋∗(𝑇0) generated by the set Δ∨ of simple coroots.
Using the isomorphism 𝑋∗(𝑇0) ≃ 𝑋∗(ˆ︁𝑇0) that we have fixed, one obtains an identification

𝔞𝐺 ≃ 𝑋∗(ˆ︁𝑇0)/Z(Δ∨)

where one now interprets Δ∨ as the set of simple roots of ˆ︁𝑇0 in ˆ︁𝐺. Let 𝑍ˆ︁𝐺 ⊂ ˆ︁𝑇0 be the center of
the group ˆ︁𝐺. One thus has a natural pairing

𝑍ˆ︁𝐺 × 𝔞𝐺 → C×.

The group 𝑋∗(𝐺) has a canonical generator, namely the determinant, which allows one to
identify 𝔞𝐺 with Z. One therefore also has a pairing

𝑍ˆ︁𝐺 × Z → C×

which we write
(𝑧, 𝑒) ↦→ 𝑧𝑒 .

Let 𝑑 and 𝑟 be integers ≥ 1 such that 𝑛 = 𝑟𝑑. Let ˆ︁𝑃 ⊂ ˆ︁𝐺 be the parabolic subgroup whose
standard Levi factor ˆ︁𝑀 is isomorphic to 𝐺𝐿 (𝑑)𝑟 . Let ˆ︁𝑀′ = ˆ︁𝑀 ∩ ˆ︁𝐺′ and let 𝑍0ˆ︁𝑀 ′ be the neutral
component of the center of ˆ︁𝑀′. It is a torus defined over C of rank 𝑟 − 1.

Let 𝑍𝐶 be the zeta function of the curve 𝐶 defined by the formal series

𝑍𝐶 (𝑡) = exp
(︂ ∞∑︁
𝑘=1

|𝐶 (F𝑞𝑘 ) |𝑡𝑘/𝑘
)︂
,

where F𝑞𝑘 denotes a finite field with 𝑞𝑘 elements. It is well known that 𝑍𝐶 is in fact a rational
function in 𝑡 with denominator (1 − 𝑡) (1 − 𝑞𝑡). One has moreover

𝜁 (𝑠) = 𝑍𝐶 (𝑞−𝑠)
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with the notations of § 3.1. We also introduce the function

𝑍∗
𝐶 (𝑡) = (1 − 𝑞𝑡)𝑍𝐶 (𝑡)

which has no pole at 𝑡 = 𝑞−1.
Let 𝐷 be a divisor on 𝐶 and let

𝑍𝑑𝐶,𝐷 (𝑡) = 𝑡
−𝑑 deg(𝐷)𝑍𝐶 (𝑞−1𝑡)𝑍𝐶 (𝑞−2𝑡) . . . 𝑍𝐶 (𝑞−𝑑𝑡).

Let the rational function on ˆ︁𝑇 ′
0 = ˆ︁𝑇0 ∩ ˆ︁𝐺′ be defined for 𝑡 ∈ ˆ︁𝑇 ′

0 by

Φ𝑑
𝐶,𝐷 (𝑡) =

∏︂
𝜛∈Δ̂ˆ︁𝑃

𝑍𝑑𝐶,𝐷 (𝑡
𝜛)

where Δ̂ˆ︁𝑃 denotes the set of ˆ︁𝑃-dominant fundamental weights of ˆ︁𝑇 ′
0: these are characters of ˆ︁𝑇 ′

0.
When ˆ︁𝑃 = ˆ︁𝐺 (i.e. when 𝑑 = 𝑛), the set Δ̂ˆ︁𝐺 is empty and, by convention, Φ𝑛

𝐶,𝐷
(𝑡) = 1. Except

in the case ˆ︁𝑃 = ˆ︁𝐺, the rational function Φ𝑑
𝐶,𝐷

(𝑡) has a pole at 𝑡 = 1.
Let 𝑊 ˆ︁𝑀 be the Weyl group of ˆ︁𝑀: it is the quotient of the subgroup of ˆ︁𝐺 which normalizes

both ˆ︁𝑇0 and ˆ︁𝑀 by the normalizer of ˆ︁𝑇0 in ˆ︁𝑀 . The group𝑊 ˆ︁𝑀 has order 𝑟! and it acts on 𝑍 ˆ︁𝑀 . We
write 𝑤 · 𝑡 for the action of 𝑤 ∈ 𝑊 ˆ︁𝑀 on an element 𝑡 ∈ 𝑍 ˆ︁𝑀 . One observes that this action is
trivial on the subgroup 𝑍ˆ︁𝐺 . For every 𝑡 ∈ 𝑍 ˆ︁𝑀 and every 𝑧 ∈ 𝑍ˆ︁𝐺 , one therefore has

𝑤 · (𝑡𝑧) = (𝑤 · 𝑡)𝑧
which we simply write 𝑤 · 𝑡𝑧. For every 𝑒 ∈ Z and every 𝑡 ∈ 𝑍0ˆ︁𝑀 ′ , let

Ψ
𝑑,𝑒

𝐶,𝐷
(𝑡) = 1

𝑛 · |𝑊 ˆ︁𝑀 |
∑︁
𝑧∈𝑍 ˆ︁𝐺′

∑︁
𝑤∈𝑊ˆ︂𝑀

𝑧−𝑒𝑑 Φ𝑑
𝐶,𝐷 (𝑤 · 𝑡𝑧).

This defines a rational function on 𝑍0ˆ︁𝑀 ′ . The group 𝑍ˆ︁𝐺′ is cyclic of order 𝑛. In particular, for
every 𝑧 ∈ 𝑍ˆ︁𝐺′ , the complex number 𝑧−𝑒𝑑 is an 𝑟-th root of unity which depends only on the class
of 𝑒 modulo 𝑟. When 𝑑 = 𝑛, one has Ψ𝑛,𝑒

𝐶,𝐷
(𝑡) = 1 for every 𝑡.

Theorem 7.1.1. — 1. The rational function Ψ
𝑑,𝑒

𝐶,𝐷
(𝑡) has no pole at 𝑡 = 1.

2. Let O ⊂ 𝔤(𝐹) be the nilpotent orbit of the elements whose Jordan decomposition consists
of 𝑑 blocks of size 𝑟. Let𝐾𝐺

𝐷,0,O be the function on𝐺 (A) defined in (6.2.1) for the parameter
𝑇 = 0.

When 𝑒 is coprime to 𝑟, the integral below, which is absolutely convergent by Corol-
lary 6.2.2, ∫

𝐺 (𝐹)\𝐺 (A)𝑒
𝐾𝐺
𝐷,0,O (𝑔) 𝑑𝑔

is equal to

𝑞𝑛(𝑛−𝑑) deg(𝐷)/2𝑞𝑛𝑑 (𝑔𝐶−1)𝑍∗
𝐶 (𝑞

−1)𝑍𝐶 (𝑞−2) . . . 𝑍𝐶 (𝑞−𝑑)Ψ𝑑,𝑒

𝐶,𝐷
(1).

Remark 7.1.2. — In the expression below, one has 𝑛(𝑛 − 𝑑) = dim(O). The integral and
the expression above depend only on 𝑒 modulo 𝑟. When 𝑑 = 𝑛 (the case of the zero orbit),
the integrand is identically 1 and the integral is none other than the volume of the quotient
𝐺 (𝐹)\𝐺 (A)𝑒. The expression above reduces to

𝑞𝑛
2 (𝑔𝐶−1)𝑍∗

𝐶 (𝑞
−1)𝑍𝐶 (𝑞−2) . . . 𝑍𝐶 (𝑞−𝑛)

which is Siegel’s formula for the volume. The proof of Theorem 7.1.1 in fact uses this formula
without reproving it.
Proof. — It is found in § 7.4. □
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7.2. The Element 𝑋 ∈ O.— We continue with the integers 𝑛 = 𝑑𝑟, and the notations are those
of Section 3. Recall that we denote by O ⊂ 𝔤(𝐹) the orbit of the nilpotent elements which
possess 𝑑 Jordan blocks of size 𝑟. It is again the orbit of the element 𝑋 defined in § 3.2. Recall
also that the parabolic group 𝑃0 is standard with reductive quotient 𝐺𝐿 (𝑑)𝑟 . For every standard
parabolic subgroup 𝑃 of𝐺, there exists an orbit O𝑃 ∈ (N𝑀𝑃 ) such that 𝐼𝐺

𝑃
(O𝑃) = O if and only

if 𝑃0 ⊂ 𝑃. In this case, the orbit O𝑃 is uniquely defined. One has moreover O𝑃 = 𝐼𝑃
𝑃0
(0). With

the notations of § 3.2, it is also the orbit of 𝑋𝑃.

7.3. The Functions 𝐾̃𝑃
𝐷,𝑋

.— For every standard parabolic subgroup 𝑃 with Levi decomposition
𝑃 = 𝑀𝑁 , we set 𝐾̃𝑃

𝐷,𝑋
(𝑔) = 0 unless 𝑃0 ⊂ 𝑃, in which case we define

(7.3.1) 𝐾̃𝑃𝐷,𝑋 (𝑔) =
∑︁

𝛿∈𝑀
𝑋𝑃 (𝐹)𝑁 (𝐹)\𝑃0 (𝐹)

∫
𝔫(A)

1𝐷 ((𝛿𝑔)−1(𝑋𝑃 +𝑈)𝛿𝑔) 𝑑𝑈.

Note that, by construction, 𝐾̃𝑃
𝐷,𝑋

is a function on the quotient 𝑃0(𝐹)\𝐺 (A). Recall that the
group 𝑀𝑋𝑃 is the centralizer in 𝑀 of the element 𝑋𝑃 ∈ 𝔪(F𝑞) defined in § 3.2. One has
𝑀𝑋𝑃 ⊂ 𝑀 ∩ 𝑃0. With the notation (3.5.1) of § 3.5, one has

(7.3.2) 𝐾̃𝑃𝐷,𝑋 (𝑔) =
∑︁

𝛿∈𝑀
𝑋𝑃 (𝐹)𝑁 (𝐹)\𝑃0 (𝐹)

𝐾𝑃𝐷,𝑋 (𝛿𝑔).

Let O be the nilpotent orbit 𝐼𝐺
𝑃0
(0). To make the connection with the objects of § 6.2, one

observes the following relation:

(7.3.3) 𝐾𝑃
𝐷,O (𝑔) =

∑︁
𝛿∈𝑃0 (𝐹)\𝑃(𝐹)

𝐾̃𝑃𝐷,𝑋 (𝛿𝑔)

from which one deduces, for 𝑇 ∈ 𝑎𝐵 and 𝑔 ∈ 𝐺 (A),

(7.3.4) 𝐾𝐺
𝐷,𝑇,O (𝑔) =

∑︁
𝛿∈𝑃0 (𝐹)\𝑃(𝐹)

[︂ ∑︁
𝐵⊂𝑃⊂𝐺

(−1)dim(𝑎𝐺
𝑃
)𝜏𝑃 (𝐻𝑃 (𝛿𝑔) − 𝑇)𝐾̃𝑃𝐷,𝑋 (𝛿𝑔)

]︂
.

The following theorem will be used in the proof of Theorem 7.1.1.
Theorem 7.3.1. — Let 𝑒 ∈ Z. The following integral is finite for every 𝑇 ∈ 𝑎𝐵∫

𝑃0 (𝐹)\𝐺 (A)𝑒

��� ∑︁
𝐵⊂𝑃⊂𝐺

(−1)dim(𝑎𝐺
𝑃
)𝜏𝑃 (𝐻𝑃 (𝑔) − 𝑇)𝐾̃𝑃𝐷,𝑋 (𝑔)

��� 𝑑𝑔 < ∞.

Proof. — It occupies the whole of § 7.5 below. □

7.4. Proof of Theorem 7.1.1.— By Theorem 7.3.1 below and the relation (7.3.4) above, one
has the equality

(7.4.1)
∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐾𝐺
𝐷,0,O (𝑔) 𝑑𝑔 =

∫
𝑃0 (𝐹)\𝐺 (A)𝑒

∑︁
𝐵⊂𝑃⊂𝐺

(−1)dim(𝑎𝐺
𝑃
)𝜏𝑃 (𝐻𝑃 (𝑔))𝐾̃𝑃𝐷,𝑋 (𝑔) 𝑑𝑔.

Of course, in the integrand above, one may and will impose in the sum over 𝑃 that one takes
only the parabolic subgroups containing 𝑃0. One can show that there exists a constant 𝑐 such
that if 𝑔 ∈ 𝐺 (A) is such that∑︁

𝑃0⊂𝑃⊂𝐺
(−1)dim(𝑎𝐺

𝑃
)𝜏𝑃 (𝐻𝑃 (𝑔))𝐾̃𝑃𝐷,𝑋 (𝑔) ≠ 0

then for every 𝜛 ∈ Δ̂𝑃0 , one has ⟨𝜛, 𝐻𝑃0 (𝑔)⟩ ≥ 𝑐 (in fact, this property is already true for each
term of the sum; to see this, it suffices to make the function 𝐾̃𝑃

𝐷,𝑋
(𝑔) explicit, cf. Lemma 3.5.1

and the proof of Lemma 3.6.1).
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With the help of Theorem 7.3.1, one deduces that for every 𝜆 in the open set Ω of 𝑎∗
𝑃0

defined
by Re(⟨𝜆, 𝛼∨⟩) > 0 for every 𝛼 ∈ Δ𝑃0 , the integral

(7.4.2)
∫
𝑃0 (𝐹)\𝐺 (A)𝑒

𝑞−⟨𝜆,𝐻𝑃0 (𝑔)⟩
∑︁

𝑃0⊂𝑃⊂𝐺
(−1)dim(𝑎𝐺

𝑃
)𝜏𝑃 (𝐻𝑃 (𝑔))𝐾̃𝑃𝐷,𝑋 (𝑔) 𝑑𝑔

is absolutely convergent and that its limit as 𝜆 tends to 0 is equal to the integral (7.4.1). Moreover,
for 𝜆 in the open set Ω, the integral (7.4.2) is computed term by term as follows∑︁

𝑃0⊂𝑃⊂𝐺
(−1)dim(𝑎𝐺

𝑃
)
∫
𝑃0 (𝐹)\𝐺 (A)𝑒

𝑞−⟨𝜆,𝐻𝑃0 (𝑔)⟩𝜏𝑃 (𝐻𝑃 (𝑔))𝐾̃𝑃𝐷,𝑋 (𝑔) 𝑑𝑔.

The interchange is justified because, as we shall see, each integral above is absolutely convergent.
To convince oneself of this, one writes with the help of (7.3.2)∫

𝑃0 (𝐹)\𝐺 (A)𝑒
𝑞−⟨𝜆,𝐻𝑃0 (𝑔)⟩𝜏𝑃 (𝐻𝑃 (𝑔))𝐾̃𝑃𝐷,𝑋 (𝑔) 𝑑𝑔

=

∫
𝑀

𝑋𝑃 (𝐹)𝑁𝑃 (𝐹) (𝐹)\𝐺 (A)𝑒
𝑞−⟨𝜆,𝐻𝑃0 (𝑔)⟩𝜏𝑃 (𝐻𝑃 (𝑔))𝐾𝑃𝐷,𝑋 (𝑔) 𝑑𝑔

=
∑︁

𝐻∈𝐻𝑃0 (𝐺 (A)𝑒)
𝜏𝑃 (𝐻) · 𝐼𝑃𝐷,𝑋 (𝐻) · 𝑞−⟨𝜆,𝐻⟩ .

If 𝜆moreover belongs to 𝑎∗
𝑃0,R

, all the terms are positive and the interchange is justified. In order
to conclude the absolute convergence of the integrals and the validity of the inversion, it suffices
to show that the series converges absolutely. Now, the coefficient 𝐼𝑃

𝐷,𝑋
(𝐻) is the one defined in

(3.6.1). In particular, one recognizes in the last expression above the series 𝐼0
𝑃,𝐷

(𝑋, 𝜆/𝑑) defined
in (3.7.1), whose absolute convergence on Ω is known by Proposition 3.8.1.

One deduces that the integral (7.4.2) is equal to the series 𝐼0
𝐷
(𝑋, 𝜆/𝑑) defined in (3.7.2).

The theorem is then a simple translation of Theorem 3.10.2 which takes into account Siegel’s
formula recalled in Remark 7.1.2. It suffices to identify, by means of the exponential, the torus
𝑍0ˆ︁𝑀 ′ with a quotient of 𝑎𝐺,∗

𝑀
. The sum over P(𝑀) in Theorem 3.10.2 is replaced by the sum over

𝑤 ∈ 𝑊 ˆ︁𝑀 . There exists a generator 𝑧 of 𝑍ˆ︁𝐺′ such that one has

𝑧−𝑑 = exp(−2𝜋𝑖/𝑟)

and such that the pairings of 𝑧 and 𝛾 with the ˆ︁𝑃-fundamental weights are equal. These pairings
are 𝑟-th roots of unity. This generator is well defined modulo the subgroup of order 𝑑 of 𝑍ˆ︁𝐺′ .
One may then replace the sum over 𝑘 by the sum of the first 𝑟 powers of 𝑧, and then, at the cost
of dividing by 𝑛 instead of 𝑟, by the sum over all the elements of 𝑍ˆ︁𝐺′ . The result follows.

7.5. Proof of Theorem 7.3.1.— As in the proof of Corollary 6.2.2, one has the equality between∑︁
𝐵⊂𝑃⊂𝐺

(−1)dim(𝑎𝐺
𝑃
)𝜏𝑃 (𝐻𝑃 (𝑔) − 𝑇)𝐾̃𝑃𝐷,𝑋 (𝑔)

and ∑︁
𝐵⊂𝑄⊂𝐺

Γ′
𝑄 (𝐻𝑄 (𝑔), 𝑇)

∑︁
𝐵⊂𝑃⊂𝑄

(−1)dim(𝑎𝑄
𝑃
)𝜏𝑄
𝑃
(𝐻𝑃 (𝑔))𝐾̃𝑃𝐷,𝑋 (𝑔) ;

the function Γ′
𝑄

above is the one which appears in (6.3.1). In the sum above we restrict ourselves
to the parabolic subgroups 𝑄 which contain 𝑃0, since otherwise their contribution is zero. One
has the following descent formula for 𝑃0 ⊂ 𝑃 ⊂ 𝑄, 𝑚 ∈ 𝑀𝑄 (A) and 𝑛 ∈ 𝑁𝑄 (A)

𝐾̃𝑃𝐷,𝑋 (𝑛𝑚) = 𝑞⟨2𝜌𝑄 ,𝐻𝑄 (𝑚)⟩𝑞dim(𝑁𝑄) (1−𝑔𝐶+deg(𝐷))𝐾̃
𝑃∩𝑀𝑄

𝐷,𝑋
(𝑚).
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Here, 𝐾̃𝑀𝑄∩𝑃
𝐷,𝑋

is the obvious analogue of (7.3.1) for the group 𝑀𝑄 . It follows that one has, for
𝑃0 ⊂ 𝑄, by the Iwasawa decomposition∫

𝑃0 (𝐹)\𝐺 (A)𝑒
Γ′
𝑄 (𝐻𝑄 (𝑔), 𝑇)

��� ∑︁
𝐵⊂𝑃⊂𝑄

(−1)dim(𝑎𝑄
𝑃
)𝜏𝑄
𝑃
(𝐻𝑃 (𝑔))𝐾̃𝑃𝐷,𝑋 (𝑔)

��� 𝑑𝑔 = 𝑞dim(𝑁𝑄) deg(𝐷)

×
∫
(𝑀𝑄∩𝑃0) (𝐹)\𝑀𝑄 (A)∩𝐺 (A)𝑒

Γ′
𝑄 (𝐻𝑄 (𝑚), 𝑇)

��� ∑︁
𝐵⊂𝑃⊂𝑄

(−1)dim(𝑎𝑄
𝑃
)𝜏𝑄
𝑃
(𝐻𝑃 (𝑚))𝐾̃

𝑀𝑄∩𝑃
𝐷,𝑋

(𝑚)
��� 𝑑𝑚.

If 𝑄 ⊊ 𝐺, then 𝑀𝑄 is a product of linear groups of rank strictly smaller than that of 𝐺. The
above integral decomposes into a finite sum of products. Reasoning by induction as in the proof
of Corollary 6.2.2, one may therefore assume that, for 𝑄 ⊊ 𝐺, the integral∫

𝑃0 (𝐹)\𝐺 (A)𝑒
Γ′
𝑄 (𝐻𝑄 (𝑔), 𝑇)

��� ∑︁
𝐵⊂𝑃⊂𝑄

(−1)dim(𝑎𝑄
𝑃
)𝜏𝑄
𝑃
(𝐻𝑃 (𝑔))𝐾̃𝑃𝐷,𝑋 (𝑔)

��� 𝑑𝑔
is absolutely convergent. It then suffices to prove Theorem 7.3.1 for a single element 𝑇 , for
example an element deep enough in the positive Weyl chamber, which we assume in what
follows.
Lemma 7.5.1. — For every 𝑇 ∈ 𝑎+

𝐵
, one has the equality between∑︁

𝐵⊂𝑃⊂𝐺
(−1)dim(𝑎𝐺

𝑃
)𝜏𝑃 (𝐻𝑃 (𝑔) − 𝑇)𝐾̃𝑃𝐷,𝑋 (𝑔)

and ∑︁
𝐵⊂𝑃1⊂𝑃2⊂𝐺

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝑔)
∑︁

{𝑃∈F 𝑃2 (𝑃1) | 𝛿∈𝑃(𝐹)}
(−1)dim(𝑎𝐺

𝑃
)𝐾̃𝑃𝐷,𝑋 (𝑔).

Proof. — One uses (5.2.2) to obtain∑︁
𝐵⊂𝑃⊂𝐺

(−1)dim(𝑎𝐺
𝑃
)𝜏𝑃 (𝐻𝑃 (𝑔) − 𝑇)𝐾̃𝑃𝐷,𝑋 (𝑔) =

∑︁
𝐵⊂𝑃⊂𝐺

(−1)dim(𝑎𝐺
𝑃
)

×
[︂ ∑︁
𝐵⊂𝑃1⊂𝑃

∑︁
𝛿∈𝑃1 (𝐹)\𝑃(𝐹)

𝐹𝑃1 (𝛿𝑔, 𝑇)𝜏𝑃𝑃1
(𝐻𝑃1 (𝛿𝑔) − 𝑇)

]︂
𝜏𝑃 (𝐻𝑃 (𝑔) − 𝑇)𝐾̃𝑃𝐷,𝑋 (𝑔).

One has 𝜏𝑃 (𝐻𝑃 (𝑔) − 𝑇) = 𝜏𝑃 (𝐻𝐵 (𝛿𝑔) − 𝑇) for 𝛿 ∈ 𝑃(𝐹). Next, one uses Arthur’s inversion
formula 𝜏𝑃

𝑃1
· 𝜏𝑃 =

∑︁
𝑃⊂𝑃2⊂𝐺 𝜎

𝑃2
𝑃1

(cf. [5], formula (8.2)). One obtains

=
∑︁

𝐵⊂𝑃1⊂𝑃⊂𝑃2⊂𝐺
(−1)dim(𝑎𝐺

𝑃
)

∑︁
𝛿∈𝑃1 (𝐹)\𝑃(𝐹)

𝐹𝑃1 (𝛿𝑔, 𝑇)𝜎𝑃2
𝑃1
(𝐻𝑃1 (𝛿𝑔) − 𝑇)𝐾̃𝑃𝐷,𝑋 (𝑔).

To obtain the lemma, it suffices to interchange the sums over 𝑃 and over 𝛿. □

Taking into account Lemma 7.5.1 above, one sees that Theorem 7.3.1 follows from the next
lemma.
Lemma 7.5.2. — Let 𝑒 ∈ Z and let 𝑃1 ⊂ 𝑃2 be standard parabolic subgroups of 𝐺. There
exists a point 𝑇 ∈ 𝑎+

𝐵
such that the integral below is finite

(7.5.1)
∫
𝑃0 (𝐹)\𝐺 (A)𝑒

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝑔)
��� ∑︁
{𝑃∈F 𝑃2 (𝑃1) | 𝛿∈𝑃(𝐹)}

(−1)dim(𝑎𝐺
𝑃
)𝐾̃𝑃𝐷,𝑋 (𝑔)

��� 𝑑𝑔 < ∞.

Proof. — Let us first treat the case 𝑃1 = 𝑃2. If 𝑃1 ≠ 𝐺, the function 𝜒𝑃1,𝑃2
𝑇

is zero and the
result is obvious. If 𝑃1 = 𝑃2 = 𝐺, the integral is rewritten as∫

𝑃0 (𝐹)\𝐺 (A)𝑒
𝐹𝐺 (𝑔, 𝑇)

∑︁
𝛿∈𝐺𝑋 (𝐹)\𝑃0 (𝐹)

1𝐷 (𝑔−1𝑋𝑔) 𝑑𝑔
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or again ∫
𝐺 (𝐹)\𝐺 (A)𝑒

𝐹𝐺 (𝑔, 𝑇)
∑︁
𝑌∈O

1𝐷 (𝑔−1𝑌𝑔) 𝑑𝑔.

This last one is taken over a compact set; convergence is therefore obvious. We now assume
𝑃1 ⊊ 𝑃2. Let us carry out some manipulations on the integral (7.5.1). It can also be written∫

𝐺 (𝐹)\𝐺 (A)𝑒

∑︁
𝛿0∈𝑃0 (𝐹)\𝐺 (𝐹)

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝛿0𝑔)

×
��� ∑︁
{𝑃∈F 𝑃2 (𝑃1) | 𝛿∈𝑃(𝐹)}

(−1)dim(𝑎𝐺
𝑃
)𝐾̃𝑃𝐷,𝑋 (𝛿0𝑔)

��� 𝑑𝑔.
By the change of variables 𝛿 ↦→ 𝛿𝛿0, it is equal to∫

𝐺 (𝐹)\𝐺 (A)𝑒

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝑔)
∑︁

𝛿0∈𝑃0 (𝐹)\𝐺 (𝐹)

×
��� ∑︁
{𝑃∈F 𝑃2 (𝑃1) | 𝛿𝛿−1

0 ∈𝑃(𝐹)}

(−1)dim(𝑎𝐺
𝑃
)𝐾̃𝑃𝐷,𝑋 (𝛿0𝑔)

��� 𝑑𝑔.
Recall that 𝐾̃𝑃

𝐷,𝑋
is left-invariant under 𝑃0 and even zero if 𝑃0 ⊄ 𝑃. In this case, the condition

𝛿𝛿−1
0 ∈ 𝑃(𝐹) depends only on the class of 𝛿0 modulo 𝑃0(𝐹).
By a further change of variables 𝛿0 ↦→ 𝛿0𝛿

−1, one obtains∫
𝐺 (𝐹)\𝐺 (A)𝑒

∑︁
𝛿∈𝑃1 (𝐹)\𝐺 (𝐹)

𝜒
𝑃1,𝑃2
𝑇

(𝛿𝑔)
∑︁

𝛿0∈𝑃0 (𝐹)\𝐺 (𝐹)

×
��� ∑︁
{𝑃∈F 𝑃2 (𝑃1) | 𝛿−1

0 ∈𝑃(𝐹)}

(−1)dim(𝑎𝐺
𝑃
)𝐾̃𝑃𝐷,𝑋 (𝛿0𝛿𝑔)

��� 𝑑𝑔
=

∫
𝑃1 (𝐹)\𝐺 (A)𝑒

𝜒
𝑃1,𝑃2
𝑇

(𝑔)
∑︁

𝛿0∈𝑃0 (𝐹)\𝐺 (𝐹)

��� ∑︁
{𝑃∈F 𝑃2 (𝑃1) | 𝛿0∈𝑃(𝐹)}

(−1)dim(𝑎𝐺
𝑃
)𝐾̃𝑃𝐷,𝑋 (𝛿0𝑔)

��� 𝑑𝑔.
At this stage, one uses the Iwasawa decomposition to see that (7.5.1) is equal to

=

∫
𝑀1 (𝐹)\𝑀1 (A)∩𝐺 (A)𝑒

𝑞−⟨2𝜌1,𝐻𝑃1 (𝑚)⟩𝜒𝑃1,𝑃2
𝑇

(𝑚)

×
∫
𝑁1 (𝐹)\𝑁1 (A)

∑︁
𝛿∈𝑃0 (𝐹)\𝐺 (𝐹)

��� ∑︁
{𝑃∈F 𝑃2 (𝑃1) | 𝛿∈𝑃(𝐹)}

(−1)dim(𝑎𝐺
𝑃
)𝐾̃𝑃𝐷,𝑋 (𝛿𝑛𝑚)

��� 𝑑𝑛 𝑑𝑚.
One then uses the two following lemmas.
Lemma 7.5.3. — For all 𝛿 ∈ 𝑃0(𝐹)\𝑃(𝐹), 𝑛 ∈ 𝑁𝑃 (A) and 𝑚 ∈ 𝑀𝑃 (A), one has

𝐾̃𝑃𝐷,𝑋 (𝛿𝑛𝑚) = 𝑞dim(𝔫𝑃) (deg(𝐷)+1−𝑔𝐶 )+⟨2𝜌𝑃 ,𝐻𝑃 (𝑚)⟩
∑︁

{𝑌∈𝔪𝑃 (𝐹)∩𝛿−1𝔫0 (𝐹)𝛿 | 𝐼𝐺𝑃 (𝑋)=O}

1𝐷 (𝑚−1𝑌𝑚).

Proof. — One observes that both sides of the equality are zero if 𝑃0 ⊄ 𝑃. We assume in what
follows that 𝑃0 ⊂ 𝑃. For every 𝑔 ∈ 𝐺 (A), one has

𝐾̃𝑃𝐷,𝑋 (𝑔) =
∑︁

𝛿∈𝑀
𝑋𝑃 (𝐹)\(𝑃0∩𝑀) (𝐹)

∫
𝔫(A)

1𝐷 (𝑔−1(𝛿−1𝑋𝑃𝛿 +𝑈)𝑔) 𝑑𝑈.
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For 𝛿 ∈ 𝑀𝑋𝑃 (𝐹)\(𝑃0 ∩ 𝑀) (𝐹), the elements 𝛿−1𝑋𝑃𝛿 are precisely the elements 𝑌 ∈ 𝔫0(𝐹) ∩
𝔪(𝐹) such that 𝐼𝐺

𝑃
(𝑌 ) = O (cf. Section 4). Consequently, for every 𝛿 ∈ 𝑃(𝐹), one has

𝐾̃𝑃𝐷,𝑋 (𝛿𝑔) =
∑︁

{𝑌∈N𝑀𝑃∩𝛿−1𝔫0 (𝐹)𝛿 | 𝐼𝐺𝑃 (𝑋)=O}

∫
𝔫(A)

1𝐷 (𝑔−1(𝑌 +𝑈)𝑔) 𝑑𝑈.

The lemma follows easily (cf. the proof of Lemma 6.5.3). □

Lemma 7.5.4. — There exists a point 𝑇𝐷 such that for all 𝑇 ∈ 𝑇𝐷 + 𝑎+
𝐵
, 𝛿 ∈ 𝑃(𝐹), 𝑛 ∈ 𝑁1(A)

and 𝑚 ∈ 𝑀1(A) such that 𝜒𝑃1,𝑃2
𝑇

(𝑚) ≠ 0, one has
(7.5.2)
𝐾̃𝑃𝐷,𝑋 (𝛿𝑛𝑚) = 𝑞dim(𝔫2) (deg(𝐷)+1−𝑔𝐶 )+⟨2𝜌2,𝐻𝑃2 (𝑚)⟩

∑︁
{𝑌∈𝔭1 (𝐹)∩𝔪2 (𝐹)∩𝛿−1𝔫0 (𝐹)𝛿 | 𝐼𝐺𝑃 (𝑌 )=O}

1𝐷 (𝑚−1𝑌𝑚).

Proof. — It is similar to that of Lemma 6.5.4, the role of Lemma 6.5.3 being played here by
Lemma 7.5.3. □

Let us set
𝜉
𝑃1,𝑃2
O,𝛿 (𝑌 ) =

∑︁
{𝑃∈F 𝑃2 (𝑃1) | 𝛿∈𝑃(𝐹), 𝐼𝐺𝑃 (𝑌 )=O}

(−1)dim(𝑎𝐺
𝑃
)

and
Ξ
𝑃1,𝑃2
O (𝑌 ) =

∑︁
{𝛿∈𝑃0 (𝐹)\𝐺 (𝐹) |𝑌∈𝛿−1𝔫0 (𝐹)𝛿}

|𝜉𝑃1,𝑃2
O,𝛿 (𝑌 ) |.

From Lemmas 7.5.3 and 7.5.4, one deduces the following upper bound for the integral (7.5.1)
(up to a power of 𝑞 which it is useless to specify here)∫

𝑀1 (𝐹)\𝑀1 (A)∩𝐺 (A)𝑒
𝑞−⟨2𝜌

2
1,𝐻𝑃1 (𝑚)⟩𝜒𝑃1,𝑃2

𝑇
(𝑚)

∑︁
𝑌∈N𝑀2∩𝔭1 (𝐹)

1𝐷 (𝑚−1𝑌𝑚) · Ξ𝑃1,𝑃2
O (𝑌 ) 𝑑𝑚.

One then uses the following lemma, whose proof (omitted) is word for word that of Propo-
sition 6.6.1 (the notations are those of § 6.6).
Lemma 7.5.5. — For every divisor 𝐷, there exist

– a divisor 𝐷′ on 𝐶,
– a point 𝑇𝐷 ∈ 𝑎+

𝐵
,

– for every 𝑄 ∈ F 𝑃1 (𝐵), a constant 𝑐𝑄 > 0
such that for every 𝑇 ∈ 𝑇𝐷 + 𝑎+

𝐵
, the integral

(7.5.3)
∫
𝑀1 (𝐹)\𝑀1 (A)∩𝐺 (A)𝑒

𝑞−⟨2𝜌
2
1,𝐻1 (𝑚)⟩𝜒𝑃1,𝑃2

𝑇
(𝑚)

∑︁
𝑌∈N𝑀2∩𝔭1 (𝐹)

1𝐷 (𝑚−1𝑌𝑚) · Ξ𝑃1,𝑃2
O (𝑌 ) 𝑑𝑚

is bounded above by the sum over 𝑄 ∈ F 𝑃1 (𝐵) and 𝑎 ∈ 𝐴1,2
𝑄,𝑒

(𝑇) of

𝑐𝑄 · 𝑞−⟨2𝜌
2
𝑄
,𝐻𝑄 (𝑎)⟩

∑︁
𝑌∈N𝑀2∩𝔭1 (𝐹)

1𝐷′ (𝑎−1𝑌𝑎) · Ξ𝑃1,𝑃2
O (𝑌 ).

As in the proof of Proposition 6.4.1 (cf. § 6.8), what precedes shows that Lemma 7.5.2 is a
consequence of the following Lemma 7.5.6. This concludes the proof of Lemma 7.5.2. □

Lemma 7.5.6. — Let 𝑃1 be a standard parabolic subgroup of 𝐺. For every divisor 𝐷 on 𝐶 and
every 𝛼 ∈ Δ − Δ𝑃1 , there exists a constant 𝑐 > 0 such that for every 𝑎 ∈ 𝐴𝐺 (𝑇1), one has

𝑞−⟨2𝜌1,𝐻1 (𝑎)⟩
∑︁

𝑌∈N𝐺∩𝔭1 (𝐹)
1𝐷 (𝑎−1𝑌𝑎) · Ξ𝑃1,𝐺

O (𝑌 ) ≤ 𝑐 · 𝑞−⟨𝛼,𝐻𝐵 (𝑎)⟩ ·
∑︁

𝑌∈N𝑀1

1𝐷 (𝑎−1𝑌𝑎).
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Proof. — Let 𝑌 ∈ N𝐺 ∩ 𝔭1(𝐹). Recall that we denote by 𝑃0 the standard parabolic subgroup
which satisfies 𝐼𝐺

𝑃0
(0) = O. Its Levi factor is isomorphic to 𝐺𝐿 (𝑑)𝑟 . One has

(7.5.4) Ξ
𝑃1,𝐺
O (𝑌 ) =

∑︁
𝑃′

0

���∑︁
𝑃

(−1)dim(𝑎𝐺
𝑃
)
���

where the first sum runs over the parabolic subgroups 𝑃′0 such that 𝑃′0 is conjugate to 𝑃0 and
𝑌 ∈ 𝔫′0(𝐹). The second sum runs over the parabolic subgroups 𝑃 which contain 𝑃1 and 𝑃′0, and
such that 𝐼𝐺

𝑃
(𝑌 ) = O.

Let 𝑃′0 be a parabolic subgroup conjugate to 𝑃0 which contains 𝑌 in its unipotent radical.
Let 𝑀′

0 be a Levi factor of 𝑃′0 and 𝐴′0 its center. Let Δ′
0 be the « simple roots » of 𝐴′0 in 𝔫′0. For

every 𝛼, let 𝔫𝛼 be the weight space of weight 𝛼. As a vector space, we identify 𝔫𝛼 with 𝔤𝔩(𝑑).
The sum ⊕𝛼∈Δ′

0
𝔫𝛼 is a complement in 𝔫′0 of the derived algebra [𝔫′0, 𝔫

′
0]. Let 𝑄 be the parabolic

subgroup containing 𝑃′0 such that the set of simple roots of 𝐴′0 in 𝑁𝑄 is exactly the set of roots
𝛼 ∈ Δ′

0 such that the projection of 𝑌 onto 𝔫𝛼 (which is a square matrix of size 𝑑) is of rank
< 𝑑. The set of parabolic subgroups 𝑃 such that 𝑃′0 ⊂ 𝑃 and 𝐼𝐺

𝑃
(𝑌 ) = O then admits a simple

description: it is exactly the set of parabolic subgroups lying between 𝑃′0 and 𝑄.
In (7.5.4), the term associated with 𝑃′0 is always zero unless 𝑃̃1, the smallest parabolic

subgroup which contains 𝑃′0 and 𝑃1, is equal to 𝑄, in which case it equals 1. Consequently, one
has

(7.5.5) 𝑞−⟨2𝜌1,𝐻1 (𝑎)⟩
∑︁

𝑌∈N𝐺∩𝔭1 (𝐹)
1𝐷 (𝑎−1𝑌𝑎)Ξ𝑃1,𝐺

O (𝑌 ) ≤
∑︁
𝑄

∑︁
𝑃′

0

𝑞−⟨2𝜌1,𝐻1 (𝑎)⟩
∑︁
𝑌

1𝐷 (𝑎−1𝑌𝑎)

where the sums run over
– the parabolic subgroups 𝑄 containing 𝑃1,
– the parabolic subgroups 𝑃′0 ⊂ 𝑄 such that 𝑃′0 is conjugate to 𝑃0 under 𝐺 (𝐹) and the

smallest parabolic subgroup containing 𝑃1 and 𝑃′0 is 𝑄,
– the elements 𝑌 ∈ 𝔭1(𝐹) ∩ 𝔫′0(𝐹) such that the projection of 𝑌 onto 𝔪𝑄 belongs to 𝐼𝑄

𝑃′
0
(0)

and that of 𝑌 onto 𝔫𝑄 belongs to the set of elements of 𝔫𝑄 (𝐹) whose image in 𝔫′0/[𝔫
′
0, 𝔫

′
0]

(identified with 𝔤𝔩(𝑑)𝑟) consists of « blocks » of rank < 𝑑.
It remains to bound the right-hand term of (7.5.5). For this, one fixes a parabolic subgroup𝑄

as in this term (there are only finitely many). Let 𝛼 ∈ Δ − Δ𝑃1 . This root determines a maximal
parabolic subgroup 𝑅 which contains 𝑃1.

Suppose first that 𝑄 ⊂ 𝑅, and therefore 𝔫𝑅 ⊂ 𝔫𝑄 . For every 𝑃′0 ⊂ 𝑄 as above, let V𝑃′
0
⊂ 𝔫𝑅

be the closed subset consisting of the 𝑍 ∈ 𝔫𝑅 whose image in 𝔫′0/[𝔫
′
0, 𝔫

′
0] (identified with

𝔤𝔩(𝑑)𝑟) consists of « blocks » of rank < 𝑑. This is a closed subset defined by polynomials whose
degree is bounded. In this case, one has the following upper bound (𝑃′0 and 𝑌 are as above)

(7.5.6)
∑︁
𝑃′

0

𝑞−⟨2𝜌1,𝐻1 (𝑎)⟩
∑︁
𝑌

1𝐷 (𝑎−1𝑌𝑎) ≤
∑︁
𝑃′

0

𝑞−⟨2𝜌1,𝐻1 (𝑎)⟩
∑︁

𝑌𝑄 ,𝑌𝑅
𝑄
,𝑌𝑅

1𝐷 (𝑎−1(𝑌𝑄 + 𝑌 𝑅𝑄 + 𝑌𝑅)𝑎)

where, in the right-hand member, 𝑃′0 is as above, 𝑌𝑄 runs over the elements of

𝔪𝑄 (𝐹) ∩ 𝔭1(𝐹) ∩ 𝔫′0(𝐹) ∩ 𝐼
𝑄

𝑃′
0
(0),

𝑌 𝑅
𝑄

runs over 𝔫𝑄 (𝐹) ∩𝔪𝑅 (𝐹) and 𝑌𝑅 runs over V𝑃′
0
. It follows from Proposition 5.3.1 that there

exists a constant 𝑐 > 0 such that for 𝑎 ∈ 𝐴𝐺 (𝑇1),

𝑞−⟨2𝜌𝑅 ,𝐻𝑅 (𝑎)⟩
∑︁

𝑌𝑅∈V𝑃′0

1𝐷 (𝑎−1(𝑌𝑅)𝑎) ≤ 𝑐 · 𝑞−⟨𝛼,𝐻𝐵 (𝑎)⟩ .
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Let us next observe that the orbit 𝐼𝑄
𝑃′

0
(0) does not depend on the choice of 𝑃′0 ⊂ 𝑄. It is

moreover the orbit that we have denoted O𝑄 previously. Furthermore, if 𝑌 ∈ 𝔪𝑄 (𝐹) ∩ 𝐼𝑄𝑃′
0
(0),

there exists a unique 𝑃′0 ⊂ 𝑄 such that 𝑌 ∈ 𝔫′0. It follows that one obtains the following upper
bound for (7.5.6)

𝑐 · 𝑞−⟨𝛼,𝐻𝐵 (𝑎)⟩ ·
[︂
𝑞−⟨2𝜌

𝑅
1 ,𝐻1 (𝑎)⟩

∑︁
𝑌∈𝔭1 (𝐹)∩𝔪𝑅 (𝐹)

1𝐷 (𝑎−1𝑌𝑎)
]︂
.

The term between brackets is a crude upper bound, but one which is bounded for 𝑎 ∈ 𝐴𝐺 (𝑇1)
(cf. Lemma 5.1.1). This concludes the case 𝑄 ⊂ 𝑅.

Suppose next that one has 𝑄 ⊄ 𝑅. Then 𝑅 ∩ 𝑀𝑄 ⊂ 𝑀𝑄 is a maximal parabolic subgroup of
𝑀𝑄 . Again by Lemma 5.1.1, for 𝑎 ∈ 𝐴𝐺 (𝑇1), the sum

𝑞−⟨2𝜌𝑄 ,𝐻𝑄 (𝑎)⟩
∑︁

𝑌∈𝔫𝑄 (𝐹)
1𝐷 (𝑎−1𝑌𝑎)

is bounded. At the cost of replacing 𝐺 by 𝑀𝑄 and 𝑃1 by 𝑀𝑄 ∩ 𝑃1, one sees that it suffices to
treat the case 𝑄 = 𝐺. It is therefore a matter of bounding the following quantity

(7.5.7)
∑︁
𝑃′

0

𝑞−⟨2𝜌1,𝐻1 (𝑎)⟩
∑︁

𝑌∈O∩𝔭1 (𝐹)∩𝔫′0 (𝐹)
1𝐷 (𝑎−1𝑌𝑎)

where the first sum is taken over the parabolic subgroups of 𝐺 conjugate to 𝑃0 such that the
smallest parabolic subgroup which contains both 𝑃′0 and 𝑃1 is 𝐺 itself. For every 𝑌 ∈ 𝔭1(𝐹),
one has 𝑌 ∈ 𝐼𝐺

𝑅
(𝑌 ). If, moreover, 𝑌 ∈ O ∩ 𝔭1(𝐹) ∩ 𝔫′0(𝐹) where 𝑃′0 is as above, then 𝑌

belongs to the closed subset of 𝐼𝐺
𝑅
(𝑌 ) complementary to 𝐼𝐺

𝑅
(𝑌 ). Indeed, suppose the contrary:

if 𝑌 ∈ 𝐼𝐺
𝑅
(𝑌 ), one has 𝐼𝐺

𝑅
(𝑌 ) = O. In this case, the projection 𝑌 𝑅 of 𝑌 onto 𝔪𝑅 (relative to

the decomposition 𝔯 = 𝔪𝑅 ⊕ 𝔫𝑅) is also « block-regular ». There therefore exists a parabolic
subgroup 𝑃′′0 ⊂ 𝑅 which is 𝐺-conjugate to 𝑃0 such that 𝑌 ∈ 𝔫′′0 (𝐹) and 𝑌𝑅 ∈ 𝐼𝑅

𝑃′′
0
(0). Such a

parabolic subgroup 𝑃′′0 is necessarily the stabilizer of the flags of the iterated images of 𝑌 . One
therefore has 𝑃′0 = 𝑃′′0 . In particular, one has 𝑃′0 ⊂ 𝑅. Now, 𝑅 contains 𝑃′0 and 𝑃1, so by the
hypothesis on 𝑃′0, one has 𝑅 = 𝐺, which contradicts the hypothesis that 𝑅 is maximal.

As we have already used, for every 𝑌 ∈ O, there exists a unique parabolic subgroup 𝑃′0
conjugate to 𝑃0 such that 𝑌 ∈ 𝔫′0. One may therefore bound (7.5.7) above by

(7.5.8) 𝑞−⟨2𝜌1,𝐻1 (𝑎)⟩
∑︁

{𝑌∈O∩𝔭1 (𝐹) |𝑌∉𝐼𝐺𝑅 (𝑌 )}

1𝐷 (𝑎−1𝑌𝑎).

One then obtains the desired upper bound by the same reasoning as in the proof of Proposi-
tion 6.7.1 (more precisely, in the upper bound of (6.7.7)). □
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