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The Geometry of Ample Line Bundle

ABSTRACT

This thesis is mainly about the vanishing theorem correponding to positive and
semipositive line bundles on Kihler manifold. The most important one is Kodaira
vanishing theorem, which says that when ¢ > 0 and L ample, the cohomology group

HY(X, Kx ® L) = 0. There’re several ways to generalize this theorem.

The first one is Kodaira-Nakano-Akizuki vanishing theorem. This theorem re-
place the canonical bundle by bundle of differential forms. The second one is Kawamata-
Viehweg vanishing theorem. It weaken the condition to big and nef bundle. Other

generalizations combine the two ones. We will discuss throughly on this subject.

Meanwhile, algbraic vanishing theorem brings new way of research. We can trans-
late algebraic claim to geometric argument and prove the algebraic vanishing theorems.
We will prove by geometry Serre’s vanishing theorem and Grauert-Riemenschneider
vanishing theorem. At last, we will consider vanishing theorem on higher rank bundle,

Hermitian manifold and hyper-Kéhler manifold.

To fulfill our purpose, analytic tools are used. The most profound one in this

aritcle is the characterization of curvature and operators on Kihler manifold.

KEY WORDS: Ample line bundle, Kodaira Vanishing Theorem, Semipositive
line bundle, Nef bundle
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%—E Introduction

Cohomology vanishing theorem for holomorphic vector bundle on compact Kihler
manifold occupies an important role in the theory of several complex variable and com-
plex geometry. These analytic methods can be used to study algebraic objects like lin-
ear series and projective schemes. The most celebrated theorem in this subject is the
Kodaira vanishing theorem. This is the most fundamental, but also the most tempting
theorem in modern algebraic geometry. The statement of this theorem is a vanishing

of cohomology group
HY(X,Kx®L)=0, Vq>0.

The proof of this theorem involves transcendental technique in the computation of co-
homology group. This proof is done by Hodge theory in complex geometry. Hodge
theory converts the hard computation of cohomology group of bundles to relative easier
computation of harmonic differential (p, ¢) forms. Also, some calculations of Lefschet-
z and dual Lefschetz operators in Kihler manifold are required to obtain the vanishing
of harmonic forms. The most direct generalization of Kodaira’s vanishing theorem
comes from the process of finding the appropriate computation result. This gener-
alization is called Kodaira-Nakano-Akizuki vanishing theorem, which generalize the
tensor product of canonical line bundle to the differential forms. And the power of this
proof could be extended to the so called L? vanishing theorem. This theorem involves

the Bochner technique and gave a sufficient condition for vanishing of cohomology

group.
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There’re various applications of the Kodaira vanishing theorem. The most pro-
found one is the application in algebraic geometry, where the Kéhler manifold is re-
placed by smooth projective k-scheme. Here k is a filed of characteristic 0. The tool
for this geometry to algebra transition is the Serre’s GAGA principle and Lefschetz

principle. The actual route for this transition is

{X compact Kéhler manifold, L positive} GI§:>GA {X smooth projective C-scheme, L ample}

Lefs(ghetz {X smooth projective k-scheme, L ample}

Classically, people are interested in the going right part, which states a purely algebraic
theorem. But the bad thing is, the nature of this proof is transcendental. Thus Deligne,
[llusie and Raynaud gave a purely algebraic proof of Kodaira vanishing theorem by the
degeneration of Hodge to de Rham spectral sequence. Their proof are so elegant that

it becomes the foundation for the research of algebraic side of Hodge theory.

In this article, we will consider the converse part. The algebraic theorems could al-
so be translated into geometric flavor. These algebraic notations include the ampleness,
numerical effectiveness(nef), globally generation, bigness, and semiampleness. These
notions comes from the study of sheaf theory, but finally can be restated in geometric
term. More precisely, these notions could be formed by the observation of curvature
associated to Chern connection. These descriptions of algebraic notions could be used

to reprove the algebraic vanishing theorems by analysis.

A first translation is done in Serre’s vanishing theorem, which states that for any
vector bundle, the tensor product of it and a “sufficiently positive” line bundle should
have vanishing cohomology group. This theorem was proved by Serre in his funda-

mental paper “Faisceaux algébriques cohérents” on the coherent algebraic sheaf. His

a7t
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proof consisted of purely homological algebraic tools. But we could reprove it using

Kodaira vanishing and the notion of positivity.

The second translation concerned the Kawamata-Viehweg vanishing theorem.
This theorem was developed independently by Kawamata and Viehweg in 1982. It
generalize Kodaira’s vanishing theorem in that it uses big and nef line bundle instead
of ample line bundle. This generalization is highly nontrivial since we modify the pos-
itivity in the previous proof to semipositivity. The previous geometric proof could
not be used since we cannot derive vanishing of harmonic form purely with previous
technique. An aid for this dilemma is to prove Nadel’s vanishing theorem about prin-
ciple ideal sheaf and modify this ideal sheaf to algebraic notions. But a geometric
lemma could be used to prove the Kawamata-Viehweg vanishing theorem directly. A
side product of this vanishing theorem is the Bogomolov vanishing theorem, which

generalize Kodaira-Nakano-Akizuki vanishing to semipositivity.

The third translation is about the Grauert-Riemenschneider vanishing theorem.
This theorem says that the higher direct image vanishes when our map is finite generic.
This kind of theorem is called generic vanishing theorem. We could use the Kawamata-
Viehweg vanishing theorem to the group of cohomology about the higher image sheaf
and apply the Leray spectral sequence. Then the Grauert-Riemenschneider vanishing

theorem boils down to the proof of semipositivity of curvature tensor.

Apart from these translations, Kodaira vanishing theorem has its higher rank coun-
terpart. The search for a canonical generalization to higher rank is difficult. Currently,
two kinds of positivity of vector bundle are in hand. One is called Griffiths positivity,
and the other is called Hartshorne ampleness. Griffiths positivity generalize the pos-
itivity from geometric part, which use the positivity of curvature tensor. Hartshorne

ampleness deals with the algebraic part, which involves the projectivation of vector

3477 n
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bundles. The fundamental problem in this theory is called Griffiths’ conjecture, which

asked if these two sides are equivalent.

Another generalization is the translation of theorem from Kéhler to Hermitian
manifold. We are deprived of the Kdhler structure on manifold, thus the vanishing
cohomology is only true for some particular dimension. Also, this generalization could
be stronger to be the hyper-Kihler manifold, which says that the vanishing theorem is
true for even lower dimension. But since the limitation of time, we are unable to provide

much interesting result in the higher rank, hermitian and hyper-Kihler case.

The organization of this thesis is as follows. Preliminaries of complex geometry
are described and defined in Chapter 2. We introduce the complex manifold in 2.1,
and the cohomology group of sheaves in 2.2. In section 2.3, we introduce our main
character, the curvature tensor or in other word, the first Chern class. In section 2.4 we
proved the Hodge theorem in real Riemannian manifold. In Chapter 3, we are main-
ly interested in the vanishing theorems in Kéhler manifold. In section 3.1 we provide
the formula and identities for canonical operators on compact Kédhler manifold. We
then states and proved the L? vanishing theorem and its relative like Girbau vanishing
theorem. We also used our geometric proof to relate Serre’s vanishing theorem to cur-
vature. And then we use the similar technique to prove the Andreotti-Grauert vanishing
theorem. Section 3.3 is related to the semipositivity in vanishing theorem. The main
result in this section is the proof of Kawamata-Viehweg vanishing theorem, and we
used similar technique to prove Koll’ar injectivity theorem and Bogomolov-Sommese
vanishing. An application is the Grauert-Riemenschneider vanishing theorem. Chap-
ter 4 is devoted to several generalizations. Due to time limitation, we are unable to
present the most exciting progress in this chapter. We only state without proof of some

main results. Finally algebraic vanishing theorem are provided to get a flavor.

Hav 77t
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"% Complex Geometry

2.1 Complex Manifold

Complex manifold is an analog of ordinary complex plane C. It is made up of
several complex open sets glued together by holomorphic functions. In this section, we
will introduce the basic notions of complex manifold, assuming knowledge of several
variable holomorphic functions. Some little preliminary on differentiable manifold is

required.

Definition 2.1.1 (Complex manifold). A n—dimensional complex manifold is a topo-
logical space admitting an open cover {U;} and maps ¢; : U; — ¢;(U;) C C™ such

that the map ¢, © gogl is holomorphic on ¢5(U, N Us) C C".

There are several notations needed to be stated. First, we must define the holo-

morphic functions on complex manifold.

Definition 2.1.2 (Holomorphic function). A holomorphic function on a complex man-

ifold X is a function f : X — C such that f o ¢, is holomorphic on ¢, (U,).

With manifold, we may define the tangent space, which are intrinsic property that
determine the topology of manifold. Tangent spaces define the directional derivative

of functions on manifold. We let

Definition 2.1.3 (Tangent Bundle). Let X be an n—dimensional complex manifold.

Locally, we have trivialization (21, 22, ..., 2,). A holomorphic tangent space T, X

5o dt77 Ut
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defined at z is the vector space generated by a%' Similarly, we may define anti-
holomorphic tangent space. The transition map thus defines the transition map of tan-
gent space by obvious Lebniz law. That is, we identify the two sets U; N U; x C" C

Ui x C"and U; NU; x C" C U; x C" by the map

(uvv) = (u>¢2]*(2}))

Here ¢,;. is a Jacobian matrix with coefficient %,;fw’ and ¢;; = ¢; o ngZ._l.

The tangent bundle is actually a special case of vector bundle. Vector bundle
associate a vector space to every point on manifold. But this kind of association is
continuous with respect to the differentiable structures. But in the beginning, we will
not consider the vector bundle. We delay the discussion to later sections.

Complex geometry has more characteristics than real geometry, and the most im-
portant one is the multiplication by 7. In the complex manifold settings, we consider

this transformation by an “almost complex structure”. That is

Definition 2.1.4 (Almost Complex Structure). On the tangent bundle of a differentiable
manifold X, an almost complex structure is an endomorphism I of T'X such that /% =

—1.

A complex manifold surely has a almost complex structure, as the endomorphis-
m [ is the multiplication of ¢ in C". An interesting problem was aroused: When a
differentiable manifold with almost complex structure can actually be realized by a
complex manifold? This problem was solved by Newlander and Nirenberg, which is
called Newlander-Nirenberg theorem. But we will not discuss it here.

We will also introduce the notion of vector bundle. Vector bundles attach a vector

space to the manifold.
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Definition 2.1.5 (Vector bundle). A complex vector bundle of rank m over a complex
manifold X is a topological space E, a mapping m : £ — X and an open covering

{U;} of X such that we have the two conditions
1. There is a trivialization map 7; : 7~ }(U;) — U; x C™.
2. Transition map 7; o 7; " is C-linear on 7=1((U; N U;) x C™).

As we can see that the tangent bundle is a special kind of vector bundle. Moreover,
we can also define the holomorphic vector bundle. That is, the transition function 7; are
biholomorphic maps. In addition, we can define several operations on vector bundles.
These operations include direct sum, tensor product and dual. The operations of bundle

are easy in the sense that we only consider the operation to their relative vector spaces.

The rest of this section is devoted to examples of complex manifolds. These man-
ifolds are typical examples that could be found in complex geometry textbook. But we

may give the calculation of the curvature and other invariants later.

Affine Space. The most simple example is the complex affine space C". The most
simple metric is

w:iZdzj/\déj

j
But as we will see later, we can endow different kind of metric on it.

Projective Space. This is the key object in our study of positivity. A projective space
P" is the collection of all lines passing the origin. We can see it as (C"™\{0})/C*, by
seeing (zo, ..., 2,) and (Azo, ..., Az,) as the same point. We may use the canonical

covering

Ui =A{(20,-,2n)|zi #0},i=0,...m
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to cover the whole projective space. The chart map ¢, are simply

20 ZAZ Zn
QOIL':UZ‘—>CTL,<Z(),...,ZH)F—> (— — ...,—),

b )
Zi Zi Zi

here © means we remove this one. The transition map is obviously biholomorphic on
UinU;foralli,j.

Projective hypersurface. Let f be ahomogeneous polynomial with variables zg, 21, . . ., Zp.
Here we consider the induced map of f from C"*'\{0} — C. Suppose that f is regular

at 0, so that the variety

X=V(f)={(z1,...,2) €EP"|f(21,...,2,) =0}

is exactly a manifold. By implicit function theorem and let V() N U; be a covering,
we see that the manifold is actually complex manifold.

Complex Tori. This manifold is a quotient 7' = C™/T", where I is a discrete group of

2n. This is a Kahler manifold. The Kahler metric is

w=1Y hyd Adz*
j.k
Hopf Manifold. This is the first manifold that is seen to be non-Kéhler . We also
take some quotient of space. We also have the space C™"\{0}, and this time the group
I'={y"|n € Z} = Z, where v € (0,1). The manifold X = (C"\{0})/I is called

Hopf manifold. This manifold is diffeomorphic to S?"~! x St

Kodaira Surface. As we have just mentioned the complex tori 77 = C"/I". The

#
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Kodaira surface S is obtained by a similar manner by regarding C? as the group

Iwasawa Manifold. The Iwasawa manifold is quotient of complex Lie group G' =
1 =z vy
0 1 z| € GL(3,C) by alattice. We use the lattice ' = GNGL(3,Z+iZ), acting
0 0 1

by the multiplication. Thus the Iwasawa manifold X = G /T is a complex manifold of

dimension 3.

Grassmannian Manifold. Let V' be complex vector space of dimension n + 1, the
Grassmannian manifold Gry (V') for k& < n + 1 is the set of k—dimensional subspace

of V.

Blow-up Blow-up is a method to create a new manifold out of an old one. And blowing
up is a useful technique to remove singularity. We will only mention the name in this

section since the full definition require much prerequisite.

2.2 Cohomology and Sheaves

Cohomology is a great invariant that used to characterize the topological structure
of manifolds. Cohomology, in short, is a group that is quotient of a kernel by an im-
age. The most fundamental cohomology in topology is simplicial cohomology, where
the group is map from simplicial complex to Z or R. In differential manifold theory,

the easiest cohomology is de Rham cohomology, which is the kernel of differential d

Fon 77T
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modulo the image of the similar operator. In this section, we will see the definition
of cohomology and its relative in sheaf theory. In order to see the true definition, we

must first define sheaves:

Definition 2.2.1 (Pre-sheaf and sheaf). A pre-sheaf F on a topological space M is a
method to assign Abelian group to open sets with a “restriction structure”. Namely, for

each U open, and V' C U open. We have a restriction morphism
And the restriction of restriction is the same, that is

pUW:PVWOPUVU’r(U)%f(W)'

We will also denote pyy (o) by oy for abbreviation. A sheaf is a presheaf such that

the natural map

[Lovv: FU) = F(V)

is onto the set

{(Uv)\/ev|0V|VmW = owpow, V., W € V}

Here V is an open covering of open set U.

The creation of sheaf leads to the systematic research of local behaviors and their
relation with global reaction. A complex manifold X has two fundamental sheaves.
One is the sheaf of holomorphic function on X, called the structure sheaf Fxand the
other is the wedge product of cotangent bundle K x called the canonical sheaf. The

properties of these two sheaves are useful in the study of topology, and the gluing of

10 U1 4L 77 T
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sheaves can also be seen as another way of defining manifold, or the more generalized
object: scheme. But now, we will only consider the sheaves on complex manifold. We

will introduce the category of sheaf to define its cohomology.

Definition 2.2.2 (Category). A category C consists of objects(denoted by objC) and

maps hom(, ). Satisfying the following restrictions.

1. The morphism(formal name of map) f has an origin A and target B. Here A, B
are objects in C. We say that the morphism f maps A to B. And all morphisms

that maps A to B form a set called hom(A, B).

2. There is a combination map hom(A, B) x hom(B, C) — hom(A, C'), such that
the associativity holds true, that f o (go h) = (f og) oh € hom(A, D). f €
hom(A, B),¢g € hom(B,C), h € hom(C, D).

3. The identity map exists and unique, that is id4 € hom(A, A) that all maps com-

bine with this map is the same.

Examples of category include category of sets, groups, rings, topological space
or even manifolds. In order to study the sheaf theory, we must introduce an additional

property called the Abelian category.

Definition 2.2.3 (Abelian Category). An Abelian category C is a category satisfying

the following conditions

1. Forevery A, B € C,hom(A, B) is an Abelian group and the composition

hom(A, B) x hom(B, (') — hom(A4, C)

is bilinear.

11 o1 77
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2. Coproduct exists. That is, for every object A and B, there’s an object A[[ B
such that there exists morphisms i; : A — A[[B and i, : B — A][ B that
satisfying the universal property: for every object C' and morphisms ¢; : A — C
and ¢ : B — C, there’s a unique morphism ¢) : A[[ B — C'that ¢; = ¢ o iy

and ¢, = 1 o 75. In other word, the following diagram commutes.

7
ywy
I

A——=A]|[|B~—B

i1 12

Sometimes this is called the “direct sum”. This is equivalent to the existence of

product, where all the arrows are reversed.

3. Every morphism ¢ : A — B admits a kernel. Kernel is an object K with a map
x such that f o x is the zero map that satisfying the universal property: for every
object K" and morphism £’ : K’ — A such that the composition f o x’ is zero,
there is a unique morphism ¢ : K’ — K such that x o ¢» = x’. The following

diagram commutes

4. Every morphism ¢ : A — B has a cokernel C. This is similar to what we have

12 01 77
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5. The cokernel of a kernel is isomorphic to the kernel of cokernel.

O/

The category satisfying condition 1 is called Ab—enriched; those satisfying 1 and
2 are called additive; those satisfying 1,2 and 3 is called pre-Abelian. But we will only

consider Abelian category here. We will further define the resolution of sheaves

Definition 2.2.4 (Exactness). Let F, G, H be sheaves on manifold. The sequence

F-log-toy

is called exact in the middle if we have equality of sheaves im ¢ = ker .

A chain of exact mappings is called a resolution.

Definition 2.2.5 (Resolution). A resolution " is the chain

i J FO @0 Fl b1 T ®i Fitl Git1

such that

.Fi_l (151‘71 .FZ @i FZ‘+1
is exact in the middle and j(F) = ker ¢y.

Fa13 0477 0t
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Some examples of resolution includes the Cech resolution, de Rham resolution

and Dolbeault resolution.

Cech resolution. Let F be a sheaf over complex manifold X, and let U; be an open
covering of X. Let

Ur=MerU;, 1 CN.

And we let ¥ = @;c; F; and d : F¥ — F*+1 by formula

k
(A0 jogroiers = > (=105 5 o,
i=0

0 dkt1

Then we can prove that

0 Fod g0 fo g1 9 g % v S

is a resolution called the Cech resolution.

de Rham resolution. Let A* denotes the C* differential forms. The exterior differ-

ential d gives morphism of sheaves. We also claim that the complex

0—=A" LAl % A 0

Dolbeault resolution. Let A%%(E) denotes the sheaf of sections of 2% @ F

0 /L L | —

We will proceed to see the use of resolutions. This is essential in the calculation of
cohomology group. Now we say the image of ¢ is cokernel of the kernel and coimage

is kernel of the cokernel. And what we need is the left exact functor

F14 01 477 00
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Definition 2.2.6 (Left Exactness). A functor F' between to Abelian category C and C’

is called left exact if ker F'(¢) = F'(ker(¢)) for ¢ : A — B between A, B € C.

Definition 2.2.7 (Injective). An object I of Abelian category is called injective if for
every injective morphism A J B and morphism ¢ : A — I, there’s a morphism
v : B — I such that ¢ o j = ¢. We say the category has sufficiently many injective
objects if every object A of C admits an injective morphism j : A — I, where [ is

injective.
Now we must use the similar way to define the resolutions, that

Definition 2.2.8. A complex Z° is called a resolution of an object A of C if imd’ =

kerd! fori > 0 and j : A — Z° is isomorphic to ker d°.

Now if we have sufficiently many injective object, we may get

Lemma 2.2.9. IfC has sufficiently many injective objects, then every object admits an

injective resolution. That is, I® are all injective objects.

The proof of the lemma is easy in that we can define the next object by the pre-
vious image. More detailed treatment could be referred to [24]. This lemma show the

existence of cohomology. We may define our cohomology, using the derived functors

Theorem 2.2.10 (Derived Functor). For every object M of C and left exact functor F,

there’s object R'F' (M), i > Oin C' determined up to isomorphism and satisfying
1. ROF(M) = F(M)
2. For every short exact sequence

0—>A$Bi>(]—>0

Fa1s 477 0t
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we can get the long exact sequence

0— F(A) = F(B) = F(C) - R'F(A) - R'F(B) = R'F(C) — ...

3. For every injective object I we have R'F(I) =0, i > 0
This is exactly defined by injective resolution I* of A that R°F(A) = H'(F(I*))
and prove the properties. Now we define the sheaf cohomology to be

H'(X,F):= R'T(F).

With this definition of cohomology, we can prove the theorems of

Thus the de Rham resolution induce the de Rham cohomology

ker(d : A'(X, E) — A (X, E))
im(d : A-1(X, E) — A(X, E))

H'(X,0x(E)) = RT(Ox) =

And the Dolbeault resolution induce the Dolbeault cohomology

_ ker(0: AM(X, E) — AP X, E))

HY(X, QI)D((E)) = RqF(Qg((E)) = im(é c Ara-1(X, E) — Are(X, E))

And we have the following characterization

Definition 2.2.11 (Acyclic). An object M of C is called F-acyclic if R'F' (M) = 0 for

1> 0.

Definition 2.2.12 (Flasque). A sheaf is said to be flasque if for every pair of open set

V' C U, the restriction map py; : F(U) — F(V) is surjective.

Now we have the important theorem
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Theorem 2.2.13. Every injective sheaf is flasque

Lemma 2.2.14. A short exact sequence

0O=+F—=G—-H—=0

of sheaves on topological space X with F flasque induces exact sequence of

0—FU)—GU)—HU)—0, UCcCX.

And
0O=F—=>G—-H—=0

if F,G flasque, so is H.
The proof of this theorem is just definition and use of homological algebra.

Theorem 2.2.15. Flasque sheaves F are acyclic for functor T. Namely H (X, F) =0

fori > 0.

Finally, we define the pullback sheaf, which will be used in the Grauert-Riemanshneider

vanishing theorem

Definition 2.2.16 (pull-back). Let f : M — N be a continuous map, and F is a sheaf
over N. The pullback sheaf f~!F assign every open set U C M the space of sections

s : U — UgzeuFy(x) and it can be realized locally by a section on V.

17 o7y
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2.3 Holomorphic Vector bundle, Curvature and Chern Connec-
tion

We would like to define special structures on the manifold and the associated bun-
dles in this section. This structure is called the "Kihler metric”. But to see what Kéhler
metric is, we must first see what is metric. A metric is a way to assign bundles a no-
tion of distance. A metric on a manifold measures the “length”. More precisely, we
associate a inner product on the tangent space. To understand more clearly, we may
consider the standard type of length calculation aroused in calculus. If we parameter-
ize a curve y(z) where x € [a, b] and compute the length of the curve. The standard

computation says that

b
l(y) = / V1+y(x)%dz.

This formula is actually a assignation of metric to the tangent space of curve. For a point

(20, y(zo)) on the 1—dimensional manifold, we use the metric (;2, 2) = (1 + (g—g) 2)

. The differentiation actually comes from the formula /(y) = f; Vo' (x),y (x))dx.

Similarly, we define the Hermitian metric on manifold. This metric is a way to associate

a Hilbert space structure to the vector bundles.

Definition 2.3.1 (Hermitian Metric). An Hermitian metric on holomorphic vector bun-
dle £ is an Hermite scalar product h, which depends differentiably with respect to x.
Which means, on a local trivialization U x C", the map (h;;) : U — GL,(C) is

differentiable.

Also, we know a “Meta-theorem” for vector bundle, which says that any con-
struction on vector space could be translated to construction on vector bundle. For
example, we can take the direct sum and the tensor product of vector space, then the

corresponding operation is available on vector bundle. Other operations available are

18 v 477 Ut
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the dual and exterior product. Finally, we could take the determinant, which is the
r-th exterior product of £. Thus the Hermitian metric is a section of I'(F ® E)* and

h,(n,¢) = h,(C,7) which is positive definite (h,(¢, () = 0 for non zero ¢). Now this

metric could induce a metric on the bundle of differentiable forms.

Definition 2.3.2 (Induced Metric on differential form). The induced metric on differ-
entiable 1-form is

(hl]) - (hij)_lv h = h(dzzvdzj))
And the exterior product
(1 Ao Az, wn AL A wy) = det((vg, w;)).
The Hermitian metric is useful in the structure of vector bundle. The good thing

is ,we can associate every vector bundle this structure

Theorem 2.3.3. Every complex vector bundle admits a Hermitian metric

The proof is chosen by taking the partition of unity. We could also associate an-
other computation method: the operator of taking derivative. This operation is called
“connection” in that it connects the nearby tangent spaces and gives the result of in-
finitesimal variant of the original tangent vector. To specify it in more mathematical

term, we can see the following definition:

Definition 2.3.4 (Connection). A Connection on a vector bundle £ is a homomorphism

V:AYE) — AY(E) that.

V(fs)=d(f)®s+ [ V(s).

19 1 477 0t
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for any differentiable function f and section of F.

The set of all connection can be seen as a space of 1-form over ¥ ® E*. That is

Theorem 2.3.5. The space of all connection on E is A'(X, E ® E*).

Proof of the theorem and following lemma could be referred to [11]. Now we
may define the fundamental connection that is often used in complex geometry. This
connection is called Chern connection. But first, we may define several properties that

are essential in defining the Chern connection.

Definition 2.3.6 (Hermitian Connection). A connection on a complex vector bundle
is said to be Hermitian (or compatible with Hermitian structure %) if for any section
s1,89 € F,

dh(Sl, 82) == h(Vsl, 82) + h(Sl, VS2>.
Here h(a ® s,t) = ah(s,t) for 1-form .
We can prove the following theorem

Theorem 2.3.7. The set of all Hermitian connection is the space

AN (X, End(E, h)).

by End(E, h) we denote the a € End(E) such that

h(a(s1), s2) + h(s1,a(s2)) = 0.

Now we define the Chern connection, that is ,the connection is compatible is holo-

morphic structure.
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Definition 2.3.8 (Chern connection). The Chern connection on the holomorphic vector

bundle is a connection that

1. is compatible with Hermitian structure, and

2. is compatible with holomorphic structure, i.e. V%! the antiholomorphic part is

equivalent to 0.

Chern connection is uniquely determined when we already have an Hermitian

structure. For a holomorphic line bundle L, locally Chern connection is
V =d+0logH.

Chern-Weil theory then exists as a analytic characterization of topology. The
Chern-Weil theory says that the curvature form could be translated to representative of
de Rham cohomology group. In this article, we are only concerned with the first Chern
class. But we shall see what curvature is before we say something about Chern class.
The curvature of a connection depends how much a connection commutes. Since we
all know that d*> = 0 on the tangent bundle. But in general V2 # (. Thus we should
consider how much it does not commute, the analytic invariant to see this property is

the curvature. We could define V = d + A, then

Definition 2.3.9. The curvature tensor for connection V is
O =dA+ANA€ A(X,End(E)).

Locally, the curvature tensor for Chern connection is

o a2ha5 n mgahm; 6h73
b 0207 0zt 0z

210477t
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Now several useful equalities are given for curvature on operation of vector bundles

Proposition 2.3.10. Let E\, E5 be two holomorphic vector bundle with connection V1

and V5 and curvature form ©1,0,. Then

1. The direct sum E| & Fs has the curvature form

O @ O,.

2. The tensor product E/y ® Ey has curvature

01R1+1® 6,

3. The dual V* on EY induce
o) = -6}

The proposition is done by direct brute force checking. Since we also have the

Bianchi identity that

(VO)(s) = V(O(s)) — O(V(s)) = V¥(s) — V(s) = 0.

Thus
0O = (V@)l’2 =0.

We know that [0] € H'(X, Qx ® End(E)). Now we should multiply a constant 5= to
make it an integral class. This [;=©] is called the first Chern class. A first definition of

our most important subject, positive line bundle, is shown in the following definition
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Definition 2.3.11. A line bundle is said to be positive if and only if there’s an Hermitian

structure on it such that %@ > 0asa(l,1) form.

As a particular example, we see that on a standard coordinate on P", the holomor-

phic line bundle O(1) is endowed with the metric

1
—0 = wps.
o WFrs

Here wpg is the canonical Fubini-Study metric. This will motivate our Kodaira van-
ishing theorem. We should see how to analyze the topological invariant with analytic

tool known as Hodge theory in the next section.

2.4 Hodge Theory in Real Settings

Let M be a n dimensional C'* manifold, for exterior algebra /\’“T;M , we have the
natural isomorphism A*7T y M= A”_kT;M . This can induces a linear isomorphism be-
tween A*(M) = A"~*(M )(vectors spaces of k-forms and (n— k)-forms). The isomor-
phism can be seen as follows. given an oriented orthonormal basis 61, . .., 0k, Oxi1, ..., 0n,
we can get a linear map:

0 APV - ARV

by letting

where (i1, 149, ,4,) is an even permutation of (1,2,---  n). It’s easy to check that
this is well defined. This definition can be extended to .A*, where for an orthonormal
basis, the only difference is to multiply a function f. That s, if x1, z, ..., z, is a local

frame, then we may take the Gram-Schmidt orthogonal algorithm to get a frame that is

23477t
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normal. In particular, x1 = 6; A...A#,, and this is called the volume form denoted by
vys. By change of variable, we can easily check that vy, = \/ngj) ,where g;; is the
Riemannian metric. Also, we define the inner product (-, -) between alternating forms.
Thatis,w =1 Aag A~ -azandn =G Ao A+ A By (w,n) = det((o;, 5;)), and

the inner product between 1-form are defined canonically.

Thus we have the following theorems that give the properties of Hodge star oper-

ator

Lemma 2.4.1. For f,g € C*°(M) and w,n € A*(M), one has

1 *(fw 4 gn) = f(xw) + g(sn).
2.k xw = (—1)kn=k)y,

3. wARn =nA*w = (w,n)vy.
4. #(w A xn) = %(n A sw) = (w,n).
5. (ww,¥n) = (w,n)

Proof. (1),(2) are obvious, (4) is just applying * to (3), so we may only prove (3). We
first assume that w, = 6y A0y A ... A\0,. We assume 1, = 0;, Ab0;, \...A0;,, and then
xn, = sgn(l, J)0;, NOj, A...N0; .. Thusw An # 0only when {iy,i9, - ,ix} =
{1,2,--- ,k}. Thusw, A*n, = sgnl6; A...NB,. Also, we know that (w,,n,) = sgnI.

The proof i done. O

Remark 2.4.2. With this definition, we can get the famous divergence theorem by defin-
ing

div X = xd * wx
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[a)

where X € X(M) and wx is the I-form corresponding to isomorphism X(M) =

AY(M). The definition gives X = Y, fiz2, then divX = Y7 OLi - So when M is

=1 81’1

an oriented compact Riemannian manifold, and X is a vector field, we have equality

/diVXvM:/ (X, n)van
M oM

here n is the outward unit vector field on OM.

With the Hodge star operator, we can introduce the inner product in A*(M) by

integrating the function , that is

This definition clearly satisfies all the requirement for inner product. In other word, we

can write it as

(w,n):/ w/\*n:/ nA*sw = (xw, *1)
M M

With the inner product, we may get the adjoint operator 0 for the exterior differentiation
d: A*(M) — A*(M). Thatis, (dw,n) = (w,dn). It’s easy to check that § =

(—1)"k+D+1 & dx. Thus we may give the
Definition 2.4.3 (Laplacian-Beltrami operator). For Riemannian manifold M, the op-
erator A : A*(M) — A*(M) by

A :=dd+dod

A form w € A*(M) that Aw = 0 is called a harmonic form.

Remark 2.4.4. By some computation, we know that the Laplacian defined before on a

25477t
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Euclidean space R"™, acting on the form w = fdx;, A ...\ dx;, is

n a9
Aw:—< af)d:nil/\.../\dxik

02
s=1 S

We can see that the Laplacian defined before is just the opposite sign version, we

can soon see that A defined this way is a positive semi-definite operator. That is,

Lemma 2.4.5. For a Laplacian, we have

1. *A = Ax. Thus w is harmonic implies *w to be harmonic.
2. A is self-adjoint.

3. Aw = 0 ifand only if dw = 0 and dw = 0.

The proof for the lemma is straight forward, with only the adjoint argument in the

definition of the Laplacian. We may get an analogue for famous Liouville theorem:

Theorem 2.4.6. If M is a connected, oriented, compact Riemannian manifold with
dimension n, then harmonic function is constant, and the harmonic n-form is constant

multiple of vyy.

The proof is also obvious that df = 0, and *w is harmonic implies w is constant
multiple. The theorem this time implies that every element in the de Rham cohomology
group H¥  can be represented by a harmonic form when k = 0, n. we may prove the

assertion for other & below.

We denote H* (M) to be all harmonic k-form in M. That is
HY (M) = {w € A*(M), Aw = 0}.
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Since the harmonic form is closed, we have the natural map H¥(M) — HY (M),
the de Rham cohomology group. We may prove that the canonical map is actually an
isomorphism. It’s easy to see that this is an injection. This is because when w is exact,
(w,w) = (dn,w) = (n,dw) = 0 since dw = 0. This prove that H is actually a finite

dimensional vector space. To prove the onto-ness, we may first prove the theorem

Theorem 2.4.7 (Hodge decomposition). For a oriented compact Riemannian manifold,

the space of all k-forms on M can be decomposed into three subspaces by direct sum:
Hk EBdAk*l EB(SAkJrl — Ak(M)

To prove the theorem, we must first define the projection map H : A*(M) —
H* (M) by choosing an orthonormal basis on H¥ (M), this can be done since the space
is a Hilbert space with finite dimension as we can see in the injection with de Rham

cohomology. We choose an orthonormal basis 1, ..., 3,, and the projection is

r

Hw = Z(w, Bi) Bs

=1

We only gives some sketch of the proof, and the gap will be filled later

Proof. Orthogonality: (w,dn) = (0w, n) =0, (w,én) = (dw,n) = 0 and (dw, 1) =
(d*w,n) = 0. The three are obviously orthogonal. And if an element is orthogonal to
the three space, then w = 0. So we may prove that w — Hw € dA* ' @ § AL,
Existence We need to prove that, for w — Hw = wy € (H*)*, there’s a unique
m € (HF)* such that An; = wy weakly. Then w — Hw = Any = ddn, + ddn,. We
may define the Green’s operator G : A*(M) — (H*)* by mapping w to 7;. But to find

this 7;, we may refer to the Sobolev theory on manifold. [

274770t



) X EXL LY ‘ ‘.
>/ SHANGHAI JIAO TONG UNIVERSITY 'c%‘ éi }__J_\ éﬁ )—(446]- ':?‘L-

Before stating the Sobolev theory, we may first look at the proof for the isomor-

phism we mentioned before, namely,

Theorem 2.4.8 (Hodge theorem). The map H*(M) — HE (M) is an isomorphism.

Then there’s an unique representative in harmonic form for the de Rham cohomology

group.

Proof. We let w € A*(M) to be a closed form. The decomposition gives
w = wy + dn+ 40.

We take the representative to be wy. Since dw = 0, then dof = 0 ,and (dd0,0) =

160||* = 0. Thus we know that the representative is unique. O

We may now turn to the “’solution” for the equation An = wy, and if we have a
solution, we may use 7; = 1 — Hn to get a solution in (H¥)~*. First we introduce the

Sobolev norm

Definition 2.4.9 (Sobolev norm). We define the inner product (-, ) forw;, ws € A*(M)
by

S

(wh W2)s = Z(Viwl, ViWQ)

=0

and then ||w;]|? = (w1, w1)s. Here V is a connection.

Thus several tools in Sobolev space can be applied, we state these results without
proof here.

First, we may have a look at the “weak™ solution. Define H (M) to be the com-
pletion of space of differential form under Sobolev norm || - ||s. We would like to solve

An = w, but a theorem of Weyl stated that

28 1 477 0T



XY"//W,,M SHANGHAI JIAO TONG UNIVERSITY r%‘ é£ }A é’!] )’L’fﬁ]‘ r‘_‘?_L‘

Lemma 2.4.10 (Weak form of Weyl lemma). If n € H;(M) and for a fixed w €
A*(M), the equation (j1,w) = (, An) holds for all p € A*(M), thenn € A*(M).

Proof of the lemma and following lemma is in [25]. With the lemma, we only
need to prove the weak solution exists(i.e. the condition in Weyl’s lemma). We also

write P = d + ¢ acting on A*(M). Then we have the following regularity theorem

Lemma 2.4.11 (Regularity). If w € Ho(M) and Pw € A*(M), then w € A*(M)

Also, two inequalities are of special importance in proving the theorem. These

are

Lemma 2.4.12 (Garding’s inequality). There exists constant ci,co > 0 and for any
n € A*(M), we have

(An,n) > edllnllf = ezllnll3-
The following lemma is also useful in the proof, namely

Lemma 2.4.13 (Rellich’s lemma). If {w;} € A*(M) is a bounded sequence in norm

1, then there exists a Cauchy subsequence in norm || - ||o.

We may proceed to prove the Garding’s lemma:

Lemma 2.4.14 (Garding’s lemma). There’s a positive constant cq such that for all
n € (H*(M))*, we have

InlIF < co(An,n).

Proof. Suppose not, that there’s a sequence of {7; } such that ||n;||; = 1and (An;, n;) —

0.By Rellich lemma, we may WLOG assume that 7; — 7 in Hy(M). Clearly n €
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(HF(M))*. Also, (An,n) = 0 means that (dn, dn) + (6n, dn) = 0. By previous theo-
rems we know that p € H*(M). Thus 1 = 0. But this contradicts that ||7;||; = 1 since

by Garding’s lemma, we should have
9 1 Co 2
Imallt < —(Ami,mi) + —Imillo — 0
C1 C1

So the lemma is proved. [

This lemma actually prove the continuity we should use in the Riesz representation
theorem. With this lemma, we may prove the last part of Hodge theorem with certainty.

We recall the Riesz representation theorem

Theorem 2.4.15 (Riesz representation). Let ¢ be a bounded linear map on Hilbert

space H, then ¢(x) = (x,y) for a fixed y.

With this theorem, we only need to prove that for the Hilbert space with norm
(wy,w2) = (w1, Aws), the mapping f(-) = (-,wp) is a bounded linear map. Then by
the representation theorem the result is obvious. Linearity is crystal clear, so we only

need to use our lemmas to prove boundedness.

Theorem 2.4.16 (Solution for A). There exists a unique solution for An, = wy with

fixed w € (HF(M))* and n € (HF(M))*.

Proof. Uniqueness is shown before, so for existence, we need to prove boundedness,

which is because

[(w1, wo)| < [Jwillollwollo < Jlwill1]lwollo < collwollo/{wr, wi).

The last inequality follows from Garding’s lemma. [
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In general, we can consider the L? differential forms without the compactness
setting. But this is beyond the scope of our current discussion. We must continue our

study on the Hodge theory on Kihler manifold.
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8 =% Vanishing Theorems on Kiihler manifold

Vanishing theorems on Kihler manifold is a tool to see whether the manifold is
projective. This tool may transform a difficult problem of classifying manifold to the
computation of projective space. The proof of this theorem depends on the Kodaira-
Akizuki identity and the Kéhler identities. We will discuss the proof in full detail. We
omit the use of algebraic technique since our main purpose of this paper is to investigate
the power geometric method. In particular, we will show the power of curvature tensor
in the definition of various algebraic properties, which constructs a bridge between the
algebraic side and geometric side. We will use the Hodge theorem on Kihler manifold
to reduce the problem of finding cohomology group to solving the laplacian. Then we
use the identities on Kéhler manifold to derive several useful techniques that are often
used in the computation of harmonic forms. With these formulae, we will derive some

vanishing theorem on positive and semi-positive line bundles.

3.1 Hodge Theory on Kihler manifold

In this part, we may prove the Hodge theorem for the compact complex manifold.
But proof for a special manifold, namely, the complex tori, will not suffer the pain of
mulling difficult Sobolev theory since it admits Fourier analysis to construct the Green’s
operator on the manifold. So let us begin to study the theorems. Then we will proceed

to study the Hodge theory of compact Kédhler manifold

Definition 3.1.1 (Complex Tori). A complex torus X is the quotient V' = CY modulo

a discrete group A.
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In order to get the analogous result for complex torus, we may first consider the de
Rham theorem on complex torus. Note that group of the differential forms on complex
torus is canonically isomorphic to the differential forms on V' with period A. These are
the A-invariant differential forms. For simplicity, when x, ..., x5, are coordinate for

C, we write A-invariant form on torus to be

w = Z wil,m,ikdvil VANRIRVAN d'UZ'k

1<i1<12<...<1,<2g

In particular, when all w;, _; are constant( and the integration over a closed oriented
submanifold is integer), we may denote the space spanned by all these forms I F*(X),
and those which takes value in C by I F*(X), namely, the invariant form( the name
comes from that the form will not change under any translation ). We may prove that any
of the forms can be represented by an invariant form, and thus the de Rham cohomology
is equivalent to the space of invariant forms. We denote the differential forms on X by

AP9(X'), which has p component with dz; and ¢ components with dZ;.

Lemma 3.1.2. Let w be a closed form on X and T be any translation in X. Then
T*w — w is exact. As a result, there’s a mapping H : APY(X) — [FPT9(X) which

differs an exact form.

Proof. Let X =V /A and 7(z) = = + a on V. We define

1
na(aj)(‘rla Loy 7331”71) = / w(:lj + at)(aa L1, Lo, 7x7‘71)dt'
0

Then 7, is an (r — 1)-form on X. In addition dn, = 7*w — w as desired. Thus, we may
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define H to be

H(¢d’0[ /\d@]) = VOIEX) (/X¢* 1) ¢d1}[ /\d'ﬁj.

This satisfies our assertion since

)~ = s ([ anoyin) = at s ([ maa),

The projection is done. ]

Since the de Rham isomorphism H*(X,7Z) = IF*(X); by using the integral
invariant forms. Using the universal coefficient theorem, we have H*(X,Z) ® C =
HY(X,C) = IF*(X).

Although the projection seems to be done, we have not yet defined our Laplacian
Al. This involves the 9 and O computations. For the integration on torus, we may
introduce the notion of Kéahler metric. Any hermitian metric on V' induces a translation
invariant metric on X using the /7 we defined before. We denote Hermitian metric that
induced from that of V' by

ds* = zg: dv; ® dv;.

j=1
Then the (1, 1)-form associated to the metric w = £ >°7_| dv; ® dv;. If w is d—closed,
then the metric is called a Kédhler metric. In particular complex tori are all Kéhler . So

we define the corresponding volume form by

1 ) 1\?
dv:-TAgw::@J)ﬂ@—”(§> dvy A ... Ndvg Adoy A ... A do,.
qg:
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For each form on 477(X'), we define the inner product to be

(wmn) = Y /WIJnleUa
X

[I|=p,|J|=¢

where w = > | 1.7 wrydvy ® dv; and the similar with 7, and the summation is taken over
all indices I, J with p elements in [ and ¢ elements in J. Thus A”? is made to be a
pre-Hilbert space as before. Since we will use the Dolbeault’s cohomology, we may

consider the adjoint operator with respect to 9, denoted by 0*. It’s easy to verify that

q+1

0 (¢pdvy Advy) =Y (1)

j=1

pt+j %

Uk].

dU[ VAN dUJ_kj.

Here J — k; means the indices set that remove k;. Thus the Laplacian operator associ-

ated to 0 is defined by

Then we have the following lemma:

Lemma 3.1.3. For the Laplacian defined before, we have

826
(%j@@j

A(pdvy A\ doy) = —i dvr A\ duy.
j=1
The proof follows straightforward from the definition. We also define the form
that Aw = 0 to be the harmonic forms. Thus it’s easy to see that any invariant form is
harmonic. And for invariant forms, we have the Dolbeault cohomology that say some-
thing about the cohomology class of holomorphic sheaf on X. Namely the following

assertion
Theorem 3.1.4 (Dolbeault Isomorphism theorem). For Q7%(X) to be the vector bun-
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dles of holomorphic differential forms of type (p,q) on X, and 0 : T(QP9(X)) —
L(QPat (X)), Then

ker{0 : D(Q"9(X)) — T( (X))}
oL (QPa—1( X)) ’

HI(X, Q) =

Here Q) is the sheaf of holomorphic p—forms, and H(X,QP) is the cohomology of
sheaf.

For the proof we refer to Griffiths-Harris[10]. This is a result based on the Dol-

beault resolution.

Thus we may provide our Hodge theorem for complex tori:

Theorem 3.1.5 (Hodge theorem). For a complex tori X, we have the decomposition
API(X) = HP(X) ® 0APTH(X) @ 9" APIT(X).

As a result, there’s an isomorphism

H"(X,C) = P H (X, Q")
j=0
We have already proved that H"(X,C) = [ F"(X). Also we have the Dolbeault

isomorphism. Also, we have proved that /F™ C ker A = H??. Thus the things we

need is

1. HP? C TFP9.

2 P ker{é:F(Qqu(X))—>F(va‘1+1(X))}.

or(Qwr-1—1(X))

So we begin our proof for the first assertion. This is because
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Lemma 3.1.6 (Green’s operator). There’s a C-linear operator from AP — AP that

AG=GA=1—Hand HG =GH = 0.

Proof. We may use Fourier analysis on torus to prove the proposition. This is simple
since we may solve the Laplacian equation for periodic function on a one dimensional
line easily by Fourier expansion. The analogous will help. Take x;, x, . . ., 29,4 be the

real coordinates of the vector space V. That is, we think of CY as (z1 + ¢ - x411, T2 +

i+ Tgt2,...,Ty+ 1+ Tog). Then we take the orthogonal group”
29
A ={yeV]| exp(2m'z Ajyj) =1}
j=1

This is the group for the Fourier coefficient. Thus for any form ¢ that is periodic on A,

we have the expansion

o(z) = Z a, exp(27ri2xjyj).

yeAL J

Then the operator G is defined to be G(¢pdv; A dvy) = ¢'dvy A dvy, where

2g
¢ (z) = % Z By exp(27i ijyj).

2
yeAt\{0} 29 j=1
We can simply check that GA = AG = 1 — H since we have remove y = 0 term(

82
Ov; 0v;

and the equation = 1(02 + 5’§i+g)). The series converges since ||y|| > 1 except

finitely many terms. The last equality is also easy since the Fourier expansion does not

process constant term. ]

Then we may have the following corollary
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Corollary 3.1.7. HP? C [FP9, then [ FP? = HP,
Proof. This follows from ker (1 — H) C kerG = [ FP1. O

To prove the orthogonal decomposition, we only note that img A = ker H. This
is because AG = 1 onker H. And HA = AH = 0 since the derivative of constant is

zero. Hence
AP? = img H @ ker H = H?? @ img A = HP4(X) @ 0APT (X)) @ 0* APTT(X)
By simple calculation, we know that GO¢p = 0G¢. As a result, the last part of the

theorem follows

Lemma 3.1.8. H : A»? — [F?? induces an isomorphism between H?(X, Q) and

1FP49, when the first one is determined by the Dolbeault cohomology.

Proof. Observe that img H C ker 0, and on the other hand H?? = ker 5/ JAPI—1,
Then it suffices to show that ). AP~ = ker(H : ker — [FP) = ker H Uker 0. If ¢

is in the intersection, we have

¢ = Hp+ GAp = GII*¢ = DG ¢.

The converse inclusion follows from H9 = 0. O]

On a general compact complex manifold, the proof also will rely on the Sobolev
space technique. We consider the Hodge theory on bundles of Kéhler manifold. This
theory relies more on the laplacian. We also have the Hodge decomposition for compact

Hermitian manifold. That is
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Theorem 3.1.9 (Hodge theorem). For a complex manifold X, we have the decompo-
sition

Apvq(X) _ Hpvq(X) D 5.Ap’q_1(X) D 5*Ap,q+1 (X)

The isomorphism also holds

The proof has the similar technique with what we have seen in the real case. For
a more detailed treatment one can refer to Wells[25]. Now we will prove and use some
structural identities on Kihler manifold, which play essentially important roles in the
proof of Kodaira vanishing and other vanishing theorems. We first define the operators

on Kihler manifold

Definition 3.1.10 (Operators on Kéhler manifold). The Lefschetz operator L is defined
tobe La = w A a when o € A*(M). The dual Lefschetz operator A is defined to
be (o, LB) = (A, 8) when the inner product is induced from the Hermitian inner

product.

Theorem 3.1.11 (Lefschetz Identities). X is a Kdhler manifold with Kdhler form w.
Now if we have the Lefschetz operator, we may define the counting operator F'| 4x(x) :=

(k —n) - id. Now the Lefschetz identities are

V[F,L] = 2L, 2)[A,F]=2A, 3)[L,A] =2F

This theorem is a corollary of a more generalized theorem. Also, we could prove
this theorem on C" and claim that this is also true on a manifold. The first two identities

are trivial in that this is only a count of the order of differential form. We must observe
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the third identity. We could produce a more generalized theorem by computing the

commutator of arbitrary (1, 1)-form with A. Namely

Theorem 3.1.12 (Generalized Lefschetz Identities). For u € A%*(X, E) on a Kdihler
manifold. Then for a (1,1)-form ~, note that the Kchler form w and ~y can be simulta-

neously diagonalize by orthonormal basis (1, (o, ...,(, in T'X.

w=i Yy GAG v=i Y wGAG

1<j<n 1<j<n
Then foru =3 ;1 (5 A k., we have
=3 (St T 3o et i
LK \jeJ keK i=1
Proof. This could be verified by brute force checking. 0

Corollary 3.1.13. As a corollary, we have
L ANa=ik—n+i—1)L"(a), acA*X).
Proof. Note that
[L', Ao = LIL'" " Aja + [L, A]L" '«

and proceed by induction. [

Theorem 3.1.14 (Kihler Identities). Suppose X is a compact Kdhler manifold with a

Kdhler form w. Then the identities here hold true:
1. [0,L] =[0,L] = 0and [0*,A] = [0*,A] = 0.
2. [0*, L) =0, [0*, L] = —id and [\, 0] = —i0*, [\, 0] = i0".

%540 U1 4L 77 T
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3. Ay =A5= %A and A commutes with *,0,0,0*, 0%, L and A.

The proof of the theorem is in [10]. Since we are doing all these operations on
differential forms, we must improve it to arbitrary forms with values in any holomorphic
vector bundle £. Suppose we are endowed with the Chern connection on the manifold,
whose (0, 1) part is the same as 0, we may assume its (1,0) part to be 9. We need to

prove the following more generalized identities.

Theorem 3.1.15 (Kéhler Identities on bundles). Suppose X is a compact Kdiihler man-

ifold and E is a holomorphic vector bundle on it. Then the identities here hold true:
1. [0, L] = [0p, L] = 0 and [0*, A] = [0}, A] = 0.
2. [0%, L] = i0g, [0}, L] = —i0 and [\, 0] = —i0%, [\, O] = i0*.

Theorem 3.1.16 (Kodaira-Nakano Identity). On a compact Kdhler manifold X and

the line bundle L, the following identity holds.

Ay = Ay, —i[A, O]

Proof. Note that

[A, 0] = i0".

Thus

Ay =80+ 09" = —i(ONIg — DOpA + NIpd — pAd).

Since OA = [0, A] + AD = i0}; + AD and AD = —id + OA. Now

Ay = —i((i0} + M) — D0pA + ADpd — Op(—id + ON)) = Ag, — i[A, O],
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3.2 Kodaira Vanishing Theorem and L? Vanishing

Kodaira Vanishing theorem is actually a theorem on the relation of ampleness
and positivity. This theorem was originally developed by Kunihiko Kodaira(/]»*}-3f
) in 1956. Ampleness is a notion from algebraic geometry, where a line bundle is
ample if it’s “quasi-embedded” to a projective space. Moreover, ampleness could be
defined by many interesting properties. The most geometric one we used here is the
positivity of curvature, or more topologically the Chern class. We will used the Kéhler
identities computed before to see the relation of ampleness and cohomology vanishing.
The proof of these theorems depends heavily on the L? estimates of differential forms.
Thus a general L? Vanishing theorem is provided. The Kodaira theorem will then boils
down to the computation a certain operator. More generally, the technique could be
easily generalized to the (p, ¢) differential form instead of canonical bundle called the
Kodaira-Nakano-Akizuki theorem, which was the work of Shigeo Nakano(H 57 /% 59)
and Yasuo Akizuki(Fk H F=K). We will also prove the Serre’s ampleness criterion
by geometric approach. This theorem was originally proved by Serre by homological

algebra. But here we will use the geometric argument to reprove this theorem.

Theorem 3.2.1 (Kodaira-Nakano Inequality). Suppose E is a holomorphic vector bun-
dle on the Kdihler manifold X. Then the curvature form of this manifold © has the

following inequalities for harmonic form o
1)(iOA(a),a) <0 2)(iAO(a), ) > 0
Proof. Since © as an operator is by definition V2o = © A o. We know that

Oa = Via = (0g + 0)(0g + 0)a = Opda + 00k«
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Now for a harmonic form we know that 0o = da = 0. Now the computation follows

that

(iIOA(a), a) = i(OpdAa + 00pAa, )
= i(0Aa, O5a) = (A, —idpa)

= (0Aa, [\, J)a) = —(0Aa, 0A@) = —|0Aal* < 0.
Also the second formula holds since

(iAO(a), ) = i(AIgda + AIDpa, )

= (iAJOpa, a) = (AJ[0*, L]a, ) = (0" Lo, 0" La) = |0* Lal* > 0

]

Theorem 3.2.2 (Kodaira Vanishing Theorem). Let L be a holomorphic line bundle

over Kdhler manifold X. Suppose in addition that L is positive, Then
H*(X,Kx ® L) =0,Vk > 0.

But we can prove a stronger theorem using the inequalities we have proved before.

Namely, the vanishing theorem on sheaf of differential forms. And use the fact that

Kx = Q.

Theorem 3.2.3 (Kodaira-Nakano-Akizuki Vanishing Theorem). Let L be a holomor-

phic line bundle over Kdihler manifold X. Suppose in addition that L is positive, Then

HY (X, Q% ®L)=0,Yp+q>n.
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Proof. Since we already have that
(1OA(a),a) <0, (iAO(a),a) >0
We can see that
(1[0, Al(a), ) < 0.

On the other hand, since our line bundle is positive, we know that there’s a metric such

that ;=© = L as operator. Thus

1 1
5 (L, AJ(@), @) = —((p+q) =n)[lal* 2 0, whenp+g>n.

It is straightforward that the harmonic form o = 0. That means, the cohomology group
HP(X,Q% ®L)=0

when the conditions are satisfied. O]

The most fundamental algebraic vanishing theorem is the Serre vanishing theorem
given by Serre in his famous “Faisceaux algébriques cohérents”(simplified to be FAC).
This theorem states that the positivity of a line bundle is equivalent to the vanishing of
a certain cohomology group. Here we present a geometric method to prove one side.

Since

Theorem 3.2.4 (Serre Vanishing Theorem). Let L be a holomorphic line bundle over

Kdihler manifold X. Suppose in addition that L is positive, Then for all holomorphic
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vector bundle E, there exists a mqy > 0 such that
HY(X,E®L™)=0,Ym > mgy,q > 0.

Proof. If we choose a Chern connection on both £ and L and denote the corresponding
curvature form by O and © = w since L is ample. From previous lemmas we have
seen that

(i[A, ©](a),a) = 0
for any o € AP4(X, E ® L™). Also, we know that

1 1
—0 = — 1 1 .
271'@ 27T@E® +m( ®w)

Therefore the equality

1

o (14, 6o, a) = L

5. ([1,105]a, @) + m(n — (p+ q))lle*.

Since by our Lefschetz identity [L,A] = F' = n— (p+¢q) when o € A X, E® L™).

By Cauchy-Schwartz inequality we know that
|([A, i©p]u, w)| < [|[A, i©p]| [l

where the constant ||[A, i© ||| < C does not depend on m. Thus there is a m such that

C + 2mn(n — p — q) < 0, which proves the theorem since we know that « = 0. [

Theorem 3.2.5 (L? Vanishing Theorem). For a holomorphic line bundle L on X, sup-
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pose that the operator [iOy,, A] is positive on AP4(X, L). Then
HY(X, % @ E) = 0.

The proof is just one of the steps in the proof of Kodaira vanishing theorem. Now
we may do something on the analysis of the eigenvalues of the curvature tensor at each
point. These eigenvalues, by our previous generalized Lefschetz formula, are useful
in determining the positivity of operator [i©,, A]. We then have the Girbau vanishing

theorem on the eigenvalues.

Theorem 3.2.6 (Girbau Vanishing Theorem). For a holomorphic line bundle L on
compact Kdhler manifold X, suppose 1Oy is semipositive and has at least n — s + 1

positive eigenvalues at every point x € X. We have
HI(X, Q% ®@FE)=0, p+qg>n-+s.
Proof. We consider a new Kihler metric
we =€ew+10, €>0

Now 1O, =1 Y v A ¢ ; is a diagonalization of the curvature form with respect to w.

Then
we=1Y (e+%)G NG

Thus eigenvalue of 10, with respect to w, is then

i
€+

Yije = € [0, 1)
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Since j > s we have v; > 7, and 75 > 0. Then we have
Yie > 1 —€/s.
Now this becomes
([(©1, Ala, @) > ((g = s + 1)(1 = ¢/7) = (n = p)) [a]* = (prg—n—s+1-(g—s+1)e/7)|al”.
this is true since we could choose

+qg—n—s+1
s min v,(x).
qg—s+1 zeX

€

]

We could also give a generalization of the Serre vanishing theorem, which claims
that the ample line bundle tensor with any bundle could have vanishing cohomology
group for any ¢ > 1. This could be generalized to any vector bundle which has semi-

positive curvature form and certain number of positive eigenvalues. That is

Theorem 3.2.7 (Andreotti-Grauert Vanishing Theorem). Let L be a holomorphic line
bundle over a tangent space such that i©, has n — s + 1 positive eigenvalues at every
point and I be a certain holomorphic vector bundle. Now there exists an integer mgy >
0 such that

HY (X, E®L™) =0, VYm>mgq>0

Proof. The proof is similar to previous proof to Serre vanishing theorem, and the only

47 71 77

\3.[

~



SHANGHAI JIAO TONG UNIVERSITY $ r%‘ é£ }A é’\a )'L/fﬁl- r‘_‘?_L‘

difference is that the 27rm(n — p — ) part is replaced by

I([A, O], )| < (C+2ma(p+q—n—s+1—(q— s+ 1)e/v))|al

Thus when m is large enough, this theorem is proved. 0

Since the eigenvalues for the curvature tensor are quite hard to find in real settings,
thus the former cohomology vanishing theorem are used as the analytic generalization
for Kodaira vanishing theorem. We will see the semipositivity in the algebraic side in

the next section.

3.3 Semipositive Vanishing Theorems

In this section, we will discuss the vanishing theorem in various semipositive con-
ditions. A first theorem was due to Grauert and Riemenschneider in 1970[9]. They
claim that for a semi-ample bundle a similar vanishing theorem holds. In 1976 another
theorem by Girbau claim that the semi-positive bundle allow some vanishing theo-
rem when restricted to certain condition. Some years later in 1980, a most interesting
theorem called the Kawamata-Viehweg theorem appeared. This theorem was indepen-
dently discovered by Kawamata[12] and Viehweg[23] as a generalization of Kodaira
vanishing theorem. This generalization is a big step from positivity of Kodaira’s orig-
inal theorem to semipositivity. We will emphasize mostly on the Kawamata-Viehweg
generalization in this chapter, but we will use a geometric proof of this theorem instead
of algebraic one which appears in most books like [13]. This theorem is essential in
that it has important application to the minimal model program(Mori’s program).

First, we introduce some definitions. There are several types of semi positivi-

ty. The most simple generalization is the semi positivity of curvature tensor. But the
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algebraic application leads to several interesting generalizations

Definition 3.3.1. Let X be a projective Kdhler manifold. A line bundle L over X is

said to be nef (numerically effective) if L - C' = |, cci(L) > 0 for every curve C' C X.

Why do we need this definition? This is because apart from the curvature de-
scription of ample line bundle, an important criterion to determine whether a bundle
is ample is the Nakai-Moishezon theorem developed by Yoshikazu Nakai(H =)
and Boris Moishezon. This theorem is an algebraic characterization of ampleness. For

the sake of simplicity we omit the proof. This proof could be referred to [10].

Theorem 3.3.2 (Nakai-Moishezon). Suppose that X is a projective manifold. A line
bundle over X is ample if and only if L? - Y > 0 for every p-dimensional subvariety

Y. That is to say [, c¢;(L)? > 0.

And it is easy to see that if a line bundle is nef, [, ¢;(L)? > 0 for every p-
dimensional subvariety Y. Thus nef is actually a semi-positive generalization of am-

pleness.

We are primarily concerned about the curvature condition for line bundles. As we
may see in the proof of Kodaira Vanishing Theorem. Thus a restriction of curvature
definition is more welcomed in actual computation. Since for definition of every sub-
variety, to show a bundle is nef we must use argument of contradiction. But to show a
bundle is nef could also be realized by finding a good metric as said by the following

theorem

Lemma 3.3.3. A line bundle L is on the projective manifold X. Then the following are

equivalent

1. L is nef
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2. For any integer k > 1 and any ample line bundle A, the bundle L®* ® A is

ample.

3. For any € > (0, there’s a Hermitian metric h. such that the curvature 19y, >

—ew for given Kdhler metric w.

Proof. (1)=-(2) If L is nef and A is ample, then the corresponding bundle
C1<L®k X A) = kCl (L) + (A)

Thus the Nakai-Moishezon criterion is well satisfied.

(2)=-(3) Since A is ample, by the theorem before we know that there’s a Hermitian
metric h4 on A such that i© 4 ;,, = w. Thus by choosing the metric hz on L®* @ A so

that it has positive curvature. Thus we consider the metric
hy = (h;' @ hp)*.

Since L% = A~!' @ L®" @ A, we have the curvature

= 1 1
1O, = 00log((hy' @ hp)''*) = (105 —104) > —w.

So when £ is large enough, (3) is satisfied.
(3)=(1) It is easy since
L-C= L@L,he > —i W
C 27

- 27TC

for every curve C' and every € > 0. Thus L - C' > 0. O]
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We may generalize the notion of nef to compact complex manifold. This is due to

the differential geometric definition.

Definition 3.3.4 (Nef). Let L be a holomorphic line bundle on a compact manifold
with a metric w. It is called nef if for every positive € there is a Hermitian metric h. on

L such that iO 5, > —ew.

We have also a cohomology characterization of ampleness. Since Serre Vanish-
ing theorem should check all cohomology group greater than zero, which is almost
impossible if we don’t know the ampleness of bundle. We may reduce it to a simpler

definition called the big line bundle.

Definition 3.3.5 (Kodaira Dimension and Bigness). If L is a line bundle, the Kodaira

dimension k(L) is defined to be the smallest constant for
RO(X,mL) < O(m~™H)
to hold. The line bundle is called big if the volume

!

Vol(L) = lim sup &hO(X, Lek) >0, dimX =n.
k—+4o00 K

The reason for this definition of volume comes from the Hirzebruch-Riemann-

Roch formula. When we consider the ample line bundle, we can see that h9(X, L®%) =

0 for £ > 1. Also note the famous theorem in [11]

Theorem 3.3.6 (Hirzebruch-Riemann-Roch). Let E be a holomorphic vector bundle

on an n—dimensional compact complex manifold X. We have

n

X(X,E) =) (-1)"W'(X,E) = / ch(E)td(X).

k=0
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Here ch is the Chern character and td is the Todd class.

In our ample line bundle, since we only consider the integration over (n, n)-forms,

this boils down to the formula

| !
lim sup %hO(X, L®*) = lim sup n (/ ch(E)td(X))
X

k——+oo k——+oo kn
, n! " (k-ci (L))
= limsup — —td,_;(X
k—>+oop kn </X ; Z! ( )

We can see that the volume is exactly

Vol(L) = /X e (L)

This is also true when L is nef. But we need more argument to show this. We omit the
detailed proof here since this may diverge our topic too far.

Apart from the Kodaira dimension, we also have another dimension that is use-
ful in characterizing our line bundle. This dimension is called the numerical Kodaira

dimension, or numerical dimension, denoted by v (L), defined by

Definition 3.3.7 (Numerical Kodaira Dimension). Let L be a nef bundle over X and

the numerical Kodaira dimension v(L) is defined to be
v(L) := max{k|c;(L)* #0 € H*(M,R)}.

An interesting theorem states that the numerical Kodaira dimension bounds the

Kodaira dimension, as

Theorem 3.3.8. Let L be a nef bundle over a compact Kdhler manifold. Then k(L) <
v(L)
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The proof of this theorem require much algebraic technique. Since we’re main-
ly concerned with the geometric invariant (L), we will not talk about the Kodaira

dimension k(L) later.

Actually, we will now prove by geometry that the Kawamata-Viehweg vanishing
theorem and the Bogomolov-Sommese vanishing theorem. The proof of these the-
orems comes from further discussion of the Kéhler identities. Recall that on vector

bundle E over a Kihler manifold, we have

(0%, L] = —i0, [0*, L] =i0g

To get the final vanishing theorem, we may well observe the situation when a form is
harmonic. And for a (n, ¢) form on a compact Kihler manifold of dimension n and

line bundle L we have

Lemma 3.3.9. An (n, q)-form a with value in L is harmonic if and only if

0N =0, O,Aa=0.

Here Oy, is by an abuse of notation, a operator that gives O .

Some of the analogue of Nakano inequality will be used. Namely when we will

generalize Nakano inequality (i[O, A]a, a) < 0 to the following lemma

Lemma 3.3.10 (Exponential Nakano). If (n, q)form is harmonic, then

((© +00f)Aa,efa) <0

53 01 477 0T



) X EXL LY ‘ ‘.
>/ SHANGHAI JIAO TONG UNIVERSITY 'c%‘ éi }__J_\ éﬁ )—(446]- ':?‘L-

Here f € C™(M,R).

Apart from this theorem, some theorems on the convergence of functions are need-

ed.

Lemma 3.3.11. Let X be a compact Riemannian manifold. Suppose {f;} is a se-
quence of function with | v Ji = 0. Andlim;_,, f; = 0 as generalized functions. Then

lim;_, f; = 0 as generalized function.

Proof. For this we refer to the Hodge theory in real setting. We see that for any smooth
function f on M, the Green operator exists, and solves the Poisson equation A¢ = 1)
for any [ ¢)dv = 0. Now that we choose a smooth function 1) and set 1o = 1) — [ 1.

Since

(fj7w):<fj7w0):<Afi7Gw0)_>07 ]—>OO
we see that f; is zero as generalize function. [

Lemma 3.3.12. Let {f;} be a sequence of functions less than or equal to zero on M,
and they converge in the space of generalized function. Then lim;_, fU eli # 0 for

any open subset U on M.

The proof of this theorem is standard real analysis using the proof of contradiction

and take logarithm.

It seems quite natural that Calabi-Yau’s existence theorem[28] will play a role
in the proof of this theorem. Since we are considering a Kéhler form that will be a

multiple of other. This theorem has the following statement

Theorem 3.3.13 (Yau). Let X be a Kdhler manifold of dimension n and wy is its Kdhler
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W] = [wo], w"=elwd.

We must also allow the Aronszajn’s theorem for unique extension, that a form will

not vanish on an open set if it is a nontrivial kernel of differential operator.

Theorem 3.3.14 (Aronszajn). Let M be a C'*° manifold and E a vector bundle over
M. Let P be a second order elliptic differential operator on C*°(M, E). Then any

a € ker(P) that vanishes on an open set of M will be zero.

Proof of this theorem is in [2]. As a simple corollary, we know that the nontrivial
element in H will not vanish on an open set. We can use this theorem to extend Kodaira

vanishing to a semi positive vanishing theorem

Theorem 3.3.15 (Grauert-Riemenschneider Vanishing I). Let L be a holomorphic line
bundle over Kdhler manifold X. Suppose in addition that L is semi positive(i© > 0)

and is positive on at least a point. Then

HY(X,Ky®L)=0,Yg > 0.

Proof. Since we have the Aronszajin’s theorem, we can see from the generalized Lef-

schetz formula that

([i0n, A)(a),a) > (11 +72+ ... +7)|al*, m < ... <7, are eigenvalues of iO .
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Since O is positive on an open neighborhood of p, then « should be zero in this open
neighborhood since v; > 0 for all . Then « should be zero on all the manifold, which

means the cohomology group should vanish. [

This argument could be extend to line bundle tensor the sheaf of differential forms.
We could claim that when a line bundle is semi positive and is positive on at least a
point, then

HI(X, Q% ®@ L) =0,Yp+q > n.

Since we have made all our preparations, we now give our most important Kawamata-

Viehweg vanishing theorem

Theorem 3.3.16 (Kawamata-Viehweg Vanishing). Let L be a nef line bundle on the
Kdihler manifold X such that its numerical Kodaira dimension is v(L). Then the co-
homology group

HY (X, Kx®L)=0, Vq¢>n-—v(L).

Proof. Since we are considering the group H%(X, Kx ® L), we will only consider
the (n, ¢)-forms that are harmonic and ¢ > v(L). We will claim that these forms are
exactly zero. This is proved by contradiction. Suppose these forms are nonzero, we

consider the function in €
(ew +1O)™
Mdzk——r—-
fX w

Since L is nef, there exists a metric on L such that € + O + 265@/16 is Kahler on X.

By the theorem before, we let e/ (ew +iO)™ = w™ and apply Calabi-Yau theorem. We

observe that

[ (v iorionny = [ pewr = [ efpeerior.
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Thus there’s a function v, such that

(ew +i0 +id0(Ye + )™ = ple)el (ew +iO + 10 )™ = ple)w™.

To simplify the notation, we denote f. = v, + ¢. and p. = ew + i0I(O + f.). Now
because [ p; A w" ' is bounded when € — 0, there’s a subsequence lim;_,.. ¢; = 0
and p; has a limit as current. Then By previous lemma f; converge as current with
| 1 Je; = 0. We use the simplified notation that f. = f, that replace ¢; by . And

j — oo is replaced by € — 0.

We now choose a local frame that diagonalize p. to p. = Y. A\;z* A z'. Hence by
previous equation we know that [[. A; = p(e). And p(e) is a polynomial with degree
n. Since our numerical Kodaira degree is (L) and ©" = 0 when n > v(L), we know

that if we write

- a; >0 j>n—v(L)
ple) =Y a;d =3
=0 aj=0 j<n—v(L)
Thus
A€ 7 < H Ai,  a,_, is independent of e.
i=1
Next we consider the function For the function u, = % We may see from

the computation and previous lemma

(pehar, @) = ((eL+i(0+00f.)) A, ) = ((AL+q)ea, a)+(i(O+00f.))Aa, a) < ge(a, ).
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Thus u, < ge. Since

/ Z )\ﬁw </ Z pe/\w l<oo, e—0.

56{1’27 7 Be{l 2’ ?

We see that there’s a constant satisfying the relation max A3 < C' on an open set V'(¢)
of M.
For ordered set A C [n] and |A| = ¢ we write 04 = []?_, 0°® where iny1 > iq.

Then we have

pla = Z(Z Ag)aaf™ A 62

A peA

By Aronszajin’s theorem, o will be not always zero when in the open set V'(¢). Thus
we may assume that there’s a ”greatest” form, i.e. that a4, never comes to zero when
we shrink V' (¢) and |a4| < |ag,| for all A when the norm is taken to be the norm

inherited from Hermitian form A. Now that

n
S Mg < o, a) = qe(q) an

i€Ap

Then \s < Ce for large enough C' that does not depend on € on V' (¢). Now that the

constant

ﬁ )\5 S Cnﬁq.
B=1

As a consequence of this inequality
A€ 0 < C"1. € — 0.

This is not true since n — v < q. [
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As a Corollary, we simply have a modest improvement of Kodaira-Nakano-Akizuki

vanishing theorem, which computes the zeros cohomology of nef bundle.

Theorem 3.3.17 (Bogomolov-Sommese Vanishing). Let L be a nef line bundle on
the Kdhler manifold X such that its numerical Kodaira dimension is v(L). Then the

cohomology group

HYX,Q9® L) =0, VYq<uv(L).

Proof. This is simply taking conjugation and note that L* = L and take the Serre’s

duality. 0

Apart from the easy analogy, we will also consider the local version of this the-
orem, called the Grauert-Riemenschneider Vanishing theorem. This theorem tells the
vanishing of derived functors. But we need some preparation for the proof of this the-

orem, we must equip ourselves with the essential Leray’s spectral sequence tool.

Lemma 3.3.18. Let f : X — Y be a continuous map of topological space. F is a

coherent sheaf over X. Then the spectral sequence

ERY = HP(Y, R1f,F) = HM9(X, F).

We can now prove this theorem of Grauert-Riemenschneider, which is a local

version of Kawamata-Viehweg.

Theorem 3.3.19 (Grauert-Riemenschneider Vanishing IT). Let f : X — Y be a surjec-
tive holomorphic map from two projective hypersurfaces X to'Y with dim X = dimY

and f~! has d preimages for every point y € Y. Then the derived group

RfKx=0 VYi>D0.
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Proof. Firstly we prove that for any ample line bundle L over Y, the cohomology

group of pullback bundle is zero. we need to show that
H'(X,Kx @ f*L").

To show this we only need our Kawamata-Viehweg vanishing theorem, to see that
f*L" is nef and big.

f* L is actually semi-ample. Semi-ample line bundle are bundles that some of its tensor
power is globally generated. We can see that semi-ample line bundle are nef since for
some L there’s an integer n and a map ¢ : X — CP"(generated by globally generated

sections) such that L" = ¢*O(1). Hence the integration

/Ccl(L) _ %/Cq(m) :%/f*ccl(ou)) > 0.

This proves that semiampleness implies nef. Now we need to see that a pullback of
ample line bundle is semiample. This is because we see that L" is generated by global

section when n > 0. Thus the surjection O, — L" exists and we then have the map
Ok = ffOL — (f-L)".

This means that (f*L)" is globally generated, and f*L is semiample.

The cohomology group is big since the pullback metric induced the Chern class
c1(f*L™) = f*ei(L)™ # 0 since f is holomorphic finite map.

Secondly we observe that if H'(X, Kx ® f*L") for n sufficiently large and all
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¢ > 0, this result from the Leray spectral sequence that

H(X,Kx ® f*L") = HYY,R'f,Kx ® L").

If Rf.Kx # 0 and n sufficiently large, the right hand side will be nonzero, which is

impossible. Thus we claim that

Rf.Kx=0, VYi>0

]

As we may see that we have another Grauert-Riemenschneider vanishing theorem
before, which is purely geometric in that it has :© > 0 and ¢© is positive at some point.
This could actually be proved for the pullback line bundle f*L, where the metric is

induced.

We finally introduced the Koll4r’s injectivity criterion from the geometric side.

We see the following injective theorem by Kollar in algebra.

Theorem 3.3.20 (Kollar injectivity criterion). Let X be a compact Kdhler manifold of
dimension n and L a semi-positive line bundle over X. Suppose L* allows a nonzero

global section, then the homomorphism induced by multiplication

s:HI(X,Kx ® L™) = HY(X, Kx @ L")

is injective for any m > 0,q > 0.

Proof. for s € H°(X, L*) and « is harmonic in L™, we should prove that s ® « is also
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harmonic as (n, ¢) form taking value in L™**, From lemma before we know that
ONa =0, OAa=0.

It’s easy to check IA(s®@a) = 0 and (m+k)OA(s®a) = Osince s is (0,0) form. [
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£ ME Miscellaneous

4.1 Higher rank, Hermitian and Hyper-Kihler

Kodaira’s vanishing theorem works on positive line bundles. We would like to ex-
tend this result to bundles of higher ranks. Higher rank line bundles are actually harder
to construct a “good” notion of positivity. The algebraic and geometric construction
both give satisfying generalization, but proving their equivalence stands long unsolved,
and is really deep in mathematics. We will present the conflict between these construc-
tions and show the Griffiths’ conjecture, which is a grand conjecture in this field. Since
this conjecture is really hard to be solved by an undergraduate, we only give some evi-
dence of this conjecture here. We then state and prove the cohomology vanishing due

to Demailly.

Firstly, we may define these generalizations. For any vector bundle we consider

its We consider the curvature tensor

1O =1 Z Citaudz; NdzZ, @ e\ R e,,.

1<j,k<n, 1<\ u<r
We could define various generalization of ampleness here

Definition 4.1.1 (Griffiths Positivity). E is said to be Griffiths positive if for all £ €
T,X, £ #0and s € F,,s # 0, we have

O = Z Ciian(dz; ® €3) ® (dze ® €) > 0
j?kv)‘vu
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We say I >@,i¢ 0. The negativity or semipositivity are defined similarly.

Also, we could define Nakano positivity

Definition 4.1.2 (Nakano Positivity and dual). £ is said to be Nakano positive if for

alue TX ® E, we have

QE(U,U) = E cjk,\uuj,\ﬂk” >0
Ik,

We say I/ > nqi 0. The negativity or semipositivity are defined similarly.

It is said to be dual-Nakano positive if for all u € T X ® E we have

Op(u,u)* = Z Cikaplju Uy > 0
JkA
Hartshorne ampleness of the bundle relates to the projectivation of vector bundle.
That is, we consider the map s : X — E thatmap x € X to 0 € E. This map is called
zero section. Now the complement E'\ s(X') has a natural C* action. We modulo this

action to get

P(E) = (E\s(X))/C".

The result is called projectivation, and there’s a canonical line bundle Op(g)(—1) on

it. Ampleness of vector bundle will be related to ampleness of line bundle by

Definition 4.1.3. A vector bundle is called Hartshorne ample or simplified as ample

if Op(g+)(1) is ample over P(£™).

Known various kind of positivity, the fundamental problem here is the Griffiths’

conjecture
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Conjecture 4.1.4 (Griffiths Conjecture). Is ampleness the same thing as Griffiths pos-

itivity?

Griffiths positivity can derive ampleness, but the converse remains unknown.
Proving the converse theorem is the same as finding a metric that has positive curva-
ture form, which is hard since we’re handling an arbitrary manifold. Thus we consider
finding some topological invariant like cohomology group to aid the proof.

There’re various vanishing theorem in the positivity theory. The earliest one is

described as follows
Theorem 4.1.5 (Le Potier vanishing theorem). If I is an ample line bundle of dimen-
sion r on compact complex manifold. Then
HI(X, Q% ®@FE)=0, p+qg>n+r.
And Manivel generalize this theorem to a seemly strongest version of vanishing
theorem, that

Theorem 4.1.6 (Manivel vanishing theorem). For I an ample line bundle of rank r and

L a nef line bundle. Then for any sequence of integer ki, ko, ...,k and ji,j2, ... Jm

that
J1 '
H"(X,S"E@ - @ S"E® \E® - ® N"E ® (det E)™ 7 ® L) =0

ifp+aq>n+3"(r—ji).

This theorem is a state-of-the-art theorem in the vanishing theorem about positivi-

ty in [16]. Currently, vanishing theorems on Griffiths positive or other bundles concern
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the positivity of S kB ANFE det E, E* and their various tensor product. For example, if
E is Griffiths positive, then £ ® det £ is Nakano positive and so on. There’re many
theorems in this area.

On a Hermitian manifold we consider the Bismut connection instead of Chern

connection.

Theorem 4.1.7. Let X be a compact almost-Kdhler manifold and with a dd* harmonic
Kdihler form and a Bismut connection. Suppose that the trace of Bismut connection over
the tangent bundle is a (1,1) form that is semipositive(denoted by Ric to be the Ricci
curvature). Then

H(X,0x)=0, p>0

On the other hand, we could also consider the Chern connection

Theorem 4.1.8. Let X be a compact Hermitian manifold, if the Ricci-Chern curvature

is nonnegative everywhere and positive at some point, then

HY(X,0%)=0, 1<p<n

Proof of these theorems use the more generalized Kéhler identities. We refer to
[1] and [15].

On a hyper-Kihler manifold, the vanishing theorem could be reduced to lower
rank. Hyper-Kdhler manifold associate Kidhler manifold the structure of quaternion.
Apart from the usual complex structure /, we have two more different complex structure
J, K that satisfies the relation for quaternion. Now the vanishing theorem could be

reduced to

Theorem 4.1.9. Let X be a compact hyper-Kdhler manifold of real dimension 4n, and
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L is a holomorphic line bundle over X. If in addition L is ample, then for and p > 0.

HI(X, Q% ®L)=0, Vp>n.

Proof of this theorem could be seen at [26].

As we can see, generalization and application of Kodaira’s vanishing theorem is
everywhere. But due to limitation of time, we are unable to provide our own theo-
rems and proof here. But further study on these areas will be proceeded at personal

mathematical interest.

4.2 Algebraic Flavor of Vanishing theorems

In this section, we will prove the vanishing theorem for affine scheme and the
quasi-coherent sheaf. We will see that huge difference between the algebraic style

proof and the geometric proof. But we must first state a topological lemma.

Lemma 4.2.1. If we have a compact topological space X with ) as basis for open sets
of X. Suppose we have a sheaf F and integer © > 0, we say that F has property (F;)
if for all o« € H' (X, F) there’s an open covering Uy, ..., U, of X by the elements of
V such that o maps to zero in H'(X, F;), here F; := (u;).(F|u,), uj : Uy — X is the

inclusion map. Then

1. Property (P,) holds for every sheaf F

2. Ifi > 1, assume for all U € V, we have HP (U, F) = 0 for 0 < p < i, then (P;)
holds for F.

Remark 4.2.2. We may consider this topological lemma as a statement of the Poincaré

%67 71 477 UL



XY""/W,.M SHANGHAI JIAO TONG UNIVERSITY ré;:,‘ éi }A é’\ﬁ )—L’fﬂ- r'_'?_L-

lemma, that every closed differential 1-form is locally exact. This lemma actually gives

a This actually generalize this statement.

Proof. 1. We first embed F into an injective sheaf Z, then the cokernel for the map

is C induces exact sequence
0O=F—=>Z—-C—0

So for given o € H'(X,F), we may lift it to s € C(X). Since the morphis-
m of sheaves 7 — C is surjective, X is compact, so there’s an open covering

Ui, ..., U, inelements of V such that 5|y, lift to s; € I(U;).

We denote Z; = (u;).(Z|y,), and C; the cokernel of the induced morphism
F; — I, here F;(V) = F(v N U;). Now C; can be viewed as a subsheaf

Cj = (u;)+(Cly,), we have a commutative diagram

|

0— F

7z

He——a

Z;

<

We now see that the image s; of s € C(X) in C;(X) C C;(X) = C(Uj) is from
some s; € Z;(X) = Z(U;). Thus s; maps to 0 in H'(X, F;) by long exact

sequence. So that « € H*(X, F) maps to 0 in H*(X, F;) by functoriality.

2. We use induction on 7. That we take an arbitrary finite open covering Uy, . .., U,

of X by elements in ). Now we take another U in V. Thus

0—FU)—>Z;(U)—=C;(U)—=0
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is exact since F;(U) = F(UNU;) and H*((U N U;), F) = 0. Similarly

0—FU)—=Z,U) - C;(U) =0

is also exact. Since for all U € V holds, so C; = C;. Now we replace the C; by

C;, we obtain

R

H(X,C) H{(X,F)

| |

Hiil(‘X}Cj) — Hz(Xv‘E)

The horizontal is isomorphism since Z is injective, thus flasque, and acyclic.
So the cohomology is 0. Since C satisfies (P;), note the diagram show that F
satisfies (/%) when ¢ = 2. Now it suffice to show that C satisfies (P;_;). It is
exactly HP(U,C) = O0forall U € V and 0 < p < i — 1. But this comes exactly

from the exact sequence

0O=>F—=>ZT—-C—0

and H?((U,T), HP™ (U, F) = O(later holds when p + 1 < 7).

O

Thus we’re equipped with enough tool(and following lemma) to prove the Serre’s

vanishing theorem

Lemma 4.2.3. For quasi-coherent F, G, H and short exact sequence 0 — F — G —

H — 0 on affine scheme X, 0 — I'(F (X)) — I'(G(X)) — I'(H(X)) is also exact.
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Theorem 4.2.4 (Serre’s Vanishing ). If X is an affine scheme and F a quasi-coherent
sheaf on X, then H'(X, F) = 0 for i > 0.

Proof. We take V to be the affine open sets. Now assume ¢ = 1, and we pick a €
H'(X,F). Now by first part of lemma, there exists an open covering U; such that «

maps to 0 in H'(X, F;). Now we consider the short exact sequence

O—>]—"—>H]—"j—>g—>0

j=1

when F — [] ;Fj is by restriction map, and G the cokernel. Now by previous lemma,
0= D(F(X)) = (] F(X) = T(G(X)) = 0
7j=1

is short exact sequence, so the map H'(X, F) — H'(X, ][], F;) is injective, but its
image is always 0, thus o = 0.

For 7 > 1 we use induction. Now for all U C X and 0 < p < 7 we have
HP(U, F|v) = 0, so by second part of the lemma, for given o we may find Uy, ..., U,
such that its image in H'(X, F;) are all zero. By inductive hypothesis to G we have
H™1(X,G) = 0 since G is also a quasi-coherent sheaf. Now the long exact sequence
show that the map H'(X, F) — H'(X, ][, F;) is injective, which complete the proof.

]

At last, we prove the Serre’s vanishing theorem. First, we give a lemma on the

isomorphism of cohomology.

Corollary 4.2.5. Let ¢ : X — Y be an affine morphism and F a quasi-coherent sheaf
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on X, then there’s canonical isomorphism
Hi(Y, O F) = Hi(X,F),Vi > 0.

Proof. Given an injective resolution / — Z* we have the flasque resolution ¢, F —
¢.ZI°, since ¢,I7 is flasque followed from Z7 flasque. It is a resolution since Ri¢, F =
0 So we may compute the cohomology of Z7 by the resolution ¢,Z°®. Now since

I'(Y,¢.27) = I'(X,Z7), and we take the cohomology they are exactly the same. [

Now we must also have the cohomology of projective space to get the theorem.

We omit the proof since this require some computation with Cech cohomology.

Lemma 4.2.6. Let A be a ring then
H'(PY, Op (d)) =0, YdeZ,1<i<l-1.

Theorem 4.2.7 (Vanishing for projective scheme). Let X be a scheme over a Noethe-
rian ring A, embedded as closed subscheme in projective space over A with canonical
sheaf Ox(1). Let F be coherent on X, then for all i > 0, H'(X, F) is a finite A-

module. Furthermore, there’s ng such that for all n > ny we have
Hi(X,]:) =0,Ve>1

Proof. We know that with the embedding X — P, the cohomology of F is the same
as the cohomology of F viewed as a sheaf over projective space, so WLOG, we may
let X = P",. When the computation for cohomology of projective space showed that

F = Op(n) is true, so we let F be arbitrary coherent sheaf on [P and the short exact
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sequence

0—=>G—O0p(d)—F—=0
where Op(d) is twisting sheaf for some positive integer d and G is the kernel. Using
the cohomology sequence, we have the long exact sequence

oo — HY(Op(d)) — HY(F) — HT(G) — -+

We apply descend induction. When i > 7, H*(F) = 0 by Céch cohomology, so if by
induction H**1(§) is finite over A, H*(Op(d)) implies that H*(F) is finite.

Thus by taking tensor product with Op(n), we have the exact sequence

— H'(Op(d +n)) = H(F(n)) = HT(G(n))

The right is 0 by inductive hypothesis for large n, thus we’ve proved the theorem. [

Theorem 4.2.8 (Serre’s Vanishing). Let X be a scheme proper over some Noetherian
A. Let L be an ample invertible sheaf over X. Then for any coherent sheaf F there’s
some ng such that

H(X,F®@L")=0, Vi>1

Proof. Since £ is ample, that’s £¢ is very ample for some d. And now X is projective

over A, and £¢ = Ox(1). We now apply the theorem before to the tensor products

F.FQL,... FoLil

And the theorem is proved. [

To prove Kodaira’s vanishing theorem from algebraic side, we simply used the
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Kollar’s injectivity theorem seen before. Since The map

H'(X,Kx®L)— H(X,Kx @ L"), >0

for some N, when N is sufficiently large, we know from Serre vanishing theorem that
H{(X,Kx ® LN*1) = 0, which means that the original cohomology group is zero.
This proves the Kodaira vanishing theorem. In fact, we could ride further to prove
Kollér’s vanishing theorem, which is a variant of Grauert-Riemenschneider vanishing

theorem:

Theorem 4.2.9 (Kollar’s vanishing theorem). Let f : X — Y be a morphism from
smooth projective variety X to projective variety Y, and let L be an ample line bundle

over'Y, then

H(Y,Rf,Kx ® L) = 0.
forevery j > 0andi € N.

This theorem, as we can see before, is the same as the Grauert-Riemenschneider
vanishing. Since there’re too much algebraic lemmas needed to be proved in this the-

orem, we omit the proof.
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