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Introduction

The Introduction (pp. 7—12) is discursive expository prose rather than mathematics; what
follows is a summary of its content and of the notation it fixes, not a line-by-line rendering.

Programme. The memoir develops the theory of reductive algebraic groups over a local field
K along the lines opened by Iwahori and Matsumoto; the main results had been announced
in [10]-[16], with conjectures in [9]. The guiding picture: a semisimple group over K — or
rather the group G of its K-rational points — is to be studied as an “infinite-dimensional object”
over the residue field k. The analogy with the ordinary theory of algebraic groups over k is
systematic, and, as there, one separates the absolute theory (k algebraically closed) from the
relative theory (k arbitrary).

Iwahori and parahoric subgroups. The role played in the classical absolute theory by Borel
subgroups (maximal connected solvable) and parabolic subgroups is played here, for k alge-
braically closed, by Iwahori subgroups and parahoric subgroups. Chapter II shows they carry
a natural structure of connected prosolvable proalgebraic group, maximal for that property —
so an a priori algebro-geometric account (not given here) would presumably define Iwahori
subgroups as the maximal connected prosolvable subgroups of G. Here they are introduced
otherwise: by the explicit Iwahori-Matsumoto construction [28] from the root structure when
G is split; and, in general (Steinberg: G is quasi-split when k is algebraically closed), either by



extending that constructive method to the quasi-split case — as Hijikata had done in cases [26],
[27] — or by Galois descent to the split case.

Just as a Borel subgroup together with the normalizer of a maximal torus forms a Tits system
with finite Coxeter Weyl group, so for G simply connected an Iwahori subgroup B together with
the rational points of the normalizer of a suitable maximal torus forms a Tits system, this time
with infinite Weyl group; whence again that B is self-normalizing, a Bruhat decomposition, and
so on. Parahoric subgroups are the subgroups containing an Iwahori B and equal to a finite
union of double cosets mod B. The non-simply-connected case behaves like the non-connected
case classically; the Introduction restricts itself for simplicity to the simply connected case.

Descent and the relative case. Passage to the relative case goes by descent, using Galois
descent techniques — whence the frequent (and probably often superfluous) hypothesis that k
be perfect. As classically one replaces Borel subgroups, which need not exist over k, by minimal
parabolic k-subgroups, so here one considers the minimal “parahoric k-subgroups”, which are
the “B” of Tits systems whose Weyl group is the affine Weyl group of a root system — Tits
systems of affine type. That root system need not be homothetic to the relative root system of G,
but has the same ordinary Weyl group.

Why parahoric subgroups matter. (i) For G simply connected, the maximal bounded sub-
groups are exactly the maximal parahoric subgroups; the maximal bounded subgroups of an
arbitrary semisimple group over K are determined completely, generalizing Hijikata’s results for
PGL,, and groups of nondegenerate sesquilinear forms. (ii) Parahoric subgroups carry natural
proalgebraic structures over k, so that questions about G — Galois cohomology in particular
— reduce “modulo p” to questions about finite-dimensional semisimple groups over k; this
generalizes theorems of Kneser for K locally compact of characteristic zero (anisotropic groups,
vanishing of H', classification). (iii) If the group splits over an unramified extension of K, the
parahoric subgroups appear as groups of “integral points” of group schemes over the ring O of
integers of K which give the group back under O — K.

Affine roots and valuations (notation fixed here). To G one associates an affine root system,
absolute or relative, whose elements are the affine half-spaces

Qg = {xeAlalx)+k>0}, aed, kely,,

of the dual A of the real vector space spanned by the relative root system @ of G, where [, is a
discrete subgroup of R. Each affine root a has a subgroup U, < G; for fixed a the U, ,, k € Ty,
form a filtration of the usual root subgroup U,. These filtrations come from a valuation of the
root datum formed by the U, — the guiding remark being that a valuation of a field is hardly
more than a filtration of its additive group. Successive quotients are additive groups over k in
the absolute case, connected unipotent groups of class < 2 in the relative case.

Plan of Chapter 1. The chapter is the “abstract” part of the theory: pure group theory, inde-
pendent of any algebro-geometric structure, hence applicable to groups unrelated to algebraic
groups. It is expounded from two successive points of view — Tits systems of affine type
(§§2-5), geometric at the outset and giving pride of place to parahoric subgroups; and valued
root data (§§6—8), more analytic, resting on the U, and their valuations. The two are not strictly
equivalent: there are Tits systems of affine type not arising from a valued root datum (auto-
morphism groups of certain trees), while the valuations considered are not generally assumed
discrete and only discrete ones yield such Tits systems. Consequently many statements appear
twice in slightly different forms; the authors note the redundancy, decline to recast the memoir,
and remark that the two accounts at least exhibit two aspects of the objects and call on quite
different modes of reasoning.
Section by section:

— §1 — recollections on Tits systems and affine Weyl groups.



— §2 — to each Tits system of affine type (B, N) is attached a building .#: a geometric
polysimplicial complex, related to but not identical with the combinatorial object of [39] or
[5] (chap. 1V, §2, exercises 10—17), carrying a distance for which it is complete. In rank
1 (Weyl group infinite dihedral) .# is a tree. It plays in part the role of the Riemannian
symmetric space of real semisimple Lie theory.

— §3 — maximal bounded subgroups of G, for a bornology naturally attached to (B, N) (in
the algebraic case, the one defined by the valuation of K), via a fixed point lemma valid for
these buildings and for Riemannian symmetric spaces alike — so usable also for maximal
compact subgroups of real Lie groups.

— §4 — Iwasawa and Cartan decompositions, and relations between double cosets with con-
sequences for representation theory over locally compact local fields. From (B, N) one
builds B < G, which in the algebraic case is a minimal parabolic K-subgroup; the Iwasawa
decomposition is G = B.P with P maximal bounded — valid only for the “good” maxi-
mal bounded subgroups and under an extra hypothesis on (B, N), satisfied e.g. whenever
G = B.N.B. Unlike the real case one cannot generally split off R < B with G = R.P,
RN P = {1}. Non-simply-connected groups are accommodated by carrying along a second
group G with a B-N-adapted homomorphism ¢ : G — G (G G being in applications the
rational points of an arbitrary semisimple group and of the simply connected covering of its
identity component) — whence the heaviness of the notation.

- §5 — when G = BNB, (B, N) is a Tits system with finite Weyl group: a double Tits
system. This paragraph is an axiomatic study of that situation; it is not used later and may
be skipped.

— §6 — valued root data. A root datum of type @ in G is a family (7, (U,),ep) subject to
(6.1.1) and (DR1)—(DR6), modelled on G = rational points of a semisimple group over K, T
the centralizer of a maximal split torus, @ the relative roots, U, the unipotent root subgroups
(U(qy of [3]). A valuation is a family ¢, : U, — R U {oo} subject to (6.2.1), (VO)-(V5). A
discrete valuation of a generating root datum yields a double Tits system in a finite-index
subgroup (6.5), but the discrete case is not assumed thereafter. Parahoric subgroups become
special cases of the groups Uy of no. 6.4; over a local field with residue field k, every
parahoric group is an extension of a reductive k-group by a pronilpotent group.

- §§7-8 — §§2, 3, 4 transposed to valued root data: a building .# (that of the associated
Tits system in the discrete case; in general with chambers and facets but without the
polysimplicial structure and without completeness), the bornology of G, and the maximal
bounded subgroups. The order of proof is roughly reversed: subgroups generalizing the
parahorics, then Iwasawa and Bruhat decompositions, then the building.

— §9 — technical; the descent theorem carrying valuations and affine Tits systems from split
to quasi-split to arbitrary semisimple groups.

— §10 — the classical groups by direct computation, independent of descent; all valuations
of their natural root data are determined. Since non-discrete valuations and skew fields of
infinite rank over their center are allowed, these results are not entirely recovered later.

Acknowledgements. The work originated in discussions at the 1965 AMS Summer Institute “Al-
gebraic groups and discontinuous subgroups” at Boulder, Colorado; the authors thank M. Kneser,
T. A. Springer and R. Steinberg for conversations there, and Yale University, the Institute for
Advanced Study, the THES and the Sonderforschungsbereich Theoretische Mathematik of the
University of Bonn for the contacts that made the chapter possible so quickly.

Terminological footnote (p. 8). The authors adhere to Bourbaki’s terminology for ease of
reference to [5]; hence what some call a (BN)-pair is here called a Tits system — one author
having insisted, the other resigning himself.



1. Recollections and notation

1.1. Polysimplicial complexes. —

(1.1.1) Let F be a set. By an affine structure on F we mean a map [0, 1] X F X F — F, written
(t,x,y) — tx+ (1 —1)y, such that there exists a bijection j of F' onto a convex subset possessing
an interior point of a finite-dimensional real affine space E, satisfying

(D) Jex+ (1 =0y) =tjx)+(1-1) )
forall # € [0,1] and x, y € F. Every convex subset of a finite-dimensional affine space carries
a canonical affine structure. A set equipped with an affine structure is called an affine set.

If F is an affine set, the affine space E and the bijection j satisfying (1) are clearly determined
up to affine isomorphism. One may therefore transport to F' the topology of j(F), together with
the notions of dimension, of open and closed segment, of parallelism of two segments, of convex
subset and convex hull, of internal point, of extreme point, and so on. For each point x of F,
let F; be the set consisting of x together with those points y € F, y # x, for which there is an
open segment of F' containing both x and y. One checks at once that F is a convex subset of F
and that the sets F\, x € F, form a partition of F. A subset of F of the form F is called a facet
(facette) of F.

Let F and F’ be affine sets. A morphism of F into F’ (also called an affine map) is a map
Jj : F — F’ satisfying (1). This defines the category of affine sets; every bijective morphism is
an isomorphism. The map (¢, (x,x"), (y,y")) — (tx + (1 = 1)y, tx’ + (1 —1)y’) endows F X F’
with an affine structure, the product of those of F and F”’.

(1.1.2) A closed (resp. open) simplex of dimension r is an affine set isomorphic to a closed (resp.
open) simplex of an r-dimensional real vector space E, i.e. to the convex hull (resp. the interior
of the convex hull) of r + 1 affinely independent points of E. A closed simplex F of dimension
r has r + 1 extreme points; a facet of F is an open simplex of dimension < r, namely the set of
internal points of the convex hull of a nonempty subset of the set of extreme points of F.

(1.1.3) A closed polysimplex is an affine set F' isomorphic to the product of finitely many closed
simplices F1, ..., Fy (k > 0) of dimension > 0. One verifies easily that the simplices F; and the
projections ' — F); are determined up to isomorphism. After identifying F with Fy X - - - X F},
the facets of F are the subsets G| X --- X G with G; a facet of F;; they are therefore open
polysimplices, i.e. affine sets isomorphic to products of open simplices.

(1.1.4) Let A be a set and .% a set of subsets of A, whose elements will be called the facets of
A. Assume:

(1) the elements of ¥ form a partition of A.
Suppose given moreover an order relation on .%, written F < F’, and for F € .Z let F denote
the union of the elements of .% bounded above by F (such elements being called the facets of
F). Finally, for each F € .% suppose given an affine structure on F such that:

(2) F is a closed polysimplex;

3) the set of F' € .% bounded above by F is the set of facets of F; the closure of such an F’

in F coincides with F', and the affine structure of F’ is induced by that of F.

It follows at once that each facet F' of A is an open polysimplex, namely the set of internal points
of F.
(1.1.5) We assume henceforth that the dimensions of the facets of A are bounded above, and

write dim A for their supremum. For F' € .# put codim F' = dimA — dim F'. The facets of
codimension O (resp. 1) are called the chambers (resp. the panels, cloisons) of A. Two chambers



are adjacent (mitoyennes) if they are distinct and have a common panel. A gallery of length n is
a sequence I' = (Cy, Cy, ..., Cy) of n + 1 chambers such that C;_; and C; are adjacent or equal
(1 < i < n). One says Cy is the origin and C, the extremity of I' (or that Cy and C,, are the
extremities of I'). One says I" is non-stuttering (sans bégaiement) if C;_y # C; for 1 <i < n.
Let F, F’ be facets of A. A gallery I" = (Cy, ..., C,) joins Fto F’ if F ¢ Cy and F’ C C,,.
It is taut (tendue) between F and F’ if it joins them and there is no gallery joining F to F’ of
length strictly less than n. For x,x” € A, a gallery is said to be taut between x and x’ if it is
taut between the facets F, F’ containing x and x’ respectively. A gallery is minimal if it is taut
between its extremities.
Definition (1.1.6). — One says that A (equipped with the set .%, the order relation F < F’, and
the affine structures on each F, satisfying the preceding conditions) is a polysimplicial complex
if, whatever the facets F and F’ of A, there exists a gallery joining F and F”’.
If A is a polysimplicial complex, the chambers of A are none other than the maximal facets. If
the chambers of a polysimplicial complex are simplices, one says it is a simplicial complex; all
facets are then (open) simplices.

(1.1.7) Let A, A’ be polysimplicial complexes. A morphism of A into A’isamap f: A — A’
with the two properties:

(i) the image under f of a facet of A is a facet of A’;
(ii) if F is a facet of A, the restriction of f to F is an affine map of F onto f(F).

The morphism f is chambered (chambré) if for every chamber C of A the restriction of f to C
is an isomorphism of C onto a chamber of A’.

(1.1.8) Let A;, A; be polysimplicial complexes. Define the facets of A} X A, to be the products
F| x F, with F; a facet of A; (i = 1, 2), and order them by

Fl/XFé-<F1XF2 — F]/~<F1 and Fé%Fz.

One then has F| x F>» = F| x F>, and one may endow F; X F> with the product affine structure.
One verifies easily that these data make A; X A; a polysimplicial complex, the product of those
of A and Aj; the canonical projections are morphisms. This extends in the obvious way to a
product of any finite number of polysimplicial complexes.

1.2. Coxeter systems and Tits systems. —
In this number we recall some definitions and results concerning Coxeter systems and Tits
systems. For the proofs we refer to ([5], chap. IV), which we designate by Ic. throughout 1.2.

(1.2.1) Recall that a Coxeter system is a pair (W, S), where W is a group and S a subset of W,
satisfying the following axioms (l.c., §1, no. 3):
(1) S generates W and the elements of S are of order 2;
(ii) let m(s, s”) be the order of the element ss” of W (for s, s’ € §), and let I be the set of pairs
(s,5") of elements of S such that m(s, s”) is finite; the generating set S together with the
relations (ss7)" (") = 1 for (s, s’) € I form a presentation of W.

When Card S = 1 one has W = Z/2Z. When Card S = 2, the group W is a dihedral group of
order 2m(s, s’), with § = {s, s’} (Lc., §1, no. 2).

(1.2.2) Let (W,S) be a Coxeter system. The length of an element w € W, written £(w),
is the least integer ¢ > 0 such that w is a product of a sequence of g elements of §. A
reduced decomposition of w is a sequence (si,...,s,) of elements of § with w = s1...5,
and £{(w) = g (Lc., §1, no. 1). The set {s1,...,s,} depends only on w and not on the chosen
reduced decomposition (Lc., §1, no. 8, prop. 7); it is written S,, and called the support of w.
The elements

ti=(s1...5/-1) 8 (sl...sj_l)_l, 1<j<q,



are pairwise distinct and their set depends only on w (l.c., §1, no. 4, lemma 2).

(1.2.3) Let (s1,...,54) be a reduced decomposition of an element w € W and let s € S. If
t(sw) < €(w), there is an integer j with 1 < j < g such that ss1...5;_1 = s1...5,, and
(S1,..+,8j-1,8)+1,- .., 84) is areduced decomposition of sw, which is therefore of length g — 1
(l.c., §1, no. 4, lemma 3). Let s1,...,s, be elements of § and put w = sy ...s,; there exists a
sequence 1 < jj < j» < -+ < jir < g such that (s,,...,s;,) is a reduced decomposition of w,
and one has k = ¢ (mod 2).

(1.2.4) For every subset X of S, write Wy for the subgroup of W generated by X. It is also the
set of elements w € W whose support is contained in X (L.c., §1, no. 8, cor. 1 of prop. 7). In
particular one has Wy NS = X and Wx N Wy = Wxny for X, Y c S. The pair (Wyx, X) is a
Coxeter system (l.c., §1, no. 8, th. 2).

(1.2.5) The Coxeter graph Cox(W, S) (or Cox W) of the Coxeter system (W, §) is the pair (G, f)
obtained as follows: G is the graph whose vertices are the elements of S, two distinct vertices s
and s’ being joined by an edge if and only if the order m(s, s”) of ss’ is > 3 (which means that
s and s’ do not commute); f is the map {s, s’} — m(s,s’) from the set of edges into the set
consisting of oo and the integers > 3 (L.c., §1, no. 9).

(1.2.6) By a Tits system we mean a quadruple (G, B, N, S), where G is a group, B and N two
subgroups of G, and S a subset of N/(B N N), satisfying the following axioms (l.c., §2, no. 1):

(T1) The set BU N generates G, and B N N is a normal subgroup of N.

(T2) The set S generates the group W = N/(B N\ N) and consists of elements of order 2.V
(T3) For every s € S and every w € W one has sBw C BwB U BswB.

(T4) For every s € S one has sBs + B.

Note that the elements of W are cosets modulo B N N, which gives a meaning to the products
Bw, BwB, etc.

The set S is the set of elements w € W such that B U BwB is a subgroup of G (Lc., §2,
no. 5, cor. of th. 3). It follows that, if G, B and N are given, there exists at most one subset S
of N/(B N N) such that (G, B, N, S) is a Tits system. This will allow us to say, by abuse of
language, that the triple (G, B, N) is a Tits system, or again that the pair (B, N) is a Tits system
inG.

The group W is called the Weyl group of the Tits system. The pair (W, S) is a Coxeter system
(Lc., §2,no. 4, th. 2).

In the remainder of this number, (G, B, N, S) denotes a Tits system, W its Weyl group, and
v : N = W the canonical homomorphism.

(1.2.7) The map w +— BwB is a bijection of W onto the set B\G/B of double cosets of G
modulo B (l.c., §2, no. 3, th. 1).

(1.2.8) Let s € S and w € W; the three relations “BsBwB contains a single double coset
modulo B”, BswB = BsBwB, and {(sw) = {(w) + 1 are equivalent (l.c., §2, no. 4, th. 2).
Consequently, if (sq,...,s4) is a reduced decomposition of an element w € W, one has
BwB = Bs1Bs;B ... BsyB.

(1.2.9) For every subset X of S, put Bx = BWxB (the union of the double cosets BwB for w
running through the subgroup Wx of W generated by X; this set is denoted Gy in (l.c., §2)). The
map X — By is a bijection of the set of subsets of S onto the set of subgroups of G containing
B, and one has By N By = Bxny for X, Y C S (l.c., §2, no. 5, th. 3).

(1.2.10) One says that a subgroup P of G is a parabolic subgroup if it contains a conjugate
of B. There then exists a unique subset X of S such that P is conjugate to By (Lc., §2, no. 6,

() This second hypothesis made on § is in fact a consequence of the remaining axioms ([37]).



prop. 4). One says that X is the type of P. For every subset Y of S containing X there is exactly
one parabolic subgroup of type Y containing P, and one obtains in this way all the subgroups
containing P.

Every parabolic subgroup is its own normalizer; two distinct parabolic subgroups whose
intersection is again a parabolic subgroup are not conjugate; two parabolic subgroups contained
in one and the same subgroup P and conjugate by an element of G are conjugate by an element
of P (l.c., §2, no. 6, th. 4).

(1.2.11) Let (G’, B’, N’, §’) be another Tits system, with G’ = G. One says that the Tits systems
(G,B,N,S) and (G, B’, N, §’) are equivalent if the subgroups B and B’ are conjugate, or what
amounts to the same, if they possess the same parabolic subgroups. The Weyl groups W and
W’, or more precisely the Coxeter systems (W, S) and (W’, S’), are then canonically isomorphic.
Indeed, let g € G be such that B’ = gBg~!; since B is its own normalizer, such an element
is determined up to right multiplication by an element of B. The map x — gxg~! defines a
bijection, independent of the choice of g, of the set B\G/B onto B’\G/B’, hence a bijection y
of W onto W’ (cf. (1.2.7)). Since the elements s of S (resp. S”) are characterized by the fact that
B U BsB (resp. B U B’sB’) is a subgroup (1.2.6), one has y(S) = §’. On the other hand, let
(s1,...,84) be areduced decomposition of an element w € W. One deduces immediately from
(1.2.8) that (y(s1),...,v(sq)) is a reduced decomposition of y(w). It follows at once that, for
s,t € S, the order of y(s)y(#) in W’ equals that of sz in W, and that consequently there exists
exactly one homomorphism y” of W into W’ with y’(s) = y(s) for all s € S. Since

yw) =y(s1)...¥(sq) =7 (s1) ... 7 (sg) =7 (w),
one sees that vy is indeed an isomorphism of (W, S) onto (W', ).

(1.2.12) Put H = (,cynBn~!. This is a subgroup of G, normalized by N. Put N = NH.
Then H is a normal subgroup of N, one has H = BN N, and the injection of N into N defines
an isomorphism of W onto FI/ (BN N), by means of which we shall identify these two groups.
One says that the Tits system (G, B, N, S) is saturated if N = N. In all cases the quadruple
(G, B, ﬁ, S) is a saturated Tits system, equivalent to (G, B, N, S), called the saturated Tits system
associated with (G, B, N, S) (L.c., §2, exerc. 5).

Two Tits systems will be called strongly equivalent if the associated saturated Tits systems
are the same, up to inner automorphism. Note that two Tits systems, even saturated, may be
equivalent without being strongly equivalent (except however if their Weyl group is finite (cf.
l.c., §2, exerc. 15)); in particular the groups N and N’ may fail to be conjugate (cf. (2.8.13)).

(1.2.13) A homomorphism ¢ of the group G into a group G is said to be B-adapted (resp.
B-N-adapted) if the following two conditions are satisfied:
(i) the kernel of ¢ is contained in B;
(ii) for every g € G there exists an element & € G such that o(hBh™") = go(B)g™! (resp.
¢(hBh™') = gp(B)g™" and (ANh™") = gp(N)g™").
In the remainder of this number, ¢ : G — G denotes a B-adapted homomorphism.

(1.2.14) Since G is generated by the union of the conjugates of B (l.c., §2, no. 4, cor. 2 of th. 2),
the image ¢(G) is a normal subgroup of G. On the other hand, (i) entails that the kernel of ¢ is

contained in every parabolic subgroup of G, hence in H.
(1.2.15) For every parabolic subgroup P of G and every g € G, the inverse image ¢! (gp(P)g™!)

—~

is a parabolic subgroup of G, which we shall denote by  P. One thus defines an action of G
on the set of parabolic subgroups of G. For every parabolic subgroup P of G we shall write
Stabg P, or simply Stab P, for the set of ¢ € G such that $P = P. One has ¢~ !(Stab P) = P.



(1.2.16) For g € G, the right coset modulo B of the element 4 € G satisfying condition (ii) of
(1.2.13) is well determined, since B is its own normalizer and the kernel of ¢ is contained in B.
One deduces that there exists exactly one permutation £(g) of W such that

¢(B-£(g)(w)-B) =¢(h)™" - g-o(BwB)-g™" - o(h)
for every w € W and every h € G satisfying (1.2.13)(ii)). An argument analogous to that
of (1.2.11) shows that £(g) is an automorphism of the Coxeter system (W, S) and that £ is a
homomorphism of G into the group of automorphisms of (W, S), or again into the group of
automorphisms of the Coxeter graph of (W, S). We put E = ¢ (6)

(1.2.17) The kernel Go of & contains go(G) It follows that the restriction of & to Stab B is a
surjective map of Stab B onto E. We put B = Gy N Stab B. The pair (B ©(N)) is a Tits system
in Go, with Weyl group canonically isomorphic to W (L.c., §2, exerc. 8).

More generally, if Pisa parabohc subgroup of G, we put P= Go N Stab P. If P D B, one
has P = go(P) . The map P — Pisa bijection of the set of parabolic subgroups of G onto
that of Go

(1.2.18) If P is a parabolic subgroup of type X C S, the parabolic subgroup P is of type
£(g)(X) (for g € G).

For every subset X of S we write Ex for the set of ¢ € E such that £(X) = X. If g € Stab By,
the minimal parabolic subgroups B and ¢B are contained in By, hence are conjugate by an
element of By (1.2.10). Consequently

Stab Bx = ¢(By) - (Stab Bx N Stab B) = ¢(By) - (Stab B N ¢~ (Ey)),
since 8 By = Bg(g)(x) for g € Stab B.
(1.2.19) Let X c S and let H be a subgroup of Ex. Put

Q(X,H) = ¢(Bx) - (StabBn £7' (H)).

The map (X, H) — Q(X, H) is a bijection of the set of pairs (X, H) € B(S) x P(E) such that H
is a subgroup of Ey, onto the set of subgroups of G containing B. One has 0(X,Ex) = Stab By;
moreover Q(X,H) c Q(X’,H’) if and only if X ¢ X" and H c H’ (Lc., §2, exerc. 8). The
subgroups Q (X, H) and Q(X’, H’) are conjugate in G if and only if there exists r € E such that
X' =tXandH =t H.r!

Let P (resp. P’) be a parabolic subgroup of G, of type X (resp. X’). In order that Stab P >
Stab P’ it is necessary and sufficient that P O P’ (whence X D X’) and that Ex D Ey: this
follows from what precedes, by reducing through conjugation to the case P’ = By-.

(1.2.20) Suppose ¢ is B-N-adapted and let E be the intersection of the normalizers of ¢(B) and

of ¢(N) in G. One has G=E- ¢(G), whence G=E-Gy. Lete € Eandn € N,andlet’n € N
be such that ep(n)e™ = ¢(¢n). One has ¢(nBn~') = ¢n. B. (°n)~! and v(“n) = &(e) (v(n)).

1.3. Affine Weyl groups. —
In this number we recall some definitions and results concerning “Weyl groups of affine
type”. For further details and for the proofs we refer to [5], designated by Lc. throughout 1.3.

(1.3.1) Let A be a finite-dimensional real affine space. We assume that the space of translations
YA of A is endowed with a (nondegenerate) scalar product, hence with a norm, and we equip A
with the corresponding (Euclidean) distance: one then says that A is a Euclidean affine space.
Two subsets of A deduced from one another by a translation are said to be equipollent.
We denote moreover by W a subgroup of the group of displacements of A, generated by
orthogonal reflections in (affine) hyperplanes of A and acting properly on A when the latter is
given the discrete topology; this last condition amounts to saying that W is a discrete subgroup



of the group of displacements of A (Lc., chap. V, §4, no. 9). For w € W we write 'w for the
corresponding automorphism of "A.

(1.3.2) It is known (l.c., chap. V, §3, no. 8) that A decomposes canonically into a product of
Euclidean affine spaces Ag X --- X A, each of them a quotient of A, in such a way that the
following conditions are realized: the action of W passes to the quotient and defines a discrete
group W; of displacements of A;, generated by orthogonal reflections in hyperplanes of A;; the
group W is identified with the direct product of the W;; one has Wy = {1}, and each W, for
1 < i < misirreducible, in the sense that W; # {1} and that the canonical linear representation
of W; in the space "A; of translations of A; is irreducible.

In everything that follows we shall assume that A is reduced to a point, which allows us
not to consider it, and that each W; for 1 < i < m is infinite, or, what amounts to the same (/.c.,
chap. V, §3, no. 9), has no fixed point in A;. Under these conditions we shall say that W is an
affine Weyl group; when moreover m = 1, we shall say that W is irreducible.

(1.3.3) If L is an affine hyperplane of A, we write s, for the orthogonal reflection admitting L
as its set of fixed points. Conversely, if s is an orthogonal reflection in a hyperplane, we write
L for that hyperplane, the set of fixed points of s.

By a wall of A (relative to W) we mean any hyperplane L of A such that the reflection s,
belongs to W. It is known that the set .7 of walls of A is locally finite (L.c., chap. V, §3, no. 1).

By an affine root of A we mean any closed half-space of A bounded by a wall, this wall
being called the wall of the root. The set of affine roots of A will be written X. If @ € X, one
puts r, = Sga, Where da is the wall of @; one puts @* = A — @, and one denotes by a, the
intersection of the affine roots containing a neighborhood of «: it is an affine root equipollent to
Q.

It is clear that the datum of X determines W. A set of closed half-spaces of a Euclidean
affine space A which is the set of affine roots of A for an affine Weyl group acting in A will be
called an affine root system.

By afacet of A (relative to W or to X) we mean an equivalence class in A for the equivalence
relation “x and y are contained in the same affine roots”.

A facet F is an open convex subset of the affine subspace (called the support of F) that it
spans. Let us endow the set .# of facets with the order relation “F”’ is contained in the closure
of F”; the set denoted F in no. 1.1 coincides with the closure of F, and A, equipped with
Z , with this order relation and with the canonical affine structures on each of the sets F, is a
polysimplicial complex, whose structure is the product of the polysimplicial complex structures
on each of the A; (Lc., chap. V, §3, no. 8, prop. 6 and no. 9, prop. 8), which are moreover
simplicial complexes.

The chambers of A (relative to W) are the connected components of the complement in A of
the union of the walls, and the panels of A are the facets whose support is a hyperplane (which
is then a wall). It is known that W is simply transitive on the set of chambers (l.c., chap. V, §3,
no. 2, th. 1).

(1.3.4) We denote by C a chamber of A fixed once and for all. It is known (l.c., chap. V, §3,
no. 3, th. 2) that the closure C of C is a fundamental domain for W acting in A. Moreover, W
is generated by the set S of reflections in the walls supporting the panels of C (called the walls
of the chamber C), and the pair (W, S) is a Coxeter system (l.c., chap. V, §3, no. 2, th. 1).

More precisely, for 1 < i < m, the projection C; of C in A; is a chamber of A; (relative to
W;). If S; is the set of reflections in the walls of C;, the Coxeter system (W;, S;) is irreducible
and (W, S) is identified with the product of the (W;,S;); in other words, after identifying the
W; with subgroups of W, one has S = J;¢;<,n Si-

The rank of (W, S), that is to say the cardinality of S, is equal to }}|¢;¢,,(dimA; + 1). On
the other hand, one calls rank of W (or of X) the dimension of A.
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The Coxeter system (W, S) (and also its Coxeter graph) determines the affine Weyl group
W essentially. More precisely, let A” be a Euclidean affine space, W’ an affine Weyl group
in A’, and S’ the set of reflections in the walls of a chamber of A’ relative to W’; then every
isomorphism of the Coxeter system (W, S) onto (W’,S’) is induced by a unique isomorphism
a : A — A’ of affine spaces; if moreover W is irreducible, « is a similarity, i.e. transforms the
distance of A into a multiple of that of A’.

(1.3.5) For every facet F there exists exactly one facet of C which is the transform of F by an
element of W. On the other hand, for every subset X of S such that X N'S; # S; for 1 <i < m,
the set Cx of points a € C such that X is exactly the set of s € S with a € L, is a facet of C.
Moreover, the map X — Cy is a bijection of the set

T={XcS|XnS;#S;forl <i<m}={XcS| Wy is finite}

onto the set of facets of C. One has C = Cy. We shall say that T is the set of types of facets,
and that a facet F' is of type X € T if F is the transform of Cx by an element of W.

The stabilizer of Cy, which is also the stabilizer of an arbitrary point of Cy, is the subgroup
Wyx of W generated by X (l.c., chap. V, §3, no. 3, prop. 1).

(1.3.6) In order that a facet F be a panel it is necessary and sufficient that its type reduce to a
single element s; one also says that F' is of type s. If two chambers C and C’ are adjacent (1.1.5),
they have exactly one panel in common. Conversely, every panel of A is a facet of exactly two
chambers.

IfI' = (Cy,...,C,) is a non-stuttering gallery, one calls type of I the sequence s(I") =
(s1,...,8,) of elements of S such that the panel common to C;_; and C; is of type s; (for
1 < i < n). Two galleries of A with the same origin and the same type are identical.

(1.3.7) One says that a point x of A is a special point if, for every wall L of A, there exists
a wall equipollent to L containing x. It is known that every special point is an extreme point
of the closure of a chamber, and that for every chamber C there is at least one special point
adherent to C (Lc., chap. V, §3, no. 10, cor. of prop. 11). If x is a special point, the group W is
the semidirect product of the stabilizer W, of x by the normal subgroup V of translations of A
belonging to W, and the canonical map of W, into the group of automorphisms of the vector
space A is an isomorphism of W, onto the image "W of the whole of W in Aut A (l.c., chap. V,
§3, no. 10, prop. 9). Moreover the group V is a lattice in "A, that is to say a discrete subgroup
of maximal rank of YA (l.c., chap. VI, §2, no. 5, remark). In order that x € A be a special point
it is necessary and sufficient that the projection of x in A; be, for every i € {1,...,m}, a special
point of A; for W;.

Suppose W irreducible. A vertex s of the Coxeter graph of (W, S) is said to be special if
the corresponding extreme point of C (that is to say the point of intersection of the hyperplanes
L; fort € S, t # s5) is a special point.

(1.3.8) There exists in the dual (YA)* of "A one and only one reduced root system "X possessing
the following property: make A into a vector space and identify it with YA by choosing as origin
a special point of A; for a € "X and k € Z, denote by L, the affine hyperplane consisting of
the points x € A such that a(x) = —k; then the set .77 of walls of A is none other than the set of
hyperplanes L, for a € "X and k € Z (l.c., chap. VI, §2, no. 5, prop. 8). The affine roots of A
are therefore the closed half-spaces

g ={xeAlalx)+k >0} fora € "X, k € Z.
If @ € X is of the form @, one puts "o = a and r, ; = r,.
In other words, once a special point has been chosen as origin, the group W is identified with

the affine Weyl group of the root system "X in the sense of (l.c., chap. VI, §2). In particular, for
a € "L, let us write a" for the unique element of A such that the reflection r, associated with
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a is given by r,(v) = v —a(v)a” (v € "A). The set of the a" for a € "X forms the inverse root
system of VX (l.c., chap. VI, §1, no. 1, prop. 1). The special points are the weights of the root
system (*X)V (L.c., chap. VI, §2, no. 2, prop. 3), the group V of translations of W is the group
of radical weights of ("X)" and is generated by (*X)" (Lc., chap. VI, §2, no. 1, prop. 1), and the
chambers of A are the alcoves of VX in the sense of (l.c., chap. VI, §2, no. 1). The group "W
(acting in "A and in its dual) is identified with the (ordinary) Weyl group of "X. It is generated
by the reflections r, for a € "X.
The elements of "X will be called the vector roots of A (relative to W).

(1.3.9) To the decomposition A = A| X --- X A,, of (1.3.2) there corresponds a decomposition
of the dual of "A into a direct sum of the (YA;)*, and the intersections "X N ('A;)* are none other
than the irreducible components of "X (l.c., chap. VI, §1, no. 2).

(1.3.10) By a vector chamber we mean a connected component of the complement in "A of the
union of the (vector) hyperplanes that are kernels of the vector roots, that is to say a chamber
of the inverse root system ("X)" in the sense of (l.c., chap. VI, §1, no. 5). More generally, by
a vector facet we mean an equivalence class for the following equivalence relation in "A: “for
every vector root a, a(x) and a(y) are simultaneously either zero, or strictly positive, or strictly
negative”. A vector facet is a simplicial cone, a vector chamber is an open simplicial cone. The
group "W is simply transitive on the set of vector chambers, and the closure of a vector chamber
is a fundamental domain for "W acting on "A (l.c., chap. VI, §1, no. 5). The opposite of a vector
chamber is a vector chamber (I.c., chap. VI, §1, cor. 3 of prop. 17).

(1.3.11) By a sector (quartier) of A we mean the set x + D of transforms of a given pointx € A
(called the apex of the sector) by the translations belonging to a given vector chamber D (called
the direction of the sector). Two sectors of opposite direction are said to be opposite. Let x be
a special point of A; every sector with apex x contains exactly one chamber C to which x is
adherent; the sector Q is then the union of the transforms of C by the homotheties with center x
and ratio > 0, and one obtains in this way a bijection of the set of sectors with apex x (or again
of the set of vector chambers) onto the set of chambers of A whose closure contains x.

(1.3.12) With every vector chamber D is associated a basis B(D) of "X (or system of simple
roots), that is to say a linearly independent subset of "X such that every element of "X is a linear
combination, with integral coefficients all of the same sign, of elements of B(D): the vector
chamber D is the set of x € "A such that a(x) > 0 for all a € B(D). The map D + B(D) is a
bijection of the set of vector chambers onto the set of bases of "X (L.c., chap. VI, §1, nos. 5 and
7). For every a € B(D), the hyperplane Ker a contains a face of the simplicial cone D, and one
obtains in this way a bijection of B(D) onto the set of faces of D.

(1.3.13) The vector roots which are linear combinations with positive coefficients of elements
of B(D) are said to be positive for the vector chamber D; they are moreover the positive roots
for the order relation on the dual of "A defined by the convex cone D. Their set is written "X},
or "X*(D). One has "X = "X}, U (="X})). If W is irreducible, or what amounts to the same,
if the root system "X is irreducible, there exists a greatest root d for this order relation; if one
identifies A and "A as above by taking a special point as origin, the chamber of A contained in
the sector D and containing the origin in its closure is the set of points x € A such that a(x) > 0
for all a € B(D) and d@(x) < 1 (Lc., chap. VI, §2, no. 2, prop. 5).

(1.3.14) Let D be a vector chamber. It is known that the set R = R(D) of reflections r, for
a € B(D) generates "W, and that ("W, R) is a Coxeter system (Lc., chap. VI, §1, no. 5, th. 2);
one has

S*(rg(D)) = {b € "SH(D) | b #a}U{-a} and —a € B(ry(D))  (ibid.).
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(1.3.15) Let M be a subset of "X. We shall say that an element m € M is extremal in M if
the half-line Rym is an extremal generator of the convex cone with origin 0 generated by M.
An order on M will be called nibbling (grignotant) if it is total and if every element m € M is
extremal in the set of elements of M greater than m. In order that there exist a nibbling order on
a subset M of "X, it is necessary and sufficient that the convex cone with origin 0 generated by
M be strictly convex, or again that its polar have nonempty interior, or again that it meet a vector
chamber D, which means that M c "X (D). In this case there exists a nibbling order on M for
which the first element is a given element extremal in M. In particular, there exists a nibbling
order on "X* (D) for which the first element is an arbitrary simple root a € B(D).
If M’ ¢ M, the restriction to M’ of a nibbling order on M is a nibbling order on M".

(1.3.16) For every vector chamber D one defines an order relation, said to be associated with
D and written <p, on A (resp. "A) in the following manner. Let D* be the chamber of the root
system "X associated with the basis B(D) (l.c., chap. VI, §1, no. 5): it is the set of t € ("A)*
whose scalar product with every element of B(D) is strictly positive. By definition, the relation
x <p x’, for x,x” € A (resp. "A), is equivalent to t(x" — x) > O for all t € D* (or, what amounts
to the same, for every dominant weight ¢ of "X relative to B(D)). These order relations are
compatible with the vector space structure of "A and with the action of YA on A. For y € D and
w € YW one has w(y) <p y (l.c., chap. VI, §1, no. 6, prop. 18).

(1.3.18) Let W be the normalizer of W in the group of automorphisms of A; it is also the
group of automorphisms of the polysimplicial complex A. Let V be the subgroup of translations
belonging to W, let x be a special point of A adherent to C, and let D be the vector chamber
satisfying C C x + D. For every subset Q of A one puts

Wi ={weW|wQ=0Q}.
Then (loc. cit., ch. VI, §2):
(1) W is the semidirect product of WI: by the normal subgroup W.

(2) W is the semidirect product of W}; by V, and the map w — 'w is an isomorphism of FWVI
onto 'W.

(3) V is the weight group of the root system inverse to "X, and it acts simply transitively on
the set of special points of A.

4) Wi is the semidirect product of szm) by W,. If one lets WIX+D) act on the dual of "A

by the contragredient of the natural action on "A, then sz +D) fixes 'X and B(D), whence
T

a homomorphism of W (x4D) into the automorphism group of the Dynkin graph of "X; this
homomorphism is bijective.

(5) The elements of Wé permute the walls of C; one deduces a homomorphism of Wé
into the automorphism group of (W, S), equivalently of the Coxeter graph of W, and
this homomorphism is bijective. If W is irreducible, the image of WIHD) under this
isomorphism is the fixer subgroup of the special vertex of Cox W associated with x.

(6) Egt Wim :Ex .'V. This is a normal subgroup of W, and W is the semidirect product of
WZHD) by Win.
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1.4. Echelonnages. —
(Note added in proof.) There is an equivalence between the notion of échelonnage used here and what I. G. Mac-
donald calls an affine root system.

The notation of no. 1.3 is retained.

(1.4.1) Let @ be a not necessarily reduced root system in the dual of "A. The following two
properties are equivalent:

(1) @ and the reduced root system "X have the same Weyl group "W,

(ii) forevery a € ® there is a real number A(a) > 0 with A(a)a € X, and the map a — A(a)a
from ® to "X is surjective.

In what follows @ is always assumed to satisfy these conditions. One sees readily that if "X
is irreducible and not of type B,,, C,,, G or Fy4, then ® = 1 "X for some A € R}. If on the other
hand "X is of type B, C,,, F4 (resp. G»), then ® may be of type C,,, B;, F4 (resp. G;), and one
may have A(a) = 24(b) (resp. A(a) = 31(b)) with a running over the short roots and b over the
long roots of ®; moreover, if "X is of type B, or C,, then ® may be of type BC,,.

An échelonnage of ®@ by X is a subset & C @ x X with the following properties:
(E1) if (a,@) € &, thena € R, - Ya;
(E2) if (a,a@) € & and w € W, then (*w(a),w(a)) € &;

(E3) the restrictions to & of the two projections pr;: ® X X — ® and pry: DX X — X are
surjective.

Two roots a € ® and @ € X with (a, @) € & are said to be associated by the échelonnage &

(1.4.2) If x € A and F is the facet of A containing x, then the set ®, = ®f of roots a € ®
associated with the affine roots whose wall contains x is a root system whose Weyl group is the

canonical image in "W of the stabilizer of x. It is called the root system attached to x (or to F)
by &.

(1.4.3) Let ®@" c ("A)* be another root system. Two échelonnages & ¢ ®xX and &’ C ®’'xX are
said to be homothetic if there is a linear transformation A: ("A)* — (*A)* such that (a, @) € &
if and only if (A(a), @) € &’. In that case A induces on each (*A;)* a homothety of positive
ratio. An échelonnage is said to be similar to & if it is isomorphic (in the evident sense) to an
échelonnage homothetic to &

(1.4.4) In the remainder of this number one considers quadruples (G, f, M, F) consisting of a
graph G, a function f from the set of edges of G to {3,4,6, >}, a set M of vertices of G, and
a set F' of pairs (r, s) of vertices such that {r, s} is an edge. The vertices belonging to M are
called multipliable. The pair (G, f) is the underlying Coxeter graph of (G, f, M, F). Such a
quadruple is drawn according to the following conventions: an edge {r, s} is drawn as a single,
double, triple or thick stroke according as f({r, s}) = 3, 4, 6 or oo; it carries an inequality sign
> running from r towards s when (r, s) € F; and multipliable vertices are marked with a cross.

Let IT be a finite subset of ("A)* \ {0} such that for every pair (a, b) of elements of IT one

has
—2(a | b)

(a|a)
where ( | ) denotes a scalar product on ("A)* invariant under *W. The Dynkin graph of IT is
the quadruple (G, f, M, F) defined as follows: the vertices of G are the elements a of I1 with
a/2 ¢ I1; a pair {a, b} of vertices is an edge if (a | b) # 0; the function f is defined by

2 7 (a|b)?
cos = ;
f({a,b})  (ala)(b|Db)

e N, or a=2b, orelse b =2a,
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a vertex a belongs to M if 2a € I1; and a pair (a, b) of vertices belongs to F if (a | a) > (b | D).

Let @ be a root system in a subspace of ("A)* whose Weyl group leaves invariant the
restriction of ( | ) to that subspace. The Dynkin graph of ®, written Dyn @, is by definition the
Dynkin graph of the set of elements of ® that are positive multiples of the elements of a base.
Up to canonical isomorphism this graph does not depend on the chosen base.

(1.4.5) The Dynkin graph of an échelonnage & c ® x X, written Dyn &, is the Dynkin
graph of the set of elements of ® associated with the affine roots that contain C and whose wall
contains a panel of C. Up to canonical isomorphism this graph depends only on &, and not
on the choice of fundamental chamber C; its vertex set is in canonical bijection with the set of
panels of C, hence also with S.

Knowing Dyn &, one recovers the Coxeter graph of W and the graphs Dyn @ and Dyn @,
for every x € A (hence also the systems @, X and @, up to isomorphism) by the following rules,
whose proofs are immediate.

(1) The Coxeter graph of W is the Coxeter graph underlying Dyn &.

Suppose Dyn & connected. If its rank (that is, its number of vertices minus one) equals
1, then Dyn @ has a single vertex, always multipliable except when Dyn & is the graph
o=—o0. If Dyn & has rank > 2 and is not one of the following graphs:

2

OO+ OO (n + 1 vertices)

then Dyn @ is obtained from Dyn & by deleting a special vertex, and the result does not
depend on which special vertex is chosen. Finally, if Dyn & is one of the graphs (2), then
Dyn @ is the graph

OO0 o= (n vertices).

When Dyn & is not connected, Dyn @ is obtained by applying the preceding rules to
the connected components of Dyn &.

(3) If x € A lies in a facet of type X C S, the graph Dyn ®,. is the subgraph of Dyn & whose
vertices correspond to the elements of X.

Classification (1.4.6). — An échelonnage is determined up to similarity by its Dynkin graph.
The table below is the complete list of the Dynkin graphs of the irreducible échelonnages.

The proof proceeds by classifying, for each irreducible affine Weyl group, the corresponding
échelonnages. For W of type C,, for instance, inspection of the classification of root systems
shows that up to homothety @ is one of: the system @y = "X of type C,; the system @, of type
B, obtained by keeping the long roots of "X and replacing the short roots by their doubles; or the
system @, = @y U @ of type BC,, — these being the only systems admitting "W as Weyl group.
For @ = @ and for ® = @, there is exactly one échelonnage of ® by X, since for each @ € X
there is exactly one root a € ® with '@ € R, - a; for ® = @, there are four pairwise non-similar
ones. The remaining types are handled in the same way, more easily. (See the original text,
pp- 28-29, for the details.)
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Table of the irreducible échelonnages. —

Name Rank Typeof'> Typeof @ Dynkin graph and special vertices

Al 1 Al Ay fo
N N
C-BC| 1 A BC, o—0
N N
C-BC! 1 A BC, G
S S
c-Bc" 1 A BC, Om3m0
N N
C-BClY 1 Ay BC, o
N N
A, n=2 A, Ay T j}
N . N

B-C, n>3 B, C, >o—w—o—o:<:o

S
B-BC, n>3 B, BC, s o oD
S
S S
C-B, n>?2 C, B, O==0—0~" "+ = 0—0=>=0
S S
C-BC! n>2 C, BC, O==o——O o=
S S
C-BC' n>2 Cy BC, S0 0 ro—0=0
S S
C—BCYILII n>2 C, BC, 0=—0—0+""""=0—0=>=0
N N
C-BC,IZV n>?2 C, BC, 00— O oD
S S

=
=
\Y
N
=
>

S S
S
Eg 6 Eq Eq : :
E7 7 E; E; C;—O—O—I—O—O—C;
Eg 8 Eg Eg o—o—o—o—o—I—o—o
N
Fy 4 Fy Fy o—o0—0o==0—o0
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Name Rank Typeof'> Typeof @ Dynkin graph and special vertices

Fi 4 Fy Fy O0—0—0=<=0—20
G2 2 G2 G2 O——O0==0

N
G} 2 G G o—o=t=0

1.5. Conventions and notation. —

(1.5.1) A Tits system (G, B, N, S) with Weyl group W is said to be of affine type if there
exist an affine Weyl group W acting on a euclidean affine space A, a chamber C of A, and an
isomorphism of the Coxeter system (W, S) onto the Coxeter system (W, S), where S is the set
of reflections in the walls of C (1.3.4). The rank of such a Tits system is the rank of W, that is,
the dimension of A (1.3.4).

A parahoric subgroup of G is then a parabolic subgroup of G whose type X is, after the
identification of W with W, an element of the set T of (1.3.5) — that is, is such that Wy
is finite. A subgroup P containing B is therefore parahoric if and only if the set of double
cosets B\P/B is finite. When W is irreducible the parahoric subgroups are exactly the proper
parabolic subgroups, i.e. those different from G. Every parabolic subgroup contained in a
parahoric subgroup is parahoric; the minimal parabolic subgroups, i.e. the conjugates of B, are
parahoric.

(1.5.2) Throughout the rest of the chapter the hypotheses and notation of 1.3 are retained. In
particular W denotes an affine Weyl group acting on a euclidean affine space A, and the symbols
A, C, X, etc. have the same meaning as in 1.3.

In §§2—4, (G, B, N, S) denotes a saturated Tits system of affine type. The Weyl group W of
G is identified with W as in (1.5.1), and the symbols By, H, etc. have the same meaning as in
1.2.

2. The building of a Tits system of affine type

With the Tits system (G, B, N, S) of (1.5.2) one associates a set .# , equipped with: a structure
of polysimplicial complex (2.1); a set of chambered morphisms of polysimplicial complexes
from A into .#, called the structural maps of . (2.2); a distance making it a complete metric
space, for which the structural maps are isometries (2.5); and an action of G respecting all
of these structures (2.1.4). The object .# so defined is called the building of the Tits system
(G,B,N,S), or, by abuse of language, of G. It depends only on the conjugacy class of the pair
(B,N) (2.7).
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2.1. The polysimplicial complex .#. —

(2.1.1) Let & be the set of parahoric subgroups of G. For P € & let 7(P) € T denote the type
of P (1.2.10). Let .# be the set of pairs (P,x) with P € & and x € C,(p) (1.3.5). For P € &
the set
F=F(P)={(P,x) | x € Crp}

is called a facet of .7, of type 7(F) = 7(P) and of codimension Cardt(P). If P’ € & and
P C P’, one says that F(P’) is a facet of F(P); one then has 7(P’) D 7(P). Conversely F(P)
possesses, for each type Y D 7(P), one and only one facet of type Y (1.2.10). We write F for
the union of the facets of a given facet F'.

(2.1.2) The map (P,x) — x is called the canonical map of .# into C. If F is a facet of .%
of type X, the restriction of this map to F (resp. F) is a bijection of F (resp. F) onto Cx (resp.
EX), whose inverse is called the canonical map of Cyx (resp. EX) onto F (resp. F). We endow
F (resp. F) with the structure of open (resp. closed) affine polysimplex obtained by transport of
structure from that of Cx (resp. Cx) via this canonical map. Writing .# for the set of facets of
# and F’ < F for the incidence relation F’ c F, the conditions of (1.1.4) are satisfied. The
chambers of .7 are the facets of type 0, associated with the minimal parahoric subgroups. At
the other extreme, if P is a maximal parahoric subgroup, the facet F(P) contains a single point,
written ap and called the vertex of .# associated with P.

(2.1.3) If two chambers of .# are adjacent, that is, distinct with a panel in common (1.1.5), this
panel is well determined: indeed, if F(P;) and F(P;) are two distinct panels of one chamber
F(P), then P = P; N P».

This permits the following definition. If I' = (Cy, ..., C,) is a non-stuttering gallery of .#

(1.1.5), the type of I is the sequence s(I") = (s, ...,s,) of elements of S such that the panel
common to the adjacent chambers C;_; and C; is of type s; for 1 <i < n.

(2.1.4) The group G acts on .# by
) g-(P.x)=(gPg',x)  (PeP, xeCyp).
This is indeed an action, since gPg~! is a parahoric subgroup of the same type as P.
Proposition. —
(i) For every type X € T, the group G permutes the facets of type X transitively.

(ii) For every parahoric subgroup P, the restriction to F(P) (resp. F(P)) of the action of
g € G is an affine bijection of F(P) (resp. F(P)) onto F(gPg™") (resp. F(gPg™)),
whose composite with the canonical map of Cypy onto F(P) is the canonical map of
C;(p) onto F(gPg™).

Proof: see the original text, (i) follows from the conjugacy of parahoric subgroups of a given type (1.2.10);
(i1) is immediate.

Proposition (2.1.5). — Let Q be a parahoric subgroup of G.
(i) Q is the stabilizer in G of the facet F(Q) and of each of its points;

(ii) F(Q) is the set of points of ¥ fixed by Q.

Proof: see the original text, both follow at once from the fact that a parahoric subgroup is its own
normalizer.

Corollary (2.1.6). — Let C be a chamber of .%. Then C is a fundamental domain for G in .7.
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Proof: see the original text, every facet of .# is a transform of exactly one facet of C; (2.1.5) then shows
each orbit meets C in exactly one point.

Proposition (2.1.7). — Let C and C’ be two chambers of .. There exists one and only one
element w = w(C,C") € W such that g~'¢’ € BwB for all g, g’ € G with C = g - F(B) and
C’' =g'-F(B). Onehasw(h-C,h-C") = w(C,C’) forevery h € G, and w(C’,C) = w(C,C")~.
Setting w(C) = w(F(B), C): for every n € v~!(w(C)) there exists b € B with C = bn - F(B).

Proof: see the original text, p. 33.

Lemma (2.1.8). — In order that a chamber C = bn - F(B) be adjacent to F(B) it is necessary
and sufficient that v(n) € S. The panel common to C and F (B) is then of type v(n).

Proof: see the original text, pp. 33-34.

Proposition (2.1.9). — LetT" = (Cy, . .., Cy,) be a sequence of chambers with Cy = F(B). The
following conditions are equivalent:

(i) I is a non-stuttering gallery;

(ii) there existb; € B, s; € Sand 5; € v‘l(sj) (j =1,...,m) such that
Cj:blfl"'bjfj'F(B) forj:1,...,m.
Under these conditions I is of type (s1,...,5n).

Proof: see the original text, p. 34; one direction uses (2.1.8), the other is an induction on ;.

Corollary (2.1.10). — Let C be a chamber of % and put w = w(F(B), C). For every reduced
decomposition s = (s1, ..., Sm) of w there exists a minimal gallery with origin F (B), extremity
C and type s.

Proof: see the original text, p. 34. The result is made more precise in (2.3.9).

Corollary (2.1.11). — A non-stuttering gallery is minimal if and only if its type s = (s1,..., Sn)
is a reduced decomposition of sy - - - Sp,.

Proposition (2.1.12). — The set .Z, equipped with the family of facets, the incidence relation
between facets, and the affine structures on each of the sets F(P) for P € &2, is a polysimplicial
complex, and G acts on & by automorphisms of polysimplicial complex.

Proof: see the original text, pp. 34-35.

Example (2.1.13). — Suppose A of dimension 1. Then CardS = 2 and W is an infinite
dihedral group. Every finite sequence (s;) of elements of S with s; # 541 for all j is a reduced
decomposition, and every non-stuttering gallery (Co, . .., Cy) in which the panels C j-1 N 6]-
and Ej ﬁfj“ are distinct for 1 < j < m—1 is minimal. The building .¥ is a simplicial complex
of dimension 1, i.e. a connected graph, and the above shows that this graph contains no circuit

(which would furnish a minimal gallery of length > O with origin and extremity equal). Hence
4 is a tree.
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2.2. Structural maps and apartments. —
Proposition (2.2.1). — There exists one and only one map j: A — & with the following two
properties:

(i) the restriction of j to C is the canonical bijection (2.1.2) of C onto F(B);

(ii) j(v(n) -x) =n-j(x) foralln € N and x € A.
The map j is injective. If F is a facet of A, then j(F) is a facet of ¥ of the same type, one has
j(F) = j(F), and the restriction of j to F is an affine bijection of F onto j(F).

Proof: see the original text, p. 35.

Definition (2.2.2). — The map j of (2.2.1) is called the canonical map of A into .. A map ¢
of A into .Z is called a structural map of .% if there is g € G with p(x) = g - j(x) forall x € A.
An apartment (resp. half-apartment, sector, wall) of .7 is a subset of .% which is the image of
A (resp. of an affine root, of a sector, of a wall of A) under a structural map.

(2.2.3) It follows at once from (2.2.1) that a structural map ¢ is a chambered morphism (1.1.7)
of polysimplicial complexes from A into .#, and is even an isomorphism of polysimplicial
complexes of A onto the apartment ¢(A), which is a “polysimplicial subcomplex™ of & in the

sense that an apartment containing a facet F' contains F, and that every apartment is the union
of the facets of the chambers it contains.

(2.2.4) Let M be a half-apartment, the image of an affine root @ of A under a structural map ¢.
The wall ¢(da) is the union of the sets F for F running over the panels of .# belonging to a
single chamber contained in M. This wall therefore depends only on M and not on the choice
of ¢: it is called the wall of M and written 0 M.

Proposition (2.2.5). — With the preceding notation:

(i) H = ﬂan_l ={geG|g-jx)=jx)forallx € A};
neN

(i) N={g€G|g-j(A)=j(A)}
Proof: see the original text, p. 36; (ii) uses that the Tits system (G, B, N) is saturated.

Corollary (2.2.6). — The group G permutes transitively the pairs (F, A) consisting of a facet
F of a given type X and an apartment A containing F.

Corollary (2.2.7). — Let ¢ be a structural map and ¥ a map of A into the apartment ¢p(A).
In order that  be a structural map it is necessary and sufficient that there exist w € W with

v=gow.

(2.2.8) By (2.2.7) there exists on every apartment A one and only one structure of euclidean
affine space for which every structural map with image A is an isomorphism of euclidean affine
spaces from A. We henceforth regard A as endowed with this euclidean structure, and in
particular with the corresponding distance, written d4. For every g € G the map x — g - x is
then an isomorphism of A onto the apartment g - A.
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2.3. Retractions. —

Proposition (2.3.1). — Two facets of .% are contained in a common apartment.

Proof: see the original text, p. 37; reduce to two chambers via (2.2.3), then use (2.1.7).

Proposition (2.3.2). — Let A and A’ be two apartments containing a common chamber C.
There exists one and only one map p = par a.c of A’ onto A which is the restriction to A’ of an
action of G and satisfies p(C) = C. The restriction of p to A N A’ is the identity, and p is an
isometry of A’ onto A.

Proof: see the original text, p. 37.

Corollary (2.3.3). — Let F, F, be two facets and Ay, A, two apartments each containing both
Fiand F>. There exists g € G withg- Ay = Ayand g - F; = F; fori =1,2.

Theorem (2.3.4). — Let A be an apartment and C a chamber contained in A. There exists one
and only one map p of & into A with the following properties:
(i) p(C) =C;

(ii) for every apartment A’ containing C there exists g € G with p(x) = g -x forallx € A’.

The restriction of p to A is the identity. If x € C then p~'(x) = {x}. If F is a facet of type X,
so is p(F); one has p(F) = p(F), and the restriction of p to F is an affine bijection of F onto

p(F).
Proof: see the original text, pp. 37-38; the key point is that p 4/ 4.c (x) depends only on x.

Definition (2.3.5). — The map p of (2.3.4) is called the retraction of .# onto A with center C,
and is written ps.c.

Proposition (2.3.6). — Let C be a chamber, F a facet and I" a taut gallery between C and F.
Every apartment containing C and F contains each term of T

Proof: see the original text, p. 38.

Corollary (2.3.7). —
(i) Let " and T be two minimal galleries of the same type. There exists g € G withT" = g -T".

(ii) Let C,C’,C” be three pairwise distinct chambers possessing a common panel. There
existsg e Gwithg-C=Candg-C' =C".

Lemma (2.3.8). — Let A be an apartment and C a chamber of A.

(i) Foreveryw € W there exists one and only one chamber C’ contained in A withw(C,C’) =
w (notation of (2.1.7)).

(ii) Two non-stuttering galleries of the same type and the same origin, contained in A, coincide.

Corollary (2.3.9). — Let C and C’ be two chambers of . and put w = w(C’,C) (2.1.7). Let
E be the set of minimal galleries with origin C" and extremity C. The map assigning toI" € E
its type s(I') (2.1.3) is a bijection of E onto the set of reduced decompositions of w.

Proof: see the original text, p. 39.

(2.3.10) Let w € W. Applying (2.3.9) to j(C) and j(w - C) shows that the set of minimal
galleries with origin C and extremity w(C) is in bijection with the reduced decompositions of
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w. If I'=(Cyp=C,...,C, =w(C)) is such a gallery, of type s = (s, ..., Sy), the reflection
in the wall L; supporting the panel common to C;_; and C; is

tr= (s sic) si (1 8im1) 7

and w = §1---8, =1t,---t1. It was recalled in (1.2.2) that the #; are pairwise distinct and that
their set — written 7,, in what follows — is independent of the reduced decomposition chosen.
The ¢; are called the reflections associated with w.

In order that the reflection r in a wall L of A belong to T, it is necessary and sufficient that
C and w(C) lie on opposite sides of L. In particular, the length £ (w) equals the number of walls
of A separating C and w - C, and a minimal gallery of A is entirely contained in every affine
root containing its extremities. More generally:

Proposition (2.3.11). — Every minimal gallery of .7 is contained in every half-apartment of
Z containing its extremities.

Proposition (2.3.12). — Let A be an apartment of ., C a chamber of A, and p = pa.c. Let F
be a panel of .7 ; let C| be the chamber of A admitting p(F) as a panel and lying on the same
side as C of the wall of A containing p(F), and let Cy be the other chamber of A admitting p(F)
as a panel. Then there exists one and only one chamber C' of . admitting F as a panel with
p(C") = Cy; and for every chamber C” of % admitting F as a panel and distinct from C’, one
has p(C") = C».

Proof: see the original text, pp. 39—40.

2.4. Closed subsets. —

Definition (2.4.1). — Let M be a subset of & (resp. A) meeting at least one chamber. M is
said to be closed if, for every gallery (Cy, . .., Cy) taut between a chamber Cy meeting M and
a point of M, one has Cy, ¢ M for 0 < k < m.

Every closed subset meeting a chamber is the union of the sets C for the chambers C meeting
M. An apartment, a half-apartment and an affine root are closed ((2.3.6) and (2.3.11)). The
intersection of a family of closed subsets containing a common chamber is again closed. Hence:

(2.4.2) If M is a subset of .# (resp. A) meeting at least one chamber, there is a smallest closed
subset of . (resp. A) containing M. It is called the enclosure of M and written cl(M).

(2.4.3) The notions of closed subset and of enclosure depend only on the polysimplicial structure
of .# (resp. A). If M meets at least one chamber, then

j(cl(M)) =cl(j(M)) forM c A,
g-clM)=cl(g-M) forMc .7, geG.
Lemma (2.4.4). — Let C and C’ be two chambers of A. The enclosure of C U C’ coincides with

the intersection of the affine roots of A containing C U C’, and with the union of the closures of
the chambers belonging to at least one minimal gallery with extremities C and C’.

Proof: see the original text, pp. 40—41; the argument compares Card . (C, C’) with Card . (C, C"") +
Card . (C’,C”), where . (X, Y) denotes the set of walls of A separating X and Y.

Proposition (2.4.5). — Let M be a subset of A meeting at least one chamber. The enclosure of
M coincides with the intersection of the affine roots containing M, and is the convex hull of the
union of finitely many points and half-lines.

Proof: see the original text, p. 41.
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(2.4.6) Proposition (2.4.5) allows definitions (2.4.1) and (2.4.2) to be extended to arbitrary
subsets of A:

Definition. — For every subset M of A, the enclosure of M, written c1(M), is the intersection
of the affine roots of A containing M. M is said to be closed if cl(M) = M, equivalently if M is
an intersection of affine roots.

A subset M of A is closed if and only if it is convex and a union of closures of facets.

Proposition (2.4.7). — Let M be a subset of .9 contained in the union of finitely many facets.
In order that M be contained in an apartment it is necessary and sufficient that there exist two
chambers C and C’ with M contained in the enclosure of C U C’.

Proposition (2.4.8). — Let D be a vector chamber.
(i) For every bounded subset M of A there exist x,x’ € Awith M C (x + D) N (x" — D).
(ii) Forall x,x',y,y’ € Awithy € x —D and y’ € x’ + D, one has

(x+D) N (x"=D) c cl({y,y'}).
Proof: see the original text, pp. 41-42.

Corollary (2.4.9). — Let D be a vector chamber and x a point of A. For any points y € x + D
and y’ € x — D, the enclosure of {y, ¥’} is a neighborhood of x.

Proposition (2.4.10). — Let F be a facet of A, L the affine subspace generated by F, and A a
connected component of the complement in A of the union of the walls containing F. For every
bounded subset M of A there exist a point y € L and a sector € C A such that M c cl({y, z})
for every point 7 € €.

Proof: see the original text, p. 42.

Proposition (2.4.11). — With the notation of (2.4.10): for every bounded subset M of A and
every chamber C of & admitting j(F) as a facet, there exists an apartment of .% containing C
and j(M).

Proof: see the original text, p. 42.

Corollary (2.4.12). — Let a be a half-apartment, M a bounded subset of a, and C a chamber of
& possessing a panel contained in the wall da of a. Then there exists an apartment containing
Cand M.

Proposition (2.4.13). — Let M be a subset of . meeting at least one chamber, and let g € G
satisfy g - x = x forallx € M. Then g - x = x for all x € c1(M). In other words, the fixers of M
and of cl(M) coincide.

Proof: see the original text, p. 43; it suffices to show that the fixed-point set {x € .# | g-x = x} is closed.
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2.5. The metric of the building. —

We saw in (2.2.8) that each apartment A of .# carries a structure of euclidean affine space,
and in particular a distance d4. We show that there exists on .# one and only one distance whose
restriction to each apartment A is d4. This distance is G-invariant and makes .# a complete,
contractible metric space in which any two points are joined by a unique geodesic.

Lemma (2.5.1). — There exists one and only one function d: % X ¢ — R, such that for every
apartment A of . the restriction of d to A X A is the function da.

Proof: see the original text, p. 43; uniqueness from (2.3.1), existence from (2.3.3) and (2.2.8).

(2.5.2) The function d is clearly invariant under G.

Proposition (2.5.3). — Let C be a chamber of . and A an apartment containing C. Let
P = pa:c be the retraction onto A with center C (2.3.5), and let x,y € .. Then:

(i) d(p(x), p(y)) < d(x,y);
(ii) if x € C, then d(p(x), p(y)) = d(x,y);
(iii) if there is a facet F of .% with x,y € F, then d(p(x), p(y)) = d(x, ).

Proof: see the original text, p. 43.

Proposition (2.5.4). —
(i) The function d is a distance on .Z .

(ii) Let x,y € £ and D = {z € % | d(x,y) = d(x,z) +d(z,y)}. Then D is contained in
every apartment A containing x and y, and coincides with the segment [xy] of the affine
space A.

(iii) If an isometry of % — in particular an action of G — fixes the two points x and y, it fixes
every point of D.

Proof: see the original text, p. 44.

Definition (2.5.5). — The building of the Tits system (G, B, N, S) is the set .9 equipped with
its structure of polysimplicial complex defined in 2.1, with the family of structural maps defined
in 2.2, and with the distance d.

Definition (2.5.6). — With the notation of (2.5.4), D is called the closed segment with extrem-
ities x and y, written [xy|. A subset M of .7 is convex if x,y € M implies [xy] C M.

The intersection of a family of convex subsets of .# is convex, so one may speak of the convex
hull of a subset of .#.

(2.5.7) For a subset of .# contained in an apartment A to be convex in .# in the sense of (2.5.6),
it is necessary and sufficient that it be convex for the affine structure of A. In particular every
apartment is convex in .#. The intersection A N A’ of two apartments is convex in each of them,
and the affine structures induced on A N A” by that of A and by that of A’ are identical; since
A N A’ is a union of closures of facets, A N A’ is closed in A in the sense of (2.4.6).

If M is a subset of .9 meeting at least one chamber, then M is closed if and only if it is convex
and a union of closures of chambers.

More generally, a subset M of .7 is called closed if it is convex and a union of closures of
facets (cf. (2.4.6)). For M C .# one calls enclosure . ..

...of M, and we shall denote by cl(M) the intersection of the closed subsets of .# containing
M it is the smallest closed subset containing M.
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Proposition (2.5.8). — Let A and A’ be two apartments. There exists g € G such that g.A = A’
and g.x = x foreveryx € AN A’.

Let F be a facet openin AN A’ and let g € G be such that g.A = A" and g.F = F (2.2.6).

Lety € Fand letx € AN A’; let D be the segment [xy], which is contained in A N A”. The
image of D under g is a segment of A” with endpoint y and of length d(x,y). Since F is open
in AN A’, DN F is a subsegment not reduced to {y} and fixed pointwise by g. One deduces
that g.D = D and that g fixes all the points of D, and in particular x.

Corollary (2.5.9). — Let g € G; set A = j(A). There exists n € N such that g.x = n.x for
everyx € AN gl A. If moreover g.x = x for x belonging to a nonempty open subset of A, then
g.x =xforeveryx e Ang LA

Indeed, there exists & € G such that hg.A = A and h.y = y fory € AN g.A. One then has
hg =n e Nand g.x = n.x forx € An g . A. The second assertion follows, since an element
of N fixing the points of a nonempty open subset of A belongs to H.

Proposition (2.5.10). — If F is a facet of .7, the closure of F in the metric space .9 is none
other than the union F of the facets of F.

This follows at once from the compactness of F in any apartment containing F.

Lemma (2.5.11). — Let F be a facet of .9 and x € F. There exists an open ball D with center x
such that, if F’ is a facet of .% meeting D, then F C F'. If D is such a ball and if g € G is such
that g.x € D, then g.x = Xx.

Let xo and Fj be the images of x and F under the canonical map of F into C (2.1.2). There
exists € > 0 such that every wall of W meeting the open ball Dy with center xo and radius &
contains xo. Let F; be a facet of A meeting Do and let y € F; N Do. Every wall meeting the

open segment |yxo[ contains xo, hence also [yxo]. This entails that Jyxo[ C F; and xo € F}.

We therefore have Fy C Fj.

Now let D be the open ball of .# with center x and radius &, and let F’ be a facet of .#
meeting D. Let @ be a structural map such that «(C) > F and @(A) D F’. Since « is an
isometry, and since @' |F is the canonical map of F into C, one has o' (x) = xo, &~ '(F) = Fp
and a~1(D) = Dy. Set F}, = a~!(F"). Since F, N Dy # 0, one has Fy C F} by the first part of
the proof, whence F' C F.

Finally, let g € G be such that g.x € D and let F’ be the facet containing g.x. One then has
x, g.x € F’, whence g.x = x by (2.1.6).

Theorem (2.5.12). — (i) The metric space S is complete.
(ii) Let .F be a set of facets. Then | Jpc.z F is closed in ..

It suffices to show that, with the notation of (i), M = | Jpc.# F is complete, that is to say that
a Cauchy sequence (y,) of M possesses an accumulation point in M. Let C be a chamber of
¢ and let g, € G be such that x, = g;l.yq e C (for g € N). Up to replacing the sequence (y,)
by a subsequence, one may suppose that the sequence (x,) converges to x € C. Let D be a ball
with center x possessing the property of Lemma (2.5.11). Since

d(gp-x,8q.x) <d(gp.x,8p.xp) +d(gpXp,8q-%q) +d(8g.Xq,8q-X)
<d(x,xp) +d(yp,yq) +d(xg,x)

there exists an integer m such that gq‘l gp-x € D for p,qg > m, and one has g,.x = g,.x for
p,q = m. For p > m one has d(y,,gn.x) = d(xp,x), and y, tends to y = g,,.x. Moreover,

Lemma (2.5.11) shows that y is adherent to the facet containing y, for p large enough, and
hence belongs to M.
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(2.5.13) Whatever the points x,y € ¥, the segment |xy] is the unique geodesic joining x to y.

This follows at once from (2.5.4)(ii).

For every real number ¢ of the interval [0, 1] we shall denote by tx + (1 — ¢)y the unique
point z € [xy] satisfying d(x, z) = (1 —t)d(x,y).
Lemma (2.5.14). — Let x,y,z,7 be four points of % such that z € [xy], and let € € R,
be such that d(x,7') < d(x,z) + ed(x,y) and d(y,7’) < d(y,z) + €d(x,y). One then has
d(z,7)* <4ed(x,z) d(y,z) + 2d(x, y).

Let A be an apartment containing [xy] and C a chamber of A such that z € C. Set
77 = pac(z). One has d(z,7') = d(z,7”) and the four points x,y, z,z” satisfy the same
hypotheses as x, y, z, z’. One sees that it suffices to prove the lemma when the four points under
consideration belong to one and the same apartment, and it then results from an elementary
computation of plane Euclidean geometry.

Lemma (2.5.15). — The map (t,x,y) v tx+ (1 —=1)y from [0, 1] X & X & into .Z is continuous.
This follows easily from Lemma (2.5.14).

Proposition (2.5.16). — The metric space .¥ is contractible.
This follows from Lemma (2.5.15).

(2.5.17) Letx,y € .# and let Z(x, y) be the set of finite sequences s = (xo, . . ., X;;) of points
of .# such that xo = x, x,,, = y, and such that x;_; and x; belong to the closure of one and the
same chamber for 1 < j < m. One has

d.y) = inf ;dm-_l,xj).

It follows at once that the metric of % is completely determined by the data of the polysimpliciil
complex structure of .% and of the metric space structures on the subsets of .% of the form C,
where C is a chamber of ..

2.6. Irreducible components. —

Lemma (2.6.1). — Let (S’,S”) be a partition of S such that every element of S’ commutes with
every element of S”. Then Wg is a normal subgroup of W and (G, Bs, N) is a Tits system
whose Weyl group is canonically isomorphic to W /Wg: and to Wg.

Since Wy N Wgr = Wgnsr = {e}, the group W is the direct product of Wg and Wgr. Set
H’' = Bg N N: the image of H' in W is Wg/, and N/H’ is identified with W/Wg/, or again with
Wg. Let s € S” and w € Wgr. One has:
sBgw = sBWgBw C sBWgwB = sBwWg B C (BswWg B) U (BwWg B)
C (BsgwBg/) U (Bs'swBg).
Finally sBg's # Bgs, since Bg is its own normalizer. We have thus verified the axioms of a Tits

system.
Let us remark that this lemma is valid for an arbitrary Tits system, not necessarily of affine
type.
(2.6.2) Let A = A; xX--- X A, be the canonical decomposition of A into a product of its
irreducible components under W, and let W = Wy x--- xW,, C = C; x--- x C, and
S=S;U---US,, be the corresponding decompositions of W, C and S ((1.3.2) and (1.3.4)).
For every subset J of {1,...,m} let p; be the canonical projection of A onto Ay = [];c; A,
let C; = [l;e; Ci, and let W; = [];c; W;, regarded as a group of affine transformations of A ;.

.....
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(G, B’,N) is a Tits system with Weyl group W, hence of affine type. Let .#; be the building
of (G, B/, N) (constructed from A, and C;), d; its distance, Jo.s the canonical map of C; onto

F(BY), etc. The conjugacy class of (B/, N), hence also the building .#;, depends only on the
conjugacy class of (B, N).

Proposition (2.6.3). — (i) Let & (resp. Zj) be the set of parahoric subgroups of (G, B, N)
(resp. of (G,B’,N)). For every P € 2 there exists a smallest element, denoted n;(P), in the
set of the elements of &j which contain P.

(ii) There exists one and only one map wy from . into 9; such that

wj(F(P)) = F(ny(P)) forevery P e &, pjod=A;0wy

where A (resp. Aj) denotes the canonical map of .# (resp. .%;) into C (resp. C_j).

(iii) For every g € G and a € .% one has g.wj(a) = w;(g.a), and wy is surjective.

(iv) For every structural map ¢ : A — 7 there exists one and only one structural map
0y Ay — Iy such that wyo ¢ = @jo py.

To prove (i) one may suppose P = Bx with X € T. The subgroups of G containing P are
then the By with X c Y c S, and if such a subgroup belongs to &;, it must contain a conjugate
of B’ and Y must contain S — S;. One thus sees that 7;(P) = Bxy(s-s,) possesses the desired
property.

Let us prove (ii). If @; exists, it sends the point (P, a) € . (with a € A(F(P))) to the point
(my(P), ps(a)) € #;. It therefore suffices to show that

3) ps(A(F(P))) C A;(F(7;(P))).
By an operation of G one reduces to the case P = By. One then has A(F(P)) = Cx and
A(F(ry(P))) = 2;((B )xns,) = (Cs)xns, (the facet of type X N'S; of C;), whence (1).

The first assertion of (iii) follows from the uniqueness of wj;. It entails @w,;(.¥) =
G.w;(F(B)) =G.F(B’) = .7;.

Let us prove (iv). Taking (iii) into account, (iv) will follow from the relation

4) @;(j(x)) = js(ps(x))  forx €A
(where j : A — Z and j; : A; — ¥ are defined as in (2.2.1)). It suffices, again by virtue of
(iii) and of (2.2.1), to establish (2) for x € Cx. Now in this case one has:

@;(j(x)) = @;(Bx,x) = (B )xns,, ps(x)) = js(ps(x)).

Proposition (2.6.4). — Let {J | J € 7} be a partition of the set {1,...,m}. Let .9’ be
the product of the buildings 9 for J € _#, endowed with the product polysimplicial complex

structure and with the distance (Y, ; d;) 1/ 2; let &7’ be the product of the sets &?; endowed with
the product order structure, let w = (wy) : & — I’ be the product map of the w; and
n=(mny): P — & the product map of the n;.

(i) @ is an isometry and an isomorphism of polysimplicial complexes from .% onto .9’.

(ii) For every apartment A of .%, the restriction of @ to A is an isomorphism of Euclidean affine
spaces and of polysimplicial complexes from A onto the product of the apartments wj(A).

(iii) m is an isomorphism of ordered sets from & onto &'. For every P € & one has

P = mle/ﬂJ(P)-
Assertion (ii) follows from (2.6.2) and from (2.6.3)(iii). It entails that @ is isometric and is
a morphism of polysimplicial complexes. In order to establish (i) it therefore only remains to

show that @ is surjective. By induction on Card _# one reduces to the case where ¢ = (Ji, J2).

Let then x; € .#;, and y; € .# with image x; (for k = 1,2) ((2.6.3)(iii)). Let A be an apartment
of .# containing y; and y,. One then has x; € @, (A) for k = 1,2, whence (x1,x2) € @w(A) by

(i1).
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Finally, if P € &, one has w(F(P)) = []; F(n;(P)). Since w commutes with the action
of G, one deduces that P = (¢ VU 7(P) (2.1.5). It follows that 7 is injective. Let us show that
n is surjective: indeed, if Py € &2, for J € _¢#, then [[; F(P,) is a facet F’ of .# and there
exists P € & such that F’ = w(F(P)), or again P; = n;(P) for every J. Finally, it is clear that
P C Qs equivalent to ;(P) C m;(Q) forevery J € ¢ (P,Q € £).

(2.6.5) When J is a subset with a single element i, we agree to write 7 instead of {i} in the
preceding notation. The Tits systems (G, B, N) are irreducible: they are called the irreducible
components of (G, B, N). Proposition (2.6.4) thus furnishes a canonical decomposition of the
building . into a product of simplicial complexes.

(2.6.6) LetJ c {1,...,m}. Itisclear that (B;, B, NN By) is also a Tits system with Weyl group
W Its building is canonically isomorphic to .#;, the correspondence P — P’ between parahoric
subgroups of (G, B, N) and of (B,, B, N N By) being describable as follows: P’ = P N By, and
P is the unique parahoric subgroup of (G, B, N) of type 7(P) U (S — S;) containing P’.

2.7. B-adapted homomorphisms. —

Letp: G — G be a B-adapted homomorphism ((1.2.13) sqq., whose notation we take up
again). We saw in 1.2 that G operates on the set & of parahoric subgroups of G, and we defined
a homomorphism ¢ of G into the group of automorphisms of the Coxeter system (W, S), a
group which is identified with WTC, with the notation of (1.3.18), that is to say with the group of
automorphisms of the Euclidean space A which preserve the chamber C.

(2.7.1) Lettheny = (P,x) € ¥ (with P € & and x € C(p)). Since ¢ P is a parahoric subgroup
of G of type £(g)(7(P)) (1.2.18), the pair g.y = (8P, £(g).x) is again a point of .#, and one thus
defines a law of operation of G on the set .#. For this law the stabilizer of a facet F (P) is none
other than the subgroup Stab P (1.2.15), and B = StabB N £71(1) is the fixer of the chamber
F(B).

Proposition (2.1.2). — (i)Ifg € Gandy € .7, one has ¢(g).y = g.y. In other words, the laws
of operation of G and of G on .7 are compatible with the homomorphism ¢. One has

Kerg C ﬂ gHg_1 = ﬂ ng'l.
geG geG

(ii) For every g € G the map y v« g.y is an isometric automorphism of polysimplicial complex
of Z.

(iii) If, moreover, the homomorphism ¢ is B-N-adapted (1.2.13), this map permutes among
themselves the apartments (resp. the half-apartments, the sectors, the walls) of .7 .

The first assertion of (i) is immediate, taking into account that for g € G and P € & one has
#(@)p = gPg~! and £(¢(g)) = 1. The second follows, since if g € Ker ¢ then ¢(g), hence also
g, operates trivially on .#.

Let us prove (ii). Let g € G and let v be the map y — g.y of .# into itself. Since the action
of G on & respects the inclusion relations in &2, one sees that, for P € &2, the image under y
of the facet F(P) is the facet F(¥P) and that y(F(P)) = F(8P). Moreover, the restriction of y
to F(P) is obtained by composing the canonical map of F(P) onto ET( p), the map £(g), and the

canonical map of Eg(g)(T( py) onto F(8P). Since £(g) is an automorphism of the Euclidean space
A, one deduces that y is an automorphism of polysimplicial complex and that the restriction of

v to F(P) is isometric. Consequently v itself is isometric by (2.5.17).
Let us prove (iii). Up to multiplying g on the left by an element of ¢(G), one may suppose
that g normalizes ¢(B) and ¢(N). One then has, for every w € W (1.2.20)

S(wBw™h) =wBw! withw' = £(g)(w) = £(g)wé(g)™!

28

p. 49



and more generally

E(wBxw™) = w’BSc(g)(X)w’_l for X e T.
Let then « € A and let X € T and w € W be such that a € w.Cx. One has j(a) =
(wBxw™!',w™(a)) and g.j(a) = (W’Bg(g)(x)w’_l, £(g).w™l.a), whence

g.j(a) = (WBggw' ™ wE(g).a) = j(£(g).a).
1

Consequently y preserves the apartment j(A) and reduces on j(A) to the map j o &(g) o j™ 7,
and hence permutes among themselves the walls (resp. the sectors, the half-apartments) of j(A).
One deduces (ii1) by using (1) and the transitivity of G on the apartments.

(2.'1.3) On the other hand, G does not permute among themselves the structural maps, unless
£(G) ={1}.

(2.7.4) What precedes applies in particular if one takes for G the group Autg G (resp. Aut(p n) G)
of the automorphisms of G which preserve the conjugacy class of B (resp. of the pair (B, N)),
and for ¢ the homomorphism which associates to g € G the inner automorphism defined by g.
One then has y.g.x = y(g).y.x fory € G, g € G and x € .Z. Proposition (2.7.2) then shows
that the building . with all its structures depends (up to an automorphism of A preserving C,
as far as the structural maps are concerned) only on the conjugacy class of the pair (B, N). If
one regards .# as endowed only with its metric and its polysimplicial structure, it depends only
on the conjugacy class of B.

2.8. Characterization of apartments. —

We saw (2.4.7) that, in order for a subset M of .# to be contained in an apartment and
bounded therein, it is necessary and sufficient that there exist two chambers C and C’ such that
M is contained in the enclosure of C U C’. In particular, the family of the subsets of .# which
are bounded subsets of an apartment is completely determined by the data of the polysimplicial
complex structure of .#.

The same is not true in general of the family of the apartments: there exist saturated equivalent
Tits systems of affine type (G, B, N,S) and (G, B, N’,S’) for which N and N’ are not conjugate.
The associated polysimplicial complex .# is the same for the two systems, but the families of
apartments are distinct: otherwise there would exist an element g € G such that j'(A) = g.j(A),
denoting by j and j’ the canonical maps of A into .# corresponding to these two Tits systems
with Weyl group W, and one would have N’ = gNg~! by (2.2.5).

In this number we shall first give another characterization of the bounded subsets of apart-
ments, then, in the case where the group G is complete for a suitable topology, of the apartments
themselves. Finally, we shall show that the apartment j(A) is entirely determined by the
polysimplicial structure of .# and by the group N regarded as a group of permutations of .#.

Henceforth we shall identify A and j(A) by means of j, and shall therefore regard A as an
apartment of &

Proposition (2.8.1). — Let M be a bounded subset of .% possessing one of the two following
properties:

a) the interior of M is not empty;

b) M is convex.

In order that there exist an apartment containing M, it is necessary and sufficient that there
exist an isometry of M onto a subset of A.

That the condition is necessary is evident. Let us suppose it satisfied, and suppose first
that the interior of M is not empty. There then exists a chamber Cy such that Co N M is of
nonempty interior. On the other hand, every isometry ¢ : X — X’ of one subset of A onto
another extends to an automorphism of A, which is unique as soon as X contains a nonempty
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open subset of A. One deduces easily that, if A is an apartment containing Co, there exists one
and only one isometry 7 of M onto a subset of A whose restriction to Co N M is the identity.
Moreover, 7 is the restriction to M of the retraction p of center Cy of .# onto A, since one has
d(p(x),y) =d(x,y) =d(t(x),y) for every x € M and for every y belonging to Cy N M, which
is of nonempty interior.

Let E be the enclosure of p(M), and let € be the set of the chambers C C E such that the
restriction of p to M U C is again isometric. The restriction of p to the set M’, the union of M
and of the closures C of the chambers belonging to €, is also isometric. We shall then argue by
induction on the number k of chambers contained in E and not belonging to %’; what precedes
shows that if k = 0 the restriction of p to M U E is isometric, which entails M C A.

So suppose k > 0. Considering a minimal gallery between Cy (which obviously belongs to
%) and a chamber contained in E and not belonging to %', one sees that there exist two adjacent
chambers C and C’ contained in E such that C € % and C’ ¢ €. The first part of the proof
shows that one may suppose C = Cj.

Let then F be the panel common to C and C’ and let a € F. Let us distinguish two cases:

1) For every x € M’, x # a, the intersection [ax] N (C U C’) is a subsegment of [ax] not
reduced to {a}. Letthen x € M’, x # a, z € C’, and let A’ be an apartment containing C’ and
x. The triangle T, the union of the segments [az], [zx] and [ax], is contained in A’, hence is
“Euclidean”. The triangle 7" = p(T) is then isometric to it, since on the one hand p is isometric
on [ax]| and on the other hand the angles at the vertex a of T and 7"’ are equal, p being the
identity on C U C’. One therefore has d(z, x) = d(z, p(x)), and the restriction of p to M U C’ is
isometric, contrary to the hypothesis according to which C" ¢ %.

2) There exists x € M’, x # a, such that [ax] N (CUC’) = {a}. There then exists a chamber C”
admitting F as panel, distinct from C and from C’, such that [ax] N C” # 0. Let then A" be an
apartment containing C and x, hence C”, and let p’ (resp. p”) be the retraction of .# onto A" of
center C (resp. C”). Let y € M’; since p = p o p’, one has

d(x,y) =d(p(x),p(y)) = d(p(p’ (x)), p(p"(¥)))
<d(p'(x),p'(y)) <d(x,y).

Since x = p’(x) = p”(x), one deduces d(x, p’(y)) = d(x,y) = d(x,p”(y)). Let R’ (resp. R”)
be the half-apartment of A’ whose wall contains F' and which contains C (resp. C”); one has
x € R”. Let us show that [ay] N (C UC”) # {a} as soon as y # a. Otherwise there would exist
a chamber C"” admitting F' as panel, distinct from C and from C”, with [ay] N C"”" # 0. Since
P (C") = C” (resp. p”(C") = C) and since p’ (resp. p”) restricted to [ay] is an isometry,
one would have p’(y) € R” and p”(y) € R’, with moreover p”(y) = r.p’(y), where r is the
reflection in A” with respect to the hyperplane which is the common wall of R” and R”. But this
would entail d(x, p”(y)) > d(x, p’(y)), contrary to what we saw above.

In particular, if y € M’ N A with y # a, one has [ay] N C # {a} since C" N A = 0 and
y belongs to the half-apartment R of A containing C and whose wall contains F. By (2.4.12)
there therefore exists an element g € G such that g.y = y forevery y e M’ N A and g.C" = C’.
One then has g.C = C, and this entails p(g.z) = p(z) for every z € .. The restriction of p to
M" = g.M’ is therefore again an isometry, and the enclosure of p(M"”) = p(M’) is still equal to
E. Moreover, for every y € M” with y # a, one has [ay] N (C U C’) # {a} and the study made
above in 1) shows that the restriction of p to M” U C’ is isometric. We thus find ourselves in
the same situation, with M” instead of M, but the family % is increased by at least one chamber,
namely C’, and the number k decreased by at least one unit.

The induction hypothesis therefore entails that there exists an apartment A” containing M”,
and the apartment g~'.A” contains M, which completes the proof in case a).
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Let us now suppose that M is convex. Let F be a facet of .# meeting M, of the greatest
possible dimension, and let x € F N M. For every y € M, y # x, the intersection F N [xy]
is not reduced to {x}. Let A be an apartment containing F and let C be a chamber of A
whose closure contains F. It suffices for us, in order to reduce to the case studied previously,
to show that the restriction to C U M of the retraction p = pa.c 1s isometric, or again that
d(p(y),p(z)) = d(y,z) for y,z € M. Now, the two triangles which are the convex hulls of
{x,y,z} and of {x, p(y),p(2)} are both isometric to Euclidean triangles; their angles at the
vertex x are equal since [xy] N [xp(y)] # {x} # [xz] N [xp(z)], and the sides [xy] and [xp(y)]
(resp. [xz] and [xp(z)]) are of equal lengths. Consequently one has d(y, z) = d(p(y), p(z))
([22], book I, prop. 1V), which terminates the proof.

(2.8.2) Let us suppose that G is endowed with a structure of complete topological group for
which B is a closed subgroup. Let us suppose moreover that there exists a decreasing sequence
of subgroups (V,,),>1 forming a fundamental system of neighborhoods of the neutral element,
and an increasing sequence of bounded subsets €, of A such that, denoting by P, the fixer of
j(Q,) in G, one has

(5) P,=(P,NV,).H for every n > 1.

It is immediate that (1) remains valid if one replaces €, by a larger subset of A. One may
therefore suppose moreover that C C €, that the Q, are of the form c1(C, U C,), where C, and
C,, are chambers of A (2.4.8), and have as union the whole of A. Let us remark that P,, being
then an intersection of conjugates of B, is a closed subgroup of G, and hence P, NV, is also
closed.

Proposition (2.8.3). — Under the hypotheses of (2.8.2), every subset M of .% which is the union
of an increasing sequence of subsets M,, (n > 0), each contained in an apartment A,, is itself
contained in an apartment.

One may obviously suppose that the M,, are bounded and are convex unions of closures of
facets, and that My is open in M,. Let us choose u,, € G such that A4+ = u,.A, and u,.x = x
for every x € M,, ¢ A, N Apy1 (2.5.8). Set g, = up—1---up and M, = g,;l.Mn C Ag. One
thus obtains an increasing sequence of bounded subsets of A = A(, whose union M’ is a convex
union of closures of facets.

Let us show that one may reduce to the case where M’ = A. Suppose M’ # A and let
I' = (Cy, . ..) be an “infinite gallery” having as terms all the chambers of A (each of them being
able to figure there several times) and such that Cy contains a facet of maximal dimension of
Mj. Set Dy = 0 and define D; and the chamber C] by induction on i > 0 in the following way:
C! is the first term of I" not contained in cl(M’ U D;_1), and D; = D;_; U C]. Up to replacing
the sequence (M,,) by an extracted subsequence, one may suppose that C! is also the first term
of I" not contained in cl(M; U D;_1). On the other hand, let us denote by C” the term preceding
C/ in I'; when C{| = Cy, the chamber C) has no predecessor in I" and one then designates by C
a chamber adjacent to C, such that the panel common to C; and Cj contains a facet of maximal
dimension of M’. We shall show by induction on the integer n that there exist, for k > n > —1,
elements h, ; € G such that, setting h,, = hy ,:

(1) hyx coincides with gx on M, ;

(2) hyx coincides with h, on cl(M, U D,) for n > 0;

(3) h,, coincides with /,_1 on CI(M;H UD,_) forn>1.
One takes h_; = 1d and h_;; = g for k > 0. Let n > 0 and suppose the h; ; constructed for
i < n. Let k > n. By definition of C;, and C}/, the enclosure of M; U D,_; is contained in the

half-apartment of A( containing C, and whose wall contains the panel F' common to C,, and C,, .
In view of the induction hypothesis, the facet F’ = h,_j x.F does not depend on k and one has
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hp-1,k-(M}, U Dy—y) = My U hy—y.Dy—y. By (2.4.12) there exists an apartment A} containing
hn-1,k.cl(M; U Dy_1) and hy,—1.C,. By (2.5.8) there exists hy x € G such that h, x.Ag = A} and
hnk.x = hy—1.x for every x € cl(M; UD,_1). Itis then immediate that (1) and (3) are satisfied.
Condition (2) is so as well, for the restrictions of A, and of A, to cl(M;, U D,) have the same
image cl(M, U h,_;.D,) and coincide on the chamber Cj.

Replacing M,, by cl(M, U h,.C)) and g, by h,, one is indeed reduced to the case where
M = A.

So let us suppose henceforth that M’ = A. Since each M, is a convex union of closures
of facets, one sees that A is also the union of the interiors of the M, and, up to extracting
a subsequence, one may suppose that Q, c M. Since g,+1.x = g,.x for x € M,, one has
gn 1 gn+1 € P,, and up to replacing g,+; by an element of the form g; +1 = &n+thpey with
hp+1 € H (or again u, by u), = g,,hn+1g,;1), one may suppose that g,jlgnﬂ epP,NV,.

The sequence g, then converges to an element g € G and one has g.x = g,.x for every
x € M;, whence M, C g.A, which completes the proof.

Corollary (2.8.4). — Let us suppose the hypotheses of (2.8.2) satisfied and let M be a subset of
& of nonempty interior.

(i) In order that M be contained in an apartment, it is necessary and sufficient that it be isometric
to a subset of A.

(ii) In order that M be an apartment, it is necessary and sufficient that it be isometric to A.

This follows from (2.8.1) and (2.8.3).

Proposition (2.8.5). — Under the hypotheses of (2.8.2), in order that a subset M of .% be
an apartment, it is necessary and sufficient that M be a closed subset containing at least one
chamber of % and that, for every panel F of .9 contained in M, there exist exactly two chambers
of . contained in M and admitting F as panel.

That the condition is necessary is quite clear (and independent of (2.8.2)!). Let us suppose it
realized. For every chamber C ¢ M and every s € S there then exists one and only one chamber
C’ ¢ M, adjacent to C and such that the common panel is of type s. One concludes immediately,
using (2.3.9) and the fact that M is closed, that for every w € W and every chamber C ¢ M
there exists one and only one chamber C’ ¢ M such that w(C, C’) = w (2.1.7).

Let C,, and C,, be as in (2.8.2). Let us choose a chamber C* ¢ M, set w, = w(C, C,) and
w;, = w(C,C}), and let C,, (resp. C,") be the chamber of M such that w(C*, C;;) = w, (resp.

n

w(C*, C/) = w). Since C C cl(C, U C}), one has
Lwaw'™h) = C(wy,) + €(W)) and w(C.,Cp) = wawi L.

n

One deduces at once that C* ¢ M, = cl(C; U C/*), that w(C/*,C;}) = w,w’ !, and hence
that there exists g, € G such that g,.C, = C,, g,.C, = C,’. For every k < n one has
gn-Cr C cl(C,; U CyY) and w(C*, g,.Cx) = wy, whence C; = g,.Cy. Similarly C}* = g,.C},
which entails M, c M,,. In view of (2.8.3) there therefore exists g € G such that g.C = C* and
M, c g.Aforevery n, whence g.C,, = C;; and g.C; = C,’, and consequently g.A = | J,, M, C M.
If moreover one had M # A, there would be at least one panel of M belonging to three distinct
chambers contained in M, contrary to the hypothesis. Consequently M = g.A is indeed an

apartment of ..

Corollary (2.8.6). — Let ¢ be an injection of A into .%. Suppose that ¢ is a chambered
morphism (1.1.7) of polysimplicial complexes and sends each panel of C onto a panel of the
same type. Then ¢(A) is an apartment and ¢ is a structural map.

One shows immediately by induction on ¢(w(C, C)) that ¢ sends a panel of an arbitrary
chamber C of A onto a panel of the same type. One deduces that the image of a minimal
gallery is a minimal gallery of the same type, which entails that ¢(A) is closed, and hence is
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an apartment by (2.8.5). There therefore exists a structural map ¢ such that ¥ (A) = ¢(A) and
¥ (C) = ¢(C). But y~! o ¢ is then an automorphism of polysimplicial complex of A whose
restriction to C is an affine automorphism of C preserving each panel of C, which entails that
! o ¢ is the identity, whence the corollary.

(2.8.7) One thus sees that, under the hypotheses of (2.8.2), the family of the apartments of
& depends only on the polysimplicial structure of .#. One deduces in particular that every
B-adapted homomorphism ¢ : G — G is automatically B-N-adapted.

Moreover, one shows easily that the metric of .% determines its polysimplicial structure: the
points of . interior to a chamber are those which possess a neighborhood isometric to an open
subset of A. It then follows from (2.8.4) that, under the hypotheses of (2.8.2), every isometry of
# onto itself is an automorphism of the building .#, up to an automorphism of (A, W).

Lemma (2.8.8). — Let A be an apartment, C a chamber of A, and y,y’ two points of .Z. If
C ccl({pac(y), paic(Y)}), then C C cl({y,y'}).

Set p = pa.c, 2 =p(y) and Z’ = p(y’). Let (I', C) (resp. I'’) be a taut gallery between y and
C (resp. between C and y’), C’ the origin of I" and C” the extremity of I"”. In view of (2.4.4) the
gallery (p(I'), p(I'”)) is minimal. The gallery (I',I""), which is of the same type, is therefore
minimal as well (2.1.11), and C is contained in cI(C” U C””). Consequently there exists g € G
such that g.C = C, g.C’ = p(C’) and g.C” = p(C”). One then has

d({y.y'}) =g " cl({g.y.8.¥'}) =g .cl({z.Z) o g .C=C.

Proposition (2.8.9). — Let D be a vector chamber, x,x’ € A and y,y’" € .#. Suppose that
there exist y1 € x + D and y| € x" — D such that d(y,y1) (resp. d(y',y})) is less than
the distance from yi (resp. y}) to the complement of x + D (resp. of x’ — D) in A. Then
cd({y,y'}) > "+ D) N (x - D).

Let C be a chamber meeting (x — D) N (x" + D) and let p be the retraction of .# onto A of
center C. One has p(y) € x+ D and p(y’) € x’— D. In view of (2.4.8) and (2.8.8) one therefore
has C c cl({y, y'}), whence our assertion.

Corollary (2.8.10). — Let D be a vector chamber, v an element of D and A a real number
such that O < A < 1. There exists a real number & > 0 such that, for x,x’ € A and y,y" € .7,
the relations x’ —x € Rv, d(x,y) < ed(x,x") and d(x’,y") < e d(x,x’) entail the existence of
2,7 € [yY]NAwithd(z,7') > 2d(x,x").

Let x; (i = 1,...,6) be six distinct points of a line L of A, such that x; € [x;_jx;41] for
i=2,...,5 that x¢ — x; € Ryv and that d(x3,x4) > Ad(x1,x6). Let r € R} and let X; be the
ball of A with center x; and radius r (1 < i < 6). Suppose r small enough that X; C x, — D,
X3UXsC (x2+D)N(x5—D)and Xg C x5+ D, and set € = r d(x1,x¢) "

Let x,x" € A and y, Yy’ € .# satisfying the conditions of the statement. Up to transforming
the system of the x; by a homothety or a translation and multiplying r, v and D by the ratio of
the homothety, which does not change &, one may suppose that x = x; and x’ = x¢. Let A be
an apartment containing {y, y’}. One has d(x,y) < ed(x,x’) = r and, similarly, d(x’,y") < r.
From (2.8.9) one then deduces that A D (x; + D) N (x5 — D). Let C be a chamber of A meeting
this intersection and p the restriction to A of the retraction pa.c. One has C € AN A, and p
is an isometry of A onto A leaving fixed all the points of A N A (2.3.4). Since pa.c decreases
distances (2.5.3), one also has p(y) € X; and p(y’) € X¢. One deduces at once that there
exist z € [p(Y)p(Y)] N X3 and z € [p(y)p(y')] N X4 such that d(z,7") > Ad(x,x’). Since
X3UX4 € (xa+D)Nn(xs—D) c ANA, one has z = p~'(z) and 7 = p~'(z’), whence
2,7 € [yy'] NA.
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Proposition (2.8.11). — The apartment A is the smallest nonempty convex subset of .9 invariant
under v=1(V). It is also the smallest nonempty closed subset of .% invariant under v=' (V).

The second assertion is an immediate consequence of the first.

Let M be a nonempty convex subset of .# invariant under v‘l(V), y € M, x € A, and
g € v"1(V) such that v(g) belongs to the kernel of no vector root. Set v = v(g) and let A, & be
real numbers possessing the properties of Corollary (2.8.10). For n € N sufficiently large one
has d(x,y) = d(g".x,g".y) < ed(x, g".x), and hence there exists z € [y(g".y)] N A =M NA.
Since the convex hull of v~ (V)(z) is manifestly A, one has A ¢ M.

(2.8.12) We shall show by an example that assertions (2.8.3) to (2.8.7) do not remain valid if
one suppresses the hypotheses of (2.8.2).

Suppose cardS = 2, set S = {s1, 52}, and let X be a subgroup of B and n; € Bs;B (i=1,2)
such that n/* € X and n;Xn/~" = X; let N’ be the group generated by n’, n}, and X. It is clear
that X is normal in N’ and that there exists a surjective homomorphism  : W — N’/X, and
only one, such that 7(s;) = n;X. From (1.2.8) it follows that if w € W one has n(w) C BwB.
Consequently 7 is bijective. One deduces at once that (G, B, N’) is a Tits system with Weyl group
W, equivalent to (G, B, N) (1.2.11). Consequently the building .#’ of (G, B, N’) is identified,
as a metric space and as a polysimplicial complex, with the building .# of (G, B, N) (2.7.4), and
the apartments of .#” are those of .# if and only if there exists b € B with N’ ¢ bNb~! (2.2.6),
that is to say n(w) c b.wH.b~! for every w € W.

Example (2.8.13). — Let p be a prime number, and let w, be the p-adic valuation of Q. Take
G =SL,(Q),

B = {(‘c’ Z) cG ) wy(a) = wy(d) =0, w,(b) >0, wy(c) > o},

c<{fs el §oc]

By [28], (G, B, N) is a Tits system of affine type of rank 1 (see also (6.2.3), a)). One has

H = {(8 aql) ‘a €Q, wy(a) = 0}, s1 = (_01 (1)) H, = (_}(7)_1 ‘8) H.

Set
’r _ 0 1 ’r -1 2]9 _ 1 0
O S A S A S

One verifies easily that the hypotheses of (2.8.12) are satisfied and that the eigenvalues of n| 7},
are not rational. It follows that n’n, is not conjugate to an element of 515> H, and hence that .#
and .#’ do not have the same apartments.

2.9. Sectors. —

Proposition (2.9.1). — Let A be an apartment of ¢ and € a sector of A. There exists one
and only one map p4.¢ from & into A possessing the following property: for every bounded
subset M of .# there exists a sector €' C € such that, for every chamber C meeting €, one has
pae(x) = pac(x) for every x € M.

We must show that, given a bounded subset M of .7, there exists a sector € c € such that,
if C denotes a chamber meeting €', the restriction of p4.c to M does not depend on the choice
of C. One may obviously suppose that M is a union of closures of chambers. Let us take a point
a of A and set d = sup{d(a,x) | x € M}. Let M’ be the ball with center a and radius d in A
and let €; be a sector opposite to € and containing M’ ((2.4.8)(i)). Let b be the vertex of €
and let €” be the sector of A opposite to €; (hence parallel to €) with vertex b. We shall show
that the sector €’ = € N €” answers the question.
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Let Cy be a chamber of A to which b is adherent; set p = pa.c,. Since a retraction decreases
distances, one has p(C’) ¢ M’ c €, for every chamber C’ contained in M.

Let C be a chamber meeting €”. By (2.4.9), the enclosure of C U p(C’) contains Cy. There
therefore exists a minimal gallery I" of the form

(Cacl"'-’Cm’CO’Cm+1"'-’CI’l’p(C/))

and there exists a minimal gallery of the form (Cj, C,’n NI C,,C’") with p(C}) = C; for
m+ 1< j <n. The gallery (C,Cy,...,Cy, Co, C;n+1’ ...,Cr,C’) is non-stuttering and has the
same type as I'. It is therefore minimal, and its image under the retraction p.c is I', the unique

minimal gallery of type s(I") and origin C. Consequently one has
pA;C(C/) = PA;Cy (C/)
for every chamber C’ contained in M and every chamber C meeting €”, whence the proposition.

Definition (2.9.2). — The map pa.c defined by (2.9.1) is called the retraction of .% onto the
apartment A relative to the sector €.

It is clear that p = p4.¢ does not change if one replaces € by a sector of A parallel to €, and
therefore depends only on the “sector germ” of A defined by € (cf. (7.2.3), (7.4.12)). It is also
clear that p decreases distances and that its restriction to the closure of a chamber is isometric
(2.5.3).

Corollary (2.9.3). — Let A be an apartment of &, & a sector of A and C a chamber of 7.
There exists a sector € C € such that the restriction of pa.g to € U C is isometric.

In view of (2.5.3)(ii), it suffices to take a sector €’ ¢ € such that p4.¢(C) = pa.c’(C) for
every chamber C” meeting ¢'.

Corollary (2.9.4). — Suppose G endowed with a structure of complete topological group
satisfying the hypotheses of (2.8.2). Let € be a sector and C a chamber of .#. There exist a
sector € C € and an apartment containing C and ¢'.

This follows from (2.9.3) and (2.8.4).

Proposition (2.9.5). — Let A and A’ be two apartments, & (resp. &) a sector of A (resp. of A’).
There exist sectors € C € and &' C &' such that the restriction to €1 U € of the retraction of
S onto A relative to € is isometric.

One may suppose that A = A (identified with j(A)). Let us denote by p the retraction of .
onto A relative to the sector €. For every chamber C of A’, let m(C) be the center of gravity
of C and let Q(C) be the intersection of C with the sector of A” with vertex m(C) parallel to
C’. One verifies easily that there exists one and only one element w(C) of the Weyl group "W
of the root system "X such that p(Q(C)) c p(m(C)) + w.D, where D is the vector chamber
which is the direction of €. Let us then choose a chamber Cy of A’ in such a way that the length
of w(Cp) in "W (relative to the base B(D) of "X associated with D) is the largest possible. One
may suppose that € has vertex m(Cy), that € is contained in p(m(Cp)) + D and that one has
p(Co) = pa.c(Cp) for every chamber C meeting €.

Let us make A and A’ into vector spaces by choosing as origin the points m (Cp) and p(m(Cp))
respectively. One then has €’ = R;.Q(Cp).

We shall show that, for every v € Q(Cy), every t € R, and every chamber C of A meeting
¢, one has

(6) pac(tv) =1p(v) = p(1v).

By continuity it suffices to prove (1) when the line Rv meets no facet of codimension 2, which
we suppose henceforth. There then exists a strictly increasing sequence (7o, . . ., f,+1) of points
of the interval [0, ¢], with top = 0 and ¢,,4; = ¢, and a minimal gallery (Cy, . .., C,) contained in
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A’ such that C; N [0,¢v] D |¢t;v, ti+1v[ for O < i < n. Let us argue by induction on the integer 7,
relation (1) being true when n = 0. Suppose n > 0; in view of the induction hypothesis, relation
(1), after substitution of s for #, is true for 0 < s < ¢,,. One deduces that p(C,—1) = pa.c(Cn-1).

It suffices to show that pa,c(C,) is the chamber C, adjacent to C/_; = pa;c(Cy-1) along
the panel F, the image under p of the panel common to C,,—; and C,.. Indeed, this implies that
the restriction of pa.c to En_l U 5,1 is isometric, and hence that the map t +— pa.c(#v) from
[t7-1,tn+1] into A is affine. The first equality (1) follows from it. The second reduces to the first
by choosing the chamber C “sufficiently far” in €” so that p and pa.c coincide on Co U - - - U Cp,.

Let then L be the wall of A containing F and let @ be the affine root with wall L con-
taining C/_,. One then has p([t,-1v,1,v]) C a, whence, in view of the induction hypothesis,
p([0,7,v]) € @ and C} = p(Cp) C @. Moreover a* + w(Cp).D = a*. If @ > C, the sought
relation pa.c(C,) = C,, follows immediately from (2.3.12). If @ contains a sector parallel to €,
one has @ D p(Cp) + D, and «a contains €, hence C. There finally remains to examine the case
where a* contains C and a sector of direction D. If p(C,) # C;, one has p(C,) = C/_, and
the segment [p(7,v), p(t,+1v)] is contained in the symmetric, with respect to L, of the half-line
[y, 0o .v. One deduces that w(C,) = s.w(Cp), where s is the image in "W of the reflection
with respect to L. But D and w(Cy).D are on the same side of the hyperplane of the fixed
points of s, which entails that the length of sw(Cy) is strictly greater than that of w(Cy), whence
a contradiction in view of the choice of Cy. Consequently one has p(C,) = C,. Let us now
show that pa.c(C,) = C;. Suppose on the contrary that pa,c(C,) = C/_;; there then exists a
chamber C” adjacent to C,, and to C,_; such that pa.c(C”) = C,, (2.3.12). The length & of a
taut gallery between C and C” is then equal to that of a taut gallery between C and C;, and, since
C and C) _, are on either side of L, the length of a taut gallery between C and C/_, is equal to
h + 1. One deduces that p(C”) = C;; indeed, p(C”) admits F as panel, hence is equal to C;,
or to C/_,, and cannot be equal to C’ _, since the image under p of a gallery stretched between
C and C” is a gallery of length & joining C to p(C”). But this contradicts (2.3.12): taking a
chamber C"” contained in a sufficiently small sector contained in €, one deduces indeed that
the two adjacent chambers C,, and C” are sent by the retraction pa.c» onto the same chamber
C,, which is situated on the same side of L as C””. Consequently we have indeed shown that
paA:c(Cp) = C;, which completes the proof of (1).

Let us then show that the restriction of p to € U €’ is isometric. Relation (1) entails that, for
x e Candy e ¢, one has

d(p(x),p(y)) = d(x, pac(y)) = d(x,y)

on taking for C a chamber containing x in its closure and applying (2.5.3)(ii). If x, y € &, there
exists ¢+ € R} such that zx and ry belong to Q(Cyp), and one then has, in view of (1) and of the
fact that the restriction of p to Q(Cyp) is isometric,

d(p(x), p(y)) = d(t™ p(tx), 1™ p(1y)) = 1~ d(p(tx), p(ty))
=t d(tx,ty) = d(x, y).
Since p is the identity on €, this completes the proof.

Corollary (2.9.6). — Let us take up again the hypotheses of (2.8.2), and let € and & be two
sectors of 7. There exist sectors €| C € and €| C &' contained in one and the same apartment.

This follows from (2.9.5) and (2.8.4).
3. Bounded subgroups

We keep the notation of the preceding paragraphs.
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3.1. Bornology defined by a Tits system. —

Definition (3.1.1). — A bornology on a set X is a set B of subsets of X, called bounded subsets,
stable under finite union, containing the finite subsets of X, and such that M € 8 and M’ ¢ M
entail M’ € B. If X is a group, one says that 4 is compatible with the group law of X, or
makes X a bornological group, if M, M’ € B entails M~'M’ € .

Example (3.1.2). — a) The set of the relatively compact subsets of a Hausdorff topological
group X makes X a bornological group.

b) Let E be a metric space. The group Isom E of the isometries of E possesses a natural
bornology formed of the sets M possessing the following equivalent properties:

(i) there exists a point x € E such that the set of the g(x) for g € M is bounded in E;
(i1) for every bounded subset F of E, the set of the g(x) for g € M and x € F is bounded.

c) Let X’ be a bornological group and ¢ : X — X’ a homomorphism of groups. The set of
the subsets of X whose image is a bounded subset of X’ forms a bornology on X, compatible
with the group law of X, and called the inverse image of the bornology of X’ by ¢.

Proposition (3.1.3). — Let A be the set of the subsets of G whose canonical image in B\G /B
is finite. Then A is a bornology on G compatible with the group law of G.

That 8 be a bornology is evident. On the other hand it is clear that M € 2 entails M~! € A,
and it suffices to show that M, M’ € A entails MM’ € 2, which is immediate since the product
of two double cosets modulo B belongs to & ([5], chap. IV, § 2, n° 1, lemma 1).

Definition (3.1.4). — The bornology A introduced in (3.1.3) is said to be defined by the Tits
system (G, B, N).

Since M € % is equivalent to gMg~' € % (whatever g € G), it is clear that % depends only
on the conjugacy class of B. Two equivalent Tits systems define the same bornology: we shall
see later the converse (3.5.1).

Proposition (3.1.5). — Let & be a bornology on G, compatible with the group law and such
that B € A. Let Bw be the set of the subsets M of W such that BMB € 9. Then %w makes W
a bornological group. If X is a subset of W such that the union of the BxBx™'B, for x € X, is
bounded for %, the set of the reflections associated with the various elements of X is bounded
in W.

The first assertion is evident. The second follows from the fact that, if # belongs to the set 7,,
of the reflections associated with w € W (2.3.10), one has BtB C BwBw™!B ([5], chap. 1V, § 2,
n’ 4, cor. 2 of th. 2).

Corollary (3.1.6). — Let us endow G with the bornology % defined by the Tits system (G, B, N)
and let M be a subset of G. In order that M be bounded, it is necessary and sufficient that the
union of the gBg~" for g € M be so.

Set M’ = U,ep gBg™". If M is bounded, one has M’ ¢ MBM~! € 2. Conversely, suppose
M’ bounded and let X ¢ W be such that BXB = BMB. In view of (3.1.5), the set of the
reflections associated with the various elements of X is bounded in W, that is to say finite. Since
every w € W is a product of the reflections associated with it, taken once and only once in a
suitable order, X itself is finite and M is bounded.

Remark (3.1.7). — The preceding results are valid for an arbitrary Tits system, not necessarily
of affine type.

Proposition (3.1.8). — Let Isom .¥ be the group of the isometries of the building .7 of (G, B, N).
The bornology of G defined by the Tits system (G, B, N) is the inverse image of the natural
bornology of Isom .% by the canonical homomorphism of G into Isom .Z.
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Let M c G and let X be the canonical image of M in B\G/B. To say that the image of M
in Isom .# is bounded amounts to saying that

sup d(F(B),F(gBg™")) < +co.

geEM
Now, if g € BxB with x € W, one has d(F(B), F(gBg™")) = d(C,x(C)). Since W operates
properly on A, one has sup,..y d(C, x(C)) < +ooif and only if X is finite, whence the proposition.
(3.1.9) Letp : G — G be a B- -adapted homomorphism and let By = Stab B be the normalizer

of ¢(B) in G. We definedin2.7 a homomorphism of G into Isom .# “prolonging” the canonical
homomorphism of G into Isom .#. We shall again call bornology defined by the Tits system

(G,B,N) in G the inverse image by this homomorphism of the natural bornology of Isom .#.

Proposition. — Let us endow G and G with the bornologies defined by the Tits system (G, B, N).
Let M c G; the following conditions are equivalent:
(i) M is bounded in 6;
(ii) "' (MBy) is bounded in G;
(iii) the image of M in B\\G /B, is finite.
Let us show that (i) entails (ii). Since B; is bounded in 6 as stabilizer of the chamber F(B),
M B, is bounded as soon as M is, and the image of M B, is bounded in Isom .#, whence (ii).

If 90‘1 (MB;) c BXB with X ¢ W, one has M C B; XBj; one deduces that (ii) entails (iii).
Finally, (iii) entails (i) since B; is bounded.

3.2. A fixed point lemma. —

(3.2.1) Letx,y € .#. By (2.5.4) there exists a unique point m € .# such that d(x,m) =
d(y,m) = %d(x, y): itis called the midpoint of {x, y}.

Lemma. — Let x,y,z € ¥ and let m be the midpoint of {x, y}. One has

(7) d(x,2)? +d(y,2)* > 2d(m,z)* + %d(x, y)2.

Let A be an apartment of .# containing x and y, let C be a chamber of A whose closure
contains m, and set 7/ = pa.c(z) (2.3.5). In view of (2.5.3) one has d(x,z) > d(x,7),
d(y,z) 2 d(y,z') and d(m, z) = d(m, 7). Relation (1) then follows from the equality

d(x,2)? +d(y,2)? = 2d(m,2')* + 3d(x,y)?
valid for every point z” of the Euclidean space A ([31], book VII, prop. 122).
Remark (3.2.2). — Let E be a metric space and let x, y, m be three points of E such that relation
(1) 1s satisfied for every point z € E. Making successively z = x and z = y, one sees that
d(m,x) =d(m,y) = %d(x,y). Moreover, if m” € E issuchthatd(m’,x) = d(m’,y) = %d(x, y),
one has m = m’, as one sees on making z = m’ in (1). In particular, for x, y € .#, the midpoint
m of {x, y} is the unique point of .# satisfying (1) for every z € ..
Lemma (3.2.3). — Let E be a complete metric space and E’ a subset of E possessing the
following property:
(CN) whatever the points x and y of E’, there exists a point m € E’ such that relation (1) of
(3.2.1) is satisfied for every point z of E’.
If M is a nonempty bounded subset of E’, the stabilizer of M in Isom E possesses a fixed point
in the closure of E’ in E.
If X and Y are two subsets of E, we shall set

diam(X,Y) = sup d(x,y), diam X = diam(X, X).
xeX,yeY
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Let k be a real number such that 0 < k < 1. For every subset X of E’, let us denote by f(X)
the set of the points m € E’ for which there exist x, y € X such that relation (1) is satisfied for p- 64
every z € E’ and that d(x, y) > k diam X; in view of (CN), one has f(X) # 0 if X # 0.

For points x, y, m satisfying these conditions, and for z € E’, one has:

®)  d(m,2)? < 3(d(x,2)* +d(y.2)?) - d(x,y)? < diam(X, {z})* - & (diam X)”.

For z € X one draws from this:

2

12
) diam(f(X), X) < k; diamX  with k; = (1 - ’%) <1.
Moreover, taking z € f(X) in (2), one draws from (2) and (3):

12
(10) diam f(X) < k, diamX  with k = ( - %2) <1.

Let M be a nonempty bounded subset of E’; by (4) one has
(11) diam f9(M) < k) diamM for every integer g > 1.

Let us then choose a point x, € f9(M) for g € N*, which is permissible since f4(M) is not
empty. It follows from (3) and (5) that d (x4, x441) < k 1k2q diam M, and the Cauchy sequence

(x4) converges to a point x € E’, independent of the choice of the x4 by (5). Finally, it is clear
that the stabilizer of M in Isom E leaves invariant each of the f9(M), and hence also x. This
completes the proof.

One will note that a priori the point x thus constructed depends on the choice of the constant
k.

Proposition (3.2.4). — Let M be a nonempty bounded subset of the building .9 of G. The
stabilizer of M in Isom .% possesses a fixed point belonging to the closure of the convex hull of
M.

This follows from lemmas (3.2.1) and (3.2.3), taking in the latter for E the building .# and
for E’ the convex hull of M.

Remark (3.2.5). — Let E be a metric space and x, y, m three points of E. The proof of lemma
(3.2.1) shows that if there exists a map p from E into a Euclidean space, decreasing distances,
such that d(p(m), p(z)) = d(m, z) for every z € E and such that p(m) is the midpoint of the
segment [p(x)p(y)], then relation (1) is satisfied for every z € E. This applies in particular
to the case where E is a simply connected Riemannian space of negative curvature and where
m is the midpoint of the geodesic segment [xy]: it suffices to take for p the map of E onto its
tangent space at m, inverse of the exponential map ([24], chap. I, § 13). Lemma (3.2.3) then
furnishes in this case a simple proof of the classical result on the existence of a fixed point for a
compact group of isometries of such a Riemannian manifold. It is rather curious that this same
lemma, which will serve us to determine the conjugacy classes of maximal bounded subgroups
of semisimple algebraic groups over a local field, can thus be used to prove the conjugacy of
maximal compact subgroups of real Lie groups.

Moreover, the building .# plays for G a role somewhat analogous to the one played, for a
real semisimple Lie group, by the Riemannian symmetric space obtained as the quotient by a
maximal compact subgroup: it is a complete contractible metric space on which the group acts,
the stabilizers of each point being bounded, and lemma (3.2.1) expresses a kind of “negative
curvature” property. For other examples of this analogy, see [35].
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3.3. Maximal bounded subgroups. —

Letyp : G — G be a B-adapted homomorphism; endow G with the bornology defined by
the Tits system (G, B, N, S) asin (3.1.9).

Theorem (3.3.1). — In order that a subgroup of G be bounded, it is necessary and sufficient
that it stabilize a parahoric subgroup of G.

If a subgroup I' of G stabilizes a parahoric subgroup P of G, it fixes the facet F'(P) of .
and is consequently bounded, by the very definition of the bornology of G.

Conversely, if I" is bounded, every orbit of I" in .# is bounded, and (3.2.4) implies that I"
possesses a fixed point x in .#. Let P be the parahoric subgroup of G such that x € F(P). Then
I" preserves F'(P) and one has 8P = P for all g € I" (2.7.1), which completes the proof.

Corollary (3.3.2). — Every bounded subgroup of G is contained in a maximal bounded
subgroup. The maximal bounded subgroups are the maximal elements of the set of stabilizers
of parahoric subgroups of G.

This follows immediately from the theorem and from (1.2.19), which shows that the stabilizer
of a parahoric subgroup is contained in only finitely many stabilizers of parahoric subgroups.

Corollary (3.3.3). — The maximal bounded subgroups of G are the maximal parahoric
subgroups. In particular, they form []<;<,, ({i + 1) conjugacy classes (where the integers ¢;, for
1 < i < m, are the dimensions of the irreducible components of A).

It suffices to apply (3.3.2) to the case ¢ = Idg.

(3.3.4) Recall thatin (1.2.16) we defined a homomorphism & from G into the group of automor-
phisms of the Coxeter graph of W, such that, if P is a parahoric subgroup of type X of G, then
8P is of type £(g)(X) forall g € G. PutZ = & (6). The following proposition is an “abstract”
version of a result of Iwahori-Matsumoto:

Proposition. — Let P and P’ be two parahoric subgroups of G, let X and X' be their types and
let Ex be the stabilizer of X in E. In order that Stab P be a maximal bounded subgroup of G, it
is necessary and sufficient that X be maximal among the types of parahoric subgroups invariant
under Ex. In order that Stab P and Stab P’ be conjugate in G, itis necessary and sufficient that
there exist t € B such that X" = t(X).

One may assume P = Byx. We recalled (1.2.19) that StabP c Stab P’ is equivalent to
P’ = By, with X C X’ and Ex C Ex/. This last condition means that X’ is invariant under ZEy,
whence the first assertion.

If there exists g € G such that Stab P’ = g(Stab P)g~!, one has P’ = ¢P, whence X’ =
£(g)(X). Conversely, if there exists t € 2 such that X’ = #(X), and if g € &7 '(¢), the
subgroups ¢ P and P’ are of the same type, hence conjugate, and the same holds for Stab P’ and
Stab P = g~!(Stab&P)g.

(3.3.5) Suppose the Tits system (G, B, N) irreducible. Then Stab P is maximal if and only if
the type X of P is the complement of an orbit of a subgroup of E in S.

If moreover E is cyclic of order g (which is frequently the case in the applications to simple
algebraic groups), the number ¢ of conjugacy classes of maximal bounded subgroups of G
satisfies the inequality ¢ < € + 1 (where ¢ is the dimension of A), except when ¢ = 1 or 2, in
which case one has ¢ = € + 1. Indeed, one sees easily that if 2 permutes cyclically a subset Y of
S, the number of conjugacy classes of maximal bounded subgroups of G of the form Stab By
with X D S — Y is equal to the number of divisors of CardY.
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(3.3.6) Forexamples of the explicit determination of the conjugacy classes of maximal subgroups
Stab P, see [28].

3.4. Characterization of the bornology defined by a Tits system of affine type. —
We resume the notation of 2.6.

Theorem (3.4.1). — Let A be a bornology on G, compatible with the group law of G and such
that B is bounded. There exists one and only one subset J C {1,...,m} such that % is the
bornology defined by the Tits system (G, B’, N).

We shall first establish two lemmas.

Lemma (3.4.2). — Suppose W irreducible and let WO be the stabilizer in W of a special point

a € C. If X is an infinite subset of W, every reflection of W is associated with at least one
element of W°-X.

Make A into a vector space by taking a as origin. Let r be a reflection of W and let ¢ be
a linear form on A and k£ € R be such that the equation ¢(x) = k defines the wall L of A, the
set of fixed points of r, and such that C is contained in {x € A | ¢(x) < k}. In view of the
irreducibility of W, the set ® of the transforms of ¢ by "W generates the dual of A, and ® = —®,
since the reflection in the wall Ker ¢ transforms ¢ into —¢. It follows that the set

E = ﬂ w-{xeA]|pkx) <k}
weYW
is bounded, and that there exists x € X such that x(C) ¢ E. There then exists w € WO such that
wx(C) C {x € A | p(x) > k}, and the reflection r is associated with wx by (2.3.10).

Lemma (3.4.3). — There exists an integer N such that every element of W is a product of at
most N reflections of W.

Make A into a vector space by taking a special point as origin, and resume the notation of
(1.3.8). Let {ay, ..., as} be abasis of the root system associated with W. For every root a € "X
and every integer n € Z, the composite r,, , 07, is the translation by the vector —n-a"; since the
translations by the vectors a;’ for 1 < i < ¢ form a basis of the group V of translations of W, and
since W is the semidirect product of the stabilizer W of the origin by V (1.3.7), one deduces
that one may take N = N’ + 2¢, where N’ is the smallest integer such that every element of W
(which is finite and isomorphic to "W) can be written as a product of at most N’ reflections.

Remark (3.4.4). — Put M = U,cq gBg~! and let N be an integer satisfying the conditions of
(3.4.3). One then has G = M?" . Indeed, for every reflection r € W there exists x € W such that
r € T, (for example r itself). One then has BrB C BxBx"'Bc B-M c M?. If w € W s the
product of k < N reflections r;, one therefore has BwB C []; BrjB C M3V,

(3.4.5) Let us now prove theorem (3.4.1). Let & be a bornology on G, compatible with the
group law and such that B is bounded. For each j = 1,...,m, consider the bornology %;
induced by % on B; = BW;B, and let Zw (resp. Hw;) be the bornology on W (resp. W)
deduced from Z (resp. %) as in (3.1.5). If there exists a subset X of W; which is infinite and
bounded for «%’Wj, lemma (3.4.2) together with (3.1.5) shows that the set of reflections of W is
bounded, hence, by (3.4.3), that W} itself is bounded for A ;. In other words, either B; € A, or
% is the bornology defined by the Tits system (B;, B, Bj N N).

LetthenJ = {j € {1,...,m} | B; € #}. We shall show that # is the bornology defined
by (G, B’,N). Replacing B by B/, we may suppose that / = @. Let then X € Bw and let Y
be the set of reflections associated with the various points of X. We have seen (3.1.5) that Y is
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bounded for Zw; consequently, by the first part of the proof, Y N W; is finite for every i. Since
every reflection of W is contained in one of the W, it follows that Y itself is finite. Hence X is
finite, whence our assertion.

Finally the uniqueness of J is clear: it is the largest subset of {1,...,m} such that B’ is
bounded.
Corollary (3.4.6). — The bornology defined by (G, B, N) is contained in every bornology

compatible with the group law of G and for which B is bounded. The bornologies defined by
the irreducible components of (G, B, N) are the maximal bornologies among the bornologies
compatible with the group law of G for which B is bounded and G is not. If the system (G, B, N)

is irreducible, the bornology it defines is the unique bornology compatible with the group law
of G for which B is bounded and G is not.

Corollary (3.4.7). — Let ¢ : G — G be a B- adapted homomorphism. The bornology defined
on G by the Tits system (G, B, N) is the unique bornology on G which is compatible with the
group structure of G and Jor which B is bounded and @©(B’) is unbounded for every non-empty
subset J of {1,...,m}.

If in particular the Tits system (G, B, N) is irreducible, lhe bornology it defines in G is the

unique bornology compatible with the group structure of G for which B is bounded and G is
not.

If a bornology on G satisfies the conditions of the first part of the statement, it induces on the
subgroup Go = Ker ¢ (with the notation of (1.2.17)) the bornology defined by the Tits system
(B, @(N)), which is obviously the same as the bornology defined in Go by (G, B, N) and the

homomorphism ¢ : G — Go Now GO is of finite index in G whence the first assertion of the
corollary. The second follows.

3.5. Characterization of a Tits system of affine type by its bornology. —

Theorem (3.3.1) shows that the maximal parahoric subgroups of the Tits system (G, B, N)
are well determined by the datum of the bornology defined by this Tits system. More precisely:

Theorem (3.5.1). — Two Tits systems of affine type in the same group are equivalent if and only
if they define the same bornology.

Let us begin by establishing two lemmas.

Lemma (3.5.2). — Suppose W irreducible and let P, P’ be two distinct maximal parahoric
subgroups. In order that P N P’ be a parahoric subgroup, it is necessary and sufficient that it
be a maximal subgroup of P.

If P N P’ is a parahoric subgroup, one may assume that B ¢ P N P’. Since W is irreducible,
there exist two distinct elements s, s” € S such that P = Bg_(5, and P’ = Bg_(y),and PN P’ =
Bs_{;,¢} is maximal in P.

Conversely, suppose P N P’ maximal in P. Let D be a ball with center x = ap (2.1.2)
possessing the properties of lemma (2.5.11) and leta € D N [apap/| witha # ap. Let Q be the
parahoric subgroup such that a € F(Q). One has PN P’ c Q by (2.5.4)(iii) and ap € @ by
(2.5.11), whence Q C P. One deduces P N P' = Q.

Lemma (3.5.3). — Let Py,..., P, be parahoric subgroups. The intersection Py N ---N P, is a
parahoric subgroup if and only if P, N Py is a parahoric subgroup for 1 < h,k < g

That the condition is necessary is evident. Let us show that it is sufficient by induction on q.
Suppose that Q = Py N---N P,y is a parahoric subgroup and let A be an apartment containing
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F(Q) and F(P,). Let I' be the convex hull of the union of the F(Py) for 1 < h < g and let
L be a wall of A. Since F(Pj) and F(Py) are two facets of A situated on the same side of L
(for 1 < h, k < gq), the set I" lies entirely on one side of L. This being true for every wall, I" is
therefore contained in the closure of a facet F'(Q’), and one has P, D Q’ for all i, which entails
that the intersection of the Py, is indeed a parahoric subgroup.

(3.5.4) Letus now pass to the proof of theorem (3.5.1). We have already seen that the condition is
necessary (3.1.4). Let us show that it is sufficient. Let (B, N) and (B’, N) be two Tits systems of
affine type in the same group G, defining the same bornology. By (3.4.6), there exists a bijection
from the set of irreducible components of (G, B, N) onto that of the irreducible components
of (G, B’, N’) such that the bornologies defined by two irreducible components corresponding
under this bijection are the same. Taking (2.6.4) into account, we see that it suffices to prove our
assertion in the case where (B, N) and (B’, N’) are irreducible, that is, in view of (3.4.6), when
the bornology they define is maximal among the bornologies compatible with the group law of
G for which G is not bounded. Since (B, N) and (B’, N’) have the same maximal parahoric
subgroups, lemmas (3.5.2) and (3.5.3) show that they have the same parahoric subgroups, that
is, they are equivalent.

Remark (3.5.5). — The bornology defined by a Tits system of affine type is completely
determined by the datum of the maximal parahoric subgroups, and even by the datum of a single
parahoric subgroup, since the bounded subsets are those which are contained in the union of
finitely many double cosets modulo a given parahoric subgroup. We thus see that two Tits
systems of affine type in the same group having the same maximal parahoric subgroups, or
having a common parahoric subgroup, are equivalent.

Let us point out that one can prove that two (arbitrary) Tits systems in the same group having
the same maximal parabolic subgroups are equivalent.

Proposition (3.5.6). — Let ¢ : G — G be a B-adapted homomorphism. Let 60 be the kernel
of the corresponding homomorphism & : G — Aut Cox(W,S) (1.2.16). The group 50 is the
intersection of the subgroups of finite index of G which contain a maximal bounded subgroup of
G (for the bornology defined by ¢).

One may suppose G = Go and ¢ =1id (1.2.17). If L is a subgroup of finite index of G
containing a maximal bounded subgroup, then L N G contains a parahoric subgroup of G (3.3.4)
and consequently L N G = G, since a parabolic subgroup of the Tits system (G, B, N) is not of
finite index in G unless it is equal to G.

Now let g € G - G and let X be an orbit of &(g) in Cox(W, S) not reduced to a point. There
exists a subset Y C S which is a type of maximal parahoric subgroup of G and which is such that
X¢Yand X ¢ S-Y: if Card(X N S;) < 1 for every irreducible component S; of Cox(W, S)
— which implies that (W, S) is not irreducible — it suffices to choose a point x; in each S; in
such a way that for one index i; one has x;, € X and for an index i one has x;, ¢ X (recall that
CardS; > 2 for all i), and to take for Y the complement in S of the set of the x;; if there exists
an index iy such that Card(X N S;,) > 2, it suffices to take ¥ such that S;, — (S;, N Y) is reduced
to a point of X. Let then Ey be the stabilizer of Y in E = ¢ (6) and let L = ¢~ 1(Zy). Then L
contains the maximal bounded subgroup Stab By, does not contain g, and is of finite index in G.

(3.5.7) Proposition (3.5.6) shows that the datum of the bornology of G determines 50 and also,
by (3.5.1), the Tits system of G up to equivalence, hence the building of G, etc., that is to say,
everything that the B-adapted homomorphism ¢ brings in substance to the study of G.
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4. Iwasawa and Cartan decompositions

We keep the notation of the preceding sections.

We denote by ¢ : G — G a B-N -adapted homomorphism. Recall that in 2.7 we defined an

action of G on the building ., for which the operations of G are isometric automorphisms of
polysimplicial complex and permute among themselves the apartments (resp. half-apartments,
walls, sectors) of .#.

4.1. Fixers and stabilizers. —

(4.1.1) Let Q be a subset of .7 ; we set
Po={gec G |gx=xforallx e Q}
={geG|gQ=0Q}
Pg = 90_1(139) ={geG|gx=xforallx e Q}
Pl =¢"(P) ={geG|gQ=Q}
When Q reduces to a point x, we write Py, etc., instead of Py, etc. When Q = C (identified with

j(C)), one has P¢c = Pé = B, the subgroup Pc is none other than the subgroup B introduced in
(2.7.1), and P, = Stab B.

The subgroups Pg and ﬁg do not change if Q is replaced by its closed convex hull ((2.5.4)(iii)).
It is clear that gPQg Pg a,etc.,forQc #andg e G.

Since the set of fixed points of an element g € G in A is a convex union of closures of facets,
one always has

(1) Pg = Pyq).
If Q contains a chamber C, one also has
2) ﬁQ = ﬁcl(Q)-

Indeed, one may suppose C = C. One then has PocBcC 50 = Ker ¢, and (2) follows from (1)
applied to the Tits system (G, B, ¢(N)) (1.2.17).

(4.1.2) We denote by N the stabilizer P}, of the apartment A (identified with j(A)) in G. One
has, by (2.2.5), N = P = ¢"!(N) and G = N - ¢(G) (2.7.2). We denote by ¥ the obvious
homomorphlsm from N into the group of automorphisms of the Euclidean affine space A, and
we set W = v(N ). We write V for the subgroup of translations of W. The group W is contained
in the normalizer W of W in the group of automorphisms of A. Consequently, the subgroups
W, V and V are normal in W.

We set H = Kerv; it is clear that H = P and that H = ¢ !'(H). For every chamber C
contained in A, one has NN PC = H.

Definition (4.1.3). — We shall say that the B-N-adapted homomorphism ¢ is of connected type
if the images "W and "W of W and W in the group of automorphisms of "A coincide, in other
words lfW C Wi ((1.3.18)(6)).

If ¢ is of connected type and if x is a special point of A, one has Wx = W, and W = W, - V.
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Proposition (4.1.4). — For every subset 2 contained in A, put T =P NN and Ng = PoNN.
One has o _ _

PS'2 = s'z . QD(PEE) and Pgo = Ng - ¢(Pg).
If Q contains a non-empty open set, one has Pg = H - ¢(Pg).

LetgeP by (2.5.8), there exists g’ € PT such that g’.A = g.A. One then has ¢(g' g €
N N, and even go( g g e Ng if g€ Po; whence the first assertion. If Q contains a non-empty
open set, one has v(n) = 1 forall n € Ng, which completes the proof of the proposition.

(4.1.5) If D is a vector chamber (1.3.10), we shall denote by \A/D the set of elements of V
belonging to D, and by Ep the set of sectors of A of direction D (1.3.11). If €;, €, € Ep, one
alsohas €; N €, € Ep: this follows immediately from the fact that D is a s1mphcla1 cone, the set
of points with strlctly positive coordinates for a suitable basis of "A. Since P(g1 U P(g2 C P(gm@z,
the subgroups Pg for € € Ep form an increasing filtered family and their union is a subgroup
of G which we shall denote by @%_

For g € v"!(V) and € € Ep, one has (g) - € € Ep and gPgg™! = ﬁ?(g)i‘i' Consequently,
the iubgroup vl (V) normal}i\zes 530]) and v~! (V) -A@)D is a subgroup of G, which we shall denote
by Bp. We set SBOD = ! (SBOD) and Bp = ¢~ !(Bp). It is immediate that By = v~ (V) - BY,
that Bp = 7' (V) - ¢(Bp) and that BY = H - o(BY).

In the remainder of this section, we fix a vector chamber D and we shall in general omit the
index D in the notation fg%, 531), 58% and Bp.

4.2. Double cosets. —
Let Q and Q' be two subgroups of G containing H. Put

Wo=%(NnQ), Wy =%NnQ.
Since H = Kerv ¢ Q N Q' N N, the inverse image under ¥ of a double coset WQWWQ/
in W is a double coset (N N Q)n(N N Q') in N (where n is any element of ¥~!(w)) and is

therefore contained in a single double coset QnQ’ of G, contamed in QN Q’. One thus obtains

a map, called canonical and denoted A¢ o/, from WQ\W/ WQr into Q\QN Q’/Q’, a map which
is obviously surjective.

Proposition (4.2.1). — Let Q and Q' be two subsets of A and let Q and Q' be two subgroups of
G such that _
¢(Po) cQC Pl and H-¢(Po)cQ cP|
The map Ag o' from WQ \W/WQ/ into Q\QIVQ’/Q’ is bijective.
It sgfﬁces to ihow that if one has gn = n’q’, with n,n’ € ]V, g € Q and ¢’ € Q’, then
n e (NNnQ)n(NnQ’"). Now, one has Q ¢ AN ¢g(A) and gn(Q') = n’(Q') c Ang(A).

Moreover, there exists an element gg € G such that g(A) = go(A) and go.x = x for all
x € ANg(A)(2.5.8). One has gg € Po N Py (o) and g = ¢(go) € O N n’Q’'n’~!, whence

m=g 'gn=g"""q € Onnn’Q NN.
Consequently, n € (]V NQ)mand n’ € m(ﬁ NnQ’),q.e.d.

(4.2.2) Let us now take for the subgroup Q” one of the subgroups B or B. One checks at once
that WA0 = {e} and WA =V.
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Corollary. — Let Q be a subset of A and Q a subgroup ofé such that H - ¢o(Pg) Cc QO C [D\S';
The following canonical maps are bijective:

(i) Wo\W — 0\QNB°/B";
(ii) Wo\W/V > 0\ONB/B:;
(iii) W — B\ BNB/B;
(iv) W/V — B\BNB/B.

Here again, only the injectivity of these maps has to be proved. Let us prove that of (i); if
q1n1b1 = gonoby (with g; € Q n;, € N and b; € 580) there exists a sector € € Ep such that
b; € Pg One then has inPg = QI’IQP(g Since WA = {e}, one deduces from proposition

(4.2.1) that WQv(nl) = WQv(nz), whence the 1nJect1v1ty of the map (1).

Since B = v~ 1(V) 530 the injectivity of (ii) follows from that of (i). One proves in the same
way the 1nJect1V1ty of (111) and (1V) (taklng into account, for the definition of the map (iv), that v
is normal in W, whence V\W/V W/V)

Corollary (4.2.3). — Keep the hypotheses of corollary (4.2.2) and suppose moreover that Q
contains the subgroup B. Then the following two conditions are equivalent:

(i) BN® c 0%;

(ii) W=Wg V.

Indeed, condition (i) amounts to Q]V B = Q% and is therefore equivalent to (ii) by corollary
(4.2.2)(ii).

(4.2.4) Proposition (4.2.1) will interest us above all when G = Q]V Q’. Let us note moreover
that one has
(1) ONQ' = ¢(Po)N¢(Po) = PaNPo = P NP,
Indeed, let ¢ € Q; one has Q C A N g(A) and there exists an element g € Pg such that
v(g)g.A = A (2.5.8), whence ¢(g)qg € NN Q. Consequently, one has Q = go(Pg)(]V N Q),
whence the first of the equalities (1). The other two follow, taking for example Q = ﬁg or
0 =Py,
The relation G = ONQ’ has a simple geometric interpretation: it means that whatever
g, g € G, there exzsts an apartment containing g(Q) and g’(Q’). Indeed, suppose G =
ONQ’ and put g~'g’ = gng’ (with g, g’ € G, q€Q,q €Q andn € N). One then has
g'(Q) = ggn(Q’) C gq(A) and g(Q) = gq(Q) c gq(A). Conversely, if g(Q) U Q" c h(A)
(with g, h € 5) there exists, by (2.5.8), an element ¢’ € Q' such that g’h(A) = A, whence
g’g(Q) cAand Q c Ang g1 (A). Agaln by (2.5.8), there exists an element g € Q such
that gg~'¢’~1(A) = A, that is such that gg~'¢’~! € N, whence finally g7! € ONQ'.

(4.2.5) In an analogous way, the relation G = BNB (which is equivalent to G = BN 530)
means that, whatever the sectors € and € of the building .%, there exist sectors €, c € and

€| c ¥ contained in one and the same apartment. Indeed, suppose first that G = BONB° and
let € and €’ be two sectors of .#. In view of the transitivity of "W on the vector chambers and in

view of the very definition of the sectors of .# (2.2.2), there exist elements g, g’ € G such that
€ = g.€p and €’ = g".€[, where €, &) are sectors of A of direction D. Put then g g’ = bnb’

withn € N, b, b’ € B. Replacing € and €’ by smaller sectors, we may suppose & = € and
b,b’ € Pg,. One then has € = ghnb’.€y C gh(A) and € = gbh.€y C gh(A).
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Conversely, let g € G;let® € Epand suppose that there exist sectors €; ¢ € and ¢ c g(€)
contained in one and the same apartment. Replacing € by a smaller sector, we may suppose
€ =Cand €] = g(C). Let then i € G be such that € U g(€) c h(A). By (2.5.8), there exists

b € Pg = B0 such that b1 (A) = A, and one then has € ¢ Ang'b7'(A), whence the existence
of b’ € B such that b’g~ b1 (A) = A, which entails g € BNB°.

Entirely analogous reasoning shows that the relation G = Q]V B (or G = QZV %O) means that,
whatever the sector € of .7, there exist a sector €' C € and an apartment containing Q and €’.
In particular, the relation G = BNB means that for every chamber C and every sector € of .Z,
there exist a sector & C € and an apartment containing C and €'.

4.3. Relations between double cosets. —

Proposition (4.3.1). — Let Q, Q" and Q" be three subsets of A. Suppose that one of them has
non-empty interior and that one of the two following conditions is satisfied:

a) Q, Q and Q" are bounded;
b) G is complete for a topology satisfying the conditions of (2.8.2).

Then one has L _ _ _ _ _
Pq: - Po N Pgr - P = (PQ/ N PQH) - Pg.

Letg = p'p = p”q with p’ € Py, p’ e Poy, p,q € Po. PutM = Q UQ’ U g.Q and
let f be the map from Q" U Q” U Q onto M which is the identity on Q" U Q” and coincides
with the action of g on Q (note that g.x = x forx € Q N (Q" U Q”)). Then f is an isometry:
if x € Qand y € Q' for example, one has d(g.x,y) = d(p’.x,p’.y) = d(x,y). Since M has
non-empty interior, there exists an apartment A containing M ((2.8.1) and (2.8.4)) and there
exists h € ﬁg N ﬁg with 7.A = A (2.5.8), whence hg.Q C A, and, in view of (2.5.9) combined
with the relation G = v(G) . N, there exists n € N such that hg.x = n.xforallx € Q. Forx € Q
and y € Q" U Q" one then has

d(n”'y,x) = d(y,n.x) = d(y, hg.x) = d(y g.x) =d(y,x).
If Q (resp. Q' U Q”) contains a chamber, one deduces n~ y =y and n € Pg/ N PQ// (resp.
nx=xandn € PQ) In both cases, one has g € h™ I’ZPQ - (ng N Pgu) PQ

Corollary (4.3.2). — Under the hypotheses of (4.3.1), one has
Po N (Pg - Por) = (Pa N Pgy) - (Po N Pgy).

Indeed if g = p’p” € 13}2 with p € Po and p” € Por, proposition (4.3.1) shows that
p’ =p~ g € (Po N Por) - (Pa N Pgr). One may therefore suppose p” € Pg, and one then

has p’ € Po.
(4.3.3) It is known that proposition (4.3.1) and corollary (4.3.2) are also true when Q, Q" and

Q" are three facets of one and the same chamber ([5], chap. IV, § 2, exercise 9).

Corollary (4.3.4). — Let g € G and x € A. Suppose that the set Y of the points y of A such
that g € PP, contains a chamber. ThenY is closed.

It suffices to show that, if C is a chamber contained in Y and y € Y, one hascl(C U {y}) C Y.
Now, one has

—~

gEPCmeﬁyﬁx:(ﬁCmFy)’ﬁx:Acl(CU{y})'ﬁx'
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Corollary (4.3.5). — Let Q, Q" and Q" be three non-empty subsets of A. Suppose that
QUQ UQ" (resp. Q UQ") contains a chamber and that Q is contained in the enclosure of
Q" U Q". Then one has

Po P N PorPo = Pg (resp. ﬁg/ﬁg N ﬁg//ﬁg = ﬁg)
Indeed, one can write Q, Q" and ©” as unions of bounded subsets €, €/ and Q in such a

way that Q, U €, U Q7 (resp. €5, U Q') contains a chamber and Q, C cl(Q;, U €7). One then
has, by (4.1.1)(1),

Po/Po N PorPg C Por Po, N PorPo, = Po,uay)Pa, = Pa,

for all n, whence the first equality. The second is proved in the same way, using (4.1.1)(2) instead
of (4.1.1)(1).

Corollary (4.3.6). — Let Q and Q' be two non-empty convex subsets of A and let n € N. One
then has L L _

PqonPg N SBOI’lPQ =nPq
whenever n.Q c cl(Q' + D), and in particular when Q' = Q and v(n) € Vb.

Replacing Q by n.Q, hence Pq by nPon™!, we may suppose that n = 1. One then has

Fglﬁg N %Oﬁg = U (Fgfﬁg N ﬁ@ﬁg)
G:EE])

But, for every sector € € Ep, the convex hull of € U Q' contains Q" + D, and the relation
Q C cl( + D) entails Q c cl(Q UCE).

Corollary (4.3.7). — Suppose G complete for a topology satisfying the conditions of (2.8.2).
Let Q Cc A andn € No. Then one has

BB N ﬁg = ﬁgﬂ)nﬁgﬂ).

It suffices to show that, for € € Ep, one has
13@7113@ N Pg C Poipn Posp

or again that
(Pg - Pn.g) N Pa C Poip - Poind
which follows from (4.3.2).

Proposition (4.3.8). — Let x, y, z, u be four points of A such that y and 7 belong to the segment
[xu] and d(x,y) < d(x, z). One has

P.P,NP,P, = (P, NPy (P,NP,).
More precisely, if p € P, and p € P, are such that pp’ € ﬁyﬁz, then p € Fy and p’ € ﬁz.

Put g = pp’ = qq’ with g € ﬁy and ¢’ € ﬁz. Onehas 7’ =g.z=¢q.zand v’ = g.u = p.u,
whence d(y,7’) = d(y,z) and d(x,u’) = d(x,u). One deduces:

(12) diy,u’) < d(y,g.z) +d(g.z,g.u) =d(y,z) +d(z,u) = d(y,u)

(13) dix,u’) <d(x,y)+d(y,u') <d(x,y)+d(y,u) =d(x,u) =d(x,u")
(14) d(x,2') <d(x,y) +d(y,2) =d(x,y) +d(y,z) = d(x,2) = d(x, p.z)
(15) dx,u)<d(x,7)+d(Z,u') <d(x,z) +d(z,u) = d(x,u) = d(x,u’)

and one sees that all the inequalities appearing in (1) to (4) are in fact equalities. From (2) one
then deduces that y € [xu’] = [x(p.u)], hence, in view of (1), that y = p.y, thatis p € Py.
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Slmllarly, (4) shows that 7’ € [xu’] = [x(p.u)] and, in view of (3), one has 7" = p.z, whence
p=plgePl.
Corollary (4.3.9). — Lety,z€ Aandt € v (V) be such that t.z € y + D. One has

B0, 1BY N PtP. = P, piP.p.

Multiplying on the right by ~!, one reduces to the case t = 1. If pp’ € Fyﬁz, with p € 539])
and p’ € 230 there exists a sector €’ (resp. €) of direction D (resp. —D) such that p’ € ﬁg,

(resp. p € P(g) and there existx € € and u € (i’ such that the hypotheses of (4.3.8) are satisfied.
One then has p € P N Pg = Py_D and p’ € P NPg = PZ+D

Remark (4.3.10). — One can show that the preceding corollary remains valid if one supposes
only thatt.z € y + D.

Lemma (4.3.11). — Suppose ¢ : G — G of connected type. Letx,y € A be such that y € x +D.
Let p be the retraction of % onto A having as center a chamber of A. For every g € G, one has

p(g.y) —p(g.x) <p y —x (cf. (1.3.16)).

Let (xo = x,...,x; = y) be a monotone sequence of points of the segment [xy], such that
[xix;+1] is contained in the closure of a chamber C; (0 < i < k). There exists #; € G such
that the restriction of p to g.C; coincides with the action of A;, and consequently there exists

n, € N such that the restriction to C; of the map z — p(g.z) coincides with the action of n;. Put
= "W(n;). By (1.3.16), one has

p(g-xit1) — p(g.xi) = wi(Xit1 — X;) <D Xis1 — X;

since x;+1 — x; € D and w; € 'W. Adding these inequalities, one obtains the lemma.

Proposition (4.3.12). — Let x,y,z,u € A be such that y —x, z — y and u — z belong to D. If ¢
is of connected type, one has

—~

P.P,NnP,P, =P, NP,

Letg € pﬁy N qﬁz, with p € ﬁx and g € ﬁu By (4.3.11), one has, for every retraction p of
# onto A with center an arbitrary chamber C of A:

(16) p(g.y)—x=p(p.y) —p(px)<py—=x
(17) p(g.2)—p(gy)<pz-y
(18) u-p(g.z) =plq.u) —p(q.z) <pu-z.

Adding, one sees that these inequalities are in fact equalities. One therefore has p(g.y) = y and
p(g.z) = z. Choosing C in such a way that y € C (resp. z € C), one obtains g.y = y (resp.
g.2=2).

Corollary (4.3.13). — Let Q, Q" and Q" be three non-empty convex subsets of A, such that Q

is contained in the union of the intersections (' + D) N (Q” — D), for D running over the set
of vector chambers of *"A. One has

(i) PorPq N PorPg = Py L
(ii) PQ N PQ'PQ// = (PQ N PQI) (Po N Pgr).
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Letg € ﬁg/ﬁg N ﬁgifﬁg and let a € Q; there Exist a vector chamber D and elements b € Q'
and ¢ € Q" such that a — b and ¢ — a belong to D. Applying then (4.3.12) with D replaced by

D, x by b, y and z by a and u by c, one obtains g € P,, whence (i). Relation (ii) is deduced as
in (4.3.2).

Remark (4.3.14). — The hypothesis of (4.3.13) is satisfied when €2 is contained in the convex
hull of Q" U Q”.

Proposition (4 3.15). — Letx,y,z,u € A, n € N and w = v(n). Ifﬁ P,n P\nﬁ # @, there
exists w' € W such that d(x,w'w.y) < d(x,u) + d(u,y). If moreover ¢ is of connected type

and if y € u + D C x + D, one may choose w’ such that w'w.y <p y. If in addition x € z + D,
then w.y <p y.

Letg =g'g" € thy, with g’ € P, g’ e P,and h € P Let C be a chamber of A such that

z € C and let p be the retraction of .# onto A with center C. There exists /' € Pc such that
p(g.y) = h’g y = h’hn.y. On the other hand, since z and n.y belong to A N (h'h)~!.A, there
exists n” € G with A = W' (Wh)™"A, h".z = zand h"n.y = y (2.5.8). Putn’ = K'hi"~': one
has n’ € N and w’ = ¥(n’) € WZ. Moreover, p(g.y) = W'hn.y = Whh"'n.y = ’'n.y = w'w.y.
Consequently,

d(w'w.y,x) =d(p(g.y),x) < d(x,g.y) =d(x,8".y)

<

<d(x,u)+d(u,g”.y) =dx,u) +du,y).

Suppose now "W ='W and y € u+D C x +D. In view of (4.3.11), one has

ww.y —x = p(g.y) — p(g.u) + p(g.u) — p(x) = p(g.y) — p(g.u) + p(g".u) — p(g’x)
<Spy-—-utu—-x=y-x.

Finally, if x € z + D, one has, again by (4.3.11),

/l/ =1 7

wy 2= p(n'"'g.y) = p(n'"gu) + p(n'~'g' ) = p(n' " g"x) + p(n' " x) — p(n 7 2)

<py—-u+tu—-x+x—-z=y-—2z.

Corollary (4.3.16). — Letx,y € A, let C be a chamber of A and letn € N. Ifﬁxﬁyﬂﬁcnﬁy * Q,
then d(x,n.y) < d(x,y). If moreover ¢ is of connected type and y € x + D, one has n.y <p Y.

It suffices to apply the preceding result, taking a point z € C such that Pc = 18Z and noting
that W, is then reduced to {1}.

Corollary (4.3.17). — Suppose ¢ of connected type. Let x € A and n,n’ € N be such that
n.x € x + D. Let D be a vector chamber. IfonP SBO ’P # @, then one has n’'n~' .x <p x.
Indeed, there then exists a chamber C such that

PP~ nPen'n”! -1

‘nﬁxn * O

and it suffices to apply (4.3.16) taking y = n.x.
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4.4. The good maximal bounded subgroups. —

In this section, we shall make explicit some particular cases of (4.2.3), (4.3.6) and (4.3.17).
We keep the hypotheses and notation of the preceding numbers and we assume moreover that
(D G = B.N.B.

We shall see in §§ 5 and 7 sufficient conditions for this relation to hold. Recall (2.9.4) that it
holds as soon as G is equipped with a topology satisfying the conditions of (2.8.2); it will also
hold in all the applications to the case of algebraic groups. Finally, note that relation (1) is
equivalent to

(1 bis) G=8.NB
as follows from the geometric translation of (1) or of (1 bis) given in (4.2.5).

(4.4.1) We saw (3.3.2) that every maximal bounded subgroup K of G is the stabilizer of a
well-determined facet F of the building .. We shall say that K is a special maximal bounded
subgroup if this facet F reduces to a special vertex of .7

Definition. — We say that a maximal bounded subgroup K of G is good if one has G =BK.

Let K be a good maximal bounded subgroup and let g € G. Put g ! = bk withb € B and
k € K. One then has _ _ _ _
¢Bg 'K = ¢BbkK = ¢BK =G.

We thus see that the notion of good maximal bounded subgroup is independent of the choice

of B in its conjugacy class (i.e. of the choice of the apartment A and of the vector chamber
D) and that every conjugate of a good maximal bounded subgroup is a good maximal bounded
subgroup.

Proposition (4.4.2). — Let K be a bounded subgroup of G containing B. The following
conditions are equivalent:
(i) K is a good maximal bounded subgroup;
(ii) one has W = WK . \7
(iii) the canonical map from W into "W is surjective;
(iv) CardWK > Card"W.

It is immediate that (ii), (ii1) and (iv) are equivalent. The equivalence of (i) and (ii) follows
from (4.2.3) and from the fact that, if (ii) is satisfied, then K is a maximal bounded subgroup
of G. To establish this assertion, consider a bounded subgroup K’ containing K. One has
WK/ D WK; since the restriction of the map w — 'w to WKr is injective, one deduces from (iii)
(equivalent to (ii)) that WK/ = WK, whence K’ = B.WK/.B =K.

Proposition (4.4.3). — Let K be a good maximal bounded subgroup of G containing B. One
has

(1) G=%8"V.K (“Iwasawa decomposition ofa”)
and the canonical map from V into @0\5 /K is bijective. Moreover one has
2) G=K-Vp-K (“Cartan decomposition ofa”)

and the canonical map from VD into K \5 /K is bijective when the homomorphism ¢ : G — G
is of connected type.

The first assertion is only a particular case of (4.2.2)(i). Relation (2) follows from (4.2.1),
taking into account that Vp is a fundamental domain for "W acting on V: this indeed entails that
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the canonical map from VD into WK\W/WK is surjective, and is bijective when W = "W, that
is when ¢ is of connected type.

(4.4.4) Let us now make explicit some of the relations of 4.3 in the case of interest to us, which
will give us relations between the Iwasawa and Cartan decompositions of G:

Proposition. — Suppose ¢ of connected nype. Let K be a good maximal bounded subgroup of
G containing Bandlett € VD, t e V t” € VD

(i) If K.t.K N BO.1'.K + @, one has <p t (in other words p(t —t') > 0 for every dominant
weight p (relative to D) of 'X).
(ii) One has K.t.K N B°.1.K = 1.K.
(iii) If ' € Vp and if KtKt'K N Kt"K # @, then one has t” <p t +t’ (writing here additively
the composition law of 'V identified with a subgroup of "A).
(iv) If t' € Vp, one has
UK KN KT K = Ken K.
In particular, one has
UK Ken K = KN K.

Assertion (i) follows from (4.3.17) and (ii) from (4.3.7). The hypothesis of (iii) entails
Knt 'Kt -7 1"r=1 - vKr~! # @; setting K = P.,y=u=txandz =r"'x and applying
(4.3.15), one deduces (iii). Finally, (iv) follows from (4.3.12), taking K = PZ, x ="tz
y=tlzandu =1z

Remark (4.4.5). — Suppose ¢ of connected type and let G| be a normal subgroup of G
containing ¢(G). Then ¢ : G — G is B-N-adapted of connected type. Let F be a facet of
C whose stabilizer K; in Gii is a good maximal bounded subgroup of Gi. It is then immediate

that the stabilizer K of F in G is a good maximal bounded subgroup of G. If g € K, there exists
h € K such that g.A = h.A and, since "v(K; N N) = "W ='W, one sees that

K=K - Y(V)nK).
One then deduces from (4.4.3) that
(19) G=%8"-7'V)-K
(20) G=K -v'(V) K.

Let us now put on G the bornology Z for which the bounded sets are the finite unions of
translates of bounded subsets of G . Since the bornology of G is invariant under G acting on G
by inner automorphisms, this bornology is compatible with the group law of G. If one supposes

moreover that G /G has no elements of finite order, a subgroup of G is bounded for % if and
only if it is contained and bounded in G;. Consequently, K| is a maximal bounded subgroup
of G (for %), giving rise to an “Iwasawa decomposition” (1) and to a “Cartan decomposition’
(2). We shall see later an example of this situation: G will be the group of rational points of
a connected reductive algebraic group ¢ defined over a local field k (for a valuation w), G the
group of rational points over k of the derived group of ¢, ¢ the natural homomorphism and G

the set of g € G such that w(x(g)) = 0 for every character y of ¢ rational over k, the bornology
PBof G being none other than the natural bornology of G.

9

(4.4.6) Let us now study the existence of good maximal bounded subgroups:
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Proposition. — (i) If ¢ is of connected type, every special maximal bounded subgroup is a good
maximal bounded subgroup.

(ii) If ¢ is the identity, the only good maximal bounded subgroups are the special maximal
bounded subgroups.

Takmg (4.4.2) into account, the first assertion is evident, since, if x is a special point of A,
one has VW O>'W, ='W = "W; the second is evident as well, in view of the very definition of
special points.

Recall that the special points are given by the table of no. (1.3.12).

(4.4.7) Suppose still ¢ of connected type. If the homomorphism & from G into Aut Cox W is not
trivial, there may exist good maximal bounded subgroups which are not special. To determine
them, one reduces at once to the irreducible case, for, ¢ being of connected type, & (6) fixes
each connected component of Cox W. In the irreducible case, one shows easily, by counting the
orders of the two groups WK and "W and using (4.4.2)(iv), that the only cases of non-special
good maximal bounded subgroups are the three following ones:

- Goftype A;, &(G)=17Z/2Z, K = StabB;

— G of type C3, f(@) = 7/27, K = Stab By, where X is the set of the two special
points of Cox W (which is o2o2o, the two extreme vertices being the special ones);

— G of type B, (n > 3), f(é) =17/27Z, K = Stab By, where X is the set of points of S
distinct from the non-special extremal vertex of Cox W (the diagram being the one with a
fork of two vertices at one end and a bond marked 4 at the other end).

(4.4.8) On the other hand, when ¢ is not of connected type, there may be no good maximal
bounded subgroups. This is the case for example when W is of type A,41, with & (5) =17/27
acting by symmetry without fixed points on Cox W, or when W is of type Dy, with &( 6) =
Z,/27Z acting without fixed points on Cox W.

On the other hand, one shows easily that, if ¢ is not of connected type and if W is irreducible,
a good maximal bounded subgroup is always special.

(4.4.9) The preceding relations have interesting consequences when Gisa locally compact
topological group, the subgroup B being an open and closed subgroup of G, which happens for
example when Gisa semisimple algebraic group over a locally compact local field. The bounded
subsets of G are then the relatively compact subsets, and the maximal bounded subgroups are
the maximal compact subgroups. Propositions (4.4.3) and (4.4.4) then imply for example
that, if K is a good maximal compact subgroup of G, the convolution algebra of continuous
complex functions with compact support on G, invariant on the left and on the right under K,

is commutative: the proof given in [7] adapts immediately; one may also consult [29], [30] and
[32].

5. Double Tits systems

In this section, we begin by giving necessary and sufficient conditions in order that, with
the notation of § 4, one have G = BNB. We shall see that this relation is equivalent to saying
that (G, B, N) is a Tits system with finite Weyl group isomorphic to "W. We shall then say that
(G, B, N,S) is adouble Tits system. It is systems of this type that we shall construct later in the
group of rational points of a simply connected semisimple algebraic group over a local field.
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In 5.2, we shall give necessary and sufficient conditions in order that a family of subgroups
P, (for a € X) be the family of subgroups P, associated with a double Tits system with Weyl
group W. Along the way, we shall establish results on the structure of the subgroups Pg of a
double Tits system.

Recall that the results of this section are not used in the remainder of the chapter.

5.1. Double Tits systems. —

Throughout 5.1, we keep the notation of § 4. In particular, we assume chosen a vector
chamber D, and the letters B and B denote the subgroups introduced in (4.1.5).

(5.1.1) Since B = B - v (V) and B NN = H c v I(V), one has BN N = v (V).
Consequently, B N N is a normal subgroup of N and the quotient group N/B N N is canonically
identified with W/V, or again with "W. This last group is generated by the set R of the reflections
with respect to the walls of the vector chamber D (that is, with respect to the hyperplanes Ker a,
for a running over the basis of "X associated with D). Consequently, the quadruple (G,B, N, R)
satisfies axiom (T 2) of Tits systems (1.2.6).

Definition. — We say that the Tits system of affine type (G, B, N, S) is a double Tits system if
the quadruple (G, B, N, R) is a Tits system.

Definition (5.1.2). — We say that two closed subsets Q' and Q" of A are transverse if, for every
affine root a of A containing the intersection Q' N Q”, one has either « > Q/, or @ > Q”.

Theorem (5.1.3). — The following conditions are equivalent:

(i) (G,B,N,S) is a double Tits system;
(ii) one has G = B.N.B;
(ii bis) whatever the sectors € and &' of 7, there exist sectors € C € and € c €' contained in
one and the same apartment;
(iii) whatever the transverse closed subsets Q' and Q" of A such that the intersection Q = Q'NQ”
contains a chamber, one has
PQ = PQ/ . PQ”;
(iv) whatever the chamber C of A and the vector chamber D, one has
Pc = Pc+p - Pc-p;
(v) there exist a chamber C of A and a vector chamber D such that Pc = Pc+p - Pc—-p.
Moreover, these conditions imply:
(vi) G = BNB;
(vi bis) whatever the chamber C and the sector € of ., there exist a sector €' c € and an
apartment A containing C and €';
(vii) whatever the affine roots a and 8 of A such that B* C «, one has

Porp = Py - Pg;
(viii) for every affine root a of A, one has
Py = (ParaPo) U (PoPo),)-
(5.1.4) The proof of theorem (5.1.3) will occupy the following numbers, up to (5.1.21). We
already know that (i) implies (ii) (1.2.7) and that (i1) is equivalent to (ii bis) (4.2.5).
(5.1.5) Proof of the implication (ii bis) = (iii).
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Suppose condition (ii bis) realized. Let Q" and Q" be two transverse closed subsets of A,
such that Q = Q" N Q" contains a chamber. We wish to prove that

(1) Pg = Py - Por.

It is clear that we may suppose that € contains the chamber C. Let us first prove the following
lemma:

Lemma (5.1.6). — Let M be a subset of Q'. Then:

a) Q" and cl(” U M) are transverse and c1(Q U M) = Q' N cl(Q” U M),
b) Q" and c1(Q U M) are transverse and Q = Q" N cl(Q U M).

Since the intersection of two closed subsets is closed, one has cl(M U Q) c Q' Ncl(M U Q”).
On the other hand, if an affine root @ contains Q U M, then, since Q' and Q" are transverse,
eithera D Q',or@ D Q” and @ D cl(M UQ”). Since cl(M U Q) is the intersection of the affine
roots containing M U Q (2.4.5), one has cI(M U Q) > Q' Nncl(M U Q”), whence a). Similarly,
one has Q ¢ Q” Ncl(M U Q) and if an affine root « contains Q, eithera D Q”,ora D Q" > M
and @ D cl(M U Q). One deduces b) at once.

Lemma (5.1.7). — Suppose moreover that Q' contains a sector of direction D’. One then has
Pq C Pe+pr) * Por.

Let g € Pg. Let € be a sector of direction D’ contained in Q' and let €” be a sector of A
opposite to €’. By (ii bis) we may assume, after shrinking € and €” if necessary, that the two
sectors €’ and g.€” are contained in one and the same apartment A. Let us show that Q c A. It
suffices to show that every chamber Cy C Q is contained in A. Let x € €’ and y € €” be such
that Cy C cl({x,y}) (2.4.9). It follows from (2.8.8) that Cy C cl({x, g.y}) C A, whence our
assertion.

Let moreover & € G be such that A = h.A and h.z = z for every z € A N A. The restrictions
of h and of pa.c (resp. of g 'and of PA:c) to A (resp. to g.A) coincide, since these are isometries
and they agree on C. Consequently the restrictions of 4 and of g~! to g.€” are equal, and one
has hg € Pgr.

On the other hand, one has Q” c cl(Q U €”). Indeed, if an affine root @ contains Q and
€”. it cannot contain &', hence a fortiori it does not contain Q’; since Q" and Q" are transverse,
it contains ", whence our assertion (2.4.5). As h and g belong to Pg, we conclude that
hg € P.uer) C Paor.

We have thus shown that g = h_lhg belongs to P¢jque’) - Por. To finish the proof it suffices
to remark that Q + D’ c cl(Q U €’).

Lemma (5.1.8). — Let Dy, ...,Dy be vector chambers such that Q' + D; c Q' for 1 < i < k.
Then

Py C PeyQ4p,+--+Dy) " Par-

Lemma (5.1.6) (applied toM = Q+Dj +- - -+ D;) shows that, for 0 < i < k, the closed sets €’
and Q7 = cl(Q"” + Dy +- - - +D;) are transverse and that their intersection is cl(Q+Dy +- - - +D;).
Lemma (5.1.7) then shows, since Q' contains a sector of direction D;,, that

P(@+Dy+-+D;) C Pci(@+D +-+Dyy1) * Pel(Q7+D;+--+D;)
C Pi(Q+D+--+Diyy) * P
whence the lemma.

Proposition (58.1.9). — Assume that condition (ii bis) still holds. Let a be a half-apartment and
C a chamber possessing a panel F contained in the wall O« of a. Then there exists an apartment
containing a and C.
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We may assume @ C A and C ¢ A. Let C’ (resp. C”) be the chamber of A admitting F as
a panel and contained in @ (resp. not contained in @). Take Q" = a, Q” = C’ U C”, whence
Q = C’. One sees at once that & and Q” are closed and transverse, since « is the unique affine
root containing C” and not C”. Let Dy, ..., Dy be the vector chambers on which the root "«
(1.3.8) takes negative values. One checks easily that@ = C" + Dj + - - - + Dy, and Lemma (5.1.8)

shows that
(1) PC' = P(Z . PC'UC"-

Now the proposition is nothing but the geometric translation of (1). Indeed, there exists an
element g € Pcr such that C = g.C” (2.3.7). Write g = hihy, with h; € P, and hy € Pcrycr.
One has C = g.C” = h;.C”, and C, like «, is contained in the apartment 2;.A. We leave it to
the reader to deduce (1) from (5.1.9).

(5.1.10) One may also formulate (5.1.9) as follows: let @ be a half-apartment and let F be a
panel contained in the wall of «; then the group P, is transitive on the set of chambers not
contained in a and admitting F as a panel.

If, with the notation of (5.1.9), one assumes moreover that C’ = C, then (1) reads B =
Py - (BN ryBrgy), from which one draws Bry B C P,roBryreB and finally

(1 bis) BroB = P,ryB.

Conversely, (1 bis) implies Br, C P,roB, whence B C P,roBr,and B = P, - (BNr,Br,), that
is to say (5.1.9) (1).

Corollary (5.1.11). — Assume (iibis) holds. For every closed subset Q; of A, the set of points
of A left fixed by all the elements of Pq, reduces to Q. If Q1 and €| are two closed subsets of
A, one has Pq, C Po if and only if Q] C Q.

Let@ € X and x € A — . Let F be a panel contained in da and let I" = (C,...,C’) be a
taut gallery between F and x. One has C C «*. If x were left fixed by all the elements of P,, the
same would hold for C (2.4.13), which would contradict (5.1.10).

Now let 1 be a closed subset of A and let x € A — Q. By definition (2.4.6) there exists
a € X witha D Q and x ¢ a. Then x is not left fixed by all the elements of P,, hence a fortiori
not by all those of Pq,, which establishes the first assertion of the corollary. The second follows
at once.

One should not believe that in general Q is the set of points of the building .7 left fixed by
all the elements of Pg: this may already fail when € is an affine root @ € X, or when Q equals
the whole of A. We shall see an example of this later (the case of SL;(Q5)).

Lemma (5.1.12). — Let C be a chamber of Q'. Then
Po C Puc) - Por.

We shall argue by induction on the length m of a minimal gallery I = (Cy, Cy,...,C,, = C)
of smallest possible length among the galleries with end C and origin contained in €. The
lemma is obvious if m = 0. Since C; c Q' for 0 < i < m, Q' being closed, the induction
hypothesis implies that Po C Pcyquc,,_) - Por, and Lemma (5.1.6) shows that one may assume
m = 1. Let then « be the affine root containing Cy and not containing C;. One has Q" C a;
otherwise ©” would contain a chamber C’ C A — a and one would have C; C cl(CoUC’) c Q”,
whence C; € Qand m = 0. Letthen g € Pg; the chamber g‘1 .C1 admits as a panel the common
panel of Cy and C;, and we may apply Proposition (5.1.9). There therefore exists an apartment
A’ containing a and g_1 .Cy, and there exists an element & € P, C Pg~ such that 7.A” = A. One
then has hg‘1 € PoNPc,and g = gh_l.h € Puuc)) - Par, Q.E.D.

(5.1.13) Let us now prove (5.1.5) (1) in the case where Q' contains a sector.
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One knows (2.4.5) that Q' is the convex hull of finitely many points x; and half-lines X;.
Now one sees easily that, if X is a half-line and D" a vector chamber, the enclosure of X + D’ is

the closure of a finite union of sectors. One deduces that there exist chambers Cy, ..., C; and
vector chambers Dy, . . ., Dy such that
Q= cl( | @i+ D,-)).
1<i<k

We already know that P C Pcj(+D,+-+Dy) - Po (Lemma (5.1.8)). It then suffices to apply
Lemma (5.1.12) a certain number of times in order to obtain the desired relation:

P C Pei((@+Dy+-+Dp)uC u--ucy) * Par € Por - Porr.

(5.1.14) Let us now complete the proof of (5.1.5) (1) in the general case. Let M be a segment or
a closed half-line with origin x € Q, contained in . Let X be the set of affine roots containing
Q and not containing M, and put Q” = (,cx @. Every affine root @ € X contains in its
interior the open half-line with origin x opposite to M. One deduces at once that Q" contains a
sector. Moreover, an affine root @ € X contains © and does not contain ', hence contains Q”.
Consequently one has Q" > Q”.

Let us show that Q = Q" N cl(Q2 U M) and that Q" and cl(Q U M) are transverse. Indeed, if
an affine root contains Q, then either it contains M and hence c1(Q U M), or it belongs to X and
contains Q. Since Q" contains a sector, one deduces from (5.1.13) that

Po C Pooum) - Par € Pequm) - Por.

Taking Lemma (5.1.6) into account, we are reduced to proving (5.1.5) (1) with Q" replaced
by c1(Q” U M). Now ' is the convex hull of finitely many points x; (for 1 < i < a) and closed
half-lines X ; with origin y; (for 1 < j < b). Letx be a point of Q; put M; = [xx;] for 1 <i < a,
M; = [xyiq] fora <i < a+b,and M; = X;_(44p) fora + b <i < a +2b. Applying the
preceding argument successively to the pairs Q', Q7 = cl(QUM;U---UM;) (for 1 <i < a+2b),
everything finally reduces to proving (5.1.5) (1) in the case where Q" C Q”, which is trivial.

The proof of the implication (ii bis) = (iii) is complete.

(5.1.15) Proof of the implications (iii) = (iv) and (iv) = (V).

It suffices to remark that, for every chamber C of A, one has C = cl(C + D) ncl(C — D)
and that every affine root containing C contains either C + D or C — D, i.e. that cI(C + D) and
cl(C — D) are transverse.

(5.1.16) Throughout the rest of 5.1, except in (5.1.18), we assume that condition (v) is satisfied,
and we denote by C (resp. D) a chamber (resp. a vector chamber) such that Pc = Pcip - Pc-p.

Lemma. — For every sector € of A, of direction D', there exists a chamber C' C & such that
PC’ = PC’+D/ . PC'—D"

Indeed, there exists w € W such that D’ = Yw(D). On the other hand, since V is a lattice
in YA and € is an open cone of A, there is a translation 7 € V such that tw(C) c €. Take then
C’ = tw(C): one indeed has Pcr = Pyyy(c4+D) * Prw(c-p) = P - Por—pr.

(5.1.17) Proof of (vi) and (vibis).

We have already seen (4.2.5) that (vi) and (vi bis) are equivalent. Let € be a sector of A, of
direction D’, and let C; be a chamber of .#. Let a be a point of A, put d = Sup,ec, d (a,x) and
let S be the ball of radius d and center a in A. Let b be a point of A such that S ¢ » — D’ and
let C’ be a chamber contained in the sector (b + D) N € such that Pc» = Pcryp - Por—pr. Let p
be the retraction of .# onto A with center C’ (2.3.5). Since p is the identity on A and decreases
distances (2.5.3), one has p(C;) ¢ S ¢ b — D’ ¢ C’ = D’. On the other hand, there exists an
element g € Pc such that p(Cy) = g(Cy). Write then g = xy, withx € Pc_p and y € Pcrypy.
One has x~'g(C;) = g(C)) since g(C;) c C’ — D', and consequently C; c g~1(A) = y~1(A).
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Since y € Pcr4py, this implies that the chamber C; and the sector ¢ + D’ ¢ € (where c is any
point of C’) are both contained in the apartment y~'(A). One passes from this to the general
case of (vibis) by transforming € by an element of G.

Remark (5.1.18). — On examining the preceding proof one sees easily that condition (vi)
G = BNB is implied by the following condition, weaker than (v):

(v bis) there exist a chamber C and a vector chamber D such that Pc = Pcyp - Pg for every
bounded subset Q of C — D.

Moreover, one can prove that conversely (vi) implies (v bis), and even implies

(iiibis) Let Q' and Q" be two transverse closed subsets such that Q = Q' N Q" contains a
chamber. If Q' is bounded and if Q" is contained in a sector, then Pg = Pgy - Por.

Finally, one can prove that, without making any supplementary hypothesis on the Tits system
(G, B, N, S), the condition (iii ter), obtained by adding to (iii) or to (iii bis) the hypothesis that
Q" and Q" are both bounded, is always satisfied. For this it suffices to prove the analogue of
(5.1.12) when Q' and Q" are bounded. This is done as in (5.1.12), but replacing the use of
Proposition (5.1.9) by that of Corollary (2.4.12).

(5.1.19) Proof of (vii).

Let @ and B be two affine roots of A such that f* C «@. There exists w € W such that
w(C) Cc @ N B. Let a be a special point of w(C). There exists an element w’ of the stabilizer
W, of a in W such that one of the faces of the vector chamber D’ = "(w’w) (D) is parallel to 0«
and to d3, and one may assume that C" = w’w(C) is contained in @ N B: indeed, if for instance
w'w(C) ¢ a, one necessarily has a € da, w'w(C) C a*, whence r,w'w(C) C @. Moreover
one has Pcr = Pcryp - Por_pr. On the other hand, either the affine root a contains C’ + D’ and
BDOC —-D,ora > C' —D and g D C' + D. Interchanging « and f if necessary, we may
assume that @ contains C’ + D’ and that 8 contains C’ — D’.

Let g € Pyrngp C P and write g = hk, with h € Pcyp and k € Pco_p. One has
h=gk e Pyan(cr-py. Now the closure of the convex hull of da N (C" —D’) and of C' + D" is
the whole affine root a. Consequently one has & € P, and likewise k € Pg, which proves (vii).

(5.1.20) Proof of (viii).

Let us resume the notation of (5.1.19), with 8 = (a*)+. Let x be a point of C” and let &y
be a half-line with origin x, contained in the open cone x — D’. Since da is parallel to a face
of D’ and since @ D x + D’, hence @ » x — D’, this half-line meets da in a point y, which we
may assume to be interior to a panel F € da. Let ¢ be the half-line carried by do with origin
y and let C; (resp. C;) be the chamber contained in @ (resp. a*) admitting F as a panel. For
z €9, let (Xp, ..., X, = Cy) be a taut gallery between z and C,. Since C; meets [yx], one has

C; c cl(C, U ) and there exists a minimal gallery (X = Co, Xg4+1 = Cy, ..., X, =C') (2.4.4).

Since C; C cl({z} U ('), the gallery I" = (X, . .., X,,) is minimal, again by (2.4.4).

Let g € Py,. Suppose first that g(C;) = C;. Since the enclosure of C; U da is the strip
a N (a”)4, it follows from (vii) that g € Py P4, .

Suppose now that C}, = g(Cy) # Cy. Put ¢’ = gr,(6) and € = gr,(y — D’). By (vi), there
exist a sector €’ ¢ € and an apartment A containing €’ and C’. Since ¢’ is contained in €, one
has 8’ N €’ # (. Take then a point z € ¢ contained in a chamber and such that gr,(z) € €', and
resume the minimal gallery I" considered above. The sequence

I = (gre(Xo), ..., 8ra(Xk) = gra(C2), Xk+1 =Cy, ..., X, =C)

is a gallery non-stuttering, since gr,(C,) = C’2 # Cy, and is of the same type as I'. It is therefore
also a minimal gallery. Since gr,(Xp) contains gr,(z), hence is contained in A as is C’, one
deduces that the whole of I is contained in A, and in particular C; U C}, ¢ A. Consequently
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A contains the convex hull of {y} U €', a convex hull which is nothing but €. In particular, A
contains the cone Y = (y — D) N da.

Let then & be an element of G such that 2(A) = A and such that & leaves fixed all the points
of AN A. One has h € Pcr N Py N Pc, and h(Cy) = C,. Write h = pq, With p € PoLp
and g € Pc_pr. Since C' — D’ meets C; and C, and contains Y, one has C, = = p(C,) and
p € Pcip N Py. But the closure of the convex hull of Y U (C" + D’) is equal to a, hence
p € P,. Finally, one has rap_lg(Cl) = C; and rap‘lg € Py,. By what we saw above, this
implies rop~lg € P (o), Po. One deduces

g € proP,Po C Par(,P(a*)Jrr;lraPa = P,r,P,

(since rQP(a*)Jrr;] c Py).
We have indeed shown that Py, C Py P(4+), U Pare P, Whence (viii), the opposite inclusion
being obvious.

(5.1.21) Proof of (i).

In view of (5.1.16) we may assume D = D. On the other hand, we have already seen (5.1.1)
that axiom (T 2) of Tits systems was satisfied.

Proof of (T 1). One knows that there exists an element n € N such that "v(n)(D) = —D. One
then has Pcyp € B and Pc_p € nBn~!. This, together with (v), shows that the group generated
by B and N contains Pc, hence contains B, which proves (T 1).

Proof of (T 3). Let us make A into a vector space by choosing as origin a special point o,
and let € be the sector o + D. This is a simplicial cone in A. Let . be the set of hyperplanes of
A which contain a face of €; the images of the reflections s for L € . form exactly the subset
R of "W. Let L € .Z and let r € N be such that v(r) = s;.. We have to show that

(1) BrBwB C (BrwB) U (BwB)
for every w € N. We shall first show that
(2) B U BrB is a group.

Let b € BY. Since b leaves fixed all the points of a sufficiently small sector contained in
@€, there exists a point x € r.€ such that rbr~! € P .. Replacing x by a point of x + r.C if
necessary, we may assume that x is the transform of a point of C by an element ¢ of v~!(V). One
then has

P . sCPc=tPct =tP g™ - tP. gt =P 5P 5
There therefore exist b € P g C BOand c € P € such that
3) rbr=! = byc.
Since rbr~! and b, belong to Px +(@nr ) ONe also has
“4) ceP gNP &,

Now € N r.€ is a cone with h nonempty interior in the hyperplane L, and L is consequently the
convex hull of the union of € N .€ and of — ((i nr. Q:) = (- €) N L. One therefore draws from
(4) that ¢ € P41 N P,_g. But the closed half-space E of A with wall x + L. and not containing
x + € is the convex hull of the union of x + L and of x — €, and one has ¢ € Pg. Let a be the
affine root with boundary L containing C. What precedes shows that there exist affine roots y
equipollent to a such that

(5) rbr-teB.p

It suffices indeed to choose y such that E O y*.
We shall now distinguish two cases:
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Ist case: (5) is satisfied for every affine root y equipollent to a.
Put then, for every affine root y contained in «,
rbr~' = byc, withbh, € B andc, € P,..
One has cyc,! € P, NBO. But the convex hull of a sector of direction D and of o* is the whole

of A; consequently one has P, N B® = H and ¢, € HP,» = P.. Since the intersection of the
subgroups P, for y C a reduces to H, one draws ¢, € H and finally rbr~! € 8.

2nd case: there exists a smallest affine root y equipollent to a such that (5) is satisfied.
Let us then use (viii). One has

(6) Py =1,Pyr, C (PyryPy) U (P,P(y,).

Since P, ¢ B and since rbr~! ¢ BOP(,+,, one sees that ¢, € P,r, P,, whence
(7) rbr~! e QSOPyr),P7 - %Ory%o = %Orr_lry%o c BB
since r"ry ev (V) c B.

In both cases we have therefore shown that rbr=! € B U B%8B. One thus has rB% 1 c
BO U BB and

rBr = rBY T (V)r = r8% v (V)r ¢ (B° U BBy (V) = BUBrSB
which implies at once that B U BrB is a group.

Let now w € N and suppose first that the length of 'v(rw) (with respect to the generating
system R of YW) is greater than that of "v(w). By ([5], chap. V, § 3, n° 2, th. 1), this means
that the vector chambers D and "v(rw).D lie on either side of the hyperplane of A parallel to
L; consequently, for every affine root y equipollent to @, there exists a sector €’ c € such that
rw.C" C y*, whence P,+ C P,,, ¢ and

(rw)_le*rw c Pg c B
Let then b € BY. By (5), there exist an affine root y equipollent to @, an element b; € B and an
element ¢ € Py such that rbw = rbr~'rw = bjcrw. One deduces
rbw = birw(rw) lerw € Brw - (rw)_lP,,*rw C BrwB.
Since v~ (V) is normal in N, it follows that
(8) BrBwB C BrwB  when £(*v(rw)) > €(Vv(w)).

Suppose now that the length of Yv(rw) is smaller than that of "v(w). Substituting rw for w
in (8), one draws BrBrwB c BwB, whence, using (2),

9) BrBwB c BrBr ' BrwB c (BUBrB)BrwB = BrwBUBrBrwB c BrwBUBwB.
We have thus indeed proved (1), that is to say (T 3).

The quadruple (G, B, N, R) satisfying axioms (T 1), (T 2) and (T 3) of Tits systems, one
knows ([5], chap. IV, § 2, n® 3, remark) that G = BNB, that is to say that (ii) is satisfied. It
follows that condition (iv) is satisfied.

Let us finally prove axiom (T 4):
rBrl B (for r = sy, with L € ).

Suppose there exists a hyperplane L € . such that rBr~! = B (withr = s1). € =x+Disa
sector of direction D, one has

Ps c B° crBr ! = v 1 (V)r8% 1

For every element g € Pg there therefore exist a sector €’ of direction D’ = Vv(r).D, an element
h € Py and an element ¢ € v~!(V) such that g = th. Let E (resp. E’) be the enclosure of € U €’
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(resp. € U £.€’); it is a convex subset of A and one has g.E = E’. Moreover, the map y — g.y
from E onto E’ is affine, reduces to the identity on € and to the translation y + 7.y on €’. One
concludes that v(¢) = 1 and that g € Pg . In other words, every element which leaves fixed the
points of a sector of direction D also leaves fixed the points of a sector of direction D’.

Let then C’ be the chamber contained in € to which o is adherent. What precedes implies
that Pc/yp C Pcrypr. Using (iv), one draws
(10) Pcr = Peryp - Po-p C Pervpr - Por-p C P(cr+p))n(C’-D)-
Now the only affine root which contains C’ and does not contain »(C’) is the affine root @ with
boundary L containing C’. It follows that the chamber r(C’) is contained in the intersection
(C"+D’) N (C’-D), and one deduces from (10) that Pcr C P,.(cry, which is impossible since the
stabilizers of two distinct chambers are two distinct parahoric subgroups. We have thus reached

a contradiction and axiom (T 4) is satisfied.
This completes the proof of (i) and consequently of Theorem (5.1.3).

Remark (5.1.22). — Condition (viii) implies the following condition:

(viii bis) The union of two half-apartments with the same wall having no chamber in common is
an apartment.

Indeed, suppose (viii) satisfied and let M and M’ be two half-apartments with the same wall,
having no chamber in common. We may obviously restrict ourselves to the case where M’ is
an affine root @ of A. There then exists an element g € Py, such that g(A) is an apartment
containing M (2.5.8). Replacing g by gr, if necessary, we may assume that g(a) = M. Since

MnNa contains no chamber, one has g ¢ P, - P(,+),, whence, by (viii), g = hr,h’, with h, h’ € P,,.

Then M = hry (@) = h(a®) and M U @ = h(A), which proves (viii bis).
Conversely, one can show that condition (viii bis) implies (viii).

(5.1.23) Until the end of 5.1 we assume that (G, B, N, S) is a double Tits system. For every
affine root a, the subgroup Py, is then generated by P, and P,-. Indeed, by (5.1.10) there exists

an element u € P,- which does not leave fixed a chamber C contained in a and bordered by da.

One then has u ¢ P, - P(o+),, whence P,uPy = Pyro P, by (viii).

On the other hand, the set of points of .% left fixed by every element of Py, reduces to da.
Indeed, let x € .# not belonging to da and let y be a point of a panel F contained in da. If x is
invariant under Py,, the segment [xy] is likewise left fixed pointwise by Py,. Now there is a
chamber C admitting F as a panel and containing a point of [xy]. This chamber would then be
invariant under Py, , which contradicts (5.1.10).

Lemma (5.1.24). — Let a and B be two affine roots of A. In order that a* = f3 it is necessary

and sufficient that the group generated by P, and Pg leave fixed no chamber, but leave fixed a
panel of .Z.

That the condition is necessary follows from (5.1.23). Conversely, if the affine root S is not
equipollent to o*, the group generated by P, and Pg leaves fixed a chamber, since @ N § has
nonempty interior. The same holds when 8 2 «a*. If 8 C «a”, the fixed points of the group
generated by P, and Pg are contained in the set of fixed points of the group generated by P,
and P~ (resp. Pg and Pg-), that is to say, by (5.1.23), in da (resp. ). If moreover 8 # a*, one

has da N 9B = 0, which proves that the condition is sufficient.

(5.1.25) It follows from (5.1.24) that the datum of the set of subgroups P,, for @ € X, allows
one to determine the pairs (P,, P,+), hence also the walls da (5.1.23), and consequently the
apartment A, which is the convex hull of the union of the da. Consequently:

Proposition. —
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(i) In order that an element g of G belong to N, it is necessary and sufficient that the inner
automorphism defined by g permute among themselves the subgroups P, for a € X.
(ii) One has H = ﬂ P, = ﬂ Norm P,,.

aeX aeX

(5.1.26) For every affine root a of A, let us give ourselves a subset U,, of P, such that P, = H.U,.
One then sees easily, using (5.1.10), that for every chamber C bordered by da and not contained
in «, there exists an element u € U, such that u(C) # C. One deduces, as in (5.1.23) and
(5.1.24), that the set of points of .7 left fixed by U, U U,~ reduces to da, and that, if @ and g
are two affine roots, one has g = «* if and only if U, U Ug leaves fixed a panel and leaves fixed
no chamber of .#. One may then generalize Proposition (5.1.25) as follows: in order that an
element g € G belong to the stabilizer N of the apartment A, it is necessary and sufficient that
for every affine root a of A there exist an affine root B of A such that Pg = HgU,g™ .

(5.1.27) Let Q be a nonempty closed subset of A and let L be the affine subspace of A generated
by €. Since € is a convex union of facets, one may choose a facet F ¢ € which is open in
L. Let A be a connected component of the complement X in A of the union of the walls of A
containing L. The orthogonal symmetry with respect to L transforms A into another connected
component of X, denoted A’. One denotes by Co (resp. C{) the unique chamber contained in A
(resp. A”) and containing F in its closure.

Lemma. — Let C be a chamber of % containing F in its closure. There exists an apartment
containing C and A.

Let I" = (Cy,Cy,...,C, = C) be a taut gallery between Cy and C. Let us first show, by
induction on i, that F ¢ C; for 0 < i < m. This is true by hypothesis for i = 0. Let A be an
apartment containing Cy and C, hence I'. Suppose i > 0 and let M be the wall of A separating
Ci-1 and C;. Since M separates Cy and C (2.3.10) and since F C 60 N C, one has F ¢ M. By
the induction hypothesis, F C El-_l, hence Fc M N E,-_l = E,-_l N Ei and F C Ei.

Let us now prove the lemma by induction on m. If m = 0, there is nothing to prove. If m > 1,
there exists by the induction hypothesis an apartment A con-taining A and C,,_;. By (2.5.8),
there exists g € P with g.A = A. Replacing C by g.C, one sees that one may assume C,,_; C A.
Let then a be the affine root containing C,,—; and whose boundary da contains Em_l N C. Then
Oa separates Cp and C (2.3.10) and one has Cy C . Since da D F, one has A C @. But (5.1.10)
implies that there exists an apartment containing C and a, whence the lemma.

Proposition (5.1.28). — Let us keep the notation of (5.1.27). Put Ng = Po NN and let Q be
the intersection of the affine roots a such that @ O Q and Q ¢ «a*. Then Q is a closed subset
with nonempty interior and one has

Pq = PANqPAPg = Py - P,

The affine roots « satisfying Q C o and Q ¢ o* are those satisfying Q € @ and Q ¢ da, or
again Q C @ and F ¢ da. Let us show that

(1) Q=cl(QUCyuUC)).
Indeed, if @ > Q and da ? F, the facet F is interior to «; since F C Eo N Ez), one concludes

that Co U C|, C @. Conversely, if @ > QU Cy U C|, then da 2 F, since every wall containing

F separates Cp and C|,. Whence (1). It is then clear that Q is a closed subset with nonempty
interior.

Letnow g € Pq. Put C = g.Cy. By Lemma (5.1.27), there exists an apartment A containing
C and A, and consequently an element u € P such that u.A = A (2.5.8), whence ug.Cy C A.
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There then exists n € N with nug.Cy = Cy, and n is the identity on Eo N ug.Eo D F. Hence n is
the identity on L and n € Ngq.

Put C’ = nug.Cj. Again by Lemma (5.1.27), there exists an apartment A’ containing A and
C’, whence an element u’ € PA such that g’.C{) C A, on putting g’ = u nug Since g’.Cy = Cy,

one has w(Co, Cj)) = w(Co, g’.C)) (with the notation of (2.1.7)), whence g’.C;, = C by (2.3.8).

Hence g’ € Paucyuc, and g’ € Pg by (1). Finally one has indeed g = u 1n lwlg e

PANqPAPg, whence the proposition.
Corollary (5.1.29). — Let ¢ : G — G be a B-N -adapted homomorphism. Let us resume the
notation of (4.1.1) and put ZVQ =Nn ﬁg and N\; =NN 1/’}2 One has

a)  Po=(N]NNa)g(Pa) = ¢(Py)Nog(PaPg) = PANoPAPg;

b)  Py=(NynNY@(Pa) = p(Pa)Nyp(PaPg) = PAN,PAPG.

Letg € P),. By (2.5.8), there exists & € Pg with h.g~'.A = A, whence ¢(h)g™' e NNP], =
ﬁ}z Hence }3\5 = Ngo(Pg). But, if n € No, n.A is a connected component of X and there exists
n’ € Ng such that n’.n.A = A, whence N}g = (]VZ N ﬁg)go(Ng). This proves the first of the
equalities b). On the other hand, if n € N, one has nPan~! = P5, whence ng(Pp)n~" = ¢(Py)
since ¢(G) is normal in G and since ©(Pp) = o(G)N Pa. One deduces the other equalities b),
and a) follows at once from b).

Remark (5.1.30). — It is clear that ﬁg = ]VL. On the other hand, one may have ﬁ;z * ﬁz
Moreover, one has

(1) NinNg= 9—1(WEO N Wg)

since Co is the only chamber contained in A and admitting F as a facet. One concludes that

H <p(PQ) is a normal subgroup of finite index of Pg, the quotient Po/H ¢(Pg) being isomorphic
to W ﬂ W}:

Proposition (5.1.31). — Every B-N-adapted homomorphism is also B-N-adapted.

Letg: G — G be a B-N- adapted homomorphism. One knows that G = go(G) N. Since
N normalizes @©(N) and @(v~1(V)), it suffices to show that, for every n € N, there exists
neN such that ¢(n’)n normalizes ©(B%). One may write w = P(n) = w'w”t, with w’ € Wy,
w” € W pandz € V (where x is a special point of A). Let n’ € v~!(w’). For every sector €
of directlon D of A, one then has

ne(Pe)n™" = @(Pyryn(s)) = @(n'Pen’™)
where €’ = w”t(®) is asector of A, of direction D. One therefore has no(B%)n~! = (0’81,
whence the proposition.

Let moreover "w be the homomorphism from G into Aut("W, R) associated with ¢ (regarded
as a B-N- adapted homomorphism). One knows that "w is trivial on ¢(G) and we have just
shown that G = ¢(G).E,withE = {g € N | '"7(g).D =D}. If g € Eandn € N, one has (1.2.20)

"w(g)(v(n) = "v(ge(n)g™") ="9(g) "v(n) "9 (g)”"
which shows that "w restricted to E is identified with the composite of "V and the canonical
isomorphism of VWT onto Aut("W, R) ((1.3.18)(4)). It follows that the kernel Véo of w is
equal to go(G)v‘l(V) Moreover, since v 1(V) normalizes ¢(B) and smce ©(B) is its own
normalizer in (p(G) one deduces that Stab B N VGO o(B) - _I(V) = B, which shows that
the notation B is coherent with (1.2.17).
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Corollary (5.1.32). — If ¢ : G- GisaB-N -adapted homomm:phism of connected type (4.1.3),
then G = "Gy, one has N N B = 9v~1(V), the quotient group N/B NN is identified with "W, and
the quadruple (G, B, N, R) is a Tits system with Weyl group "W.

Since "W = YW, one has E = Q_I(V), whence G = Vé(), and the corollary follows from
(1.2.17).

(5.1.33) One knows ([5], [39]) that to every Tits system one may associate an abstract simplicial
complex, which we shall here call the combinatorial building of the system, whose simplices
represent the parabolic subgroups, the face relation corresponding to the inverse of the inclusion
relation. In what follows we shall briefly indicate the relations between the building .# and the
combinatorial building of the Tits system (G, B, N, R) with Weyl group "W, which we shall
denote by ".#. By definition, the chambers of *.# are in bijective correspondence with the
minimal parabolic subgroups, that is to say with the conjugates of B, this correspondence being
compatible with the action of G on ".# on the one hand and on the set of conjugates of B (by
inner automorphisms) on the other. _

Moreover, the group B is the stabilizer of the sector germ Cg (2.9.2) containing the sectors
x + D forx € A, and it is easy to see that G operates transitively on the set of sector germs of
#, the stabilizer of g.Cg being gBg~!. Since B is its own normalizer, one deduces a bijection
compatible with the action of G between the set of sector germs of .# and the set of minimal
parabolic subgroups, or again the set of chambers of *.: the chamber f(€) associated with the
sector germ € is the one whose stabilizer coincides with that of €.

Moreover, sector germs €; (1 < i < m) are contained in one and the same apartment of .
if and only if the chambers f(Q;) are contained in one and the same apartment of V.# (recall
that an apartment of *.# is the transform by an element of G of the subcomplex YA of *.# whose
simplices are those associated with the parabolic subgroups n‘Bn_1 for p > Band n € N). To
show this, it suffices to see that € c A is equivalent to f ((i) C YA, which is obvious, since
€ CAis equivalent to the existence of an n € N with € =n. (ig; One deduces at once that
there exists one and only one bijection, again denoted f, from the set of apartments of & onto
the set of apartments of *.%, such that a sector germ & is contained in an apartment A if and
only if the chamber f(Q) is contained in the apartment f(A). It is clear that this bijection is
compatible with the action of G on .# and on ".#.

It follows in particular from what precedes that to every automorphism 6 of the building 5
there corresponds one and only one automorphism v(8) of *.# such that v(0). f ((S) = f(6. (E)
for every sector germ € of .#. One thus obtains a homomorphism v from Aut .# into Aut’.#, a
homomorphism which is injective. Indeed, if v(6) = 1, then 6 preserves all the apartments of .#.
Now one sees easily that each facet F of .# has as closure the intersection of the apartments of
.# which contain it; one deduces that 6.F = F for every facet F of .#, whence 6 = 1. This makes
it possible to use, for the study of Aut.#, the results established in [39] on the automorphism
group of a combinatorial building associated with a Tits system with finite Weyl group.

5.2. Axiomatic characterization of the family of the Po. —

In n® (5.2.1) to (5.2.27) we abandon the hypotheses and notation adopted in §§2 to 4,
retaining only those of (1.5.2). We denote by G a group, by N a subgroup of G, by v a surjective
homomorphism from N onto W, and by H the kernel of v. We put W = N/H and we denote
by S the inverse image of S in W under the isomorphism of W onto W deduced from v (an
1somorphism by means of which one will sometimes identify W and W). One is given, for every
affine root @ € X, a subgroup P, of G. For every subset Q of A, one denotes by Pq the subgroup
of G generated by H and the P, for @ € X and @ D Q. It is clear that

Pgo = Pgq)-

64

p. 96

p. 97



We shall impose on these data conditions ((5.2.1)(1) to (6)) which will imply that
(G, Pc,N,S) is a double Tits system. Later (5.2.27) we shall show that, conversely, the sub-
groups P, associated as in § 4 with a double Tits system satisfy these conditions, the notations
Pg being concordant. This will make it possible to apply to the case of double Tits systems the
results on the structure of the groups Pg which we shall prove in (5.2.6) et seq.

(5.2.1) We assume, up to (5.2.27), that the preceding data satisfy the following six conditions:

(A1) For everyn € N and every a € X, one has nPon~! = Py(n).a-

(A2) Let a € X. For every B € X with 8 2 a, one has Pg C P, and the intersection of the Pg
for B D a is equal to H.

(A3) Let a, B € X be such that a N B has nonempty interior, and let Q be the intersection of the
affine roots containing a N B and not containing «. Then P, Pq is a group.

(A4) For every a € X, the subset Py P4+, U Pov Y (ro) Py is a subgroup of G.

(A5) For every x € A and every vector chamber D, one has P,.p N Py_p = H.

(A 6) The group G is generated by the union of the P, for a € X.

(5.2.2) Itis clear that (A 1) implies
(A 1bis) nPon™' = P,na  forne NandQ c A.

Using then the transitivity of "W on the vector chambers, one sees at once that, granting (A 1),
it suffices to assume (A 5) for one vector chamber D. Moreover, (A 2) shows that for = « the
notation Pg is unambiguous.

On the other hand, let us place ourselves in the hypotheses of (A 3). Since every affine root
containing @ N B contains either a or , one deduces at once from (A 2) and (A 3) that one has

(D Porp = PoPo.
Suppose moreover that 8 2 a*. Then one has Q = § and
(2) Ponp = PoPg.

In particular, one has

3) Punar), = PoP(av),-

(5.2.3) By (A2)one has H C P, for every @ € X. In what follows one denotes by U, a system
of representatives of P, modulo H, i.e. a subset of P, such that the map (u, h) — uh from
U, X H into P, is bijective. One assumes the U,, chosen in such a way that U, D> Ugfora, € X
with @ C B. In the applications we have in view, the U, will be subgroups of P,. One also puts
Uar = {1} and U, = Uv,=, U, fora € "X.

(5.2.4) Let Q be a nonempty subset of A. One denotes by T (Q) the set of affine roots containing
Q, and by X(Q) the set of minimal elements of i(Q), ordered by inclusion. Since Q # (), every
element of X() contains one and only one element of X(Q). The map a — "« restricted to
X (Q) is evidently injective. Let VX (€2) be its image; for a € X () one will write a(€2) for the
unique element of X(Q) satisfying 'a(Q) = a. If a € VX — "X(Q), one puts a(L2) = A. One has

Ad@= () a= () a= () a@=[)a.

X (Q) aeX(Q) aevr(Q) aevy

(5.2.5) Let Qbe a subset of A containing a sector of direction D. Then one has YX(Q) c YE*(D).
Indeed, for every a € X there exists x € A suchthata = {x +¢ | t € A, Ya(t) > 0} (1.3.8).
If Yo ¢ "X*(D) and z € D, one has "a(z) < 0. Let then y € Q and u € R, be such that
wa(z) < 'a(x —y). One has y + uz € Q+ D c cl(Q) and Ya(y + uz — x) < 0, whence
y+puz¢ aand a ¢ X(Q).
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It follows (1.3.15) that one may order VX(Q) according to a nibbling order.

Proposition (5.2.6). — Let Q be a subset of A containing a sector and let (ay,...,ay)
be the elements of YX(Q) arranged according to a nibbling order. The product map
7w (uy,. .. up h) > uy...u,his a bijection of [Ti<j<n Ua;0) X H onto P,

We shall prove this proposition by induction on n, the assertion being obvious for n = 0 and
n = 1. Suppose n > 1 and put Q" = (<, a;(£2), whence cl(Q) = a;(€2) N . Since a; is
extremal in {ay,...,a,}, the half-space {r € YA | a;(t) < 0} does not contain the intersection
of the half-spaces {t € YA | a;(t) < 0} for 2 < j < n, and one concludes immediately that no
affine root equipollent to a;(£2) contains Q’, which implies that "X(Q") = {a»,...,a,}. Since
(ap,...,ay,) is a nibbling order, one has by the induction hypothesis

PQ/ = Uaz(Q) . e Uan(Q)H

Let us now show that Q = U, q)Pq is equal to Pq. For this it suffices to show that Q is
stable under left multiplication by a generating system of Pg. Now it is obvious that HQ C Q
and that Uy, Q C Q. since HUy ) U U; o C Payi@) = Us@H and since H € Po. If
J = 2, one has by (5.2.2) (1)

Py @)na; @) = Pay@Pa; = Uy @) Pa;
where Q; denotes the intersection of the affine roots containing a1 () Na; (L) and not containing

a1(Q). But these affine roots contain Q and do not contain a;(£2), hence they contain . One
therefore has Q; > Q' and Pq; C Pg. Whence

Ua; )0 = UsjiUay@) Py C Pay@)naj@Pe = Udgy)Pa;Par
C Ual(Q)PQ’ = Q
We have thus shown that 7 is surjective.

Let us now show that « is injective. Let h,h’ € H and uj,u;. € U, be such that
ui...uyh = u’l ...uyh’. Since a; is extremal in {ay, ..., a,}, there exists a vector chamber D
such that a; € "2*(D) and a; € —"X7(D) for 2 < j < n. If x is a point of Q, one then has
a1(Q) D x—Dand Q" D x + D, whence

W 'uy € Py NPoy C PyopNPyp=H

and u; = u}. The induction hypothesis then implies u; = u; for every j, whence the injectivity
of m.

(5.2.7) One may express Proposition (5.2.6) in a slightly different form. Let  be a subset
of A containing a sector of direction D. Let us arrange the elements of YX* (D) in a nibbling
order (ay,...,ay,). Then the product map (uy,...,un, h) — uy...u,h is a bijection of
[Ti<j<m Ua;@) X H onto Pq: this follows immediately from the fact that the order induced on
"X(Q) is nibbling (1.3.15), and from the definitions of a;(£2) (5.2.4) and of Uy (5.2.3).

(5.2.8) For every @ € X, the product map (h,u) +— hu is a bijection of H x U,' onto
P,. Consequently one deduces from (5.2.6) the following assertion, which generalizes (5.2.6):
with the notation of (5.2.6) (or of (5.2.7)), the product map (uy,..., Uk, By Ugs1,...,Uy) F>
ui ... uphiger ...y is abijection of [Ti< cx Ua, ) X H X [Tis1<)<n U;/_l onto Pg, for any k

with 0 < k < n.

()

Proposition (5.2.9). — Let Q be a nonempty subset of A and let D be a vector chamber. Let us
arrange the elements of "E(Q)N'YX" (D) (resp. "2(Q)NVX* (=D)) in a nibbling order (ay, . . . , a,)
(resp. (b1, ...,by)). The product map (uy, ..., uy, h,vi,...,vy) ¥ uy...uhvy...v, from
[Ti<j<n Ua;@) X H X [Ti<kam Ul:kl(g) into Pq is injective.
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One has cl(Q + D) = (<<, @,(€) and cl( — D) = M <x<m i (L), whence
Usy@) - - -UayyH C Poyp  and U;ll(g) .. U;n{(g) C Po_p.

If, with obvious notation,

Ui Ughvy o v =uy o BV,

then

g=(uj... u;l)_lul couph =RV, (v V) "' € Paip N Po-p.
But, if x € Q, one has Pg.p N Po-p C Py+p N Pr_p = H, whence g € H. It then suffices to
apply (5.2.6) and (5.2.8) to cl(2 + D) and to cl( — D) in order to draw u; = u; and vy = v} for
I<j<nandl<k<m.
Lemma (5.2.10). — Let Q be a subset of A with nonempty interior. For every vector chamber
D, put OQp = Po+p - Po-p. The subset Qp is independent of the choice of D.

It suffices to prove that if r is the reflection with respect to a wall of a vector chamber D, one

has Op € Q,(p). Now one may arrange the elements of "2*(D) in a nibbling order (a, ..., am)
in such a way that r is the reflection with respect to the hyperplane a; = 0 (1.3.15). Then
(-ai,...,—ap) is a nibbling order on YX*(-D), and one has (5.2.8)

Poip = HU;}(Q) LU @ = Uan(@ - Usy @ H
whence

-1 -1

(1) QD = Uam(g) ...Ual(Q)HU_aI(Q) ...U_am(g).
Since a1 () N (—a;(Q)) contains the nonempty interior of €, one has ((5.2.2) (2))

-1 -1
2) Ua@HUZ, () € Paj@n-a1@ = P-a;@Pai(@ = U-ay @HU, (q)

But cl(Q —7(D)) = (—a1(2)) N MNacj<m () and cl(Q +7(D)) = a1 () N (MNacjem(—a;(L2)).
Hence (1) and (2) imply
Op C Poir(p)Pa-—rd) = Or(D)-

Proposition (5.2.11). — Let Q be a subset of A with nonempty interior, and let D be a vector
chamber. One has Py = PoipPao-p. If one arranges the elements of VE(Q) N VXY (D) (resp.
Y2(Q) NYEY(=D)) in a nibbling order (ay, . . .,ay) (resp. (b1, ..., b)), the product map

(U1, sy, oV, oo V) UL UV Yy,
is a bijection of [11<j<n Ua;@ X H X [Ti<k<m U;kl(g) onto Pq.
For every root a € "X(Q) there exists a vector chamber D’ contained in the half-space a > 0.
One then has U,q)Po+p' C Po+pr. Since PopPq p = Poip'Po-p (Lemma (5.2.10)), one

deduces that Po,pPq-p is stable under left multiplication by H and by the U, (q) for a € "X(Q),
hence by Pq, whence the first assertion. The second then follows from (5.2.6) and (5.2.9).

Remark (5.2.12). — As in (5.2.8), one may move the factor H within the product considered,
provided one multiplies by —1 the exponent of those U, which one moves from one side of H
to the other.

Remark (5.2.13). — Let a € "X. One may arrange the elements of "X in an order
(ai,...,ay) such that a = ay and such that, with the notation of (5.2.4), the product map
Jrom [Ticj<i Ua;0) X H X [i<jsm U;jl(g) into Pq is injective (resp. bijective) for every subset
Q of A (resp. for every subset Q of A with nonempty interior), and every k with 0 < k < m.

It suffices indeed to choose the vector chamber D and the nibbling order on "X* (D) in such
a way that a is its first element, then to choose a nibbling order on "X*(-D) and to apply (5.2.9)
(resp. (5.2.11)).
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Such an order on "X will be called admissible.

Corollary (5.2.14). — Let a € X and let Q' be a closed subset of A such that Q = a N Q' has
nonempty interior and such that « and Q' are transverse (5.1.2). One has Pg = P, - Pgy.

Let us arrange the elements of "X in an admissible order (ay,...,a,) in such a way that
ay = "a. One then has, by (5.2.13):
(1) Pg = Ual(Q)Uaz(Q) e Uam(Q)H.

But the affine roots a;(Q) for a; € "£(Q) and j > 2 do not contain a;(£2), hence contain £’

On the other hand, either a;(Q) D ', or a;(Q) D a, whence a;(2) = a. In both cases, (1)
indeed implies Po = P, - Pg.
Corollary (5.2.15). — Let « € X and let C be a chamber contained in o and having a panel
contained in da. One has Pc = Py - Pcuy,(0)-

It suffices to apply (5.2.14) to Q" = C U r,(C).

Proposition (5.2.16). — Let Q and Q' be two closed subsets of A, with nonempty interior and
such that QN Q" # 0. Then one has

Po N Py = Pejquay)-
If moreover Pg C Pg, one has Q D Q.

Itis clear that P¢jquoy C PaNPg . Onthe other hand, letx € QN andlet g € PoN Py C
P(yy. Let us arrange the elements of "X in an admissible order (a,...,a,). By (5.2.13) one
has

g=uy...uph=vy...vuk
withh,k € H,uj € Uy o) and v; € Uy (o) for 1 < j < m, whence u;,v; € Uy, ((xy)- Applying
(5.2.9) to Py, one concludes that u; = v; for every j, whence
uj =v; € Ugy) NUsjr) = Usj@)ua; @) € Ugjuey)
and finally g € Pqugq, which proves the first assertion of the proposition.

If moreover Po C Pg/, what precedes shows that Uasji@ € Usgj)s whence (by (A 2))
a;j() Da;()forl <j<m,and QD Q'

Corollary (5.2.17). — Let a € X and let C be a chamber contained in a and having a panel
contained in da. One has Py« N Pc = P4,

It suffices to apply (5.2.16) with Q = ¢* and Q" = C.
Lemma (5.2.18). — Let C and C’ be two chambers. If Pc D Pcs, one has C = C'.

Suppose Pc O Pcr with C # C’. One can find x € C and y € C’ such that y — x belongs to
a vector chamber D and such that the segment [xy] meets no facet of codimension > 2. Let C;
be the chamber adjacent to C meeting [xy]. One has

Pc, = Pci4+p - Pc,-p C Pyyp - Py p C Pc- Pc = Pc.
Since El NC # (0, Proposition (5.2.16) then implies C C El, which is absurd. One therefore
indeed has C = C'.

Theorem (5.2.19). — Put B = Pc. One has BN N = H and the quadruple (G,B, N, S) is a
saturated Tits system of affine type, the homomorphism v defining by passage to the quotient an
isomorphism of the Coxeter system (W, S) onto (W, S). Moreover, (G, B, N, S) is a double Tits
system (5.1.1) and the notations Pg are coherent with those of § 4: if one identifies A with its
canonical image in the building .% of (G, B, N, S), the subgroup Pg, is, for every subset Q of A,
the fixer of Q in G.

The proof of this theorem will occupy n®® (5.2.20) to (5.2.26).
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(5.2.20) For every affine root @« € X, there exists w € W such that w.C C «, whence
P, C P,.c =nBn~! forn € v=!(w). Condition (A 6) therefore implies that G is generated by
BUN.

On the other hand, let » € B N N. One then has nBn~! = B, whence Pym.c = Pc and
v(n).C = C by Lemma (5.2.18). One therefore has v(n) = 1 and n € H. This shows that
BN N = H and that BN N is normal in N, the quotient group being W. Consequently, axioms
(T1) and (T 2) of Tits systems are satisfied.

(5.2.21) Let us show that H = ),y nBn~! (which will imply that the Tits system is saturated

(1.2.12)). Indeed, let g € (), nBn~". For every bounded closed subset Q of A containing C,
one can find a sequence of chambers (C;)o<i<, WithCy = C, such that, if one puts Q; = | J<;< i Cis

one has €; N Ej+1 # ( for every j and Q, = Q. Since g € Pc for every chamber C, one sees by
induction on j that g € Pq, for every j: it suffices to use (5.2.16). Hence g € Pq. Let us then
arrange the elements of X in an admissible order (ay,...,a,) and write g = uy ... u,h, with
h € H and u; € Uy, (c). Since g € Pq, one has u; € Uy, (q) for every bounded closed subset €2
of A containing C, whence u; € H by (A 2) and finally g € H, which was to be proved.

(5.2.22) Let us now prove axiom (T 3). Let » € S and let @ be the affine root containing C such
that r = r,. By (5.2.15) one has B = P, - Pcur(c)- Let n € N; one therefore has

rBnB = rPCU,(C)PQnB = PCUr(C)rPQnB.
If v(n)~' (@) o C, one has n"!P,n c B, whence
(1) rBnB C PCU,(C)rn(n_lPan)B C BrnB.

If v(n)~!'(a) » C, one has v(rn)~'(a) > C and (rn)~'Pyrn C B. On the other hand one has,
by (A4),

rPor C (P(a), Pa U ParPy) C (B U BrP,)
whence

rBnB = Pcy,cyrPorrnB C (BrnB U BrP,rnB)
(2)

= BrnB U Bn(rn)~'P,rnB = BrnB U BnB
and formulas (1) and (2) prove (T 3).

(5.2.23) Finally, Lemma (5.2.18) implies rBr~' # B for every r € S, that is to say axiom (T 4).

We have therefore indeed proved that (G, B, N, S) is a Tits system of affine type, and saturated
by (5.2.21).

We may therefore construct the associated building ., the canonical map j : A — .#, and
consider the fixer in G of the image j(£2) of a subset €2 of A, a fixer which we shall provisionally
denote by Pg One knows that Pc = Pc for every chamber C (2.1.5). If « € X and g € P,, one
has g € Pc for every chamber C C a, whence g € P,. Since Pg is by definition generated by
H and the P, for @ D Q, this implies Pg C P, for every Q C A.

(5.2.24) Consequently, by (5.2.11), one has
Pc = Pc = Pcip - Pc-p € Pesp - Pe-p € Pc

for every chamber C and every vector chamber D, which shows that condition (iv) of Theorem
(5.1.3) is satisfied. In other words, (G, B, N, S) is indeed a double Tits system.

(5.2.25) To complete the proof of Theorem (5.2.19) it only remains to prove that ﬁg = Pq for
every subset Q of A.

Suppose first Q closed and with nonempty interior. One may assume moreover that Q > C.

Let us arrange the elements of "X in an admissible order (ay,...,a;). If g € ﬁg C ﬁc = Pc,
one may write g = uj ...unh, withu; € U, (c)and h € H. Let j € {1,...,m}. There exists a
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chamber C € Q with a;(C) = a;(Q). LetI" = (C,Cy,...,C,; = C) be a taut gallery between
Cand C. One hasI' c Q and g € Pc, = Pc, forevery i = 1,...,q. One may therefore write
g = u’l . ufnhi with u’}c € Uy (c;) for 1 < k < m and hi € H. But C; N Ciy; # 0 and one sees,
on placing oneself in P (= and using (5.2.13), that u’]':'l = u’k forl< k<mand0<i<gq.
It follows that ) is independent of i and that uy € Uy, (c) for 1 < k < m. In particular, one has
uj € Ug;c) = Uqj(0)- Applying this for j = 1,...,m, one concludes g € Pq, whence Pq = Pq.

Let now € be an arbitrary nonempty closed subset of A (one has Py = G = Pp) and let us

resume the notation L, F and A of (5.1.27) and (5.1.28); by (5.1.28) one has ﬁg = ﬁANQPAPﬁ
with ﬁg = ﬁg N N. Since A and Q have nonempty interior, one has ﬁA = PpA C Pg and
ﬁﬁ = Pg5 C Pq, and it suffices to prove that ﬁg C Po. Now Ng /H = WEg is generated by the
reflections r, associated with the affine roots @ such that F C da, or again Q C @ N a*. Our
assertion therefore follows from the following lemma:

Lemma (5.2.26). — Let o € X. The subset v~'(r,) of N is contained in the subgroup generated
by Py U Py

If this assertion were false, one would have P, N P,roP, = 0 and consequently P, C
Py - P(g+), by (A4) (or by condition (viii) of Theorem (5.1.3)). Using (5.2.2) (3), this would
imply that P,- leaves fixed every chamber contained in @ N (a*),, which contradicts (5.1.11).

The proof of Theorem (5.2.19) is complete.

(5.2.27) We shall now prove a “converse” of Theorem (5.2.19). For ’[llis, let us resume the
hypotheses and notation of 5.1, except that we provisionally denote by Pgq the fixer of Q in G
and that we reserve the notation Pq for the subgroup generated by the P, = P, for @ € X and
a D Q.

Proposition. — With the hypotheses and notation specified above, conditions (A 1) to (A 6) of
(5.2.1) are satisfied as soon as (G, B, N, S) is a saturated double Tits system.

The verification of (A 1) is immediate; (A 2) follows from (5.1.10) and from (2.2.5) (i); (A 4)
follows from condition (viii) of (5.1.3); and (A 5) is verified immediately: if g € Pyyp N Py_p,
then g leaves fixed all the points of the sector x + D and of the opposite sector x — D, hence of
their convex hull, which is nothing but A, and g € ﬁA =H.

To establish (A 3) and (A 6), we shall first prove that if Q is a closed subset of A containing a
sector, one has 13}2 = Pg. For this we shall argue as in (5.2.6). Let (ay, ..., a,) be the elements
of "X(Q) arranged in a nibbling order. Let us argue by induction on m, the cases m = 0 and
m = 1 being trivial. Put Q" = (M, j<,, a;(€2); we saw in (5.2.6) that "X(Q') = {az,...,an}. By
the induction hypothesis one therefore has ﬁgr = Pg/. Moreover, a;(Q) and Q' are transverse
and, by (5.1.3) (iii), one has

Pg = Py (@) P = Py @) - P C P

whence ﬁg = Po.

Let us then place ourselves in the hypotheses of (A 3). The closed subsets @ and €2 are then
transverse and one has, by (5.1.3) (iii), Pyng C ﬁanﬁ = ﬁ(mg = ﬁa . 159 =P, ﬁg. But Q
contains a sector, hence f~’g = Pq, whence Pyng C P, - Po C Pyng, which proves (A 3).

Finally, (5.1.3) (iv) shows that

B =Pcip - Pc-p = Pcip - Pe-p C Pc

for every vector chamber D. Consequently the subgroup generated by the P, contains B. One
proves exactly as in (5.2.26) that it contains the subsets v~'(r) for » € S, hence N. This
establishes (A 6) and completes the proof of the proposition.
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(5.2.28) It then follows from Theorem (5.2.19) that ﬁg = Pgq for every subset Q of A. In other
words, returning completely to the notation of 5.1, the fixer Pg of an arbitrary subset Q of A
is, when (G, B, N, S) is a double Tits system, generated by the subgroups P, for « € X and
a D Q, and the results which we established above on the structure of the subgroups Pg, and in
particular those of (5.2.6), (5.2.9), (5.2.11), (5.2.13) and (5.2.16), are valid (U, being a subset
of P, satisfying the conditions of (5.2.3)).

(5.2.29) This implies that the subgroup EBOD (the union of the subgroups Pg as & ranges over
the set of sectors of direction D (4.1.5)) is generated by the union of the subgroups P, for
Ya € "X* (D). More precisely, if one arranges the elements of YX* (D) in

(5.2.29, end) With the elements of "X* (D) arranged in a nibbling order (ay, . . ., a,,), the product
map (uy, ..., Uy, h) — uy---uyhis a bijection of Hlstm 1Iaj X H onto 23%; here U, denotes
the union of the U, with '@ = a. Likewise (uy,...,uUy,t) — uy---u,t is a bijection of
[Ti<jom Wa; ¥ v~1(V) onto Bp.

(5.2.30) We now study the case in which each P, decomposes as a semidirect product of H

by a normal subgroup U,, these decompositions being suitably coherent. Precisely, until the

end of §5.2 we are given: a group G; a subgroup N of G; a surjective homomorphism v of

N onto W with kernel denoted H; and, for each @ € X, a subgroup U, of G. These data are

required to satisfy conditions (B 1)—(B 6) below, where for any subset Q c A we write Ug for

the subgroup of G generated by the U, with @ € X and @ D  (condition (B 2) shows this

notation is unambiguous when Q = @ € X).

(B1): Foralle €e Zandalln € N, nUyn™' = Uy () 4.

(B2): Leta € X. For every § € X with § 2 « one has Ug ¢ U,, and the intersection of the Ug
for g € X, B D a, is reduced to the identity.

(B’3) : Let a, B8 € X have non-parallel boundaries, and let Q be the intersection of those y € X
withy D @anBandy ? . Then U, normalizes Ug.

(B”3) : Leta, B € X be such that 8 2 a*. Then U,HUpg is a subgroup of G.

(B4): Let a € X. The subset UyHU 4+, U U,v~'(rq)U, is a subgroup of G.

(BS) : Forevery x € A and every vector chamber D, (H.Uy1p) NU,_p = {1}.

(B6) : G is generated by the union of H and the U,, @ € X.

Because of (B 1) it suffices to verify (B 5) for one vector chamber fixed in advance. Also
(B 1) implies that H normalizes each U,, hence each Ug. One sets Po = H.Ug: this is the
subgroup of G generated by H and the P, for @ € X, @« D Q. By (BY), Pgq is the semidirect
product of H by Ug as soon as €2 contains a sector.

Proposition (5.2.31). — N, v and the family of the P, (a € X) satisfy conditions (A 1)—(A6)
of (5.2.1).

This is immediate. Moreover the subgroups U, @ € X, satisfy the conditions of (5.2.3), and 2,
is then a subgroup for every a € "Z.

(5.2.32) The previous results therefore apply. In particular the quadruple (G, B, N, S) — with
B = Pg and S the inverse image of S in N/H — is a saturated double Tits system. Furthermore
(5.2.6) and (5.2.11) can be made precise:

Proposition (5.2.32). — Let Q be a non-empty subset of A.

(i) Suppose Q contains a sector, and arrange the elements of "2(Q) in a nibbling order
(at,...,am). Then (uy,...,uy) — uy---uy is a bijection of HISJ'Sm Uaj(@) onto the
subgroup Ug.
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(ii) Suppose Q has non-empty interior and let D be a vector chamber. Then (u, h,v) — uhv
is a bijection of Ug+p X H X Ug_p onto Pg.

The proof of (i) runs exactly as that of (5.2.6), using (B’3) in place of (A 3); (ii) follows from (i)
together with (5.2.11).

(5.2.33) Proposition (5.1.28) may be sharpened similarly: in the notation of (5.1.28) one has
Pq = UsNqUAUg.

(5.2.34) Let D be a vector chamber. If €, &, are two sectors of A of direction D, then
Ug, U Us, C Ug,ng,, and the union of the subgroups Ug, as € runs over the sectors of
direction D, is a subgroup, denoted U . Arranging the elements of "X* (D) in a nibbling order
(ai,...,an),itfollows from (5.2.32) that (uy, ..., u,) — uj - - - u,, is abijection ofﬂlsjgm lIaj
onto M p. On the other hand (cf. (5.2.29)) 23% is the semidirect product of H by the normal
subgroup U p, and B, is the semidirect product of v~ (V) by the normal subgroup U . Finally
G = Bp.N.Bp = Up.N.Up, and one can even show that the evident map is a bijection of N
onto Up\G/Up.

(5.2.35) Let @ € X and let Q be a closed subset of A. Assume a and € are transverse and that
Q' = a N Q contains a chamber of A. Then U, normalizes Ug and U = U, . Uq.

Proof sketch. Let € Zwith § D Q. Fory e Zwithy DanBandy 2 aonehasy D anQandy 2 «,
hence y > Q. So for u € Uy, condition (B’3) gives uUﬁu‘1 € Ugq, which is the assertion.

Remark (5.2.36). — Condition (B’3) is equivalent to:

(B’3 bis) : For a,B € X with non-parallel boundaries, the commutator group (Uy,Up) is
contained in the subgroup generated by the Uy, fory € Ewithy D anNpf,y D aandy P .

Indeed (B’3 bis) trivially implies (B’3), and the converse follows from (5.2.6).%

Throughout § 6, V denotes a real vector space, V* its dual, and ® a root system in V* with
Weyl group "W (acting on V and on V*). A 'W-invariant inner product on V, hence on V*, is
given. For a € @, r, is the reflection attached to a, and a" is the coroor attached to a, i.e. the
element of V with r,(v) = v —a(v)a” for all v € V; the a", a € ®, form the root system dual
to . A chamber D of ® in V is fixed; II is the corresponding basis of @ (“system of simple
roots”), and @* (resp. @) the set of positive (resp. negative) roots for Dy (cf. (1.3.10), (1.3.12)).
We write ™9 (resp. ®™™) for the set of non-divisible (resp. non-multipliable) roots, i.e. the set
of a € ® with a/2 ¢ ® (resp. 2a ¢ @), and we put ®rred = pred N ot pred = @red N o,

In a group X, the normalizer of a subset Y C X is written Nx(Y), or simply N (Y) when no
confusion is possible.

6. Valued root data

)n [12] and [16] a triple (N, v, (Uy)qex) satisfying (B 1), (B2), (B3 bis), (B”’3), (B4), (B 6) together with a
condition (DR 6) analogous to but distinct from (B 5) was called an affine root datum of type X. In fact that condition
(DR 6), although in general satisfied in the applications we have in view, does not seem to be a consequence of the
conditions of (5.2.30); and moreover it is perhaps insufficient to establish axiom (T 4) of Tits systems, contrary to
what we asserted in [12] and [16].
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6.1. Root data. —

Definition (6.1.1). — A root datum of type @ in a group G is a system (T, (U, My)qco) with
the following properties.

(DR 1) : T is a subgroup of G and, for every a € ®, U, is a subgroup of G not reduced to the
identity element.

(DR ?2): For a,b € ®, the commutator group (U,, Uj) is contained in the group generated by
the Ujq+qp for p, g strictly positive integers with pa + gb € ®.

(DR 3) : If a and 2a belong to ®, then U, C U,.

(DR4) : Fora € ®, M, is aright cosetof T and U_, — {1} c U,M,U,.

(DRS): Fora,b € ®andn € M,, nUpn™" = U, (1.

(DR6) : If U* (resp. U™) denotes the group generated by the U, for a € ®* (resp. @), then
TU*NU ={1}.

The root datum is called generating if T and the U, generate G.

(6.1.2) Some immediate consequences of these axioms. For a € ® we put U = U, — {1}.

(1) Fora € ® onehas U, # U_, and U,M, U, N N(U,) = 0; in particular U_, N N(U,) = {1}.
Proof sketch. The first relation follows from (DR 1) and (DR 6). For the second: if g € U,mU, N N (U,)
with m € M, then gU,g~" = U,, whence by (DR5) U, = mU,m™' = U_,,.

(2) For a € @ and u € UZ, there is one and only one element of M,, written m(u), with
u € U,.m(u).U,. More precisely there is exactly one triple (u’,m,u”) € U, X G X U, with

u=umu”, mU,m™' = U_,, mU_,m~' =U,,

and one then has m € M, and u’ # 1.

Proof sketch. Given (DR 4) and (DR ) it suffices to show that two triples with the stated properties
coincide. Setting u!™'u’ = u}, € U, and mu/u”"""'m™" = u} € U_,, one finds uju™' = mym™' €
NUa) " N(U-4), sou, € N(U-,) and u € N(Uy,); by (1) both equal 1. If u” were 1 one would get
m=mu""'m~'u e U_, hence U, = mU_,m~! = U_,, contradicting (1).

For a € ® we put M0 = m(U;) = {m(u) | u € U?}.

(3) For a € ®, T normalizes U, and M,,.

Proof sketch. Let t € T and take u,u’,m,u” as in (2). Since m € M,, also tm € M, by (DR4), and
(DR 5) shows that t = (tm)m ™! normalizes U,,; similarly for U_,. Applying (2) to ‘u = ‘u’ -'m - 'u”’
gives ‘'m € M; since M, is a right coset of T, t normalizes M,,.

(4) One has M, = M;' = M_,, and M, = M,)» if a/2 € ®.

Proof sketch. With u,u’,m,u” as in (2): if a/2 € @ then (2) and (DRS5) give m € M, hence
My =T.m = M. Inall cases

u—l =y

soby 2) m~! € M, and m € M_,; with (3) and (DR 4) this gives M;' = m~'T ¢ M,T = M, and
M_,=Tm=M,.

(5) T U M, is a subgroup of G admitting 7" as a normal subgroup of index 2. (Immediate from
(3)and (4).)

(6) Fora € ®, U; M,.U, =U*,.T.U,. This follows from (DR 4), (2) and (5) via the chain
umyu,cu:mu-,m,u, cu,1TU, cU,M,U,TU, =U,M,U,.

-1 1 1 1

m”u'", W= (mu"mY.mut,

(7) If L, denotes the group generated by U,, U_, and T, then
L,=1tv,vuM,U, =M,U, VU_,TU, + U_,TU,.

Proof sketch. The second equality is (6). The first holds because the second and third members are
visibly contained in L, and invariant under right multiplication by 7" (by (3)), the second being invariant
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under right multiplication by U, and the third under right multiplication by U_,. Finally L, = U_,TU,
is impossible: otherwise there would exist u € Uy, u’ € U_,, t € T with m = u'tu € M,, whence
U_o =mUym™" =uw'Usu’~" and U_,, = U,, contradicting (1).

BNU,)NL, =TU, and N(U,) "N ((U_,) N L, =T. (The first from (7) and (1); the second
then follows using (DR 6).)

From (8), (DR 4) and (DR 5) one gets at once
(21) M,={x€L,|xUpx' =U_,and xU_ox"' = U,}.

In particular M, is entirely determined by the data of 7, U, and U_,, which allows us to speak,
by abuse of language, of the root datum (T, (Uy)aco)-

(10) Let N be the group generated by 7 and the union of the M, a € ®. If ® # () this is also the
group generated by the M,. By (DRY5) there is a unique epimorphism 'v : N — ‘W such that
for all ¢ € ® and all n € N one has nU,n~! = U, with b = *v(n)(a). Moreover w(M,,) = {rq}
for every a € ®.

(11) Since N normalizes T by (8), transitivity of "W on the chambers of ® shows that condition
(DR 6) remains satisfied if the chamber used to define ®* and @~ is replaced by another chamber.

(12) Let T° be the intersection of T with the group generated by the union of the M0, a € ®
(cf. (2)); it is obviously a normal subgroup of 7', and even of N. Then (1°, (U, TOM;’)H@) is a
generating root datum of the group G’ generated by the union of the U,, a € ®. More generally,
if X is a subgroup of T normalized by M?, the pair (XT°, (U,, XT°M?),co) is a generating root
datum of the group generated by X and G’. These assertions are evident.

Examples (6.1.3). — Let K be a field.

a) Let ® = {a,—a} and G = SLy(K). Let T be the subgroup of diagonal matrices, U, (resp.
U_,) the subgroup of “unipotent” upper (resp. lower) triangular matrices, m = (1) _01 and
M, = M_, = Tm. One obtains in this way a generating root datum in G. Verification of the

axioms is immediate; for (DR 4) one uses the relation

T MR T s

from which it also follows, in the notation of (6.1.2)(2), that

ollo )= )

b) Assume from now on that K is commutative; let ¢ be a connected simple algebraic group
defined and split over K, and .7 a maximal torus of ¢ defined and split over K. Let @ be the
root system of ¢ relative to 7. It is known that for each a € ® there is a unique algebraic
subgroup %, of ¢4 admitting an isomorphism x, of the additive group @Zdd onto %, satisfying
txo(u).t™" = x,(a(t).u) for u € o/dd, t € T; choosing such an isomorphism amounts to
choosing a generator X, of the Lie algebra of %/,. It is known ([17], [19]) that the x, (or the X,)
may be chosen so that:

(2) for every a € @ there is a unique epimorphism ¢, defined over K from SL; onto the
algebraic subgroup generated by %, and %_,, with x,(u) = £, (%) and x_o(u) = £a( L1 Q)
for all u € o7dd,;

(3) fora,b € ® with b # —a, and u,v € /dd,

(xa(u),xb(v)) = 1_[ Xpa+qb (Ca,b;p,q upvq)’
pa+qbe®, p,qeN*

74



where the coefficients C,, ., 4 are integers (the roots pa +qb being arranged in a prescribed
order).
This choice, which we assume made, corresponds to the choice of a “Chevalley basis” of the Lie
algebra of ¢ in the sense of [8], or again of a “pinning” of ¢ in the sense of [19].

Now let G = 4(K) be the set of K-rational points of ¢, and likewise T = 7 (K), U, =
Uy(K) and M, =T.0, (9 ') (a € ®). Then (T, (U,, M,)) is a generating root datum of type @
in G. Conditions (DR 1) and (DR 3) are obviously satisfied, (DR 2) follows from (3), and (DR 4)
follows from example a). Finally (DR 5) and (DR 6) are well known (loc. cit.). Note that the
group N is then equal to N (.7)(K), where N (.7) denotes the normalizer of .7 in ¥.

¢) More generally, let ¢ be a connected semisimple algebraic group defined over K, .7 a
maximal K-split torus of ¢ defined over K, and .¥/ a maximal torus of ¢ defined over K and
containing .’; let ® (resp. @) be the root system of ¢ relative to . (resp. .’). For a € ®,
let %, be the algebraic subgroup of ¢ generated by the subgroups %, for those a’ € ®" whose
restriction to .¥’ equals a or 2a (here %, is the subgroup defined as in b) above, replacing K by
an algebraic closure of K, or by an extension of K splitting .#”). Let Z°(.¥) (resp. N(¥)) be
the centralizer (resp. normalizer) of . in¥. PutG = 9(K), T = Z(¥)(K) and U, = %,(K)
(for a € ®). The results of [3] then show that (T, (U,)) is a generating root datum of type ® in
G, for which the group N equals N (.¥)(K).

(6.1.4) In all the sequel of §6, (T, (U,, M,)) denotes a generating root datum of type ® in a
group G, and the symbols L,, U*, U™, N, ‘v have the meaning defined in (6.1.1) or (6.1.2). To
simplify notation we set Uy, = {1} when a € ® and 2a ¢ ®.

(6.1.5) Let ® = [J;c; D; be the decomposition of @ into irreducible components. For i € I let
G? be the subgroup of G generated by the U,, a € ®;. It is immediate that (7 N G?, (Ugy, My N
G?)aecpi) is a generating root datum of type ®; in G?. The subgroup T normalizes each G? and,
by (DR 2), every element of G? for j # i centralizes G?. Since (T, (U,)) is generating, one sees
that each G? is a normal subgroup of G and that G? N G?., fori # j, is contained in the center of
the normal subgroup G° of G generated by the U, (or by the G?) — a center which is moreover
contained in T, as we shall see later. Note that G = T.G°.

Proposition (6.1.6). — The group U is nilpotent. Moreover, let ¥ be a subset of ®* and
pred — (g e W | a/2 ¢ W) Foreacha € ¥ let Y, be a subgroup of Uy, and put X, = Y, or
Y,.Y2, according as 2a ¢ ¥ or 2a € Y. Let X be the group generated by the Y,, and assume
they have the following property:

(i) fora,b € ¥, (Y,,Yy) is contained in the group generated by the Y,,qnp for m,n € N* with
ma +nb € V.

Then the product map || cyed X, — X is bijective, whatever the order in which the factors of
the product are arranged.
This is an immediate consequence of (6.1.2)(11) and of the following lemma.

Lemma (6.1.7). — Let X be a group, and P, Y™ as in (6.1.6). For each a € ¥ let Y, be
a subgroup of X and put X, = Y, or Y,.Y>, according as 2a ¢ ¥ or 2a € Y. Assume the Y,
generate X and possess property (i) of (6.1.6) as well as the following:

(ii) for v € V, the intersection of the group generated by the Y, (a € ¥, a(v) < 0) with the
group generated by the Y, (a € ¥, a(v) > 0) is reduced to the identity element.

Then X is nilpotent and the product map
(23) [] x«—x

ac\yred
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is bijective, whatever the order in which the factors are arranged.

Proof sketch. Induction on #¥. A maximal element ag of W for the order attached to Dg satisfies
mag + nb ¢ ¥, so Y, is central by (i); pass to X’ = X/Y,, and apply the induction hypothesis.
Surjectivity of (1) follows since Y, is central. Injectivity: if [Jx, = []y4, the image in X gives
XaXay = YaXa,; for a not proportional to ag, hypothesis (ii) applied at a point v with a(v) < 0 < ag(v)
forces x, = y4, and the remaining factor then agrees as well. (Original: p. 111-112.)

Proposition (6.1.8). — Suppose ® has rank 2. Let ay, . . ., asy be the elements of ®¢ arranged
in “circular order”, i.e. in such a way that

@ N (Qraio1 + Qiain1) = {ai1,ai a1} for1 <i<2k.

The roots a = ay and b = ay then form a basis of ®, and the corresponding positive elements of
@™ gre the a; for 1 <i < k. Define a; for every i € Z by the condition a2 = a; for alli € Z.
Let further u € U, and u’ € Uy with u,u’ # 1; put m = m(u), m’ = m(u’)~" and n = mm’.
There exists one and only one sequence (u;)icz with u; € Uy, uy = u~" and uy = u’, such that
the two following conditions hold:

(24) (u,u') = up -+~ -1,
(25) u; € U_g; My,uiy;  foralli€Z.
Put m; = m(u;)~", so that m\ = m and my = m’. Then the following relations hold for all i € Z:

(26) Miyi = M;;

(27) (U7 Uherio1) = Uirt -+ Upriz2s

(28) Uir) = Millgrioimy

(29) ur = mu'm™;

(30 mi . m; = n;

3D my; = n'm'n™  and mo = n'mn”';

(32) mm'mm’---=m'mm'm--- |
each of the two members of the last relation having k factors.

Proof sketch. The heart of the argument is the induction on j > 0 over the statement (P;): there is a
unique finite sequence (u;)1<i<k+; Withu; € Ug,, uy = u L ug =, withu; # 1 for1 <i<j+1and
k <i<k+j, satisfying (4) for 1 <i < j+1and (2), (5) for1 <i < j. (Py) comes from (DR 2) and
(6.1.6). The inductive step writes u; = Vi jm; u,:ij and sets u;.+1 = mjuk+j_1mj‘.1; commuting Ua,,;
past Ug,,;_, turns the commutator (uj‘.l, Uksj—1) into ”;'+1 . (u;.jrll, Ujyj) - ”l;ij—l’ and (DR 2) with (6.1.6)
forces ujy1 = u;. +1 # 1, yielding (5) fori = j and (4) for i = j + 1. The symmetric argument (swap a, b

and u, u") produces the sequence for i < 0, and the two halves match up. Relations (7)—(9) follow from

Mmis] = mimi_lmi‘l = nm;_n"}, using my = m, mg = my = m’ and taking { with 2i = k or 2i + 1 = k.
(Original: pp. 113-114.)
Remarks (6.1.9). —

a) It is easy to see that the proof of (6.1.8) remains valid if one takes a weaker definition of root
data, for example that of [36], which includes the case of the Ree groups of type 2Fy.

b) Leta € ®; forx € U, — {1} write f(x) for the unique element of U, withxM, f(x)NU_, # 0.
In many cases the map f is the identity, for example for the canonical root datum of SL;(K)
((6.1.3)(1)), and more generally for the root datum of the group of rational points of a connected
semisimple algebraic group described in (6.1.3) c¢), when a is a non-multipliable root ([3], § 7).
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1

. one draws
+1

In all cases, from the relation u; = f(ukﬂ-)‘lmi‘lu;
-1 -1 -1
flugsd)™ = wjomim; ugyim;, whence  f(u;) = m; ugim;.
From (5) and (7) one then deduces
-1 -1 -1
Uiy = n.(m; ugymi).n” =n.f(u;).n",

whence _ . . o _
upi = 'm TN Wym et and Uz = n' fiu Hn.
If in particular f is the identity for each of the a;, one has

1 i-1

Usie1 = nutn™ and ur = ' Vmu'm ™ 'n'

¢) Relation (9) is not the only identity between m and m” whose image in "W gives the well-known
relation (*v(mm’))* = 1. For example, if ® is of type C, and a; is a long root, then a; and a3
are strongly orthogonal and m, m3 commute. One deduces that

1 r—1

mm'mm’™ = m'mm’™ " 'm.

Likewise, if @ is of type G, and a; is long, then a; and a4 are strongly orthogonal, and one

deduces that

1 1

’ /=11 _ 7 ’ -1_ -
mmmmm m =mmmmm m m.

Corollary (6.1.10). — Let ¥ be a root subsystem of ® and A a basis of Y. For a € A let N,
be a non-empty subset of MY, and let N\ be the group generated by the N,, a € A. Let X be
a subgroup of T normalized by N| and containing the Ng Jor a € A. Then the map A sending
n € N1X to the restriction of "v(n) to the subspace generated by ¥ is an epimorphism of N1 X
onto the Weyl group "W, of ¥, with kernel X.

Proof sketch. It is immediate that 171 (1) > X and that A(N;X) = "W; (since *v(N,) = {ry} fora € A).
For every a € A the image of N, in the quotient group N X /X reduces to a single element m,, of order 2,
and the m, generate N1 X/X. Let a,b € A with a # b; applying (6.1.8)(9) to the root datum (7, (U,)),
where ¢ runs over the root system formed by the pa + gb with p, g € Z and pa + gb € ®, one sees, taking
into account the relations mﬁ = ml% = 1, that (m,mp)* = 1 with k the order of rqrp. Consequently the
my, a € A, satisfy the defining relations of the Weyl group *W, and the canonical map N1 X/X — "W,
is an isomorphism.

Corollary (6.1.11). — (i) If ® # 0, then N is generated by the union of the M, for a € Il. (ii)
One has'v'(1) =T =NNTU".

Proof sketch. Let N’ be the group generated by the M, a € I1; then *v(N’) = *W. For any root b € ®
there is w € "W such that w(b) is proportional to a simple root a € II ([5], ch. VI, § 1, prop. 15); if
n € "1 (w) N N’, then by (6.1.2)(9) and (10)

My =n"'"M,nc N,

whence (i). The relation "v~'(1) = T follows from (6.1.10). Finally, if » € N N TU*, then w = "v(n)
preserves ®* (by (DR 1), (DR 6) and (6.1.2)(10)), hence is the identity element, and n € T.

Proposition (6.1.12). — Put R = {M, | a € I1} ¢ N/T. Then (G,TU*, N, R) is a saturated
Tits system with Weyl group N |T isomorphic to*W.

Proof sketch. By (6.1.11) it suffices to prove the following relations, forn € N,a € [l and m € M,:

(33) mTU m™' £ TU*,
(34) TU nAA1,m}.TU m =TU'n.{1,m}.TU",
(35) ﬂ xTUx" ' c T.

xeN
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The first follows immediately from (DR 1), (DR 6) and the fact that U_, ¢ mTU *m~!. The second being
invariant when n is replaced by nm, we need only establish it in the case where a’ = *v(n)(a) € ®*. Let
U’ be the group generated by the Uj, for b € ®* and b ¢ Ra. By (6.1.6) one has U™ = U,U’, and with
the notation of (6.1.2)(7),

TU n{1,m}. TU* =TU n.{1,m}.U,TU" Cc TU nL,TU’.
But by (6.1.2)(7),
nLy, ¢ n”TU" UnU,mU,T = nTU* UUynmU,T Cc TU* {n,nm}.TU",
whence (2). Finally (3) is a consequence of (DR 6).

Corollary (6.1.13). — Keep the notation of (6.1.12). Then

(36) N(UY) = TU*,
(37) T = ﬂ N(U,) = NU N N(U).
acd

Proof sketch. The normalizer of U* contains TU™, so it has the form TU*N’'TU™* with N’ c N (1.2.9);
but if an element n of N normalizes U*, its image under *v preserves ®* by (DR 1) and (DR 6), hence
is the identity element, so that n € v~!(1) = T. Thus N’ ¢ T and N(U*) = TU*. Relation (2) now
follows from the inclusions (for the first, cf. (6.1.2)(3))

T ﬂ NU,) c NUYNNU™ ) =TU NTU™ =T.
acd

Remark (6.1.14). — The preceding corollary shows that a generating root datum is entirely
determined by the system of the U,,.

(6.1.15) Let us note some further consequences of (6.1.12).

a) The injection of N into G defines a bijection of N (resp. "W) onto the set of double cosets
U\G/U?* (resp. TU*\G/TU"). Indeed, by (1.2.7) it suffices to prove thatif n € N andt € T
are such that tn € U*nU*, then t = 1. Now by (6.1.6) one has nU*n~! ¢ U*.U~, and our
assertion follows from (DR 6).

b) Let w € *W; the subgroup nU*n~!' NU~ is independent of n € v~ (w): it follows from (6.1.6)
and (DR 6) that it is the subgroup generated by the U, for a € ®~ N w(®™). Denote it U};,. One
then checks easily that, for every n € "v~!(w), the map (u, ¢, u’) — utnu’ (resp. (u,u’) — unu’)
is a bijection of U* x T x U}, (resp. U* x U}}) onto U*TnU™ (resp. U nU™).

¢) There exists n € N withnU*n™! = U~ and nU " n~! = U*: it suffices to choose n so that *v(n)
is the element of "W carrying the chamber D to —D. Consequently, the injection of N into G
also defines a bijection of N (resp. "W ) onto U\G /U™ (resp. TU*\G /TU").

d) Let X be a subset of I1, let "Wy be the subgroup of "W generated by the r, for a € X, and put
Gx = U*T'WxU™. Then Gy is a parabolic subgroup of G, and the map X +— G is a bijection
of Z(I1) onto the set of subgroups of G containing TU™: this is only a restatement of (1.2.9).

6.2. Valuations of a root datum. —
The notation of (6.1.4) is retained.

Definition (6.2.1). — A valuation of the root datum (T, (Uy, M) ac) is a family ¢ = (¢4)acd,
where ¢, is a map of U, into R U {oo}, having the following properties.

(V0) : for every a € @, the image of ¢, contains at least three elements;
(V1): fora € ® and k € R U {oo}, the set U, = ¢,!([k,0]) is a subgroup of U,, and
Uso = {1};
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(V2): for every a € ® and every m € M,, the function u — ¢_,(u) — ¢, (mum=") is constant
onU*, =U_,—{1};

(V3):leta,b € ®and k,¢ € R; if b ¢ —R,a, the commutator group (U, k, Up ) is contained
in the group generated by the U,u44p, pk+qge TOr p, g € N* with pa + gb € @;

(V4): if a and 2a belong to @, then ¢y, is the restriction of 2¢, to Us,;

(V5):letae ®,uec U, andu',u” € U_g; if v'uu” € M, then ¢_,(u") = —p,(u).

(6.2.2) Let ¢ = (¢,) be a valuation of (T, (U,)). By convention we set U, = {1} whena € ®
and 2a ¢ ® (k €e RU {c0}). Fora e ®andu € U,,

(38) @q(u) = sup{k e RU{oo} | u € Uyy}.
By (V 1),
(39) 0a(u™") = @a(u).

It follows that, when (V 1) holds, axiom (V 5) is equivalent to
(V5bis): letae ®,uc U, and u’,u” € U_g; if w'uu” € M,, then ¢_,(u”) = —¢,(u).
For a € ® and k € R one puts

Max =M, NU_u0, (K)U_,.
By (6.1.2)(2), M, is non-empty if and only if k € ¢,(U}), and
(40) ¢ (k) CU_gqiMupUoqr  (a€®, keR).

When 2a € ®@ one has M, 21 C My k.

It follows from (V 1) and (V 3) that the U, ; form a basis of the filter of neighborhoods of
the identity for a topological group structure on U,,.

For a € ® one puts

I, = (Pa(UZ)’ F(,z = {@a(u) | u € Uy, @a(u) =sup ¢,(ulazg)}.
By (V5) and (6.1.2)(2) one has I'_, = —I',. If 2a ¢ @ then I}, = I',. By (V1) and (V4),
I, =T U (1/2)I2,. Note that I/, may be empty: for this it suffices that U,, be dense in U, (for
an example of this situation, cf. (6.2.3) d)); this condition is also necessary when I’ is discrete
in R.
Examples (6.2.3). — Let K be a field equipped with a non-improper real valuation w.
a) Let G = SL,(K) and take up again the root datum in G defined in (6.1.3) a). For u € K put

NIRRT

Conditions (V0), (V 1), (V3) and (V 4) are immediately verified. If m = (2 )(C)) € M,, then

I 0y _4 1 xuy™! .
1m =g ) whence (V 2). Finally (V 5) follows at once from formula (1) of
(6.1.3) a). We have thus indeed defined a valuation of the root datum (7', (U,)). Note that

(41) Mo = {(_3_1 g) w(u) :k}.

b) Take up the notation of (6.1.3) b). Fora € ® and u = x,(t) € U, (t € K), put ¢,(u) = w(t).
The family ¢ = (¢,) is a valuation of the root datum (7, (U,)). Here again (V0), (V1) and
(V 4) are evident. Condition (V 3) follows from assertion (3) of (6.1.3) b). Moreover the family
(¢a © Layp—q © {—,) is none other than the valuation of the root datum of SL;(K) described

in example a); one deduces at once (V5), and also (V2) when m = n, = {a((l) ‘01 ) Since
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M, = Tny, to finish the proof it suffices to show that u > ¢, (tut™") — ¢, (u) is constant on U
for every t € T, which is evident since tx,(s)t™! = x,(a(t)s) fors e K, t € T.

¢) One of the goals of this work is to show that if K is a local field and ¢ a connected semisimple
algebraic group defined over K, then the root datum (7, (U,)) described in (6.1.3) c) can be
valued: this is what we shall see in a later chapter (see also § 10).

d) Suppose the valued field K commutative, imperfect of characteristic 2, and let L C K be a
K?-vector subspace of K. Put G = SLy(K), ® = {*a, +2a}, let U, and ¢., be defined as in

(6.1.3) a) and (6.2.3) a), put
1 u 1 0
Use = {(O 1) ’ eL}, Uos = {( 1) ’ eL},

and @.2q = 2¢4q | Us2q. Then (T, (Up)peo) is a root datum of type @ (hence of type BC}) in
G, and ¢ = (¢p) is a valuation of it. Moreover U, is dense in U, (and I/, = 0) as soon as L
is dense in K. This is so, for example, when K = k((2)) is a field of formal series over a field
k of infinite degree over k2, if one takes for L the group of series Y; a;¢' such that the k2-vector
subspace of k generated by the q; is finite-dimensional.

e) Take up the notation of (5.2.30) and suppose that the root datum (7', (U,)sco) and the system
(N, v, (Uy)aex) are compatible, in the sense that the following conditions hold:

(1) V="A,V* ="A" and "W = "W, which amounts to saying that there is a surjective map
a +— a of ® onto "X with a € R;a for every a € ®;
(i1) the subgroup N coincides with the one also denoted N in (6.1.2);
(ii1) for every a € ®, the subgroup U, is the union of the U, for @ € X with "o = a, i.e. is the
subgroup denoted 2, in § 5.2.

Comparing (6.1.2)(10) with condition (B 1) of (5.2.30), one sees at once that the homomorphism
Wi N — "W = "W defined in (6.1.2) coincides with the one also denoted 'v in § 5.2.

Identifying now A and V by the choice of an origin o in A, denote for a € V* and k € R by
@, the closed half-space {x € A | a(x) + k > 0}. Fora € ®* and u € U, put

¢a(u) =sup{k e R|u € U,,,},

and fora € ® — @ and u € Uy, put ¢,(u) = 2¢,(u). Then the family ¢ = (¢,)gzep SO
defined is a quasi-valuation of the root datum (7', (U,)), in the sense that it satisfies (V 0), (V 1),
(V2),(V4), (V5) and the condition (V 3 bis), weaker than (V 3), obtained by replacing in (V 3)
the hypothesis “b ¢ —R,a” by “b ¢ Ra”. Let us note moreover that part of the results we shall
establish on valuations of a root datum remain valid for quasi-valuations.

Proof sketch. (V 0), (V 1), (V 4) are immediate. For (V 2), reduce by (V4) and (6.1.2)(4)toa € ®™d; then
v(m) is the orthogonal reflection in a hyperplane a(x) + £ = 0, and (B 1) gives mU, gm™" = U_4 r_2¢»
whence ¢_, (1) = @o(mum=") - 2¢.

For (V 3 bis) one identifies the affine roots containing @, x N ap, ¢ as the apgigp,n With h > pk + g€,
applies (5.2.32) to get Uq as an ordered product of the Uy () and (6.1.6) to get the analogous product de-
composition of the group X generated by suitable X, so that X NUq = [ pa4gpew, p.geN: Upa+qb, pk+qts
the commutator (x, y) lies in Ug by (B’3 bis) and in X by (DR 2).

For (V 5), again with a € Pred. put k = ¢4(u), @ = @q k, use (B4) to write u = uyruy with uf, ul €
U_q,-k, 50 u’ = uj by (6.1.2)(2) and ¢_,(u") > —k; strict inequality would give a4y N " = (a)+ N a,
which is absurd. (Original: pp. 119-120.)

A partial converse will be seen later (6.5).
(6.2.4) In all the sequel of § 6, ¢ = (¢,) denotes a valuation of the root datum (7, (U,)). When
ambiguity about ¢ is to be feared, we write YU, x, Y M, «, etc. for the sets denoted simply U, «,

M, i, etc. above; an analogous notation is used without further warning for the other symbols
attached to ¢ defined below.
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(6.2.5) Let A : ® — R be a function constant on the irreducible components of ®, and let
v € V. It is easy to see that the family ¥ = () defined by ¢, (1) = A(a)e,(u) + a(v) (for
a € ®, u € Uy,) is a valuation of (T, (U,)), which we denote 1¢ + v. The valuations ¢ and
Y = A + v are said to be equivalent, and equipollent if A = 1. The map (¢, v) — ¢ + v is an
action of the additive group of V on the set of valuations, and an equipollence class of valuations
is an orbit of V for this action.

On the other hand let n € N and w = *v(n). Fora € ® and u € U, one has n~'un € Uy-1(a)
by (6.1.2)(10). Put this time

Ya (u) = Pw-1(a) (n_lun)~

Here again it is immediate — the inner automorphism defined by n being an automorphism of
the root datum (7', (U,)) — that the family ¢ = () so defined is a valuation of (7, (U,)),
which we denote n.¢. One thus obtains an action of the group N on the set of valuations of
(T, (U,)), and one checks at once that forn € N, v € V and A as above,

(42) n.(dg +v) = A(n.p) + v(n)(v).

(6.2.6) Let A be the set of valuations equipollent to ¢: it is an affine space under V, which we
equip with the Euclidean distance corresponding to the given inner product on V. For a € V*
and k € R we write, as above, a, « (or Y, if confusion is to be feared) for the closed half-space
of A formed by the x € A with a(x — ¢) + k > 0. The boundary of a closed half-space « is
denoted da. For @ = a4 witha € @™ one puts

Up=Upe  and Uy, = JUsn.
h>k
The affine roots of A are the half-spaces @, for a € ® and k € I'/, and the walls of A are
the boundaries of the affine roots. The set of affine roots is denoted X. Finally, & denotes the
set of pairs (@,a) € X X @ such that @ = @, with k € I'). It is clear that £, & and the map
a — U, remain unchanged if ¢ is replaced by an equipollent valuation.

Proposition (6.2.7). — Fori=1,...,pleta; € ®, k; € I'y,andm; € My, i,. Putn =my---m,
andr; =ry,. Then

ne=¢g—v with V= Zki(rl"'ri—l)(azy)ev‘

1<i<p

Proof sketch. Induction on p reduces, via (6.2.5)(1), to p = 1 with a = a; € ®*4; write m = w'uu’’, so
0a(u) = —p_q(u") = —p_4(u") = k. For b not proportional to a, the group U" = [].cyrea U¢ p(cy (With
Y the set of pa + gb € ®, p € Z, q € N*, and h(pa + gb) = pk + g{) is normalized by m by (V 3), and
intersecting with Uy, U, () gives m‘lUb,,gm = U, b), t-kb(av)> 1.€. (1). The cases b = —a and b = a are
handled from u” = u™'m(m~'w'"'m) and u’ = (mu’’~'m~")mu~" together with (V2) and a(a") = 2,
giving (2) and (3); with (V 4) these say m.¢ = ¢ — ka". (Original: p. 121.)

Corollary (6.2.8). — Let ¢ and  be two valuations of the root datum (T, (U,)). If ¢4 = ¥,
for every a € 11, then ¢ = .

Proof sketch. One has M j = Y M, ;. for every a € IT and every k € R. Let b € @™, Thereis w € "W
with ¢ = w™!(b) € I, and a sequence ay, ..., ap of elements of Il with w = r4, - - - r4,. Choosing, for
i=1,...,p, anelement k; € I',, and an element m; € ¥M, i, = ‘/’Mai,ki, and putting m = my - --mp,
the preceding proposition shows that

o (1) = @c (mum™") = Yy, (u) = e (mum™")  (u € Up),
which proves the assertion.

Corollary (6.2.9). — Leta,b € Dwithb ¢ Raandb —a ¢ ®, let V¥ = ® N (Za + ZDb) be the
root subsystem they generate, let a = ay,a,...,as = b,as41,...,ax be the elements of pred
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arranged in “circular order” (cf. (6.1.8)), let u € U,, u" € Up and (u,u’) = uy---us_1 with
u; € Uy,. Then, ifi,p,q € N are suchthat2 <i <s—1anda; = pa + gb, one has

Ca; (U;) = p @a(u) + q ep(u’).

Proof sketch. One may obviously assume u # 1 # u’. By (6.1.8) one has us = m(u).u’.m(u)~", and
applying (6.2.7) with n = m(u) gives

(43) QDaz(”Z) = ‘Pb(u/) - b(av)goa(u).
Since ar = r4(b) = b — b(a").a, this establishes the assertion for i = 2.

Assume now i > 2 and argue by induction oni. Letu”’ € U* , be defined by u € U, M,u"". By axiom
(V 5 bis) of valuations (6.2.2),

(44) ¢-a(u”) = —pa(u).
On the other hand it follows from (6.1.8) that (uz_l, u’)y=uz---ug_u'. Buta; = pa+qgb=gqgar,— (p+
g b(a")).(—a). Hence, by the induction hypothesis and taking (1) and (2) into account,

@a; (Ui) = q 0a, () — (p + g b(a) p_a (") = p a(u) + q op(').

Proposition (6.2.10). — Let A be the affine space of valuations equipollent to .

(1) A is stable under the action of N. Forn € N, the map v(n) : ¥ +— n.y of A into itself is an
automorphism of the Euclidean space A, whose canonical image in AutV equals *v(n).
(i1) For every a € ® and every k € I',, the image under v of an element of M,y is the
orthogonal reflection r, i in the hyperplane da,; = {x € A | a(x — ¢) + k = 0}.
(iii) For every n € N and every a € X one has v(n)(a) € £ and nU,n™! = Uy(n)(a)-

Proof sketch. (i) By (6.2.5)(1) and (6.2.7), n.A = A for n in the subgroup N’ generated by the M, x; as
N = N’T it remains to treat t € T, where (V 2) gives a constant ¢(¢, a) with (z.¢), = ¥4 + c(t,a), and
the unique v € V with a(v) = c(t, a) for a € Il yields t.y = ¥ + v by (6.2.8). (ii) For m € M, ; one has
(m) = rq and, by (6.2.7), m.(¢ — 3ka”) = ¢ — $ka". (iii) Unwinding u € nU,n"" gives u € Ug with
B={yeAlan'y—¢)+k>0}=v(n)(a). (Original: pp. 122—123.)

(6.2.11) One puts H = v~!(1) and W = v(N), and denotes by W the subgroup of W generated
by the reflections r,; for a € ® and k € I',. Since N permutes the M, ;, this is a normal
subgroup of w.

Put N’ = v {(W), T’ = TN N’, and let G’ be the subgroup of G generated by N’ and the U,
for a € ®. Since M, N N’ # ( for a € ®, one sees easily that (77, (U,)) is a generating root
datum of type ® in G’, for which the group N of (6.1.2)(10) is none other than N’.

Remarks (6.2.12). —

a) Let ® = | J; ®; be the decomposition of @ into irreducible components. It is clear that ¢; =
(¢@4)acw, 1s a valuation of the root datum (7' N G?, (Ua)gew,) of the group G? defined in (6.1.5).
On the other hand, to the decomposition of ® there corresponds a canonical decomposition of
A into a product of affine spaces A; under the dual vector space of the subspace generated by ®;
(cf. (1.3.9)). It is clear that the action of N is compatible with this product decomposition of A,
and that W decomposes as the direct product of the groups W; defined from G? and ¢; as W was
defined from G and ¢. This often allows one to reduce to the case where @ is irreducible.

b) Leta € ®andu € U,, u # 1. It follows from (V 5) and (6.2.10)(ii) that the valuation ¢, (u)
is the unique real number k such that v(m(u)) is the orthogonal reflection in the hyperplane
O0a, k. One sees therefore that ¢ is completely determined by the datum of the homomorphism
v:N — Aut A.

More precisely, let Ay be an affine space under V, let vy be a homomorphism of N into
Aut Ap whose composite with the canonical homomorphism Aut Ag — AutV equals 'v, and let
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©o be a point of Ay. For a and u as above, vo(m(u)) is an orthogonal reflection in a hyperplane
of Ag of the form {x € Ag | a(x — ¢9) + k = 0} (with k € R), since "vo(m(u)) = r,. Put
then ¢, (1) = k and ¢, (1) = oco. It is clear that if there exist a valuation ¢ of (T, (U,)) and an
isomorphism j of A onto Ay with j(¢) = ¢g and vo(n) = jv(n)j ! foralln € N, then ¢, = i,
forall a € ®.

It is moreover immediate that the family ¢ = (¥,) always satisfies conditions (V 2), (V 4)
and (V 5); condition (V 0) is satisfied as soon as v((T) generates V. To be sure that i is indeed
a valuation, it remains only to verify conditions (V 1) and (V 3). It is possible that (V 1) suffices
to entail that ¢ is a “quasi-valuation” of (7', (U,)), i.e. that for a family ¢ of the type considered
here, (V 1) entails condition (V 3 bis) of (6.2.3) e).

Application. Let K be afield and G = SL,(K); take up the notation of (6.1.3) a) and suppose the

root datum (7', (U,, U_,)) equipped with a valuation ¢. Replacing ¢ by an equipollent valuation,

x 0
0x7!

defines in this way a homomorphism w : K* — R. Extend w to all of K by setting w(0) = co.
Then w is a non-improper valuation of K. Indeed, by (6.1.3)(1) and (6.2.10)(ii), v( %, }) is the

reflection about ¢; consequently, for u € K*,

Al ) =AB DA o)

is the reflection about ¢ + (1/2)w(u)a”. Using once more (6.1.3)(1) and (6.2.10)(ii), one sees
that o, (3 %) = w(u) forallu € K. Condition (V 1) then shows that w(u +v) > inf(w(u), w(v))
foru,v € K, hence that w is a valuation of K, and (V 0) shows that w is not improper.

Taking (6.2.3) a) into account, one sees therefore that the equipollence classes of valuations
of the “canonical” root datum of SL,(K) correspond bijectively to the non-improper valuations
of K. This result will be generalized in 10.2.

one may assume ¢, (1) = 0. For x € K* let w(x) € R be such that v( ) = w(x)a”. One

¢) Suppose @ irreducible and let iy be another valuation of the root datum (7, (U,)). If there
exists a € O with ¢, = Y, then the valuations ¢ and W are equipollent.

Proof sketch. Reduce to a € TT1 U 2I1 with u;, € Uy, satisfying ¢p(up) = ¥p(up) = 0 for each b € I1.
By b) it is enough, after normalizing ¢ = ¢ = 0, to show ?v = ¥v. On the group N, generated by the
m(up) both give the reflection rp 0, and N = N,.T; for t € T one gets c(¥v(t)) = c¢(¥v(t)) for every
¢ € Yv(Ny)(a), and irreducibility of ® makes the "W-orbit of a span V*. (Original: p. 124.)

d)If a,b € @, there exists amap g : U, — Uy such that, for every valuation ¢ of the root datum  p-125
(T’ (Uc)ced)), one has
op(g(u)) = —b(a") - ¢, (u) + const. (uelU,)

(the constant depending of course on ).

Indeed, it suffices to choose arbitrarily an element up € U~ . and to put

(b)
1 ifu=1,
g(u) =

m(u) -ug-m(u)™' ifu#l.
(6.2.13) We shall now study the sets I'; and I'/, defined in (6.2.2). If 0 € I';, we denote by l:a
the subgroup of R generated by I',.
Definition. — The valuation ¢ is said to be special if, for every root a € ®°9, one has 0 € T,.
Proposition (6.2.14). — In order that ¢ be special it is necessary and sufficient that O belong

to I, for every a € I1. One then has F;V(b) =T for every w € "W and every b € ®.
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Indeed, (6.2.7) implies that, for a, b € @, one has
(45) I’ ) 2 I, - b(a")T,.

Ta
In particular, F ) 2 F,’y as soon as 0 € I',. Since the r, for a € Il generate "W, and since
every root is the transform of a root belonging to IT U 2IT by an element of "W, this yields the
proposition.
Corollary (6.2.15). — There exists a special valuation equipollent to ¢, and even a valuation

Y equipollent to ¢ such that 0 € I'y, = I'), for every root a belonging to the set ®"™ of non-
multipliable roots.

It suffices to take ¥ = ¢ + v, with —a(v) € I, for every a € (IT U 2IT) N @"™.

Corollary (6.2.16). — Letb € ®. One has1”, = —T',. If0 € I}y, one has T, =", =T, +20,.
If moreover Iy is a discrete subset of R and if 0 € T}, then I} is a subgroup of R isomorphic to
7.

The first two assertions follow from (6.2.14) and frgm (6.2.14) (1), in which one replaces a
by b. If moreover F;) is discrete and contains 0, then 2I'}, is contained in I'",, hence is a discrete

group, isomorphic to Z in view of (V 0). The relations 2fb cl =T, + 2T, » C fb then imply
Fl'] = Fb or F[; = 2fb.

Example (6.2.17). — Let [ be a subgroup of R such that X = f/ZF is a vector space of
dimension > 1 over the field Z|2Z. Let X be a generating system of X, containing 0 and
different from the whole of X, and let I" be the inverse image of X in . ThenT is not a group,
but contains 0 and is stable under addition of an element of 2T, and T is the group generated
by I'; it is moreover easy to see that we have just described all the subsets of R possessing these
properties.

On the other hand, let k be a field of characteristic 2 and let K be the group algebra of the
group I with coefficients in k. Denote by (X7) yel the canonical basis of Ky. One obtains a

valuation w of K with values in [ by putting
(46) a)( D ayXV) = inf{y | a, # O}.
Y

The completion K of K for this valuation is a field, sometimes called the “field of formal series
over k with exponents in I, The elements of K are the series 2y ay X7 such that, for every
A € R, the set of y < A with a, # 0 is finite; the valuation w extends to K and (1) remains valid.

Now let L be the subset of K consisting of the series ., a, X" such that a, = 0 for y ¢ T".
One sees at once that L is a K2-vector subspace of K, containing K 2 but is not a subfield of K,
although x € L, x # 0, implies x ! = (x?)x € L.

Finally let G be the subset of SL, (K) consisting of the matrices (Ccl b) such that the products

d
ab, ac, bd and cd belong to L. One verifies easily that G is a subgroup of SL,(K). Taking up
again the notation of (6.2.3) a): it is immediate that (7 N G, (U, N G)) is a root datum in G and
thaty = (¢, | U, N G) is a valuation of it, for which one has I, =T, =T

We thus see that (6.2.16) is “the best possible result” in the general case.

Proposition (6.2.18). — Assume ¢ special. Let a and b be two non-orthogonal roots.

(i) If a and b have the same length and a # +b, oneizas I'y=T), =TI} and L'y is a group.
(ii) If (b | b) = 2(a|a) and if 0 € I', one has T, + 2I'y I, =T, and I'; + T, C T,
(iii) If (b|b) = 3(ala), one has Ty, + 31, c T, =", c Ty =T, and I’y and T, are groups.
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Under the hypothesis of (i) one has 2a ¢ @, hence I, = I}, and a(b¥) = b(a”) = +l.
Replacing b by —b if necessary, we may assume that a(b") = —1. Then a + b is a root of the
same length as @ and b and one has ', = I, = I, (6.2.14). On the other hand (6.2.14) (1)
implies that I',4, D 'y, + I'5, whence (i).

Under the hypothesis of (ii) one has 2b ¢ ®, hence I', = I',; moreover, replacing b by —b
if necessary, we may assume that b(a") = 2a(b¥) = -2, and (11) then follows from (6.2.14) (1)
applied to the pairs (a, b) and (b, a).

Under the hypothesis of (ii1), the root system generated by a and b is of type G, and there
exists a root ¢ of the same length as a (resp. ) and not orthogonal to a (resp. b). Hence I, =T7,
and I', = I'; are groups by (i), and the rest of (iii) is proved as (ii).

Proposition (6.2.19). — If ¢ is special, the group W (resp. W) is the semi-direct product of the
stabilizer of ¢ by the subgroup W NV (resp. wnv) of the translations of W (resp. W). Moreover,
W NV is the group generated by the translations ka", with a € ®% and k € L.

If ¢ is special, one has M, o # 0 for every a € @™, whence rq0 € W. The image in "W of
the stabilizer of ¢ is therefore the whole of YW, whence the first assertion. The second follows
from (6.2.14) and from the fact that "W permutes the coroots a".

Proposition (6.2.20). — Assume ¢ special. One has

WﬁVz{Zyaav
a

Wnvc {Zyawa
a

acll, yaefa}

a €1l yaefa}

where (@,) denotes the basis of V dual to the basis T1 of V* (fundamental weights of (®°%)V).

For every root b € ®° onehas b¥ = ¥ ,cy np.q a¥ Withn, , € Z. Moreover, it is well known
that n 4 is even (resp. a multiple of 3) as soon as (a |a) = 2(b|b) (resp. (a|a) = 3(b|Db)).
The first assertion then follows from (6.2.14), (6.2.18) and (6.2.19).

Now letv e WNV. SlnceW1sn0rma11nW onehasvr,ov™ 1ra0 e VNW forevery a € I1,
whence v — r,(v) = a(v)a” € V N W, which proves the second relation.

Definition (6.2.21). — One says that ¢ is discrete if I, is a discrete subset of R for every a € ®.

We have already seen (6.2.16) that if ¢ is discrete and if 0 € I'), then I}, is a group isomorphic
to Z.

Proposition (6.2.22). — The set ® = {a € ® | I/, # 0} is a root system containing ®"™.
Assume ¢ discrete. Then W is an affine Weyl group, X is the corresponding affine root system,
and & is an échelonnage of ® by X.

The first assertion is immediate. Assume ¢ discrete. Replacing it if necessary by an
equipollent valuation, we may assume it special. Each I, (for a € @) is then a group of the
forme,Z with e, > 0(6.2.16), and V N W is, by (6.2.20), a lattice in V. Since W is generated by
orthogonal reflections, it follows that W is an affine Weyl group ([5], chap. VI, §2, no. 5, prop. 8).
Moreover, the reflections r, x for a € @ and k € I') form a generating system of W, invariant
under inner automorphisms. Consequently they are all the reflections of W ([5], chap. V, §3,
no. 2, cor. to th. 1), and X is exactly the affine root system associated with W. That & is an
échelonnage of @’ by X in the sense of (1.4.1) is then obvious.

(6.2.23) Assume @ irreducible and ¢ discrete, such that 0 € I/ for every a € ®"™ (6.2.15).
One then sees easily that there exists one and only one real number e > 0 such that one and only
one of the following conditions is satisfied (the notation is that of 1.4):
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1) The échelonnage & is of type A, (n > 1), B, (n > 3),C,, (n = 2), D, (n > 4), Eg, E7,
Eg, Fyor Go;onehas @ =e-"Xand I, = I, = Ze for every a € @’.

2) & is of type B-C, (n > 3), C-B, (n > 2) or FA{ (resp. GIZ); @’ is the root system obtained
by multiplying the short roots of "X by eV2 (resp. eV3) and the long roots of VX by e; one has
Iy =T, = Ze if a is a short root of @ and I', = I'), = 2Ze (resp. 3Ze) if a is a long root of @’.

3) & is of type B-BC,, (n > 3), ® = @ is of type BC,, one has @ = ¢ . VX, I = Ze for
ae®andT, =T, = 2Ze fora € ® — ®™I,

4) & is of type C-BC,f (n>=1)withX =LILIIorIV; ® = ®isof type BC,,, ®"™ =¢-"%,
onehas I, =T, =Ze fora € @4 N d™: for g € ®d N %QD one has

if X =1 I, = (1/2)Ze o, = 2Ze
if X =11 I, = (1/2)Ze o = Ze

if X = I I, =Ze+ 3e o = 2Ze
it X =1v I, =ZeorZe + Je [oq = Ze.

Remarks (6.2.24). — 1) If & is of type C-BCY, one can, by replacing ¢ by an equipollent
valuation, reduce to the case where I'), = ZLe for a € @red n %d).

2) One sees that the datum of & determines @' and the system of the I, up to a multiplicative
constant (and up to a “translation” on the I'}); likewise, the datum of ® and of the I}, determines

8.

6.3. Lemmas concerning rank one. —

We keep the hypotheses and notation of 6.2 (see (6.2.4)). We are going to prove results which
involve only one root a € ® and its integral multiples (positive or negative), and which therefore
in fact express properties of valued root data of rank one. These results will be generalized in
6.4: the lemmas (6.3.2), (6.3.3), (6.3.6), (6.3.9) and (6.3.11) are particular cases of proposition
(6.4.9), and lemma (6.3.7) is a particular case of proposition (6.4.28), in view of (6.4.25).

Lemma (6.3.1). — Leta € ®, u € U, and u’ € U_, be such that ¢,(u) + ¢_,(u’) > 0. There
exists one and only one triple (uy,t,u}) € Uy X T X U_4 such that u'u = uitu’. Moreover one

hast € H, pq(u1) = @q(u) and ¢_q(u}) = ¢_a ().

One cannot have u'u € M,U_,, for one would then have u € w' 'M,U_, and ¢, (u) +
¢-a(u’) = 0 by (V5). The existence of (uj,t,u}) then follows from (6.1.2) (7), and its
uniqueness from (DR 6). To prove the rest of the lemma it suffices to treat the case u # 1, u” # 1,
which we assume from now on. One then has #; # 1 and there exist u’z, u’3 eU_,andm e M,
such that uy = w,mu’, with ¢_,(u’)) = —¢,(u1). One then has

u=(u"ul) mt- (t_lugtu’l) eU_,mtU_,

whence @, (1) = —p_q(u'"'u}), since mt € M. It follows that

—1_7

-a(u uz) < (P—a(”’) = (P—a(u’_l)-
Consequently ¢_, (u"lu’z) = ¢_4(u}) and
walu) = _Qo—a(u,z) = @a(ur).

Replacing a by —a, u by /=" and «’ by u~!, one obtains the equality o-a(t)) = p_a(W).
Finally, m and mt both belong to M, with k = ¢,(u) = ¢,(u;); one therefore has
v(t) = v(m 'mt) = rﬁk =landr € H.

Lemma (6.3.2). — Leta € ®and k,{ € R withk + ¢ > 0. The product U, t HU_, ¢ is a group.
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This follows from (6.3.1), since H normalizes all the U,.

Lemma (6.3.3). — Leta € ®, k e I'yandm € M, . Let U_, i+ be the subgroup which is the
union of the U_, ¢ for { > —k. Then

La,k = (Ua,k “H - U—a,—k+) U (Ua,k -mH - Ua,k)
is the group generated by HU U, UU_, .

Since M, C Uy U—_y—1U,k, it is clear that L, x is contained in the group generated by H,
U,.x and U_, _k, a group which is also generated by H, U, ; and m, since mUa’km_1 =U_4-k
by (6.2.10). In view of (6.3.1) one has

La,kH = La,kUa,k = La,k
and it suffices to prove that L, ym C L, k. Since
Ua’kHU_a’_km = Ua,kaUa,k

it suffices to show that U, ymHU,m = U, HU_, i is contained in L, . But, in view of
(6.2.2) (3), one has
U-g-k CU—g,~k+ YUqmHU,

whence the lemma.
Remark (6.3.4). — Leta € ® and let T, be the inverse image under v of the group of translations
with vector proportional to a”. Let L), be the group generated by U, and U_,, and let L!! be the
group generated by L, and T,. PutT, = L), NT,. Let k € T, and let m € M, ;. One has:
47) L, =U,T,0UmT,U,
(48) L' =0,T,VUmT,U,.

Indeed, one has mT, = T,m = T,m™", since v(m) is the reflection rq.x- Consequently

UymT,Ugm = U,TyU-y € UyT, U ( | UaTaMa,,Ua).
rel’y

But7T,M,, = mT,, and this shows that the right-hand side of (2) is stable under right multiplica-
tion by U,, T, and m, from which one deduces at once that it is equal to L. Finally, (1) follows
immediately from (2).

(6.3.5) Letr,s € R, withr +s > 0,and letu € ¢,'(r) and u’ € =} (s). Putu = uymu’, and
u' = wuym'uy, withm € My,, m" € M_, 5, u. € U4, and u; € U, ;. We shall evaluate the
commutator (1, u) = w'uu’"'u~'. One has

(49) ' u) € uy - m' (ug,w)m’™" - m'um’™" - U,
(50) (W u) € Uog-mu''m™ - m(u', ubym™ -7l
In view of (6.2.10) one has
m'um’™' € U_y 42 and mu' " 'm™ € Uy o

Suppose now that u belongs to U,,. One then has (u;, u) = 1 and one deduces from (1) that
(', u) € Uy—s - U_grs25 - Ug
whence, in view of (6.3.2), the relation
3) (') € Ugyias - H - U,

On the other hand one also has u’2 € U_p,, whence (u’, u’z) = 1, and one deduces likewise from
(2) the relation

(4) (u,’ M) € U—a -H - Ua,2r+s-
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In view of (DR 6), the two relations (3) and (4) imply “by intersection” the relation

&) (u',u) € Uogrsas - H - Uspres

and it is immediate that (5) remains valid for u € U, 2, and u” € U_, 5.

Lemma (6.3.6). — Let k,{ € R be such that k + € > 0. The product
U_arH-Ugi - Usg k-t

is a group.

It is clear that this product is stable under left multiplication by U_, ¢, H and U, ; (in view
of (6.3.2)). It is also stable under left multiplication by an element u of Uy, x—¢: indeed, for
u’ € U_, ¢ one has, in view of (6.3.5) (5),

ud’ = u' ('™ u)u € u' U_g 2041 /2)(k—) HUa gt
and 20 + (1/2)(k - £) > €.
Lemma (6.3.7). — Let k,{ € Rwithk +{ > 0.
(i) Ifu € Uy and u’ € U_, ¢, one has
(u',u) € Ugapsse - Uoaisae - H - Ugiie - Una3ire.
(ii) If u € Uygor and u’ € U_4 4, one has
(u',u) € Uogapkrar - U—apiase - H - Ugpiae.

Let us prove (i). We may assume u # 1 # u’. Putr = ¢,(u) and s = ¢_,(u") and take up
again the notation of (6.3.5). One has (u3,u) € Usy,—s and m’(up, u)m’~" € U_o4,_g445, and
relation (6.3.5) (1) implies

(u',u) € Us—s  Upars3s " U_gryas - Ug

whence, in view of lemma (6.3.6),
(u',u) € Ugqpe3e - U—gis2e - H - U,.
One proves in the same way, using (6.3.5) (2), that
(' u) € Uy - H - Ugpire - Usa3kee
whence (i) (in view of (DR 6)).
If moreover u € U,,, one deduces from (6.3.5) (1), taking into account the relations (uy, u) =

1 and m'um’=" € U_p4 07445, that (u’, u) € Uy —3U_242,445U4, whence, in view of (6.3.6),

(u',u) € Uggpirac - U—apisse - H - Uy,
On the other hand, (6.3.5) (5) implies

(u',u) € Uogpsae - H - Ugpise

whence (i1).
(6.3.8) Leta e ®,u € U,, v € U_,. By abuse of language, one says that the commutator (v, u)

admits an H-component if there exists h € H such that (v,u) € U_,hU,; this element h € H
(which is then unique by (DR 6)) is called the H-component of the commutator (v, u).

Lemma (6.3.9). — Let k,k’,€,{' € R be such that k' <2k, ¢’ <2, k <k’ +¢, ¢ <{ +k,
k" +0 >0. Foru e Uy UUpyp andu’ € U_y 0 U U_pq ¢, the commutator (u’, u) admits an
H-component. If X denotes the group generated by the H-components of these commutators,
then the group generated by U_s, ¢ U U_; 0 U Uy i U Uay i is the product

U_saer - U_ge X -Ugi - Uzgir
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The first assertion follows immediately from the hypotheses made on k, k', £ and ¢’ and from
lemma (6.3.2). To prove the second, it suffices to show that the product under consideration is
stable under left multiplication by each of its factors, which follows easily from (6.3.7) and from
the relation uv = v(v™', u)u.

Remark (6.3.10). — Lemma (6.3.9) implies in particular that the products considered in

(6.3.7) (i) and (ii) are groups, and therefore contain respectively the commutator groups
(Uak> U-ap) and (Uzq k> U-q,t)-
Lemma (6.3.11). — Let a € ® be such that 2a € ® and let k, k' € Rwith k' € I'y, and k’ < 2k.
Let m € M,y and put

Lok = UrapUsk HU-g k-0 U-24,-1+) U (Uza i Ug kmHU g Ung i)
Then L, i i is the subgroup generated by Uy jr U Uy UH U U_24 _g-.

One may assume k&’ = 0. Taking into account the relation mUa,km_l = U_,x and
(6.3.9), one sees, arguing as in (6.3.3), that it suffices to show that L, om C L,0, and
even that mHU, Uy om = HU_, 1 U_3,40 1s contained in L, 0. Since one obviously has
HU_, xU_240+ C Lgk.0, it suffices to show that HU_, xu C Ly o foru € (,053(0). One then

has u € Uy, 0oHmUy,p. By (6.3.9) (where one takes k” = 0, £ = k and ¢’ = 2k) one has
HU_a,kUza,() C Uza,an,kHU_a,k, whence

HU_g ju C Uz oUy i HU_y xmUzq 0 = Ung 0Ua x HmU xUza0 C La ko

which completes the proof.

6.4. The groups U,. Extended valuations.
We keep the notation of 6.2 and 6.3.
(64.1)

6.4. The groups U;. Extended valuations. — Let R be the union of R x {0, 1} and of

an element denoted oo not belonging to R x {0, 1}. We endow R with the following law of
composition: for r, s € R one puts

(r,0) + (s5,0) = (r +s,0)
(r,0)+(s,1) =(s, 1)+ (r,0) = (r +s,1)
(r,D+(s,1)=(r+s,1)

(r,0) +oco=(r,1)+ 0 =00+ (r,0) =co+ (r,1) = c0.

We also endow R with the following order relation: for r, s € R, the relations (r,0) < (s, 0),
(r,0) < (s,1)and (r, 1) < (s, 1) are equivalent to r < s, the relation (r, 1) < (s, 0) is equivalent
tor < s, and one has u < oo for every u € R. One verifies immediately that this makes Ra
totally ordered commutative monoid and that the map r +— (r,0) is an isomorphism of ordered
monoids from R onto a submonoid of R. From now on we shall identify an element r € R
with its image (r,0), and we shall denote by r+ the element (r, 1) of R. Note that one has
r+ =Inf{s e R| s >r}. Fort € R} and r € R one puts #(r+) = (tr)+. Forr € R one puts
Or =0.

On the other hand, one sees easily that every bounded-below subset of R admits an infimum
and that every non-empty subset of R admits a supremum.

We then extend the definition of U,k to k € R (and a € ®) by putting, as in (6.3.3),

Ua,r+ = U Ua,s

seER, s>r
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for r € R.

(6.4.2) This paragraph is devoted to the study of certain subgroups of G generalizing the
subgroups denoted Pq and Ug in §5.2: in (5.2.30), Ug was defined, for Q C A, as the group
generated by the U, for @ D Q. In other words, in the case of example (6.2.3) e), Uq is generated
by the U, f,(a)» Where the function fo : ® — R is defined by

(51) fola) =inf{k eR|Q C agx} (a€®).

As for Pg, it is equal to H - Ug,.

The generalization is then immediate: let f be a map from @ into the monoid R. Throughout
the rest of this work we shall denote by Uy the subgroup of G generated by the union of the
subgroups U, 7(q) for a € ®. Moreover we shall put:

U;:U-'-ﬂUf, U;ZU_ﬂUf, Hf:HﬂUf, NfZNﬁUf,
Ura =U,NUy (fora € ®).
When a € ® and 2a ¢ @, it will sometimes be convenient to assign a value to f(2a): unless
expressly stated otherwise, we shall take f(2a) = 2f(a). Recall that we have already made the
convention Uy, x = {1} in this case for k € R; we extend it of course to k € R.

We denote by U}a) the subgroup generated by the union of the Uj, r(;q) fori € {1, +2}, and

we put, for a € ®:

(a) _ (a) (a) _ (a)
Nf —NﬂUf and Hf —HﬂUf.

It is clear that the subgroups U, Hy and N are normalized by H. Consequently, for every
subgroup X of H, the product X - Uy is a group; in particular, the subgroups Py = H - Uy are
the natural generalization of the subgroups Pg of §5.

(6.4.3) If Q is a non-empty subset of A, the function fq defined by (6.4.2) (1) is “concave” in
the following sense:

Definition. — A function f : ® — R (resp. f : ®U{0} — R) is said to be concave if, for every
finite family (a;) of elements of ® (resp. ® U {0}) such that }; a; € @ (resp. Y,;a; € ® U {0}),
one has

(©) F( D)= fla.

1
(6.4.4) Note that every linear function, that is to say every function of the form a + A(a) with
A € V, is obviously concave: it coincides moreover with the function fo where Q C A is the
part reduced to the point of A corresponding to A in the identification of V with A obtained by
the choice of the origin ¢ in A. However, not every concave function, even one with values in
R, is necessarily of the form fq for a subset Q C A. Besides, the results which we are going to

establish about the groups Uy will apply to functions more general than the concave functions
(cf. (6.4.8)).

Proposition (6.4.5). — In order that a function f : ® — R be concave, it is necessary and
sufficient that the two following conditions be satisfied:

(C1) f(a)+ f(b) = f(a+b) fora,b,a+ b € ®;
(C2) f(a)+ f(-a) =0 fora € ®.

That (C 1) and (C 2) are necessary is obvious. Assume them satisfied and let ay,...,a, € ®
be such that a = }}; a; € ®. Let us show by induction on n that f(a) < ; f(a;): this follows
from (C1) for n < 2. If n > 2, there exists an index j € [1,n] such that the scalar product
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(a|aj) is positive, so that a — a; is either zero or aroot a’. In the first case, choose an index p. 134
k € [1,n] with k # j; one then has, in view of the induction hypothesis and of (C 2),

Do fla) = Y fla)) + flan) + flap) = fl-an) + flap) + f(a)) = f(a) = [(a).
i i#].k
In the second case, applying the induction hypothesis to the family (a;);+;, one obtains

Z flai) = f(a') + flaj) = f(a)

which completes the proof.

Proposition (6.4.6). — Let f : ® — R be a concave function and let g : ® — R U {+o0} be a

function majorising f. Put
fo=inf (Y 6if(ap)
i

where the infimum is extended over the set of pairs consisting of a finite family (a;) of elements
of ® and a finite family (t;) of positive real numbers such that ) ; t;a; = 0 and Y ;t; = 1. Then
one has fo > 0, and for every real number ¢ < fy there exists a linear form A on V* such that
the restriction of A + ¢ to @ is majorised by f. Moreover, if f(a) + f(—a) > 0 for every a € ®,
one has fy > 0 and there exist u € V and k € R, k > 0, such that the restriction of u + k to ® is
majorised by g.

Let (a;) be a finite non-empty family of elements of ®. Since ® generates a vector subspace
over the field of rationals of dimension equal to the dimension of V*, the families (¢;) of rational
numbers such that }}; #;a; = 0 are dense in the set of families (z;) of real numbers such that
Y. tia; = 0. To show that fy > 0 it therefore suffices to show that a relation }}; #;a; = 0 implies
i tif (a;) > 0 as soon as the #; are positive rational numbers, or even only positive integers. In
other words, we are reduced to showing that if («;) is a finite non-empty family of elements of
® such that }}; a; = 0, then )}; f(a;) > 0. Choose an index iy; one then has

(52) D) = (D flan) + flai) = f(=ai) + flai) 20
i i#io

by (C) and (C2).

To prove the existence of A, it suffices to show that the intersection of the half-spaces
L,={xeV]alx)+c< f(a)}, fora € ® and f(a) < oo, is non-empty. Now it is known
([4], chap. II, §2, exerc. 21) that, in order for the intersection of a finite family .%# of convex
subsets of a real vector space of dimension n to be non-empty, it suffices that the intersection
of every subfamily of n + 1 elements of .# be non-empty. Moreover, if the elements of .% are
half-spaces, repeated application of this result shows that it suffices that the intersection of every
finite subfamily consisting of r + 1 half-spaces whose corresponding linear forms constitute a
system of rank r (with 1 < r < n) be non-empty. In other words, it suffices for us to verify
that if ay, ..., a, are linearly independent roots and if a,+; = >} <, tia; € ® (with ¢; € R), p- 135
then () <;< +1 L, 1S non-empty. Now, if this intersection were empty, that would mean that the
relations a;(x) < f(a;) —cfor 1 <i <rimply >}, tiai(x) > f(a,+1) — c. This is possible
onlyif#; <Ofor1 <i <r. Fora € ® with f(a) < oo, let f~(a) € Rbe such that f(a) = f~(a)
or f~(a)+. Choose x € A such that a;(x) + ¢ = f~(a;) for 1 <i < r, which is legitimate since
the a; are independent. By definition of f; one has:

Flarn = Y af (@) = (1= 3 6)e
i i
whence a,+1(x) + ¢ = X tif (a;) + (1 = Y;t;))c < f~(ar+1) < f(ar+1), which completes the
proof of the existence of A.

91



Now suppose that f(a) + f(—a) > O for every a € ®. In view of (1) one has fy > 0+
and there exists 4 € V such that f > A. Since f is concave, the set ¥ of the a € ® such that
f(a) = A(a) is a closed subset of ®@ such that ¥ N (=¥) = @. There therefore exists v € V such
that v(a) > 0 for a € ¥ ([5], chap. VI, §1, no. 7, prop. 22). Put h = inf{g(a) — A(a) | a ¢ ¥},
d = sup{v(a) | a € ®} and 6 = inf{v(a) | a € ¥} > 0. Then g majorises the restriction
to @ of the function ah + A — Bv as soon as the real numbers a, 8 > 0 satisfy the inequalities
ah/6 <B<(l1-a)/d.

Proposition (6.4.7). — Let f : ® — R be a concave function. Then f possesses the two
following properties:

(QC1) For every root a € ® one has

U = Usgafi-20)  U-afi-a) - Uafi@ - Unapaa - Ny

(QC2) If a, b € ® are not proportional, the commutator group (Uy, (a)> Up, f(»)) is contained in
the group generated by the U444, f(pa+qp) f0r p,q € N* and pa + gb € ©.

(QC?2) follows from axiom (V 3) of valuations (6.2.1), taking into account condition (C),
which implies f(pa + gb) < pf(a) + qf(b) for a, b, pa + gb € ® with p,q € N*.

Let us prove (QC 1). Since f is concave, we have, in view of (C 1), the relations f(—2a) <
2f(-a), f(2a) < 2f(a), f(a) £ f(2a) + f(-a) and f(—-a) < f(-2a) + f(a); from these

relations and from (C 2) one deduces

0< f(2a) + f(-2a) <2(f(a) + f(-a)).
If f(2a) + f(-2a) > 0, property (QC 1) follows immediately from (6.3.9) (which shows

moreover that N}a) = Hj(f)). If f(a) + f(—a) = 0, it follows from the preceding relations that

fQa) =2f(a) and f(-2a) = 2f(-a), and Uj(,a) is generated by U, r(q) U U_4, f(-a); property
(QC 1) then follows at once from (6.3.3) if f(a) € I',, and from (6.3.2) in the contrary case.

Finally suppose that f(a) + f(—a) > 0 and that f(2a) + f(—2a) = 0. To simplify the
notation we shall assume that f(2a) = f(—-2a) = 0, which is legitimate up to replacing ¢ by
an equipollent valuation. One then has k = f(a) = f(—a) > 0. If 0 € I5,, (QC 1) follows
from (6.3.11); otherwise, the group Uj(ca) is the union of the groups generated by the unions
U0 VU_gk UUgx U Uz for 0 < 2r < k, and it suffices once again to apply (6.3.9).

Definition (6.4.8). — A function f : ® — R is said to be quasi-concave if it satisfies conditions
(QC1)and (QC2) of (6.4.7).

We have just seen that every concave function is quasi-concave. In certain cases the converse
is true. Let us take up again, for example, the notation of example (6.2.3) b): G is thus the
group of rational points of a connected semi-simple algebraic group ¢ defined and split over
a valued field K. Suppose moreover that ¢ is simple. The Chevalley commutation relations
then imply that every quasi-concave function is concave, except when ¥ is of type B,,, C,, or Fy4
and the characteristic of the residue field of K is equal to 2, or when ¥ is of type G, and the
characteristic of the residue field of K is equal to 2 or to 3. In these exceptional cases it is easy
to construct quasi-concave functions which are not concave.

Proposition (6.4.9). — Let f : ® — R be a quasi-concave function.

(i) Ura = Uq r(a) - Uza,f(2a) Jor every a € ®.
(ii) The product map [ cqprea Ur g — Ujf is bijective, whatever the order in which the factors

of the product are arranged.
(iii) One has Uy = U; - U}' - Ny.

(iv) Ny is the group generated by the N](fl ) fora € ®.
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Fora € @, put X, = Uy f(q) - U2a,f(24)- In view of (QC2) and (6.1.6), the product of the
X, for a € d*red, arranged in an arbitrary order, is a group, which we shall denote X*. On the
other hand let Y be the group generated by the N}a) fora € .

We shall first show that the product X~ X*Y is independent of the choice of the Weyl chamber
D used to define ®* and ®~. For this, it suffices to show that this product does not change if one
replaces D by the chamber r, (D), where r, is the reflection associated with a root a simple for
D. Denote then by X’ (resp. X’ ) the product of the X}, for b € @™, b # a (resp. b € d~ ™,
b # —a). In view of (QC2) and (6.1.6), X/, is a group and is normalized by X, and X_,, hence

by the group they generate, that is to say by U (@) X_oXuN (@) ((QC1)). Consequently one has
f f

- (
X"XYY = X' X o X XY = X/ X! X o XY = X X! X, X_4N f“)Y
= X XX, X_Y
which proves our assertion.

It follows at once that X~ X*Y is stable under left multiplication by all the X, for a € ®™¢,
and consequently that
Ur = X X*Y.
Now let x* € X*,x" e X" andy € Y. If x x*y € U™, one has x*y € U". SinceY C N,
one deduces that y = 1 ((6.1.15) ¢)), whence x* € Ut N U~ = {1} (DR 6). One concludes that

UJ? = X7, and one shows in the same way that U ; = X*: this proves (ii), and (i) follows from it

by intersection with U,. Finally, if x"x*y € N, one has, again by (6.1.15) ¢), y = x"x*y, which
proves (iv); and (iii) then follows from the relation Uy = X~ X*Y.

Proposition (6.4.10). — Let f : ® — R be a quasi-concave function. For a € ® put
f(a)=inf{k €T, | k > f(a) or a/2 € ® and k >2f(a/2)}.

Let ®¢ be the set of the a € ® such that f'(a) + f'(—a) = 0. Then @ is a root system in the
space ij which it generates, and the map which to n € Ny associates the restriction of "v(n) to

Vf* is a surjective homomorphism from Ny onto the Weyl group of ®, with kernel Hy.
In view of (6.4.9) (i) one has, for a € @,
f'(a) =inf{k €T, | Usx C Uy}.
Consequently the function f” is in a certain sense “covariant” under Ny. More precisely, let
ne€Nys a€®and b ="v(n)(a). Then
(53) f'(b) = (@) +a(vin)™ (p) - ¢).
This shows in particular that @ is stable under Vv (N ). It therefore suffices for us to prove

that Yv(Ny) is generated by the reflections r, for a € ®;. In view of (6.4.9) (iv), this follows
from the following lemma:

Lemma (6.4.11). — Let f and f’ be as in (6.4.10) and let a € ®.
(i) One has f'(a) + f'(—a) > 0and 2f'(a) + f'(-2a) > 0.
(ii) The following conditions are equivalent:
a) N ¢ H;
b) there exists k € R such that v(N}a)) ={L,rax} ={1, 202k }s

¢) "IN = {1} = {1}
d) a or 2a belongs to @ .
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Let us first prove the equivalence of a), b) and c). It is clear that b) or ¢) implies a). On the
other hand, it is known (6.3.4) that v(N](f’)) consists of reflections r,  and of translations ka"

with k € R. If there existed k > Oand n € Nj(fl) such that v(n) = ka", one would have, for every
integer p > O:
n"Ua p@an™" = Ua,f(a)-2pk © Uy
which is possible only if f(a) = oo; and one sees likewise that one would have f(2a) = co. But
this is absurd, for it implies Uy, C U_, and N}a) = {1}. Consequently V(N](ca)) contains only
reflections (besides 1), and cannot contain two distinct reflections whose product would be a
non-zero translation. Whence the equivalence of a), b) and c).
Now suppose f’(a) + f'(—a) < 0. There then exist k € I/, and h € I'", such that

f(a) <k, f'(=a) < h and k+h<0.

The group U s then contains U, y UU_, _y and U, _,UU_, j,, hence M, ; and M, _;, and v(N}a))
contains the two distinct reflections r, x and r, —;. But we have just seen that this is impossible,
whence the first assertion of (i). Likewise, if 2f"(a) + f’(—2a) < 0, there exist k € I/, and
h eTI”, suchthat f'(a) <k, f/(—2a) < h and 2k + h < 0, and one sees as above that V(Nj(fl))
contains the two distinct reflections ry, 21 and ra, —p, Which completes the proof of (i). Note
moreover that an analogous argument shows that if 2 f"(a) + f’(—2a) = 0, then a and 2a belong
to ® f-

Ifa € ®f,onehas k = f'(a) = —f’(—a) € R by the formulae defining addition in R (6.4.1).
Consequently k € I/, and M, C Nj(fl ) One sees likewise that if 2a € ® r, there exists k € Féa
such that M, C N}a). This shows that d) implies a).

Finally, suppose a), b) and c) satisfied. Up to replacing ¢ by an equipollent valuation, we
may assume that r, o € V(N}a)). By (6.4.10) (1) one then has

fi(a)=f(=a) and  f'(2a) = f'(-2a).
In view of (i) it follows that f’(a) > 0 and f’(2a) > 0. Finally, if f’(a) and f’(2a) were both
strictly positive, Uy , would be contained in the union of the groups generated by U, , U U_, _,

forr € R, r > 0, and one would have N}a) C H by (6.3.2), which contradicts ¢). Consequently
d) is indeed satisfied.
The proof of the lemma and that of proposition (6.4.10) are complete.

Remarks (6.4.12). — a) Let us keep the notation of (6.4.10). For a € ® put
f"(a) =inf{k €T, | k> f(a) or a/2 € ® and k >2f(a/2)}.

One has f"(a) < f'(a), and f"(a) = f'(a) if I, = 'y, for example if 2a ¢ ®. One shows
exactly as above that (6.4.11) (i) is also valid for f”; in other words one has, for a € ®:
(54) f(a)+ f"(-a) 20 and 2f"(a) + f”(=2a) > 0.

On the other hand it is clear that Uy = Uy». On the contrary, one does not always have
Uy = Uy More precisely, for a € ® one has
(55) Ua,f/(a) " U2a,f'(20) € Ufpa C Ua,inf{f’(a),%f’(Za)}

the first inclusion being an equality as soon as I';, # 0.

b) Suppose ¢ discrete and take up again the notation of (6.2.22) sqq. Let Q be a subset of
the affine space A and consider the corresponding concave function fo and group Ug = Uy,
(6.4.2). It is immediate that, for every a € @, f/,(a) is the smallest real number k such that the
half-space aqx = {x € A | a(x — @) + k > 0} is an affine root of the system X associated with a
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by the échelonnage & and containing Q. Consequently, the root system ®q = @, consists of
the roots a € ® for which there exists k € R such that (@, x,a) € & and Q C da, k.

Suppose in particular that Q is a facet F of A. Then ®F is exactly the root system attached
to F by & in the sense of (1.4.2) and, by (1.4.5) ¢), the Dynkin diagram of ®f is obtained by
deleting from the Dynkin diagram of the échelonnage & the vertices not belonging to the type
X of F.

(6.4.13) In what follows we shall define certain normal subgroups of H and study the intersection
H of H with a subgroup Uy. Let k € R; we shall denote by H ) the set of the 4 € H such that
(h, Ua,r) = {(h, M) | uce Ua,r} c Ua,r+k : UZa,2r+k

for every a € ® and every r € R (or r € R). One verifies immediately that the H(;) form a
decreasing family of normal subgroups of H, and even of N. One has H () = H for k < 0, and

H () is, in view of (6.1.13), the centralizer of the subgroup of G generated by the U, for a € ®.

(6.4.14) Letagain k € R. We shall define another subgroup of H, denoted H[;). For k <0, Hy
is the subgroup generated by the union of the intersections with H of the subgroups generated
by Uy, UU_,_, fora € ® and r € R. For 0 < k < oo, H[y is the subgroup generated by
the H-components (6.3.8) of the commutators (u,u’) and («’,u) withu € U,, and u’ € U_,,
r+s=k,orelseu € Uy, andu’ € U_y, 4, 2r + s = k (with a running through ®). Here again,
the H[j) form a decreasing family of normal subgroups of H, and even of N. Finally, one puts
Hieo) = M Hix-

(6.4.15) It is not impossible that the condition

(Pr) Hyp C Hy for every k € R

is always satisfied. We shall see later that it is so in very general cases, for example as soon as all
the irreducible components of @ are of rank > 1, and also in the case of semi-simple algebraic
groups over a local field.

Note that the H ;) are contained in the group G’ generated by the U, for a € ®. Consequently,
if Hjeo] C H (), then H| is contained in the center of G'.

Examples (6.4.16). — a) Let us take up again the notation of (6.2.3) a) (G = SL,(K)),

and let k > 0. One sees easily that H consists of the matrices (x S) € SL,(K) with

0

w(xuy ™ —u) > w(u) + k for every u € K, and that H\y) is generated by the matrices of the
X

0

is satisfied. If K is commutative, one has

x 0
x 0

b) Let us now take up again the notation of (6.2.3) b) (G is thus the group of rational points
of a connected semi-simple algebraic group 9 defined and split over the commutative valued
field K). Let k > 0. One verifies immediately that

Hyy={t €T |w(a(t)-1) 2 k foreverya € ®}.

0
form ux‘lu‘l) with x,u € K* and w(x — 1) > k. One deduces at once that condition (Pr)

xeK and w(x*-1) > k}

XEK*andw(x—l)Zk}.
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On the other hand, H\y) is generated by the images under the various homomorphisms {,
(for a € ®*) of the analogous subgroups of SL,(K). Now, if a,b € ® and x € K*, one has

el A el

x! (ala)’

which shows that Hyy) C Hy).

Suppose moreover that 9 is simply connected and let P be the group of weights of 9. It
is known that the map which to t € T associates the map p w— p(t) from P into K* is an
isomorphism of T onto Hom(P, K*). Fora € ®, p € P and x € K* one has

p (ga ((é x(_)l))) =x" withn €Z,

from which one deduces that w(p(t) —1) > k for every t € H{y). Conversely, let (pg)acn1 be the
family of fundamental weights associated with the basis 11 of ®. One has

=[1a(("” o)) @eD

acll
from which one deduces that
Hi={teT |w(p(t) —1) > k for every weight p € P}.

If 9 is not simply connected, H{y) is the canonical image of the corresponding subgroup of
the simply connected covering of 9.

Proposition (6.4.17). — Let f : ® — R be a quasi-concave function. Put

d(f) = inf (inf(f(a) + f(=a), f(=2a) +2f(@).

The group Hy = H N Uy is contained in H{q(y)]. Moreover, Hy is generated by the H}a) =

HmN}“) :HmUj(,”fora €O

Let us prove the last assertion. Let H be the subgroup generated by the H](fl). It is obviously
anormal subgroup of N. Let A be a basis of ® ¢, and let Ny be the subgroup of N generated by
the N 0 MY for a € A. In view of (6.4.10) and (6.4.9) (iv) one has Ny = Ny H’, and (6.1.10)
implies H' = Hy.

To complete the proof of the proposition, it therefore suffices for us to show that H}a) C
Hq(p)) for every a € ®. Let a € ®; put, with the notation of (6.4.12) a),

r =inf (f”"(a), 31" (2a)) and s =inf (f"(-a),3f"(-2a)).

In view of (6.4.12) (1), one has r +s > 0 and U](Ca) is contained in the group generated by U, , and

U_4,s. One deduces that Hy C H[q), whence the desired result when d = d(f) < 0. Suppose
now d > 0; for € € {1, £2} put

re = inf{Zf(sia) ) & € (1,22} Zgi B 8}'

It is easy to see that
roo<2r_y, ry<2ry, ri<rp+r_y, r.1<ro+ry and rp+r_o>d>0.

One may therefore apply (6.3.9), which shows that, if X denotes the group generated by the
H-components of the commutators (u,u’) foru € U, UUzy, andu’ € U_,, U U_2,,_,, the
product

Y = U—Za,r,z : U—a,r,l - X Ua,r1 : U2a,r2
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is a group which contains U}a),
ry+7r_0>d,2r +r_p >dand2r_| +ry > d. Consequently Hj(ca) C X C Hygy.
(6.4.18) We shall now study the conditions under which a group of the form Uy (or more

generally X - Uy with X C H) normalizes another group of the same form. We shall need the

since r. < f(ea). Now one sees easily that r| + r_; > d,

following notation: if f and g are two functions on @ with values in R, one denotes by J(f,g)
the set of the triples (a, &,n) with a € ®, g, € {1,2} and €g(na) + nf(—ea) > 0, and one
denotes by H , the subgroup of H generated by the H-components of the commutators (', u),
with u” € U_gy f(—ga)» U € Unag(na) and (a,&,m) € J(f,g). It is immediate that this group is
contained in H;) with

k=d(f,g) =inf{eg(na) +nf(-¢a) | (a,e,n) € J(f,8)}.
Proposition (6.4.19). — Let f,g : ® — R be two quasi-concave functions such that
(56) f(pa+qgb) <pf(a)+qg(b) for p,qg e N“and a, b, pa + gb € ®.

Let X be a subgroup of H. In order that U, normalize the group X - Uy it is necessary and
sufficient that the two following conditions be fulfilled:

(57) (X,Ugu) CUfsyq for every a € ®;
(58) Hf, CX-Uy.

It is clear that these conditions are necessary. Assume them satisfied. It suffices to show
that the commutator of an element of a generating system of U, with an element of a generating
system of XUy is contained in XUy. Taking (2) into account, it therefore suffices to show that
(Ua,f(a)» Upgp)) € XUy fora,b € ®. If b ¢ —R . a, this follows from axiom (V 3) of valuations
(6.2.1) and from condition (1). Otherwise, there exists ¢ € ® such that a = —ec and b = 7nc,
with eg,n € {1,2};if (c,&,n) € J(f, g), the inclusion to be established follows from (1) and (3);
if (c,e,n) ¢ J(f,g), in other words if 1 f(—&c) + €g(nc) < 0, one has, in view of condition (1),

f(b) = f(n(=gc) + (g + )(nc)) < nf(=sc) + (s + Dg(ne) < g(ne) = g(b)
whence Uj, o) C Uy, (), which completes the proof.

Corollary (6.4.20). — Let f,g : ® — R be as in (6.4.19). Suppose moreover that for every
pair (a, b) of roots such that a € —R.b one has g(a) = oo or f(b) = co. Then U, normalizes
Uy.

Indeed, one then has Hy , = {1}.

Corollary (6.4.21). — Let f and g be as in (6.4.19). Suppose moreover that f and g are infinite
on ®~. Then U, normalizes Uy.

This follows from (6.4.20).
Corollary (6.4.22). — Let f,g : ® — R be as in (6.4.19). Put

r=sup ({f(a) —g(a) | a € ®}U{f(2a) - 2g(a) | a,2a € O})

s = inf ({f(a) + g(=a) | a € ®} U {f(2a) +2g(-a), 2f(a) + g(-2a) | a,2a € ®}).
If X is a subgroup of H such that His) C X C H(,), then Uy normalizes X - Uy.

Indeed, one has Hy ¢ C H{5 and

(H(r)’ Ua,g(u)) - Ua,g(a)+r ' U2a,2g(a)+r c Ua,f(a) : U2a,f(2a)'
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Proposition (6.4.23). — Let f : ® — R be a concave function. For a € ® put
f(a) = f(a) if f(a)+ f(=a) >0
f(a) = fa)+ if f(a) + f(=a) = 0.
Then the function f* : ® — R is concave. Let moreover X be a subgroup of H and X* a normal
subgroup of X, satisfying the two conditions:
(59) Hy ¢ C X7,
(60) (X5, Upq) CUpey forevery a € ®.
Then X* - Uy~ is a normal subgroup of X - Uy.

Finally, let G be the quotient group XU ¢/ X*Uy+ and let U, (for a € ®U2®) be the canonical
image of Uy r(q) in G, and T that of X - Hy. The group U, is not contained in U», if and only if
a € @y, and (T, (Uy)acw,) is a generating root datum of type @y in G.

Let us first show that, for p,q € N*, a, b, pa + gb € ®, one has
(61) f*(pa+qb) <pfla)+qf (D).

Indeed, if (3) is not satisfied, one necessarily has the following relations, since f(pa + gb) <

pf(a)+qf(b):

f*(pa+qb) # f(pa + qb) hence f(pa + gb) = —f(-pa — qb) € R;
fH(b) = f(b) hence f(b) + f(~b) > 0;
f(pa+qb) =pf(a)+qf(b) hence f(b) € R.

One deduces that

pfla)+(q-1)f(b)+ f(-pa—qgb)=-f(b) < f(-D)
which contradicts the concavity of f (condition (C) of (6.4.3)). Whence (3).

Since f*(a) + f*(—a) > f(a) + f(—a) = 0, one deduces at once from (3) and from (6.4.5)
that f/* is concave; and conditions (1), (2) and (3) imply, in view of (6.4.19), that U s normalizes
X*U+, whence the second assertion, since X normalizes Uy and X*.

Suppose that U, ¢ Us,, in other words that

(62) Ua.f@)  Ua,f*(a) * Uza,f 2a)-
This implies f(a) # f*(a), hence f(a) + f(—a) = 0, whence f(2a) =2f(a) and
Uaf(a) ¢ Uaf(a)+ " U2a-
Consequently one has f(a) = f'(a) € I') and f(—a) = —f(a) € I, (6.2.16), whence
f(=a) = f'(—a) and a € ;.

Conversely, ifa € ® ¢, onehas f'(a)+f'(—a) = 0;since f'(a) > f(a) and f(a)+f(-a) > 0,
one has f(a) = —f(—a) = f'(a) € R, whence f*(a) > f(a) and f’(a) € I';,. One deduces (4),
whence U, ¢ U,,.

Finally, the verification of the last assertion is immediate.

(6.4.24) It is clear that Hy p« C H[o4) and one has (H),Uyr) C Up+, for every a € ®.
Consequently conditions (1) and (2) of (6.4.23) are satisfied if one has

H[0+] cX*c H(o.,_).

Of course, this is possible only if Hjo,] C H (o), for example if ¢ satisfies condition (Pr)
of (6.4.15). But in every case there exist subgroups X* satisfying the conditions imposed in
(6.4.22), for example Hy ;- itself. To show this we shall need the following lemma:
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Lemma (6.4.25). — Leta € ®, r € I'y and k € R with k > 0. Letu € U_4—, v €
Uar+k U Udgor+k and let h be the H-component of the commutator (v, u).

(i) If b € @, b ¢ Ra, one has
(h,Up,s) C Upssk - Usppssk for every s € R.

(”) (h’ Ua,r) c Ua,r+k : U2a,2r+k-
(iii) (h’ U—a,—r) - U—a,—r+k : U—Za,—2r+k-

Up to replacing ¢ by an equipollent valuation, we may assume, in order to simplify the
notation, that » = 0. _

Letb € ®, b ¢ Ra, and s € R; let X be the group generated by U_, o U Uy x U Uy and Y
the group generated by the Upqiqgp,1(p.q) With p € Z, g € N*, pa + gb € ® and t(p, q) = gs if
p <0andt(p,q) = k+gs if p > 0. Axiom (V 3) of valuations shows that X normalizes ¥ and

that the commutator of an element of U_, o U U, x U U, x with an element of U ; belongs to Y.

One therefore has (X, Up ) C Y, so that, taking (6.1.6) into account,
(HNX,Upys) CYNUp = Uppss - Usprsas

which proves (1).

Let us prove (iii). Let x € U_, and let Z be the group U_24x - U—gk - H - Uy - Usg i
(6.3.9). In view of (6.3.7) there exist y» € U_p44, Y1 € U_yk» 21 € Uyx and zo € Uy, such
that (v,u) = y2y1hziz2. On the other hand, v and the commutators (v=!,x), (v=!, xu), (x, y;)
and (x, z;) all belong to Z. Consequently one has

xvu =v(v7, X)xu € Zxu and xuv =v(v™, xu)xu € Zxu
whence x(v,u)x™! € Z. But xy;x~' = (x,y;)y; and xzix™! = (x,z;)z also belong to Z.

Consequently one has xhx™! € Z and (h,x) € ZNU_, = U_y 1 - U_za.x, Whence (iii).
Finally, (ii) follows from (iii) and from the following lemma:

Lemma (6.4.26). — Leta € ®, h € H, r € I', and k € R with k > 0. If one has
(h, U—a,—r) CU-4—r+k - U-2a,-2r+k> then one also has (h, Ua,r) C Usr+k - Uzapr+k-

One may suppose » = 0. Since 0 € T, the group U, is generated by ¢,!(0) and, since
h normalizes U,k - Uz, , it suffices to show that (h,x) € Uy - Usyx for x € gogl(()). Put
x =x'mx"” withx’,x” € U_,0 and m € M, . Then

(h,x)=h-x"-mh™'m™  m(h,x")ym™" - x'7!
€EH -U_4o-H -Upp - Upa - U_yo CU_4o - H -Upp - Upa e
whence the lemma.

Proposition (6.4.27). — Let f, f* be as in (6.4.23). The subgroup Hy ¢+ is normal in H and
one has (Hy r+,Uyp) C Ugsp, for every b € ®.

The first assertion is obvious, since H normalizes all the U, . Since Hy g~ and Uy
normalize Uy, it suffices to prove that, if & is the H-component of the commutator of an
element u € U_gzy f(—sq) and an element v € Uy, r+(ya) With a € @< g n e {1,2} and
ef*(ma) +nf(-ea) >0, and if x € U} f() with b € @, then (h,x) € Uy, s+(3y. This is obvious
if f*(b) = f(b)orif f(b) ¢ I'y. If b ¢ Ra, it follows from (6.4.25) (i). Suppose that f(a) € I,
f(a) + f(—a) =0and b € {+a,+2a}; thenu € U_, s(—q) and v € Uy r(a)+ U Uza25(a)+ (nOtE
that, if 2a € ®, one then has f(2a) = 2f(a) = —f(-2a)), and our assertion follows from
(6.4.25) (ii) and (iii) (taking r = f(a) and k = 0+).

It remains for us to examine only the case where f(a) + f(—a) > 0, f(2a) + f(-2a) =0,
f(2a) € I, and b = +2a. Put f(2a) = 2r. One has f(a) > r, otherwise the concavity of f
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would imply f(—-a) < f(-2a) + f(a) < %f(—Za) < —f(a). Likewise, f(—a) > —r, and one
hasu e U_,_, and v € U+ U Uzg2r+. By (6.4.25) (i1) and (iii) one therefore has

(h, UiZa,tZr) c (h, Uia,ir) NUs2q CUsgary NUs2q = Uiy 20+
which completes the proof.

Proposition (6.4.28). — Let f,g,h : ® — R be three quasi-concave functions. Put f| =
inf(f,h) and g, = inf(g, h) and suppose that, for p,q € N* and a, b, pa + qb € ®, one has

(63) h(pa + gb) < pfi(a) + qg1(b).
Let moreover X and Y be two subgroups of H such that
(64) (X’ Ug,a) U (Y’ Uf,a) U (Hfl,gp Uf,a ) Ug,a) C Uh,a

for every a € ®.

Throughout, @ is the root system of the root datum (7', (Uy)), R denotes R enlarged by the
symbols r+, and for a function f : ® — R we write Uy for the subgroup generated by the
U fa)» @ € @, and Py = H - Uy. Commutator subgroups are written (X,Y), as in the original.

Page 145 completes the proof of (6.4.28), whose conclusion is that (X,Y) - Hp ¢, - Uy is a
group containing the commutator group (X - Uy,Y - U,). The argument runs in three steps: an
elementary inequality showing h(—&a) = fi(—€a) and h(na) = g(na) under the stated sign
condition; the verification, via (6.4.19), that Uy and U, normalize Hy, ¢, - Uj; and the inclusion
(Uy,Uq) C Hyy g, - Up, obtained from (V 3) and (6.3.9). The general case then follows from the
commutator identity

(xu, yv) = xy - (v ) - (u,v) - (v, -y

Corollary (6.4.29). — Let A be a subset of the basis 11 of ® and let ¥ be the set of positive
roots that are not linear combinations of elements of A. Let f,g : ® — R be quasi-concave
functions, and suppose f (resp. g) is infinite on C'¥ (resp. on =¥). For a € ® put

h(a) = 0] Sy cien £(@) + Tizpzng (b)),
the infimum being taken over all pairs of non-empty finite sequences (a;), (b;) of elements of ®
with };a; + 2.;bj = a. Then h: ® — Ris concave and (Uy,Uyg) C Up.
Proof. h is concave and satisfies (6.4.28)(1) with f; = inf(f, h), g1 = inf(g, #). Examining the two cases
a€-¥anda e (+®* N (W) shows f; or g is infinite at a; hence Hy o, = {1} and (6.4.28) applies.

Corollary (6.4.30). — Let f.,g. : ® U {0} — R be functions whose restrictions to ® are
quasi-concave, and let h, : ® U {0} — R U {—oco} be given by

ho(a) = inf{ 3 (i) + 2 8- (b)),
the infimum over pairs of non-empty finite sequences (a;), (b;) in®U{0} witha = 3, a;+3; b;;
the order on R U {—o0} is defined by —co < k for all k € R.
If h.(0) # —oo, then h.(a) # —oo for every a € ® and the restriction h of h, to ®@ is concave.

Suppose in addition that H{j, )] C Hn,(0)) (for instance that ¢ satisfies condition (Pr)), and let
X (resp. Y) be a subgroup of Hy, (o)) (resp. H(,.(0))). Then

(X Uy, Y -Ug) € (X,Y) - Hiny(0)) * U

Proof. One checks that, in the notation of (6.4.28), Hy, o, C H[p,(0)] and that conditions (1) and (2) of
(6.4.28) hold.
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Corollary (6.4.31). — Let f and g be linear functions on ® and put k = inf{g(a) — f(a) | a €

®*}. Then (U7, Uy) C U}'+k.

Proof. Apply (6.4.29) with A = 0 (so ¥ = ®* and C¥ = —W¥ = ®") to the functions f*, g* equal to co
on @~ and to f, g on ®*. Linearity of f gives h(a) = inf{f(a) + X;(g(b;) = f(b;))} = f(a) + k for
a € o,

The authors remark that g need not be assumed linear: quasi-concavity of g suffices.

Corollary (6.4.32). — Let L be a half-line with origin 0 in V*, contained in Dy. For x € A
let U denote the subgroup generated by the U, _q(x—y) for a € ®*. There is a constant k with
0 < k < 1 such that

(U;—’ U;-) C ;+k(y—x)
for all points x,y of Awithx —y € L.

Proof. Take v € Landsetk = inf a(v)/sup a(v), the bounds overa € ®*;then0 < k < 1. Writex = y+tv
with ¢t € R, and apply (6.4.31): the resulting function satisfies h(b) = —b(x)+b(ktv) = =b(x+k(y—x)).
If @ has rank one and type BC}, then k = 1/2. If ® has type Ay, then (U, Uy) = {1} for all
X,y € A.

(6.4.33) The subgroups H{;j and H(y) and condition (Pr) of (6.4.15) are now studied in more
detail.

Proposition (6.4.33). — Forall k,{ € R, the commutator group (Hy), H¢)) is contained in
Hiy¢). If Hiyy C H(y), then for a € ® and m € Mg one has (m, Hy) C Hyy.

Proof. For the first assertion one may assume k,{ > 0; setting X, = Ug x4y - Uzaox4y C Uqx for
y € Ry, (V3) gives (Xy,X;) C X,,,, and a computation with the commutators v = (u™',nh,
v = (u™', h’~1) modulo Xy, yields ((h, h"),u) € Xpy¢. For the second, write m = u’uu’’ and use
the group Y = U_24,-2r+kU-a,~r+kH{x\Ua,r+kU2a,2r+k Of (6.3.9), normalized by U, , and U_,,—, by
(6.4.19); then (m,h) € Y " H = Hyy,.

Proposition (6.4.34). — Let k € R with k > 0. An element h of H belongs to Hy) if and only if
(D (h,Uar) CUgrsk - Usaprsk  forallr €R,

for every a € I1.

Proof. If (1) holds for a root a it holds for 2a; so it suffices to show that the condition “(1) holds for the

elements of I1” is independent of the choice of I1. This reduces to two assertions: (2) if (1) holds for a it
holds for —a — this is Lemma (6.4.26); and (3) if (1) holds for distinct a, b € I it holds for ¢ = r,(b) —
proved using (6.1.8), (6.4.21) and (6.4.9).

Proposition (6.4.35). — If ® has no irreducible component of rank one, then condition (Pr) is
satisfied.

Proof. Lemma (6.4.25) gives condition (6.4.34)(1) for every root a ¢ Rb, and the hypothesis on ® allows
one to choose the basis I1 with b ¢ RII; then apply (6.4.34).

Remark (6.4.36). — A more elaborate argument shows that (Pr) holds as soon as ® contains
no irreducible component of type BC\. The authors know of no example in which (Pr) fails.

Proposition (6.4.37). — Suppose (Pr) is satisfied and let k,{ € R.. Then

(D (H(xy, Hie)) € Higse)
2 (Hx1, Hig) € Higse)-
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Proof. Only (1) is needed. Assume k > 0; since H[4¢) is normal in H it suffices to treat commutators
with a generating system of Hjj, i.e. with Uy N H for a suitable f supported on +a, +2a. Apply (6.4.30)
with X = {1}, Y = H(y), and conclude with (6.3.9), which gives U, N H C H{px+¢] C H{k+¢]-

Definition (6.4.38). — An extension of the valuation ¢ is amap ¢o : H — R, U {oo} satisfying:
(P 1) for every k € R the preimage Up y = 9051([k, oo]) is a subgroup of H, and Hx; C Uy C
H
(P2) fork,€ € R, (Uox, Uoc) € Up e
@ is extendable if it admits an extension. An extended valuation of the root datum (T, (U,)) is a
pair (Y, o) consisting of a valuation ¥ of (T, (U,)) and an extension o of .
(P2) implies each Uy is normal in Uy = H; together with (6.4.33), (P 1) shows Uy is even
normal in N. Both conditions remain valid if k or ¢ is allowed the value co. Condition (P 1) may
be made explicit: for alla € ® and h, k € R, Uy is a group and
(P 1) (Uans Uok) € Uaprk - Unapnris
(P 1”) the H-components of the commutators (u,u") and (u’,u), foru € U, , andu’ € U_, 5 (resp.
u € U_yy5) withr + 5 =k (resp. 2r + s = k), lie in Ug .

Proposition (6.4.39). — The valuation ¢ is extendable if and only if condition (Pr) of (6.4.15)
is satisfied.

Proof. Necessity is clear. Conversely, under (Pr) the two functions
o] (h) = sup({k € R | h € Hz1} U {0}), @) (h) =sup{k e R| h € Hy)}
are extensions of ¢, by (6.4.37).

(6.4.40) From here on the authors set Up = H. This makes the notation U, coherent for
a € ®U {0} and k € R, and is justified by the fact that H plays, relative to the element O of
V*, a role analogous to that of the groups U, relative to the roots a € ®. The next proposition
exhibits this parallelism between 0 and the roots with respect to an extended valuation.

Proposition (6.4.41). — Fora € ®U{0} let Y, be a map from U, to RU{oo}, withyo(u) > 0 for

all u € Uy. The pair (Y g)acw, o) is an extended valuation of the root group datum (T, (U,))

if and only if the maps , satisfy conditions (VO0), (V1), (V2), (V4), (V5) of (6.2.1) (with ¢

replaced by ) together with:
(V1 bis) for every k € R, the set Uy y = wal([k, o)) is a group;

(VP) leta,b € ®U{0} and k, € € R; let ¥ be the set of elements of ® U {0} of the form pa + gb
with p,q € N*, and for ¢ € ¥ put k(c) = inf{pk+qt | p,q € N*, pa+qb = c}. Then the
commutator group (U k., Uy ¢) is contained in the product of the groups U, () for c € ¥
and c/2 € Y, taken in a suitable order.

Proof. Necessity is straightforward. Conversely (VP) for b ¢ —R.a is just (V3), so ¢y = (¥,) is a
valuation; (VP) with @ = b = 0 gives (P2), witha = 0, b € ® gives Uy x C H(y), and with a € ®,
b = —aor b = -2a gives H[,| C Uy, via (6.3.9).

Definition (6.4.42). — Let @ be an extension of . For a function f : ® U {0} — R, let U f
again denote the subgroup of G generated by the U, y(q) for a € ® U{0} (for k = r+ withr € R,
Uo.x denotes the union of the Uy 5 for s € RU {0}, s > r). One says f is quasi-concave (relative
to (@, o)) if its restriction to @ is quasi-concave and H y\¢ is contained in Uy g o).

Iff:ou{0} — R is concave (6.4.4) then it is quasi-concave, by (6.4.17), since f(0) < d(f|®D).
If f is quasi-concave then U N Uy = Uy (o).
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Proposition (6.4.43). — Let @g be an extensionof p and let f, g : ®PU{0} — R be quasi-concave
functions such that f(pa + gb) < pf(a) + qg(b) for p,q € N* and a, b, pa + gb € ® U {0}.
Then Uy is normalized by U,.

Proof. One has Hy|o, gjo C Up, (o) and

(Uo,£0)> Ua,g(a)) € (H(£(0))s Ua,g(a)) € Ua,g(a)+£(0)V2a,2¢(a)+£0) € Ua,f(a)Vza,f(2a);
now apply (6.4.19) with X = Uy (o).

Proposition (6.4.44). — Let @o be an extension of ¢, let f,g : ® U {0} — R be quasi-concave,
and let h : ® U {0} —» R U {—o0} be defined by

h(a) = inf{%; fan) + 2, 85}

the infimum over pairs of non-empty finite sequences (a;), (b;) in ®U{0} witha = };a;+3; b;.
If h(0) # —oo, then h is concave and (Uy,Ug) C Uy,

Proof. A special case of (6.4.30), taking X = Uy, r(0) and Y = Up (o).

Proposition (6.4.45). — Suppose ¢ is extendable (i.e. (Pr) holds). Let f : ® — R be quasi-
concave, and suppose there exist a linear function 1 € V.and k € Rwithk >0+ and f > 1+ k
(cf. (6.4.6)). Let H' be a subgroup of Hyy. Put Z = H' - Uy and, for n € N*,
Zyn=72nN (%H(H,) : H[nk] : U/1+nk)~

Then:

(1) (Z,,Zy) C Zpsw forall n,n’ € N*;

(2) €"(Z) C Z, forall n € N*;

(3) €*(Z) C H(w) — recall that this is the centralizer of the group generated by the U“,

aed(64.13);

(4) if H C Hy), then €% (Z) is contained in H|«) and in the center of Z. If moreover
H{e] = {1}, then Z is pronilpotent.

Here, for a group X, ¢ (X) denotes the n-th term of the descending central series, so €' (X) = X
and "1 (X) = (4"(X), X), and €*(X) = N1 €"(X).

Proof. Apply (6.4.30) with f,, g, the restrictions of A + nk, A + n'k and X = €"(H')H,k), ¥ =
%”’(H’)H[nrk]; (1) follows from &, > A + (n + n’)k together with (¢"(H’), €™ (H')) € €"*" (H’) and
(6.4.37). Then (2) and (3) follow using (6.4.33), (6.4.9) and (DR 6), and (4) from (6.4.15).

Corollary (6.4.46). — Suppose ¢ is extendable and discrete, and let e € R be such that
Iy C Ze for every a € ®. Suppose moreover H[) = {1}, and resume the hypotheses and
notation of (6.4.23). Then Hy y+ C H{o). If X* C He), then X* - Uy~ is a pronilpotent normal
subgroup of X - Uy.

Proof. By (6.4.24), Hy ¢+ C H{o+] = H[¢). Setting g(a) = inf{t € Ze | t > f*(a)} gives U, = Uy« with
g quasi-concave, and (6.4.6) supplies A and k < e with g > A + k; apply (6.4.45).

Remarks (6.4.47). — (1) The hypothesis ', C Ze in (6.4.46) is not very restrictive: by (6.2.23),
every discrete valuation is equivalent (6.2.5) to one with this property.

(2) With the hypotheses and notation of (6.4.23) and (6.4.46) one may take X = H and
X* = Hic). The group H - Uy is then an extension of G = HUy¢/H Uy, which carries a
generating root datum (H/H|,, (U,)) of type ®  — making it akin to a reductive algebraic
group — by the pronilpotent group H{.)-U +. This situation recurs later for semisimple algebraic
groups over a local field: G is then the group of rational points of a reductive algebraic group
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over the residue field k, and Ker(H - Uy — G) the group of rational points of a prounipotent
proalgebraic group over k, the “prounipotent radical” of H - Uy.

Proposition (6.4.48). — Let g : ® U {0} — R be a concave function with g(0) > 0, let
f:0 — R be a quasi-concave function majorising the restriction of g to ®, and let X be a
subgroup of H containing Hy. Let (ay, ..., an) be the elements of @™ in an arbitrary order
andlet j e Nwith0 < j <m. Let

7 Xx || Upa — XUy
1<i<m
be the map (x,u1, ..., Upm) &> UL~ Uj X Ujp1 - Up.
(i) 7, is injective.
(ii) If, for every a € ®, the group U, — given the topological group structure for which the
family (Ug i) ier is a fundamental system of neighborhoods of 1 — is complete, then 7; is
bijective.

Proof. One reduces to j = m with ® irreducible. Rank one follows from (DR 6), (6.4.9), (6.4.10)
(completeness is not needed there). For rank > 2, ¢ is extendable by (6.4.35), so (6.4.45) is available:
with Z = H{\Upsk, Zn = H{nigUasnk, an induction on n shows ui_lu; € Z, NUy,,, giving (i) on letting
n — oo. For (ii) a second induction produces approximations u}n)

limits v; satisfy (vq ---v,,)"'u € X, so u lies in the image of 7,,.

that are Cauchy by construction; their

6.5. Discrete valuations and double Tits systems. —

In this subsection the notation of 6.2 — in particular that of (6.2.4) — and of 6.4 (see (6.4.2)
and (6.4.3) for the meaning of P, and fq) is retained, and the valuation ¢ is assumed discrete.
By (6.2.22) one may then also use the notation of 1.3 and assume A = A, W = W, X = X.

Theorem (6.5). — Let G’ be the subgroup of G generated by N’ = v~-'(W) and the U, (a € ®).
PutT’ =T NN'"and B = Py
(i) BONN' = H and N'/H = W. The quadruple (G’, B, N’,S) is a double Tits system. If this
system is substituted for the one written (G, B, N, S) in §4, the groups written %% and Bp
in 4.1 are respectively HU* and T'U™ (for D = D).
(ii) The injection of G’ into G is a (B, N')-adapted homomorphism of connected type, for
which the objects written N, vand W in 4.1 are respectively N, v and w.

Proof. The theorem is an almost immediate consequence of (5.2.19) and (5.2.31); the authors also give
an independent proof based on (6.4.9), for readers who have not read §5. That (i) implies (ii) follows
from G =T - G’ = N - G’ together with (6.2.10)(iii). For (i): the first two relations come from (6.4.10)
and the definition of N’; axiom (T 1) of (1.2.6) follows from U, c T’'BT’, axiom (T 2) from (W, S) being
a Coxeter system (1.3.4), and (T4) from U, N sBs™1 = Ug,, Us N B = U,y by (6.4.9). Axiom (T 3)
follows from the two inclusions sB C BsU, and (UysHUy U U4+, HUy)WB C BswB U BwB. The
identification of SB% and Bp uses (4.1.5) and B ¢ U~ HU™; finally (6.1.12) applied to (77, (U,)) in G’
shows (G’,T'U™) is a Tits system, whence the double Tits system.

Remark (6.5, 1). — Let Q Cc A, Q # 0. The subgroup written Pg in 4.1 is none other than

P, this follows from (5.2.19), and is also a consequence of the more general result proved in
(7.1.11).

Remark (6.5,2). — Let (V,) be a decreasing sequence of subgroups of G forming a fundamental
system of neighborhoods of 1 for a complete topological group structure on G. Suppose moreover
that B and the U, are closed subgroups and that the topology induced on each U, is the one
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defined by the U, . Then the condition of (6.4.48)(ii) is satisfied, and so are the hypotheses of
(2.8.2): it suffices to consider an increasing sequence of bounded convex subsets (£2,) of A with
non-empty interior such that fo,(a) > inf{k € R | U,y C V,} for all a € ®; one checks at once
that P, C H-V,.

7. The building of a valued root datum

The notation of 6.2-6.4 is retained. It was seen in (6.5) that when ¢ is discrete it defines a Tits
system of affine type, hence a building on which G acts. In this section a metric space .# on
which G acts is constructed without assuming ¢ discrete; it is identified with the building of G
when ¢ is discrete, and in general retains some of its structures and properties. Although .
is no longer a polysimplicial complex in the non-discrete case, its chambers and facets are still
defined.

Before defining .# in 7.3, certain subgroups of G are studied, closely related to particular
cases of the groups Uy of 6.4, which generalize the fixers and stabilizers studied in §4 for the
building of a Tits system of affine type. In particular subgroups attached to the chambers of A,
written B, p, are introduced; they play the role of the group B of such a system.

When ¢ is discrete, most results of §§7-8 reduce to special cases of results already established
in §8§3, 4, 5, but are recovered here by a different method. The main novelty of the approach is
that it applies equally to non-discrete valuations, in particular to dense valuations, i.e. those for
whichI'y = ¢,(U;) is dense in R for every root a € ®. (When @ is irreducible this is equivalent
to density of I';, in R for a single root a.)

If D is a vector chamber of @, one writes @7}, (resp. ®,) for the set of roots a € @ positive
(resp. negative) on D, I1p for the corresponding basis of @, and U} (resp. Up,) for the subgroup
of G generated by the U, with a € ®j, (resp. a € ®)).

(7.1.1) Let Q be a non-empty subset of the affine space A (6.2.6). In (6.4.3) it was assigned a
concave function fg : @ — R by

fa(a) =inf{k € R| a(x) + k > 0 for all x € Q}, aed.

From now on A is identified with the vector space V by the choice of the origin ¢; this allows
the elements of V*, in particular the roots a € ®, to be regarded as functions on A. Likewise
an element x € A defines a linear function a — —a(x) on @, which is sometimes again written
x. To the concave function fq one associates, as in (6.4.2), the subgroup Uy, generated by the
union of the Uy f,(4), @ € ®, and the subgroup Py, = H - Uy,; these are written more simply
Uq and Pgq. Since U, f,(q) 1s the union of the U,y for k € Iy, k 2 fa(a), one sees that Ug is
generated by the union of the subgroups U,, where @ runs over the affine roots (6.2.6) containing
Q (cf. (5.2.30)).

(7.1.2) Clearly Ug and Pgq depend only on the intersection of the affine roots containing €2, that
is, on the set
l(Q) = ﬂ {xeAla(x)+k>0}.

acd, kel
k> fo(a)

The set cl(Q), again called the enclosure of Q, is a closed convex subset of A; one says Q is
closed if Q = cl(Q) (cf. (2.4.4)).

(7.1.3) It was seen in (6.4.10) that the subgroup Nz, = N N Uq has the following property: its
image v(Ny,) in W = v(N) = N/H is the subgroup generated by the reflections r, x for a € ®
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and k € I/, with Q C {x € A | a(x) + k = 0}, and hence is identified with the Weyl group
of the root system ®q = @, consisting of the roots a € ® for which there exists k € I'}, with
a(Q) = {—k}. One sets

No=H -Nsfp=H-(NnUg) =NnNPq.

When Q reduces to a point x one writes Uy, Py, etc. Finally, the map sending Q Cc A, Q # 0, to
Ugq (resp. Pg, Ng, ®g) is decreasing for inclusion.

(7.1.4) Asin (1.3.11), a sector of A is asetx + D of translates of a point x € A (the vertex of the
sector) by the elements of a vector chamber D (the direction of the sector). One has U,+p C Ul‘;
and N,,p = H. If Q C A contains a sector of direction D one therefore also has Ug C UZ; and
Ngq = H. More generally, for every non-empty subset Q of A,

(1) Po N U}, = Ugyp, PoNUL =Ug-p,
whence, by (6.4.9),
2) Pg = Nq -Ug+p -Ug-p

for every vector chamber D.
Proposition (7.1.5). —

7.1. The subgroups Pg and Po. — Let Qand Q' be non-empty subsets of A and let D be a
vector chamber.

(i) If Y C Q+ D, then Pq - Poy C Ng - Uy, - Ugy4p - Noy.

(ii) If Y c Q+ D and Q c Q' — D, then P - Poy = Ng - Ua_p - Uarip - Nov.
P}’OOf. By (7.1.4)(2), PQPQ/ = NQUQ_DUQ+DUQ/+DUQ/_DNQ/. IfQ cQ+ 5 theni]Qu,D D UQ+D,

which absorbs a factor and gives (i) since Uq-pUq-p C Up,. If moreover Q C Q" — D then Uy -p C
Uq-p, giving (ii).

Corollary (7.1.6). — Let x be a point of A and Q a non-empty subset of A. There is a vector
chamber D with Pqg - Py C No - Up, - Uxtp - Nx.
Proof. Choose y € Qand D withx —y € D: apply (7.1.5)(@).

Corollary (7.1.7). — Let x and y be two points of A. There is a vector chamber D with
Py-P,=N,-Uy_p-Ugp - Ny

Proof. Choose D with x —y € D; apply (7.1.5)(ii).

(7.1.8) Letagain Q c A, Q # (. Clearly v(n)(x) = x for all x € Q and n € Ng. Write Ng for
the fixer of Q in N:

ﬁg ={neN|v(n)(x)=xforall x € Q}.
One has Ng C ]VQ, and ]VQ normalizes Pg since N permutes the affine roots (6.2.10). Conse-
quently

Po = Ng-Pg=Nq-Ug

i1s a group having Pq and Ug as normal subgroups. For every vector chamber D, Po =
ﬁg -Uq+p - Ug-p, and one deduces immediately from (6.1.15) that

(1) PoNU}y, =Uqgp, PanUp=Ugp, PanN=Ng.

The map Q — Pq is decreasing for inclusion. Moreover, for all » € N and all non-empty
QCA, ~ —~
HPQI’Z_I = P,,(n)(g), I’lPQn_l = Pv(n)(g).
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One checks at once that in the case of a discrete valuation the notations IVQ and ﬁg agree with
those of §4.

Proposition (7.1.9). — Let Q be a non-empty subset of A. If the valuation ¢ is dense, then
Nci@) = Ng and Pq) = Po.

Proof. Since Uy (q) = Ugq (7.1.2), the first equality implies the second. The fixed-point set L of ﬁg in A is
an affine subspace whose direction L° is the fixed-point subspace of "v(ﬁg) in YW, hence the intersection
of the kernels of the roots containing it. Thus L is an intersection of closed half-spaces equipollent to
affine roots and containing €2; density of ¢ makes each such half-space an intersection of affine roots, so
L is closed and cl(Q) C L.

When ¢ is discrete the equalities of (7.1.9) still hold if € contains a non-empty open set, but
need not hold in general.

Remark (7.1.10). — Letx € A; then N, = v‘l(Wx), where W, is the stabilizer ofxin W= v(N).
When G is generated by H and the U, (the “simply connected” case) and ¢ is discrete, W=w
is the affine Weyl group of the root system VX (1.3.8) and is generated by the reflections in the
walls of A. It is known that Wx is then generated by the reflections in the walls of A passing
through x (1.3.5). Hence ]Vx = N, and I”; = P,.

This is no longer necessarily correct when ¢ is not discrete, even assuming G generated by
the U, and all T, groups.

Examples.

1. Suppose @ = {a, —a} of type A and ¢ special. Then W is the group of transformations
x  ex +ya” with & = +1 and y € T, where I, is the group generated by I, (6.2.20).
The points of A lying on a wall are those of the form bfav with y € I',, whereas the points
stabilized by some non-trivial element of W are the zya with y € I[,. Soif I, is not a
group there are points x € A with N # N,, even assuming W=Ww.

2. Let K be a field with a valuation w, let I' = w(K*), and suppose I'/2I" is a vector space
of dimension > 1 over F,. Take for G the group of K-rational points of a simple algebraic
group split over K of type G, (necessarily simply connected), with the valued root datum
defined in (6.2.3)b). Let A, u € I" have images in I'/2I" linearly independent over F,, and
putx = %(/lav +ub"), where a, b are the two roots of a basis of the root system of G. One
checks easily that the symmetry about x lies in the stabilizer of x in W=Ww, yet no wall of
A passes through x. Hence ]Vx # N;y.

Proposition (7.1.11). — Let Q c A, Q # 0. Then ﬁg = ﬂ ﬁx.
xeQ

Proof. One first proves PoN Py = Pgu{x}, using the decomposmon g = nvu of (7.1. 8) together with
(6.1.15), (DR 6), (7.1.8)(1) and (6.4.9); induction then gives P{xl ,,,,, x) = le N---N ka It remains to
treat an increasing directed family (€2;) with union Q: one may assume all ; contain a common point x,
s0 Ny /H is finite; passing to a cofinal subfamily and using (DR 6), the components of g are independent
of i, and lie in H, (); Ug;+p = Uq+p and (; Ug,-p = Uq_p respectively.

Corollary (7.1.12). — Let Q and Q' be non-empty subsets of A. Then ﬁg N 139/ = ﬁgug/.

Remark (7.1.13). — For non-empty Q,Q" C A one has foqua) = sup(fa, for). One might
try to generalize (7.1.12) by showing that Us N Uy C HUgyp(r,q) Whenever f and g are concave
on ® — which would imply that sup(f, g) is concave as well. But this assertion is in general
false. For example, take for G the group of K -rational points of a split simple algebraic group of
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type G over a field K with a non-improper valuation, equipped with the root datum of (6.2.3) b).
Let (a, b) be a basis of ® with b the long root, and put, for ¢ € @,

f(c) =0 ifc = +xa, £(2b + 3a), f(c) =0+ otherwise;
g(c) =0 ifc==x(b+a), £(b+3a), g(c) =0+ otherwise.

One checks easily that f and g are concave and that Uy NUg & HUgyp (7 )¢ indeed Nyyp(r o) C H,
whereas Ny N Ny contains an element whose image in "W equals —1.

7.2. Chambers and facets of A. —

(7.2.1) Let X be a set and .% a filter base on X; the germ of .% is the filter generated by .%. If
Y C X, one says the germ y of .Z# is contained in Y if some element of y (or of .%) is contained
in Y. More generally, if there is Z € y with Y N Z = 0 one puts y N Y = 0; otherwise the
intersections Z NY, Z € v, form a filter base on X whose germ is written v NY, and it is
contained in Y.

If X is a topological space, the closure of y, written 7, is the germ associated with the filter
base formed by the closures of the elements of y (or of .%). One says y has non-empty interior
if the interiors of the elements of y are non-empty; these then form a filter base whose germ is
called the interior of y. One says vy is open if it equals its interior.

(7.2.2) Let.# be afilter base on the affine space A. The family of the Ug for Q € .% is increasing
and directed for inclusion, so its union is a subgroup of G depending only on the germ y of .#;
it is written U,,. The subgroups N,,, P,, Ny, P and the root system ®,, are defined analogously.

(7.2.3) Let D be a vector chamber. The sectors of A of direction D form a filter base; the
associated germ is written y(D) and called the sector germ of direction D of A. Immediately,

Uypy=Up  and  Pyp) = Pyp) = H - Up.

(7.2.4) Let x be a point of A and E a non-empty convex cone with vertex 0 in V, open in the
vector subspace it spans. Write y(x, E) for the germ of the filter base formed by the subsets X
of A with the following two properties: X is an intersection of affine roots and of complements
of affine roots, and there is a neighborhood Y of x in A suchthat X N (x + E) D Y N (x + E).
One puts
Ux,E = Uy(x,E)’ Px,E = Py(x,E)a etc.

A facet of A is a germ of the form y(x, E).©®) For a germ v (x, E) to be a facet it is necessary and
sufficient that, for every root a € ®,, the convex cone E either be contained in the hyperplane
{v € V | a(v) = 0} or not meet that hyperplane.

(7.2.4 (continued)) This is in particular the case when E is a vector facet of ®@; one then puts
F.g = y(x,E). If E is a vector chamber, the facet F, ¢ is called a chamber of A and is also
written Cy k.

Two facets Fy g and Fy g are equal if and only if they are contained in the same affine roots,
equivalently if and only if Py g = Py g. When ¢ is dense this forces x = x’. In all cases
Fy g = F,p if and only if the canonical projections of E and E’ into the dual of the vector
subspace of V spanned by @, lie in a single vector facet of ®,. The preimage E” of this vector
facet in V — also called, by abuse of language, a vector facet of @, in V — is therefore the
largest convex cone of V with F, g = F,g~, and E” +— F, g~ is a bijection from the set of
vector facets of @, in V onto the set of facets of the form F, . The vector facet E” is called

3 Translator’s note. The scan of this sentence was not fully legible; the delimiting clause on the admissible cones
E should be checked against the original before the definition is relied upon.
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the direction of F, g~ at x, and the dimension of F, g~ is the dimension of the vector subspace
spanned by E”. One checks easily that this dimension does not depend on the choice of x, and
that the set of X € F, g~ which are convex subsets of x + E” all of whose points are internal is
a base of the filter Fy g~. A facet F is a chamber if and only if dim F' = dim V.

Every facet F' is contained in the closure of at least one chamber C; one then has P¢c C Pp.
More generally, a facet F' is contained in the closure of a facet F’ if and only if Py O Pp.

(7.2.5) When ¢ is discrete one recovers, up to a canonical identification, the notions of chamber
and facet already seen: a facet (resp. chamber) in the sense of (7.2.4) is precisely the filter of all
subsets of A containing a facet (resp. chamber) in the sense of §2.

When ¢ is dense one sees immediately that y(x, E) is the filter of all subsets X of A for
which there is a neighborhood Y of x in A with X N (x + E’) D Y N (x + E’), where E’ is the
direction of y(x, E) at x.

In all cases, the center of a facet Fy g is the limit along the filter y(x, E) of the barycenters
of the compact subsets belonging to y(x, E). When ¢ is discrete one recovers the barycenter of
the facet F, g; when ¢ is dense, the center of Fy g is x.

(7.2.6) Letx € A and let D be a vector chamber. Since the chamber C p is open in A (in the
sense of (7.2.1)), every element of N, p fixes all points of a non-empty open subset of A and
hence belongs to H. Therefore P, p = P, p, and one puts

—~

Bx,D = Px,D = Px,D-

One checks immediately that U, p = Uy, ,,, where fyp : ® — R is defined by

1) frp(a) = —a(x) ifa € @},

fep(a) = (ma(x))+ ifa e @,
One has ®, p = 0, Ny p = H and, taking account of f, p(2a) = 2f; p(a) when a,2a € ®,
(6.4.9) gives

(2) Bx,D =H- Ux,D = l_[ Ua,—a(x) “H - 1_[ Ua,—a(x)+-

+red —red
acdy acd,

More generally, if A is another vector chamber,

3) Boo= || Usprw -H- || Vason-

+red —red
“e(DA aECI)A

Recall (6.4.9) that (2) and (3) are in fact decompositions of B, p as a (set-theoretic) direct
product, and that the position of the factor H, placed here “in the middle”, is immaterial.
More generally still, let F' = y(x, E) be a facet. Then Ur = Uy, where fr : ® — R is
defined by
fr(a) = —a(x) if a is positive or zero on E,

fr(a) = —a(x)+ if a is strictly negative on E.

(7.2.7) Letx € A and consider the function f; : ® — R associated as in (6.4.23) with the linear
function f; : a = —a(x). One has f;(a) = —a(x)+ for all a € ®,. Resuming the notation
of (6.4.18) and putting Hy = Hy_s» — a normal subgroup of H — it was seen in (6.4.23) and
(6.4.27) that

Py =H; - Uy
is a normal subgroup of P, = H - Uy, ; moreover the quotient group G, =P,/ P; carries a root
datum (7, (ﬁa)aeq)x) of type @,, where T (resp. U,) is the canonical image of H (resp. Us—a(x)
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in G,. One then sees easily that, for a vector chamber D, the subgroup B, p is the preimage
in Py of the minimal parabolic subgroup Tﬁ; of Gy (6.1.12), generated by T and the U, for
a € ®, N ®}. More generally the P, r are the preimages of the parabolic subgroups of Gy
associated with the various vector facets of ®,.

Note also that P is a normal subgroup of P, and that the canonical injection of P, /P} into
I/J\X/chk is adapted to the Tits system of G, ((1.2.13) and (6.1.12)).

7.3. Iwasawa decomposition and Bruhat decomposition. —

This subsection proves that the subgroups B, p attached to the chambers of A give rise to
“Iwasawa decompositions” G = U}, -N - By p and to “Bruhat decompositions” G = B, p-N-By p.
When ¢ is discrete this simply recovers earlier results ((1.2.7) and (5.1.3)) by another method.
Note however that the “Schiffmann formula” (7.3.3) has not yet been proved even in the discrete
case.

Proposition (7.3.1). — Let D and D’ be two vector chambers and let x be a point of A.
(i) G=U}-N-Byp.
(ii) More precisely, the natural map from W= N/H to the set of double cosets Uj\G [ By p is
bijective.

Proof. PutU = U}, B=Bxp,Z=U-N-Band f(a) = fy p(a); write B, for the subgroup generated
by Ua, f(a)» U-a,f(~a) and H, so that B, = HU, r(a\)U-q,f(-a) = HU_4, f(~a)Ua, r(a) by (6.3.2). The
proof of (i) has three steps.

(1) For a € @, the group L, generated by U,, U_, and T is contained in Z, = U, - T - {1,mg} - B,
where m, is any element of M2 C N (cf. (6.1.2)(2)). By (6.1.2)(7) it suffices that m,u € Z,
for u € U,, which is clear if ¢, (1) > f(a) and follows from the decomposition u = v'mv” and
(6.2.2)(V 5 bis) otherwise.

(2) For a a simple root for D: U_, - Z c Z. One uses (DR 2) — the subgroup U/, of U* generated
by the Uy, b € ®},, b # a, is normalized by U, and U_,, with U* = U, - U, (6.1.6) — together
with step (1), reducing to un € Z forn € N, u € U_,, which follows by applying (1) to the root —b
where b = —"v(n~!)(a).

(3) Hence Z is stable under left multiplication by the U_,, for a € I1p, and evidently also by the U, for
a € ®F, and by T, hence by all of G (6.1.4). This proves (i).

(7.3.1(4)) If n,n’ € N satisfy n’ € Uj,nB, put A = "v(n~')(D). By (7.2.6)(3),n’ "'n e B Uy =
H (Uy N B)U;, sothatn’~'n € H by (6.1.15). This gives (ii).

Corollary (7.3.2). — (i) The natural map N /N, — U;\G/P, (resp. N/N, — UB\G/ﬁx) is
bijective.

(ii) If x is a special point of A (6.2.13), the natural map T /|H — U} \G /Py is bijective.
Proof. For (i) it is enough, given (7.3.1) (i), to see that n” € U ,nP, forces n € n’N, (and likewise
with hats). With A = "v(n~')(D) one has n’~'n € P, U} = N, (U; N P,) U} by (7.1.4) and
(7.1.8), and the claim follows from (6.1.15). If x is special, N is the semi-direct product of N,
by T, whence (ii); note that then P, = P,. O
Proposition (7.3.3). — Let x € A, let D be a vector chamber, a € ®},, v € U, andn € N. If
v € UBan, then either

wa(v) = —a(x), ve P, neN,,

or else
a(v(n)(x) —=x) >0 and ¢,(v) = —a(x) — %a(v(n)(x) - x)
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(“Schiffmann’s formula”).

Proof. Suppose k = ¢,(v) < —a(x). By (6.2.2) (3) one may write v = u 'mu” with u’,u” €
U_g-randm € Myy. As U_,_ C P, NU, (71.3.2) gives m € nN,, whence v(n)(x) =
v(m)(x) = x — ka” —a(x)a” and a(v(n)(x) — x) = =2k — 2a(x). O

This is the analogue of a formula of G. Schiffmann for real semi-simple Lie groups of real
rank one ([33]).

Theorem (7.3.4). — Let x,x’ € A and let D, D’ be vector chambers.
(i) G = Bxp N By pr.
(ii) More precisely, the canonical map of N into the set of double cosets modulo B, p and
B, pr induces a bijection W = N/H — B.p\G/By p.

(7.3.5) Notation for the proof. For x,x’ € A and vector chambers D, D’: a hyperplane of A
through x and x” parallel to a wall of @ cannot meet the sector x” + D’, so there is a unique
vector chamber D (x;x’, D”) such that the sector x + D(x;x’, D) contains the intersection of a
neighborhood of x” with x” + D’. Let w(x, D;x’, D") be the unique element of "W with

(1) D(x;x',D’) =w(x,D;x',D").D
and let A(x, D;x’, D’) be its length in W with respect to the reflections in the walls of D.

Lemma (7.3.6). — Let x,x’ € A, let D, D’ be vector chambers and let L be an open half-line
with origin o in 'V, contained in D. Let g € G andn € N with g € Bypn By p-.

(i) One of the following holds:
(11)g € B, pnBy p foreveryz € x+ L;
(12) there are a point y € x + L and an element n’ € N with
g€ B, pnByp forall z €]x,yl, g €Bypn By p,
Ay, D;n’ x",Vv(n') (D)) > A(x, D;n.x’,"v(n)(D")).
(ii) g € B, p N By p for every z € x + L.

(7.3.7) How the lemma gives the theorem. Let g € G. By (7.3.1) there are n € N, u € U}, with
g € unBy pr; write u = Haeq)ged ug, ug € U_,. Since a(v) > 0fora € CIDBred, v € L, one finds
y € x — L with —a(y) + ¢_4(us) > 0 for all such a; then u, € U_, 4(,)+ and u € By p. Hence
g € By pn By prand (7.3.6) (ii) (applied with y in place of x and z = x) yields g € B, p N By p-,
ie. (i).

For (ii), put B = By p, B’ = By p- and suppose n’ € BnB’ with n,n” € N. Then 1 € Bn”B”
with n” = nn’~', B” = wB'n'~!, son” € BB”. Putx” = n'x’, D" = "v(n')(D’) (so
B” = By pr), A = D(x;x”,D"”) and y = (x + A) N Cy» pr; then B” = P,. By (7.1.5),
BB” c U{HU,, and since NN UyHU, = H (6.1.15(a)) one gets n” € H,i.e.n’ € nH.

(7.3.8) Proof of the lemma. Assume (1); then (ii) follows by iterating: in case (i 1) there is nothing
to do, and in case (i2) one applies (i) again with y, n’ in place of x, n. Since lengths in "W are
bounded, after finitely many steps one lands in case (i 1). One obtains points yo = y, y1,..., Yk
with y;11 € y; + L and elements ny = n’,ny,...,ngs; of N such that g € B, pn By p for
z € [x,yo0l, & € Bypn;Byp for z € [y;1,yi[, and g € B, pngy1 By p for z = y; or
Z € y; + L; whence (ii).

There remains (i). Replacing g by gn~!, x’ by n.x" and D’ by "v(n).D’ one reduces ton = 1,
i.e.g € BypBy p. Put A =D(x;x’,D’) and

Y=0,nd, ¥Y=0o,n0}
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By (6.4.9)every b € By pisuniquely b = Haecpged Ua [laew tta[lgew wa-hwithu, € Uy g, (s
heH.

For a € ®}, and z € x + L one has a(z) > a(x), hence U, y, ,,(a) C B p. By definition of
A one has x’ € x + D (with D = Z) and there is v € D’ withx" +v € x + A; so fora € QJX,
a(x’) > a(x) and a(x’) + a(v) > a(x), whence a(x’) > a(x) when a € ®; N ®;,. It follows
that Uy 1, ,(a) C Bw,p for all a € @7, in particular for a € ¥’. Multiplying g by an element
lying in every B, p, z € x + L, one reduces to g € uB, pr with u = [ cp tta, ua € Uy —q(x)+-

Ifu =1, (i1) holds. (This is the case when A = —D, i.e. when A(x, D;x’, D’) is maximal,
since then ¥ = @.)

If u # 1, there is a unique y € x + L with a(y) > —¢,(u,) for all a € ¥ and with equality
for at least one a € . Then

(1) MEUy_AﬂUy_DCU, ué Uy,
y* being the concave function attached to the linear function y as in (6.4.23). By (6.4.23) and
(6.4.27) there is a subgroup H* ¢ H with H*Uy- normal in HU, and with G = HU,/H*U,-
carrying a generating root datum (7', (Uy)4eo,) of type @y, where T is the image of H, U, the
image of Uy y(4), and @, = {a € ® : a(y) € I',}. Putting A’ = D(y;x’, D’), (6.1.15) provides
u' € Uyp, u” € Uyp and n” € Ny with
2) ueUpu'n"u”.

Since Uyyp U Uy C By p and Uyar C By pr (because C pr N (y + A') # @), one gets
u € Bypn'By pr and g € By pn’By p-: the second relation of (i2). For z €]x, y[ one has
a(z) > —¢4(u,) foralla € W,sou € B, p and g € B, pBy p: the first relation.

It remains to prove
3) Ay, Dy’ xX',Vv(n')(D")) > A(x, D;x',D’).

Step 1.
4 A(y,D;x",D") > A(x,D;x",D’).

Indeed, let .# be the set of hyperplanes of V that are kernels of elements of ®. The length of
w € YW is the number of members of .# separating D and w(D) ([5], ch. VI, §1, no. 6). Hence
A(z, D;x’', D’) is, for z € A, the cardinality of the set .#, of M € .# such that z + M separates
z + D from a neighborhood of x in x” + D’. For fixed M, the set of z € A with M € M, 18
the open half-space x” + M + D or the closed one x’ + M + D, and its intersection with x + L
is a half-line. Hence .#, D> .#., giving (4). In fact this shows more: w’ = w(y, D;x’, D’)
dominates w = w(x, D;x’, D’), i.e. w’ = ww” for some w” € "W with £(w’) = £(w) + £(W").
Step 2.
(5) A(y,D;x",D") > A(x,D;x’,D’) whenevern’ € H.

Equality in (4) forces w’ = w,i.e. A’ = A. Theimageu of u in G lies in U, NU ,, while the images
w, 7" of w,u” liein Uy, U, respectively. If ' € Hand A = A’ thenii € Up N U, NUpTU L,
whence # = 1 by (DR 6) and (6.1.6); so u € Uy, contradicting (1).

Step 3. By (4) and (5), (3) will follow from

(6) Ay, D;n’(x),"v(n')(D")) > A(y, D;x’, D"), with equality only if n’ € H.

Since n’ € N, one checks that w(y, D;n’.x","v(n')(D’)) = Yv(n') w(y,D;x’,D’). Setting
t ="v(n)and w’ = w(y, D;x’, D), (6) is equivalent to

7 {(tw’) > €(w"), with equality only if # = 1.

Identify the Weyl group "W’ of @, with a subgroup of "W, and identify a vector chamber of
®, (asimplicial cone in a quotient of V) with its inverse image in V. Let E be the vector chamber
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of @, containing D; let R (resp. R’) be the reflections in the walls of D (resp. E), generating
"W (resp. "W’), and wq (resp. w;) the longest element. Then wo(D) = —-D, w(E) = —E, so

wo(E) D wo(D). Let B=T Haeq)ym(p;-) U, be the minimal parabolic of G attached to E. Since
w’(D) = A’ one has Uyw’ c wBw’~!, and (1), (2) give

— Bl
(8 uewyBwy ',
9) neBtw Bw'!
Take a reduced decomposition (ry,...,r;) of w lwo in "W w.rt. R, so wo = wrg -+ -1

and £{(w") = €(wo) — k ([5], ch. VI, §1, no. 6, cor. 3 to prop. 17). For 1 < i < k put
wi = Wrg- - rig1, SO wr = w and w; = w;qr;; the Chambers w;i(D), wiy1(D) are adjacent and
the reflection s; in their common wall is w,-+1wl.‘l = w;riw; . Let w] be the unlque element of
"W’ with wi(E) > w;(D); this is consistent with wg, and wk = wy = w’ since w € "W’. The
chambers w(E), w/_,(E) are adjacent or equal according as s; € "W’ or not; in the first case

r—1
Si = Wz+1w

By (6.1.15 (2)) there is for each i = 0, ..., k a unique w; € "W’ with Eﬁwgﬁ = Bw, B, and
wo = wi by (8), W) =tw' by (9). Let I = {0,....,k—1}and Iy = {i € I : w/,, = w}}. Clearly

(10) ielh = wl, =w andw,  =w,
and we saw that
(11) ¢l = wl’.Hw;_1 :wl-+1wi_l = ;.
Fori ¢ Iy, wi | w =w; 1s,-w; is a reflection in a wall of E, i.e. an element 7] € R’; by (6.1.15)
and axiom (T 3) of Tlts systems,
Bw/, B = BuleB = Buw/r/B C EW’-E%E c EW;E U Bw/r/B.

Hence I — I; splits into I = {l g =witand Iz = {i : wi | =wirl}.

Finally put w; = w,-wl. Ly, (z =0,...,k); then wy = wo and Wi = tw' w'~w = 1w,

Fori € I setd; = W, w; = w; +11wl+1w:+11w'w’ w;. Then d; = r; if i € I} (by (10));
di=wlswi=1ifiel (by (11)); d; = w, 1Wl = r; if i € I3. Consequently

i+1
wo = Wo = Wi (W W) - Wy 'wo) =’ [ ] 7,
i€l Ul
whence €(tw’) > €(wo) — Card(l; U I3) > €(wg) — k = £(w’), with equality only if I, = @,
which forces wg = twg and t = 1. This proves (7), the lemma (7.3.6), and therefore the theorem
(7.3.4). O

Proposition (71.3.9). — Let F be a facet of A and let L be a subgroup of G containing H and
such that LN U, = PrNU, for every a € ®. Let N; be the stabilizer of F in N and put
P; = N;PF. Then P; is a subgroup of G and Pr C L C P;.

Proof. The first assertion holds because N; normalizes Pr; and Pr C L since Pr is generated

by H and the U, N Pr. As Pp contains some By p, (7.3.4) shows that if L ¢ PTF there is
n € NN L with n.F # F. Then some affine root @ contains exactly one of F, v(n).F; replacing
if need be n by n=! and @ by v(n~!).a, assume @ > F and a » v(n).F. Then U, c L and
U =n"'U,n c L, which by (7.2.6) and (6.4.9) forces v(n~').a > F — absurd. o

vin~h.a
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7.4. The building of G. —
(7.4.1) Consider the following relation between two elements (g, x) and (4, y) of G X A:
(R) there exists n € N such that y = v(n)(x) and g 'hn € P..

Since P, = P,N, and N is the stabilizer of x in N, (R) is unchanged if P, is replaced by Py.
(R) is an equivalence relation. Let g,h,k € G, x,y,z € A, m,n € N with y = v(m)(x),
z=v(n)(y), g 1hm € P, h™'kn € P,. By (7.1.8), P, = mP,m~"; hence

hlem™ =mm™'hg)m™" e Py, x=v(m )(y),
g Vknm =g " hm - m™ "W knm € P, m_lﬁym = P,, z =v(nm)(x).
The first gives symmetry, the second transitivity; reflexivity is clear.

Definition (7.4.2). — The building of G (equipped with the root datum (T, (U,)) and with the
valuation ¢ of it) is the set ¥.9 = & obtained as the quotient of G X A by the equivalence
relation (R).

The building ¥.# clearly depends only on the equipollence class of ¢.

The map j sending x € A to the class of (1,x) is injective: if j(x) = j(y) thereisn € N
withy = v(n)(x) and n € P as NN P, = N, (7.1.8), y = x. We identify A with its image in .%
via j from now on.

Left translation of G on itself is compatible with (R) and gives an action (g, x) — g.x of G
on .# for which the class of (g, x) equals g.x. For n € N this extends the action of n on A given
by v: n.x = v(n)(x). Clearly .# = G.A.

Finally, one checks easily that for ¢ discrete this construction recovers, up to isomorphism,
the building of G attached to the Tits system of G (6.5).

Proposition (1.4.3). — Let  be a valuation equivalent to ¢ (6.2.5). There is one and only one
mapi:¥.9 — V.7 with the properties:

a)i(g.x) =g.i(x)forxe¥ s, geG;

b) the restriction of i to A is an affine map of A = ¢+ V ontoy +V.
If 1:® — R} isdefined by y = Ao +V, theni(yp) =

Proof. One has A(¢ + V) = ¢ + V. Leti; : A —  +V be the affine map x — Ax. Clearly

(1) PPe="Pyy  (x€A)

and, by (6.2.5) (1),

2) i1(n.x) = n.ii(x) (xe A, neN),
whence

(3) YNy =YNyw and “P.=YPy,  (x€A).

So i; extends uniquely to a map i with (a) and (b).
Conversely let i satisfy (a). By the definition of the building,
4) ¢P, =VPy,  forallx e A.

Let x be a special point of A and y € A, y # x. There is an affine root @ containing x but not y;
by (7.1.8) (1) and (6.4.9), U, C P, and U, ¢ ¢P, = ¥ P,,. By (4), i(x) # Ay; hence i(x) = Ax
for every special point x. If i also satisfies (b), then i|A = i;, whence uniqueness and the last
assertion. O

Proposition (7.4.4). — Let € be a non-empty subset or a facet of A. The fixer of Q in G (for the
action of G on %) is equal to Pg.
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(The fixer of a germ is by definition the union of the fixers of its elements.) This follows
from the definition of .# when Q is a point, and the general case follows using (7.1.11).

Proposition (71.4.5). — Leta € ® and u € U};; put k = ¢,(u). The set of points of A fixed by u
is the affine root
Qg ={xeA|a(lx)+k >0}

Indeed, for every x € A one has ﬁx NU; =Ugs—ax), and u € ﬁx is equivalent to k > —a(x).
Note that there are points of .7 fixed by u outside A (cf. (7.4.33)).

Corollary (7.4.6). — For every non-empty closed subset Q of A, the set of points of A fixed by
all elements of Pg is Q.

This follows from (7.4.5) when Q is an affine root; the general case follows since cl(Q) is
the intersection of the affine roots containing €2.

Definition (7.4.7). — An apartment of .# is a transform of A by an element of G.

Proposition (71.4.8). — Let g € G. The intersection AN g~'.A is a closed subset of A, and there
exists n € N such that g.x =n.x forallx € Ang~l.A.

Proof. We may assume Q = ANg A # @. Let 2 be the set of subsets X of Q with
g 'Nn Px # @. By the very definition of ., 2 contains all one-point subsets of Q. Let
XeX,yeQandny,n, €N with g_lnx € ﬁx, g_lny € ﬁy. By (7.1.6) there is a vector
chamber D with
n)_(lny € ﬁxﬁ C ]VX Up U+ IV

(using PX = NXPX and Py =P, N ). Hence there are nX € NX, n € N with n’” nX
NN UDU;S = {1}. Putting n = nyn’y = nyny we get g~ Ihe Px N Py = PXU{y}. By induction
on k, every finite subset {x, ..., x;} of Qliesin 2 .

Now fix xo € Q and write Q as the unlon of an 1ncreas1ng ﬁltermg family of finite subsets
X; > X0- There are ng,n; € N with g~ Ty € Px0 and g~ In; € PX C PxO Then n; “lno € Nx and

-1
I’lyl’l S

since Nx0 /H is finite we may (passing to a cofinal subfamily and multiplying the n; on the right
by elements of H) assume n; independent of i. Then g~'n; € (; Px, = Pgq (7.1.11), which gives
the last assertion. Moreover there is ’ € Ng with g~'n;n’ € Pg = Pgq) (7.1.2), 50 g.x € A for
all x € cl(Q), i.e. Q is closed. O
Corollary (7.4.9). — Let Q be a subset or a facet of A.

(i) The fixer Pg of Q acts transitively on the set of apartments containing 2.

(ii) Suppose Q is a chamber and let b € Pg. Then b.x = x forallx € AN b.A.
Proof. Let A’ = g.A be an apartment containing Q and n € N with g7'.x = n.x for all
x € ANng.A. Then gn € Pg and A’ = gn.A, whence (i). If Q is a chamber and g € Pg, then by
(7.2.6) n € NN Pc = H, whence (ii). O

Compare (7.4.9) with (2.5.8) and (2.5.9).
Corollary (7.4.10). — The subgroup N (resp. H) is the stabilizer (resp. the fixer) of A in G.

Proof. Let g € G with g.A = A. By (7.4.8) there is n € N with g"'n € P4. But U, = {1}, since

A is contained in no affine root, so P4 = Ny = H; and H is by definition the kernel of v. O
Compare (7.4.10) with (2.2.5).

(7.4.11) As in (2.2.8), it follows from (7.4.10) that on every apartment A’ of .# there is one

and only one structure of Euclidean affine space such that, for every g € G with A’ = g.A, the

map x — g.x is an isomorphism of Euclidean affine spaces from A onto A’. In particular each
apartment A’ carries a distance d .
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Moreover (7.4.8) shows at once that if M is a subset of an apartment, the set g.cl(g~!.M)
does not depend on the choice of g € G with M C g.A. This set is called the enclosure of M
and denoted cl(M); it is contained in every apartment containing M. One says that M is closed
if cl(M) =

Definition (7.4.12). — A sector (resp. sector germ, chamber, facet) of & is a transform of a
sector (resp. sector germ, chamber, facet) of A by an element of G.

Of course one identifies a germ of A, defined by a filter base .# on A, with the germ defined
by .# in .#. Definition (7.4.12) is justified by:

Proposition (7.4.13). — (i) If a facet X of .9 meets an apartment A’ = g.A of .7, there is a
facetY of A with X = g.Y, and X is contained in A’.

(ii) If a sector (resp. sector germ) X of .7 is contained in an apartment A’ = g.A, there is a
sector (resp. sector germ) Y of A with X = g.Y.

Proof. (1) Letx € A, let E be a vector facet of @, and & € G with X = h.F, g; suppose X meets
g.A. For every convex neighborhood Q of x in A one has 2.(QN(x+E))Ng.A # @. For Q small
enough there is an open half-line E” with origin 0 in V, E’ C E, with h.(Q N (x + E’)) C g.A.
Then F, r = Fy g, and by (7.4.8) there is n € N with g7'h.y = n.y forally € An g 'h.A.
Hence n'g7'h e ﬁx,Er = FX,E and X = h.Fy g = g.Fy gr withx” = n.x, E” ="Vv(n)(E). The
proof of (ii) is analogous and simpler. O

In particular, the facets (resp. chambers) of .# meeting A are exactly the facets (resp.
chambers) of A.

Corollary (7.4.14). — Let F, F’ be facets of A with F’ contained in the closure of F in A (7.2.1),
and let g € G. Every apartment of % containing g.F also contains g.F’.

This follows from (7.4.13), since A N h.A is a closed subset of A for every h € G (7.4.8).

Proposition (7 4.15). — Let Q, Q' be subsets or facets of A and let WQ (resp. WQ' ) be the image
of No ( resp. No ) in W. The natural map WQ\W/ Wo — PQ\G / P is bijective.

The proof is identical with that of (4.2.1), replacing the reference (2.5.8) by (7.4.9).

Proposition (7.4.16). — Suppose the valuation ¢ is dense. Let x € A and let E be a vector facet.
(i) The only point of A fixed by Py g is x.
(ii) If g € G is such that gP, pg™' C P,, then g € P,.

Proof. Lety € A, y # x. As ¢ is dense there is an affine root containing x but not y; by (7.4.5)
this gives (i). For (ii), by (7.3.4) we may assume g € N; butforn € N one has an,En‘1 =P, E
with £’ = "v(n)(E), so (ii) follows from (i). O

Corollary (7.4.17). — If ¢ is dense, the normalizer of Py (resp. ﬁx ) equals P, for every x € A.

Theorem (7.4.18). — (i) Two chambers (resp. facets, points) of & lie in a common apartment.
(ii) A chamber (resp. facet, point) of . and a sector germ lie in a common apartment.
(iii) Two germs of sectors of ¥ lie in a common apartment.

Proof. These are geometric translations of (7.3.4), (7.3.1) and (6.1.15) a) respectively. By (7.4.14)
it suffices to treat chambers and germs of sectors. Let C, C’ be chambers of .#; transforming
both by one element of G we may assume C = Cyp and C’ = g.Cy pr with x,x" € A, D, D’
vector chambers, g € G. By (7.3.4), g = bnb’ withb € By p,n € N, b’ € By p;then C = b.C
and C’ = bn.Cy pr lie in the common apartment b.A. One proves (ii) similarly from (7.3.1) and
(ii1) from (6.1.15); see also (4.2.5). O

Theorem (7.4.19). — Let C be a chamber of % and A’ an apartment containing C. There is
one and only one map p from % into A’ such that, for every b € Bc, the restriction of p to the
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apartment b.A’ coincides with the restriction of x — b~'.x. The restriction of p to A’ is the
identity, and if x is a point of A’ adherent to C then p~'(x) = {x}.

For the proof see (2.3.2) and (2.3.4). As in (2.3.5) this map is denoted p4.c and called the
retraction of & onto A’ with center C.

Proposition (7.4.20). — (i) There is one and only one distance d on .% whose restriction to
every apartment A’ of & is the Euclidean distance of A’ (7.4.11). It is G-invariant.

(ii) Let C be a chamber of ¥, x a point adherent to C and A’ an apartment containing C;
let p be the retraction of .% onto A’ with center C. Forall y,z € .7,

d(p(y), p(z)) < d(y,z).
If moreover C, y and z lie in one apartment, then d(p(y),p(z)) = d(y,z). In particular
d(x,p(y)) =d(x,y) forally € 7.

(iii) Let x,y € Z and S = {z € I | d(x,y) = d(x,z) +d(z,y)}. Then S is contained in
every apartment A’ containing x and y, and coincides with the segment [xy| of the affine space
A’; one writes S = [xy]. Every isometry of % — in particular every element of G — fixing x
and y fixes every point of [xy].

(iv) Let x,y,z,7 € % with z € [xy], and € € Ry with d(x,7') < d(x,z2) + €d(x,y) and
d(y,7) <d(y,z) +&d(x,y). Then

d(z,7)’ < 4d(x,2)d(y,2) £ + d(x,y)’s".
(v) Let x,y € & andt € [0, 1]; write tx + (1 — t)y for the unique z € [xy]| with d(y,z) =

td(x,y). Themap (t,x,y) — tx+(1—1)y from [0, 1] X & X .Z to ¥ is continuous. The metric
space ¥ is contractible.

For the proof see nos. (2.5.1)-(2.5.4) and (2.5.14)—(2.5.16). In the proof of (2.5.3) (i) one
replaces the use of facets by the following lemma.

Lemma (7.4.21). — Let C be a chamber, A" an apartment, and x,y two points of A’. There is
a monotone sequence (xo = X, X1, ...,Xy = y) of points of the segment [xy] of A’ such that for
eachi=0,...,m— 1 the segment [x;x;+1] of A" and the chamber C lie in one apartment.

Proof. We may assume x # y. For each z € Jxy[ there are chambers C}, C_ contained in A’
with Jxz[NC] # @ and Jzy[NCT # @. Let A} (resp. A7) be an apartment containing C and
C7 (resp. C7). There are then z* €]zy[ and z= € ]xz[ with [zz*] € A} and [z7z] C Af.

One defines x*, Ay and y~, A} analogously. There are finitely many points z1, .. ., zx of [xy]
such that the ]z-z[ together with [xx™[ and ]y~y] form an open cover of [xy]. Ordering
x,x%, 27,225, y”,y monotonically gives the required sequence. O

Remark (7.4.22). — Let C,C’ be chambers of A and g = bnb’ € G with b € Bc, n € N,
b’ € B¢r. Since the restriction of pa.c to the apartment b.A D g.C’ coincides with the action

of b=", one has pa.c(g.C’) = n.C". Likewise pa.c(g.x) = n.x as soon as g € BenPy (x € A,
n € N).

(7.4.23) Let v be an element of length 1 of V, E = E(v) the vector facet containing it and
E = E(v) the vector subspace generated by E. Put
c(v) = sin(a/2)

where « is the smallest of the angles that v makes with its transforms distinct from itself under
the various elements of "W. _
If E=V,putk(v)=+c0;if E #V, put

k(v) =sinf
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where 3 is the smallest of the angles that v makes with the vector subspaces generated by the
vector facets not contained in E and of dimension < dimE. Finally let 6(v) be the distance
from v to the complement of E in E, and put

h(v) = inf{c(v), k(v),5(v)}.

Note that i2(v) > 0.
Proposition (7.4.24). — Keep the notation of (7.4.23). Let x,y1,z € A with x € [zy1] and
yi—z€R:v. Letg e Pandy € ¥ withg™'.y € A and

d(y,y1) +d(g™".y, y1) < 2c(v) d(x, y1).
Then g € P,.
Proof. The set of t € [zx] with g € P, is a segment [zm]. Suppose m # x. Let D be a
vector chamber with v € D and p the retraction onto A with center the chamber C,, p. Let
n € N with g € By, pnB,, p. Since g.m = m we have n.m = m; and by (7.4.22) there is
m’ € lmy;] with p(g.p) = n.p for p € [mm’]. As p(g.[my]) is the segment [m p(g.y1)], we
get [mp(g.y1)] = n.[myi] and

p(g.y1) = y1 =d(m,y)("v(n)(v) = v).
Now "v(n)(v) # v: otherwise, since an element of B, p fixes the points of a neighborhood of

m in m + D, we would have g.(m + tv) = m + tv for all small ¢t > 0, contradicting the definition
of m. Hence the length of Yv(n)(v) — v is at least 2¢(v) and

d(p(g.y1),y1) > 2c(v)d(m,y1) > 2c(v)d(x,y1) > d(y,y1) +d(g~" .y, y1),
d(p(g-y1),y1) > d(y,y1) +d(y,g.y1) = d(p(y),y1) +d(p(y), p(g-y1))
> d(y1,p(g-y1))s
a contradiction. Hence m = x and g € P,. |

Proposition (7.4.25). — Let A’ be an apartment of ¢ and 'y a sector germ contained in A’.
There is one and only one map, denoted p 4., from & into A" with the following property: for
every bounded subset M of ¥ there is a sector € of A’ belonging to vy such that, for every
chamber C contained in €, one has par.,(y) = pa.c(y) forally € M.

Proof. We may take A’ = A andy = y(D), D a vector chamber; uniqueness is clear. Let M C .¢
be bounded, y; € A, v € —=D. Putr = sup{d(yi,y) | y € M} and choose x € y; — R%v so
that the ball of A with center y; and radius r lies in the sectorx — D. Lety €e M and g € G
with y' = g.y € A. Write g = hnu with h € ﬁy/, neN,ueUj (7.3.1); thenu.y € A. There
isz € x —Riv withu € U_p, and by (7.4.19) u.y = pa.c(y) for every chamber C C z + D,
whence

d(yr,u.y) <d(yi,y) <r<c(v)d(yrx).
By (7.4.24),u € Py,sou € Uy;+p and
(1) u.y = pac(y)
for every chamber C C x + D and every y € M. O

Asin 2.9, pyr., is called the retraction of .# onto A’ relative to the sector germ y. It is the
identity on A” and decreases distances.

Proposition (7.4.26). — Keep the notation of (7.4.23). Let z € Aand g € ﬁz; put T = sup{r €
R|g.(z+1tv) =z+1tv}. Foreveryt e Rwitht > T,

2e(v)(t—7) < d(z+1v, g.(z+1v)) <2(t - 7).
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Proof Lett>7. Puty=y,=z+tv,d =d(y,g.y)andx =y — (lc(v)‘ld) By (7.4.24),

g€ Py, whence 7 > 1 — —c(v) Id: this is the first inequality. For the second, put u = z + Tv;

thend(z+1tv,g.(z+1tv)) < d(u,z+1tv) +d(u,g.(z+1tv)) =2(t — 7). O
Note that when ® has rank one, ¢(v) = 1.

Corollary (1.4.27). — Let D be a vector chamber withv € D; lety € A, u € U} and A € R,.
(i) If d(y,u.y) < A, thenu € Uy+ c(v)-1av+D"
(ii) If u € Uy av+p, then d(y, u. ¥) < sup(0,22).

Proof. Let s = inf{t € R | u € Uyypy4p};sinceu € Uj,, s < co. If s < 0 then u.y = y and there

is nothing to prove. If s > 0, apply (7.4.26) with —v in place of v, g = u, z = y + sv, t = s: then
7 =0and 2¢c(v)s < d(y,u.y) < 2s, which gives (i) and (ii). O

Remark (7.4.28). — Letx € A, u € Uj, andn € N withu € P.nP,. Then d(x,u.x) = d(x,n.x),
and (7.4.27) gives a two-sided inequality between the “size” of n, measured by d(x,n.x), and
that of u, measured by the smallest 1 € Ry withu € Uy ,+p. Note that for v € D the subgroups
Urtav+p, A € R, form a decreasing filtration of U}, and allow one to define a “valuation” ¢, of

Ujp.
Proposition (7.4.29). — Keep the notation of (7.4.23). Let x,x’ V1 V| € A be such that y| —
x —x"and x" -y} lie in Ryv. PutL=x+E=x +EandletyeP L,y er/ L satisfy

d(y7 )’1) < h(V) d(x7 yl) and d(y ,)’1) < h(V) d(-x ’yl)‘
Then (x —E)N(x"+ E) c cl({y,y'}).
Proof. Let C be a chamber of A to which y} is adherent; put p = pa;c and choose g € Pc with
p(y) = g.y. Then
d(y,y1) +d(g.y,y1) < 2d(y,y1) <2c(v)d(x,y1),

SO g € P, by (7.4.24). Since cl({x} UC) > (y] +E)N(x —E) D> (X' + E) N (x — E), we get
8 € Pc N Pw+E)n(x-E)- R R

p(y) € x+E. Thereare z € L and h € Py with p(y) = gh.z; by (7.4.8) there is n € N, with
p(y) = n.z, whence p(y) —x ="v(n)(z —x). Asz—x € E, p(y) — x lies in a vector facet of
dimension < dim E. If p(y) —x ¢ E then

d(y1,y) 2 d(y1,p(y)) = k(v)d(y1,x) = h(v)d(y1,x),

contrary to hypothesis. Moreover d(y, p(y)) < d(y1,y) < 6(v)d(y1,x), which forces p(y) =
g.ytolieinx + E.

Now take ¢ € R, large enough that g.y € x+tv—E;putz = x+¢vandy” = g.y’. Arguing as
above but/\ivith X, zly’l, y”,—v,—E in place of x, y’l, y1,¥, v, E, and using d(y’l, y’) = d(y’l, y)
and y” € Py.y" C Py.L, one finds

g€ ﬁz N ﬁ(x/+E)m(z—E) C ﬁg.y N F(x/+E)ﬂ(x—E)
with g’g.y =g.yex+Eand g’g.y’ = g’.y" e x’ — E. Then
d({y.y') =g7'¢' . cl({g’s.y.g's.y'}) 2 ¢7'¢' T ((W+E)N(x-E)) = (x*'+E)N(x-E). O

Corollary (7.4.30). — Keep the notation of (7.4.23) and let A be a real number with(0 < A < 1.
There is a real number & > 0 such that, for x,x’ € Aand y,y’ € &, the relations x’ —x € R}y

d(x,y) < ed(x, x’) d(x',y") <ed(x,x")and {y,y'} C P, (x+E) foreveryu € [xx'] imply the
existence of z,7/ € [yy'] N Awith d(z,7') > Ad(x,x").

The derivation from (7.4.29) is very close to that of (2.8.10) from (2.8.9); we leave it to the
reader.
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Remark (7.431). — IfE is a vector chamber, then L = x + E = A and the conditions y € P L,
y € f L (resp. y,y" € P Ax + E)) of (7.4.29) and (7.4.30) hold automatically, indeed
Z = P,.A for every x € A by (7.4.9) (i) and (7.4.18) (i).

Corollary (7.4.32). — The apartment A is the smallest convex subset of .% stable under T.
One deduces (7.4.32) from (7.4.30) exactly as (2.8.11) from (2.8.10).

Proposition (7.4.33). — Let v be an element of length 1 of V contained in the vector chamber
D. There is a constant h > O with the following property: if x € A, u € Uyyp and A1 € Ry, then
u fixes every point of & lying in the ball with center x + Av and radius hA. If ® has rank one
one may take h = 1/2; if ® is of type A| one may take h = 1.

Proof. Let x,u, A be as stated; put y = x + Avand ¢ = c¢(v)"!. Letz € .; put 6 = 17'd(y, 2)
and t = pa.y(p)(2). By (7.4.25) (1) there is u” € U}, with z = u’.t. Since d(y,t) < d(y, z),

d(y,u’.y) <d(y,z) +d(u'.t,u’.y) =d(y,z) +d(t,y) < 249,
sou’ € Uyrcasv+p by (7.4.27) (). Putx’ = y +cA6v. By (6.4.32) there is a constant k depending
only on v, with 0 < k < 1, such that

(Ux+D’ Ux’+D) c Ux’+k(x—x’)+D-
Put r = 6(v) (7.4.23); one checks easily that ¢ € x” + k(x —x”) + D as soon as
c6 —k(1+cé) < -rls.
Since k < 1 it suffices for this that 6 < kr. Under that condition one also has r € x + D and
uz=wd't=uwdu =W )t =ut =2z

So one may take & = kr. If ®@ has rank one then » = 1 and one may take k = 1/2 (6.4.32); if ®
is of type A| one may take k = 1. O
Corollary (7.4.34). — Suppose ¢ dense. There exist two constants o, 7 > 0 such that for any
points x,y € ¥ there is g € G satisfying:
(1) g fixes every point of . in the ball with center x and radius od(x, y);
(2) d(y,g.y) > td(x,y).

Proof. Fort € V, t # 0, let a(r) be the smallest of the angles formed by ¢ and the a", a € @,
and put @ = infiey ;20cosa(?) > 0. Let v be an element of length 1 of V contained in a
vector chamber D and h the corresponding constant of (7.4.33). We show that o = %ha and
T = %c(v)a work.

It suffices to treat x,y € A with x —y € D. Choose a € ® with cosZ(x — y,a") > «
then a € ®,. Put d = d(x,y) and choose z € [xy] with —a(z) € Ty, d(x,z) > %d and
d(y,z) = %d (possible since ¢ is dense). Let u € U, with ¢,(u) = —a(z). By (7.4.5) the
fixed-point set of u in A is the half-space {t € A | a(t) — a(z) > 0}; in particular u € U,_ ,+p
with 4 = a(x = 2)a(v)™' > ad(x,2) > %d. By (7.4.33), u.t = t for every t € & with
d(x,t) < h§d = od(x,y): thisis ().

Similarly u & Uy v+p as soon as u < a(z — y)a(v)~!, so by (7.4.27) (i)

d(y,u.y) > 2c(v)a(z - y)a(v)™ > 2c(v)ad(y,2) > td(x,y),
which is (2). O
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7.5. The completion of the building. —

(7.5.1) When ¢ is discrete, the building of G is a complete metric space (2.5.12). This is not
so in general. We then write 7 for the completion of .#. The operations of G, as well as
the retractions onto an apartment, extend by continuity to 7. From (7.4.20) (iv) one deduces
easily that if x; (resp. y;) in .# tend to x (resp. y) in Z then for each r € [0, 1] the points
tx; + (1 —t)y; tend to a point z € fdepending only on 7, x, y; one then puts z = tx + (1 — t)y
and [xy] = {tx+ (1 —¢t)y | t € [0, 1]}. By continuity, (7.4.20) (iv) and (v) remain valid with
4 replaced by 7. It follows at once that [xy] is the unique geodesic of ﬁ\joining x to y; more
precisely, .
[xy] ={z € S |d(x,2) +d(z,y) =d(x,y)}.

Proposition (7.5.2). — Let v be an element of length 1 of V contained in a vector chamber D.
For every point x € 7 there is a triple (y, (1p), (up)) satisfying:

(1) y € A, (4p)p>1 is a decreasing sequence of real numbers tending to 0, and (u,)p>1 is
a sequence of elements of U+,

Q) upsr € upUyMpHDfor everyp > 1;

B)x =limp_coup.y.
Conversely, for every triple (y, (1)), (up)) satisfying (1) and (2), the sequence u,.y converges
to an element x of 7. Inorder that x € .7 it is necessary and sufficient that there exist u € U},
with
4) up € ulysa,v+p for every p > 1.
One then has x = u.y.

Proof. Let x € 7 and let o be the retraction onto A relative to the germ of sector y(D),

extended by continuity to 7. Choose points x, € . with g, = d(x,x,) decreasing to 0. Put
y = p(x), yp = p(xp). For each p there is u, € Uj, with x, = u,.y, (7.4.25)(1). Since
d(up.y,up.yp) = d(y,yp) < d(x,xp), after replacing the x, by the u,.y and passing to a
subsequence we may assume x, = u,.y for all p.

For g > p we have d(u;lup.y,y) =d(up.y,uqy.y) < 2&,, so by (7.4.27) (i)
(2bls) uglup € Uy+/lpv+D (q > p)
with 1, = ¢c(v)"'e,. Clearly (y, (1)), (u,)) satisfies (1), (2) and (3).

Conversely let (y, (1,), (u,)) satisfy (1) and (2). Since (1,) decreases, (2 bis) holds; then
(7.4.27) (ii) gives d(up.y,uqy.y) = d(u;lup.y, y) < 24, for g > p, so (u,.y) converges to some
xes.

If x € .7, write x = u.y with u € Uj. Then d(u.y,up.y) = limy_sco d(ug.y,up.y) < 24,,
so by (7.4.27) () u € upUy,c(y)-1a,v+p forevery p. But for g > p large enough 1, > c(v)_lxlq,
whence u € uyUy),v+p, which with (2 bis) gives (4). Conversely, if (4) holds then (7.4.27) (ii)
gives d(u.y,u,.y) < 24,,s0x =u.y € . O
(7.5.3) For a € @, call ball with center u € U, and radius k € R in U, the left coset uU, .
Proposition (1.5.4). — In order that the building .% be complete it is necessary and sufficient
that the following condition hold for every a € ®™4:

(MC) Every decreasing (for inclusion) sequence of balls of bounded radius of U, has non-empty
intersection.

Proof. Necessity. Let a € ®*4 and, for integers p > 1, let up € Usand k, € Rwith k, > k, and
ugUak, € upUak, forg > p,and k = sup,, k, < oco. Let D be a vector chamber with a € C[)B
and v an element of length 1 of D. Let y € A with a(y) = —k and put 4, = a(v) Nk - kp),
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so that Uy, = Uy N Uyia,v+p- By (7.5.2) the sequence (up.y) converges to a point x € 7.
If .7 is complete then x € .# and, by (7.5.2), the intersection of the u,Uy, Apv+D is non-empty.
Let u be in it. By (6.1.6) there are u; € U, and u; € Hb€q>+red pza Up With u = ujus. Since
u;lulug € Uy+,v+D, We get u;lul € Us NUysa,vip = Uk, (6.4.9), whence ﬂp upUagk, # ©.

Sufficiency. Suppose (MC) holds for every a € ®™4. By (7.5.2) it suffices to show that if
y €A, up, € Uj, A, € Ry and v € D are such that upUyip,v+p D ugUysp,v+p for g > p, then
X = ﬂp upUy+/lpv+D * Q.

Arrange the roots of <I)+red in a nibbling order (ai,...,a,) (1.3.15). Fori = 1,...,m put

U; = U, and let U] be the group generated by the U; forz < j < m. By (DR2) and (6 l 6), U!
is normahzed by U and U’_, is the semi-direct product of U; by U;. Put moreover

UP = Uyia,veD- U =urnu;, Ur =urnUj.
By (6.4.9),
U =U’UP  and U =Uq, —a;()-a;)ay 2 Uar-as(y)-
We show by induction on i that there exist #; € U}, and u,; € U! (fori = 0,...,m and p > 1)
with
(151) tiupUP Sy UP for all p;
(2;10) g U Cu,UP forg > p.

This holds fori = 0 (with U’ U+ U'p UP): takety = 1,u, 0 = up,. Leti > 1 and suppose t;_;
and the u, ;_; already constructed satlsfymg (1;i—1)and (2;i—1). Let f be the homomorphism
of U/_, onto U; defined by x € f(x)U! for x € U/ ;. Then f(up;-1U")) = f(upi-1)U’,
and (2;i — 1) together with (MC) and the relation Uf D Ug; —a;(y) shows that there exists
s €N, f(up,i_l)Uf. Put#; = s7'#;,_;. Since UfUl.’ = Ul.’Uf, there is exactly one u,; € U; with

s~ 'up i1 € up;UT. For every p,

t,upU DS up, 1U up,iU'p

. p ’ . p
Lo (up,,Ul._l) NU; = up,U;

and, for g > p,
”q,iU;q = (S_luq’i—lUi,gl) nU; c (S_lup»i—lUiq—?l) nU; = ”PviUz{p’
whence (1;7) and (2 ;7).

Since U,, = {1} we have u,, = 1 for all p, and (1;m) gives t,;l € u,UP? for all p, so
X #+ Q. O

Example (7.5.5). — Take up the notation of (6.2.3) a) (canonical valued root datum of SL(K),
K afield, commutative or not, endowed with a non-improper valuation w) or of (6.2.3)b) (valued
root datum of the group of rational points over K of a semi-simple algebraic group split over
K, K a commutative field with a non-improper valuation w). Each group U, with the valuation
@q is then isomorphic to the additive group of K with w. Condition (MC) therefore says that
the completion of K for w is maximally complete [34]. Note that this always holds when w is
discrete, which matches the fact that the building of G is always complete when ¢ is discrete.

Remark (7.5.6). — Condition (MC) may hold for every a € ®°% without holding for every
a € ©. Take up for instance the notation of example (6.2.3)d), taking for K the field of formal
series with well-ordered exponents in a subgroup I' of R ([6], ch. VI, §3, exerc. 2), dense in R
and with T' /2T infinite, with coefficients in a field k of characteristic 2, and taking for L the
additive subgroup generated by the elements u>?X” withu € K and y € T'. One sees easily that
L is a subfield of K. On the other hand it is well known that K is maximally complete (ibid.,
§5, exerc. 5), which shows that (MC) holds when a is a short root. But one sees easily that the
completion of L is not maximally complete and that (MC) fails when a is a long root.
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(7.5.7) Let A be an apartment of .# and C a chamber of A. Clearly the retraction p4.c extends
by continuity to a map, still denoted p.c, from .# onto A, and (7.4.20) (ii) remains valid with
# replaced by .#. Similarly, a retraction with respect to a sector germ extends by continuity to

.

(7.5.8) Suppose the valuation ¢ dense, and let o, T be the constants whose existence (7.4.34)
guarantees. Let & > 0 be small enough that o’ = (1-2&)oc—gand v’ = (1 -2¢&)1—2¢ are strictly
positive. Let x, y be two distinct points of 7 and choose X, y € # withd(x,x") and d(y, y’) less
than ed(x, y),sothatd(x’,y") > (1-2¢&)d(x,y). By (7.4.34) there is g € G fixing every point of
# in the ball with center x” and radius (1 —2&)od(x, y) and with d(y’, g.y’) = (1 -2&)td(x, y).
By continuity g fixes every point of 7 in the ball with center x and radius o”d (x,y), and
d(y,g.y) = 7'd(x,y). In other words, after decreasing the constants o and 7, corollary (7.4.34)
remains true with .# replaced by 7.

7.6. Restriction to a subgroup. —

Definition (7.6.1). — A subset @ of ® is said to be quasi-closed (cf. [3], 3.8) if, foralla,b € @y,
the commutator group (U, Uy) is contained in the group generated by the U yq1qp for p, q strictly
positive integers with pa + qb € ®y.

Clearly a closed subset is quasi-closed.

(7.6.2) Throughout the rest of 7.6, ®; denotes a quasi-closed root subsystem. We write G(l)
for the subgroup of G generated by the U,, a € ®1; N ? for the subgroup generated by the M,
a € ®©; ((6.1.2)(2)); and we put Tl0 =TnN N?. We are moreover given a subgroup 77 of T
containing 7°, and we write G for the subgroup generated by G(l) and 7.

Proposition (1.6.3). — (T1, (Uy, MOT))4eo,) is a generating root datum of type @y in Gy, and
©1 = (Pa)acw, is a valuation of it.

Proof. The only point that is not completely obvious is that ¢; satisfies (V3). Let a,b € @,
and h, k € R with b ¢ —R% a. For an arbitrary order on the set E of elements of ® of the form
pa + gb with p, g € N*, p and ¢ not both even, one has

(Uak» Up,1) C( l_[ Uc,pk+qh) ﬂ( 1—[ Uc),

c=pa+qbeE ceENd;

taking into account that if 2pa + 2gb € ®; (p,q € N¥) then pa + gb € @y, as a glance at
the rank-2 root systems shows. Since the product map [[.cg U — G is injective (6.1.6), (V 3)
follows. =

The objects that §§6 and 7 attach to the valued root datum of G; will be denoted by the
same letters as for G, but with the index or exponent 1. For example V" is the subspace of V*
generated by @, and V] is the quotient of V' by the intersection of the kernels of the a € @y, an
intersection we denote L;. We write "7 for the canonical map of V onto V| and r for the affine
map of A onto A defined by n(¢ + v) = ¢ + 'n(v) for v € V. One identifies "W, with the
subgroup of YW generated by the reflections r,, a € ®;. Note that "W acts trivially on L;.

It is immediate that N; = N?Tl C N.

If f is a quasi-concave function on @, we denote by U} the corresponding subgroup of G

(6.4.2); the notations U}, Psl2 and ﬁsl.z (for Q C A)) are self-explanatory.

Proposition (7.6.4). — (i) There exists one and only one map 7w : G{.A — ¥ from the set
of the transforms of the points of A by the elements of G into the building of G, extending
. A — A and commuting with the actions of G on G1.A and on .¥,.
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(ii) One has 7' (A)) = A, and the inverse image under T of any apartment (resp. half-

apartment, wall) of .7 is an apartment (resp. half-apartment, wall) of 7.

(iii) There exists one and only one law of operation (x,v) +— x +v of L1 on G.A, extending
the action of Ly on A and such that g.(x +v) = gx+vforg € G;,x € Gi.Aandv € Ly. The
map 7 passes to the quotient by Ly and defines a bijection of (G1.A)/Ly onto 9.

Let us first show that
(1) nov(n)=vi(n)on forall n € Ny.

This is immediate if there exist a € @1 and k € R such thatn € M ; ;. indeed, v(n) (resp. vi(n))
is then the orthogonal reflection with respect to the hyperplane of equation a(x — ¢) + k =0
(resp. a(x — 1) + k = 0). If n € Ty, there exists v € V (resp. v € Vi) such thatn.y = y +v
(resp. n.y; = y; +vy) forall y € A (resp. y; € Ay). One has, fora € @ and k € R:

nUa,kn_1 =Ug,k-alv) = Ua,k—a(vl)
whence a(v) = a(v;) for all a € ®;. Consequently, vi = "z(v) and n(n.y) = n.n(y) for all
y € A.
Formula (1) then follows from what precedes, since Nj is generated by 77 and by the union
of the M é k.
Now let x € A. It is immediate that U}T(x) c U,. Since G| = Ujlr(x)
in view of (1):

p g7l 1 pl
) GNP =UL, - (N\nP)- UL CPL.

Now let g € G| and put Q = AN g '.A. Suppose Q non-empty and let x € Q. Put
Q' =QnN (x+ Ly). Inview of (7.4.8), there exists n € N such that g.y = n.y for all y € Q,
whence

Nj. Ul(x) (7.3.4), one has,

genPQﬂGl—nPQﬂU(x)D N1U(X)CnPQﬁUxDN1 PQ/

denoting by D (resp. D) a vector chamber of ® (resp. ®;) such that D ¢ 7~!(D;). In view of
(7.4.15), there therefore exists ny € N; such that

ne (NN Ux,D) ny (NN ﬁg/) = Hnlﬁg/ = nlﬁg/,
whence
(3) gEnl(P ﬂGl)Cann( ) forallu e ANg AN (x+Ly).

This being so, let us prove (i). The uniqueness of 7 is clear. To show its existence, it suffices
to show thatif x € A and g € G are such that g.x € A, then 7(g.x) = g.7n(x). Letthen n; € N;
satisfy (3); in view of (1) and (2), one has

n(g.x) =n(n.x) =n.a(x) = g.n(x).

Let us prove (i1). Letx € A and g € G1 be such that 7(g.x) € A1 In view of (7.4.8), there
existsn € Ny suchthatg € nP! ()" Since P! ) = Nn(x) Un( ) © Nj. Px, onehas g.x € Nj.x C A,
whence (i1).

Let us prove (iii). The uniqueness of the sought law of operation is clear. To show its
existence, it suffices to show that if z = g.y, with y,z € A, and if g € G| and v € Ly, then
g.(y +v) = z+ v. Now one has in that case

m(g.(y+v)) =g.m(y+v)=g.n(y) =m(g.y) =n(z) € Ay
and g.(y + v) € A in view of (ii). Let then n; € N satisfy (3), with x = y. One has
g(y+v)=ni.(y+v)=n.y+'v(n)).v=z+v
since "v(ny) € "W, is the identity on L.
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Corollary (7.6.5). — Let p be the orthogonal projection of V onto L and let S| be the subgroup
formed by the t € T such that p o v(t) = 0. Let Q be a non-empty subset of A.

(i) One has TlO =Tn G(l) c Si.

(ii) If Ty C Sy, one has G| N ﬁg = ﬁl(g).

(iii) One has G\ N Pg = G1 N Pa.r, = (G1 N GY.S)) N Pg c P! L.

Assertion (i) follows at once from (6.1 2)(12) (6 1.13) and (6.2.10)(ii). Let us prove (ii). In
view of (7.6.4)(i), it suffices to show that P! 2@ © PQ as soon as 77 C Sy, or again, in view of

(7.1.8), that Nl(g) C PQ Let then n € N! 2@ © N, C N?.Sl. Every element of N? or of S

leaves invariant the affine subspaces of the form y + Ker p for y € A; on the other hand, v(n)
leaves invariant the affine subspaces of the form x + L for x € Q ((7.6.4)(i)). It follows that
n € Pg, whence (ii).

Let us prove (iii). The first equahty follows from (7.6.4)(iii) and the last inclusion from
(7.6.4)(3). It remains to show that G| N PQ C G0 Si.Letge G N PQ Since the buildings of
G and of G0 are the same, there exists s € G0 N P1 2(Q) suchthat 1. A = g.A1. In view of (i1),
one has h € Pg andn =hg e Ni N Pg. Let us write n = tn; with n; € N? and t € Ty, and let
x € Q. One has on the one hand
(1) v(n)(x + Ker p) = v(t)(x + Ker p)
and on the other hand
(2) v(n)(x + Ker p) = v(n).x + 'v(n)(Ker p) = x + Ker p.

Comparing (1) and (2), one sees that ¢ € §; and one has indeed
g=h""neG).N}.S; =GI.S,.

8. Bornology defined by a valued root datum

We keep the notations of §§6 and 7.

8.1. Bornologies compatible with a valued root datum. —

Definition (8.1.1). — A bornology % on G is said to be weakly compatible with the valued root
datum of G (or, more simply, with the valuation @) if it is compatible with the group law of G, if
the subgroups U, are bounded and the subgroups U, unbounded for 2, whatever a € ® and
k € R

One says that % is compatible with ¢ if moreover the subgroup H |y defined in (6.4.14) is
bounded for 2.

Proposition (8.1.2). — Let & be a bornology weakly compatible with ¢. Let x be a point of A
and D a vector chamber.
(i) For a subset X of G to be bounded for A, it is necessary and sufficient that

(Uxsp.Ux—p . X.Ur_p.Uxyp) NN

be bounded for A.

(ii) The set 28 N P(N) of bounded subsets of N is a bornology on N, compatible with the
group law of N, and satisfying the two following conditions:

(BCN 1) The image under v of any bounded subset of N is a bounded subset of Isom A
(endowed with its natural bornology) ((3.1.2) b)).
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(BCN 2) Whatever a € ® and k € R, the intersection
TN (UgkU-akUapU-akUa )
is bounded.
(iii) Every bounded subset of U, is contained in some U, (a € ®, k € R).
By (7.3.4) and (7.2.6)(2), one has G = Uy_pU,+pNU,+pU,_p, whence
X CUs—p.Ussp ((UxspUx—pXUy—pUysp) N N).Upsp.Uc—p.

On the other hand, U,;p and U,_p are bounded for 4 since one has, for example (6.4.9),

Uiip = n Ua,—a(x)-

+red
acdy

One deduces (i).

Let us prove (BCN 1) by contradiction. Let X be a bounded subset of N whose image v(X)
is not bounded in Isom A. Up to multiplying X by a finite subset, one may suppose that v(X)
is stable under left multiplication by the stabilizer of a special point, and v(X) then contains
translations of arbitrarily large length. More precisely, X contains a sequence (x,) such that
t, = v(xy) is a translation of length |¢,| tending to infinity and of direction #,,/|f,| tending to an
element v € V of length 1. Let then a € ® be such that a(v) > 0. One has lim,,_,., a(t,) = +oo
and

Uo = | JUa-ateny = | J5nUa07" € X.Uu0.X7!
n n

is bounded, which is absurd.

This proves (ii), for (BCN 2) is obvious.

Let us prove (iii) by contradiction. Let (u,) be a bounded sequence of points of U, such that
limy, 0 ¢4 (1ty) = —co and let k = sup,, ¢, (u,). By (V 5), one has m(u,) € U_4 _ju,U_, — and
the set of reflections 7 o, (4,) = v(m(u,)) is bounded, which is absurd.

Proposition (8.1.3). — Let D be a vector chamber and let % be the smallest bornology on

U}, compatible with the group law and containing the U,y for a € @}, and k € R. Let X C Uj},;

the following conditions are equivalent:

(i) X is bounded for U ;

(ii) whatever the order in which the roots a € CDZ“)red are arranged, there exists k € R such
that X C Haeq);-)red Uak;

(iii) there exists x € A such that X C Uy p.

It is clear that (iii) implies (ii) (6.4.9) and that (ii) implies (i). Let X € %5 ; then X is
contained in a finite product of subgroups Uy, r, with a; € ®}, and k; € R. For a € ®},, put
h(a) = inf{k; | a; = a} and let x € A be such that a(x) > —h(a) for all a € ®},. One then has
X CUp.

Proposition (8.1.4). — Let . be a bornology on N, compatible with the group law and
satisfying the two conditions (BCN 1) and (BCN 2) of (8.1.2). Let 4 be the smallest bornology
on G containing A and the U,y for a € ® and k € R and such that M,M’ € & implies
MM €49.

(i) ¢ is a bornology weakly compatible with ¢ and in particular is compatible with the group
law of G.

(ii) 4 induces on N the given bornology A and, for every vector chamber D, the bornology
¢ induces on U}, the bornology Uy (8.1.3).

(iii) Let D be a vector chamber. For a subset X of G to be bounded for 9, it is necessary
and sufficient that there exist Y C U5, Y~ C U5 = U™, and YO ¢ A such that

Xcyty .y’
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Let us introduce a few notational conventions: if 2" and ¢ are two sets of subsets of G, we
put 2% ={XY | XeZ,YeZ}yand 2 = (X' | X € 2}, and we write 2" < ¥ if
every element of 2" is contained in a finite union of elements of %. Let & = .4 N P(T') be the

bornology induced by .4/ on T and, for a € ®, let us denote by %, the set of the U, for k € R.

Let then .77 be the set of the subsets X of G satisfying the condition of (iii) for a given vector
chamber D. Since G = UfU,N (6.1.12), this is a bornology on G. Let us show that 7" is a
bornology compatible with the group law of G, or again that

(1) <

Every element of .7#~! is contained in a finite union of finite products of sets belonging
either to &, or to one of the %, fora € ®, orto {{n} | n € N}. Since %_, = n%n"" forn € M,
and since N is generated by 7" and by the union of the M} for b running through the basis Ilp
of ® corresponding to D (6.1.11), one sees that every element of .7°~! is contained in a finite
union of finite products of sets belonging either to &, or to one of the %, for a € ®}, or to the
set of the {m} for b € IIp and m € M,,.

By (8.1.3), one has %,.. 7 < 7, and condition (BCN 1) implies that &..5¢" < 7. To prove
(1), it therefore suffices to show that:

(2) for b € llp and m € My, one has m < 7.

Let U'" (resp. U'") be the group generated by the U, for ¢ € ®7, (resp. ®},) not proportional
tob. Put %> =U5, %" =2 NnPU™)and %'~ = %~ N P(U'"). The following relations
are obvious:

3) mUym™" = Uy, m¥U_ym™' = Uy;

4 m% " m™ = Y, m%' m' = w'";

5) E. Uy < Up. 8, EUp X Up.E,

(6) EU™ < U™.E, EU™ U .E.
We shall show that:

(7) U_p.Up < UpU-p.E I U U_pp.mE .

For this, it suffices to show that, whatever A, k € R, one has:

(8) {Upn Up i} = U U & I Uy U p.mE

and one may suppose h = k < 0. Foru € U_;, with r = ¢ (u) < —2k, one has:
uc Ub,—rmTUb,—r - Ub,kaTUb,2k~

Consequently, there exists a subset Y of T such that:

) U-pk = U-p,—2k C UpoxmY Up 2k
and one may choose Y in such a way that:
(10) Y € m™'Up2kU-p 4 Up 2k

Let s € Iy, s > 2k. There exists ¢t € T such that m~! € th?s C tUp sU_p —sUp s, and (10)
implies that Y € & by (BCN 2). ’

On the other hand, one has by (6.3.2) U_p 2k Up x C Up xU_p 21 H, and one sees as above
that there exists Y’ € & such that:

(1T) U_p—2k-Up CUpp.U_p2r.Y'.
It then follows from (9) and (11) that:
U_pk-Up i € (Uppk.mY .Upo) U (Up g U_p—2x.Y).
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Taking (3) and (5) into account, one deduces (8), whence (7). Finally, using (3), (4), (6) and (7),
one sees that:
mit < m U Uy U, U™ N =U U Uy U™ . mN
RUt Uy U N, myEU ™ N LU U Uy U™ {1, m}.E N
RUNUN =

It is now clear that 77 = ¥4.
On the other hand, for Y* c U}, Y~ c U, and Y% ¢ N, one has ((6.1.15) ¢))

Upny*y v’ cy*
NnY*yYY ey’
Consequently, ¢ = 77 induces on N (resp. U})) the bornology .4 (resp. %;;). In view of the

invariance of ¢ under inner automorphisms, one deduces that ¢ is weakly compatible with ¢
and satisfies (ii), which completes the proof.

Corollary (8.1.5). — The map which, to a bornology on G, associates the induced bornology
on N, is a bijection from the set of the bornologies weakly compatible with ¢ onto the set of the
bornologies on N compatible with the group law of N and satisfying conditions (BCN 1) and
(BCN 2).

This follows from (8.1.2) and (8.1.4).
The inverse bijection of the one described in the corollary will be denoted A" +— B (.A4).

Remarks (8.1.6). — a) A bornology % on G which contains the U,y for a € ® and k € R,
which induces on N a bornology .4 compatible with the group law of N satisfying condition
(BCN 1), and which is such that M, M’ € % implies MM’ € A, is weakly compatible with ¢:
it is indeed clear that .4 satisfies (BCN 2) and that Z satisfies (8.1.2)(i); consequently, one has
B =RB(N).

b) Let us take up the notations of (8.1.4). It is not true that every bounded subset of G (for
) is contained in a set of the form

(1) Y*Y'y" withY e, Y e andY'e N
nor even that every bounded subset of U*.T.U~ is contained in a product of the form (1) with
moreover Y? € &. A counterexample is furnished by the set

m.(Upx —{1})
forb € ®*, m € M), and k € R.

Definition (8.1.7). — One calls bornology defined by ¢, and denotes B(¢), the bornology on " ol

G which is the inverse image of the natural bornology of Isom . under the canonical map from
G into Isom .¥ (7.4.20).

One will note that, in the case where ¢ is discrete, this bornology coincides with the one
defined by the Tits system defined by ¢ (3.1.8).

Proposition (8.1.8). — The bornology A(¢) is compatible with ¢ and coincides with the
bornology HB(N"), where N is the bornology on N which is the inverse image under v of the
natural bornology of Isom A.

Leta € ® and k € R and let x € A be such that a(x) > —k. One then has U, x C P, which
shows that U,  is bounded for #(¢). On the other hand, corollary (7.4.27) shows that U, is
not bounded. Moreover, all of H, hence a fortiori Hg), is bounded, since H fixes every point of
A. Finally, the image of a subset X of N is bounded in Isom .# if and only if v(X) is bounded
in Isom A, whence the last assertion.
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Corollary (8.1.9). — Let 9B be a bornology weakly compatible with ¢. Suppose that, for every
subset X of v(T) bounded in Isom A, there exists a subset Y of T belonging to 9 such that
X =v(Y). Then the bornology defined by ¢ is generated by 98.H.

Indeed, the bornology which is the inverse image under v of the natural bornology of Isom A
is generated by ./".H, where ./ is the bornology induced by % on N.

Theorem (8.1.10). — Let  be another valuation of the root datum of G. The following
conditions are equivalent:

a) the valuations ¢ and \ are equivalent (6.2.5);

b) the bornologies %(p) and B (Y) are equal;

c) the bornologies AB(¢) and B () induce the same bornology on U, for every a € ®;

d) the bornologies #(p) and B (¥) induce the same bornology on N;

e) for every a € ®, there exists a bijection f, : ¥T'y — YT, such that Y, = f, o @,.

Suppose ¢ and i equivalent and let i be the canonical bijection of the building ¥.# onto ¥ .
(7.4.3). In view of (7.4.3) b), the restriction of i to ¥ A is bounded, hence so is i itself ((7.4.3) a),
(7.4.18) and (7.4.20)). One deduces at once that Z(¢) C A(¥). One sees in the same way that
B) C AB(p), whence the implication a) = b).

It is clear that b) implies c) and d). Let us show that c) implies d). For this it suffices to
remark that a subset Y of T is bounded for () if and only if, for every a € ®@ and every subset
X c U, bounded for (), the set of the txt~! fort € Y and x € X is bounded for the bornology
induced by #(¢) on U,, and that a subset of N is bounded if and only if it is contained in the
union of a finite number of translates of bounded subsets of 7.

Let us show that d) implies e). For this, let us consider the equivalence relation Y%, :
@a(u) = @q(v) on U, (for a € ®). It is equivalent to the relation

m(u) € Hm(v)
or again to the fact that the two reflections v(m(u)) and v(m(v)) are equal. But, whatever u and
vinU,, v(m(u)) and v(m(v)) are two reflections with respect to parallel hyperplanes, and to say
that they are equal amounts to saying that they generate a bounded subgroup of Isom A. In view
of (8.1.8), this means that m(u) and m(v) generate a bounded subgroup of N. Consequently, d)
implies that the equivalence relations Y%, and ¥.%,, are the same for every a, whence e).

Let us show finally that e) implies a). Up to replacing ¢ and ¢ by equipollent valuations,
one may suppose that, for every a belonging to a basis I1 of ®, there exists an element u, € U,
such that ¢, (u,) = ¥,(u,) = 0. In view of (6.2.7)(1), one has, for u € U,:

0-a(mua)um(ua)™") = @a(w),  Ya(mua)um(ua)™") = ya(u)
whence f_, = f,.
Now let u,v € Uy, k = ¢,(u) and € = ¢,(v). Again by (6.2.8)(1), one has

¢—a(m(u)yvm(u)™") = £ -2k
Voa(m@)vm@u)™") = fo(€) = 2f, (k)

whence f, (£ —2k) = f4(€) =2 f.(k). Since 0, k € T, and T, D T, + 2T, (6.2.16), one sees that
pk € I'; and that:

fa(pk) = pfa(k) forall k e I'; and all p € Z.

For u € U,, the subgroup YU, o, (. is generated by the v € U, such that ¢, (v) = ¢, (u). It
therefore coincides with the subgroup YU, 4, (1), Whence one deduces easily that f, is decreasing.
Since I',, is dense in R, or else is a subgroup of R isomorphic to Z, one deduces easily that there
exists a strictly positive constant A(a) such that f, is multiplication by A(a), and this for every
a €Il
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Now let a € IT and b € @ be such that f}, is also multiplication by a constant A(»). Using
once again (6.2.7)(1), one has, for v € Up:

Pro(0) (M (ug)vm(uag)™) = @p (), Y,y (M (ua)vm(ua)™") = 3 (v)
whence one deduces that f, ;) is multiplication by A(b).

Since the r, for a € IT generate the Weyl group ‘W of ®, and since every b € ®™¢ is the
transform of an element of I1 by an element of "W, one sees that f}, is multiplication by a constant
A(D) for every b € ®*4, hence also for every b € @ by (V 4).

Finally, foru € U,, v € Uy, k = ¢,(u) and € = ¢;(v), one has

erat) (m(wyvm(u)™) = €~ kb(a")
Uraty (m()vm(u)™) = wp(v) = Ya(W)b(a") = A(B)L - Aa)kb(a")
= A(b) (¢ - kb(a"))

whence one deduces that if b(a") # 0, that is to say if a and b are not orthogonal, one has
A(a) = A(b). Consequently, the function A is indeed constant on the irreducible components of
@, which completes the proof.

Corollary (8.1.11). — Lety : G — G be an automorphism of bornological group preserving T
and the set of the U,. There exists one and only one map vy, : & — & possessing the following
properties:

a) y.(g.x) =v(g).v.(x) forall g € G and x € .7;

b) y.(A) = A and the restriction of y. to A is an affinity.

The map . is bijective and equicontinuous: more precisely, there exist constants m, M € R’
such that

md(x,y) < d(y.(x),y:(y)) < Md(x,y)

whatever x,y € 4.

The existence and the uniqueness of y. are immediate consequences of (8.1.10) and (7.4.3),
applied to the valuations ¢ and ¢ o y. The rest of the statement follows at once from a), b)
and (7.4.20), taking into account that an affinity of a Euclidean space onto itself possesses the
properties in question.

Remark (8.1.12). — One can show that, if y : G — G is an automorphism of bornological
group, there exists one and only one map .. : .¢ — .# possessing property (8.1.11) a) and such
that:

b’) for every bounded convex subset Q of A, the restriction of y. to Q is an isomorphism of
affine sets onto a bounded convex subset of an apartment.

If ¢ is dense, a) already implies the uniqueness of . (this follows from (8.2.1)). If ¢ is
discrete, y. is characterized by a) and:

b") the restriction of y. to every facet F of .# is an affine map from F onto another facet.

In the discrete case, these assertions follow from §§2 and 3, notably from 3.3 and 3.5.

Proposition (8.1.13). — Let us take up the hypotheses and notations of 7.6. Let p be the
orthogonal projection of V onto L and let S| be the subgroup of T formed by the elementst € T
such that p o v(t) = 0.

(i) B(p) induces on G| a bornology compatible with .

(ii) For Z(y) to induce on G| the bornology (1), it is necessary and sufficient that G
be contained in G(l)S 1.

(iii) For a subset M of G| to be bounded for %B(yp), it is necessary and sufficient that it
be bounded for %(¢1) and contained in a subset of the form G(l).(p o v)~N(X), where X is a
bounded subset of L.
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(iv) For a subgroup of G| to be bounded for B(), it is necessary and sufficient that it be
bounded for B(p1) and contained in G(l).S 1-

Assertion (i) is immediate. Let us prove (iii). Let M € G, bounded for Z(¢) (resp. ZB(p)).

There exist subsets Y™ c Uy, Y~ c Uy and Z C T bounded for %(¢1) (resp. #(¢)), and a
finite subset F € N N G(l), such that M c Y*.Y~.F.Z. Since Y*, Y~ and F are bounded for
B(p) (resp. B(¢1)), one sees easily that one is reduced to proving that the image under v of a
subset Z of T} in Isom A is bounded if and only if v;(Z) is bounded in Isom A and p o v(Z) is
bounded in L, which is immediate.

Finally, in view of (7.6.5)(1), the homomorphism p o v : T — L; extends in a unique way
to a homomorphism from G?.T into L, with kernel G?.S 1. Assertions (ii) and (iv) then follow
from (iii).

8.2. Maximal bounded subgroups. —

In this subsection, we suppose that the valuation ¢ of the root datum of G is dense: for the
discrete case, see §3. We endow G with the bornology #(¢) defined by ¢ (8.1.7).

Proposition (8.2.1). — (i) The map x — ﬁ is a bijection from the completion 7 of the building
of G onto the set of the maximal bounded subgroups of G.
(ii) Let x and y be two points of 7. The maximal bounded subgroups Py and P are conjugate

if and only if x and y belong to the same orbit of G in A
It follows at once from the definition of the bornology of G (8.1.7) that the subgroups P, are

bounded. On the other hand, the complete metric space .# satisfies condition (CN) of (3.2.3):

indeed, one shows exactly as in (3.2.1) (taking (7.4.20) into account) that relation (3.2.1)(1) is
exact whatever x, y, z € .#, on taking m = (x/2) + (y/2) (cf. (7.4.20)(v)), and this remains true.
by continuity for x,y,z € 7 (cf. (7.5.1)). Consequently, every bounded subgroup of Isomﬂ
hence also every bounded subgmup of G, possesses a fixed point in 7 (3.2.3), hence is contained
in a subgroup P, with x € 7. To complete the proof of (i), it suffices to show that if x and y are
two distinct points of .#, one has P ¢ Py, now this follows from (7.4.34) and (7.5.8). Assertion
(i1) is then obvious.

(8.2.2) One will compare (8.2.1) with the results of §3; when ¢ is dense, all the stabilizers of the
various points of .# are maximal bounded subgroups (and there are still others when .# is not
complete), whereas, when ¢ is discrete, only certain among them are: those which correspond
to the vertices of the polysimplicial complex .# when G is generated by H and the U,, and, in
the general case, those which correspond to the barycenters of certain facets. Moreover, when
¢ 1is discrete, there is only a finite number, in general greater than one, of conjugacy classes of
maximal bounded subgroups. When ¢ is dense, there are in general infinitely many conjugacy

classes; however, when . is complete (condition (MC) of (7.5.4)) and ', = R for every a € ®,

there is only one conjugacy class!

Lemma (8.2.3). — Let x be a point of A, D a vector chamber and L a subgroup of G containing
B, p and not contained in P,. There exists a root a € ® such that LNU, ¢ Uy _q(x) = Uy N Py.

In view of (7.3.4), one has L = B, p.(N N L).B, p and there exists n € N N L withn ¢ f\’}.
Put v = v(n).x—x € V;since v # 0, there exists a € ®" such that a(v) > 0. Putb = v(n!).a.

Since Up _p(x)+ C Bx,p C L, one has:

Ua,—a(x+v)+ = n-l]b,—b(x)+-n_1 cL

and since ¢ is dense, there exists 4 € I', such that —a(x + v) < h < —a(x), whence the lemma,

since Uy, CLand Uy & Uy —y(x)-
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Proposition (8.2.4). — Let x € A and let D be a vector chamber.

(i) Every bounded subgroup of G containing B, p is contained in P,.

(ii) If @ is irreducible, every subgroup of G containing By p either is contained in P, or
contains the subgroup G’ of G generated by H and the U, for a € ®.

Let L be a subgroup containing B, p and not contained in ﬁx. In view of lemma (8.2.3),
there exists a root a € ®" such that L N U, ¢ Uq,—a(x)- Taking into account that ¢ is dense,
one deduces that there exist i, k € I'; such that 7 < k < —a(x) and U, , € L. The subgroup
L then contains on the one hand the two subgroups U, , and U_, _j, on the other hand the two
subgroups U, x and U_, _¢. Consequently, v(N N L) contains the two reflections r, s and r4 p,
hence the translation 7 = r, j, o, of non-zero vector (k—h)a". It follows that L is not bounded,
whence (1).

Now let ¢ be a root not orthogonal to a, and put m = {c,a"); one has m # 0. For g € Z, one
has

L> Z‘ch,—c(x)+l‘_q = Ue, —c(x)—gm(k—h)+
which shows that L contains all of U., and the same reasoning shows that L contains U_,.
Consequently, v(N N L) contains a translation of the form ¢.c¥, with £ # 0. One shows thus
step by step that L contains all the groups U, for the roots ¢ € ® which can be joined to a by a
sequence (co = a,cy,...,cs = c) of roots such that ¢; and c;; are not orthogonal for 0 < i < s,
in other words for the roots ¢ of the irreducible component of @ which contains a. This proves
(i1).

Let us recall (6.2.20) that the quotient group G /G’ is a torsion group every element of which
is annihilated by a power of the connection index of .

Remark (8.2.5). — Proposition (8.2.4), together with the results recalled in (7.2.7) and in
(1.2.19), allows one to determine all the subgroups of G containing B, p.

9. Descent of a valued root datum

We keep the notations of §§6, 7 and 8. The aim of this section is to show that, under certain
conditions, the valued root datum of G “descends” to a subgroup and provides a valued root
datum of that subgroup.

9.1. Induced valuations. —

(9.1.1) Throughout §9, we denote by V¥ a vector subspace of V. For a € V*, we denote by aF
the restriction of a to V¥, For every b € (V%)*, we denote by ®,, (resp. ;) the set of the a € @
such that a% € R.b (resp. a® € R%.b). It is clear that ®, is a rationally closed root subsystem
of ®. We denote by Z the subgroup generated by 7 and the U, for a € @ (i.e. for a € ® with
a® = 0). For b € (V%)*, we denote:

— by U, the subgroup generated by the U, for a € ®7;

— by L, the subgroup generated by Z, Uy, and U_p;

— by M, the set of the x € L; such that xZx V= Z, xUpx™' = U_p and xU_px~! = Up,.

Lemma (9.1.2). — Forevery b € (VH)*, the pair (T, (Uy, My)aco,) is a generating root datum
of type @y, in Lp. Moreover, Z normalizes Uy, and U_p; the subgroups Z.Up and Z.U_}, are
parabolic subgroups of L, and one has ZUp, N ZU_p, = Z.
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The first assertion is immediate (cf. (7.6.3)). The others are so as well when b = 0. Let us
therefore suppose b # 0. That Z normalizes Uj, and U_,, follows at once from condition (DR 2)
of (6.1.1) and from (6.1.2)(3). Moreover, if one chooses the vector chamber D in such a way
that <I>;; C @7, which is permissible, and if one puts U}, = ZNU" and U; = ZN U™, one sees
that TU U, and TU,U_;, are minimal parabolic subgroups of L;, which implies that ZU), and

ZU_}, are parabolic subgroups of Lj. Finally, letu € Up,v € U_p and z € Z be such that v = zu.

In view of (6.1.15), there exists one and only one element n € Z N N such that z = v'nu’, with
v € U, and ' € U}. One then has v = v'nu'u € U nU* N U™, whence n = 1 by (6.1.15) and

v =" by (DR 6). One therefore has v € U_, NU, = {1} (6.1.6), which proves the last assertion.

Lemma (9.1.3). — Let b € (Vu)*; if My, # O, there exists an element n € N N Ly such that
Mb =Zn.

This is obvious if b = 0. Suppose b # 0 and let us take up the notations of (9.1.2). In view
of (6.1.15) c), there exists n € N N L, such that

W\ TULUyn =TU,U_,  and  n 'TULU_pn = TULU,,.

If m € M,, the subgroups n'ZUpn and m='ZU,m = ZU_, are two conjugate parabolic
subgroups both containing the same minimal parabolic subgroup TU,U_;. They are therefore

equal, and mn~! normalizes ZU,, hence belongs to ZU,,. One sees in the same way that mn ™!
belongs to ZU_,, hence finally to Z by (9.1.2); whence the lemma.

(9.1.4) For b € (V9)* b # 0, and k € R, we denote by U, the subgroup of G generated by
the U, for a € CI);;, r € R% and a® = rb. With the notations of 6.4, Uy, is the subgroup Uy
associated with the function f = f(b, k) on ®@ defined by

f(b,k)(a) =rk ifa=rbwithr e R}
{f(b,k)(a):+oo ifa ¢ @;.
One verifies at once that f (b, k) is a concave function.

Lemma (9.1.5). — Letb € (VI)*, b #0, and k € R. Forr € R, let B(r) be the set of the
a € ® gych that a® = rb. The product map (for an arbitrary fixed order) is a bijection from
[Trer; (Tlaepr) Ua) (resp. T1rer: (ITaeper) Uark)) onto Uy, (resp. Up k).

This follows at once from (6.1.6) and (6.4.9).
Lemma (9.1.6). — Let b € (V®)*, b # 0. Foru € Uy, put

¢p(u) = sup{k € RU {co} | u € Upi}.

(D

The inverse image 90];1 ([k, +o0]) is the subgroup Uy k. Forevery s € R, one has Uy, = U, and
Psb = SPb-
This is evident.

(9.1.7) Letus take up the notations of §7: let .# be the building of G, A the canonical apartment,
identified with the set ¢ + V of the valuations equipollent to ¢. Put Ay = ¢ + %)

Lemma (9.1.8). — Let b € (VB)*, b # 0, k € R and u € U,. The two following conditions are
equivalent:

(i) gp(u) = k;

(ii) the set of the fixed points of u in Ay is the half-space ayp i of Ay formed by the x € Ay such
that b(x — ¢) + k = 0.

Moreover, if k € ¢,(Up — {1}), the half-space a, i is the intersection with Ay of at least one
affine root of A.

One may suppose that ®; is not empty.
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Let us denote by D, the intersection of the closed half-spaces of V of the form {x € V |
a(x) > 0} fora € ®;. This is aconvex cone with non-empty interior, containing a Weyl chamber
D of ®, and whose intersection with V? is the closed half-space R, = {x € V | b(x) > 0}.

Let a € ® and h € R. Every element of U, fixes the points of the half-space «, ) =
{x € Al a(x—¢)+h>0}of A(7.4.5);if a* = rb, with r € R%, one has @, -« N Ay = @p .
Consequently, every element of Uy, . fixes all the points of ap k.

On the other hand, if a € CDZ and i € R, the half-space o, contains a translate of Dy.
Since the intersection of a finite number of translates of the convex cone D still contains a
translate of Dy, and since the set F(u) of the fixed points of u in A is convex, one sees that
F(u) + Dy = F(u). Let x € Ay be such that u.x = x; put h = —b(x — ¢). Then u fixes all
the points of € = x + D}, and belongs to the subgroup Pq N U}, which is generated by the U,
for @ > Q and a € X (7.1.8); now, the only affine roots containing Q are the a, ¢ for a € @7,
s eR}, a% = sb and ¢ > sh. One therefore has u € Uy, and ¢p(u) > h. This, together with the
preceding result, shows the equivalence of (i) and (i1).

Finally, if ¢ (1) = k, there exist s € R} and a € CD;; such that a® = sb and sk € va(Uy),
whence the last assertion.

Definition (9.1.9). — Let G% be a subgroup of G, ®% a root system in (V8)** and (T, (Uz)becbh)
a generating root datum of type ®F in G%. One says that this root datum is compatible with that
of G if one has

(DDR 1) Uz c U, foreveryb e o°.

Throughout the rest of 9.1, we are given the vector subspace V¥ of V, a subgroup G* of G,
a root system ®f in (V%)* and a generating root datum (7%, (Uz)) of type ® in G¥, compatible
with that of G. The objects which §6 allows one to associate with this root datum will be denoted
by the same letter as in §6, but affected with the exponent b: for example, one denotes by "W#
the Weyl group of ®“ and one denotes by D% a vector chamber of ®f in V8. We assume, which
is permissible, that the vector chamber D is such that DNnVic Eh. The notations M 2, Nb, @b,
U, etc. then explain themselves.

For b € ®, we denote by goi the restriction of ¢; to U 2 and we put ¢ = ((pi) bedh-

Proposition (9.1.10). — The family (ph satisfies conditions (V 1) and (V 4) of (6.2.1). It also
satisfies (V 3) except perhaps when the two roots a and b of ® are equal and 2a € ®°. However,

this last restriction can be lifted if one supposes that the following condition is fulfilled:
(DDR 2) for every a € ® such that 2a € ®", one has Card{c" | c € ®}} < 2.

That (V 1) and (V 4) are satisfied follows from lemma (9.1.6). Now let a, b € ®. Let us put
Pyl = {pa+qb|p,q e N} N @F
‘P:{c€<l)|ch€Ria+Rib}

Let Y be the group generated by the U, for ¢ € ¥ and let Y? be the group generated by the Uﬁl
for d € Y. In view of (6.1.6), the following product maps are bijections:

Hz(nUd)X l_[ Ue—7Y

deyhred cepred, chigR* Wh
9:( [1 Ujl)x{l}_mh.
de\yured

(“)One will take care that, contrary to what the notation might lead one to believe, one does not assume that
@ = {d | a € D}.
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Let us then apply (6.4.29) to the two concave functions f = f(a, k) and g = f(b,{) (with
k,€ € R): one has (Us, U,) C Uy, where the function i : ® — R is defined by

() he) = inf{ Y fla) + Y 8(b))}
i J

the infimum being taken over the set of the decompositions ¢ = Xc;a; + 2jes bj, where
aj,b; € ®and Card/ > 1, CardJ > 1.

Let us suppose a and b non-proportional. One then verifies immediately that i(c) = +oco if
c ¢ ¥ and that h(c) = rk + s€if ¥ = ra + sb. In view of (6.4.9), the restriction of 6 to

( l—[ Ud,h(d)) X l—[ Ue.n(e)

dePhred cepred Cth:\yh

(one has put h(ra+sb) = rk +s{) is a bijection onto Uj,. Now, by (DR 2), one has (UB, UE) c Yh
Consequently, (Ug & Ug )cY %N U, and one deduces condition (V 3) for the roots a and b by
taking the inverse image of Y% N Uy, under 6.

If a and b are proportional, but @ + b ¢ ®F, there is nothing to prove since UE and UE
commute.

There remains to examine the case where b = a, with 2a € ®¥, supposing that Card{c? |
¢ € ¥} < 2. One then sees that U, is commutative, and that there is nothing to prove, except
when there exists s € R} such that {c% | ¢ € W} = {sa,2sa}. But in this last case one
verifies easily that the function % given by (1) is infinite except on the roots ¢ € ¥ of the form
c=c1+cywitheq,cp € ¥ and c? = cg = sa, in which case h(c) = s(k + £). One deduces that
(Ua ks Uae) C Uqy172)(k+¢)» Whence

(Uaks Uae) € Uqy172)(k40) N Uza = Uag icre
which completes the proof.

Definition (9.1.11). — If the family ¢* is a valuation of the root datum (T%, (UE)) of G, one
says that ¢ descends to G® and that ¢% is the valuation induced by ¢.

If ¢ descends to GY, we extend to the objects associated with the valued root datum of G
the notational conventions of (9.1.9).

Remarks (9.1.12). — a) Under the hypotheses of (9.1.10) (including (DDR 2)), the valuation ¢
descends if and only if the family ¢? satisfies conditions (V 0), (V 2) and (V 5) of (6.2.1). One
will note that these are all relative “to rank 17, in the sense that they involve simultaneously only
the integer multiples of one and the same root. We shall give later (9.2) conditions for them to
be satisfied.

b) Let V¥ be a vector subspace of V¥ and let G¥bea subgroup of G¥, endowed with a root
datum compatible with that of G®. Then the root datum of G* is compatible with that of G. If ¢

descends to GY one verifies easily that the valuation ¢ descends to G*if and only if ¢ descends
to G*,

(9.1.13) For b € (V®)*, b # 0, and k € R, let us denote by U, the subgroup of G generated by
the U, for a € ® and a € N*.b, and by UZ P the one generated by the U, ,; fora € ®, n € N*
and af = nb. Using (6.1.6) and (6.4.9), one sees easily that

e _ e
Ub,k - Ub,k N Ub.
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In practice, the root datum of G will most of the time satisfy the following condition, stronger
than (DDR 1):

(DDR 1 bis) Uz c U, foreveryb e .

(9.1.14) Let us suppose ¢ extendable and let ¢ : H — R, U {c0} be an extension of ¢ (6.4.38).
For u € Z (9.1.1), let ¢z (u) be the supremum, finite or +oo, of the set of the k € R such that u
belongs to the subgroup generated by Upx = ¢, '([k, +o0]) and the U, 4 for a € ®,.

Let us suppose also that ¢ descends to G¥. One may then consider the subgroup H% = vi~1(1)
and put, for u € H":

¢ () = sup{0, oz (u)}.
Proposition (9.1.15). — Let us keep the hypotheses and notations of (9.1.14). Suppose moreover
that ®% = {a% | a € ®} and that there exists a constant t > 0 such that, if b and 2b belong to ®",
one has

(DP) (Up r1-Uspy o) N Ulha = Ug,k'Ugb,zk—h
b

o is an extension of ",

whatever k € Rand h € R;. Then ¢
For ¢ > 0, put Ug ¢ = gog_l ([€, +o0]). We must show (6.4.38) the following assertions:

a) One has (U},,U3,) c US,., for k,€ > 0. For this, it suffices to apply (6.4.44) to the
functions f,g : ® U {0} — R U {oo} such that f(a) = k and g(a) = € if a € &y U {0}, and
f(a) = g(a) = oo otherwise.

b) For b € ® and k, ¢ € R such that k + € > 0, the Hh-components (6.3.8) of the commutators
(u, ) with u € U}, and u’ € U*, , belong to US,,. For this one applies (6.4.44) to the
functions f,g : ® U {0} — R U {oo} defined by f(a) = k if a¥ = b, f(a) = 2k if a® = 2b,
f(a) = oo otherwise, and g(a) = € if a® = —b, g(a) = 2¢ if a¥ = =2b, g(a) = oo otherwise.
One draws from this that

(Up ks Uz ) € U3 34 i0-Up2iere-Y Uopaeak Uy 3041

where Y is the subgroup generated by Uy x4+, and the U, x4, for a € @y, whence the result.
One sees in the same way that the H h—components of the commutators (u, u’) and (u’, u) with

ue Uz,k/z and u’ € UEZM belong to Ug’k“). This shows that H?k+€] C U&H{).

c) For b € ®, k € Rand { € R}, one has (U/h)k’U(h)f) C U}h) k+€'U§b2k+€"

Ug’ ,CH (h 0" A reasoning of the same type as the preceding ones shows that

in other words

(UpisUS ) C Upkat-Usp oy forall k €R

whence the result if 2b ¢ ®F. If 2b € ®, one uses (DP) and what precedes to show, taking into
account that (Up, U5,) = {1}, that

(Ug,k’ Ug,é’) C (Up ks Ug,f)'USb,ZkH’ N UE
h_ 7/l b
C WUpkstr1-Unp o) NUp = Uy 10 Usp o
which completes the proof.
Remark (9.1.16). — One cannot always take ¢t = 0 in (DP). Let for example K be a commutative

field, endowed with an involution o~ and with a non-improper valuation w invariant under o .
Suppose K of residue characteristic 2 and let 1 € K be such that 1 + A7 = 1. With the
notations that we shall employ in §10 (cf. (10.1.1)), let us consider the hermitian form on K 3
defined by g(xe| + zeg + ye_1) = A%zz + x”y + K1 and let us endow G% = SU3(gq) with
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the root datum defined in (10.1.6). Let us endow G = SL3(K) with the root datum defined in
(10.2.2) and with the valuation ¢ defined in (10.2.3) (relative to the basis (ey, e, e—1) of K3).
One verifies easily that these root data are compatible and that ¢ descends to G and induces
there the valuation defined in (10.1.13). Moreover, we shall see that ¢ and ¢% are extendable
((10.1.24) and (10.2.4)). But it is easy to see that condition (DP) is satisfied if and only if one
hast = —(1/2) sup{w(p) | p € K, u+ p? = 1}. If K and the field of invariants of o~ have the
same residue field, or if the residue extension is inseparable, one has ¢ > 0.

Proposition (9.1.17). — Suppose that ¢ descends to G% and that there exists a subgroup S° of
T% normal in N such that G¥ is generated by S* and the UE, for a € @Y, that vi(S¥) generates
the vector space V* and that S h.Ah = Ay. Then the scalar product induced on VE by that of V
is invariant under the Weyl group of ®°. If one endows % with the corresponding distance,
there exists one and only one isometric map j : 9% — & such that j(¢%) = ¢ and such that
Jj(g.x) =g.j(x) forall g € G% and all x € 8. Moreover, j(ﬂh) is convex, j(Ah) = Ay and
A= j71(A).

Let us denote by j the bijection of A" = ¢ + V¥ onto Ay, defined by (P +v) =@ +v. Let
seShye Apandv € V! be such that 5. = ¢ + v. It follows at once from the definitions
that (¢ + v)% = % + v. On the other hand, the inner automorphism defined by s preserves
the root datum (7%, (UE)) and transforms the root datum (7', (U,)) and the apartment A into
(sTs™!, (sUzs™")) and s.A. Since s.Ay = Ay, one deduces from (9.1.8) that the valuation
¥ + v of (T%, (Uz)) is equal to the valuation obtained by descent from the valuation s.y of
(sTs™!, (sU,s™")), which is none other than s./% (transport of structure!). One therefore has:

(1) j(sx)=s.j(x)  forxe A%ands e S
Letbe® keR me ME ,(0.22)and y € AP be such that m.y = y. One has:

b(j(y) =) +k =b(y—¢") +k =0.
Since m belongs to the group generated by Uy« and U, this implies that m.j(y) = j(»).
For s € S?, one then has, in view of (1):

Jj(ms.y) = j(msm™".y) = msm™".j(y) = ms.j(y) = m.j(s.y)
whence one deduces at once that j(m.x) = m.j(x) for all x € A% The group N¥ being generated

by S% and the Mz 4> one concludes that j(n.x) = n.j(x) forn € N% and x € A" This implies

that the scalar product induced on V* by that of V is invariant under *W*¥. If one endows A% with
the corresponding distance, j is isometric.

Let still x € A% One knows that the stabilizer of x in G% is generated by its stabilizer N E

in N and the Uz ~ for a € ®. But the very definition of ¢f shows that these last are

a(x—gf)
contained in the stabilizer of j(x), and what precedes shows that ]VE is too. One therefore has
1’55 cP i(x) and j extends in one and only one way to a map, still denoted j, from .¥ % into .
such that j(g.x) = g.j(x) for g € G% and x € .#4. Since the restriction of j to A" is isometric
and since any two points of .#% are transformed into two points of A% by an operation of G¥,
one sees that j is isometric and that j(.#%) is convex. On the other hand, the uniqueness of j is
immediate.

There remains finally to show that j~'(A) = A% Letx € .8 x ¢ A%, be such that j(x) € A.
Let C be a chamber of A% and let A’ be an apartment of .#% containing C and x. Since j(C) C Ay,
there exists a non-empty open subset £ of A’ such that j (L) is a non-empty open subset of Ay.
The restriction of j to the convex hull Q" of Q U {x} is then an isometry onto a subset with
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non-empty interior of the affine subspace L of A generated by Ay U {j(x)}, whence one draws
dim A’ > dimQ’ = dim L > dim A, which is absurd.

Remark (9.1.18). — Conversely, if ¢ is a valuation of the root datum of G% and j an isometry
of the corresponding building .#| into .#, such that j(g.x) = g.j(x) forx € .#; and g € G¥, that
j(¢1) = ¢ and that j(A;) € A (where A; = ¢; + V¥, then one can show that ¢ descends, that
¢% = ¢ and that the hypotheses of (9.1.17) are satisfied with S% = T*.

Examples (9.1.19). — a) If V8 = V, T% c T and N% C N, one verifies easily that (DDR 2)
is satisfied and that ¢¥ satisfies conditions (V 2) and (V 5) of (6.2.1). Suppose moreover that
Card gog(Ug) > 3 for every b € ®F: then ¢ descends to G and the conditions of (9.1.17) are
satisfied (with S b= Th,

For example, let K be a commutative field endowed with a valuation w, and let L be a subfield
of K such that the restriction of w to L is non-improper. Take for G (resp. G¥) the group of the
rational points over K (resp. L) of a connected semi-simple algebraic group ¢ defined and split
over L, endowed with the root datum defined in (6.1.3) ). Then (DDR 1 bis) and (DDR 2) are
satisfied. If ¢ (resp. ¢1) is the valuation of G (resp. G%) defined in (6.2.3) b), one sees that ¢
descends to G% and that ¢% = ¢.

Another example is that where K is a commutative field complete for a non-improper discrete
valuation, with perfect residue field, where G is the group of the rational points over K of a
connected semi-simple algebraic group ¢ defined over K, endowed with the root datum defined
in (6.1.3) ¢) and with the valuation ¢ that we shall construct later, and where G? is the group
of the rational points over K of a semi-simple subgroup 4% of ¢, defined over K and of relative
rank over K equal to that of ¢ (for example one of the maximal split subgroups constructed in
[3], §7). Then (DDR 1 bis) and (DDR 2) are satisfied ([3], 3.12) and Card goi(Ug) = oo for every
b € @b, Hence ¢ descends to G% and one may apply (9.1.17).

b) Under the conditions of the first paragraph of a), and with the notations of (9.1.17), one

has Ay = A and one may identify A% with A thanks to the isometry j. The set of the walls (resp.

affine roots) of A? is then contained in that of A (9.1.8), but is not necessarily equal to it. For
example, under the hypotheses of the second paragraph of a), the affine roots of A are the closed
half-spaces @, for a € ® and k € w(K*), whereas those of A" are the g fora € ® and
k € w(L").

One can also give examples where no special point of A is a special point of A®.

c) Let & be a Chevalley scheme (over Z), .7 a maximal split torus of ¢ and %% a closed
group subscheme of ¢ which is also a Chevalley scheme and such that 7% = 7 N %% is a
maximal split torus of ¢%. Put V = Hom(Mult, .7) ® R, V# = Hom(Mult, .7%) ® R and let
® c V* and ®% c (V#)* be the root systems of ¥ and 4% Let K be a field endowed with a
non-improper valuation w. Let G = 4(K) and G = 4%(K), endowed with the root data of
types @ and ®F defined as in (6.1.3) b) (with T = 7 (K) and T% = F%(K)); it is easy to see
that the compatibility condition (DDR 1) of (9.1.9) is satisfied. Finally, let ¢ and ¢; be the
valuations of the root data in question defined as in (6.2.3) b). Let us denote by .# (resp. .#)
the building of G (resp. G") relative to @ (resp. ¢1). Then:

The valuation ¢ descends to G* and induces there a valuation ¢* equivalent to ¢, (6.2.5).
Moreover, the hypotheses of (9.1.17) are satisfied and there exists (7.4.3) one and only one map
y : S — I, compatible with the actions of G* on %1 and %, and such that y(¢1) = ¢ and
such that the restriction of y to A1 = @1 + V¥ is an affine injection of A into A. If G is almost
simple, vy multiplies distances by a constant.

We shall only sketch the proof of these assertions.
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It is first of all easy to reduce to the case where G is almost simple, which we shall suppose
from now on.

Let K be a field containing K, endowed with a valuation w extending w and whose value
group is R. Applying remark (9.1.12) b) to the inclusions

4(K) > 9(K) > 9%(K)
4(K) > 9(K) > 9°(K)
and taking into account example a) above, one sees that one may, without loss of generality,
substitute K for K. We shall therefore suppose from now on that w(K*) = R.
Let O be the ring of integers of K. The stabilizer P, of ¢ (considered as a point of .#) in G
is none other than ¢ (0). Similarly, P,, = ¥ 5(0). Consequently Py =P,N G and, since G*

is transitive on .#], there exists one and only one map vy : .#; — .# compatible with the action
of G, that is to say such that

(1) y(gx) =gy(x)  (x€.7; g €GP
Let us take g in 7%, In view of (6.1.3) b), one has v(g) = v#(g) € V# and v#(T%) = V%, whence

y(pr+v)=¢+v (v e V).
In particular, y induces an affine injection of A| into A. Let N% be the normalizer of 7% in G¥.
The metric induced on A (resp. y(A;)) by the metric of .7} (resp. of .#) is, up to a factor, the
only Euclidean metric invariant under N¥. In view of (1), it follows that y| A, multiplies distances
by a constant. Again by virtue of (1), and taking (7.4.18) into account, the same holds for y. A
reference to remark (9.1.18) completes the proof.

9.2. A descent theorem. —

(9.2.1) Let us take up for a moment the hypotheses and notations of (9.1.17). Put .#, = j(.¥ 0,
Ay =j (A%) and let F be a facet of .# meeting S of the largest possible dimension. Since

Sy = Gh.Ah, one may suppose that F meets Ay, hence is contained in A. One then sees
immediately that the following conditions are satisfied:

(DI 1) % is a convex subset of .% stable under G";

(DI2) Ay = %, N Ais an affine subspace of A;

(DI 3) there exists a facet F of .9 meeting A, (hence contained in A) which is contained in the
closure of no other facet F’ # F of .9 meeting .9,

(DV 1) ¢ € A,

(9.2.2) Throughout 9.2, we are given a subgroup G¥ of G and a subset S, of the building .¥ of
G satisfying conditions (DI 1), (DI 2) and (DI 3) above. The aim of this subsection is to show
that these conditions, joined to conditions (DDR 1) (9.1.9), (DDR 2) (9.1.10), (DV 1) (9.2.1) and
to two other conditions (DDR 3) (9.2.8) and (DV 2) (9.2.8), imply that the valuation ¢ descends
to G and that the hypotheses of (9.1.17) are satisfied.

Example (9.2.3). — Let I" be a group of automorphisms of G preserving the root datum and
the bornology of G. We have seen (8.1.11) that I" then operates on the building .# of G in such
a way that y(g.x) = y(g).y(x) whatevery e ', g e G ...

The setting at the top of p. 205: a group I" acts on the building .#, preserving the apartment
A and acting on it by affine automorphisms. More generally y € I” carries an apartment A” onto
an apartment A” by an affine isomorphism. Taking

Shi=s"  Gh=G"
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(the I'-fixed points) yields data satisfying (DI 1) and (DI 2). If in addition I" preserves a chamber
C of A, then A contains the center of C (7.2.5) and (DI 3) holds with F = C — the situation
that occurs for quasi-split algebraic groups over a valued field.

(9.2.4) Dimension of a filter base. The dimension of a facet was defined in (7.2.4). More
generally, let .# be a filter base in a finite-dimensional affine space. The affine subspaces
spanned by the members of .% form a filter base <7.%; the affine subspace generated by ¥ is
the intersection L of the members of .«7.% — equivalently, the smallest member of .«#.% — and
one sets dim.%# = dim L. Note that .% is contained in L in the sense of (7.2.1).

Proposition (9.2.5). — Let M be a convex subset of %, and let F (resp. F’) be a facet of %
that meets M and that lies in the closure of no other facet of % meeting M. Then:

(i) dim F = dim F”;

(i) dmFNM=dimF' N M,

(iii) if M lies in an apartment A" of ¥, then dim F N M = dim M, M is contained in the affine
subspace L of A’ generated by F N\ M, and F N M has non-empty interior relative to L (cf.
(7.2.1));

(iv) let A’ be an apartment containing F and let F” be a facet of A" meeting M. Suppose that
at least one of the following holds: dim F” = dim F; or dmF” "M = dimF N M; or
F” N M has non-empty interior relative to the affine subspace L generated by FN\M in A’.
Then F” lies in the closure of no other facet of .% meeting M.

Argument (outline). For (iii) one reduces to A" = A and writes F = F, g with x € M and E
the direction of F at x (7.2.4). Let E be the span of the convex cone E, and choose a convex
XeFpwithX cx+Eand XNM C L (when ¢ is discrete one may take for X the facet
of § 2 corresponding to F). Picking y interior to X N M relative to L, the open segment [xy|
consists of interior points of X N M. Suppose some z € M lies outside L. The interior of the
triangle xyz liesin M. If z € x + E,a pointu € |yz[ N (x + E) produces an open segment inside
XNM,forcingu € L and z € L — contradiction. Hence z ¢ x +E and [yvz] N (x +E) = {y},s0
there is a facet direction E’ at x with E ¢ E and lyz[ N (x + E’) # 0; this gives Fy pr "M # 0,
contradicting the maximality hypothesis on F since F C F, .. Therefore M c L, and (iii)
follows.

For (i) and (ii): translating by an element of G one may assume F, F’ C A, and replacing M
by M N A one may assume M C A. Then (ii) is immediate from (iii). For (i), write F’ = Fy g/
with x’ € M. By (i), M c L cx+ E = x' + E. Since E is a facet direction at x, the affine
subspace x + E'is an intersection of walls of A, and every facet direction at x” meeting E lies in
E. If dim E’ > dim E one would get E' N E = 0 and hence M N Fvp € LN Fy g =0, which
is false. SodimE’ < dim E.

For (iv): choose a facet F”” meeting M, maximal in the above sense, with F”’ C FW; reduce
to F" = F', A’ =A, M C A,so M C L. Each of the three hypotheses implies the next in the
chain

dmF'NnM=dmFNM = int,(F'NM) +0 — dimF” =dimF,

the middle implication because all facets meeting L in a germ of non-empty interior have
the same dimension, namely that of the intersection of the affine roots containing L. Finally
dim F” = dim F = dim F’ gives F" = F’.

Corollary (9.2.6). — (i) Let F be a facet satisfying (DI 3), A" an apartment containing F, and
L the affine subspace of A’ generated by F N A". Then A’ n .74 c L.

(ii) If A’ is an apartment containing A%, then A’ N 7% = A"
Argument (outline). (i) is (9.2.5)(iii) appliedto M = A’ N .¥ 4. (ii) follows from (i).
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Proposition (9.2.7). — Let F be a facet satisfying (DI 3) and C a chamber of A with F c C.
The retraction p a.c of -% onto A maps %" onto A%; moreover its restriction to .99 is independent
of the choice of such a chamber C C A.

Argument (outline). For x € #% take an apartment A’ containing x and F. Then F N .#% =
F N .90 AN A’ consists of fixed points of pa.c (7.2.1), so pa.c carries the affine span L of
F N .#%in A’ onto its span in A, i.e. onto A% by (9.2.5)(iii); with (9.2.6) this gives p.c(x) € A"
Since F N .#"% has non-empty interior in L (resp. A%), the restriction of p4.c to L is the unique
affine map L — AP restricting to the identity on F N .#% — whence the independence of C.

(9.2.8) Let V¥ be the direction of A% in V; notation as in (9.1.1).

Lemma. — Z.AN .75 = Ab,

Argument (outline). Apply 7.6 with ®; = @ (a closed subsystem) and 77 = T, so that G| = Z.
Let 7 : Z.A — ¥ be the canonical projection onto the building of Z ((7.6.4)(i)). On A, «x is
the quotient by the subspace L; C V cut out by the kernels of the a € ®; since V# c Ly, the
image 7 (A"Y) is a single point. Given x € A, z € Z, choose an apartment A; of .| containing
n(A%) and 7(z.x); then A’ = 77 1(A;) is an apartment of .# ((7.6.4)(ii)) containing A% and z.x.
Soif z.x € .#% then z.x € A% by (9.2.6).

(9.2.9) Standing hypotheses for the rest of §9.2. In addition to G® and .#% satisfying
(DI 1), (DI 2), (DI 3), we are given a root system ®% in (V%)* and a generating root datum

(75, (Uz, Mg)be(ph) in G¥ satisfying (DDR 1) (9.1.9) and (DDR 2) (9.1.10). Keeping the notation
of (9.1.9), we assume:

(DDR 3) TcZ and M cM, foralb e ®F
(DV 1) ¢ € A
(DV 2) Card(¢} (U)) 23 forall b € @.

Theorem (9.2.10). — Under the hypotheses of (9.2.9) the valuation ¢ descends to G°: that is,
the family ¢% is a valuation of the root datum of G®. If ¢ is discrete, so is "

Argument (outline). One must verify (V 0)—(V 5) of (6.2.1). Condition (V 0) is exactly (DV 2),
and (V 1), (V 3), (V 4) are already known from (9.1.10). Discreteness is immediate from the

definition of (plj) (9.1.6), which gives
i) < ) rledUa) (b ed).

ae®, reR:, a=rb
There remain (V 2) and (V 5), proved in (9.2.12) and (9.2.13).
Lemma (9.2.11). — Ler N? be the group generated by TY and the MZ, b e @f (cf. (6.1.2)(10)).
For everyn € NE:

(1) n.A"= A"
If vi(n) € Aut A% denotes the restriction of n to A®, then
) Ao vi(n) ="vA(n)

where 1 : Aut A" — AutV? is the canonical homomorphism and *v? : N% — YW¥ is the
homomorphism given by the root datum of G' ((6.1.2)(10)).

Argument (outline). For (1) it is enough to treat n € T8 or n € Mg; in both cases n = zn” with
n’ € N, z € Z (by (DDR 3) and (9.1.3)), and (9.2.8) gives

n.A" c (n.A)n 7% = (z.A) n 7% c AR

141



For (2): if ®% = ( then V# = {0} and there is nothing to prove. Otherwise N is generated by
the ME, so it suffices to see that 1 o vi(m) = rj, for m € Mbh. By (DR 5), ngm_1 =U" for

rp(c)
¢ € ®% by (9.1.8), v(m) carries a closed half-space {x € A" | c(x — @) + k >0}, k € FE, onto
one of the form {x € A% | r,(c)(x —¢) + h > 0}, h € R. As ® spans (V%)* and Fg # 0, this
forces A o vi(m) = ry.

(9.2.12) Proof of (V 2). Letbh € @ m € Mg. By (9.2.11)(2), v#(m) is a translation ¢t € V#

followed by the orthogonal reflection in the hyperplane {x € A% | b(x — ¢) = 0}; hence it carries
{x e A" | b(x —¢) + k > 0} (k € R) onto {x € A% | —=b(x — ¢) — b(r) + k > 0}. With (9.1.8)
this yields

goh_b(mum_l) = gpi(u) - b(1) for all u € UE,
which is (V 2).
(9.2.13) Proof of (V 5). Let b € @, u € U}, u # 1, and put k = ¢’ (u). Choose u’,u” € U*,
and m € Mf) with u = u'mu”, and set k' = goh_b(u’), k" = gah_b(u”). Let a,a’,a” be the
fixed-point sets in Abof u,u’,u” respectively; by (9.1.8),

a={xeA | b(x-—¢)+k >0},
@ ={xeA¥| —b(x-¢)+ k' >0},
@’ ={xeA¥| —b(x - )+ k" >0}

It suffices to show that da = da’, equivalently that @ N @’ is neither empty nor of non-empty

interior.

1 1

Case 1: ana’ has interior. Let x be an interior point. Thenu”.x = m™'u'"\u.x = m~' x € Af,
and for every y € o”, d(u”.x,y) = d(u” .x,u”.y) = d(x,y). Since a” contains an open half-
space of AY, this forces u”.x = x. Hence m fixes the non-empty open set int(a N @’) pointwise
and induces the identity on A% contradicting (9.2.11).

Case2: ana’ =0. Take x € @” and put x’ = u.x = u'm.x, so x’ € u(A? Nnu' (A% c .78
The set X = A%\ (a U @) is open and non-empty in A% so some facet F of A has F N X of
non-empty interior relative to Al by (9.2.5)(iv) this F satisfies (DI 3). Let C be a chamber of
A with F c C and p the retraction of .# onto A centred at C; by (9.2.7), x” = p(x’) € A"
Choose an apartment A" containing C and x’, and a point y € A’ N X with y # x” and [yx"]
not parallel to da or da’. The line through this segment meets both @ and «’, which cut out on
it two half-lines of opposite directions; hence either there is z € @ with y € [zx”], or there is
7 e a’ withy € [Z/x"].

In the first case, since p does not increase distances and restricts to an isometry A” — A
(7.4.19),

d(z,x') > d(z,x") =d(z,y) +d(y,x") =d(z,y) +d(y,x") > d(z,x'),

so d(z,x') = d(z,y) + d(y,x’) and y € [zx] (7.4.20). As z and x" both lie in the convex
set u(A?), we get y € u(A%). But d(u.y,t) = d(u.y,u.t) = d(y,t) for every ¢ in the closed
half-space & = u(«) of the affine space u(A?), which forces u.y = y; i.e. y € a, contradicting
y ¢ & U’ The second case gives y € u’(A%) and y = u’.y, the same contradiction. Hence
a Na’ # 0, and the proofs of (V 5) and of Theorem (9.2.10) are complete.

(9.2.14) The canonical embedding j. The hypotheses of (9.1.17) hold with % = T*%: indeed
T%.¢ c A% = ¢ + Vi by (9.2.11)(1). Consequently:

there exists exactly one isometry j of the building 9% of G (relative to ¢°) into .% such that
j(g.x) =g.j(x) forx € #8 g € GY and j(¢°) = @. If AF = o + V4 is the model apartment of
71 then j(A%) = A% and A% = An j(#Y). Moreover j(#%) c .#5, but in general j(#%) # 75
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Furthermore, the building 7% of G% does not depend (up to isomorphism) on the choice of
Z nor on the choice of ¢ within its equivalence class (subject to the conditions of (9.2.9)): this
follows from (8.1.10), since the bornology of G* defined by ¢F is, by (8.1.7), the one induced
by the bornology of G. In fact one can show that .#% depends only on .# and G¥ (cf. (8.1.12)).
The next proposition shows that j depends only on .4,

Proposition (9.2.15). — (i) A is the smallest non-empty convex subset of .99 stable under T".

(ii) j(FY) is the smallest non-empty convex subset of % stable under G*.,

(iii) Let i be an isometry of 9% into I8 withi(g.x) = g.i(x) forg € G%, x € 5. Theni = j.
Argument (outline). For (1), argue as in (2.8.11), taking for g an element of T such that
v = "vi(g) lies in the kernel of no vector root outside ®¢, and applying (7.4.30) in place
of (2.8.10), after noting that (9.2.7) gives S 4N ﬁx.Ah for every x € Ab. Assertion (ii) is
an immediate consequence of (i). For (iii): #(.#%) is a non-empty convex subset of .#" so
A% c i(_#%); since the stabilizers in G? of two distinct chambers of .# ¥ are distinct, one deduces
i(A%) = A% and i|A% = j|A%, whence (iii).

10. Valuations of the classical groups

The aim of § 10 is to show that the “natural” root datum of the classical groups over a
complete valued field — possibly of infinite rank over its center — can be equipped with
a valuation, making explicit along the way several notions introduced in the earlier sections.
Contrary to custom, the authors begin with the orthogonal, unitary and symplectic groups; the
(much easier) linear group is treated more briefly in 10.2.

10.1. Orthogonal, unitary and symplectic groups. —

(10.1.1) Sesquilinear and pseudo-quadratic forms. (For the notions and properties used here,
cf. [38], [39].)

Let K be a field, not necessarily commutative, o~ an involution of K, and € € K with & = £1.
Put K, = {t —&t? | t € K}. Let X be a right vector space over K, let f : X x X — K be a
sesquilinear form (relative to o) such that

(D F(yx) =¢ef(x,y)7 (x,y € X)

) fx,x) =0 if(o,e) = (id.,-1) (x € X),

and let g : X — K /K ¢ be a pseudo-quadratic form associated with f, i.e. a function such that
(3) q(xk) = k7q(x)k (ke K; xeX)

(4) q(x +y) = q(x) +q(y) + (f(x,y) + Koe) (x,y € X).

If (o, €) = (id., 1), then ¢ is a quadratic form in the usual sense and f is the associated symmetric
bilinear form.

Since a non-zero sesquilinear form has all of K as image, g determines f except when
K+ = K, which is equivalent to o = id. and € # 1; in that last case ¢ is zero and f is
alternating. In all cases f is trace-valued:

(5) fe,x) =k +¢ek? for k € g(x).
Indeed, (4) gives
(6) q(x(1+1) = q(x) +q(xr) + f(x,xt) + Ko e

whence (f(x,x) —k —ek?)t € K, . forevery t € K.
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If char K # 2, then f determines g. The same holds if char K = 2 and the set of o-invariant
elements of K equals K .: forif f = 0 then k = k“ for every k € g(x) by (5), whence g = 0.

In particular, suppose there is a central element A of K with 4 + 49 = 1. This happens if
char K # 2 (take 1 = 1/2), or if char K = 2 and o restricted to the center of K is not the identity.
Taking t = —1 in (6) gives

(7) CI(X) = /lf(x’ X) + Ko:s»
Moreover
(8) Kee={t €K |1t7 = -&t},

since t7 = —¢t implies t = (At) — e(Ar)7.
Extension of scalars. Let K’ O K be a field and ¢ an involution of K’ extending o~. Then

f and ¢ extend naturally to X ®x K’. For f this is the familiar operation; the extension ¢’ of ¢
is obtained as follows. Define K’ , _ as K, . was defined, and for

m

) X:in®ki (xi € X; ki € K')
i=1
put
(10) q'(x) = Y k7 (q(a) + Ky ki + >k (f(xivx)) + Ky, ) ;.
i=1 ij=1

i<j

This is well defined, since one checks easily that the right-hand side of (10) does not depend on
the decomposition (9) chosen for x. Note that when K:T,,g N K # K, — which can happen if
(8) fails — the extension ¢’ does not determine g.

Standing assumptions. From now on the pair ( f, ¢) is assumed non-degenerate, i.e.:
(11) forx e X, f(x,X)={0} and ¢(x) =0 = x=0.
We also assume ( f, g) has finite Witt index r (recall the Witt index is the maximal dimension of
a totally singular subspace X’ C X, i.e. one with f(X’, X”) = {0} and ¢(X’) = {0}).

Put I = {+1,...,+r} and set &(i) = 1 (resp. (i) = &) fori € I withi > 0 (resp. i < 0).

Then X admits a decomposition
X=|]ek + Xo
i€l
where the e; are elements of X and X a vector subspace, such that for i, j € I:
flei,ej) =qle) =0  ifi#—j,
f(ei,e-i) = (i),
f(ei’ XO) = {0}’
0 ¢ q(Xo - {0}).

Such a decomposition being fixed once and for all, put X; = e;.K; for an endomorphism g
of X let ¢;;(g) (i,j € 1 U {0}) denote the element of Hom (X}, X;) obtained by composing the
canonical injection X; — X, g, and the canonical projection X — X; —i.e. the (i, j) entry of
the matrix of g for this decomposition. Since a basis element e; has been singled out in X; for
i # 0, we may, where convenient, identify Hom(X}, X;) with K when i # 0 # j, with Xy when
i =0 # j, and with the dual X; of Xo wheni #0 = J.

In the remainder of 10.1, Z denotes the set {(z,k) | z € Xo, k € K, q(z) = k+Ks ¢} Unless
explicitly stated otherwise, r is always assumed non-zero, and # 1 if (o, Xo) = (id., {0}).

(12)
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(10.1.2) Fori € I and (z,k) € Z (resp. Z — {(0,0)}), let u;(z, k) (resp. m;(z, k)) be the linear
transformation of X defined by

x> x—e_i.f(z,x).e(i) (x € Xo)
ui(z,k): Jei> e +z—e_ik.g(i)
ej e (Jel, j#i)
x> x—z.k L f(z,x)  (x € Xp)
e; — —e_;.k.g(i)
e_i— —ei. (k7)1 e(—i)
eje; (jel; j#+=i)
For i,j € I with j # i, and k € K (resp. K — {0}), let u;; (k) (resp. m;;(k)) be the linear
transformation of X defined by

resp. m;(z,k) :

XX (x € Xo)
ei—ei+e_j.k?.e(—j
wij (k) : . | ]. '( J)

ej—e;—e_j.k.e(i)

ep e (hel-{i,j})
XX (x € Xo)
ej = e_j.k7.g(—j)
ej— —e_i.k.g(i)

resp. m;;(k) :

e_j — ej.k_l.s(i)
e_j > —e;. (k%) e(=))
e ey (hel-{xi,%xj})

Consider the space V* = R” with its usual Euclidean norm, let (ap);=1..., be its canonical
basis, and seta_, = —ay and a;; = a; + a; fori,j € I, j # +i. Fori € I put

Ua = {ui(z. k) | (z.k) € Z},
Usa; = {ui(0,k) | k € Ko,
MY, = {mi(z,k) | (z.k) € Z—-{(0,0)}},
My, = {mi(0,k) | k € K » — {0}},
fori, j € I with j # +i put
Ug;; = {uij(k) | k € K}, Mg, = {m;j(k) | k € K - {0}},

and fora € V* —{a;,2a;,a;; |i €1, j € [ —{«i}} put U, = {1}.
The set ®@ of those a € V* with U, — Uy, # 0 is a root system. Precisely, with i, j ranging
over I and j # =i:

B) @ = {a;,a;j} when Xy # {0} and (o, &) = (id., 1);
(BC) @ ={a;,2ai,a;;} when Xy # {0} and o # id.;

(C) @ ={2a;,a} when Xy = {0} and (o, ) # (id., 1);

(D) @ ={a;;} when Xy = {0} and (o, &) = (id., 1).

Remark (10.1.3) (“‘Change of coordinates”). — Letn € K be equal to 1 if o = id. and to 1
if o # id., and let k be an invertible element of K with k” = nk. The conditions imposed on
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g, 0, f, q are preserved, and the groups Uy, U,,; are unchanged, if one replaces o, &, f, g, ¢;, Xo
by o, &', f’, etc., where

g =en,
17 = kt“k™" forr € K (whence Koo = kKpe),
f'=kf, 4 =kq,
e = el-.k_1 or ¢; accordingasi <Qori >0,
X6 = Xp.
If o # id. and & # 1, one may take for k a non-zero anti-invariant element, e.g. one of the
form h — h?;then &’ = 1.
If (0,e) # (id., 1) and one takes for k an invertible element of K, . (whose inverse then
also lies in K- ), one gets &’ = —1 and 1 € K .. On the other hand, if (o, &) = (id., 1) and
Xo # {0}, it is possible to choose k so that ¢’ takes the value 1 at an arbitrarily prescribed point

of Xy. Hence, for the study of the system of groups (U,).c®, One may always reduce to one of
the following cases:

(1) e=-1and 1 €K, (whence ® = C, or BC,);
(2) (o,e) =(id., 1) and 1 € g(Xp) (whence ® = B,);
3) (o,¢,Xo) = (id., 1,{0}) (whence ® = D,).

(10.1.4) Let g € Hom(X, X). One says g is a similitude if there is an element ¢ of the center of
K, invariant under o, such that for x,y € X

f(gx.gy) =cf(x.y),  q(gx) =cq(x).
This element c is then unique; it is called the ratio (multiplier) of the similitude g and is written
c(g). An isometry is by definition a similitude of ratio 1.

We write G for the group generated by the U, (a € ®), Is(f, ¢) for the group of isometries,
Sim( f, ¢) for the group of similitudes, and T° (resp. T'(f, q); resp. T(f, q)) for the group of
those elements ¢ of G° (resp. Is(f, q); resp. Sim( f, ¢)) stabilizing each of the X; (i € [-r, +7]),
i.e. represented by a diagonal matrix ((c;;(z))). If @ is of type D, it is known that the linear
subspaces of X of dimension r on which g vanishes (the maximal totally singular subspaces)
split into two families, two such subspaces belonging to the same family if and only if their
intersection has even codimension in each of them; we then write Is* (£, ¢) (resp. Sim*(f, q))
for the subgroup of index 2 of Is( f, g) (resp. Sim( f, ¢)) consisting of those elements preserving
each of these two families.

Proposition (10.1.5). — (i) For a linear transformation t of X stabilizing each X; (i € 1 U {0})
to be a similitude of ratio c, it is necessary and sufficient that

(1) Cii(l‘)o—.c_i,_i(l‘) =cC fori el
and
(2) q(coo(2)(z)) = c.q(z) for z € Xp.

(ii) The group T(f, q) normalizes each of the groups U, (a € ®) and G°. B

(iii) If ® is not of type D, then Is(f,q) = T(f,q).G° and Sim(f, q) = T(f, q).G . If @ is
of type D, thenIs™(f,q) = T(f, q).G® and Sim™ (f, q) = T(f, q).G".
Proposition (10.1.6). — Let T be a subgroup of T( £, q) containing T°, let G be the group T.G°,

and for a € ® put M, = T.Mg. Then the pair (T, (U, My)qe) is a generating root datum of
type © in G. With the notation of (6.1.2)(2) one has, for this datum, m(u;(z,k)) = m;(z, k)
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and m(u;;j(k)) = m;;(k); in particular the set M? (a € ®) coincides with the set so denoted in
(6.1.2)(2).

These two propositions are proved in (10.1.10) and (10.1.12) respectively.

Proposition (10.1.7). — (i) The group N° generated by the Mg (a € ®) stabilizes X, and
permutes the X; (i € I). The group "W of permutations of the index set I that it induces is the
group W¢ of all permutations commuting with multiplication by —1, or the group Wp of all even
permutations with that property, according as the root system @ is not, or is, of type D.

(ii) The group N generated by the m;;(1) (i,j € I; j # =*i) is a finite subgroup of NO
preserving the set {xe; | i € I}, fixing Xo, and whose image in "W is the group Wp.

(iii) Suppose one of the conditions (1), (2), (3) of (10.1.3) holds, and let ey be an element

of Xo equal to 0 in case (1) and such that q(eg) = 1 in case (2). Then the group N’ generated
by N{ and, if ®@ is not of type D, by the m;(eo, 1) (i € I), is a finite group preserving the set
{ze; | i € I}, whose image in "W is all of "W.
Argument (outline). It is clear that N preserves {+e; | i € I} and fixes Xo; hence it is a finite
group. Finiteness of N’ follows because every element of the given generating system — hence
every element of the group itself — preserves {+e; | i € I} and induces on X either the identity
or the transformation x — x — eq. f (eg, x), which has order 1 or 2. The remaining assertions are
obvious.

Lemma (10.1.8). — (i) Fori € I, U,, (resp. Ua,,) is the group of all isometries 1 + n of X such

that
n(X;) c Xo+ X_; (resp. X_;),
n(Xo) C X-; (resp. = {0}),
n(X;) = {0} for j #1,0.

This group acts simply transitively on the set of singular lines of q (i.e. one-dimensional subspaces
on which q vanishes) contained in X_; + Xo + X; (resp. X_; + X;) and distinct from X_;.
(ii) Fori, j € I with j # i, Uy, is the group of all isometries 1 + n of X such that

I’L(Xl) C X_J',
n(X;) c X,
n(Xy) = {0} for h € [-r,r] = {i, j}.

This group acts simply transitively on the set of lines of X; + X_; distinct from X_;. It is contained
inIs*(f, q) if ® is of type D.
The verification is easy.

Lemma (10.1.9). — (i) For every i € I, the stabilizer of e; in G® acts transitively on the lines
Y of X with f(e;,Y) # {0} and q(Y) = {0}.
(ii) The group G° acts transitively on the singular lines of q.

Argument (outline). (i) is proved by induction on r; one may assume i = 1. For r = 1 the
assertion is (10.1.8)(i). Let r > 2 and let x € X satisfy f(ey,x) # 0 and g(x) = 0; it suffices
to find g € G° with g(e;) = e; and g(x) € X_;. The setof y € X; + X, with f(y,x) =0isa
line distinct from Xy; by (10.1.8)(ii), after transforming x by a suitable element of U,, _,, one
may assume this line is X, i.e. f(e,,x) = 0. Thenx € X' _ ., X;; write x = x" + e,.k with
x'eX = Zf:__lr +1 Xi and k € K. By the inductive hypothesis applied to X" and the restrictions
of f and g, there is an element of GO fixing ey, e,, e_, and carrying x” into a point of X_;. One
may therefore assume directly that x € X_; + X,; but then U,_, _, contains an element g with
the required properties, by (10.1.8)(ii).
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For (ii) it suffices to show that if x € ¢ '(0) there is g € G° with g(x) € X;. Assume
x # 0; there isi € I with f(e;,x) #0. If i # —1,puty =e_y +e_;; ifi = -1 and r > 2, put
y=e1—ex+e_p—e_q;finally, if i = =1 and r = 1 — in which case dim X > 0 by hypothesis
—take y = uj(k,z)(e1) = e; + z—e_1ke(1) with (z, k) € Z - {(0,0)}. In each case g(y) =0,
f(e1,y) # 0and f(e;, y) # 0. By (i) there is an element g; (resp. g;) of the stabilizer of e; (resp.
e;) in G° with g;(y) € X_; (resp. g;(y) € xK), whence the assertion.

(10.1.10) Proof of Proposition (10.1.5). Assertion (i) results from a straightforward computa-
tion, and (ii) is an immediate consequence of (10.1.8).

For (iii) we restrict to the case where @ is not of type D, the case ® = D, being handled
analogously. By (10.1.8) one has GY ¢ Is(f, ¢) c Sim(f, g), so it suffices to prove Sim( f, ¢) €
T( f.q).G°. The proof is by induction on r, the assertion being obvious for 7 = 0 (when ® = D,
one starts the induction at r = 1). Let g € Sim(f, ¢). Applying (10.1.9)(ii) and then (10.1.9)(i),
one finds g° € G° with g%(g(e1)) = e and g°(g(e_1)) = e_;, whence g%(g(X’)) = X’, where

X' ={x|xeX, fle1,x) = f(e_1,x) =0} = Z X;.
i+l
By the inductive hypothesis applied to the restriction of g% to X', one gets g% € G°.T(f,q),
whence g € G°.T(f, q). q.e.d.

(10.1.11) Relations. In the relations below, £, i, j,i’, j denote elements of I, k, k’ elements of K,
and z, 7’ elements of X(). These elements are in each case assumed to satisfy the conditions needed
for the relations written to make sense (thus in relation (3) one must have (z, k) € Z — {(0,0)};
in relation (15), j # +i and j* # +i’; etc.).

(D ui(z, k).ui(Z k') =ui(z+ 2, k+ k' + f(z,2)),

2) ui(z, k)™ = ui(=z, &k7),

(3) ui(z, k) = u_,-(—z.k_l.s(i), k_l.s).mi(z, k).u_i(—z.(k”)_l.s(—i), k_l.s),
“4) wij (k).uij (k') = uij(k + k'),

(5) wip (k)™ = wii (=k),

(6) uij (k) = u_i—; (=(k7) " .e(i).e(j)).mij (k)i (— (k) e (0).())),
(7 uji(k) = uij(—ek?),

(8) (i(z, k), wi (2, k")) = wi (0, f(z,2) = (2, 2)),

) (ui(z, k), up (2, k")) = uir (f(2,2)) for i’ # +i,

(10) (u—i(z, k), uij (k")) = uj(-z.k".€(i), ek’ .k7.k").u_; j(—k.k".€(i)),
(11) (u,-(z, k), u,-r,j/(k')) =1 fori ¢ {—i’,—j'},

(12) (uin(k), u_h,j(k')) = u,-j(—k.k'.s(—h)) for j # =i,

(13) (uin (k). u_pi(K)) = u:(0, (K7 .k" — k.k'.€).e(h)),

(14) (uij(k), wipr (k")) =1 for j" # -],

(15) (uij(k), up (k")) =1 fori’, j ¢ {+i,+/}.

The verifications are easy.

(10.1.12) Proof of Proposition (10.1.6). For a € ®, the quotient of two elements of Mg
stabilizes each X;; hence it lies in 7°, and M, = T.Mg is a right coset of 7. Granting this, the
fact that the system (7', (U,, M,)qco) satisfies axioms (DR 1), (DR 2) and (DR 4) of root data
(6.1.1) follows from the relations of (10.1.11). Axiom (DR 3) is obvious. To check (DR 5) it
clearly suffices to treat the case where 1, belongs to M?; the required relation then follows from
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the shape of the m; and m;;, from the fact that they lie in Is( f, ¢) (cf. (10.1.5)), and from Lemma
(10.1.8). Axiom (DR 6) follows because the matrix ((c;;(g))) (cf. (10.1.1)) representing an
element g of TU" (resp. of U™) is lower triangular (resp. upper triangular with only 1’s on
the diagonal). Finally, the assertion of the statement concerning the m(u;) and m(u;;) is a
consequence of relations (3) and (6) of (10.1.11).

(10.1.13) For any function w : K — R U {co}, we write ¢“ = (¢%),eco for the system of
functions ¢% : U, — R U {co} defined by

(D 02 (ui(z, k) = yw(k) if a; € @
) ¢4, (0, k) = w(k) if 24, € @
3) @, (uij (k) = w(k).

(10.1.14) Letw : K —» RU {co} be a non-improper valuation of K, invariant under o, and let
K be the completlon of K for w. The continuous extensions of w and o to K are agaln written
wand o. Put X = X®KK X X; ®KK wrltef X><X—>Kandq X—>K/K(,8f0rthe
natural extensions of f and g (10.1.1), and set

Z={(z.k) |z € Xo, k€K, §(z) = k + Ky}

We equip K and K with the topology defined by w, and every finite-dimensional vector space
over K or K with the topology naturally associated with it (the topology transported from the
product topology on K™ or K™). Closure for these topologies is denoted by a bar. One has

—~

(1) Koo € Koo

Put _ _ _
T=reX | f(x,X)={0}}, X ={reX|f(x,X)={0}}.

One also has X+ = {z € Xy | f(z, Xo) = {0}} and

) Xt ={zeXo| f(z.Xo) = {0}} = X* @ K.
Note further that, for (z, k) € Z,
(3) w(f(z,2)) = w(k +&k7) 2 w(k).

Theorem (10.1.15). — With the notation and conventions of (10.1.14), the following conditions
are equivalent.
(i) For (z.k), (2, K) € Z, w(f(z,7)) = 3(w(k) + w(K)).
(ii) Fo;;(z, kl, (7, k) eZ w(f(z,7)) = inf{w(k), w(k)}.
(i) ¢(Xo — X)) NKy e = 0.
(iv) ¢ is a valuation of the root datum (T, (U,)).

Remarks (10.1.16). — a) If f(o ¢ 1s closed in K (for instance if K is finite-dimensional over
its center, or if £ = 1 and there is a central element 4 with 4 + A7 = 1, cf. (10.1.1)(8)), then
condition (iii) means that the restriction of g to XO does not vanish outside X*.

b) If char K = 2, it may happen that g has non-trivial zeros in X X*. For example, suppose K
is a non-perfect commutative field whose completion is perfect, and let o~ be the identity, X, the
field K'/2 regarded as a vector space over K, g|x, the quadratic form z + z2, and f|x,xx, the
zero bilinear form. Then g is the square of a linear form and hence has a kernel of codimension
1in Xo.

Lemma (10.1.17). — Let Y be a finite-dimensional subspace of Xo and Y =Y&xK; identify
YwithY ® 1. Then:
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(i) There is a continuous function q Y — K such that q(Y) Cc K and
q(z) =q(2) + Ko e forz e,
7(2) =q(2) + Ko forzeY.
(ii) Let (z,k) € Yand z, € Y (n € N) with lim,_,« z, = z. Then there exist k,, € K with
lim, 0 ky, = k and q(z,) = ky + Ky ¢ for every n.

Argument (outline). In what follows s, s” denote integers running through [1,dimY]. Let (xy)
be a basis of Y and, for each s, let d; be a representative of g(x) in K. Then the function g

defined by
a(zxsfs) ngdsfs"'Zf?f(xs,xs s

s<s’
satisfies the conditions of (i).
For (ii), let (z, k) and z, be as in the statement. By (10.1.14)(1) there are k;, € K, . with
lim,_,« k,, = k — q(z). The sequence k, = q(z,) + k,, then has the required property.

Lemma (10.1.18). — Let (z, k), (zo, ko) € Z — {(0,0)} and
n = w(k) + w(ko) — 2w(f(z,20))-
Suppose n is strictly positive. For n € N*, define z,, € Xo, k, € K and A,, € K* inductively by
= —f(zn-1,2) " kn-1, Zn = Zn-1+ 2.An, ky = A7 .k.A,.

Then:
(i) For every n € N,
(D (zn. kn) € Z
(2) w(Ap+1) = (2" = Dn + w(ko) — w(f(z0,2));
3) w(f(zn,2)) = w(f(20,2));
4) w(kn) = (2" = Dy + w(ko).

(ii) The sequence (z,) converges in z.K + z9.K to a point 7 such that

w(f(z,2)) =w(f(z0,2)) and  g(2) C Ko e/Kop.
(iii) For every real number A there exist (', k'), (z, k() € Z with ',z € z.K + 20.K,
w(f(zy,7) = w(f(20,2)), w(k') > A and w(k() > A.
Argument (outline). The verification of (i) by induction on »n is immediate, taking (10.1.14)(3)
into account. Assertion (ii) follows at once from (i). For (iii), note first that by (i) there is an
integer n with w(k,) > A; put (', k") = (z, k,) and apply (i) again, substituting (z’, k”) and
(z, k) for (z, k) and (zo, ko) respectively.

(10.1.19) Proof of Theorem (10.1.15). It is clear that (i) implies (ii). The implications (ii)=(1)
and (iii))=(i) are immediate consequences of (10.1.18)(iii) and (10.1.18)(ii) respectlvely

Suppose there is 7 € Xo — X+ with q(A) € Ky :/Kse, and let 27 € Xp and k € Ks.c be
such that f(z,z’) # 0 and g(z) = k + K(,-,g. By (10.1.17)(ii), (z, k) is a limit of a sequence
((zn» kn))nen of elements of Z. Let (£,),en be a sequence in K, . tending to 75, and put
k., = k, — €,. Then (z,, k) € Z, lim,_,o k), = 0 and lim,,—,o f(z0,7") = f(Z,7) # 0, so that
w(f(zn, 7)) < %(w(k) + w(k))) for n large enough. This shows (i)=(iii).

The implication (iv)=(ii) follows from (10.1.11)(1) and axiom (V 1) of valuations (6.2.1).

It remains to show that if conditions (i), (ii), (iii) hold — which we assume from now on —
then ¢ is a valuation of (T, (U,)).

Axiom (V 0) is a consequence of the assumption that w is non-improper (when a = a;, note
that (z, k) € Z implies (z¢, (7 k{) € Z for every € € K).
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Axiom (V 1) holds by (ii) together with relations (1) and (4) of (10.1.11).
Axiom (V 2) follows from the observations: if a = a;; and m € M,, then
mij(k).m™ = u_;_(ci—i(m).k.cj—j(m").g);
if a = a; or 2a; and m € M, then
m.ai(z,k).m™ = u;(m(z), ci—i(m).k.ci—i(m™)).

Axiom (V 3) follows from relations (8)—(15) of (10.1.11), from (i), and from the fact that w
is a valuation.
Finally the validity of (V 4) is obvious, and that of (V 5) follows from (10.1.11)(3) and (6).

(10.1.20) Let X; = Hom(Xo, K) be the dual of X,. For any function w : K — R U {co} and
any function w; : Xo — RU {oo}, letw, : Xo — RU {oo} and w] : Xj — RU {oo} U {-oo} be
the functions defined by the following relations, where one agrees that co — co = oo:

wy(2) = 3 sup{w(k) | k € q(2)} (z € Xo)

wi(x) = inf{w(x(2)) — wi(2) | z € Xo} (x € Xp).

A function @ : Y — R U {co} U {—c0} defined on a K-vector space Y is called an (w-)additive
semi-norm if, forA € K and y,y €Y,

(1 a(yd) = a(y) + w(d),
(2) a(y+y’) > inf{a(y),a(y)}.
For z € Xo we write z* for the element of X] defined by z*(z’) = f(z, 7).
Proposition (10.1.21). — Conditions (i) to (iv) of Theorem (10.1.15) are further equivalent to
the following:
(v) for (z,k) € Z one has wy(z*) > %w(k);
(vi) there exists a function w : Xo — RU{co} such that, for (z, k) € Z, one has w(z) > %w(k)
and wi(z*) 2 %w(k);
(vii) wy : Xo — R U {oo} is an additive semi-norm.

These conditions imply that the set of x € Xo with wy(x) = oo is a vector subspace of X~
(10.1.14).

Argument (outline). Condition (v) is merely a restatement of (10.1.15)(i). If (v) holds, so does
(vi) (take w1 = w,). Conversely, if w; has the properties in (vi), then w; > w,, whence w] < wz,
and for every (z,k) € Z
s(k) < (") < W ().

Letus show that (i1) implies (vii). The function w, obviously satisfies relation (1) of (10.1.20),

so it suffices to establish (10.1.20)(2). Let (z, k), (z’, k") € Z. By (ii), for all x,x" € K ¢,
w(f(z,7)) = inf{lw(k +x), w(k’" +x')},
whence
204(z+7) =sup{lw(k + k' + f(z,2) +x) | x € Koo}
> sup{inf{w(k + x), w(k" +x")} | x,x" € Ky o} = inf{2w4(2), 2w,(2)}.

To finish, we show that if (ii) fails then w, is not an additive semi-norm. The set K, is
not dense in K; otherwise one would have x? = —gx for all x € K, whence o = id. and ¢ # 1,
which would force Xy = {0} and condition (ii) would hold vacuously. Let 1 € K — K, . and
A =sup{w(d +x) | x € Ky} By (10.1.18)(iii) there exist (z, k), (z1, k1) € Z with w(k) > A
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and w(ky) > A +2w(f(z,21)) —2w(A). Put ) = f(z,21)7".4, 2 = z1.4; and k" = AT .k;.4;.
Then (7, k') € Z, f(z,7") = A and w(k’) > A, whence

wg(z+7) = tsup{lw(@+k+k +x) | x € Ky}
= 1A <inf{Jo(k), Jo (k)| < inf{w,(2), wg()),
contradicting (vii). Finally, the last assertion follows from (10.1.15)(1), taking into account that
f(Xo, X;) = {0} fori # 0.
Remarks (10.1.22). — a) Let ws : Xo — R U {co} be defined by

wr(z) = 30(f(z,2)  (z € Xo).
By (10.1.14)(3) one always has
(1) Wi 2 Wy
b) Write Z(K) for the center of K. Suppose there is 4 € Z(K) with 4 + 17 = 1. Then
Af(z,2) € q(z) for every z € Xp and
) wg > wr+3w(d).

If A is integral — which means either that the residue characteristic of K is different from
2, or that Z(K) is an unramified extension of the field of fixed points of o in Z(K) and the
corresponding residue extension is separable — then (1) and (2) imply w, = wy.
¢) Suppose one of the following conditions holds:
(I dim Xy = 1;
(II) K is commutative and (o, char K) # (id., 2);
(IIT) & = 1, K is a quaternion algebra of characteristic # 2, and o (k) = k (the conjugate of k)
fork € K.
Then there exists ¢ € RU {oo} with wy = wy + ¢, and the function wy is an additive semi-norm
if and only if w, is one.
In case (I) this is clear. In the other cases one may assume £ = 1 by (10.1.3); one then
observes that

4 Koelo, 1] =4k | keK, k+k? =0}
(whence, for x € X, f(x,x) = 0 implies g(x) = 0), and that

5) f(z,2) € Z(K) for all z € X,
so that, for (z, k) € Z —{(0,0)},
wq(2) —wy(2) = ssup{w(k + h) | h € Ko 1} = 50(f(2,2))
= Lsup{w(k.f(z,2)"' +h) | h € Ky 1} = Lsup{w(6) | € € K, £+ 67 = 1}.

Itis easy to see thatif € = 1 and X # O, relations (4) and (5), needed for the preceding argument,
force one of the conditions (II), (III) to hold.

d) Suppose condition (10.1.15)(ii) fails and that there is z € Xy with f(z, z) # 0. For such a
zletk € g(z) (so k + €k? # 0) and choose z1, z2 € X with

wr(z1) > %w(k +ek”) —w(k) + w(f(z1,22)) and wr(z2) > %w(k + ek?)

(the existence of such z; is guaranteed by (10.1.18)(iii)). Put z| = z1.f(z2, z1)" k. A simple
computation then shows that w (2] + z2) < inf{w¢(z}), ws(z2)}. One concludes:

Ifthe function z = f(z, z) does not vanish identically on Xo and w s is an additive semi-norm,
then the equivalent conditions (i) to (vii) of (10.1.15) and (10.1.21) hold.

The converse is false, as the following example shows.
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Let C be a local field of characteristic 0 and residue characteristic 2, 7 a uniformiser of C,
and L an unramified quadratic extension of C whose residue extension is separable. Let £ +— £
be the C-automorphism of order 2 of L, and let d be an integer of L with d +d = 1 (such integers
exist by the hypothesis on the residue extension of L/C). Let K = L(j) be the quaternion
algebra defined by the relations

jejt=¢ forteL, j*=m,

lete = 1,let o : K — K be the involution x + yj + X + yj (x,y € L), let Xy be the vector
space K2, and let f be the hermitian form defined by (10.1.1)(1) and

f(z,2) =470 -G (A +7r)) for z = ({1, {2) € Xo.
Put z; = (7,0) and z, = (d, d). One finds
flzi,z1) = 7%, f(za.22) = —dnjd, f(z1+ 22,21 +22) =7+ 7> —dnjd,

whence wy(z1) = w(r), wr(z2) = %w(ﬂ) and ws(z1 +22) = %w(n). Consequently wy is not
an additive semi-norm. On the other hand, for condition (iii) of (10.1.15) to fail, the function
z — f(z,z) must have a non-trivial zero in Xj, i.e. there must exist { € K with

(6) l+mj=0C.
Writing { = € + nj with &€, € L, relation (6) is equivalent to the pair
(7) EE+min =1,
) 2n = 7.

From (7) it follows that £ and i must be integral; one then deduces from (8) that if { exists one
must have w () > w(2). Choosing C so that w(m) < w(2), one obtains the announced example.

(10.1.23) We shall see later ((10.1.34), (10.1.36) and (10.1.37)) that, under certain conditions
(for example when r > 2), the valuations ¢ described by Theorem (10.1.15) are essentially
(up to equipollence) the only valuations of the root datum (7', (U,)ep). In the meantime we
establish a few properties of the valuations ¢ in question.

Up to and including no. (10.1.33), w will denote a valuation of the field K satisfying
conditions (i) to (iv) of Theorem (10.1.15), and ¢ = ¢® the corresponding valuation of the root
datum (T, (U,)). Note that a “change of coordinates” of the type described in (10.1.3) has the
effect of replacing ¢ by an equipollent valuation.

Proposition (10.1.24). — The valuation ¢ is extendable.

If r # 1, this follows from (6.4.39) and (6.4.35). So suppose r = 1. Let X;, = e47.K be two
one-dimensional vector spaces. Put X’ = X_, @ X & X, and let f” and ¢’ be the forms obtained
by extending f and g to X’ x X" and X" in such a way that the relations (10.1.1) (12) remain
satisfied. Let @', T" = T'(f’, ¢’), U/, (a € @) and ¢’“ be defined in the same way as ®, T(f, q),
U, ¢%, but substituting X', f/, ¢’ for X, f, g. Then ¢’¢ is, by what we have just seen, an
extendable valuation of the root datum (T’, (U}),cq’); the assertion of the statement follows
from this one by restriction.

(10.1.25) The I',. — It follows easily from the definitions of (6.2.2) that one has

I, F’if = w(K")

ij — Ta

I, = Howk) |k €pryZ, w(k) =supw(k +Kyp)}  ifa; € ®
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o, = by, = 0(Kos = {0})  if 24; € @.

In particular, one sees that ng is empty when ¢|x, takes its values in K /K ¢, and that if
one of the conditions (1), (2) or (3) of (10.1.3) is fulfilled, the valuation ¢ is special.
If w is discrete, or if K ¢ 1s maximally complete, and if a; € @, one has

I, = wy(Xo) - {oo}.

(10.1.26) Echelonnage. — If w is a discrete valuation, the discussion of no. (6.2.23) allows
one to determine the échelonnage & associated with the valuation ¢“. We shall see, by
means of examples, that each of the échelonnages B,, C,, D,, B-C,, C-B,, B-BC, and C-BCi
(J =LILIIL IV) can occur.

Let us begin by examining the case where K is commutative. We assume that one of the
conditions (1), (2), (3) of (10.1.3) is fulfilled, and we normalize w in such a way that w(K*) = Z.

a) Consider first the case where o = id.. If @ is of type C (resp. D), & is of type C, (resp. D,).
Suppose @ of type B; then & is of type B, if w(g(Xo — {0})) = 2Z (for example if dim Xy = 1)
and of type C-B, if w(q(Xo — {0})) = Z (for example if dim X = 2 and if g[x, is the quadratic
form x2 + 7ry2, where 7 is a uniformiser of K).

b) Suppose now that o # id., and let L be the field of fixed points of o. Since we are in
case (1) of (10.1.3), we have ¢ = =1 and 1 € K ., whence K, . = L ((10.1.1) (8)). Let 7 be a
uniformiser of L.

bl)If Xy = {0}, & is of type C, or B-C, according as the extension K/L is unramified
(w(L*) = Z) or ramified (w(L*) = 27Z).

b 2) Suppose Xo # {0}. Since K, o = L is closed in K, one has

wy(Xg) — {0} =Z, (1/2)Z or (1/2) +Z.

If K/L is unramified and if w,(Xo) — {oo} = Z or (1/2) + Z (for example if dim Xy = 1), &
is of type C-BCLY.

If K/L is unramified and if w,(Xo) — {co} = (1/2)Z (for example if Xy = K? and if
q((x,y)) =t(xx” +1yy?) + L, witht” = —f when charK # 2 and ¢t + t° = 1 when charK = 2),
& is of type C-BCH.

If K/L is ramified, one necessarily has w,(Xo) — {0} = (1/2) +Z and & is of type C-BC!I,

The examination of the commutative case is thus finished, and it remains for us to give
examples of échelonnages of types B-BC, and C-BC!. Let K be a quaternion algebra over a
local field C(K) of residue characteristic different from 2, o the involution k +— k, e = -1, ra
uniformiser of C(K), and ¢, d € K pure quaternions (elements antisymmetric for o-) such that

w(c?) = 0and d? = 7 (such elements always exist, for example, if C(K) is locally compact). In
view of (10.1.22) b), one has
I, = wr(Xo) — {oo}.
One thus sees that if dim Xy = 2 (resp. 1) and if z — f(z,z) is the antihermitian form
Xcx + ydy (resp. Xcx, resp. xdx), the échelonnage & is of type C-BC£ (resp. B-BC,, resp.
C-BCI,

(10.1.27) Fori, j € [-r,+r],let w; : X; > R U {0} and
wjj : Hom(X;, X;) = RU {o0} U {—c0}
be defined by
wo = Wy,
w;(eik) = w(k) fori e Iand k € K,

154



wij(a@) = xiengj (wi(a(x)) —wj(x)) for @ € Hom(X;, X;),

always with the convention co — co = co.

By means of the identifications of certain Hom(X;, X;) with K, X or X(’; introduced in
no. (10.1.1), one has, for i, j € I, w;; = w, wo; = wy and w;p = a)f]. It follows that only the wo,
fori € [—r, +r], can take the value —co.

If h,i,j € [-r,+r] and @ € Hom(Xp, X;), 8 € Hom(X;, X;), and if w;x (@), wji(B) # —oo,
one has
(1) wip(Boa) > wji(B) + wi(a).

For g € Hom(X, X) we set furthermore

w;j(g) = wij(cij(g)) and w(g) :l. ) inf’+r]{5,-j(g)}.

JEl-r
It is clear that @ : Hom(X,X) — R U {oo} U {—o0o} is an additive semi-norm. For
g, € Hom(X, X) with w(g), w(g’) # —co, one has, by virtue of (1),
2) w(gg) > w(g) +w(g).

Henceforth, and up to and including no. (10.1.33), we identify the affine space A of the valuations
equipollent to ¢ with the dual V of V* (10.1.2) in such a way that the valuation ¢ coincides with
the point 0.

(10.1.28) The homomorphism v.
Proposition. — Let n be an element of N = N°.T, let ¢ = c(n) be its similitude ratio and let v
be the homomorphism of N into the affine group of V defined in (6.2.10). Then:

(i) For every i € [—r,+r] there exists one and only one element s(i) of [—r,+r] such that
Cs(i),i(n) # 0. One has s(0) = 0 and s(—i) = —s(i).
(i) One has

(D Wy(i),i(n) + Wg—p)-i(n) =w(c)  for i€l

() @oo(n) = Jw(c) if wy(Xo) # {0}  and  @oo(n) =0 if wy(Xo) = {eo}.
(i11) Forv € V and i € 1 one has:
asi) (v(n)(v)) = ai(v) + Dy (n) — 30(c)
=a;(v) + %w(c) — Wy(—i)—i(n).
(i) is an immediate consequence of (10.1.7).
If relation (1) is true for two elements of N, it is also true for their product. Since it is
manifestly true for the m;;(k), for the m;(z, k) and, by virtue of (10.1.5) (i), for the elements of

T, it is true for every n € N. Relation (2) is obvious.
Finally, (iii) follows from a simple computation, taking (ii) into account.

(10.1.29) The group H. — Let us denote by Is,,(f, g) the group of all (f, g)-similitudes of X
whose ratio ¢ is a unit (i.e. such that w(c) = 0).
Corollary. — For t € T, the following properties are equivalent:
() re H=v"1(1);
(i1) w;;(t) does not depend on i, fori € 1.
If G C Isy,(f, q), these conditions are furthermore equivalent to:
(iil) w;;(t) = 0 foreveryi € L
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(10.1.30) The groups W and W. — Letus suppose the valuation ¢ special, which is not, as we
have seen (10.1.25), an essential restriction. By (6.2.19), each of the groups W and W is then the
semi-direct product of its intersection with V and of the Weyl group of ® (regarded as a group
of linear transformations of V). Let v be an element of V and v; = a;(v) its coordinates. Then
it again follows from (6.2.19) that v (or, more precisely, the corresponding translation) belongs
to W if and only if the following conditions are fulfilled:

v; € w(K") fori e [1,r];
i_; vi belongs to the group generated by the set
{w(k) | (z.k) € Z-{(0,0)}} U 2w(K").
On the other hand, v € W if and only if there exists # € T such that
vi =a;(v(1)) = 3(w(cii(t) — w(c_i—i(1))).
In particular, one sees that

(1) 20WNV)cWnV.

(10.1.31) Bornology.

Proposition. — Let & be the set of subsets M of G such that (M) and {w(c(g)™") | g € M}
are bounded below. Then A is a bornology on G compatible with ¢ (8.1.1). In particular,

w(g) # —oo for every g € G. The bornology defined by ¢ (8.1.7) is the bornology generated by
HB.H. It coincides with A if and only if G C Is,,(f, q) (10.1.29).

It follows from (10.1.27) (2) that M, M” € 2 implies MM’ € Z. On the other hand, one verifies
at once, taking (10.1.21) (v) into account, that the U, ; for a € ® and k € R are bounded for .A.
In view of (10.1.28), every one-element subset of N belongs to %. Consequently % induces
on N (resp. T) a bornology .4 (resp. &). Fort € T and i € I one has wg(t) > %w(c(t))
((10.1.28) (2)) and ¢;; (™) = c(t)"'e_;—i(£)” (10.1.5). One deduces easily that & is compatible
with the group law of T and, since N/T is finite, that .4” is compatible with the group law of N.
Moreover, (10.1.28) (iii) shows that the image under v of every bounded subset of N is bounded
in IsomA, that is, that .4 satisfies condition (BNC 1) of (8.1.2). Consequently . is weakly
compatible with ¢ ((8.1.6) a)). Finally, one has Hjg) C HN G'e # by (10.1.29). This proves
the first assertion.

Suppose that H € %; lett € T and ¢ = ¢(t). By virtue of (10.1.30) (1) there exists ¢ty € T°
(10.1.4) such that t4t6 ! ¢ H. The set of powers of i = t4t6 ! being bounded for %, one has, for
every i € I, w;(h) = 0, whence:

helsy(f,q), telsy(f,q) and  G=T.G'NIsy(f,q).G’ =1sy(f,q).

It then follows from the definition of % and from (10.1.28) that the bornology induced by
2 on N is the inverse image under v of the natural bornology of IsomA; consequently % is the
bornology #(¢) defined by ¢.

Suppose now that H ¢ Z. In view of (10.1.29) one then has G ¢ Is,(f,g). Moreover,
by virtue of (10.1.28), w(c(H)) # {0} and there exists a bounded subset Y of R such that
Y +w(c(H)) = R. Let L be an arbitrary subset of v(T). There exists M C T such that v(M) =L
and w(c(M)) c Y. If moreover L is bounded in IsomA, it follows from (10.1.28) that M € £.
Corollary (8.1.9) then shows that (¢) is generated by Z.H, which completes the proof.

(10.1.32) The groups P, .
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Proposition. — Let E be a vectorial facet of ® and x a point of A. Then an element g of G
belongs to Py g ((7.1.8), (7.2.4)) if and only if one has, fori, j € [—r, +r],

(1 w;j(g) = (1/2)w(c(g)) = ai(x) —a;(x)
and
2) w;j(g) = (1/2)w(c(g)) > ai(x) —a;j(x)  when (a; —a;)(E) C R

It follows immediately from (10.1.27) (1) that the set L of elements g € G which satisfy relations
(1) and (2) is stable under multiplication. On the other hand, it follows from (10.1.28)(2),
(10.1.29) and (10.1.5) (i) that H c L, and one verifies easily that, for every a € ®, one has

U, NL = U, NPyE.

In view of (7.2.6) we thus have B, p C L for every vector chamber D whose closure contains E
and, in view of (7.3.4), we have

L= BX’D.(L N N).Bx,D.

It therefore suffices to show that LN N = 1/\\IX,E. Soletn € NNL and leti € I. One has, with the
notations of (10.1.28),

3) Wy(i),i(n) = (1/2)w(c(n)) = asi(x) — ai(x)
4 Wy(-i),-i(n) = (1/2)w(c(n)) > a—s;)(x) —a-i(x).
Since s(—i) = —s(i) (10.1.28) and a_; = —a; for every j, one deduces that
®) wy(),i(n) = (1/2)w(c(n)) = agu)(x) —ai(x)
for every i € I, that is, by (10.1.28) (ii1), that

v(n)(x) =x

or again n € N.. Moreover each of the inequalities (3) and (4) is an equality, and one has, by
(2),

(6) (asq) — a;)(E) = {0}

whence, by (10.2.28) (iii) and (5), n € I’\\IX,E. Conversely, if n € ﬁx,E, relations (3) to (6) are
satisfied, which shows that n satisfies (1) and (2) when i = s(j), with j € I. When i # s(j) one
has w;;(n) = +oc0, and when i = j = 0 one has woo(n) = (1/2)w(c(n)) or oo ((10.1.28) (2)).
Thus n indeed belongs to L, which completes the proof.

Corollary (10.1.33). — Let Q be a convex subset of A. Then, in order that an element g of G
belong to P, it is necessary and sufficient that one have, fori, j € [—r, +r],

wij(g) > suplai(x) —a;(x) | x € Q} + (1/2)w(c(g)).

From this point the file gives the statements in full translation together with a condensed account of each
proof (the structure of the argument and the relations it establishes), rather than a continuous rendering
of the original prose. See the note at the end of this document.

Proposition (10.1.34). — Suppose r > 2 and let A be an equipollence class of valuations of
the root datum (T, (U,)qew). Then there exists one and only one function w : K — R U {oo}
such that ¢ (defined as in (10.1.13)) belongs to A. This function is a valuation of K, invariant
under o.

Summary of the proof (pp. 230). The finite group N’ of (10.1.7) (ii) acts on A through v, and by
(6.2.10) (ii) a point ¢ of A is N -invariant precisely when

(*) ‘Paij(uij(l)) =0 (l,] € I’ ] * '—"i)-
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Let ¢ denote the (unique) fixed point. Uniqueness of w follows from (x) together with
(6.2.1)(V1), (V5) and (10.1.11)(5),(6), which force w(—-k) = w(k) and w(1) = 0, hence
¢¥ = ¢; and w is determined by ¢ by (10.1.13) (3).

For existence one sets W;; (k) = ¢4, (u;;(k)) for j # +i, so that ¥;;(1) = 0 by (x). Letting
the group G;; = (U, " U_aij) act on X_; + X; produces a homomorphism G;; — SL,(K) with

1 0 1 —e(—))k
uij (k) > (_g(l.)k 1) (k) e (0 (11) ) ’
and (6.2.12) b) then shows that ¥;; is a valuation of K and that ¥;; = W_; _;. Comparing indices
via (6.2.9) and (10.1.11) (12) (case r > 3) or (10.1.11) (10) (case r = 2, where Z # {(0,0)})
gives ¥, = ¥;; and ¥_; ; = ¥;;, so that ¥;; is independent of the pair (i, j); by (10.1.11) (7) itis
o-invariant. Setting w = '¥;;, one computes from (6.2.9) and (10.1.11) (10) that, for (z, k) € Z,
¢_a;(u_i(z, k) = 50(k) (a; € D), ¢-24,(u-i(0,k)) = w(k) (2a; € D),

so that ¢ = ¢®. |
Lemma (10.1.35). — Suppose r = 1 and (o, &,dim Xg) # (id., 1,2). Let ¢ be a valuation of
the root datum (T, (U,)) and let s € {1,2} be such that sa, € ®. Then %gosa, (u1(z, k)) depends
only on k.

Summary. If (o, &) = (id., 1): for proportional z, 7’ one has u1(z’, k) = u;(z, k)*! and the claim

follows from (6.2.1) (V 1); for non-proportional z, 7" one has dim Xy > 2, so one may choose
7" € Xo — {0} with f(z,z”) = f(z’,7"”) = 0, and the identity

ml(Z’ k) ul(Z”’ k”) m](Z, k)_l = u—l(_zllk_l’ k”k_z) = ml(ZI’ k) Ml(Z”, k”) ml(Z/’ k)_l

(with k7 = ¢q(z”)) gives v(m(z,k)) = v(m(Z’,k)), whence the claim by (6.2.10) (ii). If
(o, &) # (id., 1), the conjugation formula m(z, k)u; (0, k" )m1(z, k)" = u_1(0, (k%) 'k’k™")
expresses %gosal (u1(z, k)) in terms of k alone. O

Proposition (10.1.36). — Letr = 1. Suppose one of the conditions (1), (2) of (10.1.3) is fulfilled.
Put

Ko = U CI(Z) = {k | k € K, (Z’k) EZ}’ KT :cll(TmIS(f’q))’ Ky :KTU{O}
z€Xp
(1) One has Ky c K. If (0,¢€) # (id., 1), K| contains the invariant elements of the center

Z(K) of K. If (0, &) = (id., 1), K| contains the elements of the form x”x = x%, for x € K.
IfG D Is(f,q), then K| = K.

(i1) Suppose (o, &,dim Xy) # (id., 1, 2) and let A be an equipollence class of valuations of the
root datum (T, (U,)qew). Then there exists one and only one function w : K — R U {0}
such that

(1) w(x7x) = 2w(x) forall x € K
and such that ¢“ € A. The valuation ¢® is special.
(iii) Let w : K — R U {0} be a function satisfying relation (1). Then, in order that ¢ be

a valuation of the root datum (T, (U,)), it is necessary and sufficient that one have, for
(z,k),(z/, k') € Zandt €T,

) w™! (c0) = {0},
(3) wk + k' + f(z,2)) > inf(w(k), w(k")),
4) w(f(z,7) = f(Z,2) 2 wk) + w(k)
and
(5) w(cor-1() ke (™)) = w(k) + w1 -1 (1) enn (7).
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Under these conditions,
(5" a)|K»; : Ki — R is a homomorphism.
(iv) If G c Is(f, q) or G D Is(f, q), (5’) implies (5).

Summary of the proof (pp. 232-233). Part (i) rests on K] being a group together with the three
explicit similitude computations

ci1(mi(eo, )mi(z, k)) = €k,

cn(ml(O, l)ml(O, 8/1)) = /l,

ci1(mi(eo, Dmy (eox, x%)) = x7,

the last assertion following from (10.1.5) (1).

For (ii) and the necessity in (iii): let ¢ be the fixed point of v(N’) in A and suppose there
is a (necessarily unique) ¥ : Ko — R with %gowl (u1(z,k)) = W(k) — guaranteed by Lemma
(10.1.35) under the hypothesis on (o, £, dim Xj). Invariance of ¢ under v(N’) extends this to
s € {—1,-2} and gives ¥(1) = 0 and ¥(gk) = W (k). Conjugating u;(z, k) by ¢t € T yields,
with 7(1) = a1 (v(1)),

(o1 (Y ke (n) =P(k) +7(2), (1) = ¥(co1 -1t Hen (1)),

and hence W(k'7kk’) = W(k) + W(k'7k’) for k' € K;. Defining w(k”) = %‘P(k”‘fk”) and
substituting k = k”7k” gives multiplicativity w(k”k’) = w(k”) + w(k’) for k" € Ky, k" € K.
Using W(gk™!) = =¥ (k) (from (6.2.1) (V 5) and (10.1.11) (3)) one checks ¥ = WKy, S0 @ = ¢“.
Relations (3), (4) are then the axioms (V 1), (V 3); (5) comes from the two displayed formulas
above; (5") from multiplicativity; and ¢® is special because W(1) = 0. Uniqueness follows as
in (10.1.34), using {k“k | k € K} c K. Sufficiency in (iii) is a direct verification. Finally, T
being normalized by m(eg, 1) gives c_;—1(T) = ¢11(T), and when Is(f,g) € G or > G one
has ¢11(T) = Kj, whence (5')=(5). O

Corollary (10.1.37). — Keep the hypotheses of (10.1.36) (ii). Then w is a valuation of K,
invariant under o, in each of the following cases:

(1) K is commutative and Xo # {0},
(i1) K is a quaternion field, k = Trk — k for every k € K, and Xy # {0};
(iii)) K = Ko.Kq .

Summary. Case (iii): the computation cy1(m(zk™!, (k7)™1) m (0, ek’)) = kk’ gives K; = K,
s0 w|k+ is a homomorphism; taking z = 0 in (10.1.36) (3) gives w(k + k’) > inf(w(k), w(k")),
so w is a valuation. Case (i): if (o, &) # (id., 1) then o # id. (else f would be alternating and
Xo ={0}),s0e = —land K, = {t € K| 17 = t}; since g is not zero on Xy, Ko ¢ K ., whence
K = Ko.Ks ¢ and case (iii) applies. If (o, &) = (id., 1) one applies (1) and (3) with z = eqx,
7 = egy. Case (ii) reduces to dim Xy = 1 and then to case (i) via the classical isomorphism
between a quaternionic antihermitian group in three variables and a hermitian group in four
variables over a commutative field. ]

Remarks (10.1.38). —

a) The conclusion of (10.1.36) (ii) is in general false when (o, e,dimXp) = (id., 1,2).
Indeed, take G = G (10.1.4) with f nondegenerate and let L be the quadratic extension of K
splitting f (i.e. over which g|x, acquires nontrivial zeros). There is then an isomorphism of G
onto PSL, (L) carrying (T, (U,)) onto the “natural” root datum of PSL,(L). The equipollence
classes A therefore correspond bijectively and naturally to the non-improper valuations w; of L
(by (6.2.12) b)), and A satisfies the conclusion of (10.1.36) (i1) only when w is invariant under
the automorphism of order 2 of L fixing K.
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b) Keep the hypotheses of (10.1.36) (ii), with K commutative and Xy = {0}. If o = id.
then £ # 1 by the conventions of (10.1.1), G° with its root datum is isomorphic to SL,(K), and
(6.2.12) b) shows that w is a valuation of K. If on the other hand o # id., then G° with its root
datum is isomorphic to SL; (L), L being the field of invariants of o; the restriction w; of w to L
is a valuation of L. which may be chosen arbitrarily ((6.2.12) b)), and w is a valuation of K only
if w extends in a unique way to a valuation of K ((10.1.36) (1)).

The authors add that they know no example with X # {0} in which w fails to be a valuation
of K.

10.2. The groups GL,(K) and SL,(K). —

(10.2.1) Serting. Let K be a field, not necessarily commutative, and let X be a right vector
space of finite dimension > 2 over K, equipped with a basis (e;)|<;<r+1. For an endomorphism
g of X, write (g;;)1<i,j<r+1 for its matrix in this basis. For 1 < i,j <r+1,i # j, let {;; send
m = (4%) € My(K) to the endomorphism ¢;;(m) of X given by

(ij(m).e; = eja+ejc, lij(m).ej = eib+e;d, Cij(m).ep=e, (h#1,]).
For k € K one puts

uij(k) = gt'j ((1) lli) = gji (li (1)) s ml-j(k) = {,’j (_]8_1 ]5) = m]'i(—k_l) (k S K*)

In R™*! with its usual euclidean norm and canonical basis (ai)1<i<r+1, put a;; = a; — a;; the
set @ of the a;; is an irreducible root system of type A, in the space V* they span ([5], ch. VI,
p. 251). For a;; € ® set

U, = {uij(k) | k €K}, MY = {my;(k) | k € K'}.

The map k +— u;;(k) is an injective homomorphism K — End(X), and U,,; is the set of
elements of End(X) of the form 1 + n with n(e;,) = 0 for h # j and n(e;) € e;K.

Proposition (10.2.2). — Let G be a subgroup of GL(X) containing the subgroups U,,; for
1 <i,j<r+1,i+# j, and let T be the subgroup formed of the elements of G whose matrix
relative to the basis (e;) is diagonal. Put M, = T.Mgij. Then (T, (Ua,-j,Ma,-j)a,-,e@) is a
generating root datum of type @ in G.

Summary. (DR 1) and (DR 3) are clear. (DR 2) follows from the commutator formulas

1 ifi #and h # J,
(1) (uij(x), upe(y)) = Juie(xy) ifi #¢and h = j,

upj(=xy) ifi=C¢andh # j,
(the case i = £, h = j being automatic). (DR 4) follows from (6.1.3) a). Since m;;(k) exchanges
the lines e;K, e;K and fixes the others, m,-j(k)UaM,mij(k)‘1 = U, (yr(e) With 7 = (i j), matching
Tai; (ane) = ar(nyc(¢); together with T-invariance of the Uy, this gives (DR 5). Taking ®* to be
the a;; with i < j, the groups U* consist of unipotent upper/lower triangular matrices, whence
(DR 6). Consequently G° is normal in GL(X) and equals SL(X), the group generated by all

transvections (= kernel of the Dieudonné determinant) [21]; since GL(X) = T.SL(X) the datum
is generating. In particular G may be any subgroup of GL(X) containing SL(X). O

(10.2.3) Let w be a non-improper valuation of K. For 1 <i,j <r+1,i# j,and k € K, put
¢ (uij (k) = w(k).

Proposition. — The family ¢ = (¢%)qco is a special valuation of the root datum (T, (U,)qca).
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Summary. (V0), (V1), (V4) are immediate; (V 3) follows from the formulas (1) of (10.2.2);
(V5)and (V2)form € Mg follow from (6.2.3) a) via the homomorphisms ¢;; : SLo(K) — G.
For (V 2) with ¢ € T one uses

(D tugp (k) 1 = ui (1 ke 17)),
which gives (p‘;ij (tur™) = go‘a”ij(u) + w(t;) — w(t;;), together with gog’ij (u;ij(1)) = 0. O

(10.2.4) One proves as in (10.1.24) that the valuation ¢ is extendable. Moreover I';;, = I’ ;l_j =
w(K*) for every a;; € ®, and when w is discrete the échelonnage & associated with ¢ is of
type A,.

Proposition (10.2.5). —

(i) The group N is the subgroup of G formed of the elements whose matrix (n;;) is monomial,
and there is a surjective homomorphism s from N onto the symmetric group S, 41 such
that the only nonzero coefficients of the matrix of an element n € N are the coefficients
Ms(n) (i), i-

(ii) Let A be the affine space under the dual V of V* of the valuations equipollent to ¢*, and
let v be the homomorphism from N into the affine group of A defined in (6.2.10). Identify
A and V by taking ¢® as origin. Letn € Nand o = s(n). Forx e Aand 1 <i,j<r+1
one has

(ao (o () (v(n).x) = (aij) (x) + w(ne(j),;) — @(ng@i).i)-
(iii) The subgroup H = Ker v of N is the subgroup of the t € T such that w(t;;) is independent
ofiforl <i<r+1

Summary. N is generated by T and the m;;(k), and s(m;;(k)) is the transposition of i and j; (ii)
is a direct computation from (10.2.3) (1), and (iii) is an immediate consequence. O

(10.2.6) Let W be the affine Weyl group of ® acting on A (identified with V via ¢“), and W its
normalizer in the affine group of A (cf. (1.3.18)). Using (6.2.19) one checks that the translation
group W NV contained in W = v(N N G%) is (W N V) ® w(K*); identifying V and V* by the
scalar product induced from R™*!, it is the restriction to V* of the group of translations ¥; y;a;
with y; € w(K*) and };y; = 0.

If G = GL(X), then by (10.2.5) (ii) the translation group of W = v(N) is identified with
(W N V) ®w(K*), i.e. with the restrictions to V* of the translations Y, (vi— (r+1)7! X vj)ai
with y; € w(K*). One deduces that for any G with SL(X) c G c GL(X),

(1) r+ H(WNV)cWnV.

(10.2.7) Let C be the commutator group of K* and det : GL(X) — K*/C the Dieudonné
determinant [21]. Since w(C) = {0}, the homomorphism w : K* — Rinduces ' : K*/C — R;
one sets 6 = w’ o det.

Proposition. — Let 9 be the set of subsets M of G such that the set of the w(g;;) for g € M,
1 <i,j < r+1, and the set of the —6(g) for g € M are both bounded below. Then £ is a
bornology compatible with ¢“. The bornology defined by ¢* is generated by %8.H. It coincides
with A if and only if G C Ker 6.

Summary. Stability under products and boundedness of the U, are clear (the Dieudonné
determinant of a triangular matrix is the image of the product of its diagonal coefficients).
For M € # with M c T, setting p = inf{w(t;;)} and ¢ = sup{d(¢)} over M, the relations
-5t = J,w(ty) > (r+ 1)p and o((t7)y) = —w(ty) > —q + rp give M™! € % and
(ai —a;)(v(t)) = w(ty) —w(tjj) < q— (r+1)p by (10.2.5) (ii). Hence & induces on T, and
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so on N, a bornology compatible with the group law for which v(M) is bounded in IsomA; by
(8.1.6) a) this makes % weakly compatible with ¢“. Finally

Hiop cHNSL(X) cHNKerd ={t €T |w(t;) =0, I <i<r+1}eAB.
The proof is finished as in (10.1.31), replacing Is( f, ¢) by SL(X) and w o ¢ by 6. O

Proposition (10.2.8). — Let E be a vectorial facet of ® and x a point of A. An element g € G
belongs to Py g (7.2.4) if and only if one has, for 1 <i,j <r+1:

(1) w(gij)) +a;j(x) —a;(x) > (r+1)7'6(g)
and
2) w(gij) +aj(x) —a;(x) > (r+ 1)_1(5(g) when (a; —a;)(E) C R.

Summary. Asin (10.1.32) it suffices to show NN L = II\\IX,E, where L is the set of g satisfying (1)
and (2). Forn € NNL witho = s(n), summing (1)/(2) overi = o (j) gives X ; w(ng(j),;) = 6(n),
which is an equality; hence every one of those inequalities is an equality. By (10.2.5) (ii) this gives
v(n).x = x, and one must have (a,(;) —a;)(E) ¢ R} forevery j, whence (a,(;) —a;)(E) = {0}
and n € ﬁx,E. Conversely, for n € ﬁx,E the numbers w(nq(j,;) + aj(x) — as(j)(x) are all equal,
giving (1); and for i # o (j) one has w(n;;) = +oo. O

Corollary (10.2.9). — Let Q be a convex subset of A. In order that an element g € G belong to
Pq it is necessary and sufficient that

w(gij) = sup{a;(x) —a;(x) | x € Q} + (r + 1)_16(g) (I1<i,j<r+1).

Proposition (10.2.10). — Let Y be a valuation of the root datum (T, (Ug)qecw) of G. There exists
one and only one valuation w of the field K such that  is equipollent to ¢“.

The proof is entirely analogous to, and simpler than, that of (10.1.34).

Note added in proof

The following is a condensed account of the note on pp. 238-239, not a sentence-by-sentence translation.

(a) GL,; and the Goldman—-Iwahori space of norms. When K is a complete, locally compact
valued field, the building of SL,;(K) for the valuation ¢ of (10.2.3) is closely related to the
space of norms of O. Goldman and N. Iwahori [Acta Math. 109 (1963), 137-177]. In general,
with the notation of 10.2 and no extra hypothesis on K, call an additive norm y on X (i.e. the
logarithm of the inverse of a norm in the usual sense) decomposable if there is a basis (u;)1<i<r+1
of X and reals ¢; with

r+1
M y(D ) = inflo) e} (u K,

i=1
(every norm has this property if K is maximally complete), and call two norms homothetic if
they differ by a constant. Then there is exactly one G-invariant bijection from the building .
of G (for ¢“) onto the set of homothety classes of additive norms on X carrying the class of the
norm vy of (1) to the point of .# representing ¢“ + v, where v € V is given by a;(v) = ¢;. In
particular, for K locally compact, .# is the quotient of the Goldman—Iwahori space .4 (X) by
homothety. The topology on .# from the metric of (7.4.20) (or (2.5.4)) is the quotient of the
Goldman—Iwahori topology, although their metric is unrelated to the one used here. The authors
note that it is sometimes useful to attach to a reductive group over a local field a building which
is the direct product of a building of the present chapter with a euclidean affine space; for GL,
this modified building is the space of norms itself, rather than its quotient by homothety.
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(b) The other classical groups (after a suggestion of A. Weil). Resume the notation and
conventions of (10.1.1) and (10.1.14), assume conditions (i)-(iv) of (10.1.15), and let ¢ be the
set of additive norms @ on X satisfying

2) w(q(x)) > 2a(x) (x € X),
3) w(f(x,y)) > a(x) +a(y) (x,y € X),

where for 7 € K/K, . one puts w(f) = sup{w(t) | t € t}. Then there is exactly one G-invariant
injection ¢ of the building .# of G (for ¢®) into _# such that, for v € V given by a;(v) = ¢,
t(¢® + v) is the norm
P
4) )’(Z eix; + Xo) = inf{w(xi) - ¢ %w(q(xo))}.
i=1

If moreover X is finite-dimensional and K, K, . are maximally complete for w, leU’g, then
t(.#) is exactly the set of maximal elements of ¢, and every element of _# is minorised by an
element of ¢(.%).

Sketch of the argument. Call subspaces Y,Y’ of X orthogonal for a if a(y +y') =
inf{a(y),a(y’)} fory € Y, y' € Y. Put X, = 3/, X; and choose a-orthogonal supple-
ments X" of X+ X, and X” of X in X. Setting a*(x+) = sup{f (x4, x")—a(x’) | x’ € X"}, the
norm x, +x” +— inf{a”(x;), @(x”)} majorises a and lies in _#, so one may assume a* = a|x, .
Take an a-orthogonal basis (u;)1<;<, of X, and the dual basis (u” ;) of X" with f (u;, u’_j) = 0ij,
and for each 7 pick A; € g(u”,) with w(4;) = w(q(u’;)) (possible by the hypothesis on K, ;).
Then u_; = u’; — eu;A; spans a space X_ = >, u_;K also orthogonal to X, + Xo; choosing it
as X” one may, after transforming « and the data by a suitable element of G, assume e¢; = u;
for i € I. Writing (2) for x = x4 + x_ + xo and (3) for that x against X, and X_ shows that &
minorises the norm vy of (4) with ¢; = —w(e;), and this 7 is easily seen to be a maximal element

of 7.
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Index of notations

(1.1.5) dim A, codim F. (1.2.16) &, E.

(1.2.2) £(w), Sy (1.2.17) Gy, B, P.

(1.2.4) Wx. (1.2.18) Ex.

(1.2.5) Cox(W, S), Cox W. (1.3.1) A (cf. 2.8 Introd.); YA, W, Yw.
(1.2.9) Bx. _ (1.3.2) A;, W;, YA,

(1.2.12) H, N, (1.3.3) s, Ly: T g, 8a, @, ay.
(1.2.13) G. (1.3.4)C,S,C, S;.

(1.2.15) &P, Stab P. (1.3.5) Cx, T.
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(1.3.6) s(I') (cf. (2.1.3)).

(1.3.7) Wy, V, "W.

(1.3.8)VE, Ya; Ly ks @u ks Taks Tas @
(1.3.12) B(D), X5, VZ*(D).
(1.3.16) <p.

(1.3.18) W, V, W, Wiy,
(1.4.1) &.

(1.4.2) ®,, Op.
(1.4.4) Dyn @.

(1.4.5) Dyn&; An, B, ...
(1.52) G, B, N, S.
(2.1.1) 2, 7(P), F(P); .Z (cf. (7.4.2)).

(2.1.7) w(C,C).

(2.2.1) j.

(2.2.4) M.

(2.2.8) da (cf. (7.4.11)).

(2.3.2) par ac-

(2.3.5) pac (cf. (7.4.19), (7.5.7)).

(2.3.10) T,y

(2.4.2) cl(M) (cf. (2.4.6), (2.5.7), (7.1.2) and
(7.4.11)).

(2.5.6) [xy] (cf. (7.4.20), (7.5.1)).

(2.5.13) tx + (1 = 1)y (cf. (1.1.1), (7.4.20) and
(7.5.1)).

(2.6.2) B.

(2.7.4) Autg G, Aut(g x) G.

(2.9.1) pass-

(3.1.2) b) IsomE.

4. Introd. ¢ : G — G.

(4.1.1) Pq, P}, Pq, P, (cf. (7.1.1), (7.1.8) and
(7.3.9)); Py, etc. (cf. (7.1.3)).

4.12)N, v, W, V, H.

(4.1.4) NI, Ng (cf. (7.1.8)).

(4.1.5) Vp, Ep; B, B, BY, Bp; D, §°, P, B°,
B.

4.2. Introd. Wo,.

(5.1.26) U, (cf. (6.2.6)).

(5.133)vV.7.

(5.2.4) Z(Q), Z(Q), VZ(RQ), a(Q).

6. Introd. V, V*, ®, "W, r,, a", Do, I1, ®*, ®~,
q)réd’ (I)nm, (D+réd’ q)—réd; J%((Y), JV(Y)
(6.1.1) T, Uy, M, U*, U™,

(6.1.2) U%.

(6.1.2)(2) m(u), M2,

(6.1.2)(7) Ly.

(6.1.2)(10) Vv.

(6.1.2)(12) T°, G".

(6.1.4) U, (for 2a ¢ ®).

(6.1.5) G%, GY, @;.

(6.2.1) ¢, 9a, Ug k-

(6.2.2) Upy i (for 2a ¢ ©), My .x; Ty, Fér
(6.2.4) ?Ug i, Mg, etc.

(6.2.5) Ap + v, n.gp.

., B-C,,, C-BX, etc.

(6.2.6) A=¢o+V;a4k Ug, Ugs; X, 8.
(6.2.10) v, rg k.

6211 H, W, W, N, T, G.

(6.2.13) T,.

(6.3.3) U ks

6.4 R, r+.

(6.42) fo, Uy (cf. (6.4.42)), U%, Uy, Hy, Ny,

Uyar US NS HE Py

(6.4.10) f', @y, V7.

(6.4.13) Hy).

(6.4.14) Hyz.

(6.4.18) Hy 4.

(6.4.23) f*.

(6.4.38) Ug«.

(6.4.40) Uy. N

(6.4.42) Uy (for f : @ U {0} — R); Ugx (for
k € R).

(6.4.45)1) ¢n.

7. Introd. ®f, @5, Ip, Uj), U,

(7.1.1) Ug, Pq.

(7.1.2) cl(Q) (cf. (2.4.2) and (7.4.11)).
(7.1.3) Ng, ®g; Uy, P, N,, etc.

(7.1.8) Ng, Pa.

(7.1.10) W,.

(7.2.1) y n'Y, ¥ (y afilter base).
(7.22)U,,N,, P,,N,, P, @, (y a filter base).
(7.2.3) y(D).

(724) y(x, E), Ux,E, Px,E’ Nx,E’ .
(7.2.6) Bx,p. fx,5 fr-

(7.2.7) G, P, H.
(7.3.9) NI, PL.

(7.42) .7, .7 (cf. (2.1.1)).

(7.4.23) E(v), E(v), c(v), k(v), §(v), h(v).
(7.4.25) pariy-

(7.5.1) 7.

(8.1.3) %3 .

(8.1.5) B(N).

(8.1.7) B(y).

(9.1.1) V&, a%, @y, @}, Z, Up, Ly, M.

(9.1.4) Up x, f(b, k).

(9.1.6) ¢p,.

(9.1.7) A,

(9.1.8) ap k-

(9.1.9) Gf, ®F, T4, U, *Wh, Df, MY, Nb, @b+,
Ut tpi, .

(9.1.11) v8, .78, etc.

(9.1.13) Ug, Ug .

(9.1.14) HY, f.

(9.2.2) 78,

(10.1.D) K, 0, 6, Ko o3 X, f, q; 1, €(d), e;, Xo, Xi,
Cij(g)’ Z.

> Fx g, CxE-
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(1012) Mi(Z, k)’ mi(z’ k)a uij(k)7 mij(k)7 ap, dij,
Us;s Ugyjs Ungy, M, M3, MG,

(10.1.4) c(g), Is(f, q), Sim(f, q), Is*(f. q),
Sim*(f,q), T(f.q), T(f.q), T’ G°.

(10.1.6) G.

(10.1.13) ¢«, @&.

(10.1.14) K, X, X,, 7, G, Z, X+, X+

(10.1.20) X§, wq, w}, 2*.

(10.1.22) wy.

(10127) wi, a)i]-, 5,», Eij, w.

(10.1.28) s(i).

(10.1.29) Is, (f, q).

(10.2.1) X, e;, gij, Lij» uij(k), m;j(k), ai, a;j, V7,
@, Uy, My, -

(10.2.2) T, Mg, -

(10.2.3) p*.

(10.2.7) det, 6.

Index of conditions

(T1)to(T4): (1.2.6).
(EDto(E3): (1.4.1).
(CN) : (3.2.3).

(A to(A6): (5.2.1).
(A1 bis): (5.2.2).
B1)to(B6): (5.2.30).
(DR 1) to (DR6) : (6.1.1).
V0O)to (V5): (6.2.1).
(V5 bis) : (6.2.2).
(©):(6.4.3).

(C1)and (C2): (6.4.5).
(QC1)and (QC2): (6.4.7).
(Pr) : (6.4.15).

(P1), (P2), P 1), (P17): (6.4.38).
(V 1 bis), (VP) : (6.4.41).
(MC) : (7.5.4).

(BCN 1) and (BCN2) : (8.1.2).
(DDR 1) : (9.1.9).

(DDR?2) : (9.1.10).

(DDR 1 bis) : (9.1.13).

(DP) : (9.1.15).

(DI 1) to (DI3): (9.2.1).

DV 1): (9.2.1).

(DDR 3) : (9.2.9).

(DV2): (9.2.9).

Terminological index

Headwords are given in English and re-alphabetized accordingly; the French original is added in paren-
theses where the correspondence is not transparent. Section references are those of the original index.

A

Adapted (B-, B-N-) : (1.2.13).

Additive semi-norm : (10.1.20).

Adjacent chambers (mitoyennes) : (1.1.5).
Admissible order : (5.2.13).

Affine : see Datum, Set, Space, Weyl group, Root,
Structure, Type.

Affine root : (1.3.3), (6.2.6).

Affine root datum : (5.2.36) (footnote).

Affine root system : (1.3.3).

Affine set : (1.1.1).

Affine structure : (1.1.1).

Affine subspace generated by a filter base : (9.2.4).
Affine Weyl group : (1.3.2).

Alcove (alcove) : (1.3.8).

Apartment (appartement) : (2.2.2), (7.4.7).

Apex of a sector : (1.3.11), (7.1.4).

Associated : see Echelonnage, Pseudo-quadratic
form, Reflection, Order relation, Vertex, Saturated
Tits system.

Associated roots : (1.4.1).

Attached root system : (1.4.2).

B

B-adapted homomorphism : (1.2.13).
B-N-adapted homomorphism : (1.2.13), (4.1.3).
Base of a root system : (1.3.12).

Bornological group : (3.1.1).

Bornology : (3.1.1).

Bornology compatible with a group law : (3.1.1).
Bornology compatible with a valued root datum :
(8.1.1).

Bornology defined by a Tits system : (3.1.4),
(3.1.9).

Bornology defined by a valuation : (8.1.7).
Bornology weakly compatible with a valued root
datum : (8.1.1).
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Bruhat decomposition : (1.2.7), 7.3 introd., (7.3.4).

C

Canonical : see Map, Decomposition.
Canonical map of .# into C : (2.1.2).

Canonical map of A into .% : (2.2.2).

Canonical map of Cx onto a facet of .# : (2.1.2).
Cartan decomposition : (4.4.3).

Center of a facet : (7.2.5).

Center of a retraction : (2.3.5), (7.4.19).
Chamber : (1.1.5).

Chamber of a building : (2.1.2), (7.4.12).
Chamber of an affine space relative to an affine
Weyl group : (1.3.3).

Chamber of an equipollence class of valuations :
(7.2.4).

Chambered morphism (chambré) : (1.1.7).
Closed part of a building : (2.4.1), (2.5.7).
Closed part of an apartment : (2.4.1), (2.4.6),
(7.1.2), (7.4.11).

Closed, open polysimplex : (1.1.3).

Closed, open simplex : (1.1.2).

Closure (enclos) of a part of a building : (2.4.2),
(2.5.7).

Closure (enclos) of a part of an apartment : (2.4.2),

(2.4.6), (7.1.2), (7.4.11).

Closure of a germ (adhérence) : (7.2.1).
Codimension of a facet : (2.1.1).

Combinatorial building of a Tits system : (5.1.33).
Compatible : see Bornology, Root data.
Completion of a building : (7.5.1).

Concave function : (6.4.3).

Connected type : (4.1.3).

Contained in a set (germ) : (7.2.1).

Convex hull : (2.5.6).

Convex part : (2.5.6).

Coroot (coracine) : § 6, introd.

Coxeter : see Graph, System.

Coxeter graph : (1.2.5).

Coxeter graph underlying a system (G, f, M, F) :
(1.4.4).

Coxeter system : (1.2.1).

D

Dense valuation : § 7 introd.

Descent of a valuation : (9.1.11).

Dimension of a facet : (7.2.4).

Dimension of a filter base : (9.2.4).

Dimension of a polysimplicial complex (dim A) :
(1.1.5).

Dimension of a simplex : (1.1.2).

Direction of a facet at a point : (7.2.4).
Direction of a sector : (1.3.11), (7.1.4).

Discrete valuation : (6.2.21).

Distance in a building : (2.5.4), (7.4.20).
Distance in an apartment : (2.2.8), (7.4.11).

Double Tits system : (5.1.1).

Dynkin : see Graph.

Dynkin graph : (1.4.4).

Dynkin graph of a root system : (1.4.4).
Dynkin graph of an échelonnage : (1.4.5).
E

Echelonnage 1 (1.4.1).

Echelonnage associated with a discrete valuation :
(6.2.22).

Echelonnages, homothetic : (1.4.3).
Echelonnages, similar : (1.4.3).

End of a gallery (extrémité) : (1.1.5).
Endpoints of a segment of a building : (2.5.6).
Equipollence class of valuations : (6.2.5).
Equipollent parts of an affine space : (1.3.1).
Equipollent valuations : (6.2.5).

Equivalent Tits systems : (1.2.12).

Equivalent valuations : (6.2.5).

Euclidean affine space : (1.3.1).

Extendable valuation (prolongeable) : (6.4.38).
Extended valuation (prolongée) : (6.4.38).
Extension of a valuation : (6.4.38).

Extremal element of a subset of a root system :
(1.3.15).

F

Facet of a building : (2.1.1), (7.4.12).

Facet of a facet : (1.1.4), (2.1.1).

Facet of a polysimplicial complex : (1.1.4).
Facet of an affine set : (1.1.1).

Facet of an affine space, of an affine Weyl group,
of an affine root system : (1.3.3).

Facet of an equipollence class of valuations :
(7.2.4).

Facet, vectorial : (1.3.10).

G

Gallery : (1.1.5).

Gallery joining two facets : (1.1.5).

Gallery without stammering (sans bégaiement) :
(1.1.5).

Gallery, minimal : (1.1.5).

Generating root datum : (6.1.1).

Geodesic : (2.5.13).

Germ of a filter base : (7.2.1).

Germ with nonempty interior : (7.2.1).

Germ, open : (7.2.1).

Good maximal bounded subgroup : (4.4.1).

H

H-component : (6.3.8).

Half-apartment : (2.2.2).

Homothetic échelonnages : (1.4.3).

I

Induced valuation : (9.1.11).

Interior of a germ : (7.2.1).
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Inverse image of a bornology under a map :
(3.1.2)c¢).

Inverse root : (1.3.8).

Irreducible affine Weyl group : (1.3.2).
Irreducible component of a Tits system : (2.6.5).
Isometry : (10.1.4).

Iwasawa decomposition : (4.4.3), 7.3 introd.,
(7.3.1).

L

Length of a gallery : (1.1.5).

Length of an element of a Coxeter group : (1.2.2).
M

Maximal bounded subgroup, good : (4.4.1).
Maximal bounded subgroup, special : (4.4.1).
Midpoint of two points of a building : (3.2.1),
(7.4.20).

Morphism of affine sets : (1.1.1).

Morphism of polysimplicial complexes : (1.1.7).
Multipliable vertex : (1.4.4).

N

Nibbling order (ordre grignotant) : (1.3.15).
Nondegenerate pair (f,g) : (10.1.1).

0)

Open germ : (7.2.1).

Opposite sectors : (1.3.11).

Order relation associated with a vector chamber :
(1.3.16).

Origin of a gallery : (1.1.5).

P

Panel (cloison) : (1.1.5).

Panel of an affine space relative to an affine Weyl
group : (1.3.3).

Parabolic subgroup : (1.2.10).

Parahoric subgroup : (1.5.1).

Part : see Closed, Convex, Equipollent,
Quasi-closed, Transverse.

Polysimplicial complex : (1.1.6).

Positive root : (1.3.13).

Product of affine sets : (1.1.1).

Product of polysimplicial complexes : (1.1.8).
Pseudo-quadratic form associated with a
sesquilinear form : (10.1.1).

Q

Quasi-closed part : (7.6.1).

Quasi-concave function : (6.4.8), (6.4.42).
Quasi-valuation of a root datum : (6.2.3)e).

R

Rank of a Coxeter system : (1.3.4).

Rank of a Tits system of affine type : (1.5.1).
Rank of an affine Weyl group : (1.3.4).

Reduced decomposition of an element of a Coxeter
group : (1.2.2).

Reflection associated with an element of a Weyl
group : (2.3.10).

Retraction of a building onto an apartment :
(2.3.5), (7.4.19).

Retraction of a completed building : (7.5.7).
Retraction relative to a sector : (2.9.2).
Retraction relative to a sector germ : (7.4.25).
Root datum (donnée radicielle) : (6.1.1).
Root datum compatible with another : (9.1.9).
Root datum, valued : (6.2.1).

Root system attached to a facet, to a point : (1.4.2).
Root weight (poids radiciel) : (1.3.8).

Root, vectorial : (1.3.8).

S

Saturated Tits system : (1.2.12).

Saturated Tits system associated with a Tits system
:(1.2.12).

Schiffmann’s formula : (7.3.3).

Sector (quartier) : (1.3.11), (7.1.4).

Sector germ : (2.9.2), (7.2.3), (7.4.12).

Sector of a building : (2.2.2), (7.4.12).
Segment with given endpoints in a building :
(2.5.6), (7.4.20).

Similar échelonnages : (1.4.3).

Similitude : (10.1.4).

Similitude ratio (rapport de similitude) : (10.1.4).
Simple root : (1.3.12).

Simple root system : (1.3.12).

Simplicial complex : (1.1.6).

Special maximal bounded subgroup : (4.4.1).
Special point of an affine space equipped with an
affine Weyl group : (1.3.7).

Special valuation : (6.2.13).

Special vertex of a Coxeter graph : (1.3.7).
Strongly equivalent Tits systems : (1.2.12).
Structural map : (2.2.2).

Support of a facet : (1.3.3).

Support of an element of a Coxeter group : (1.2.2).
T

Taut gallery between two facets, two points
(tendue) : (1.1.5).

Tits : see System.

Tits system : (1.2.6).

Tits system of affine type : (1.5.1).

Tits systems, equivalent : (1.2.11).

Totally singular subspace : (10.1.1).

Trace form (forme tracique) : (10.1.1).
Transverse closed parts : (5.1.2).

Type of a facet : (1.3.5), (2.1.1).

Type of a gallery : (1.3.6), (2.1.3).

Type of a panel : (1.3.6).

Type of a parabolic subgroup : (1.2.10).

Type of a root datum : (6.1.1).

U

Underlying Coxeter graph : (1.4.4).

v
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Valuation of a root datum : (6.2.1).

Vector chamber : (1.3.10).

Vectorial : see Chamber, Facet, Root.

Vertex of a building associated with a parahoric
subgroup : (2.1.2).

W

Wall of a building : (2.2.2).

Wall of a half-apartment : (2.2.4).

Wall of an affine space relative to a Weyl group :
(1.3.3).

Wall of an equipollence class of valuations :
(6.2.6).

Weight (poids) : (1.3.8).

Weyl group : (1.2.6), (1.3.2).

Weyl group of a Tits system : (1.2.6).

Witt index : (10.1.1).
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Appendix: French-English glossary

échelonnage

épinglage

équipollent, équivalent
équipollentes

adhérence

alcove

appartement
applications structurales
base de filtre

borne inférieure / supérieure
bornologie

cone simplicial

centre de gravité
chambre

chambre vectorielle
cloison

close

complexe polysimplicial
corps

corps gauche

corps local

corps résiduel

corps résiduel

corps valué
décomposition réduite
déplacements

déployé / quasi-déployé
descente

donnée radicielle

donnée radicielle génératrice

donnée radicielle valuée
donnée radicielle (valuée)

donnée radicielle génératrice

double systeme de Tits
déployé

ensemble affine
enveloppe convexe

espace affine euclidien
facette

facette / facette vectorielle
facette vectorielle

famille filtrante croissante
fixateur

fortement équivalents
fortement orthogonales
galerie

germe de quartier

graphe de Coxeter

groupe des commutateurs
homomorphisme B-adapté

The renderings of the French technical vocabulary used in this translation.

échelonnage (retained)
pinning

equipollent, equivalent
equipollent

closure

alcove

apartment

structural maps

filter base

infimum / supremum
bornology

simplicial cone
barycenter

chamber

vector chamber

panel

closed

polysimplicial complex

field (not assumed commutative unless stated)

skew field

local field

residue field

residue field

valued field

reduced decomposition
displacements

split / quasi-split
descent

root datum

generating root datum
valued root datum
(valued) root datum
generating root datum
double Tits system
split

affine set

convex hull

Euclidean affine space
facet

facet / vector facet
vector facet

increasing directed family
fixer (pointwise stabilizer)
strongly equivalent
strongly orthogonal
gallery

sector germ

Coxeter graph
commutator group
B-adapted homomorphism
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immeuble

mitoyennes (chambres)
morphisme chambré

mur

mur, bord

ordre grignotant

par récurrence sur

partie close

parties closes

poids radiciels

point extrémal

point interne

point spécial
polysimplexe
prolongement / prolongeable
pronilpotent / prounipotent
quartier

quitte a remplacer

réseau

rétraction

racine affine

racine vectorielle

racines non divisibles / non multipliables
radical prounipotent

sans bégaiement

saturé

similitude

sommet (d’un quartier)
sous-groupe borné
sous-groupe distingué
sous-groupe distingué
sous-groupe parabolique
sous-groupe parahorique
stabilisateur

systeme de racines inverse
systeme de Tits

série centrale descendante
tendue (galerie)

valuation

valuation dense

valuation impropre
valuation prolongée
équipollent

F. BRUHAT AND J. TITS

building

adjacent (chambers)
chambered morphism

wall

wall, boundary

nibbling order

by induction on

closed subset

closed subsets

radical weights

extreme point

internal point

special point

polysimplex

extension / extendable
pronilpotent / prounipotent
sector

after replacing, if necessary
lattice

retraction

affine root

vector root

non-divisible / non-multipliable roots
prounipotent radical
non-stuttering

saturated

similarity

apex (of a sector); vertex (of a sector)
bounded subgroup

normal subgroup

normal subgroup
parabolic subgroup
parahoric subgroup
stabilizer

inverse (dual) root system
Tits system (= BN-pair)
descending central series
taut (gallery)

valuation

dense valuation

improper valuation
extended valuation
equipollent (parallel and equally directed)
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